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Simulations of turbulent flows in complex geometries often rely on locally refined grids,
in which sharp interfaces between regions with widely different resolutions may occur.
Here we perform Large-Eddy Simulations (LES) in which interfaces between fine and
coarse grids are artificially introduced. We distinguish two types of interfaces: parallel to
the mean advection direction, and normal to it. In the first case, while the resolved stresses
decrease as the grid is coarsened, the subgrid-scale (SGS) ones increase proportionately.
If the grid interface is placed very close to a solid surface, a thicker sublayer results.
When the interface is normal to the main advection, we observe more complex behavior.
A sudden grid coarsening results in aliasing error, loss of phase information between
eddies, and decrease of the resolved Reynolds stresses. None of the SGS models tested is
capable of balancing this decrease. A coarse-to-fine interface has a more benign character.
Improvements based on decoupling the filter width from the grid size and explicit filtering
are proposed.

1. Introduction
In Large-Eddy Simulations (LES) of the Navier-Stokes equations a low-pass filter is defined, with characteristic length ∆, which separates the resolved eddies from the subgridscale (SGS) ones, which are modeled. The critical assumption of LES is that the resolved
scales (those whose size is greater than ∆) are responsible for most of the momentum
and energy transport and are highly anisotropic, while the small ones (which account for
most of the dissipation) tend to be more isotropic, and easier to model.
Large-Eddy Simulation is rapidly expanding its range of application from the buildingblock flows used to develop the technique to complex geometries of engineering interest.
As a consequence, a number of issues regarding the fundamental developments of this
technique have surfaced that were not present when geometrically simpler problems were
investigated.
One such issue, which has received considerable attention over the last decade, is the
effect of spatially varying filters. The derivation of the filtered Navier-Stokes equations
originally relied on the use of filter functions that commuted with differentiation (Leonard
1974). Under this assumption, the governing equations take the form
∂
∂ 2 ui
∂τij
∂ui
∂p
+
(ui uj ) = −
+ν
−
∂t
∂xj
∂xi
∂xk ∂xk
∂xj

;

∂ui
= 0.
∂xi

(1.1)

Here an overline denotes a filtered quantity, and the SGS stresses τij = ui uj − ui uj are
the only term that requires modeling.
Even in simple geometries, however, the size of the important scales of motion that
must be resolved depends strongly on location (the boundary layer is a classic example)
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Figure 1. Examples of grids for LES. (a) Regular grid for simple geometry. (b) Locally refined
grid for a complex geometry.

and non-uniform filter sizes are desirable. When non-uniform filters are used, however,
filtering and differentiation do not necessarily commute (i.e., ∂i u 6= ∂i u), and additional
terms (“commutation errors”) appear in Eq. (1.1).
Ghosal & Moin (1995) studied this problem in wall-bounded flows, where the grid
must be refined close to walls in order to be able to capture the smaller turbulent scales
generated there. They showed that the effect of a hyperbolic-tangent stretching is a
second-order dissipative error. Later, van der Ven (1995) & Vasilyev et al. (1998) developed filters that commute with differentiation up to arbitrary order in ∆. Van der Bos &
Geurts (2005a), however, note that when these filters are used, the order of the subgrid
flux term is also reduced, so that one cannot reduce the commutation error independently
of the SGS stresses.
Several authors (Iovieno & Tordella 2003; van der Bos & Geurts 2005a, 2005b; Geurts
& Holm 2006, among others) have proposed models for the commutator errors. However,
van der Bos & Geurts (2005a) and Geurts & Holm (2006) have also shown that the
commutator error can be reduced if the variation of the filter width is gradual and its
skew is small. If these conditions are satisfied, modeling can be restricted to the SGS
stresses, simplifying the computation.
Unfortunately, modern engineering flow applications involve very complex geometries,
and are often studied using unstructured (or block-structured) meshes with local grid
refinement. In such cases, sharp variations of the grid size may occur. Figure 1 compares
the regular grid used in a simple geometry with one used in a modern engineering application, the flow in a combustor. While in the simple grid the stretching is very gradual,
grid discontinuities occur in the combustor case where the grid is locally refined. If (as
is most often the case in LES) the filter width is related to the grid size, this results in
a discontinuity in the filter width as well. Commutation errors are expected to be very
significant in the regions of grid discontinuities.
In this paper we examine the effect of grid discontinuities on the accuracy of LES.
Unlike previous studies, we do not look at the commutation error a priori, but examine
a posteriori the accuracy of calculations with grid discontinuities. The errors observed
in this work are, therefore, due not only to non-commutativity of the filter, but include
the truncation and modeling errors. We prefer, at this stage, not to separate them; we
instead choose to evaluate globally the results that would be obtained in engineering
practice if one simply applied standard LES techniques to complex grids.
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Figure 2. Sketch of the grids used for the LES of plane channel flow. (a) Interface normal to
the mean flow. (b) Interface parallel to the mean flow.

We will perform our studies using as test geometry a plane channel flow. For this flow,
of course, regular grids can be used. We choose, however, to refine or coarsen the grid
artificially to estimate the effect of the various errors, by comparing the LES results with
LES and direct numerical simulations (DNS) performed on regular grids. Three cases
will be examined: one in which the interface between a fine and a coarse grid lies in
an xz−plane (i.e., is parallel to the mean flow). Since in this case the flow crosses the
interface both moving toward and away from the wall, there is an exchange of information
between the coarse and fine grids. In the other cases a fine mesh is suddenly coarsened
or a coarse one is refined at a given x (streamwise) location (Fig. 2a). In these cases
the interface between coarse and fine grids is normal to the main direction of advection;
communication between the coarse and fine regions therefore occurs in only one direction.
In the following the problem formulation will be presented, and the numerical scheme,
boundary conditions, and SGS models will be briefly described. We will present results
first for the case of an interface parallel to the mean flow, then for the case of an interface
normal to it. We will describe the effect of the grid discontinuity on the results, and test
whether a smoother filter variation improves the solution accuracy. The paper ends with
concluding remarks, together with proposals for future work in this area.

2. Problem formulation
2.1. Numerical scheme
The governing equations (1.1) are solved using the finite-volume CDP solver, based on
the algorithm proposed by Mahesh et al. (2004). This method employs a variant of the
fractional step method; the Crank-Nicolson method is used for temporal discretization,
and a finite-volume method for spatial discretization; a node-based arrangement of the
variables is used. The Reynolds number of the flow was 400 (based on the friction velocity
uτ and channel half-height δ).
In the simulations with the interface parallel to the flow, the computational domain
size was 10δ×2δ×3δ in the streamwise, wall-normal, and spanwise directions, respectively.
Two grids were used: in one case a fine mesh was used near each wall, which extended
to y + = 50 and had 128×32×128 grid points (on each side). In the core of the flow, a
coarser mesh was used with 64×32×64 grid points. The second case had the fine grid

154

U. Piomelli et al.

extending to y + = 100 and using 128×40×128 grid points on each side of the channel,
while the coarse grid in the core had 64×24×64 grid points.
In the simulations with the interface in a yz−plane, the computational domain was
25δ×2δ×3δ. The interface was located at x/δ = 10. Grid points measuring 128×128×128
were used before the interface and 96×64×64 grid points after the interface. Another
case is performed in which a 64×64×64 coarse mesh is interfaced with a fine one using
192×128×128 points. In all cases the ratio between fine and coarse grids is a factor of 2
in each direction.
No-slip boundary conditions were applied at the walls. In the spanwise direction, periodic conditions were applied. In the streamwise direction, two types of boundary conditions were used, and the flow was driven by a constant pressure gradient. In the calculations with the interface normal to the flow, on the other hand, at the inflow, a recycling
condition was used that re-introduced a plane of data at x/δ = 6 at the inflow. At the
outlet, a convective boundary condition was used.
The SGS stresses τij

2.2. SGS models and filters
are modeled using an eddy-viscosity assumption:
2
τij − δij τkk = −2νT S ij
3

where S ij is the resolved strain-rate tensor


1 ∂ui
∂uj
S ij =
.
+
2 ∂xj
∂xi

(2.1)

(2.2)

The eddy viscosity is given by
2

νT = C∆ S ,
1/2

(2.3)

where C is a model coefficient, S = (2S ij S ij ) , and ∆ is the filter width (discussed
below). We used both a fixed-coefficient model, the Smagorinsky model (Smagorinsky
1963, Lilly 1967) including van Driest (1956) damping to account for wall effects, and
a variable-coefficient one, the Lagrangian-dynamic eddy-viscosity model (Meneveau et
al. 1996). For the Smagorinsky model, C = 0.01 was used.
Filtering was performed by an interpolation from the cell centers to the nodes, followed
by another interpolation from the nodes to the centers (Haworth & Jansen 2000). This
corresponds, on a uniform grid, to the application of a tophat filter through trapezoidal
integration, with weights (1/4, 1/2, 1/4). Notice that in the Smagorinsky model the filter
width enters the model explicitly through Eq. (2.3). In the dynamic model, on the other
hand, it can be shown that ∆ cancels out because of the method used to determine C.
As a consequence, the model depends only on the ratio α between the test filter and the
grid filter. The filter width ∆ only affects the eddy viscosity through the test-filtering
operation.
b were always taken to be proportional
For the dynamic model, the filter widths ∆ and ∆
√
to the grid size ∆g (respectively equal to 2∆g and 2 6∆g ). This resulted in discontinuities
in the filter width at interfaces between a coarse and fine grid. When the Smagorinsky
model was used, on the other hand, two cases were examined: one in which ∆ = 2∆g
(which had a discontinuous filter width at the grid interfaces), and another in which the
filter width was decoupled from the grid size, and was increased gradually from a value
equal to twice the fine-grid size to the value corresponding to the coarse mesh. Figure 3
shows the variation of ∆ for the case with the interface parallel to the mean flow.
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Figure 3. filter width distribution for an interface parallel to the mean flow. Grid coarsening
Discontinuous filter;
smooth filter.
at y + = 100.

3. Results and discussion
3.1. Interface parallel to the mean flow
Figure 4 shows the spanwise vorticity in an xy−plane for the three cases in which the
interface was placed at y + = 100. We observe a very smooth field, even across the sharp
interface. The scale of the vorticity in the coarse-grid region is, as expected, larger than
in the near-wall region. Even in the near-wall region, however, the longitudinal scale
of the vortical structures is large enough that these eddies could be resolved (although
marginally, on the coarse mesh). When the filter width is increased smoothly, the damping
of the vortical eddies is, as expected, more gradual.
Figure 5 shows the SGS stresses and the sum of resolved and SGS stresses for the
three cases with interface at y + = 100. As expected, when the Smagorinsky model is
used there is a direct correlation between the SGS stresses and the filter width. Thus,
in the case in which the filter is discontinuous, the SGS stress also is discontinuous.
On the other hand, when the filter width increases smoothly, the SGS stress begins to
increase toward the equilibrium value consistent with the coarser mesh earlier, and the
SGS stress profile varies smoothly from the fine-grid to the coarse-grid values. When
the Lagrangian dynamic model is used, we also observe a discontinuous behavior of the
SGS stresses. Recall that in the dynamic model, the filter width enters only through
the filtering operation; while this effect would intuitively appear to be of higher order,
we observe that it is still extremely significant. Kravchenko et al. (1996) also performed
calculations of plane channel flow with discontinuous grids in xz−planes, using the planeaveraged dynamic model, and obtained results that are somewhat different from those
shown in Fig. 5(a): in their calculation the SGS stress varied smoothly, beginning to
increase in the fine region. This difference can be attributed to several causes. First,
the numerical method was different (a high-order B-spline-based method was used in
that study). Secondly, the grid refinement was more gradual (at the interface we have a
factor of 2 change in all directions between the fine and the coarse grids); therefore, the
filter discontinuity was less pronounced in that case. Thirdly, the plane-averaged version
of the dynamic model was used, which would more effectively smooth variations of the
coefficient.
While the SGS stresses present a discontinuity that reflects the changes in the filter
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Figure 4. Contours of the spanwise vorticity for an interface parallel to the flow. Grid coarsening
at y + = 100. (a) Smagorinsky model, discontinuous filter; (b) Smagorinsky model, smooth filter;
(c) Lagrangian dynamic model, discontinuous filter. The lines in parts (a) and (c) and the
rectangle in part (b) show the interface between coarse and fine filters. The small rectangles in
the middle figures are representative of the grid size in the coarse and fine regions.

width, both the total stresses (Fig. 5)† and the mean velocity (Fig. 6) are continuous.
Very small differences can be observed, and no discontinuities are present at the interface.
When the interface is located at y + = 50, we observe an upward shift of the logarithmic
layer. This may be due to the fact that in this case the quasi-streamwise vortices predominant in the inner layer straddle the interface. Their size is, therefore, determined by
† Note that in this figure and in Figures 9 and 11 the total stresses are obtained from momentum balance. This was necessary because the collocated formulation of CDP enforces the
divergence-free condition on a set of normal-velocity components at edges, and not on the collocated node-based velocities, making accurate computation of some terms from post-processed
data impossible.
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Figure 5. Profiles of (a) the SGS stress τ12 and (b) the total Reynolds stress −hu0 v 0 i + τ12 for
Smagorinsky model, discontinuous filter;
an interface parallel to the flow at y + = 100.
Smagorinsky model, smooth filter;
Lagrangian dynamic model, discontinuous filter.
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Figure 6. Profiles of mean velocity in the logarithmic region. Smagorinsky model.
Interinterface at y + = 50, smooth filter;
interface at
face at y + = 50, discontinuous filter;
y + = 100, discontinuous filter;
interface at y + = 100, smooth filter.

the coarse grid, and is too large. This results in a thickening of the inner layer, which is
usually associated with the observed increase of the logarithmic-layer intercept.
3.2. Interface normal to the mean flow
Figure 7 shows the spanwise vorticity for three simulations with the interface normal to
the flow advection and the mesh becoming coarser downstream of the interface. As in the
previous case, we observe increased length scales on the coarse-grid side. The increase is
more gradual when the smooth filter is used.
The response of the SGS stresses and resolved scales to the filter change is much more
pronounced than in the case with an interface parallel to the flow: the SGS stresses
(Fig. 8) increase by a factor (∆c /∆f )2 (where the subscripts c and f refer to the coarse
and fine sides, respectively). The fact that the SGS stresses scale with the square of the
2/3

filter width is physically incorrect [for ∆ in the inertial range, theory gives τsgs ∼ ∆ ,
see Ghosal (1996)]. It is due to the fact that the mean shear is nearly constant across
−2/3

the interface, so that |S| ∼ constant, rather than |S| ∼ ∆
, as would be the case
in homogeneous turbulence. When the filter is discontinuous, we also observe a large
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Figure 7. Contours of the spanwise vorticity for an interface normal to the flow. (a) Smagorinsky model, discontinuous filter; (b) Smagorinsky model, smooth filter; (c) Lagrangian dynamic
model, discontinuous filter.
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overshoot of the stress at the point located at the interface, which is reduced when a
smoothly changing filter is employed.
Despite the excessive increase of the SGS stresses, the total shear stress (resolved plus
SGS) decreases (Fig. 9). This decrease is particularly significant near the wall, and does
not depend significantly either on the model used or on whether the filter is smooth
or discontinuous at the interface. The significant decrease of resolved stress across the
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x
Figure 10. Contours of streamwise velocity fluctuations, Lagrangian dynamic model. Top:
fine-coarse interface; bottom: coarse-fine interface.

interface is due to insufficient resolution of the resolved eddies on the coarse grid, but
aliasing and numerical errors due to interpolation and flux reconstruction may also be
contributing factors. The fact that neither SGS model used could account for the decrease
of the resolved stress is disturbing, and indicates that more sophisticated models are
needed to account for the perturbation from equilibrium caused by the change of the
filter width.
When the grid is suddenly refined, similar phenomena occur. Figure 10 compares contours of the streamwise velocity in a plane parallel to the wall. After the interface (located
at x/δ = 10), small scales are formed. There is, however, an adjustment region in which
the high wavenumber part of the spectrum is repopulated. By x/δ = 20 this transition
is not yet complete.
Figure 11 shows the total stress for the coarse-fine interface. In the near-wall region
we observe a decrease of the total stress immediately across the interface, followed by
a recovery to a level higher than that observed in the coarse-grid region. In the outer
flow the total stress remains approximately constant. The decrease of the shear stress
immediately after the interface is probably due to interpolation errors. The subsequent
increase reflects the establishment of resolved structures with smaller scale, and better
resolution of the flow.
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Figure 11. Streamwise development of the total Reynolds stress −hu0 v 0 i + τ12 for a coarse-fine
interface. (a) y + = 15; (b) y + = 200.

4. Conclusions
In this work we have examined the effect of a grid discontinuity on LES statistics in
turbulent plane channel flow. Calculations were performed with the Smagorinsky model
as well as the Lagrangian dynamic model, and two types of interface were taken into
account: an interface parallel to the mean flow, and one that is normal to it. In addition
to calculations in which the filter is proportional to the grid size (and is, therefore,
discontinuous at the grid interface), we have considered cases in which the filter varies
smoothly, and increases in the fine-grid region in advance of the interface. This type of
filter should, ideally, reduce commutation errors compared to the discontinuous one.
We find that an interface parallel to the mean advection does not result in significant discontinuities. The SGS stresses increase across the interface, but the resolved
ones decrease proportionately so that the total momentum flux is smooth, and has the
correct behavior. We conjecture that this is due to the fact that the flow moves across
the interface in both directions, sweeps carrying outer fluid (from the coarse-resolution
region) toward the wall, while ejections carry inner-layer fluid (from the fine-resolution
region) outward to the coarse grid. This communication forces some similarity between
the length scales in the flow in the fine- and coarse-mesh region, as observed in Fig. 4,
and a smoother interface.
Such adjustment does not take place, when the interface is normal to the mean advection. As a consequence, despite the increase in the SGS stresses (an increase that may be
excessive, compared with the prediction of turbulence theory), the interpolation errors
and the decreased resolution result in decreased resolved shear stresses. This effect is
particularly significant near the wall, where a 25% decrease of the total shear stress is
observed; less so in the outer region, where the coarse grid is nearly sufficient to support
the larger, outer-layer eddies. The fact that this error did not decrease when a smooth
filter was used indicates that commutation errors are not its main cause.
In practical applications such as the combustor shown in Fig. 1, in which grids with
local refinement are used, one expects to find interfaces between coarse and fine grids
that are both parallel and normal to the flow. In a backward-facing step, for instance,
one would probably need refinement in the detached shear layer, near the corner, and in
the reattachment region. Some of these interfaces would be relatively benign (the ones
parallel to the mean flow, for instance, or the ones in which the flow goes from a coarse
grid to a fine one). The ones in which the grid is suddenly coarsened would probably
result in significant errors.
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Figure 12. Sketch of a grid for a complex application, showing normal interfaces (1:
fine-to-coarse, 2: coarse-to-fine) and parallel interfaces (3).

Several methods may be employed to decrease this error. First, the use of more advanced SGS models that account better for the perturbation from equilibrium. Models
governed by a transport equation may be, in this context, more suitable, since nonequilibrium effects can be more completely included than they are in algebraic eddyviscosity models, which assume immediate adjustment of the small eddies. Another possible improvement could be obtained if a smooth filter was used in conjunction with
explicit filtering of the advective term in the Navier-Stokes equations. This correction
would help in making the dominant scales of velocity field consistent between the fine
and coarse grids. Finally, the use of scale-similar models may be helpful. If the role of
the eddy-viscosity part of the model is to parameterize only the true SGS stresses, while
the scale-similar part represents the subfilter stresses, better accuracy may, conceivably,
be achieved. These improvements are being considered in further simulations of homogeneous isotropic turbulence and plane channel flows in which discontinuities in the grid
spacing are artificially included.
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