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Turbulent flame brush thickness is a characteristic measure of the transition zone
between the burned and unburned states of a premixed flame. It may be interpreted as
the square root of flame position variance, and must be accurately described if the flow
properties and heat release characteristics of a premixed flame are to be captured. In this
work the transport equation for the flame brush thickness is presented and new modeling
approaches to the unclosed production and dissipation terms are suggested. To validate
and test these approaches, a series of direct numerical simulations (DNS) of turbulent
level set propagation are performed. These simulations provide the data needed to set
the constants in the RANS-type production and dissipation closure models. The resulting
transport equation for the flame brush thickness accurately describes transient cases and
thus offers an improved means of predicting flame properties in non-equilibrium regions,
e.g., near burner nozzles or flame stabilizers.

1. Introduction
In premixed reacting flows, chemical activity often occurs in thin sheet-like fronts.
Simulations of premixed flows must either resolve this activity or track the front as
a continuous structure. Unfortunately, computationally tractable numerical meshes are
usually not fine enough to sufficiently resolve the critical lengthscales. Even in simplified
cases in which chemistry is modeled using a single progress variable, sharp jumps in
the variable might occur over as few as one or two mesh cells. Because of these sharp
jumps, standard numerical techniques can fail. To simulate the flow in such situations,
a structure-tracking approach such as the G-equation may be used (Williams 1985).
In this approach, a level set is employed to describe the reactive front. The level set
divides the flow into burned and unburned regions, and provides a basis for detailed
flow-chemistry coupling. In the G-equation model, the flame structure is left unresolved,
smooth gradients are prescribed for the level set field variable, and no sharp jumps occur.
When front tracking approaches are used, the concept of turbulent flame brush thickness must be considered. Although such approaches remove the need to resolve sharp
transitions from burned to unburned states, the presence of turbulence can nonetheless
introduce small scale structures into the level set surface itself. Realistic flames, for example, become highly wrinkled when they interact with turbulent eddies, again making
fully resolved computations difficult. In practical applications such as RANS and LES, a
statistically averaged or filtered flame front is tracked in place of the exact front. These
underresolved fronts are produced by the application of an appropriate averaging operator. After averaging, a zone in which an actual, instantaneous realization of the flame
might be found will surround the mean front. The width of this zone is labeled the
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turbulent flame brush thickness, and the square of it is defined by Peters as
b f |2
`b2f = |lf · lf | = |xf − x

(1.1)

b f describes the mean front location and xf describes the instan(Peters 2000), where x
taneous front location. From this definition, it can be seen that brush thickness varies
along the flame, and is well defined at every point in a two-dimensional coordinate system
mapped onto either the mean or the instantaneous front. It is not defined, however, at
locations in space that are not associated with the front.
Flame brush thickness is an important quantity because it represents the distance
from the mean front that instantaneous flame realizations can reach. Since heat release
can occur at all flame realizations, the brush thickness must be accurately modeled if
heat release is to be correctly predicted. This is especially true in the corrugated flamelet
regime, in which flame structure always remains laminar. In this case, the brush thickness
is the only quantity that statistically broadens heat release regions to widths greater than
the laminar flame thickness.
This work was motivated by the need for improved methods of modeling turbulent
flame brush thickness. In Section 2 of this report, the current state-of-the-art closure
model is reviewed and some new modifications are proposed. Section 3 describes the
numerical simulations used to support and validate these modifications. The results of
the simulations are discussed in Section 4, and brief conclusions are presented in Section
5.

2. Modeling analysis
A governing equation for the brush thickness can be derived by considering the quasiLagrangian evolution of a flame front. Note that in the present context the Lagrangian
frame differs from the usual definition of being attached to a material particle. Instead,
here it indicates the non-material flame front, which evolves due to two contributions:
the convective velocity of the background flow, and a generalized turbulent propagation
speed, sP , which accounts for the influence of chemistry, mixing, curvature, and possibly
other phenomena. The propagation speed always acts in a direction normal to the front.
In the following a brief derivation of the evolution equation for `b2f is given, following
Oberlack et al. 2001. Subtracting the mean and instantaneous front evolution equations
b f gives
and multiplying by xf − x

bf )
d (xf − x
bf ) · (u − u
b ) + (xf − x
b f ) · (sP n − sd
= (xf − x
(2.1)
P n) .
dt
After manipulation and the application of an averaging operator, an equation for the
mean square of the brush thickness is obtained
!
d`b2f
0
0
= 2 lf · u + lf · (sP n) ,
(2.2)
dt
bf ) ·
(xf − x

where the two terms on the right-hand side need to be closed. The first of these terms
describes the production of flame surface area by turbulence. The second term describes
the destruction of flame surface area due to front propagation and the effects of curvature.
The propagation effect is often referred to as kinematic restoration (Peters 2000), while
the curvature related effects are effectively described as dissipative.
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The brush thickness equation can also be derived in an Eulerian fashion. In this setting, however, the regular derivative on the left-hand side of Eq. (2.2) is not a material
derivative since the flame front is not a material point. In order to obtain Eq. (2.2) in an
Eulerian frame, the equation for the mean flame position, (Oberlack et al. 2001)
db
xf
b + sd
=u
P n,
dt

(2.3)

is employed. Since `b2f is only defined at the flame front in a quasi-Lagrangian frontattached frame, `b2 = `b2 (b
x ). Then from Eqs. (2.2) and (2.3), the equation in the Eulerian

frame is

f

f

∂ `b2f
∂t

f

b2
b · ∇`b2f + sd
+u
P n · ∇`f = 2 lf · u + lf · (sP n)
0

0

!

.

(2.4)

Note that sd
P n, which describes the turbulent propagation velocity, is usually modeled
b , where n
b is the normal vector on the mean flame front. As a result a
as sd
P n = −sP,T n
consistent modeling of the latter only requires taking the same model both in Eqs. (2.3)
and (2.4).
Finally, within the context of the G-equation, the brush thickness is often formulated
in terms of the variance of the G field variable. In such cases, the variance of G is solved
using a transport equation that requires similar closures as Eq. (2.4).
A RANS model for these unclosed terms was suggested by Peters (Peters 2000). There,
the production term was modeled using a turbulent diffusivity, Dt , which from scaling
arguments is equivalent to multiplying an integral length scale by an integral velocity
fluctuation
lf · u = cp1 lt u0 ,
(2.5)
where cp1 is a model constant of order one. The destruction term was modeled as a
dissipative effect using a turbulent time scale and a coefficient

lf · sP n = −cs1 `b2f ,
(2.6)
k
where cs1 = 2.0 (Peters 1999), (Wenzel & Peters 2000).  and k are the turbulent dissipation rate and the turbulent kinetic energy, respectively.
Pitsch proposed an LES closure model that would be equally applicable in a RANS
setting (Pitsch 2005) in which the turbulent diffusivity, scaled by a coefficient, was again
used to model production. It was argued that the dissipation term, on the other hand,
should scale with an integral length scale and the turbulent propagation velocity
lf d
· sP n = −cs2 sP,T ∆.

(2.7)

These models have been effectively used in both simulations (Herrmann 2000) and in
the development of expressions for the turbulent burning velocity (Pitsch 2005), (Peters
2000). However, a closer analysis shows that they can be incorrect in physical regions
where flame surface area has not yet equilibrated with turbulence. These transient regions
may be temporally varying, such as is the case when a perfectly flat flame is released in
turbulence, or spatially varying, such as happens in an anchored flame. The problem with
the production term model in such cases is that it tends to over-predict growth. Specifically, in an initially unwrinkled flame, |lf | will be significantly smaller than the integral
turbulent length scale used in the model. Additionally, the LES dissipation closure tends
to over-predict destruction of surface area during transients. This happens because most
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sP,T models are not equipped to handle under-developed flames. Often, sP,T is largely
determined by an enforcement of the condition that mean front propagation consumes
just as much mass as instantaneous front propagation. And most models assume that
the mean front is much less wrinkled than the instantaneous front. Thus, in the underdeveloped case where the instantaneous front is no more wrinkled than the mean front,
sP,T will in reality be small, but will be over-predicted by models. This will lead to an
over-prediction of kinematic restoration.
Because it scales with `b2f , the RANS dissipation model does not suffer from this kind of
a problem. However, it includes no chemical time scale contribution. Hence, the influence
of the turbulent burning velocity appears only through the turbulent time scale and a
coefficient. It is unclear whether such an approach is robust enough to account for a wide
variety of flow conditions.
In order to better deal with these transient cases, some modifications to the brush
thickness closure model are proposed. The first is the use of the brush thickness length
in place of the integral turbulent length scale. The second is a rescaling of the turbulent burning velocity using a function that accounts for the amount of wrinkling (the
instantaneous brush thickness) that exists locally in the flame. Specifically, this rescaling
should be dependent on a ratio of the instantaneous brush thickness and the equilibrium
brush thickness, so that in equilibrium, dissipation acts at full strength.
Most importantly, turbulent model equations should observe the fundamental symmetry properties of their associated instantaneous equations (see, e.g., Guenther and
Oberlack 2005). Here, the instantaneous equation is the unaveraged form of Eq. (2.3).
This equation, in contrast to the equations of fluid motion (e.g., Euler equations), admits
only one scaling group,
xf ∗ = e a1 xf ,

t∗ = e a1 t

(2.8)

i.e. Eq. (2.3) is form invariant under the latter scaling transformation. Note that this
property is not altered by the averaging procedure nor is it modified if transferred into
an Eulerian frame. The limited number of scaling groups and, as a consequence, the direct
coupling of the scaling of space and time is due to the symmetry breaking of the laminar
propagation velocity sP . In order to preserve fundamental flow physics, this property has
to be accounted for in a model equation for `b2f . The scaling of the unclosed terms in Eq.
(2.2) may be directly concluded from Eq. (2.8) i.e.,
i∗
h
h
i∗
∗
lf · d
(sP n)0 = ea1 lf · d
lfd
· u0 = ea1 lfd
· u0 ,
(sP n)0 , t∗ = ea1 t. (2.9)
`b2f = e2a1 `b2f ,

With this analysis, the closed terms become
lfd
· u = cp1 u0

q

`b2f



q

lf d
· sP n = −cs2 sP,T · f 

`b2f

`d
f,eq




q

`b2f .

(2.10)

A definition adjustment can now be made to ensure that the governing equation is valid
cf . The mean brush thickness |lbf | as defined above is always zero, but if
even when xf = x
instead a brush thickness is defined as the square root of `b2f ,
q
`bf ≡ `b2f ,
(2.11)
then the brush thickness equation, Eq. (2.2), after using the models in Eq. (2.10) and
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d`bf
= cp1 u0 − cs2 sP,T · f
dt

`bf
`d
f,eq

!
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.

(2.12)

In this model, transients are no longer a problem. The influence of turbulence always
appears in the integral velocity fluctuation, independent of any length scale. And when
the flame brush thickness is under-developed, the dissipation term is small. Only one
difficulty remains: the equilibrium brush thickness is not known. Peters has suggested
that it should be a multiple of the turbulent integral length scale
`d
f,eq = b2 `t

(2.13)

and finds that b2 = 1.78 (Peters 2000). Wenzel, using the same parametrization, found
from DNS that b2 = 1.38 (Wenzel & Peters 2005). The simulations described below will
result in yet another estimate. The problem here is that while the integral length scale
plays a significant role in setting brush thickness, it must balance with the turbulent
burning velocity in equilibrium. And while sP,T becomes independent of the Damkohler
number, Da, as Da → ∞, it is strongly functionally dependent on Da at low values.
Thus, an integral length scaling will probably be unable to capture the correct brush
thickness equilibrium at all Da.
Another way of considering this problem is that in equilibrium, since
!
`d
f,eq
f
= 1,
(2.14)
`d
f,eq
Eq. (2.12) simplifies to

cp1 u0
.
(2.15)
sP,T
If sP,T was in fact independent of Da, then a reasonable scaling might be sP,T = c3 u0 ,
making cs2 = cp1 c−1
3 , and showing that cs2 would indeed be a constant. If sP,T varies with
Da, though, an inconsistency appears. Equation (2.13) states that equilibrium conditions,
as shown in Eq. (2.15), are set only by the intensity of turbulence. Then, even for varying
Da, since cs2 , cp1 , and u0 are constant, sP,T should be as well. sP,T dependencies on Da
at a given u0 thus cause this model to break down.
It may be possible to overcome this problem by including a functional dependency on
Da in Eq. (2.13). Moreover, other approaches to modeling equilibrium brush thickness
may be possible in a LES setting, due to the additional information made available by
the solver. For the remainder of this report, however, Eq. (2.13) will be accepted as is.
cs2 =

3. Numerical testing
To test and validate this brush thickness model, a series of DNS computations of
level set propagation in forced homogeneous isotropic turbulence were performed. These
computations were run at constant density, but the effects of front propagation were
included, with the front propagation speed being set to a constant value. This type of a
simulation accurately represents premixed combustion in the corrugated flamelets regime,
except for the effects of gas expansion in the post-flame region. The thin reaction zones
regime, however, will not be accurately represented by such a simulation, because when
turbulence penetrates the preheat zone it alters the front propagation velocity. Five runs
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Simulation Constants
Mesh Size = 256 x 64 x 64
∆x = 1.0 · 10−3 m
ν = 1.87 · 10−5 m2 · s−1
ρ = 1.16kg · m−3
Burning velocity, sP,L = 0.03m · s−1
Forcing Coefficient, A = 3.2

Turbulence Parameters
Reλ = 25
Ret = 44
Integral scale, lt = 6.0 · 10−3 m
Eddy turnover time, τ = 0.12s
Komogorov scale, η = 5.0 · 10−4 m
Largest eddy size, l = 8.0 · 10−3 m

Table 1. DNS Parameters

Figure 1. Snapshots of the DNS as (left) the level set is initialized and as (right) the level set
approaches the end of the domain. The gray surface depicts the level set and represents a flame
front. Kinetic energy is shown in the cross-sectional cut.

were performed, and each was started using different initial conditions. All runs, however,
described equivalent realizations of a single case.
The simulations were performed using a structured, low Mach number, finite difference code that is second-order accurate in both space and time. A 256 x 64 x 64 mesh
of equally spaced cells was used, with front propagation occurring down the long axis of
the domain. Before beginning each run, a unique velocity field was initialized using the
turbulent parameters shown in Table 1. In an effort to prevent the need to initialize in a
non-homogeneous domain, this velocity field was created for a 643 box, and then copied
four times. The code was then advanced with linear forcing (Rosales & Meneveau 2005)
for approximately ten eddy turnover times until the turbulent kinetic energy stabilized.
Periodic boundary conditions in all three directions were enforced on the velocity field.
After stabilization, a flat level set was initialized at one end of the domain. The simulation was then run, again with forcing, for approximately ten additional eddy turnover
times. For the level set, periodic boundary conditions were enforced in the directions
normal to the propagation axis. Neumann boundary conditions were prescribed along
the propagation axis itself, but did not influence the simulation because the level set had
only just begun to reach the end of the domain after 10 eddy turnovers. Figure 1 shows
some instantaneous depictions of the flow field and level set.
Statistics were recorded as the level set propagated through the domain. A RANS-type
averaging procedure (Oberlack et al. 2001) was used to calculate the mean front position,
Z Z Z +∞
cf (λ, µ, t) =
y · Pxf (y; λ, µ, t) dy,
(3.1)
x
−∞
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where y is the sample space variable and (λ, µ) the two-dimensional coordinate system
used to parameterize the mean flame front surface. Pxf (y; λ, µ, t) is the probability density function (PDF) describing the likelihood of finding an instantaneous realization of
cf (λ, µ, t) at the spatial coordinate y. This defthe flame front whose mean position is x
inition is somewhat problematic for an unsteady, statistically three-dimensional flame,
in that a parameterization of the mean flame front position, which itself depends on the
averaging procedure, is required to set the PDF used in the averaging procedure. For
a statistically one-dimensional flame such as is simulated here, however, this definition
works very well, because all functional dependencies on λ and µ are eliminated. The
averaging procedure can then be written
Z +∞
y · Pxf (y; t) dy,
(3.2)
x
cf (t) =
−∞

where Pxf (y; t) can be calculated directly from the DNS data. Other quantities such as
brush thickness may be similarly calculated
Z +∞
2
`b2f (t) =
(y − x
cf (t)) · Pxf (y; t) dy
(3.3)
−∞

and, since the mean flow velocity is zero, the turbulent propagation speed can be found
by taking the time derivative of the mean front location
sP,T =

dc
xf
.
dt

(3.4)

4. Results and discussion
4.1. Simulation results
Mean front position, kinetic energy, propagation velocity, and brush thickness are shown
in Fig. 2 as a function of time for each of the five runs performed. The brush thickness
plot, in particular, emphasizes the deficiencies of previous models. As expected, it shows
that the brush thickness strongly and monotonically increases during the first few eddy
turnover times. This increase eventually tapers off and the thickness stabilizes around an
equilibrium value. By comparing relation (2.13) with this plot, it can be seen that these
simulations predict b2 ' 2.5. This is a somewhat larger value than that found by Peters,
b2 = 1.78 (Peters 2000).
In Fig. 3, front propagation, sP,T , is plotted as a function of brush thickness. This
plot clarifies the strong correlation between these variables and supports the proposed
scaling of the modeled dissipation term with local brush thickness. Additionally, two
possible functional dependencies describing the correlation are plotted. The best fit to
the data appears to be a power law where the exponent is greater than unity, such as
sP,T ∼ (`f /`f,eq )2 .
Ewald recently proposed scaling the burning velocity in a similar manner (Ewald 2006).
His scaling also used a power law fit to describe the dependency, and an exponent was
suggested that, in this context, would be roughly equivalent to 5/3. sP,T was not used to
model the brush thickness, but the fit effectively predicted the burning speed in a piston
engine setting. Additionally, the power law was shown to provide better results than a
linear scaling.
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Figure 2. Mean front position (upper left), mean turbulent kinetic energy (upper right), turbulent burning velocity (lower left), and brush thickness (lower right) in the DNS as a function
of time. The kinetic energy in run 3 is relatively high at early times, which noticeably increases
front propagation. It then becomes relatively low at later times, and front propagation in turn
2
slows. b
k is plotted in units of m
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Figure 3. Turbulent front propagation velocity, sP,T , as a function of brush thickness. Two fits
to the data are shown. Data point symbols correspond to the legends used in Fig. 2. Here l f,eq
= 2.5 lt .

4.2. Model evaluation
Figure 4 demonstrates the capabilities of the brush thickness production model proposed
in relation (2.10). The plot on the left shows time- and run-averaged front-conditioned
velocity fluctuations as a function of displacement from the mean front. Some data deterioration occurs at the edges of this plot because of a sparsity of data points, but the
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Figure 4. Velocity fluctuations in the direction of mean front propagation as a function of distance from the front, averaged over all times and runs (left), and a comparison of the production
model in Eq. (2.10) with the actual term evaluated from DNS data (right). The data points on
the right correspond to the legend in Fig. 2. The production model constant has been set to
cp1 = 0.7. u0 is in units of m
and lf is in m.
s

first several brush thickness lengths are statistically well resolved. The first term in the
brush thickness equation is a production term precisely because of what this plot shows:
“positive” velocity fluctuations are correlated with “positive” distances from the front,
“negative” velocity fluctuations with “negative” distances. Thus, the sign of the term on
each side of the front is, on average, positive. This production mechanism suggests that,
physically, using both velocity fluctuations and brush thickness for closure is appropriate.
The right plot in Fig. 4 compares the modeled instantaneous production term, calculated using brush thickness and velocity estimates from the DNS, with the exact term,
calculated explicitly from the DNS. The modeling constant cp1 = 0.7 was set with the
goal of accurately capturing the initial, transient phase of brush thickness growth. The
agreement during this phase is excellent, and the model accurately describes the increase
in production that occurs during the first few eddy turnovers. This behavior would not
have been seen if the model had instead used a turbulent integral length scale. At later
times agreement is still good, but the model somewhat over-predicts actual production.
Significantly, the modeling constant is probably a function of heat release, as the process
of gas expansion tends to attenuate turbulence. Such attenuation would skew the plot
on the left in Fig. 4, and in turn require an adjustment of cp1 .
In Fig. 5, the dissipation model from relation (2.10) is considered. Just as in Fig.
4, the quality of the averaged data, in this case describing fluctuations in propagation,
deteriorates far away from the mean front. In contrast with Fig. 4, though, the sign of the
averaged term does not change as the mean front is crossed. When this term is multiplied
by the displacement from the front, which does change sign, and integrated against the
PDF over the range ±1.5`bf , the sum is roughly zero. On average, then, fluctuations near
the mean front contribute nothing to dissipation. The fluctuations that do contribute are
those farthest away. These distant fluctuations display neither odd nor even symmetry,
and it is their unique nature that drives the kinematic restoration term and causes it to
be negative. Since sP,L is constant, the differences between the left and right sides of the
plot are due to the front normal in the propagation direction, nx , and can be viewed as
indicative of differences in the “burned” and “unburned” flame structures.
Unfortunately, the true dissipation term in relation (2.10) cannot be completely evaluated because the effects of topological changes are not calculable. Such changes, described
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Figure 5. Fluctuations of prescribed propagation speed in the direction of mean front propagation as a function of distance from the front. While this plot captures some of the effects of
kinematic restoration, it does not take topologically induced velocities into account. For example, the burnout of gas pockets A and B on the right, which effectively increases propagation
and kinematic restoration, is handled implicitly by the level set solver and never appears in the
0
sd
L nx term.

in the schematic of Fig. 5, can strongly alter sP,T . Only sP,L , however, is locally available in the DNS. While a term-based evaluation of the dissipation model is therefore not
possible, using the turbulent propagation speed to model dissipation appears to be the
best available option because it captures the magnitude of the actual fluctuations that
occur far from the mean front. In an LES context, it may be possible to go a step further
and also include flame structure effects.
The completed brush thickness model, Eq. (2.12), is evaluated in Fig. 6. Because an
exact dissipation term was not calculated, the dissipation constant cs1 was set using this
full comparison. The value cs1 = 0.35 provided the best agreement with the data. It
appears appropriate that cs1 is smaller than cp1 , as contributions to the dissipation term
occur away from the mean front. The PDF describing the likelihood of finding the front is
relatively small in these regions, whereas the PDF near the mean front where production
terms are active is relatively large.
Specifically, the modeled brush thickness time derivative slightly under-predicts initial
growth. At later times, beyond six eddy turnovers, the trend reverses and the model
slightly over-predicts the derivative. In spite of these small discrepancies, it is clear that
the phenomenon of flame brush growth can be captured using this approach. In a steady
RANS calculation, for example, the oscillations in brush thickness that occur beyond, say,
three eddy turnovers in Fig. 6 would all be averaged out. The brush thickness dependent
growth rates that occur prior to three eddy turnovers, however, might be relevant in
regions near the anchor point of a rod-stabilized flame. There, this model would be
expected to perform better than models in which the production and dissipation terms
were derived in equilibrium.

5. Conclusions
A new model describing turbulent flame brush thickness has been proposed. This model
is capable of describing brush thickness in the regions of a flame where transient brush
growth and decay processes are of first-order importance. These effects are captured more
accurately than in previous models because the brush thickness (a) replaces the integral
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Figure 6. Brush thickness model evaluation. From Eq. (2.12): ◦

d b̀f
dt

Modeled
Production;
Modeled Dissipation;
Modeled
. The mean brush thickness, b̀f , is
used here as it is defined in Eq. (2.11). These results were averaged over the 5 runs performed.
d b̀f
dt

from DNS;

length scale in the production term and (b) is used to scale the dissipation term. The
modeling is particularly based on the scaling symmetries of the instantaneous equation
for the flame location xf . The model has been designed to preserve these symmetries and
thus ensure the capture of important flow physics. A series of DNS computations were
used to support, develop, and test the model, and in general the model was in excellent
agreement with the fully resolved data.
Some deficiencies, however, have been noted and discussed. Chief among these is the
need to know the equilibrium brush thickness. While previous efforts have described this
quantity as a multiple of the integral length scale, here it has been suggested that it should
additionally depend on the Damkohler number. The introduction of such a dependency
might ease a second deficiency of the model, which is the need for coefficients in both
the production and dissipation terms. As more dependencies are accounted for in the
equilibrium thickness description, these coefficients will be required to do less work.
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