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Physics-based near-wall turbulence modeling in an
enriched discontinuous Galerkin framework
By Y. Lv†, X. I. A. Yang‡, G. I. Park¶

AND

M. Ihme

We developed a discontinuous Galerkin (DG) framework for wall-modeled large-eddy
simulations (LES) of wall-bounded turbulent flows. The particular strength of the proposed DG approach is the near-wall solution enrichment introduced to avoid the spurious solution behaviors while facilitating the subgrid-scale (SGS) modeling for the walladjacent solutions. We performed a validation study on the proposed method by considering the classical channel flow configuration to examine the effects of mesh resolution,
polynomial order, enrichment and SGS terms on the model performance. The capability
is further demonstrated in the LES study of the NASA transonic bump case by Bachalo
& Johnson (1986).

1. Introduction
The high-order discontinuous Galerkin (DG) method is a promising tool for enabling
high-performance computing applications on the modern/emerging computing architecture due to its good data locality and high FLOPS-to-memory-access ratio (Witherden
et al. 2014), thereby receiving much attention over the recent years (Wang et al. 2013).
However, in the case of large-eddy simulations (LES), the DG method is still an immature technique. One of the major challenges is the DG-based modeling of wall-bounded
flows at high Reynolds numbers, which is of direct relevance to practical applications.
This is the research gap that the proposed project aims to address.
Near-wall turbulence modeling, or wall modeling, is a pacing item in high-fidelity
scale-resolving simulations (Larsson et al. 2016; Bose & Park 2018). Many practically
relevant wall-bounded flow calculations are unaffordable without modeling the effects
of the near-wall and small-scale yet energy-containing and momentum-carrying eddies
(Choi & Moin 2012). The past two decades have witnessed considerable progress in
near-wall modeling for LES (Piomelli & Balaras 2002; Wang & Moin 2002), whereas the
algorithmic implementation of those models has been mostly for finite-volume (FV) or
finite-difference (FD) schemes. The extension to a DG framework was attempted only
recently (Frère et al. 2017; Carton de Wiart & Murman 2017).
These existing efforts for enabling the DG-based wall-modeled LES (WMLES) have
inherent issues. First, the employed LES method (Frère et al. 2017; Carton de Wiart
& Murman 2017) falls in the so-called implicit LES context, in which no subgrid-scale
(SGS) models are explicitly used. This formalism is inconsistent with the state of the
art in wall model development (Bose & Moin 2014; Park & Moin 2014). Furthermore,
the implicit LES does not provide a proper notion to delineate the behaviors of the
unresolved scale contents, and thereby it is unclear whether the resulting wall modeling
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approach is applicable to multi-physics environments, such as combustion or multiphase
flows, where interaction between the added physics and the SGS eddies needs to be
incorporated explicitly. Second, the conventional polynomial basis produces ill-behaved
solutions owing to the lack of near-wall resolution. The wall stress is often modeled as a
function of the near-wall LES velocities for integrating the bulk LES equations. Because
the polynomial basis functions cannot produce the necessary near-wall velocity gradients,
directly imposing the model-predicted wall-shear stresses without additional de-noising
procedure leads to non-physical oscillatory solutions within the wall-adjacent cell (Frère
et al. 2017). On the basis of our experience, the spuriousness in DG solutions can possibly
trigger nonlinear instability, resulting in failure of simulations (Lv & Ihme 2015). One
may alleviate this problem by using a low-order discretization in the near-wall region
and a high-order discretization in the bulk, which not only leads to additional coding
and computing complexities but also misses the point of using a high-order DG scheme.
To circumvent these issues, this study aims to pursue a different pathway for enabling
the WMLES based on the DG scheme by a) introducing explicit SGS models into the DG
formulation and b) enriching the near-wall DG cell using a Reynolds-Averaged-NavierStokes (RANS) solution ansatz. The former aspect offers a consistent model formulation
of the classical LES methodology. The latter treatment provides a physics-based mean
profile to remedy the poor representation and spuriousness of the near-wall DG solutions,
and more interestingly it naturally separates instantaneous fluctuations from overall solutions, which potentially leads to a better formulation for modeling near-wall SGS stress.
The rest of the report is structured as follows. Sections 2 and 3 introduce the governing
equations and discretization scheme. Section 4 details our enrichment method and elaborate its connection to wall modeling in the context of LES. In Section 5 we performs
an a-posterior study for the proposed model formulation in the classical channel-flow
configuration. In Section 6 we apply WMLES to further demonstrate the developed DG
capability. Concluding remarks are given in Section 7.

2. Mathematical Formulations
We solve the compressible LES equations written in fully conservative form
u) = 0,
∂t ρ + ∇ · (ρe
T

SGS



e ) + ∇p = ∇ · τ + τ
∂t (ρe
u) + ∇ · (ρe
uu
,

SGS
e
e
e ).
∂t (ρE) + ∇ · (e
u(ρE + p)) = −∇ · q + q
+ ∇ · ((τ + τ SGS ) · u

(2.1a)
(2.1b)
(2.1c)

f The filtered viscous
The filtered and Favre-filtered quantities are denoted as (·) and (·).
stress tensor and heat flux take the forms of
2
e )I,
τ = µ[∇e
u + (∇e
u)T ] − µ(∇ · u
(2.2a)
3
q = −κ∇Te,
(2.2b)

where µ is the dynamic viscosity, and κ is the thermal conductivity. SGS fluxes are
modeled with an eddy-viscosity assumption, leading to
νt
e
τ SGS = ρνt S,
q SGS = −ρ
∇·e
h,
(2.3)
Prt

in which the eddy-viscosity is evaluated with the Vreman model (Vreman 2004) and the
turbulent Prandtl number is set to 0.7. The SGS kinetic energy is neglected, and the
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governing equations, Eqs. (2.1) is closed via the ideal equation-of-state relation


e·u
e
e− u
p = (γ − 1)ρ E
.
2

(2.4)

3. Discontinuous Galerkin scheme
For the ease of notation, we denote the governing equations, Eqs. (2.1), using a vector
form,
∂t U + ∇ · Fc = ∇ · Fv ,

(3.1)

where U ∈ RNs is the solution vector, Fc ∈ RNs ×Nd is the inviscid flux, and Fv ∈ RNs ×Nd
is the viscous-diffusive flux, with Ns being the number of state variables and Nd the
number of spatial dimensions.
We consider a solution domain Ω with boundary ∂Ω. A mesh partition is defined
e
as Ω = ∪N
e=1 Ωe , where Ne is the total number of elements and Ωe corresponds to a
discrete element of this partition. The edge of element Ωe is defined as ∂Ωe . On each
element Ωe , any L2 -function can be used to approximate the solution in the context
of DG discretization. Polynomial functions are typically used in this regard due to the
well-known mathematical properties and the ease of carrying out numerical integrations.
Thus, we introduce the function space Pp to denote a set of polynomials with order not
higher than p. With this, the mathematical definition of the DG space can be formally
written as
Vph = {φ ∈ L2 (Ω) : φe ≡ φ|Ωe ∈ Pp , ∀Ωe ∈ Ω} ,

(3.2)

where φe is the basis function defined on Ωe . With this, the element-wise solution Ue
that approximates U in Ωe takes the form of
Ue (t, x) =

Np
X
i=1

ee,i (t)φe,i (x),
U

x ∈ Ωe ,

(3.3)

ee,i refers to the coefficient associated
where Np is the number of basis functions and U
with the ith basis function, φe,i . For the present study, we use tensor-product Legendrepolynomial basis, thereby with a total of Np = (p + 1)3 components.
The complexity of the discretization of Eq. (3.1) largely has to do with the nonlinear
diffusion terms involving second-order derivatives. For this, we cast the diffusion terms
into two first-order systems by expressing Fv as
Fv = D : ∇U ,

(3.4)

where D represents the Jacobian of the diffusion flux functions with respect to the gradients of solution variables, and D ∈ RNs ⊗ RNd ⊗ RNs ⊗ RNd is a fourth-order tensor. One
is referred to Lv (2016) for the detailed expression of D. With Eq. (3.4), we can derive
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the semi-discretized form for Eq. (3.1),
Z
φTe (∂t U + ∇ · Fc − ∇ · Fv ) dx ≈
Ωe
Z

Z
T
ee −
φe φe dx ∂t U
∇φTe · F c dx ,
Ωe
Ωe
Z
Z
T + bc
+
−
+
φe F (Ue , Ue , ~n)ds +
∇φTe · (D : ∇Ue )dx ,
∂Ωe
Ωe
Z
Z
h
i
T+
+
b
+
∇φe · D : (Ue − Ue )~n ds −
φTe + Fbv · ~nds ,
∂Ωe

(3.5a)
(3.5b)
(3.5c)
(3.5d)

∂Ωe

where the right-hand-side terms, listed in sequence, are the temporal derivatives of solution variables, interior contribution of convective flux, Riemann flux, interior contribution
of viscous flux, dual consistency term, and the viscous flux term. ~n is the outward pointing normal vector with respect to the local element Ωe . The Riemann flux, Fbc , is specified
with a local Lax-Friedrichs formulation and revert to a Euler flux with prescribed boundary state U b on walls . The traces associated with the viscous terms are defined as (Arnold
et al. 2002)
µ
b = {U } ,
(3.6)
U
Fbv = {D : ∇U } + σ JU K ,
h
and on domain boundaries
b = U b,
U

Fbv = D(U b ) : ∇U + ,

(3.7)

in which the operators {·} and J·K are defined as {·} ≡ (·)+ /2 + (·)− /2 and J·K ≡ (·)+~n −
(·)−~n (+ and − indicate the interior and exterior faces, respectively, with respect to the
local element Ωe ). h denotes the size of the local elements and σ is a stability parameter
with a value suggested in Shahbazi (2005). The time integration of Eq. (3.5) is carried
out using the RK45 scheme and all integrals are numerically evaluated using Gaussian
quadrature with an order of accuracy no less than 2p + 1.

4. Near-wall enrichment and the wall model
The key idea of near-wall enrichment is to augment the solution representation at
wall-adjacent elements with an additional basis component that can result in physically
consistent wall-shear stress. As such, we write the enriched solution of the wall-adjacent
elements as
Ue (t, x) =

Np
X
i=1

ee,i (t)φe,i (x) + ψw (x),
U

x ∈ Ωe,w ,

(4.1)

where ψw denotes the enrichment basis component. The original polynomial modes are
retained. We apply the enrichment only to the momentum component of the solution
vector. Therefore,
ψw (x) = ρ(x)[0, f (lw )~t1 (x), f (lw )~t2 (x), f (lw )~t3 (x), 0]T ,

(4.2)

in which the enrichment is recast to a function of local distance to the wall, lw ; and ~t
represents the local tangential direction of the wall. Correspondingly, the enrichments
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df (lw ) ~
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dlw
dψw (x)
t1 (x),
t2 (x),
t3 (x), 0
= ρ(x) 0,
,
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dlw
dlw
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(4.3)

where [dlw /dx] is essentially the local wall-normal vector, ~n.
Here, we limit our study to low-Mach regime and prescribe the enrichment function f
as the classical log law
 h
ν
9ν
u


 τ log( h lw ), lw > 5 h ,
κ
u
u
τ
τ
(4.4)
f=
(uhτ )2
ν



lw ,
lw ≤ 5 h .
ν
uτ

The uhτ denotes the modeled shear velocity and is determined through an iterative procedure using the LES solution at certain off-wall matching locations (the upper surface of the first wall-adjacent cell). The numeric constant 9 corresponds to exp(κB),
with B = 5. The contribution of enrichment to wall-shear stress can be evaluated as
(ν ρ̄df (lw )/dlw )~t = ρ̄(uhτ )2~t, which is equivalent to the wall-shear stress directly imposed
from the wall model (Kawai & Larsson 2012). Further, compared with the conventional
imposition, the formulation of Eq. (4.1) has added benefits: 1) the enrichment, which
participates in the overall solution representation, helps bear the large velocity gradients present at near-wall regions and thereby mitigates the numerical spuriousness; and
2) except for the wall-shear stress imposed through the enrichment mode, the polynomial modes can play a role in accounting for local flow nonequilibrium. Finally, it is
worth emphasizing that the present methodology differs from the extended finite-element
method (XFEM) in which the enrichment component is resolved along with the other
basis modes (Krank & Wall 2016).

5. A-posteriori study
An a-posteriori study is performed to assess the accuracy of the proposed model
formulation by considering the classical channel flow configuration. The numerical test is
carried out on a computational domain of [0, 2π] × [−1, 1] × [−π, π] and discretized with
an equidistant mesh. The flow is driven by a constant pressure gradient dp/dx = −1, and
the Mach number based on the maximum velocity is prescribed to 0.1 to retain the flow in
the incompressible regime. We examine the importance of the enrichment treatment and
the use of the SGS model in the proposed model formulation. As shown in Figure 1(a),
the enrichment is a key algorithmic component to yield a physically consistent log-law
profile; without the enrichment, the numerical errors lead to log-layer mismatch, which
is also observed in the study by Frère et al. (2017). It is worth mentioning that the use of
SGS model is also of great importance for such underresolved flow simulations using DG
schemes. We encountered numerical instabilities without the use of the SGS, implying
that the dissipation solely from the DG discretization is insufficient to account for the SGS
effects. The performance assessment is further extended to examine the model robustness
over a wide range of Reynolds numbers. Figure 1(b) shows the mean streamwise-velocity
at different Reynolds numbers while retaining the same computational setup (DGP3
and 163 mesh), which confirms that the proposed wall modeling approach is capable of
robustly reproducing log-law profiles at different turbulence levels.
We continue the model assessment to investigate the effects of the order of polynomial
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Figure 1. Mean streamwise velocity profile solutions of the channel flow case predicted (a)
using different model formulations and (b) under different Reynolds numbers. (Simulations are
performed using the DGP3 scheme and on the 163 mesh; the log-law and simulation results are
plotted with a shift of ∆u+ = 4 for clarity.)

basis. Figure 2(a) shows the mean streamwise velocity profiles predicted with DGP2-4
schemes on the 163 mesh. It is seen that the improvement on polynomial order leads to
the improved solutions and better agreement with the log law. Essentially, as polynomial
order increases, the equivalent numerical resolution increases and thereby more nearwall scales are resolved in the WMLES, which is clearly visible in Figure 2(b). The
improvement in the predictive accuracy by the increase of polynomial order implies that
the proposed formulation retains the high-order benefit of a DG scheme (at least for
the scheme variants considered). Finally, we compare our WMLES solutions to those
obtained by Yang’s integral wall model (Yang et al. 2015), which has demonstrated
excellent accuracy for channel flow predictions. The solutions by Yang et al. (2015)
were obtained using a second-order FD scheme. For objective comparison, the numerical
resolution, in terms of degrees of freedom (number of unknowns), is kept to be identical.
The simulations were performed for the Reτ = 2000 case with 323 and 643 degrees of
freedom, which correspond to the 83 and 163 mesh resolution for the deployed DGP3
scheme. Figure 3 compare the WMLES solutions obtained by the present model and by
that of Yang et al. It is found that the mean flow profile of Yang et al. conforms better
to the DNS data, wheres the solutions of the present model agree better with the log-law
profile. Overall, the accuracy of time averages and fluctuation predicted by both models
is comparable.

6. Application to WMLES of complex flow
To further validate the accuracy of the WMLES technique, we consider application to
the NASA transonic bump validation case by Bachalo & Johnson (1986). The experiment
studied the flow over a cylindrical bump mounted inside a transonic wind channel. The
freestream Mach number is M a = 0.875, and the Reynolds number based on the bump
chord is Rec = 2.763×106 . This flow configuration features a moderate separation induced
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Figure 2. Channel flow simulation results obtained with different polynomial orders: (a) mean
streamwise-velocity profile and (b) instantaneous field of spanwise velocity. (Simulations are
performed at Reτ = 2000 on the 163 mesh; the log law and simulation results are plotted with
a shift of ∆u+ = 4 for clarity.)
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Figure 3. Comparison of the streamwise (a) time-average and (b) RMS results by the present
model and the integral wall model by Yang et al. (2015). Two sets of solutions, obtained on 83
(bottom) and 163 (top) meshes, are shown.

by a weak shock, which imposes significant modeling challenges.Previous RANS-based
modeling efforts suffered from a lack of robustness and prediction consistency (Jespersen
et al. 2016). The WMLES of this case by Iyer et al. (2017) shows good agreement with
the measurements. A more refined simulation using DES+DNS technique, carried out
by Spalart et al. (2017), is able to delineate the very details of the boundary layer/shock
interaction at the separation location.
The computational setup is illustrated on a spanwise centercut as in Figure 4(a).
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Figure 4. (a) Computational setup and (b) instantaneous Mach-number profile of the NASA
transonic bump case.
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Figure 5. WMLES prediction of the pressure coefficient of the NASA transonic bump case
compared with the measurements (Bachalo & Johnson 1986).

The bottom wall is set to nonslip boundary, whereas all the other boundaries are all
set to farfield boundary conditions. The left inflow boundary also injects turbulence
fluctuations at the very near-wall region in order to provide physically consistent flow
behavior. The domain is three-dimensional, and we consider a span of π/6, with periodic
boundary conditions imposed along spanwise direction. The mesh is locally refined near
the bump and also around the shock location. The wall-normal cell size is ∆y ≈ 0.3%lc
(the chord length lc is normalized to unity), and the streamwsie/spanwise cell size is
about 1%lc . The resulting mesh contains a total of 218,000 hexahedral elements, and
equivalently 14 million DoF for a DGP3 scheme, which is still considered as a relatively
low resolution (Iyer et al. 2017).
From the Mach number field shown in Figure 4(b), we can observe that the flow
separation location is x/lc ≈ 0.7, which is consistent with the reported computational
studies (Iyer et al. 2017; Spalart et al. 2017). The predicted pressure coefficient is given
in Figure 5, and it is in excellent agreement with the measurement data by Bachalo &
Johnson (1986). The time-averaged streamwise velocity is obtained by running statistical
sampling over seven flow-through periods; the results are presented in Figure 6 and compared against the experimental data at four measurements sites. As shown, the WMLES
results agree very well with Bachalo & Johnson’s data, except at the upstream near-wall
region. The discrepancy is attributed to the modeling error and uncertainty associated
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Figure 6. WMLES prediction of the mean-flow profiles of the NASA transonic bump case
compared with the measurements (Bachalo & Johnson 1986).

with the inlet flow condition. Given the deployed mesh resolution, our prediction is of
good quality with reference to the RANS calculations (Jespersen et al. 2016) and the
FV-based WMLES (Iyer et al. 2017).

7. Conclusions
We proposed an enriched DG formulation for WMLES, and demonstrated the efficacy
of this formulation to accurately represent near-wall flow behaviors. In the channel flow
configuration, the developed WMLES capability is able to reproduce the log law at a very
high Reynolds number (Reτ = 50,000) and preserves the high-order benefit over a tested
range of polynomial orders (DGP2 to DGP4). Furthermore, in the NASA transonic bump
case, the proposed method is able to provide accuracy predictions of wall pressure and
near-wall mean-flow profiles at a relatively low mesh resolution.
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