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The temporal evolution of isolated turbulent Batchelor vortices is investigated using
pseudo-spectral direct numerical simulations (DNS) of the vorticity transport equations.
Analytic treatment of the velocity at the domain boundaries (Rennich et al. (1997)) effectively isolates the vortex. The flow dynamics is examined over a range of swirl numbers.
(The swirl number q is a measure of the ratio of the azimuthal and axial velocities). For
the cases in which the mean flow is unstable to normal mode perturbations (q < 1.5),
helical instabilities are seen to grow and advect radially. The local stretching and tilting
of vortex lines by these instabilities is seen to generate mean counter-signed axial vorticity, and as a consequence, a circulation overshoot. The velocity field introduced by the
distorted vortex tubes tries to concentrate the axial vorticity away from the centerline.
For low swirl cases, the axial vorticity is briefly shifted almost entirely to helical lobes
near the edge of the vortical core. Ultimately, the coherence of the helical structures is
lost and the flow progresses toward equilibrium. Angular momentum transport to the exterior potential flow is seen to be enhanced by the radial advection of streamwise oriented
vorticity. During the return to equilibrium, azimuthal vorticity is present in the exterior
of the core in the form of highly stretched spirals. While there is very little turbulent
mixing in the inner part of the core, the turbulent kinetic energy and dissipation are seen
to peak at the core centerline.

1. Introduction
The presence of coherent trailing vortices behind lifting surfaces such as airplane wings
and helicopter blades has significant implications for performance and safety. A clear understanding of the evolution of such vortices is therefore critical. In the present work, the
temporal evolution of the Batchelor vortex is studied using direct numerical simulations
(DNS). This axisymmetric field is fairly representative of the mean flow field of practical
trailing vortices and is characterized by axial and azimuthal vorticity distributions given
2
2
by qe−r , and re−r , respectively (where r is the radial distance). Thus, the swirl number
q sets the relative magnitudes of the axial and azimuthal velocities.
The temporal linear normal mode stability of this flow has been extensively studied
(Lessen et al. (1974), Fabre et al. (2004), etc.) and it is well recognized that inviscidly
driven helical instabilities are present for q < 1.5. A considerable body of computational
work has also been devoted to the study of the non-linear evolution of these instabilities,
in the presence/absence of turbulence (Ragab et al. (1995), Qin (1998), Delbende et al.
(2005)). However, all the studies in the literature do not address either or both of the
following issues:
• Typically, the accuracy requirements warrant a spectral solution and as a result,
the far field boundary conditions are not handled correctly. The work of Ragab et al.
† Aerospace Engineering, University of Maryland, College Park
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(1995), for instance, assumes periodicity in the cross-stream directions. This means that
the tangential velocity has to vanish at the boundaries, thus making the vortex unstable
according to Rayleigh’s centrifugal stability criteria, as discussed in Pradeep et al. (2004).
In addition, an unphysical strain field will be set up by the image vortices. Delbende et
al. (2005) assume periodicity in the cross-stream direction for the perturbation from the
laminar Batchelor vortex solution. This can potentially affect the solution of turbulent
flow cases, in which the velocity fluctuations can reach the boundary.
• Most studies are restricted to the detailed study of the flow corresponding to a specific
swirl number (Ragab et al. (1995), Qin (1998), Pantano et al. (2001)). An exception to
this has been the work of Delbende et al. (2005), in which a range of swirl numbers are
evaluated, but the primary focus of the study is on the growth of a single unstable mode.
The broad objective of the present work is to further the understanding (specifically,
the growth and decay mechanisms) of the temporal evolution of isolated turbulent trailing
vortex flows. Proper conditions are enforced at the cross-stream boundaries and the
evolution of vortices is investigated over a range of initial swirl numbers and turbulence
intensities.

2. Methodology and problem setup
In this work, the vorticity form of the incompressible Navier-Stokes equations are solved
using a pseudo-spectral approach. A novel way of handling the boundary conditions in
such an approach was proposed by Rennich et al. (1997). This method can be used for
flows in which the vorticity is compact in the two unbounded dimensions and the third
direction is periodic. In essence, the velocities in the potential region of the flow are
treated analytically (to arbitrary order of accuracy) using a matching procedure. Since
the velocity appears only as a cross-product with vorticity (and the vorticity vanishes at
the boundaries), both the linear and non-linear terms are spatially compact, and hence,
can be treated spectrally. In addition to accurately representing the boundary conditions,
this method proves to be highly efficient, since the boundaries of the computational
domain can be relatively close to the region of interest.
The initial base flow condition is given by:

2
2
vo 
vo
vθ = − √
1 − e−αr , vx = − e−αr ,
(2.1)
q
r α
√
where, q is defined as the swirl number, and vo , 1/ α are reference velocity and length
scales, respectively.
In the present case, α = 1.25643 (Lamb’s constant), such that the initial core-radius
(identified as the radial location of peak vθ ) is rco = 1. For all the plots, time is nondimensionalized by the ’turnover time’ T = 2πvo /rco . An isotropic turbulence field (with
a spectral peak close to the most amplified axial wavenumber), made compact in the
cross-stream directions by multiplying by a Gaussian √
function, was added to the base
flow. The Reynolds number (defined as Γ/ν = 2πvo / α/ν) was set at 8250, which is
low enough to properly resolve the flow features. No pile-up of the energy spectra was
noticed in any of the simulations that are to be presented. The amplitude of the initial
isotropic turbulence field was varied from 10−6 − 10−2 times the mean kinetic energy
RR
1
( πR
0.5(vθ2 + vx2 )dr). As reported in Qin (1998), the details of the evolution are fairly
2
0
independent of the initial conditions in this turbulence range. The results presented in
this report are representative of the lower end of this range.
The accuracy of the cross-stream boundary conditions allowed a cross section of side
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(a) Turbulent kinetic energy (Volume averaged)

(b) Peak tangential velocity

(c) Peak axial velocity

(d) Core radius (radial location of vθ,max )
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Figure 1. Evolution of global quantities for different swirl numbers

15rco . A large number of tests were performed to establish the streamwise extent. The
most amplified axial wavelengths for the cases in question are as large as 6r co , and it
was found that an extent of at least 36rco was required to obtain statistics that were
independent of streamwise length. Although some tests were conducted up to an extent
of 72rco , all the results use a size of 40rco . The mesh size for these simulations is 448×1682 .

3. Evolution for various swirl numbers
Figure 1 shows the temporal evolution of the turbulent kinetic energy (TKE), mean
velocities, and core radius. For the case with no axial velocity, a monotone decay of the
TKE is observed. The linearly unstable cases (q < 1.5) are characterized by steep initial
growth of TKE (which increases with decreasing q), followed by saturation and eventual
decay. This behavior has been widely observed (Ragab et al. (1995), Qin (1998), Delbende
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(a) t/T=2.4

(b) t/T=3.7

(c) t/T=5.3

(d) t/T=7.1

Figure 2. Isosurfaces of axial vorticity for q = 1. Blue: ωx = −0.25, Green: ωx = 0.1

(a) t/T=2.4

(b) t/T=3.7

(c) t/T=7.1

Figure 3. Isosurfaces of axial vorticity for q = 1. Levels are the same as in Fig. 2

(a) t/T=2.4

(b) t/T=3.7

(c) t/T=5.3

(d) t/T=7.1

Figure 4. Isosurfaces of tangential vorticity for q = 1. Blue: ωθ = −0.25, Yellow: ωθ = 0.25

et al. (2005)) and is attributed to the growth, saturation, and decay of helical normalmode instabilities. It is interesting to note that the growth and saturation is completed
within two to three turnover time cycles. The peak swirl, axial velocities, and the core
radius decay in a near-laminar fashion until the initiation of the saturation. As the
saturation progresses, enhanced peak swirl velocity decay is preceded by a sharp drop
in the peak axial velocity. Figure 1d, and to a certain extent, Fig. 1b, suggest apparent
negative diffusion, where the core appears to briefly shrink and the peak swirl velocity
seems to increase with time. As is clarified later, this corresponds to a change in the
structure of the vortex. For higher initial turbulence intensities, saturation is achieved
earlier in the evolution process.
3.1. q = 1.0
Figures 2-5 show snapshots of the vorticity iso-surfaces for q = 1.0. The black circle
and shaded cylinder represent the initial core radius. As can be seen from Figs. 2 and
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(a) t/T=2.4

(b) t/T=5.3
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(c) t/T=7.1

Figure 5. Isosurfaces of tangential vorticity for q = 1. Levels are the same as in Fig. 4

(a) t/T=1.0

(b) t/T=1.3

(c) t/T=2.0

(d) t/T=3.4

(f) t/T=4.8

(g) t/T=6.7

(h) t/T=8.9

(e) t/T=4.8

Figure 6. Isosurfaces of axial vorticity for q = 0.5. Figs. (a)-(e): Blue: ωx = −0.25, Red:
ωx = 0.25. Figs. (f)-(h): Light blue: ωx = −0.125, Yellow: ωx = 0.125

(a) t/T=1.3

(b) t/T=2.0

(c) t/T=6.8

Figure 7. Iso-surfaces of axial vorticity for q = 0.5. Levels are the same as in Fig. 6

3, helical instabilities appear to be amplified. Investigation of the spectra pointed to
peak energy close to the most unstable axial (k = 1.84) and azimuthal (m = −3) wave
numbers obtained from linear normal mode theory. As this instability grows linearly, all
three components of the vorticity can be seen in these structures as they move radially
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(a) t/T=1.3

(b) t/T=2.0

(c) t/T=6.8

(d) t/T=8.9

Figure 8. Iso-surfaces of tangential vorticity for q = 0.5. Figures (a),(b): Blue: ωθ = −0.25,
Red: ωθ = 0.25, Figs. (c),(d): Light blue: ωθ = −0.125, Yellow: ωθ = 0.125

(a) t/T=1.3

(b) t/T=2.0

(c) t/T=6.8

Figure 9. Iso-surfaces of tangential vorticity for q = 0.5. Levels are the same as in Fig. 8

outward. In the process, counter-signed axial vorticity is created at the periphery of the
core. This corresponds to the creation of an overshoot in the mean circulation.
At a certain time instant, some of the coherence of the helical instability structures is
lost as they start breaking up (Fig. 2b), though not necessarily into fine-scale turbulence.
This occurence corresponds to the saturation of the instability. Once this coherence is
lost, the mean flow tries to revert back to equilibrium. The counter-signed axial vorticity
continues to be expelled radially outward and ultimately, the axial vorticity returns to
a stable state. Note that by the time of the saturation, the axial velocity magnitude (as
well as tangential vorticity magnitude) has considerably diminished. In contrast to the
development of the axial vorticity, the tangential vorticity does not break up into fine
structures - instead, after the linear growth phase, it is wound in the form of elongated
structures around the axis (Figs. 4,5). Note that these structures seem to be intermittent
in the axial direction, and hence, smaller domain lengths in the periodic direction could
affect the evolution. In the case of an isolated vortex with no mean axial velocity, tangential vorticity is known to form coherent rings in the periphery of the core (Melander et
al. (1993)). In the present case, coherent spirals are found, with some of these structures
extending from near the core centerline to well outside the core radius. The presence
of counter-signed tangential vorticity (more clearly seen in a higher turbulence case)
suggests a mechanism for enhanced radial transport of mean momentum by mutually
induced advection.
3.2. q = 0.5
Figures 6-9 detail the evolution of the axial and tangential vorticity for the q = 0.5
case. Similar to the higher swirl case, growth of the helical instability is evident, but the
amplitude, growth rate, and speed of radial advection are much larger. As seen in Figs.
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(a) Axial velocity

(b) Tangential velocity

(c) Axial vorticity

(d) Tangential vorticity

41

Figure 10. Evolution of mean velocity and vorticity for q = 0.5. t/T = {0, 1.3, 2.0, 2.9, 4.8, 8.9}

(a) q = 0.5

(b) q = 1.0

Figure 11. Evolution of mean circulation. For q = 0.5, t/T = {0, 1.3, 2.0, 2.9, 4.8, 8.9}. For
q = 1.0, t/T = {0, 2.4, 3.7, 5.3, 8.8, 10.7}

7a, and 10c during the growth phase, the helical instability and its interaction with the
mean flow is strong enough to strip the vorticity from the centerline and concentrate
it in helical lobes at the core periphery. Similar behavior has also been reported in
Delbende et al. (2005). Though the peak tangential velocity continues to decay (Fig.
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10b), the radially outward movement of the peak axial vorticity (Fig. 10c) results in a
significant circulation overshoot (Fig. 11a) that grows in magnitude. Saturation of the
instability is clearly marked by the breakup into fine scale turbulence, at which point, the
circulation overshoot stops growing in magnitude and starts to spread radially outward,
thus acting as an efficient agent of angular momentum transport to the potential flow
region. Later, coherent structures of axial and tangential vorticity are elongated primarily
in the streamwise and azimuthal directions, respectively. Ultimately, the counter-signed
axial vorticity is either ingested or expelled and the axial vorticity distribution progresses
toward an equilibrium state with a near Gaussian distribution (Fig. 10c).

4. Vortex dynamics
As seen in the previous section, a key aspect of the evolution is the formation and transport of counter-signed axial vorticity. This issue will be addressed within the framework
of vortex dynamics. It is important to recognize that the presence of mean counter-signed
vorticity plays a critical role in the evolution because it signifies non-monotonicity of the
circulation, implying centrifugal instability.
The initial base flow consists of vortex lines that are helices (and running clockwise
in the negative
x direction, according to the present sign convention) of constant pitch
√
h = 2πq/ α. Therefore, vortex tubes are concentric cylinders. Note that for laminar
flow, the pitch increases with time according to the relation h(t) = h(0)(1 + 4ναt), such
that the vortex lines tend to become more straight with time.
For purposes of investigation, a q = 0.6 vortex is considered with very low energy
initial perturbation (initial TKE ≈ 0.01 of that in the previous section). Formation of
counter-signed vorticity requires that some of the vortex lines run opposite to the predominant direction in the tube. Figure 12 shows snapshots of the evolution of a vortex
tube formed by vortex lines originating from a circle of radius 0.9rco . Axial vorticity
contours are shown on the surface of the tube, with the dark end of the spectrum corresponding to counter-signed vorticity. At the earliest shown time, stretching and tilting
of the vortex lines, caused by the instabilities in the core, are evident. This causes the
vortex lines to bunch up in certain regions and spread out in others. It is also evident
(especially from Fig. 12b) that the bunched-up regions correspond to vortex lines that
are tilted more toward the horizontal (implying local intensification of the axial vorticity,
or circulation overshoot) and the spread-out regions correspond to tilting toward the
vertical (ultimately resulting in counter-signed vorticity). It is also seen that the spread
out regions are at a larger radius.
Ultimately, the self-induced deformation of the tube and its interaction with the helical
core-instabilities (Lessen et al. (1974)) causes some of the vortex lines to tilt opposite
to the stream (Fig. 12c) and counter-signed vorticity is generated (Fig. 12d). Figure 13
shows an axial cut of the vortex tube at a representative location. The apparent v-shaped
deformation is associated primarily with the self-induced movement of the bunched-up
vortex lines. The hypothesis is that this movement plays a significant role in stripping
the vorticity from the center-line by looping around the helical structures, resulting in
an effective radially outward movement. The stripping of the core vorticity and the
magnitude of the counter-signed vorticity is more pronounced in the low-swirl cases.
This is perhaps a consequence of the pitch of the helices being smaller and also because
the azimuthal vorticity (which is primarily concentrated away from the center) becomes
more dominant in dictating the dynamics of the vortex tube (Fig. 13b). Once the large-
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(a) t/T=0.87

(b) t/T=1.1
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(c) t/T=1.2

(d) t/T=1.2
Figure 12. Vortex lines, tube with contours of axial vorticity (Figs. (a)-(c)) and iso-surface of
streamwise vorticity Fig. (d) for q = 0.6 case with low initial perturbation. Vortex lines running
right to left

(a) Axial vorticity

(b) Tangential vorticity

Figure 13. Sample streamwise cut of vortex tube for q = 0.6, very small perturbation,
t/T=1.2

scale structures lose coherence, there is no organized motion due to the looping vortex
sheet/lines.
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(a) t/T=2.0

(b) t/T=8.9

0 u0 , Dash:
Figure 14. Reynolds normal stresses (normalized by vo ) for q = 0.5. Dash-dot: ug
x x
0 0
0
0
g
g
ur ur , Solid: uθ uθ

(a) t/T=2.0

(b) t/T=8.9

0 u0 , Dash:
Figure 15. Reynolds shear stresses (normalized by vo ) for q = 0.5. Dash-dot: ug
x r
0
0 0
0
g
g
ur uθ , Solid: uθ ux

(a) t/T=2.0

(b) t/T=8.9

Figure 16. Turbulence production and dissipation terms for q = 0.5
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5. Turbulence statistics
The growth and production of turbulent kinetic energy is determined by the competing mechanisms of axial shear and differential rotation. The differential rotation tends
to tilt the radial component of the vorticity azimuthally (Melander et al. (1993)) and
stretches the vortex filaments in the azimuthal direction. These spiral structures (Fig.
9) (concentrated around the radial location of the circulation overshoot) are primarily
responsible for the radial transport of angular momentum since their orientation can be
0 u0 . Note that the sign of the mean angular momentum is
seen to generate negative ug
r θ
also negative.
For all cases, the following characteristics of the turbulence statistics were qualitatively
similar (Figures 14-16 provide some instances. Note the change in horizontal scale for
the (a) and (b) part of the figures).
1. During the linear growth stage, the turbulence kinetic energy, the three Reynolds
normal stresses, and the dissipation rate continue to grow, concentrated around an annulus that moves radially outward. During the stabilization period, the previously mentioned peak values migrate back toward the core center-line.
2. The Reynolds shear stresses typically peak near/outside the core radius and are
usually small near the core center-line. The peak values are related to the presence of the
0 u0 , ug
0 u0 components showed anti-diffusive contributions near
spiral structures. The ug
r θ
x r
the center, except in the very early stages. The anti-diffusive contribution is related to
the increase in vorticity near the center-line during the return to equilibrium.
3. The radial normal stress was found be larger than the other two components for
most cases. To a certain degree, this can be explained from the form of the production
terms in the respective transport equations (Chow et al. (1997)).
0 u0 ∂vx −
4. The main contribution to the production of turbulent kinetic energy P = −ug
x r ∂r
0 u0 r ∂(vθ /r) comes from the former term, except in the region exterior to the core, where
ug
r θ
∂r
the latter term dominates and actually balances the dissipation.
5. Even though a circulation overshoot is generated in all cases (Fig. 11) since the flow
returs to equilibrium, there does not seem to be any scope for a similarity solution with
a circulation overshoot as suggested by Govindaraju and Saffman (1971).
The first three of the above observations have also been reported in Qin (1998), in
which a similar study was undertaken on a q = 1.0 vortex.

6. Summary and future work
The temporal evolution of isolated turbulent Batchelor vortices was investigated over
a range of swirl numbers. The flow dynamics and momentum transport is seen to be
dominated by helical structures. The looping of the vortex lines around these structures
tries to concentrate the vorticity away from the vortex centerline. Ultimately, the loss of
coherence of the helical structures results in a stabilization of the flow field. Future work
will focus on (a) helical wave decomposition, in order to examine the role of polarized
structures (Melander et al. (1993)), and (b) LES, to investigate Reynolds number effects.
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Appendix: Conserved quantities
It is well known that the integral angular momentum equation for mean axisymmetric
flow homogeneous in the axial direction is given by (for instance, Qin (1998))
!
Z R
∂
Γo
2
r vθ dr ≈ −ν
(6.1)
∂t
π
0
0 u0 = 0, a fact that was confirmed by the comif R is sufficiently large and limr→R r 2 ug
r θ
putations. Therefore, the net angular momentum is affected only by viscosity and is
essentially conserved for large Reynolds numbers. This leads to the following question:
In the presence of three-dimensional velocity perturbations, are there any other such
conserved quantities concerning the perturbation itself?.
Assuming the velocity field at any time instant can be represented by the laminar
solution (denoted by subscript l) at that particular time and a ‘perturbation’,

{U, V, W }(x, r, θ, t) = {vx,l , 0, vθ,l }(r, t) + {u, v, w}(x, r, θ, t),
the following exact relations were derived:
# 
"Z

R
∂ w
∂
2
< r w > dr = −r 2 < vw > +ν < r 3
>
∂t 0
∂r r
r=R

(6.2)

(6.3)
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# 
"Z

R
∂
∂u
< ru > dr = −r < uv > +ν < r
,
(6.4)
>
∂t 0
∂r
r=R
R 2π
where < p >= 0 pdθ. It was confirmed that the right hand sides of both the above
equations were indeed zero, and therefore, the ‘perturbation’ angular momentum and
axial momentum flux are conserved, and do not depend on the viscosity.

