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Large-eddy simulations of the turbulent
Hartmann flow close to the transitional regime

By I. E. Sarris†, S. Kassinos‡, B. Knaepen† AND D. Carati †

A series of Large-Eddy Simulations (LES) of turbulent and transitional magnetohy-
drodynamic channel flows, usually referred to as Hartmann flows, are performed using
the dynamic Smagorinsky model. Previous measurements and works on stability analysis
have shown that a critical Reynolds number exists at approximately R = 380, based on
the laminar Hartmann layer thickness. The LES are used to investigate two properties:
the laminarization of flow when decreasing R from higher R values, and the similarities
of different flows with the same value of R but with different values of the Hartmann
number that characterizes the influence of the external magnetic field. It is shown that a
critical Reynolds number for re-laminarization is indeed observed, but at R ≈ 500. Also,
for moderate values of the Hartmann number, the present LES simulations reproduce
the similarity of the turbulent flows for the same R.

1. Introduction

1.1. Motivation and objectives

Magnetohydrodynamic (MHD) turbulent flows are often encountered in engineering fields
such as MHD pumps, crystal growth techniques, and conceptual designs of blankets of
fusion reactors. For laboratory and industrial scale flows of conducting fluids (except
plasmas) the magnetic Reynolds number, Rm, is much less than unity, which means
that the induced magnetic field is very small in comparison with the externally applied
magnetic field. Thus, the low-Rm approximation is valid for the study of this class of
turbulent flows (Moreau 1998). With the above assumption, various direct numerical
simulations (DNS) are reported for the study of MHD homogeneous turbulence, turbulent
channel flow, and pipe flow, (e.g., Zikanov and Thess 1998, Lee and Choi 2001, Satake,
Kunugi and Smolentsev 2002).

For the MHD channel flow, usually referred to as the Hartmann flow, various ex-
periments e.g., by Murgatroyd (1953), Reed and Picologlou (1989), and Moresco and
Alboussière (2004) or stability analysis studies e.g., by Ting and Walker (1991) and
Krasnov et al. (2004) show a similarity: several statistical properties of the flow depend
only on the ratio of the hydrodynamic Reynolds number (Re) to the Hartmann num-
ber (Ha) that characterizes the influence of the external magnetic field. This ratio is
equivalent to a Reynolds number (R) based on the thickness of the Hartmann layer that
is observed close to the wall. Although the above studies have used different ducts, the
critical value of R for transition to turbulence was consistently found to be in the range
250 < R < 400. The main purpose of this work is to investigate the capability of LES to
reproduce these properties.

Performing DNS of the Hartmann flow with various hydrodynamic Reynolds numbers
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Figure 1. Re and Ha numbers corresponding to current simulations, �. Previous works:5, DNS
by Lee and Choi (2001), •, LES by Shimomura (1991), 4, LES by Kobayashi (2006). (Re and
Ha of both LES of Shimomura (1991) and Kobayashi (2006) are based on the bulk velocity
and the channel width). The solid line and the arrow indicate the way present the simulations
approached the critical value of R.

and Hartmann numbers that correspond to the same value of R is very demanding.
Moreover, DNS close to the critical R, even not fully turbulent, may also be expensive in
order to limit the influence of the numerical grid on the determination of the transition
between turbulent and laminar flows. On the other hand, LES based on subgrid (SGS)
models are much faster and have been successfully applied to MHD flows. The dynamic
Smagorinsky model (DSM) used by Knaepen and Moin (2004) and the Coherent Struc-
ture model (CSM) proposed by Kobayashi (2006) are reported to work well. Particularly,
Knaepen and Moin (2004) have carried out LES of decaying isotropic turbulence under
the influence of an external magnetic field using the DSM. Their results have shown
that the LES with DSM performs significantly better than the conventional Smagorin-
sky (1963) model (SM), because the Smagorinsky constant automatically decreases while
the external magnetic field increases. This property is encouraging since it indicates that
the DSM might be able to automatically switch off at the transition from turbulent to
laminar MHD flow without any special treatment for the magnetic field. This would ex-
tend to MHD flow the property shown in various works, e.g., Piomelli and Zang (1991),
that the DSM is able to reproduce hydrodynamic transitional wall-bounded flows.

Shimomura (1991) and Kobayashi (2006) have tested several SGS models for the Hart-
mann flow. Both concluded that the conventional SM is not adequate to predict the tur-
bulent MHD flow because the value of the Smagorinsky constant is not adapted to MHD
turbulence. Kobayashi (2006) has tested both the DSM and the CSM and has concluded
that both models perform better than the conventional SM. He has proved also that both
models give comparable results with the existing experiments of the Hartmann flow by
Lykoudis and Brouillette (1967) and Reed and Lykoudis (1978). Kobayashi’s LES simu-
lations have shown very good agreement with the experimental measurements either for
high R numbers (weak magnetic fields) where the flow behaves more hydrodynamically
or for small R numbers, where the strong Lorentz force damps the turbulence. Figure 1
presents in a (Re−Ha) plot the parameter values used by existing DNS and LES works
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as well as in the present study. In particular, the DNS simulations are laminar at ap-
proximately R = 350 and belong to the regime of Ha < 20. Moresco and Alboussière
(2004) measurements indicate that the flow is laminar for R = 250 and for Ha < 20.
Accordingly, laminar solutions for the LES have been reported at approximately R = 550
by Kobayashi (2006) and possibly for slightly higher values of R by Shimomura (1991).

The objective of this work is to propose an extensive study of the turbulent Hartmann
flow close to the threshold R using LES. Simulations are first performed in a fully tur-
bulent regime using fairly high values of R for four different values of the hydrodynamic
Reynolds number (Re =8 000; 11,000; 14,000; and 21,000). The properties of the flows
are investigate by lowering R without changing the hydrodynamical Reynolds number,
i.e., by increasing the Hartmann number Ha. In this procedure, the initial condition
is systematically obtained from the simulation with the same hydrodynamic Reynolds
number but with a higher R. This choice is made to avoid a premature laminarization
induced by artificial initial conditions. For the four sets of simulations, the procedure is
stopped when a laminar flow is observed.

This report is organized in the following manner. We first introduce the governing
equations in Section 2.1, the description of the SGS model in Ssection 2.2, and the
numerical details in Section 2.3. Section 3 is devoted to a discussion of the results. A
general discussion and concluding remarks are given in Section 4.

2. Problem setup and governing equations

2.1. Equations of the grid-scale fields

The governing equations for an electrically conducting and incompressible Newtonian
fluid in non-dimensional form are:

∇ · u = 0 (2.1)

∂u

∂t
+ (u · ∇)u = −∇p+

1

Re
∇2u +N(j×B) (2.2)

∇ ·B = 0 (2.3)

∂B

∂t
= ∇× (u×B) +

1

Rem
∇2B (2.4)

j =
1

Rem
∇×B, (2.5)

where u is the velocity, p the pressure, j the current density, B the magnetic field,
and Re = ρUlδ/µ is the hydrodynamic Reynolds number. The Stuart number, N =
σB∗2δ/ρUl, is the ratio of the electromagnetic force to the inertial force while the mag-
netic Reynolds number, Rem = µ0σUlδ, is the ratio of the induced magnetic field to the
applied magnetic field. Here, Ul, δ, and B∗ denote the characteristic velocity, length, and
magnetic field, respectively, ρ is the density, σ the electrical conductivity, µ the viscosity,
and µ0 the magnetic permeability (= 4π10−7Hm−1). In the following Ul is chosen as
the laminar bulk velocity of the hydrodynamic flow and δ the channel half-width. The
electric current j is normalized as j = j∗/σUlB∗, where j∗ is the dimensional electric
current.

Equation (2.2) is the Navier-Stokes equation with the Lorentz force term, and Eq. (2.4)
is the Maxwell equation, which is non-linearly coupled with Eq. (2.2). In the limit
Rem � 1, the induced magnetic field is very small when compared to the applied
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magnetic field and the relations (2.4–2.5) reduce to the Ohm’s law:

j = −∇φ+ u×B0, (2.6)

where φ is the electric potential, (E = −∇φ), E is the electric field, and B0 is the external
magnetic field, which is a unit vector (due to non-dimensionalization) in the wall-normal
direction. Since ∇ · j = 0, φ is determined by taking the divergence of Eq. (2.6). Thus,
in the limit Rem � 1, we have the following equations:

∇ · u = 0 (2.7)

∂u

∂t
+ (u · ∇)u = −∇p+

1

Re
∇2u +N{(−∇φ+ u×B0)×B0)} (2.8)

∇2φ = ∇ · (u×B0) = B0 · ω, (2.9)

where ω = ∇×u is the fluid vorticity. The Stuart number (or interaction parameter) and
the Hartmann number are related by Ha =

√
ReN(= δB∗

√
σ/ρν). Equations (2.7)–(2.9)

are referred to as the low-Rm MHD equations.
After a spatial filtering of the above equations, the governing equations for the resolved

scales are given by:

∇ · u = 0 (2.10)

∂ui
∂t

+ uj
ui
∂xj

= − ∂p

∂xi
+ ν∇2ui −

∂τ?ij
∂xj

+
σ

ρ
{(−∇φ+ u×B0)×B0)}i (2.11)

∇2φ = ∇ · (u×B0) = B0 · ω, (2.12)

where τ̄?ij is the traceless SGS stress tensor defined by

τ̄?ij = τ̄ij −
1

3
τ̄llδij , with τ̄ij = uiuj − uiuj . (2.13)

2.2. The dynamic Smagorinsky model

In order to close Eq. (2.11), τ̄ ?ij has to be expressed only in terms of the resolved velocity.
In the case of non-conductive fluids, the most widely used model for τ̄ ?ij is the Smagorinsky
model

τ̄?ij = −2Cs∆̄
2|S̄|S̄ij , S̄ij = (∂iūj + ∂j ūi)/2, and |S̄| =

√
2S̄ijS̄ij , (2.14)

where ∆̄ is the filter width and Cs is the Smagorinsky constant. As noted by Knaepen
and Moin (2004), the SGS stress tensor τ̄ij does not depend explicitly on the magnetic
field in the low-Rm approximation. The magnetic contribution, being a linear term in
Eq. (2.11), does not require an explicit SGS model in the LES equation. However, as was
observed by Shimonura (1991) the existing values of the parameter Cs are optimized for
hydrodynamic turbulent flows and are not adequate for MHD simulations. According to
the work of Knaepen and Moin (2004), a better approach for the determination of the
parameter Cs for MHD turbulent flows is to use the dynamic procedure proposed by
Germano et al. (1991) and optimized using a least-square technique suggested by Lilly
(1992) as

C =
< M̄ijL̄ij >

< M̄ijM̄ij >
, (2.15)

where L̄ij and M̄ij are given by

L̄ij = ̂̄uiūj − ˆ̄ui ˆ̄uj , (2.16)
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Case R Re Ha N

1a ∞ 8 000 0. 0.
1b ∞ 10 000 0. 0.
1c ∞ 14 000 0. 0.
1d ∞ 21 000 0. 0.
2a 1 500 14 000 9.3 0.0062
3a 1 000 14 000 14. 0.014
4a 800 8 000 10. 0.0125
4b 800 10 000 12.5 0.0156
4c 800 14 000 17.5 0.0218
4d 800 21 000 26.25 0.0328
5a 700 8 000 11.42 0.0163
5b 700 10 000 14.28 0.0204
5c 700 14 000 20. 0.0285
5d 700 21 000 30. 0.0428
6a 600 8 000 13.33 0.0222
6b 600 10 000 16.66 0.0277
6c 600 14 000 23.33 0.0388
6d 600 21 000 35. 0.0583
7a 550 8 000 14.54 0.0264
7b 550 10 000 18.18 0.033
7c 550 14 000 25.45 0.0462
7d 550 21 000 38.18 0.0694
8a 535 14 000 26.16 0.0489
9a 500 8 000 16. 0.032
9b 500 10 000 20. 0.04
9c 500 14 000 28. 0.056
9d 500 21 000 42. 0.084

Table 1. Summary of the parameters for the different runs performed.

M̄ij = 2∆̄2 |̂S̄|S̄ij − 2 ̂̄∆
2
|̂S̄|̂̄Sij . (2.17)

The test-filtered velocity ˆ̄ui is calculated using a box filter in physical space. The test-
filter width is twice the size of the grid size.

2.3. Numerical details

The numerical method used to solve the low-Rm equations is based on a semi-implicit
fractional step method: the diffusion term in Eq. (2.11) is advanced in time with the
Crank-Nicolson method, while the non-linear, the SGS, and the Lorentz force terms
are advanced with a third-order Runge-Kutta (RK3) method. All spatial derivatives
are discretized with the second-order central-difference scheme. The Poisson equations
for the pseudo-pressure and the electric potential are solved using a transform method
with modified wavenumbers corresponding to the second-order central difference scheme,
together with tridiagonal matrix inversion. The time step is automatically computed
using a CFL=1 criterion. Once a statistically steady state is reached, the statistics are
averaged both in time, over at least 30 non-dimensional time units, and in space, in the
x− z plane.

Numerical simulations are performed using 96× 97× 96 grid points in a 2π× 2× 0.5π
computational domain. The present simulations are carried out maintaining a constant
mass flow rate (

∫
y

∫
z
u dz dy) in time. The boundary conditions at the non-conducting
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wall for the resolved quantities are:

ūwall = 0, j̄y|wall = −∂φ̄
∂y
|wall = 0, (2.18)

where jy is the wall-normal component of the current density. Periodic boundary condi-
tions are used in the streamwise and spanwise directions. The Hartmann flow, however,
requires another condition imposed by the nature of the channel’s side walls in the real
experiment. Assuming that the channel’s side walls constitute an open circuit, the net
current to sidewalls is assumed zero and the following condition is obtained:

∫ Lx

0

∫ 1

−1

∫ Lz

0

jz dz dy dx = 0. (2.19)

This condition in the presence of a wall-normal external magnetic field implies that a
mean spanwise electric field exists that is determined by

〈Ēz〉 = −〈∂φ̄
∂z
〉 = −1

2
B0

∫ 1

−1

〈ūx〉 dy. (2.20)

Finally, we mention that, prior to being used to perform the series of runs described in
the next section, the code has been successfully compared against the laminar analytic
solution for various Ha numbers (e.g., in Mitchner and Kruger (1973)) as well as against
the DNS results of Lee and Choi (2001) and the LES results of Kobayashi (2006).

3. Results and discussion

The values of the parameters corresponding to the different runs reported in this study
are compiled in Table 1. Each series of simulations corresponding to the same value of Re
is initiated from the hydrodynamic case, where Ha = 0. Ha is then gradually increased
in order to determine the value of R that corresponds to the transition to the laminar
regime for all four Re numbers. In Section 3.1 we discuss the changes in the flow properties
with respect to the value of R. In Section 3.2 we explore the possible similarities of the
turbulent statistics at constant R but for different values of the hydrodynamic Reynolds
number Re.

3.1. Effect of R decrease

The averaged turbulent energy of the resolved velocities versus R is shown for all cases
in Fig. 2. As expected, the energy of the fluctuations decreases with R since the Lorentz
forces become stronger. For R < 500 and Re < 14, 000 the flow is almost laminar for
every Re. For Re = 21, 000 laminarization is observed for higher R, and for Re < 14, 000,
low amplitude fluctuations are still present for R = 500. The presence of fluctuations
and small turbulent energy for R = 500 seems to indicate that the flow has entered a
transitional regime (at least in the range Re < 14, 000).

The decrease of the resolved turbulent energy, as R is decreased, is also characterized
by changes in the flow structure. The flow for high Ha is characterized by the formation
of thin Hartmann layers at the walls and by a plateau at the center of the channel.
For instance, snapshots of the streamwise velocity in a x − y plane for Re = 10, 000 at
R = 550 and R =∞ are shown in Fig. 3. In the MHD case at R = 550, the fluctuations
are mostly confined close to the walls and an almost laminar flow exists at the center
of the channel, while, using the same scale, the fluctuations are clearly observed in the
entire channel in the hydrodynamic case (R =∞).



LES of the turbulent Hartmann flow 393

R

A
v
e
ra
g
e
d
tu
rb
u
le
n
t
e
n
e
rg
y

400 600 800 1000 1200 1400 1600
0

0.001

0.002

0.003

0.004

Figure 2. Averaged turbulent energy vs. R: �, Re = 21, 000; ∇, Re = 14, 000; 4,
Re = 10, 000; ◦, Re = 8 000.

a)

b)

Figure 3. Snapshot of normalized streamwise velocity in a x− y plane for Re = 8 000: a)
Ha = 0 (contour levels: 0:0.067:0.86); b) R = 550 (contour levels: 0:0.067:0.78).

This behavior can also be observed in Fig. 4 where the mean streamwise velocity profile
〈ū+
x 〉 is plotted in wall units y+ for different R. Close to the wall all the curves collapse

with the wall-law of the hydrodynamic viscous sublayer (〈ū+
x 〉 = y+). This means that

very close to the walls no significant deviation from the usual hydrodynamic behavior of
the turbulent channel flow is observed. For the hydrodynamic case and the cases of weak
magnetic fields (R ≥ 1 000), the mean velocities are similar. However, away from the walls
a flattening and a deviation of the usual logarithmic law (i.e., 〈ū+

x 〉 = 2.5 ln(y+) + 5.5) is
observed with the increase of the magnetic field. A logarithmic region seems to be present
in most simulations but its slope tends to decrease with R. Actually, the extension of the
logarithmic region seems also to decrease with R and, close to the transition R ≈ 500, it
almost disappeared.

For R < 1 000 a plateau is observed in the center of the channel as shown in Fig. 4. The
formation of the plateau does not necessarily coincide with the laminarization of the flow



394 I. E. Sarris et al.

y
+

u
+

10
0

10
1

10
2

10
30

5

10

15

20

25

Figure 4. Mean velocity profiles for Re = 14, 000 as a function of distance from the wall (in
wall units: u+ = u/uτ , y+ = yuτ/ν, and uτ is the friction velocity at the walls): - - -, R = 1 500;
- · -, R = 1 000; · · ·, R = 800; — — —, R = 700; − · · −, R = 600; —- —- —-, R = 550;
— - —, R = 535. The thin solid line corresponds to the hydrodynamic case and the thick lines
to the wall-laws.

as can be observed from the root-mean-square resolved velocity fluctuations and from the
Reynolds shear stresses shown in Fig. 5. The distribution of the Reynolds shear stresses
indicates that the decrease of R damps the flow turbulence, especially at the center of
the channel, as expected. In our simulations, the flow remains turbulent even for R = 535
as Fig. 5 shows. Although the turbulent statistics for R = 535 and 550 are close, further
decrease to R = 500 results asymptotically in a laminar flow. The value of R = 535 is
reasonably close to the threshold for laminarization experimentally suggested by Moresco
and Alboussière (2004) and is slightly lower than the value observed in previous LES of
the Hartmann flow. Note that at least two factors may have a strong influence on the
LES predictions: the resolution and the model. Indeed, in the present study, all the runs
have been performed with the same resolution, which is larger than in previous LES.
However, there is no guarantee that grid independence has been reached. Moreover, the
DSM, although known to be fairly robust in hydrodynamic turbulence, needs further
assessment for MHD flows.

3.2. Similarities of turbulent statistics for constant R

The turbulence intensity of the resolved energy reported in Fig. 2 seems to indicate that
the statistics of the flow also depend on the hydrodynamic Reynolds number. However,
considering the difficulty in accurately determining taking into account to e the tran-
sition threshold using numerical simulation, it is remarkable that the four sets of runs
corresponding to fairly different Re lead to almost the same critical value of R for the
laminarization. Similarities of turbulent statistics for constant R are further studied by
considering the runs with R = 800 and 600. The ratio between the higher and the lower
Ha in each series is approximately 3, and Ha is about 30% higher for R = 600.

Interestingly, the velocity profile 〈ū+
x 〉 may change for constant R in order to indicate

the expected similarity. The mean streamwise velocity profiles are plotted in wall units y+

for R = 800 and 600 in Figs. 6a and b. It appears that the results are fairly independent
on the case, except for the largest hydrodynamic Reynolds number (Cases 4d and 6d),
which might indicate a lack of resolution for these cases.
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Figure 5. Root-mean-square velocity fluctuations (a)-(c) and Reynolds shear stress (d) for
Re = 14, 000. The rms velocity fluctuations have been normalized with the wall-shear velocity
of the hydrodynamic case. The solid line corresponds to the hydrodynamic case. See Fig. 4 for
captions
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Figure 6. Mean velocity profiles: a) R = 800: - - -, Case 4a; − · −, Case 4b; · · ·, Case 4c;
— —, Case 4d, b) R = 600: - - -, Case 6a; − · −, Case 6b; · · ·, Case 6c; — —, Case 6d. The
solid lines correspond to the hydrodynamic wall-laws.

The rms velocity fluctuations and the Reynolds shear stress for constant R appear to
be more sensitive to the increase of Re than the velocity profile. As Figs. 7a and b show
for R = 800, the higher the Ha, the less intense the turbulence of the Hartmann flow.
For Re < 21, 000, although the amplitudes differ, the shape of the distributions and the
positions of their maxima are very close. Note, however, that for the smallest value of
Re, the differences in turbulent intensities and Reynolds shear stress are very small.
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Figure 7. Root-mean-square velocity fluctuations: �, < u2 >1/2; 4, < v2 >1/2; ◦, < w2 >1/2

(a) and Reynolds shear stress (b) for R = 800: —, Case 4a; · · ·, Case 4b; − · −, Case 4c;
– – –, Case 4d;. The rms velocity fluctuations have been normalized with the wall-shear velocity
of the case Re = 14, 000.

4. Conclusions and future plans

The turbulent Hartmann flow has been studied for 8 000 < Re < 21, 000, 9 < Ha < 42
and 500 < R < 1 500 using a standard LES procedure based on the dynamic Smagorin-
sky model. The main objectives were first to investigate the effects of decreasing R for
constant Re and then to examine possible similarities of turbulent statistics for constant
R but for different Re and Ha numbers.

As expected, decreasing R has been shown to lead to a relaminarization of the Hart-
mann flow. Remarkably, despite the fairly low LES resolution used in this study, the lam-
inarization threshold is found to be almost independent on the hydrodynamic Reynolds
number, confirming that R is the relevant control parameter for the transition between
laminar and turbulent MHD channel flow. For high Ha, the velocity profile exhibits a
plateau at the center of the channel and the fluctuations seem to be produced and con-
fined close to the walls. The hydrodynamic viscous sublayer law 〈ū+

x 〉 = y+ is valid for
all the studied cases. The logarithmic region seems to be quite strongly affected by the
value of R. Both its slope and extension decrease with R. As previously mentioned, in
the present LES, the logarithmic region almost disappears for small values of R. Remark-
ably, for moderate hydrodynamic Reynolds numbers, the present LES produce velocity
profiles that are almost independent on Re.

These results are very encouraging since many expected features of the Hartmann flows
are reproduced by LES using the widely employed DSM. Note that this model has not
been adapted to the MHD and that exactly the same formalism has been used in LES of
turbulence in non-conductive fluids. This confirms the ability of the dynamic procedure
to produce model parameters that are well adapted to the physics of the flows for a wide
variety of situations.

However, nothing guarantees that the present results are grid-independent. Further
studies with larger grids and higher Reynolds numbers would test whether the present
results are too dependent on the LES resolution. Also, a careful comparison between
high-resolution DNS results filtered down to the LES resolution and LES predictions
would also be very useful in assessing the DSM in MHD of wall-bounded flows.
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