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Particle dispersion in magnetohydrodynamic
turbulence at low magnetic Reynolds number
By D. W. I. Rouson †, S. C. Kassinos ‡, I. Sarris ¶

AND

F. Toschi k

We report results from direct numerical simulations of inertial particle dispersion in
decaying initially isotropic magnetohydrodynamic turbulence at low magnetic Reynolds
number. Results are presented from four simulations corresponding to spatially constant
external magnetic fields with strengths in Alfvén units of 0, 1.248, 12.494, and 62.452.
Each field follows a step function in time. Before the step change in the magnetic field
strength, passive particles were distributed randomly and advanced in hydrodynamic turbulence for 0.5 eddy turnover times. All particle time constants match the Kolmogorov
time scale at the time of application of the magnetic fields. Turbulence statistics obtained with the quasi-static MHD approximation for low magnetic Reynolds numbers
compare favorably with fully coupled MHD simulations. It is demonstrated that the twodimensional, three-component flow generated by the strongest magnetic field organizes
the particles into two-dimensional sheets with zero curvature along the mean magnetic
field lines.

1. Introduction
1.1. Motivation
The dispersion of inertial particles in magnetohydrodynamic (MHD) turbulence is of
fundamental importance across a range of engineering and scientific flow problems. Engineers designing metal castings need to model the motion of impurities in order to control
product quality. The high electrical conductivity of liquid metals offers the possibility
of magnetic flow control. Scientists studying intergalactic matter and other dusty plasmas have an interest in determining how magnetic fields in rarefied plasmas influence
immersed particle paths (cf. Cho et al. 2003). Such knowledge improves one’s understanding of astronomical observations.
Over the past 15 years, an expanding volume of work has demonstrated that turbulence disperses inertial particles non-randomly, i.e., the particles concentrate preferentially in certain coherent flow structures (Eaton and Fessler 1994). When this behavior
is parametrized by the particles’ aerodynamic response times, two asymptotes exist. At
low response times, particles act as flow tracers. Mass conservation arguments for incompressible flow preclude tracers from collecting near a point. If a volume marked by
a collection of tracers shrinks in two coordinate directions, it must expand in the third
to satisfy the continuity condition. Turbulent stretching and folding of such volumes
ultimately leads to random particle distributions analogous to the random diffusion of
passive scalar quantities. At high response times, the particles’ motions are insensitive to
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aerodynamic drag. Their trajectories are essentially ballistic with low amplitude random
pertubations imposed by the eddies they pass through. Such particles exhibit random
spatial distribution.
Preferential concentration occurs for particles with intermediate response times comparable to characteristic flow time scales. The spatial distribution of such particles exhibits
distinct voids and clusters across all length scales (Bec et al. 2006). Considerable evidence suggests this phenomenon plays an important role in processes ranging from spray
injection in diesel engines (Cao et al. 2000) to droplet growth by collisions in atmospheric clouds (Shaw 2003). The vast majority of studies in these and other fields use
one of three techniques: experimental measurement, Large-Eddy Simulation (LES), and
Direct Numerical Simulation (DNS). For many important applications, however, these
approaches prove infeasible at the Reynolds numbers of interest. Even mesoscale models
of weather, for example, treat cloud formation as a subgrid-scale phenomenon and atmospheric data at the resolution required to study preferential concentration are sparse.
In such situations, Reynolds-averaged Navier-Stokes (RANS) offer the only reasonable
alternative.
Unfortunately, current RANS models of particle dispersion contain no structural information about the particle spatial distribution. This situation mirrors the situation in fluid
turbulence before the development of one-point turbulence structure tensors by Kassinos and Reynolds (1994) and Kassinos et al. (2001). It seems natural then to consider
whether similar structure tensors can be defined for particle dispersion. The definition
and development of particle structure tensors might prove useful in two-fluid models of
particle dispersion like those presented elsewhere in these proceedings. In such cases, the
particle structure tensors can be defined by direct analogy with their fluid counterparts.
Magnetohydrodynamic (MHD) turbulence in liquid metals provides a useful testbed for
developing such models. Externally applied steady magnetic fields suppress fluid velocity
gradients parallel to the magnetic field vector (Knaepen et al. 2004). Sufficiently strong
magnetic fields drive the turbulence toward a two-dimensional, three-component (2D/3C)
state, essentially a random collection of vortices with cores oriented parallel to magnetic
field vector. Thus, it is possible to simulate a significant structural change in the flow
without imposing walls, mean strain, or mean rotation, each of which would carry with
it grid and boundary condition complications.
Furthermore, liquid metal MHD confronts some of the same challenges as the other
flows mentioned above. As reported elsewhere in these proceedings, techniques for directly
measuring the fluid flow are still under development and particle dispersion measurements
can be expected to lag these developments. Simulation offers the only opportunity to
study the details of the liquid motion and any immersed impurities. Unlike the other
applications mentioned, the strongly dissipative, high magnetic diffusivity of liquid metals
lowers the turbulence Reynolds number to a level amenable to DNS.
Numerous researchers have demonstrated correlations between particle number density
and such flow variables as the instantaneous enstrophy, pressure, and various invariants of
the velocity gradient tensor (cf. Squires and Eaton 1991; Rouson and Eaton 2001). Most of
these variables play no direct role in RANS models of turbulence. Laying the foundation
for RANS predictions of preferential concentration requires correlating particle number
density with structural descriptors that have proven useful in RANS models.
1.2. Objectives
The primary objective of the current collaboration is to perform a DNS of initially
isotropic MHD turbulence with periodic boundary conditions under the influence of
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a spatially constant external magnetic field with step function behavior in time. The
ext
magnetic field vector, Bext
A , has cartesian components (0, 0, BA3 ), where the superscript
indicates that the field is generated by an external source. The subscripts indicate that
the field is in Alfven units and is aligned with the x3 axis. In Alfven units, the field
√
vector is normalized by σµ, where σ and µ are the electrical conductivity and magnetic
permittivity, respectively.
We simulated four magnetic field strengths chosen to match three cases from Kassinos
et al. (2003). Since many hydrodynamic studies show maximum preferential concentration for particles with aerodynamic response times near the Kolmogorov time scale, each
simulation tracked 323 particles with time constants equal to the mean Kolmogorov time
scale at the time of application of the magnetic field. For each simulation, we calculated
the total kinetic energy and the diagonal elements of the structure dimensionality and
Reynolds stress tensors.
A secondary objective of our collaboration was to validate a novel set of software modules developed by Rouson et al. (2006). These modules separate the statement of the
physics from the numerics. One module represents the physics by expressing the continuous Navier-Stokes equations. A unique feature of the object-oriented design of the
modules is that the continuous expressions are approximated discretely in mathematical modules that do not share data with the physics module. The resulting problem
decomposition differs significantly from traditional scientific programming in which data
is passed to and returned from libraries. This decoupling of the data dependencies between modules lends itself to flexible multi-physics modeling. Section 3 provides the first
published validation of the Rouson et al. design strategy.

2. Methodology
2.1. Mathematical model
Incompressible MHD turbulence is characterized by three dimensionless parameters. The
first is the turbulence Reynolds number,
vL
,
(2.1)
ν
where v is the root-mean-square fluid velocity magnitude, L is the integral length scale
of the turbulence, and ν is the fluid kinematic viscosity. The second parameter is the
magnetic Reynolds number,
vL
Rem ≡
,
(2.2)
η
where η ≡ 1/(σµ) is the magnetic permeability of the fluid and where σ and µ are the
electrical conductivity and magnetic permeability of the fluid. The third parameter is
the magnetic interaction number, or Stuart number,
Re ≡

N≡

σB 2 L
,
ρ∗ v

(2.3)

where ρ∗ is the resistivity of the fluid and B is the magnetic field strength.
Given the above parameters, the evolution of incompressible MHD turbulence can be
determined by solving Maxwell’s equations for the mean and fluctuating magnetic vector
field and the Navier-Stokes equations for the mean and fluctuating velocity vector field.
At sufficiently low magnetic Reynolds number, Rem << 1, the fluctuating magnetic

378

D. Rouson et al.

field adjusts nearly instantaneously to changes in the fluctuating velocity. As detailed
by Knaepen et al. (2004), Maxwell’s equations then reduce to the so-called quasi-static
form in which a Poisson equation can be written for the fluctuating magnetic field with
the forcing function calculated from the fluctuating velocity field. The resulting Poisson
equation can be solved formally so that the term coupling the velocity and magnetic
fields can be written explicitly in terms of the velocity alone. The magnetic influence
then takes the form of a body force in Navier-Stokes equations:
1
1
2
∂t u = − ∇p − u · ∇u + ν∇2 u + ∇−2 (Bext
A · ∇) u
ρ
η
∇ · u = 0,

(2.4)
(2.5)

where u(x, t) and p(x, t) are the fluctuating velocity and pressure fields; ρ is the mass
density; and ∇−2 represents the inverse of the Laplacian operator subject to periodic
boundary conditions. The magnetic influence represented by the third right-hand side
term is negative-definite in the kinetic energy balance. This term dissipates energy by
selectively damping velocity gradients aligned with Bext
A .
The actual form of the Navier-Stokes equations solved in the current work is the
parallel velocity/vorticity component form suggested by Kim et al. (1987). In this form,
equations (2.4)–(2.5) are differentiated to obtain evolution equations for one component
of velocity and a parallel component of vorticity:


∂t ∇2 u2 = ∇ [∇ · (u × ω)] − ∇2 (u × ω) 2 + ν∇2 ∇2 u2
1
+ (Bext
· ∇)2 u2
(2.6)
η A
1
2
(2.7)
∂t ω2 = − [∇ × (u × ω)]2 + ν∇2 ω2 + ∇−2 (Bext
A · ∇) ω2
η
ω 2 ≡ ∂ x 3 u1 − ∂ x 1 u3
(2.8)
∂x1 u1 + ∂x3 u3 = −∂x2 u2 .
(2.9)
This form eliminates the need to compute the pressure and reduces to two the number
of variables that must be advanced in time. It can also be shown that writing the nonlinear terms in the rotational form u × ω discretely preserves kinetic energy in Galerkin
approximations to the primitive Eqs. (2.4)–(2.5) (Canuto et al. 1989). This property can
be preserved in equations (2.6)–(2.7) if the continuous operators used to transform from
Eqs. (2.4)–(2.5) can be replaced formally by their discrete Galerkin counterparts at each
step in the transformation.
Given initial data u(x, t0 ), Eqs. (2.6)–(2.9) can be advanced in time. Upon advancing u2
and ω2 , stepping forward again requires solving Eqs. (2.8)–(2.9) for u1 and u3 . Averaging
the latter two equations over x1 and x3 shows they provide no information about the
x1 –x3 average of u1 and u3 . Such information was lost in the differentiations performed
to arrive at equations (2.6)–(2.7). The lost information can be recovered by tracking the
x1 –x3 average of the original equations of motion (2.4)–(2.5):
∂t hu1 i13 = − h(u × ω)1 i13 + ν∂x22 hu1 i13
∂t hu3 i13 = − h(u × ω)3 i13 +

ν∂x22

hu3 i13

(2.10)
(2.11)

where hi13 represents averages over x1 –x3 planes. If Eqs. (2.10)–(2.11) are not solved
explicitly, then some assumption about their dependent variables must be implied or the
solution would be underconstrained.
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The particle equations of motion are
dr
≡v
dt
1
dv
=
[u(r, t) − v]
dt
τp

(2.12)
(2.13)

where r and v are the particle position and velocity, respectively; τp is the particle
aerodynamic response time, or time constant; and u(r, t) is the undisturbed fluid velocity
in the neighborhood of the particle. Equation (2.13) is a statement of Stokes’ drag law,
which is the limiting case of the Maxey and Riley (1987) equation of motion for particles
sufficiently small relative to the Kolmogorov length scale and sufficiently dense particles
relative to the carrier fluid density.
2.2. Numerical method
We approximate the governing partial differential equations with a semi-discrete FourierGalerkin spectral method, employing exact dealiasing via the 3/2 rule (Canuto et al.
1989). We advance the resulting semi-discrete fluid and particle equations with the lowstorage, third-order Runge-Kutta (RK3) method described by Spalart et al. (1991). Their
method advances linear terms implicitly and nonlinear and inhomogeneous terms explicitly. For a solution vector U = {u2 , ω2 , r, v}T , and differential equation system
∂t U = L(U) + N(U),

(2.14)

where L contains all linear terms and N contains all nonlinear inhomogeneous terms, the
Spalart et al. (1991) algorithm takes the form
u0 = un + ∆tn+1 {L[α1 u0 + β1 un ] + γ1 N[un ]},
u00 = u1 + ∆tn+1 {L[α2 u00 + β2 u0 ] + γ2 N[un ] + ζ1 N[u0 ]},
un+1 = u2 + ∆tn+1 {L[α3 un + β3 u00 ] + γ3 N[u0 ] + ζ2 N[u00 }],

(2.15)
(2.16)
(2.17)

where primes denote RK3 substep values between the nth and (n + 1)th time steps, and
∆tn+1 = tn+1 − tn . The coefficients in equations (2.15)–(2.17) are
{α1 , α2 , α3 } ≡ {4/15, 1/15, 1/6} ≡ {β1 , β2 , β3 },
{γ1 , γ2 , γ3 } ≡ {8/15, 5/12, 3/4},
{ζ1 , ζ2 } ≡ {−17/60, −5/12}.

(2.18)
(2.19)
(2.20)

Since the viscous and magnetic terms are advanced implicitly, the nonlinear and inhomogeneous terms determine the stability of this method. Modified wavenumber analysis
provides the following theoretical stability limit:
√
CF L ≡ π(|u1 | + |u2 | + |u3 |)∆t/∆x, ≤ 3,
(2.21)
where ∆x = 2π/N denotes the uniform spacing of the N numerical quadrature points on
the interval [0, 2π). The results presented in Section 3 were produced with the time step
adjusted each step to the maximum theoretical stable value for the entire field. Tests with
smaller time steps generated no significant changes in the statistics of interest. Spalart
et al. (1991) reported being able to run at CFL number above the theoretical limit due
to the stabilizing effects of viscous dissipation.
The primary value of working with the quasi-static MHD approximation is the ability
to run at the hydrodynamic stability limit. Our quasi-static DNS results closely match
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those of a fully coupled MHD solver at low magnetic Reynolds number even though the
quasi-static runs used time steps that were a factor of 20 larger.
In general, the time step also needs to be restricted according to the stability limit of
of the particle equations of motion. An exact stability criterion for the particle equations
cannot be determined since u is an unknown function of particle position and time. An
approximate condition can be derived by considering a particle in a uniform, steady flow
field, which leads to the condition
∆t/τp < 2.51275.

(2.22)

Rouson et al. (1997) found that in a DNS of channel flow, the fluid stability criterion (2.21) always proved more retrictive than the particle criterion (2.22). This is consistent with the notion that the particle response time exceeds the smallest resolved time
scales in the fluid. The current DNS was performed with the assumption that stable fluid
time advancement implies stable particle advancement.
2.3. Parameters
The initial fluid velocity for the quasi-static DNS is a solenoidal vector field with random
phase and the dimensional energy spectrum
p
32 2/π
E(k) ≡ Etot
(k/kp )4 exp(−2(k/kp )2 )/kp ,
(2.23)
3
where Etot ≡ ui ui /2 is the turbulence kinetic energy, k is the wavenumber, and kp is
wavenumber corresponding to the maximum of E. Henceforth, all values will be normalized by Etot and by L/(2π), where L is the length of one edge of the cubical flow
domain.
Table 1 provides the magnetofluid simulation parameters, including the magnetic field
application time, t0 , and the number of grid points, N 3 . We chose the values in Table 1 to
match the quasi-static simulations of Kassinos et al. (2003). Likewise, the fully coupled
MHD simulations to be presented in Section 3.1 match the lowest magnetic Reynolds
number cases considered by Kassinos et al. (2003), who labeled these Cases 1, 6, and 11.
We retain their numbering and add Case 0 corresponding to no magnetic field.
Table 2 provides the particle simulation parameters used for all cases, including the
time constant, τp , and the number of particles, Np . The particles are initially distributed
randomly in space with velocities matching the local fluid velocity. They are then allowed
to mix by natural action of the turbulence for 0.5 eddy turnover times, corresponding to
1.67 particle time constants, after which the external magnetic field is applied.

3. Results
3.1. Turbulence statistics
Fig. 1 shows the energy decay versus time for each of the cases simulated. For validation
purposes, each curve produced with the quasi-static DNS is compared to results from a
fully coupled MHD code by Knaepen et al. (2004). Since the quasi-static approximation
is valid for magnetic Reynolds numbers Rem << 1, each fully coupled DNS is run with
Rem = 0.1. In addition to showing the dissipative influence of the external magnetic field,
Figure 1 demonstrates that the software developed for this project accurately predicts
the evolution of the turbulence in the low magnetic Reynolds number limit. For each case
simulated, the two codes produce essentially identical results for purely hydrodynamic
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Parameter Case 0 Case 1 Case 6 Case 11
ν
ext 2
(BA3
) /η
t0
kp
N3

0.003
0.
N.A.
3.0
1283

0.003 0.003 0.003
1.248 12.494 62.452
0.5
0.5
0.5
3.0
3.0
3.0
1283
1283
1283

Table 1. Magnetofluid simulation parameters for quasi-static DNS.

Parameter Value
τp
Np

0.3
323

Table 2. Particle simulation parameters for quasi-static DNS.
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Figure 1. Energy decay: — Case 0 (Quasi-static); ◦ Case 0 (Fully coupled); • Case 1
(Quasi-static); × Case 1 (Fully coupled); – – – Case 6 (Quasi-static); + Case 6 (Fully coupled); – · – Case 11 (Quasi-static); , Case 11 (Fully coupled).
ext
decay (BA3
= 0). Once each magnetic field is activated, the quasi-static simulation
adjusts slightly more rapidly, after which results of the two simulations approach each
other asymptotically.
The most common RANS models solve transport equations for the turbulence kinetic
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Figure 2. Reynolds stress evolution: Cases (a) 0, (b) 1, (c) 6 and (d) 11. − − −, R11 ; · · ·, R22 ;
− − − − −−, R33 .

energy, its dissipation rate, and other scalar quantities. By definition, scalars contain
no directional information about the turbulence. Some directional information is contained in models that solve transport equations for the Reynolds stress tensor, R. In
homogeneous turbulence, the cartesian components of R are
Z
Rij ≡ Eij (k)d3 k,
(3.1)
where Eij ∼ ui (k)u∗j (k) is the energy spectrum tensor. The directional information provided by R is the componentality of the turbulence. For example, if the u1 component
of the fluctuating velocity vanishes, so does R11 .
Figure 2 shows the evolution of the diagonal elements of R for each magnetic field
strength simulated. For all cases, the three diagonal elements of R have magnitudes
comparable to each other. At late times, the three elements are closest to each other in
the simulation with the strongest magnetic field. Thus, the turbulence appears to remain
nearly isotropic when viewed through the lens of the Reynolds stress tensor.
Kassinos et al. (2001) defined additional one-point structure tensors that provide directional information not contained in R. For example, the structure dimensionality
tensor, D, describes how the energy spectrum tensor varies along coordinate directions.

Particle dispersion in MHD
1

Structure Dimensionality

Structure Dimensionality

1

0.8

0.6

0.4

0.2

(a)
0
0

0.5

time

1

0.6

0.4

0.2

(b)
0.5

time

1

1.5

1

1.5

1

Structure Dimensionality

Structure Dimensionality

0.8

0
0

1.5

1

0.8

0.6

0.4

0.2

(c)
0
0

383

0.5

time

1

1.5

0.8

0.6

0.4

0.2

(d)
0
0

0.5

time

Figure 3. Dimesionality evolution: Cases (a) 0, (b) 1, (c) 6 and (d) 11. − − −, R11 ; · · ·, R22 ;
− − − − −−, R33 .

In homogeneous turbulence, the cartesian components of D are
Z
ki kj
Dij ≡
Enn (k)d3 k,
k2

(3.2)

When, for example, the kinetic energy does not vary in the x3 direction, D33 = 0.
Figure 3 shows the evolution of the diagonal elements of D. In Case 0 with no magnetic
field, the three elements maintain similar magnitudes. With increasing magnetic field
strength in the x3 direction, the D33 element is increasingly suppressed, while D11 and
D22 approach each other as time increases. Thus, the magnetic field reorganizes the
turbulence into an array of eddies with axes of independence along x3 .
3.2. Preferential concentration
The central question of the current study is whether the above data can form the basis
for predicting properties of the spatial distribution of inertial particles. Most studies of
particle dispersion to date have been more descriptive than predictive. High-resolution
DNS and LES studies generate detailed particle trajectories. The geometric properties
of these trajectories are then calculated and compared with local flow variables. Missing from such studies are models for predicting the expected geometrical features of
trajectories without performing detailed particle tracking.
The above shortcoming proves particularly problematic in RANS models for two reasons. First, most DNS and LES studies of preferential concentration calculate correlations
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(a)

(b)

(c)

(d)

Figure 4. x1 –x2 projection of particle positions: Cases (a) 0, (b) 1, (c) 6, and (d) 11.

of particle number density with flow variables that are not used in RANS models. Second,
even detailed tracking of individual particles in RANS simulations cannot reproduce the
clustering generated by coherent structures in the fluctuating velocity field.
As a first step toward providing the missing capabilities, we present visual evidence that
the structure of the particle spatial distribution is related to the values of the structure
dimensionality tensor elements. Figure 4 shows particle positions projected onto an x 1 –
x2 plane at the end of each simulation. Since all 323 particles are included, the apparent
voids represent approximately cylindrical evacuated regions extending the entire length
of the problem domain. Likewise, the thin clusters surrounding these voids represent
wavy sheet-like structures oriented everywhere orthogonal to x1 –x2 planes.
Figure 5 shows all particle positions projected onto an x1 –x3 plane at the same time,
showing no discernible structure, save for subtle bands where the aforementioned sheets
intersect the projection plane. An x2 –x3 plane would look similar to the x1 –x3 plane.
These results correspond closely with the damping of the D33 component of the dimensionality tensor. After that component vanishes, the organized motions vary in x 1
and x2 only. Although the u3 fluctuating velocity component remains and can therefore
influence the degree of preferential concentration, it has little effect on the geometrical
structure of the preferential concentration. It would seem reasonable then to use D as a
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(d)

Figure 5. x1 –x3 projection of particle positions: Cases (a) 0, (b) 1, (c) 6, and (d) 11.

predictor of the expected orientation of preferentially concentrated particle clusters and
to build this information into future RANS models for particle dispersion.

4. Conclusions and future plans
We presented results from four direct numerical simulations of particle dispersion in
initially isotropic MHD turbulence at low magnetic Reynolds number. External magnetic
fields aligned with the x3 axis were applied via the quasi-static approximation. Each field
was constant in space and followed a step function in time. The diagonal elements of the
cartesian Reynolds stress tensor maintain magnitudes comparable to each other throughout the turbulence decay, whereas the diagonal elements of the structure dimensionality
tensor, D, exhibit anisotropy. Specifically, D33 vanishes, while D11 and D22 approach
each other. Visual evidence suggests the anisotropy in D corresponds closely to the preferential concentration of the particles in two-dimensional sheets oriented orthogonal to
the x1 –x2 planes at least in the case of the strongest magnetic field.
This paper provides the first published validation of a novel software design pattern for
multi-physics modeling. This design pattern expresses the governing differential equations
in continuous form with no reference to spatial discretization or time integration. Future
work will apply this design strategy to addtional multi-physics problems.
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Future efforts will involve defining particulate-phase structure tensors analogous to the
fluid-phase ones, exploring the relationship between the structure tensors for each phase,
and incorporating this information into RANS models for particle dispersion.
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