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Propagation of internal wave packets in the
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P. Orlandi‡

Internal wave packets propagating vertically in the oceanic thermocline are investigated
with numerical simulations. For a typical set of environmental and packet parameters, it
is shown that linear dispersion will have a significant effect on the spreading and decay in
amplitude of these packets. Sufficiently strong packets are shown to generate turbulence
that forms a continuous ‘scar’ of small-scale perturbations in their wake.

1. Introduction
Internal wave groups or packets play an important role in the dynamics of the oceanic
thermocline, the upper few hundred meters of the ocean where the temperature changes
from high surface values to the much lower values below. Recent observations (Alford
and Pinkel, 2000) show vertically propagating wave packets at depths from 150 to 350
m. These packets have vertical extent of about 50 m with internal vertical wavelengths
of about 12 m and are associated with overturning events with vertical scales of about
2 m. Because overturns can lead to small-scale turbulence and mixing, they form a
subject of intense investigation. Recent theoretical analysis by Thorpe (1999) provides
a criterion for determining whether the small-scale turbulence generated by a packet
will be left behind in just small patches or in continuous ‘scars’ much longer than the
size of the packet. Stimulated by these developments, we have embarked on a numerical
investigation of internal wave packets. Numerical simulations in this area may be of
great benefit because the available oceanic data is primarily one-dimensional, and the
full three-dimensional structure obtainable through simulation may aid in deciphering
observational data.
Assuming a constant background Brunt-Vaisala frequency, N , and ignoring the effects
of the earth’s rotation, the intrinsic frequency for internal waves is
kh
,
(1.1)
k
where k is the magnitude of the wavevector and kh is the magnitude of the horizontal
component of the wavevector. The observed frequency for one of the wavepackets in the
Alford and Pinkel (2000) data is 4 cph. This is higher than the ambient N ≈ 3 cph.
Since σmax = N , it is assumed that the observed frequency for this packet is the sum of
the intrinsic frequency plus a Doppler shift. To predict this shift, it is necessary to know
the wavelength of the packet, the magnitude of the ambient current, and the ambient
current’s direction relative to the packet propagation direction. Alford and Pinkel (2000)
σ=N
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suggest that the intrinsic frequency for their packet with observed frequency of 4 cph
is near 0.14 cph, which leads one to a wavelength of 180 m. This suggests that the
horizontal wavelengths in both directions are much larger than the vertical wavelength.
For our numerical modeling this represents a difficulty. We are reluctant to introduce
anisotropic grids for fear of the distortions that might result, especially when applying
simple sub-grid scale models. Thus, in this preliminary work we decided to consider only
the case in which horizontal and vertical wavelengths were equal. The corresponding
intrinsic frequency would then be about 2 cph which would still be, consistent with the
observed packet, just requiring less of a Doppler shift to match the observed frequency.
As for the amplitude of the observed packets, this can be given in terms of the peak
magnitude of the observed strain rate ∂w/∂z. The maximum value of vertical strain rate
in the Alford and Pinkel (2000) observations is approximately N , and in the case of the
particular packet discussed above, it seems that the maximum is about 0.38N .
In what follows, we will examine the evolution of a particular wave packet with both
two- and three-dimensional simulations. In an attempt to reproduce the kind of behavior
evident in the observations, we began with two-dimensional simulations in a domain of
200 m in both width and depth. We used a packet with non-dimensional wavenumbers
of 12 in both directions corresponding to vertical and horizontal wavelengths of (200
m)/12 ≈ 17m. Our 2D simulations had an effective resolution corresponding to a cutoff
wavelength of ≈ 0.8 m. Using these parameters allowed us to perform a large number of
simulations in a reasonable period of time and to capture the basic phenomena of interest
down to scales slightly smaller than the overturning scale. To follow this phenomenon
in DNS with all relevant scales well resolved would require resolution from 200 m down
to a few cm, which is impractical even in two dimensions. Thus, in the two-dimensional
simulations, we had recourse to hyperviscosity (with the Laplacian taken to the eighth
power). At this point we have only performed the three-dimensional simulations with
resolution down to wavelengths of ≈ 3 m and with Laplacian viscosity and diffusivity,
and this misses much of the smaller scales of interest. Nevertheless, even these underresolved three-dimensional simulations capture some features of interest.
The two-dimensional simulations illustrated here are from a spectral code dealiased
with the 3/2 rule (Orszag, 1971). Although there are 768 wavevectors used in each direction, after application of the 3/2 rule this leaves only 512 active modes in each direction.
The three-dimensional results shown are from a finite difference code with a staggered
grid of 128 points in each direction.

2. Linear propagation
The linearized version of the Boussinesq evolution equations can be used to obtain a
model of the internal wave packet. The vorticity and density of a plane internal wave can
be written dimensionally as
(ωx , ωy , ωz , ρ0 ) = Aek exp i(k · r − σt),

(2.1)

where A is an arbitrary amplitude and e is the eigenvector
ek = (gkky /N hh , −gkkx /N hh , 0, ρ0 ).

(2.2)

Taking a linear superposition of such waves distributed continuously in wavevector space
and centered on a particular wavevector, say k0 , would produce an internal wave packet.

Internal wave packets
For example,
0

(ω, ρ ) = Re
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Z
G(k − k0 )ek ei(k·r−σt) d3 k,

(2.3)

with

 2

a
b2
c2
G(p) ≡ A exp − p2x − p2y − p2z ,
(2.4)
2
2
2
where a, b, and c are length scales, represents a propagating ellipsoidal packet. A slight
generalization using simple coordinate rotations will also permit an arbitrary choice for
the orientation of the ellipsoidal envelope relative to the crests internal to the packet.
Within the envelope, the vorticity and density fields will have a phase velocity in the
direction of k0 and group velocity
cg = ∇k σk ,

(2.5)

which is perpendicular to the phase velocity.
By varying the dimensions a, b, and c, we can change the shape of the packet as needed.
A likely candidate for the packets whose effects are observed in Alford and Pinkel’s (2000)
data would suggest that at least one of these lengthscales is very large. For the present
calculations we take a to be infinite. Then we chose b and c and the orientation of the
system to be such that the envelope is an ellipse with major axis aligned along the
direction of propagation. Other choices may also be of interest, but that will be explored
in future work. With the ellipse as chosen, the phase velocity is directed along the short
axis and the group velocity along the long axis. In a numerical simulation, the packet
can only be approximated, with the integral replaced by a discrete sum of wavevectors.
By using (2.3) and (2.4) with t = 0, we are able to construct the initial condition for a
packet that is both reasonably confined in space and well resolved internally.
The first issue that we need to address is the dispersive spreading of the wave packet.
Simple arguments suggest that the physical extent of the wave packet will grow as ∆cg t
in the direction of the group velocity, where ∆cg represents the spread in group velocities
calculated for the individual wavevectors that contribute significantly to the wave packet.
We can make some crude dimensional estimates for the rate of dispersion by setting
cg ∼ N/k0 and ∆cg ∼ (N/k02 )∆k0 , where ∆k0 measures the spread of wavenumbers in
the packet. If we call ∆x0 , the initial length of the wavepacket, then the time td in which
the packet will double in size can be found with an estimate for the uncertainties for the
positions of the various components of the packet given by Jackson (1962):
q
∆x = (∆x0 )2 + (∆cg t)2 .
(2.6)
√
The doubling time is given by td ∼ 3∆x0 /∆cg , and the distance that the packet can
travel before doubling is
√
x/∆x0 = 3k0 /∆k0 .
(2.7)
In Fig. 1, we show the evolution of the density perturbation field during the propagation of our packet following purely linear dynamics. In each panel, only the contour
level corresponding to 0.5|ρ0 /ρ0 | is drawn. Positive and negative values have not been
indicated, but clearly the sign of ρ0 will alternate from one wave crest to the next. We
see that the packet propagates along the diagonal. This is in agreement with the fact
that the wavevector is k = (12, 12) and that the group velocity is perpendicular to this.
It is less obvious from the few panels that we can include here that the phase of the
waves within the packet advances in the direction of k. The average speed of the packet
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(a)

(b)

(c)

(d)

Figure 1. Contours of the magnitude of the perturbation density |ρ0 /ρ0 | from a simulation of
the linear propagation of a wavepacket. The domain size is 200 m on each side. The vertical
axis is depth. The only contour level drawn is that at 0.5 of the maximum field value. The time
sequence of the panels is a) t=0, b) t=60, c) t=120, and d) 210 in units of N −1 ≈ 3 min.

in propagating from one corner of the domain to the opposite corner is correctly given
by |cg |. Furthermore, we see that the width and length of the packet grow to a little
more than double their original values in the time it takes to cross from one corner of
the domain to the other, and this is correctly predicted by the formula (2.7). During the
period of evolution illustrated, the peak amplitude of the packet decays to 25% of its
initial value.
Although the amplitude of the packet can be changed arbitrarily in this purely linear
simulation, we may simply assign an amplitude to see the effect of such a packet on the
full density field. This is done in Fig. 2. The amplitude used represents fluctuations in

Internal wave packets
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(d)

Figure 2. Contours of ρ/ρ0 from a simulation of the linear propagation of a wavepacket. The
domain size is 200 m on each side. The vertical axis is depth. The time sequence of the panels
is the same as in Fig. 1. The contour increment is such that the vertical separation between
unperturbed isopycnals is 8 m.

∂w/∂z about five times the maximum actually observed in the Alford & Pinkel (2000)
data. Nevertheless, we have used this packet with exaggerated amplitude to more clearly
illustrate the nature of the linear propagation. In such a strong packet, there are regions
of strong overturning, which, if the packet is not propagating too rapidly, would develop
convective instability under the full nonlinear dynamics.

3. Nonlinear propagation
Having determined that our packet propagates correctly under linear dynamics, we
then investigated its evolution with the complete Boussinesq equations. The amplitude
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Figure 3. Contours of the magnitude of the perturbation density |ρ0 /ρ0 | from a simulation of
the nonlinear propagation of a wavepacket with max ∂w/∂z ≈ 0.38N. The domain size is 200
m on each side. The vertical axis is depth. The only contour level drawn is that at 0.5 of the
maximum field value. The time sequence of the panels is the same as in Fig. 1.

of the observed packet discussed in the introduction is such that the maximum value
of the strain rate ∂w/∂z is about 0.38N . With the packet amplitude set to match this
value as its maximum ∂w/∂z, we performed the simulation illustrated by contour plots
of ρ0 /ρ in Fig. 3. This figure should be compared to the corresponding figure for linear
evolution, Fig. 1. The times represented are the same in each figure. By the time of panel
(b), a clear asymmetry in the form of the packet has developed in the nonlinear case and
there is some clear distortion of the packet in the final panel. Nevertheless, the overall
evolution of this nonlinear packet is not very different from the linear case. This packet
is so weak that the initial condition is not overturning anywhere and the Richardson

Internal wave packets
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(a)
(b)
Figure 4. Contours of ρ/ρ0 from a simulation of the nonlinear propagation of a wavepacket
with initially max ∂w/∂z ≈ 0.38N. The domain size is 200 m on each side. The vertical axis is
depth. The two times illustrated correspond to the first and last times of Fig. 1. The contour
increment is such that the vertical separation between unperturbed isopycnals is 8 m.

number is above 1 everywhere. Thus, the classical criteria for convective instability and
shear instability are not satisfied in this packet. This continues to be the case throughout
the simulation in spite of small-scale generation by nonlinear wave-wave interactions. An
idea of how weak this packet is can be obtained graphically from the plots of the density
contours as illustrated in Fig. 4.
The next case that we will treat is one for which the amplitude of the packet is
just above the threshold for overturning. The amplitude of this packet in terms of its
maximum strain rate is ∂w/∂z = 0.76N . In Fig. 5, we display the contour plots for the
perturbation density at the same times as in the previous figures. We see that there is
some early production of small scales that are evident in the wake of the packet. By
time 120 N −1 , the packet itself has become badly distorted, and by time 210 N −1 , it
has degenerated into small-scale structures, although these still retain to some extent
an organization and alignment related to the original structure of the packet. To better
illustrate the decay of this packet, we display contour plots of the full density field from
t = 47N −1 to t = 90N −1 in Fig. 6. Each frame is an enlarged image centered on the
wave packet, showing only a portion of the domain (a square of size 200/3 m on a side).
In panel (a) we see an early stage in which the wave is overturning at points, but there
has not yet been any strong production of energy in scales smaller than 2 m (note that
the spacing between the unperturbed isopycnals is 2 m). There are four relatively strong
crests evident in panel (a). These crests are advancing from bottom-left to top-right in
these figures. The weakest crest (bottom-left) is just entering the packet in panel (a). In
the linear evolution as each crest passes through the packet from bottom-left to top-right,
its amplitude first increases and then decreases. As envisioned by Thorpe (1999), if in
amplifying the crest surpasses some threshold for turbulence production, it will leave
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Figure 5. Contours of the magnitude of the perturbation density |ρ0 /ρ0 | from a simulation of
the nonlinear propagation of a wavepacket with max ∂w/∂z ≈ 0.76N. The domain size is 200
m on each side. The vertical axis is depth. The only contour level drawn is that at 0.5 of the
maximum field value. The time sequence of the panels is the same as in Fig. 1.

a ‘scar’ of small-scale perturbations that perhaps may link up with the scars produced
by the previous and following crests as they pass through the packet. Thorpe (1999),
gives a criterion for whether such overlapping will take place based on the makeup of the
packet and the duration of the small-scale perturbations. The period of the sequence of
panels shown here is long enough for the weak crest on the lower-left side of the packet
in panel (a) to move completely through the packet, finally becoming the weak crest on
the upper-right side. In fact, as envisioned by Thorpe (1999), this crest does overturn
and produces small-scale perturbations that do form a somewhat continuous scar when
combined with the remnants of the breaking of the previous and trailing crests. One

Internal wave packets
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Figure 6. Contours of ρ/ρ0 from a simulation of the nonlinear propagation of a wavepacket with
initially max ∂w/∂z ≈ 0.76N. Only a portion of the computational frame is shown, and this
corresponds to a square 200/3 m on each side. The contour increment is such that the vertical
separation between unperturbed isopycnals is 2 m. The times corresponding to the panels are
(a) 47, (b) 54, (c) 66, (d) 73, (e) 83, and (f) 90, all in units of N −1 .
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Figure 7. Contours of the magnitude of the perturbation density |ρ0 /ρ0 | from a simulation of
the nonlinear propagation of a wavepacket with max ∂w/∂z ≈ 1.3N. The domain size is 200
m on each side. The vertical axis is depth. The only contour level drawn is that at 0.5 of the
maximum field value. The time sequence of the panels is a) t=19, b) t=34, c) t=43, and d) 58
in units of N −1 .

should note, however, that during the period when a particular crest is actually breaking,
the overturning and small-scale production is not uniform along the length of the crest
but rather appears in spots along the crest (see panels (c) and (d)). Also the breaking
and subsequent scar formation does not continue indefinitely. The strength of the packet
is both dispersed and dissipated, so that by t = 210N −1 the process of scar formation
has ceased.
We next examine the case of a packet that initially is strongly overturning. This packet
does not survive long, but the manner in which it breaks up is of interest. We use

Internal wave packets
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Figure 8. Density isosurfaces from a three-dimensional simulations of the evolution of a
wavepacket. The view is from above and to the front of the computational domain. The isosurface in (a) cuts through the trailing part of the packet, while that in (b) cuts through the
leading part.

an amplitude such that max ∂w/∂z = 1.3N . In Fig. 7, we show the contour plots of
the perturbation density from this case. For this simulation, we have shifted the initial
position of the packet away from the corner so that the relevant evolution can be more
clearly observed. In addition to the production of much small-scale energy during the
disintegration of the packet, there is also a significant amount of radiation obvious in
these graphs. As the packet begins to break up, most of the radiation appears to be at
right angles to the original packet propagation direction. This would indicate that the
source of this secondary radiation is primarily oscillating at the same frequency as the
central wavevector of the packet. This follows because the angle of propagation is linked
to the frequency of the source; waves propagating at ±45o from the horizontal must all
have the same frequency. As the breakup continues, however, the range of radiation angles
increases, indicating that the source is no longer dominated by a single frequency. This
could be the result of either strong nonlinear effects or the fact that a transient source
necessarily comprises many frequencies which would stimulate radiation at various angles
even in linear theory.
Finally, we turn to the question of three-dimensional simulations. We performed a
series of simulations with a computational domain representing a cube of the ocean
200 m on a side. The computational grid had 128 points in each direction. We used
only Laplacian diffusion for both momentum and density. To initiate three-dimensional
motions, we added small-scale background noise to the initial wavepacket. To make a
comparison with the two-dimensional results, we averaged the density field along the x
direction and prepared plots of ρ and ρ0 . The basic behavior from the three-dimensional
simulations for large-scale aspects of the flow was very similar to the two-dimensional
results. The resolution for the three-dimensional simulations, however, was not adequate
to reproduce all the details of the overturning events seen in the two-dimensional flow.
In the two-dimensional cases, with a high number of wavenumbers and a hyperviscosity
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dissipation, we were resolving wavelengths down to 0.8 m. For the 3D flow the best we
could do with the resolution used and the Laplacian dissipation was perhaps 3 m. In
Fig. 8, we display the results from one such run with the initial amplitude set so that
max ∂w/∂z = N . Here we show isosurface plots of the full density of the flow. In 8a
we see an isodensity surface that cuts through the tail region of the packet, which has
already produced a substantial amount of small-scale energy. Due to the poor resolution,
however, we cannot discern any realistic looking overturning events. In 8b we see a density
isosurface that cuts through the leading end of the packet at the same instant of time as
that in 8a. These two isosurfaces confirm the picture that we had already seen from the
two-dimensional simulations (cf. Fig. 6).

4. Conclusions
Our two-dimensional simulations with hyperviscosity were sufficiently well resolved
and had a sufficiently large computational domain to capture the basic phenomena of
interest. Thus we were able to see a packet with approximately the correct vertical
structure propagate through a substantial portion of a thermocline as observed in the
Alford and Pinkel (2000) data. We were able to see overturning events on the scale of
about 2 m, which is entirely consistent with Alford and Pinkel’s observational census
of overturns that places their median vertical scale at about this value. Unfortunately,
these simulations could not also simultaneously capture the large horizontal scales of the
rapidly advected packet suggested by Alford and Pinkel (2000) as a model for one of the
packets in their observations. Our three-dimensional simulation was able to capture only
the large-scale aspects of the packet propagation. We hope in the future to improve on
this by using a smaller computational domain, increasing the resolution of the model and
incorporating an eddy viscosity.
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