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A numerical simulation of soot formation
in spray flames
By H. Watanabe†‡, R. Kurose‡, S. Komori‡
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H. Pitsch

A two-dimensional numerical simulation is applied for spray flames formed in a laminar
counterflow, and soot formation behavior is studied in terms of equivalence ratio and
radiation in detail. N-decane (C10 H22 ) is used as a liquid spray fuel, and the droplet
motion is calculated by the Lagrangian method. A one-step global reaction is employed
for the combustion reaction model. A kinetically based soot model with flamelet model
is employed to predict soot formation. Radiation is taken into account using the discrete
ordinate method. The results show that the soot is formed in the spray diffusion flame
region and its radiation emission increases with an increase in the equivalence ratio of the
droplet fuel. This trend is in good agreement with that of the luminous flame behavior
observed in the experiment. The radiation is found to strongly affect the soot formation
behavior. Without the radiation model, the soot volume fraction is fatally over-predicted.

1. Introduction
Spray combustion is utilized in a number of engineering applications such as energy
conversion and propulsion devices. It is, therefore, necessary to precisely predict the
spray combustion behavior in designing and operating the equipment such as a gas turbine combustor and diesel engine. However, since the spray combustion is a complex
phenomenon in which dispersion of the liquid fuel droplets, their evaporation, chemical
reaction of the fuel vapor with oxidizer, etc. take place interactively and simultaneously,
the underlying physics governing these processes have not been well understood.
Kurose and colleagues (Kurose et al. 2004; Nakamura et al. 2005; Watanabe et al. 2006)
have performed numerical simulations of spray flames formed in a laminar counterflow,
and investigated the behavior of the spray flames in terms of droplet group combustion
and flamelet modeling in detail. In Nakamura et al. (2005), it was mentioned that the
behavior of diffusion flame originating from the droplet group combustion is similar to
that of the luminous flame observed in the experiment (Hwang et al. 2000) because soot
is mainly formed in the diffusion flame. However, since no soot formation model was
employed in their computations, the exact soot formation mechanism was not discussed.
In recent years, several studies on soot formation using a kinetically based soot model
with flamelet model have been reported. The flamelet model is used to give the concentrations of precursors of soot, which are minor chemical species and therefore obtained
by solving a number of equations with many chemical species. It is believed that acetylene (C2 H2 ) or polycyclic aromatic hydrocarbons (PAH) can be the precursors. Pitsch
et al. (2000) investigated the soot formation in a C2 H4 jet diffusion flame using a PAH
inception model. Wen et al. (2003) evaluated the model dependence on the soot formation between the C2 H2 and PAH inception models in their kerosene jet flame simulation.
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Figure 1. Schematic drawing of the computational setup.

These studies show the applicability of the flamelet model to predict the soot formation
in gaseous diffusion flames.
The purpose of this study is to perform a numerical simulation of spray flames with soot
formation, and investigate the effects of equivalence ratio of droplet fuel and radiation
on the soot formation. A two-dimensional numerical simulation of spray flames formed
in a laminar counterflow is examined. A one-step global reaction is employed for the
combustion model of the liquid fuel (n-decane, C10 H22 ). The flamelet model is employed
to determine the concentration of the precursor of soot. The radiative heat transfer is
calculated using the discrete ordinate method with S8 quadrature set.

2. Computational setup and numerical methods
2.1. Computational setup
The computational setup for spray flames in a laminar counterflow is designed to match
the experiment by Hwang et al. (2000). The computational domain considered in this
study is shown in Fig. 1. The dimensions of the computational domain normalized by the
diameter of the burner ports Lp , which are located on both the upper and lower sides, are
1 and 2 in the x and y directions, respectively. The origin of the computational domain
is located at the center of the upper port. N-decane (C10 H22 ) is used as the liquid fuel.
From the upper port, atmospheric air (T = 300 K, P = 0.1013 MPa, and oxygen mass
fraction YO2 = 0.2357) is issued at −0.5 ≤ y ∗ ≤ 0.5, and pure n-decane spray is injected
at −0.15 ≤ y ∗ ≤ 0.15. From the lower port, premixed atmospheric air and vaporized
n-decane is issued at −0.5 ≤ y ∗ ≤ 0.5 to stabilize the spray flame. The fluid velocity
issued from the upper and lower ports are the same.
For the combustion reaction model, a one-step global reaction model (Westbrook &
Dryer 1984),
31
C10 H22 + O2 → 10CO2 + 11H2 O,
(2.1)
2
is adopted.
2.2. Governing equations
In this study, a kinetically based soot model is employed to predict the soot formation.
As a precursor and oxidizers of the soot, acetylene (C2 H2 ) and OH radical and O2 are
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chosen, respectively. The concentrations of C2 H2 and OH radical are determined using
the steady flamelet model, as described later.
The governing equations directly solved for the gaseous phase are mass, momentum,
energy, and mixture fraction conservation given as
∂ρ
∂
+
ρuj = Sm ,
∂t
∂xj
∂
∂ρui
+
(ρui uj + P δij − σij ) − ρgi = Sui ,
∂t
∂xj
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#
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) = SZ ,
(2.6)
∂t
∂xj
∂xj
where ui is the gaseous phase velocity, ρ is the density, P is the static pressure, σ is the
stress tensor, gi is the gravitational force, h is the specific total enthalpy, λ is the gaseous
thermal diffusivity, and hk , Yk , and Dk are the specific enthalpy, the mass fraction, and
the mass diffusion coefficient of the k-th species, respectively. δij is the Kronecker delta
function. Z is the mixture fraction, which is introduced for the flamelet model. The
diffusion coefficient of Z, DZ is given by diffusion coefficient of the mixture. For Yk ,
five major chemical species (O2 , N2 , CO2 , H2 O, and C10 H22 ) are solved. The gas phase
density, ρ is calculated from the equation of state for an ideal gas.
The source terms Si due to interactions between gaseous and disperse phase are expressed using the total number of droplets Nd existing in the control volume of the
gaseous phase calculations,
Sm = −
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(2.7)
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(2.9)
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(2.11)

where md is the droplet mass, ud,i is the droplet velocity, ∆V is the volume of the control
volume for the gaseous phase calculation, and hV,S is the evaporated vapor enthalpy at
the droplet surface. Qd and Qrad are the heat transfers for the convection and radiation,
respectively. YO2 ,air is the mass fraction of oxygen in air. The source term Scombu,k in
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the equations of the species conservation is expressed using the combustion reaction rate
per unit volume RF as follows:
Scombu,k = −

nk W k
RF ,
nF W F

(2.12)

where nk and nF are the molar stoichiometric coefficients of the k-th species and the fuel
for the one-step global reaction (positive for the production side), respectively. W k and
WF are the molecular weights of the k-th species and fuel, respectively.
The fuel droplets are tracked individually in a Lagrangian manner. It is assumed that
the density of the droplets is much larger than that of the continuous phase such that only
the drag and the gravity are significant. The effect of fluid shear on the fluid force acting
on the droplets is neglected (Kurose & Komori 1999). Furthermore, droplet breakup,
collision, and dense particulate effects are neglected (Ham et al. 2003).
Concerning the vaporization of droplets, a non-equilibrium Langmuir-Knudsen evaporation model is chosen (Miller & Bellan 1999). The Lagrangian droplet equations for the
position xd,i , velocity ud,i , temperature Td , and mass md are given by
dxd,i
= ud,i ,
dt

(2.13)

dud,i
f1
= (ui − ud,i ) + gi ,
dt
τd

(2.14)
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=
dt
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3Pr cp,d
τd
md
dt
cp,d
md cp,d

dmd
Sh md
=−
ln(1 + BM ).
(2.16)
dt
3Sc τd
Here, T is the gaseous temperature, cp is the specific heat of mixture gas, cp,d is the
specific heat of the liquid, LV is the latent heat of vaporization at Td . τd is the particle
response time, and BM is the mass transfer number. f1 and f2 are the corrections of
the Stokes drag and heat transfer for an evaporating droplet, respectively (Kurose et al.
2003). Ad is the projected area of the droplet, d is the particle emission factor, and σ
is the Stefan-Boltzman constant. The radiation intensity I is calculated by the radiative
transport equation. The details of the numerical procedure is described in Nakamura et
al. (2005) and Watanabe et al. (2006).
2.3. Soot formation modeling
The transport equations of the soot number density N and the mass density M are given
as
∂ρφ
∂
∂φ
+
(ρuj φ − ρDs
) = Sφ ,
(2.17)
∂t
∂xj
∂xj
where Ds is the diffusion coefficient of the soot, and φ represents N or M . Here, N and
M are given by
N = NA ρφN ,

M = ρφM ,

(2.18)
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−1

respectively. NA is the Avogadro number (6.022 × 1026 kmol ). The source terms for φN
and φM can be expressed as





1
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+
,
(2.19)
NA
dt Inc.
dt Coa.






dM
dM
MP dN
+
+
,
(2.20)
SM =
NA
dt Inc.
dt Gro.
dt Oxi.
where MP is the mass of a soot nucleus, and has a value of 1200 kg/kmol (based on
the assumption that the soot size corresponds to 100 carbon atoms). The inception,
coagulation, growth, and oxidation rates are calculated in the soot formation model.
A simplified soot inception model based on C2 H2 concentration (Leung et al. 1991) is
used in this study. The inception rate is given by




21100
dN
YC 2 H 2
e− T ,
(2.21)
= c 1 NA ρ
dt Inc.
W C2 H 2
where c1 = 54s−1 (Brookes & Moss 1999).
The coagulation of soot particles is assumed to be proportional to the particle collision
frequency. The collision frequency is determined by the size of the particles and the mean
free path of the surrounding gas. The coagulation rate is given by (Puri et al. 1993)

1/2 
1/6


6
24R
dN
=−
T 1/2 M 1/6 N 11/6 ,
(2.22)
dt Coa.
ρsoot NA
πρsoot
where R is the universal gas constant, and ρsoot = 2000 kg/m3 .
The soot growth model on the surface is based on C2 H2 concentration (Frenklach et
al. 1984; Harris et al. 1988). The growth rate is given by
"



2/3 #


12100
YC 2 H 2
6M
dM
= c4 ρ
e− T
(πN )1/3
,
(2.23)
dt Gro.
W C2 H 2
ρsoot
where c4 = 9000.6 kg · m/(kmol · s).
The OH radical and O2 are considered as oxidizers in soot oxidation (Neoh et al. 1981;
Lee et al. 1962). The soot oxidation rate is given by



2/3
YOH 1/2
dM
6M
= −c5 ηρ
T (πN )1/3
dt Oxi.
WOH
ρsoot
YO
19778
−c6 ρ 2 e− T T 1/2 (πN )1/3
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6M
ρsoot

2/3

,

(2.24)

where η = 0.13, c5 = 105.81 kg·m/(kmol·K1/2 ·s), and c6 = 8903.51 kg·m/(kmol·K1/2 ·s).
The concentrations of C2 H2 and OH radical are determined using the steady flamelet
model. In this model, the concentrations of C2 H2 and OH radical at each position in
physical space are identified by examining a flamelet library, which is obtained by solving
a one-dimensional flamelet equation in Z space. As parameters to relate the physical space
with the Z space, Z and scalar dissipation rate χ,
2

χ = 2DZ |∇Z| ,

(2.25)

are used. The one-dimensional laminar n-decane/air diffusion flames are calculated in a
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counterflow configuration using the commercial software CFX-RIF. A reduced chemical
kinetic mechanism with 112 species and 883 elemental reactions is considered for the
flamelet library (Ansys, Inc. 2005). In solving the Z equation (2.6), the transport of Z
originated from the premixed fuel from the lower port for the stabilization of spray flames
is neglected.
2.4. Radiation modeling
The radiative heat transfer is based on the discrete ordinate method (Fiveland 1988).
The balance of energy passing a specified direction Ω through a small differential volume
in an emitting-absorbing medium can be written as follows:
Ω · ∇I(r, Ω) = −(α + κ)I(r, Ω) + αIb (r),

(2.26)

where I(r, Ω) is the radiation intensity, which is a function of position and direction,
Ib (r) is the intensity of a blackbody radiation at the temperature of the medium, and
α and κ are the absorption and scattering coefficients of the medium, respectively. α
is calculated using RADCAL (Grosshandler 1993), a detailed narrow-band model. S 8
quadrature approximation, which corresponds to 80 fluxes, is used to solve for the discrete
ordinate directions. The radiative transport equation is iteratively solved with the energy
conservation equation (2.4). The heat source by the radiation is given by

Z
4
(2.27)
−Q̇rad = α
IdΩ − σT .
4π

2.5. Computational details
The governing equations for the gaseous phase (Eqs. (2.2) − (2.6), and (2.17)) are solved
by a finite volume method using the SIMPLE algorithm. The calculation domain (0 ≤
x∗ ≤ 1, −1 ≤ y ∗ ≤ 1) is divided into 200 × 400 equally spaced computational cells in
the x and y directions, respectively. The spatial integration is approximated by a fourthorder central difference scheme and the time integration is performed via a fully implicit
method. The equations of droplet behavior (Eqs. (2.13) − (2.16)) are integrated using a
second-order Adams-Bashforth scheme.
The computations are performed for the strain rate of a = 40 s−1 and the initial
droplet size, the Sauter mean diameter (SM D), of 106.7 µm. The initial droplet size
distribution is obtained by the Phase Doppler Anemometry (PDA) measurement. The
strain rate is defined as a ratio of the inlet gaseous velocity u0 and the distance between
the upper and lower port Lp (a ≡ 2u0 /Lp ). To investigate the effect of the equivalence
ratio, three computations are performed for φl = 1.26, 0.84, and 0.63 (corresponding
to Cases RE1, RE2, and RE3, respectively) with the radiation model. The equivalence
ratio is defined as a ratio based on the total mass of the droplets and air issued from the
upper port. In addition, to investigate the effect of the radiation on the soot formation,
a case without the radiation model (Case E1) with the same a, φl , and SM D conditions
for Case RE1 is computed. Here, four different cases shown in Table 1 are examined in
this study. The initial velocity of droplets is the same as the fluid velocity. The Reynolds
number based on the burner port diameter (Lp = 0.02 m), the fluid velocity (u0 = 0.4
m/s), and cold air properties is 500. The spray flames stabilized by the planar premixed
gas flame issued from the lower port are examined. Computations are run 350 ms (0.1
ms × 3, 500 time steps). The CPU time required for each case is approximately 20 hours
on AMD Opteron PC.
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Case Equivalence ratio [-] Strain rate [s−1 ] SMD [µm] Radiation
RE1
1.26
40
106.7
Yes
RE2
0.84
40
106.7
Yes
RE3
0.63
40
106.7
Yes
E1
1.26
40
106.7
No
Table 1. Cases presented.

3. Results and discussion
3.1. General features
Figure 2 shows the instantaneous distributions of (a) the gaseous temperature T , (b) the
soot volume fraction Vs , and (c) the flame index F I, for Case RE1. White dots indicate
the location of the droplets. The parameter F I is used to distinguish between premixed
and diffusion flames, and defined as (Yamashita et al. 1996)
F I = ∇YC10 H22 · ∇YO2 .

(3.1)

F I becomes positive for premixed flames and negative for diffusion flames. The high
temperature region formed by burning the fuel from the liquid phase is observed in the
center of the flow field in Fig. 2(a). The number of droplets coming from the upper port
rapidly decreases in the high temperature region. This indicates that the droplets are
vaporized mainly in this region. It is found that the high soot volume fraction is formed
in the upper part of the high temperature region (Fig. 2(b)). The high soot volume
fraction region also corresponds to the location where the diffusion flame originating
from droplet group combustion is formed (Fig. 2(c)) (Nakamura et al. 2005).
Figure 3 shows the time averaged profiles of (a) the gaseous temperature T̄ , the mixture
fraction Z̄, the soot volume fraction V̄s , and the evaporation rate of droplets S̄m , (b) the
mass fractions of the soot precursor and oxidizers Ȳk , and (c) the source terms of the
soot mass density S̄M , respectively. It is found in Fig. 3(a) that first, there are main
preheat and evaporation layers at 0.25 ≤ x/Lp ≤ 0.3. Then the fuel droplets ignite and
T̄ increases to its maximum value. As T̄ increases, S̄m increases and reaches its peak
value. Since Z produced by the evaporation is transported downstream (in the direction
of larger x/Lp ) and keeps growing by droplet evaporation, the peak of Z̄ is located
downstream of the peak of S̄m in the region where the evaporation rate goes to zero.
However, the location showing the peak value of V̄s corresponds to that of Z̄, and the
shape of the profile of V̄s is similar to that of Z̄. The mass fraction of OH radical, ȲOH ,
has two peaks around at x/Lp = 0.35 and 0.5, and the peak values of the mass fraction
of C2 H2 , ȲC2 H2 , and the total soot formation rate appear between the two peaks of ȲOH
(Figs. 3(b) and (c)). The oxidation rate has a negative peak value upstream of the peak
of ȲC2 H2 , and is almost zero downstream. This is because in this downstream region,
oxygen has been already consumed by droplet group combustion.
3.2. Effect of equivalence ratio
To investigate the effects of equivalence ratio of the liquid phase fuel, the computations
are compared among three cases of φl = 1.26, 0.84, and 0.63 (corresponding to Cases
RE1, RE2, and RE3, respectively). Figure 4 shows the comparison of the instantaneous
distributions of (a) the gaseous temperature T , (b) the flame index F I, (c) the soot
radiation emission Es , and (d) photographs taken in the experiment (Hwang et al. 2000).
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Figure 2. Instantaneous distributions of (a) gaseous temperature T , (b) soot volume fraction
Vs , and (c) flame index F I, for Case RE1.

Figure 3. Time averaged profiles of (a) gaseous temperature T̄ , mixture fraction Z̄, soot volume
fraction V̄s and evaporation rate of droplets S̄m , (b) mass fractions of soot precursor and oxidizers
Ȳk , and (c) source terms of soot mass density S̄M , for Case RE1.
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Figure 4. Instantaneous distributions of (a) gaseous temperature T , (b) flame index F I, (c)
soot radiation emission Es , and (d) experiment’s photographs, for φl = 1.26, 0.84, and 0.63
(Cases RE1, RE2, and RE3, respectively).

Es , defined as
Es = Vs σT 4 ,

(3.2)

can be compared with the luminous flame since the brightness of the luminous flame
is proportional to the radiation emission from the soot. As φl increases, both the high
gaseous temperature and diffusion flame regions become large (Figs. 4(a) and (b)). It is
also found that Es significantly increases with increasing φl (Figs. 4(c)). This trend is in
good agreement qualitatively with that of the luminous flames observed in the experiment
(Figs. 4(d)). Actually, in the experiment, the luminous flames for Case RE1 are observed
constantly, while those for Case RE3 are observed intermittently.
Figure 5 shows the time averaged profiles of (a) the gaseous temperature T̄ and the
evaporation rate of droplets S̄m , and (b) the soot volume fractions V̄s and mass fractions
of C2 H2 ȲC2 H2 , respectively. Only a small difference in the peak values of T̄ can be observed among Cases RE1, RE2, and RE3 (Fig. 5(a)). However, V̄s increases dramatically
as φl increases (Fig. 5(b)). This is due to the increase of ȲC2 H2 , namely the production
of the precursor of the soot becomes marked with increasing S̄m .
3.3. Effect of radiation
To investigate the effect of the radiation, the two cases with and without the radiation
(Cases RE1 and E1, respectively) are compared. Figure 6 shows comparisons of time
averaged profiles of (a) the gaseous temperature T̄ and the evaporation rates of droplets
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Figure 5. Time averaged profiles of (a) gaseous temperature T̄ and evaporation rate of droplets
S̄m , and (b) soot volume fraction V̄s and mass fraction of C2 H2 ȲC2 H2 , for φl = 1.26, 0.84, and
0.63 (Cases RE1, RE2, and RE3, respectively).

Figure 6. Comparison of time averaged profiles of (a) gaseous temperature T̄ and evaporation
rates of droplets S̄m , and (b) soot volume fraction V̄s and mass fraction of C2 H2 ȲC2 H2 , between
the cases of with and without radiation (Cases RE1 and E1, respectively).

S̄m , and (b) the soot volume fraction V̄s and the mass fraction of C2 H2 ȲC2 H2 . The peak
value of T̄ is approximately 300 K higher and the fuel droplets ignite earlier for Case
E1 than that for Case RE1 (Fig. 6(a)). Also for Case E1, the increase of S̄m takes place
earlier than that for Case RE1. This is because the radiative heat losses, which are caused
by the fact that unburned gas and fuel droplets have much lower temperature than the
flame, are neglected for Case E1.
It is found in Fig. 6(b) that V̄s for Case E1 is much higher than that for Case RE1.
This is because T̄ for Case E1 is higher than that for Case RE1, as mentioned earlier.
According to Eqs. (2.21) − (2.24), like for the soot inception and growth, the oxidation
rate should increase with increasing gaseous temperature, and therefore suppress the
soot formation. However, for the present cases, oxygen has been already consumed by
the droplet group combustion, for which the oxidation is not very effective. As a result,
the soot formation is increased by neglecting radiation.

4. Conclusions
Two-dimensional numerical simulations were applied for spray flames formed in a laminar counterflow, and the soot formation behavior was studied.
The soot is formed in the diffusion flame (droplet group combustion) region and its
radiation emission increased with an increase in the equivalence ratio of the droplet fuel.
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This trend is in good agreement with that of the luminous flame behavior observed in
the experiment. The increase of the soot radiation emission is found to be due to the
increase of the precursor (C2 H2 ) production.
It is also found that the radiation strongly affects the soot formation behavior. The
soot volume fraction predicted without the radiation model is much higher than that
with the radiation model. This is because the temperature of unburned gas and fuel
droplets is much lower than the gaseous flame, which decreases the flame temperature
and then the soot inception and growth rates through radiation.
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