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Self-similar behavior of chemistry tabulation in
laminar and turbulent multi-fuel injection
combustion systems
By A. Naudin†, B. Fiorina, X. Paubel‡, D. Veynante¶

AND

L. Vervisch†

Multiple-fuel oxy-combustion is examined from the point of view of chemistry tabulation, for both laminar and turbulent flames. The operating conditions of an experimental
setup organized to study residual gases turbulent flame stabilization are retained. This
nonpremixed multiple-fuel burner uses a synthetic Blast-Furnace-Gaz (BFG) composed of
N2 , CO, CO2 and H2 burning with pure oxygen and a pilot methane-oxygen flame. Laminar premixed and diffusion flames are first studied to understand the major properties of
chemistry when the fuel composition ranges between pure BFG and pure CH4 . The selfsimilar behavior of premixed flamelets, previously reported for methane-air combustion,
is extended to multiple-fuel oxi-combustion and, viewed from an appropriate normalized
coordinate system, all the flamelets are found to merge in a single response. From a direct
analysis of a generic form of turbulent burning rates, it is anticipated that this result
should also be valid for burning rates filtered in the LES sense. Presumed probability
density functions are used to filter the flamelet chemical tables and the self-similar behavior of filtered burning rates is evidenced. A strategy is then proposed to analytically
express filtered burning rates and preserve memory when including detailed chemistry in
LES with high performance parallel computing.

1. Introduction
Exhaust gases having chemical components that can be subsequently used as fuel are
by products of many industrial systems (iron and steel industries, heavy chemistry or
unit of reforming). The exact composition of those exhaust fuels can strongly vary with
the operating regime of the plants and they usually feature a low calorific net value. To
efficiently burnt them in furnaces or boilers, the design of the burner needs to account for
the possible large and rapid variations of fuel composition, which lead to various flame
stability problems. Collecting information from Large Eddy Simulation (LES) of such
burners will be of great help to optimize their design. Because of the complexity of the
fuel composition, detailed combustion chemistry must be introduced in those LES.
A large variety of techniques are now available to account for the subtle properties
of chemistry using a priori tabulations. Some promising approaches derive from flamelet
modeling and are based on direct flame tabulations, as FPI (Gicquel et al. 2000) or FGM
(Oijen et al. 2001). These techniques have already been used for RANS (Vervisch et al.
2004, Fiorina et al. 2005, Ribert et al. 2005) and LES (Domingo et al. 2005, 2006) of
laboratory flames. Major uncertainties still subsist, however, concerning the systematic
use of those methods to help in more complex combustion chambers design. They are
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Figure 1. Mixture fraction space of two-fuel (BFG,CH4 ) injection burners. Left: Two mixture
fractions (Z1 ,Z2 ). Right: Reduced mixture fractions (Z = Z1 + Z2 ,Y = Z2 /(Z1 + Z2 )).

mainly related to the need of keeping the size of the chemical look-up table to a relatively
low level that is compatible with high fidelity LES on massively parallel computers (i.e.
the memory required to store the table must be compatible with the actual amount of
memory available on each processor). This constraint exists in the case of residual gases
combustion that is associated to a large range of fuel compositions, which implies the
storage of a large amount of information.
After analyzing the chemical behavior of a representative multi-fuel injection burner,
chemical table reduction is addressed by extending to multiple-fuel a recently proposed
table downsizing method that makes use of the self-similar behavior of premixed flamelets
(Ribert et al. 2006). From an algebraic closure of turbulent burning rates, it is discussed
how LES filtered burning rates may also be expected to follow a self-similar behavior.
A presumed Probability Density Function (PDF) approach is then discussed to account
for the impact of Sub-Grid-Scale (SGS) fluctuations in combustion LES of multi-fuel
injection systems. It is shown that the resulting filtered tables indeed feature a selfsimilar behavior that can be used to provide quasi-analytical expressions for the filtered
chemical sources.

2. Analysis of Residual-CH4-O2 combustion
The multiple-fuel injection conditions of a burner recently used to analyze residual
gases combustion stability are retained (Paubel et al. 2006). The burner consists of four
coaxial jets. Starting from the axis of symmetry, it is composed of an oxygen (O 2 ) center
jet, surrounded by a flow of synthetic Blast Furnace Gases (BFG), followed by a CH 4 jet,
and, an oxygen (O2 ) jet at the periphery. The objective of such geometry is to stabilize
low calorific BFG combustion with an external CH4 -O2 pilot flame. From the experiment,
the turbulent flame structure was studied according to the proportion of residual BFG
gases injected in the burner. Three main types of flames were observed and organized in
stability diagrams useful to the design of such piloted non-premixed burners (Paubel et
al. 2006).
The synthetic BFG is composed of N2/CO/CO2/H2 (49/23/23/5 volume percent), a
composition representative of plants operating conditions. The net calorific value of this
BFG is 0.955 kWh/m3 (n), an order of magnitude smaller than the value of the methane
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Figure 2. Equilibrium temperature versus mixture fraction for various BFG/CH4 fuel compositions. Line: Y = 0 (CH4 ). Diamond: Y = 0.5. Square: Y = 0.6. Triangle: Y = 0.7. Circle:
Y = 0.8. Dash Line: Y = 1 (BFG).

stream 9.97 kWh/m3 (n). Two mixture fractions Z1 and Z2 may be defined to describe the
separate mixing of methane and BFG with oxygen, Z1 = 1 (resp. Z2 = 1) in the methane
(resp. BFG) stream and Z1 = 0 (resp. Z2 = 0) for all other streams. Mass conservation
implies that the domain of variation of those mixture fractions is bounded by Z1 +Z2 = 1,
the flames therefore evolve within a triangle in the (Z1 , Z2 ) space (figure 1). To optimize
the use of presumed PDFs, passive scalars varying between zero and unity are preferred,
the domain is then reorganized into a unit square as shown in figure 1. This is done by
introducing the two reduced mixture fractions Z = Z1 + Z2 and Y = Z2 /(Z1 + Z2 ).
These variables are equivalent to the parameters Rk and Ro introduced by Paubel et al.
(2006) to orchestrate the analysis of the experimental results of this burner, and also to
the variables retained by Hasse & Peters (2005) in their derivation of flamelet equations
for two mixture fractions.
Figure 2 shows the equilibrium temperature of the BFG-CH4-O2 mixture versus Z,
when Y increases from 0 (pure CH4) to unity (pure BFG). The maximum temperature is
of the order of 3000 K for Y = 0 and decreases down to 2000 K for Y = 1. Moreover, the
location of this maximum in Z-space is translated towards the rich side (high value of Z).
These effects result from the dilution of the fuel by N2 and other BFG species. Figure 3
displays the species response under equilibrium conditions. When more BFG is introduced
(Y increases) the fuel contains more CO, but the peak value of CO decreases on the rich
side. This is explained by the fact that the CO contributing to this peak is more controlled
by the production of CO by CH4 oxidation than by the CO available in the BFG fresh
mixtures, which does not require thermal cracking and burns immediately when it is in
contact with oxygen at high temperature. Premixed laminar flames have been computed
for the full range of fuels/O2 mixing conditions. The chemistry is described with the
49 species detailed GRI 3.0 methane-air mechanism (http://www.me.berkeley.edu/grimech/), the PREMIX (Kee et al 1992) software has been used with complex transport
properties. Figure 4 shows the flame speed response to variations of the equivalence ratio
for various values of Y . The maximum flame speed dramatically decreases when BFG
is added to the fuel and the range of flammable mixture is reduced on the rich side.
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Figure 3. Equilibrium mass fraction of species versus mixture fraction. Top: Y = 0.5. Bottom:
Y = 0.8. Square: CH4 . Line: O2 . Diamond: H2 O. Circle: CO2 . Triangle: CO. Cross: OH. Star:
H2 . Line with plus: O.

In complement, the OPDIF (Lutz et al., 1997) software is used to simulated laminar
counterflow diffusion flames obtained from a CH4 -BFG fuel jet flowing against an O2 jet.
The fuel composition has a strong effect on the flame response to strain rate (figure 5).
In the case of CH4 oxy-combustion (Y = 0), extinction of the mixture cannot be found,
even for strain rate values up to 4000 s−1 . This extinction strain rate is highly sensitive
to the fuel composition, it decreases down to 550 s−1 in the case of pure BFG diffusion
oxy-flame.
The analysis of equilibrium temperature, flame speed and response to strain rate confirm that the modeling of combustion systems using such complex fuels can hardly be
performed without including information issued from detailed chemistry. Along these
lines, a strategy to store the subtle chemical information, which is needed to describe
multi-fuel combustion, is now discussed in the context of high performance computing.
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Figure 4. Flame speed response versus equivalence ratio for various BFG/CH4 fuel composition.
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3. Self-similar behavior of multi-fuel combustion
In a recent paper, Ribert et al. (2006) have evidenced a self-similarity behavior of hydrocarbon premixed laminar flames. It was found that species mass fractions and reaction
rates may be reduced to collapse on single curves, using a limited set of parameters. This
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Figure 6. Left: reduced methane reaction rate ω̇CH
extracted from the BFG-CH4 -O2 chemical
4
FPI database versus the reduced progress variable c+ defined by equation 3.1. Right: corremax
sponding ω̇CH
versus the reduced mixture fractions Z and Y . 2121 flames are extracted.
4

finding allows a strong reduction of the size of chemical databases, which is especially
of interest for implementation on massively parallel computers where chemical tables
should be stored in the local memory of every processor to minimize communications.
Nevertheless, two questions arise: (i) may this self-similar behavior also be observed for
laminar multi-fuel combustion? (ii) how does these findings extend to turbulent flames?
Ribert et al. (2006) have limited their investigation to laminar flames. In the following,
the extension to turbulent flames is discussed.
3.1. Laminar multi-fuel self-similar premixed flames
The BFG-CH4 -O2 premixed laminar flames are also found to exhibit a self-similar behavior. This result is not that surprising since the theoretical derivation proposed by
Ribert et al. (2006) also holds in this situation. The self-similar derivation uses the laminar flame speed and the laminar flame thickness to reduce mass fraction and reaction
+
max
rate profiles. Figure 6 displays the reduced methane reaction rate ω̇CH
= ω̇CH4 /ω̇CH
as
4
4
+
a function of the reduced progress variable c , together with the maximum value of the
max
reaction rate ω̇CH
(here negative) for the full set of 2121 flames stored in the premixed
4
flamelets database. According to figure 6, the flames are self-similar when the reduced
progress variable is defined as:
c+ =

c − c1
c2 − c 1

where

ω̇CH4 (c1 ) = ω̇CH4 (c2 ) =

1 max
ω̇
2 CH4

(3.1)

c is a progress variable defined such that c = 0 in fresh gases and c = 1 in fully
burnt products. It is defined as c = Yc /YcEq from the combined mass fraction Yc =
max
YCO + YCO2 + YH2 O and YcEq , its equilibrium value. c1 , c2 and ω̇CH
are functions
4
of the mixture fractions Z and Y . Because of this self-similarity property, the initial
three-dimensional database, ω̇CH4 (c, Z, Y ) is reduced to a single one-dimensional pro+
file, ω̇CH
(c+ ), combined with three two-dimensional functions, c1 (Z, Y ), c2 (Z, Y ) and
4
max
ω̇CH4 (Z, Y ), saving a great amount of computer memory. Moreover, has seen in figure 6
max
for ω̇CH
(Z, Y ), these functions could probably be even reduced to quite simple analytical
4
fits.
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3.2. Extension to turbulent flames
The simplified case of a one-dimensional steady premixed turbulent flame brush is first
analyzed. The balance equation for Yek , the mass weighted filtered mass fraction of any
species k, reads in the case of a one-dimensional steady state turbulent premixed flame:
!
∂ Yek
∂ Yek
∂
ρ 0 ST
DT
+ ρω̇ k
(3.2)
=
∂x
∂x
∂x
ST and DT denote the turbulent flame speed and the turbulent diffusion coefficient, usual
notations are otherwise adopted. Introducing the reduced abscissa x+ :
+

x =

Zx
0

ρ 0 ST
dx
DT

(3.3)

gives:†
DT
∂ 2 Yek
∂ Yek
=
ρω̇ k
2 +
+
∂x+
∂x
(ρ0 ST )2
Integrating this equation over the spatial direction leads to:
Yekb

−

Yeku

=

DT
(ρ0 ST )2

+∞
Z
ρω̇ k dx+ =

−∞

1
ρ 0 ST

(3.4)

+∞
Z
ρω̇ k dx

(3.5)

−∞

where Yeku and Yekb denote the mass fractions of species k in fresh and fully burnt gases
respectively. When Yekb − Yeku 6= 0, equation 3.4 may be made dimensionless:
∂ Yek+
∂ 2 Yek+
ρω̇
=
+ +∞ k
+
R
∂x
∂x+ 2
ρω̇ k dx+

with

Yek − Yeku
Yek+ =
Ye b − Ye u
k

−∞

(3.6)

k

Turbulent flames will adopt a self-similar behavior if the reduced reaction rate:
ρω̇ k

+

ρω̇ k =

+∞
R

−∞

ρω̇ k

(3.7)
dx+

depends only on the reduced spatial location x+ , or on the progress variable, which varies
monotonically with x+ .
The analysis may be conducted further in the framework of flame surface density
modelling for a partially premixed turbulent flame front. The filtered reaction rate may
be written (Veynante & Vervisch, 2002):




ρω̇ k = ρ0 SeL Yekb − Yeku Σ = ρ0 SeL Yekb − Yeku Ξ |∇c|
(3.8)
where SeL is the filtered laminar flame speed measured over the partially premixed front,
Σ the flame surface density, Ξ the SGS wrinkling factor and c, the filtered progress

† Note that DT /(ρ0 ST ) corresponds to a turbulent diffusion thickness, of the order of magnitude of the turbulent frame brush thickness.
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variable. Then:
ρω̇ k =

ρω̇ k
+∞
R

−∞

=

Ξ
R1
0

=

ρω̇ k dx+

Ξ dc


 +∞
Z

ρω̇ k dx+  =
−∞

+∞
R

−∞



∂c
eL Yekb − Yeku ρ0 ST
ρ
S
0
∂x+
DT

Z1
ρ20
∂c
Ξ
Ξ dc
DT
∂x+
0
|
{z
}
Shape: A (e
c, cv )

Ξ |∇c|
Ξ |∇c| dx+
Z1

+∞

Z
b
u
e
e
e
Ξ |∇c| dx+
ρ 0 S L Yk − Yk
−∞

Ξ dc

0



SeL2 Yekb − Yeku

|

(3.9)

{z

}


e Ye , Qv
Mixing and chemistry: B Z,

R1
where ST = SeL 0 Ξ dc has been used. This derivation assumes that the turbulent diffusivity DT is constant across the flame brush but does not require an infinitely thin
flame assumption when a “generalized flame surface density” is considered as proposed
by Veynante & Vervisch (2002). Equation 3.9 shows that the filtered reaction rate ω̇ k
can be decomposed into two contributions. The first one, A(c, cv ), captures the shape
of the reaction rate and depends on the properties of the filtered distribution of c, the
progress variable. When a presumed PDF approach is adopted, it is shown thereafter
that this term can be approximated from the knowledge of c and cv = cc − c c, the SGS
variance of the progress variable. In equation 3.9, A(c, cv ) evolves from an Arrhenius type
law for laminar flames (cv = 0) to a parabolic function for wrinkled infinitely thin flame
fronts in the Bi-Modal-Limit of the c signal (Bray, 1996). For fixed initial composition
e Ye , Qv ), depends on
and temperature of the fresh gases, the second contribution, B(Z,
the filtered properties of the fuel composition and equivalence ratio distributions. It is
shown in the next subsection that it can be measured in terms of the filtered reduced
e Ye and of the SGS scalar variance Qv , using the definition of the
mixture fractions Z,
scalar variance proposed by Girimaji (1991) for multiple scalar.
From equation 3.9, it is thus concluded that for fixed fuel/air mixing condition (i.e.
e Ye , Qv )), the reduced reaction rate ρω̇ +
fixed values of B(Z,
k depends on the progress
variable (or on the reduced coordinate x+ ). Therefore, the filtered reaction rate is also
expected to exhibit some self-similarity features.
3.3. Self-similar filtered tabulation of multi-fuel combustion
In a two-fuel inlet problem, where the mixing between the fuels and the oxidizer is
described using the reduced mixture fractions Z and Y , the filtered reaction rate of
every species k may be written:



ė k (x, t) =
ω


Z1 Z1 
0

0


ω̇k |Z ∗ , Y ∗ ; x, t Pe (Z ∗ , Y ∗ ; x, t) dZ ∗ dY ∗

(3.10)

where ω̇k |Z ∗ , Y ∗ ; x, t denotes the conditional filtered burning rate evaluated for a fixed
mixing condition (i.e. fixed values of Z ∗ and Y ∗ ). Pe(Z ∗ , Y ∗ ; x, t) is the joint PDF of Z and
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Y , which can be presumed using the assumed Beta-shape SGS PDF extended to multiple
scalars by Girimaji (1991). As done in the companion paper by Domingo et al (2006), the
conditional filtered source is approximated from ω̇kP F (Z ∗ , Y ∗ , c∗ ) the premixed flamelets
FPI tabulation of chemistry and a Beta-shape presumed probability density function,
leading to:


ω̇k

|Z ∗ , Y ∗ ; x, t



=

Z1

ω̇kP F (Z ∗ , Y ∗ , c∗ )P (c∗ ; x, t)dc∗

(3.11)

0

e Ye and
Pe(Z ∗ , Y ∗ ; x, t) is parameterized with the filtered reduced mixture fractions Z,
∗
the scalar SGS energy Qv , P (c ; x, t) with the mean progress variable c and cv , its SGS
e Ye , Qv ) is then available for every
ė k (c, cv , Z,
variance. A table of filtered chemical sources ω
species k. This table contains five entries and its memory can easily exceed 2Go when
the species that are required to compute temperature and some pollutants are included.
In the light of the analysis conducted above, the tabulated filtered chemical source is
written:
 

h i

e Ye , Qv Gk cv , Z,
e Ye , Qv
ė k = max ω
ė k Fk c, cv , Z,
(3.12)
ω
with

i
h
ė k cv
max ω
ė k
ω
e Ye , Qv =
i
h i
h
Fk c, cv , Z,
e Ye , Qv
ė k max ω
ė k Z,
max ω
i
h
e Ye , Qv
ė k Z,

 max ω
e Ye , Qv =
h
i
Gk cv , Z,
ė k cv
max ω




(3.13)

(3.14)

ė k |a, b, . . .] is the value of the filtered reaction rate ω
ė k for given values of the
where [ω
control parameters a, b, . . . of the chemical table. Notice that equation 3.12 is exact when
Fk and Gk are defined by the relations 3.13 and 3.14.
ė c
It is possible to display the functions Fc and Gc corresponding to the reaction rate ω
of the FPI progress variable Yc = YCO + YCO2 + YH2 O , as extracted from the filtered
database for Y = 0 (methane / oxygen combustion). The function Fc varies with the
filtered progress variable e
c and its SGS variance cv , but is found weakly sensitive to
variations in the mixing between the fuels and oxidizer (i.e. not sensitive to variations of
Ze and Qv ). A similar behavior is observed when Ye is non zero. In opposition, Gc varies
e Ye and Qv , the reduced mixture fractions and the scalar SGS energy, but it is
with Z,
not that sensitive to cv . It is then proposed to cast the filtered burning rate in the form:


h i
e Ye , SZY
ė k Fk (c, Sc ) Gk Z,
ė k ≈ max ω
(3.15)
ω

Here the unmixedness of the progress of reaction Sc = cv /[c(1 − c)] and of the reduced
mixture fractions SZY have been introduced. When the Girimaji (1991) joint PDF model
is chosen, a direct relation exists between the cross-covariances of the reduced mixture
fractions Z, Y and SZY (see Girimaji 1991 for details). In the context of high performance
computing and as for laminar flames, the self-similarity relation for turbulent flames expressed by equation 3.15 allows for drastically reducing the size of the chemical database
to be stored in the local memory of every processor. Moreover, our results suggest to use
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quite simple analytical fits such as:
Fk (c, Sc ) ≈ Ak (Sc ) cbk (Sc ) (1 − c)ck (Sc )

(3.16)

where Ak , bk and ck are three functions of Sc , the progress variable unmixedness, to be
specified. When a similar approach is adopted to express Gk , major species having an
almost monotonic response versus the progress of reaction Yc , such as CH4 , O2 , H2 O,
CO2 and H2 , have a filtered reaction rate that can be approximated as:
 


ė k = Ωk × Ak (Sc ) (c)bk (Sc ) (1 − c)ck (Sc ) × Az (Sz ) Z + bz (Sz ) 1 − Z + cz (Sz ) B Ze2
ω
{z
} |
|
{z
}
c contribution
Z1 and Z2 contribution
(3.17)
with
 
Ze1
Z+ =
B Ze2 ≈ 1 − 2Ze2 + Ze22
(3.18)
1 − Ze2

where Ωk is the maximum value of the reaction rate. The primitive mixture fractions
(Z1 for CH4 and Z2 for BFG) are here re-introduced. Indeed, even though the analysis
of multiple fuel combustion was simplified by the use of the reduced mixture fractions
Z and Y , particularly to filter the databases with presumed PDFs, the filtered burning
rates are more easily fitted in terms of Ze1 and Ze2 . The five dimensional database of
e Ye and Qv is then reduced to a set of six
filtered burning rates, depending on c, cv , Z,
vectors, Ak , bk , ck , Az , bz and cz . The values of these vectors, fitted from the original
database and discretized here using fifteen segregation factor values, are not provided for
sake of brevity, but they are available upon request. It is worthwhile to note also that
the contribution of the equivalence ratio and fuel composition calibrated by Z1 and Z2
is the same for the four species.
The filtered reaction rate of CO needs a specific treatment. Indeed, either CO is a
product for methane combustion (Z1 = 1, Z2 = 0) or it acts as a reactant for BFG
combustion (Z1 = 0, Z2 = 1). To apprehend this response, the following strategy is
adopted:
• When Ze1 6= 0 (i.e. when methane is present), the production of CO dominates and
equation 3.17 holds with specific CO parameters (ΩCO , ACO , bCO and cCO ).
• When Ze1 = 0 (pure BFG combustion without methane), the CO reaction rate may
be fitted by:
 bz (Sz ) 
cz (Sz )
ė CO = ΩCO × ACO (Sc ) (c)bCO (Sc ) (1 − c)cCO (Sc ) × Az (Sz ) Ze2
ω
1 − Ze2
{z
} |
{z
}
|
c contribution
Z2 contribution
(3.19)
and is always negative. When burning methane, the production rate of CO is much
larger than its consumption rate due to BFG combustion (see section 2). The effect of
SGS mixing, as captured by the Beta-shape PDF, then leads to CO consumption only
ė CO .
when there is no methane left (Ze1 = 0), explaining the reported negative value of ω
Further analysis are needed to fully conclude on the accuracy of the Beta-shape PDF for
such multiple-fuel burners and therefore on the exact validity of this last observation.
As BFG also contains some hydrogen H2 as fuel (5% per volume), two cases should
ė H2 . For Sc ≥ 0.2, equation 3.17 is found to hold, with specific H2
be considered for ω
parameters (ΩH2 , AH2 , bH2 and cH2 ). For lower values of Sc , it becomes difficult to find
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an analytical fit and, as a first step, the c contribution given by equation 3.16 may be
replaced by a small table F(c, Sc ).
ė c , the
The resulting fitted response of the function Fc controlling the burning rate ω
filtered source of the progress of reaction Yc , is compared to its original value. Expressions 3.17, 3.18 and 3.19 mostly reproduce this burning rate. Some departure from the
exact tabulated value is observed for values of the control parameters that are close
to their bounds. Considering the numerous assumptions then added to perform LES of
complex multi-fuel combustion systems, those fits may be considered as an interesting
compromise to introduce effects of detailed chemistry at low additional cpu and memory
cost.

4. Conclusion
The chemical behavior of premixed and diffusion flamelets has been studied for the
operating conditions of a multiple-fuel non-premixed burner. A fuel having a low calorific
net value, which is representative of blast furnace gases, is more or less mixed with
methane and pure oxygen downstream of four coaxial jets. This leads to a large variety
of partially premixed and diffusion flames. The major chemical sources of this multiplefuel combustion system are found to exhibit self-similar behaviors, which can be used to
greatly reduce the size of chemistry tabulation grounded on laminar flamelet calculations,
as FPI. A direct analysis of the burning rate of turbulent flames suggests that it should
also features a self-similar type response. To estimate the validity of this result, the
multiple-fuel FPI chemical table is filtered with presumed probability density function.
The filtered reaction rates are indeed self-similar and it is shown that they can be fitted
with simple analytical forms involving a limited set of parameters. This paves the way for
the introduction of detailed chemistry in LES of multiple-fuel combustion systems, with
low memory requirements that are compatible with high performance parallel computing.
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