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Turbulence interactions leading to far-field
jet noise

By J. B. Freund,† D. J. Bodony‡ AND S. K. Lele¶

It is well understood that it is the development, not just the convection, of jet turbu-
lence that generates fluctuations with supersonic phase velocities which radiate noise to
the far acoustic field, but the mechanisms causing this mode conversion are not under-
stood. The relative efficiency of the interactions of turbulence with the mean flow and the
turbulence ‘self’ interactions has not been quantified. In light of this, tools are developed
here to analyze the process of mode conversion (scattering of flow energy into acoustic
energy) in a jet. Very large scales, with typical lengthscale between the turbulent inte-
gral length and the dominant acoustic wavelength, are thought to be capable of radiating
to the far-field. Inhomogeneous linearized filtered equations for the very large scale dy-
namics are derived and presented. The resulting source terms are computed from a well
validated DNS database, which also provides an ‘ideal’ subgrid-scale model for their evo-
lution. A capability to analyze the mode conversion in streamwise frequency-wavenumber
coordinates is also developed and discussed.

1. Introduction

It is widely understood that the frequency-wavenumber makeup of the turbulence in a
subsonic jet is such that most of the turbulence energy does not radiate to the far-field
(Ffowcs Williams 1963; Crighton 1975). Most of the energy manifests itself as evanescent
near-field disturbances, which are in essence the hydrodynamic pressure fluctuations
associated with the jet turbulence. Only components with supersonic phase velocity in
the streamwise direction, or more specifically sonic phase velocity in the direction of
radiation, are heard away from a jet. Since the flow, and the eddies in it, move at
subsonic speed for a subsonic or moderately supersonic jet, it must be the evolution of
the turbulence as it moves that puts energy into radiation capable modes.

A question naturally follows from this discussion: what interactions convert the great
portion of the turbulence energy which cannot radiate noise into modes that can radiate?
There are nominally two possible mechanisms: (i) the nonlinear interactions of the ener-
getic turbulent eddies in the flow; or (ii) the linear interaction of the energetic motions
with the background mean. At a particular frequency ω, it is only the longest wavelength
(lowest streamwise wavenumber kx) components that can have a supersonic phase ve-
locity, Cph = ω/kx > a∞, where a∞ is the ambient speed of sound. So the question can
be posed more definitively in terms of how autonomous are the lowest-frequency modes
in the jet. If the radiation dynamics of these very large scales are primarily interactions
with the mean flow, this is the dominant interaction leading to radiation. However, if
the smaller but energetic scales play a substantial role in the dynamics of these very
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large scales, then it will be clear that turbulence interactions are more important. The
distinction of these mechanisms is inherent in the discussions of Goldstein (1984).

In this report we present a preliminary investigation of the modal interactions that lead
to noise radiation. We do not address this question expecting to identify any particular
interaction that “makes the noise.” Instead, we apply a filter in physical coordinates to
jet-noise simulation data, to define the very large modes. This decomposition is in turn
used to see how the mean flow and the energetic turbulent scales affect the dynamics of
these very large scales. Spectral analysis is used to diagnose the wavenumber-frequency
makeup of different components.

The following section introduces a decomposition of the field variables into a very large
scale portion and an energetic scale portion. This procedure is analogous to that of large
eddy simulation, except that a substantially more restrictive filter is applied and there
is an additional step of linearizing the equations about the mean flow. In section 3 we
introduce the simulation database that will be used for this analysis. Section 4 illustrates
the complexity of the interactions in wave space that lead to radiation capable modes
by direct evaluation of convolutions in frequency-wavenumber coordinates (k, ω) that
correspond to certain multiplications appearing in the flow equations. In section 5, we
define and apply a low-wavenumber filter to the simulation flow fields. Its effect will be
shown both qualitatively in physical coordinates with visualizations and quantitatively in
k–ω coordinates. In section 6, we show some preliminary results for the evolution of the
very large scales, using an ideal subgrid-scale model derived from the direct numerical
simulation database. Section 7 summarizes our results and discusses the future direction
of this on-going project.

2. Evolution equations for the very large scales

For a filter defined in general as

q̃ =

∫
G(x− x

′)q(x′) dx, (2.1)

equations for the very-large-scale components of flow quantities, designated as q(L), are
derived from the compressible-flow equations by following the standard procedure used
for large-eddy simulation, with an additional step of linearizing about the mean flow,
which is denoted as q̄. This procedure yields
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with familiar ‘subgrid-scale’ terms appearing right of the equal sign. However, despite
this similarity, these equations will be use as a diagnostic tool rather than predictive
simulation tool. The missing subgrid-scale terms will be computed directly from a direct
numerical solution database, thus providing an ideal turbulence model. The relatively
importance of these scales and the interactions of the retained very large scales with the
mean flow will be quantified.

3. Simulation database

The database we used was for a circular jet with Mach 0.9, Reynolds number 3600and
constant stagnation temperature Tj/T∞ = 0.86 reported in detail by Freund (2001).
It was validated extensively against the corresponding experiments of Stromberg et al.
(1980) and also matches turbulence statistics and mean-flow spreading rates of jets at
much higher Reynolds number (Hussein et al. 1994; Panchapakesan and Lumley 1993).
The mesh had 640× 250× 160 points in the axial x, radial r, and azimuthal θ (angular)
coordinates. The physical portion of the simulation domain extended 31ro downstream
and was surrounded by a non-physical buffer zone to absorb outgoing disturbances (Fre-
und 2001). During the course of the entire simulation, data for all five conservative flow
variables were saved every 20 numerical time steps on every other mesh point. This has
been found sufficient to reconstruct nearly all relevant statistics of the turbulence and
the sound field. There are 2333 such fields in all, though typically only 2304 of these are
used when doing frequency analysis to facilitate fast Fourier transforms.

4. Analysis in frequency-wavenumber coordinates

4.1. The space-time transform

Since the wavenumber-frequency make up of the data is tied closely to its characterization
as a noise source, it is instructive to transform the simulation results in both space and
time and examine their structure. This is computationally challenging because it involves
manipulation of the entire time resolved, three-dimensional database. Even with data
saved only at every other mesh point, it involves five flow variables at over 5 billion space-
time points. For this reason, the transform, which is straightforward to write analytically,
is challenging to implement. The procedure for transforming the data was first developed
and applied to the pressure alone (Freund 2001), but has been modified somewhat in the
present study.

Each flow variable q is first transformed azimuthally as

q̃n(x, r, t) =
1

Nθ

Nθ−1∑

k=0

q(x, r, θk, t)e
inθn n = −Nnmax

, . . . ,−Nnmax
, (4.1)

where Nnmax
is the maximum mode number that we retain. Fortunately, the sound from

this jet is dominated by the lowest azimuthal modes (Freund 1999; Freund and Colonius
2002) so we have taken Nnmax

= 6 in this current study.
Next, the data are interpolated onto a uniform mesh in x with Nx = 640 points and

then padded with zeros out to Nxp = 8Nx to minimize the implied periodicity of the
discrete Fourier transform. The aperiodicity of the mean flow was removed artificially by
multiplying by

wx(x) = 1 +
1

2

(
tanh[0.06σ(x− x2)]− tanh[σ(x− x1)]

)
, (4.2)
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Figure 1. Jet velocity at r = 0 normalized by jet exit velocity uj . The windowing function
is . The vertical line indicates the extent of the physical portion of the simulation domain
(Freund 2001).
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Figure 2. (a) and (b) show the n = 0 component of vx at r = ro and the n = 1 component
of vr at r = 0.5ro, respectively. The horizontal line at ω = 0 in figure 2 (a) is the mean-flow
contribution. The energy falls around a line of steeper slope in (b) than in (a) because it is
at this smaller r that the convection velocity is expected to be higher. Integrating all radial
contributions in r biases the slope towards lower phase velocities because of the larger volume
contribution of the slower portions of the jet.

where σ = 0.4, x1 = 44ro, and x2 = 220.3ro. The effect on the axial velocity at r = 0 at
one instant is shown in figure 1. The x transform is then

q̌n(kj , r, t) =
1
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(p)
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,

(4.3)
where we shall see that taking Nkmax

= 640 captures nearly all of the energy, and so is
more than sufficient for our purposes.

The final step is the time transform. It is defined as
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where taking Nωmax

= 200 is sufficient for our purposes. The “window” function wt(t)
was
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1

2
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)
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, (4.5)

where t0 and tf in (4.5) are the time in the simulation when it was determined to be
statistically stationary, and the final time, respectively. Times t1 and t2 are the 5 and
95 percent points in this time series. Figure 2 shows transformed velocities in (k, ω)
coordinates.
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Figure 3. Convolution contribution (see text) for (a) α = 30◦ and (b) α = 110◦. Contours:
10−3, 10−2, 10−1, 100 and 101 ρ∞r2

o. A smoothing was applied to make the contours legible.

4.2. Convolution in k–ω coordinates

The products that couple modes to put energy into radiating components are convolu-
tions in k–ω coordinates. We can examine the modal contributions to these directly, by
explicitly computing these convolutions. For example, the ρvi products that appear in
the mass equation are

ρ̂vikω =
∑

k′+k′′=k

∑

ω′+ω′′=ω

ρ̂(k′, ω′)v̂i(k
′′, ω′′). (4.6)

Figure 3 shows contributions of individual components to the sum for k/ω = a∞ cosα,
where α is a directivity angle measured from the downstream axis. That is, if ρ̂(k′, ω′)
and v̂i(k

′′, ω′′) combine such that (ρ̂vi)kω is indeed a component with k/ω = a∞ cosα,
then the (ρ̂vi)kω from this interaction is added to the statistical ‘bin’ at both (k′, ω′)
and (k′′, ω′′). Thus, we can make a contour plot that shows the contributions of different
portion of the (k, ω) plane to radiation-capable components for a given product. Only
non-radiation-capable components are computed, because we are most interested in the
transfer of energy from non-radiation capable turbulence to that which can radiate. The
contributing regions of the (k, ω) plane are differently shaped depending on the angle of
radiation. The region for α = 30◦, which is the angle of peak intensity, and the region for
α = 110◦ are clearly different, though most conversion comes from near the origin in both
cases. These particular ρvi products were considered because the creation of radiation
capable ρ modes can be related, after subsequent manipulation, to the far-field sound,†
though we have not undertaken this because of insufficient statistics.

5. Filter definition

The turbulent integral length scale, near the end of the potential core is λint ≈ 2.5ro,
and the wavelength of the most intense contributions to the noise at St ≈ 0.2 is Λ = 10ro.
Our objective is to separate these scales. A filter with a transfer function T (λ) defined
such that T (λo) = 0.5 for waves with λo = 2.5ro and one that is 0.5 for wave with
λo = 5.0ro were designed and applied to the data. Following Lele (1992), both filters

† Applying a wave operator to ρ yields an effective noise source for the jet, which is equivalent
to the Lighthill source. The far-field sound can then be computed by solving the Lighthill
equation. However, this relied on us being able to differentiate in the radial coordinate, which
is not possible because the convolution procedure does not preserve the smoothness of the
numerical solution in physical coordinates, rendering differentiation impossible for our statistical
sample.
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λo = 2.5ro λo = 5.0ro

α -0.66589224519920 -0.66665926684208
β 0.16591449129057 0.16666133194156

Table 1. Filter parameters for (5.1) and (5.2).
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Figure 4. Transfer function for the filters: λo = 2.5ro and λo = 5.0ro.

have the form

f̃i + α(f̃i−1 + f̃i+1) + β(f̃i−2 + f̃i+2)

= afi +
b

2
(fi+1 + fi−1) +

c

2
(fi+2 + fi−2) +

d

2
(fi+3 + fi−3), (5.1)

where the coefficients were selected following the procedure outlined by Bodony and
Lele (2002b). Requiring that the filtered field approaches the unfiltered field as ∆6 when
∆→ 0, where ∆ is the grid spacing, imposes the constraints that

a = (2 + 3α)/4

c = (−3 + 6α+ 26β)/16

b = (15 + 34α+ 30β)/32

d = (1− 2α+ 2β)/32
(5.2)

Values selected for α and β are given in table 1 and the transfer functions are plotted
in figure 4. This filter was applied only in x. It is such a severe filtering that application
in r would disrupt the quasi-parallel structure of the jet. In the θ-direction six Fourier
coefficients were retained.

The effect of the filter on the streamwise and radial components of the velocity is
visualized in figure 5. There is an obvious removal of scales. However, even with the
substantial changes we see in the physical space visualizations brought on by the filter,
the radiation-capable portion of the source in k–ω coordinates is essentially unchanged.
This is shown in figure 6 for the filter of width λ = 5.0ro.

6. Evolution of the very large scales

An assessment of the role of the ‘background field’ on the scattering of non-radiating
fluctuations into sound is explored through the solution of equations (2.2)–(2.4), gener-
ically called the ‘linearized inhomogeneous Euler’ (LIE) equations by Goldstein (2002),

for the large-scale fluctuations {ρ(L), u
(L)
i , p(L)}. The inhomogeneous terms of the LIE

equations are known a priori from the DNS database and constitute an ‘ideal turbu-
lence model’ for the very large scales. Furthermore, as the filtering process defined in
(2.1) is purely spatial, the time-derivative terms occurring in the momentum and energy
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Figure 5. Velocity field visualization: full field (a) vx and (b) vr; filtered with λo = 2.5ro (c) vx

and (d) vr; and filtered with λo = 5.0ro (e) vx and (f) vr. For vx the white contours are evenly
spaced between 0 and uj ; for vr they are evenly spaced between ±0.12uj , omitting vr = 0.
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Figure 6. Same as figure 2 after application of the λo = 5.0ro filter.

equations, (2.3) and (2.4) respectively, are smaller by an order of magnitude than the
corresponding flux terms and are therefore neglected.
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6.1. Numerical Method

The LIE equations were solved numerically using a modified larg- eddy simulation code
(Bodony and Lele 2002a). Written in cylindrical coordinates, the code employs standard
sixth-order Padé derivatives (Lele 1992) in the axial and radial directions, and spectral
differentiation in the homogeneous direction. Time advancement is by a fourth-order
explicit Runge-Kutta algorithm. Boundary conditions are non-reflecting on all compu-
tational boundaries. The source terms are stored precomputed and interpolated in time
using cubic splines. Initial conditions for the simulation are taken to be the filtered,

large-scale disturbance field from a particular instant in the jet. That is, if q
(L)
o denotes

an initial value of a particular conserved disturbance quantity, then q
(L)
o = q̃DNS − q.

The early development of the mean flow is laminar and therefore nearly parallel, so spa-
tially developing instabilities can amplify substantially. If left undamped, upstream trav-
eling disturbances couple to instabilities at the artificial inflow boundary. These quickly
grow and overwhelm the solution. Thus, the inlet ‘sponge’ was set strong enough to damp
this process completely.

6.2. Preliminary Results

The primary goal of the investigation of very-large-scale dynamics is to determine the role
of the mean in the conversion of non-radiating hydrodynamic fluctuations into sound. For
model problems, such as a ‘gust’ impacting the leading edge of a solid body (Crighton
and Leppington 1971), the mechanism of ‘scattering’ vorticity into sound is well estab-
lished. However, a jet is more complex because the coupling region is nonlocal, and the
linear decomposition into entropy, vorticity, and acoustic fluctuations (Kovasznay 1953)
is inadequate for the finite-amplitude disturbances in the jet. The current solution of the
linearized equations is an attempt to examine the effect that the background flow has
on the fluctuations through direct comparison with the previously known nonlinear so-
lution. One-to-one comparisons, however, are not possible because the initial conditions
described in section 6.1 are not precisely consistent with the LIE equations causing a
substantial initial transient. We therefore must make statistical comparisons.

Visualizations of the large scale disturbance pressure field, of which figure 7 is a partic-
ular snapshot, do not show any distinctive large-scale motion of the jet, such as ‘flapping’
or ‘pulsating’, that can be correlated with the radiated sound. Instead, it appears that
the pressure fluctuations are related to the large scale axial motion of nearly axisym-
metric (low azimuthal mode number) structures through the jet. Previous experimental
(Fuchs and Michalke 1975), numerical (Freund and Colonius 2002; Freund et al. 2000),
and analytical work (Tam and Morris 1980) support this conjecture.

To find the radiated sound, the pressure history on a surface surrounding the jet is
collected and projected onto the far-field. Beyond a radius of approximately Rs = 5ro
the mean flow and its gradients are very weak so that acoustic propagation is governed
by the wave equation for a stationary medium. If the pressure on the Kirchhoff surface is
denoted as p(x,Rs, θ, t), then the far-field sound is found using the Fourier-transformed
wave equation

d2p̂

dr2
+

1

r

dp̂

dr
+

(
ω2

a2
∞

− k2 −
n2

r2

)
p̂ = 0 (6.1)

where p̂(k, n, ω; r) is the three dimensional discrete Fourier transform (in x, θ, and t) of
p(x, r, θ, t) with dual variables (k, x), (n, θ), and (ω, t). Equation (6.1) is Bessel’s equation
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Figure 7. Instantaneous very-large-scale pressure-disturbance field p(L) obtained from
solution of equations (2.2)–(2.4).
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Figure 8. Near-field pressure data taken from Kirchhoff surface (r = 5ro). (a) Pressure
fluctuation traces at x = 15ro (solid) and x = 24.4ro (dashed) and (b) their Fourier coefficients.

and is subject to the boundary conditions that, for r = Rs, p̂(k, n, ω; r) = p̂(k, n, ω;Rs),
and that as r →∞ the solutions represent outgoing traveling waves.

Sample pressure traces taken from the Kirchhoff surface (r = 5ro) are shown in fig-
ure 8(a) for x = 15.0ro and x = 24.4ro. (The windowing of (4.5) has been applied.)
Differences between the two traces are apparent. The trace at x = 15.0ro is at an angle
of approximately ninety degrees from the downstream jet axis, nearly directly ‘above’
the end of the potential core while that at x = 24.4ro is closer to thirty degrees. From
previous work (for example, Lush (1971)) the latter trace should exhibit a stronger signal,
with lower frequency content relative to the former trace. This is borne out in figure 8(a)
qualitatively and more quantitatively in figure 8(b). The corresponding far-field pressure
signals are shown in figure 9 at a distance of 60ro from the end of the potential core.
(The time axes have been shifted to remove the time delay between the traces.) While
the available far-field data are not sufficient to yield reliable sound pressure levels, the
separation in frequency content, though minimal for this very-large-scale formulation,
and in amplitude is observed.
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Figure 9. Far-field pressure levels at a distance of 60ro from the end of the potential core.
Legend: 90◦ from downstream jet axis, continuous line; 30◦ from downstream jet axis, dashed
line. Rays drawn from the end of the potential core to the far-field observation points pass
through the near-field traces of figure 8(a).

7. Conclusions

We have developed a formulation of the very-large-scale equations and the necessary
filters for very large turbulence scales. The cutoff scale is larger than the integral length
scale of the turbulence, but smaller than the dominant acoustic wavelength. We have
also developed the tools for space-time transformation of the full flow-field data in such
a way that it allows us to look at specific modal interactions. Initial observations of the
very-large-scale dynamics implies that this type of investigation is warranted. Further
work is planned to explore the statistical properties of the linearized dynamics and their
connection to the radiated sound.

This initial effort is the starting point for a more in-depth study using the tools that
we have developed. As the problem is currently defined, being the solution of the LIE
equations (2.2)–(2.4), the role of the mean is masked by two factors. First, the inhomoge-
neous terms, collectively referred to here as S, may themselves radiate, so that the sound
predicted is the sum of the scattered very-large-scale hydrodynamic field and the directly-
radiated sound coming from S. To assess the importance of the mean to scattering more
directly, the source terms should be appropriately filtered to remove their radiating com-
ponent, leaving only that portion of S which does not radiate. The transform procedure
discussed in section 4 is suitable for this. Secondly, the fact that only the mean flow has
been retained in the linearization implies that the scattering efficiency is reduced relative
to that if the background flow were permitted to be unsteady. The new formulation of the
LIE equations would then take on an acoustic analogy quality (Goldstein 2002) as the
assumption would have to be made that the very large scale hydrodynamic fluctuation
field present in the DNS is independent of the radiated very large scale fluctuations. This
type of study has been performed in the context of jet screech (Manning and Lele 2000)
for the case of boundary sources.
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