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A zonal advection-diffusion-reaction model for
self-disturbance correction in point-particle

computations

By S. V. Apte†

A novel approach to correct for the self-disturbance created by a particle in two way–
coupled point-particle computations is developed. The self-disturbance velocity field is
obtained by solving the model advection-diffusion-reaction (ADR) equations for each par-
ticle, in a small zone of interest, using an overset grid–based approach. This zonal solution
of the ADR equations is then used to construct the undisturbed fluid velocity needed in
force closure models. The Zonal-ADR model is first verified for a range of single- and
multiple-particle test cases including isotropic turbulence laden with Kolmogorov-scale
particles to show good predictions compared to available data. The model is applicable
over a range of Reynolds numbers, wall-bounded flows, and different interpolation kernels.

1. Introduction

The Euler-Lagrange particle-laden flow simulations typically employ the point-particle
model, wherein the flow around the particle is not resolved and the particles are assumed
to be subgrid point sources. The coupling force between the fluid and the particles is
evaluated using empirical closure models for drag, lift, added mass, pressure, and history
forces, among others (Maxey 1987). The reaction force from the particles is distributed to
the neighboring grid control volumes and added to the fluid momentum equations. The
force closure models for low volume loadings are typically based on the undisturbed fluid
velocity seen by the particle, which is defined as the fluid velocity at the particle location
in the absence of the self-disturbance created by the particle under consideration. This
undisturbed fluid velocity is not readily available in a two way–coupled computation.
Instead, the disturbed fluid flow is typically used. When the particles are much smaller
than the Eulerian grid, the magnitude of the self-disturbance velocity field is small, and
does not significantly affect the fluid velocity in neighboring control volumes. The Euler-
Lagrange point-particle approach then provides reasonably accurate predictions of the
particle dynamics and fluid-particle interactions. However, several applications involving
sprays and droplet breakup (Apte et al. 2003) and wall-bounded channel flows (Gualtieri
et al. 2015; Horwitz et al. 2022) result in particles that are on the order of the Eulerian
grid in one or more directions. Under such situations, the point-particle approach can
result in large errors when the self-disturbance field is neglected (Gualtieri et al. 2015;
Horwitz & Mani 2018).
Obtaining the undisturbed fluid flow has received significant attention recently (Gualtieri

et al. 2015; Ireland & Desjardins 2017; Horwitz & Mani 2018; Esmaily & Horwitz 2018;
Balachandar et al. 2019; Evrard et al. 2020; Pakseresht et al. 2020; Pakseresht & Apte
2021; Horwitz et al. 2022). A majority of these methods use the analytical Stokes flow
solution over a particle in an unbounded domain (Ireland & Desjardins 2017; Esmaily
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& Horwitz 2018; Horwitz & Mani 2018), Oseen-like discrete Green’s functions (Horwitz
et al. 2022), or the Stokeslet solution for wall-bounded flows (Pakseresht et al. 2020),
and have been shown to be effective at low particle Reynolds numbers (Rep ≤ 20, ap-
proximately). Balachandar et al. (2019); Liu et al. (2019) and (Evrard et al. 2020) used a
regularized Green’s function with extensions to higher Reynolds numbers using Oseen’s
approximation and other correction factors.

Pakseresht & Apte (2021) derived the equations for disturbances created by a single
particle and solved it directly using an approximation for the pressure disturbance to
show good results for a range of Reynolds numbers. However, their approach did not
include the neighboring particle disturbances. In this work, the approach first developed
by Pakseresht & Apte (2021) is extended to multiple particle systems by using an overset
grid for solution of the disturbance field around each particle. The undisturbed velocity
seen by each particle includes the disturbances from all other particles and thus the
formulation is able to capture the effect of neighboring particles.
The rest of the paper is arranged as follows. The mathematical formulation for the dis-

turbance field is derived in Section 2. Section 3 briefly describes the zonal implementation
of disturbance field solution for each particle. Section 4 documents verification studies
for a range of standard test cases for single- and multiple-particle systems including
particle-laden decaying isotropic turbulence corresponding to the particle-resolved direct
numerical simulation (PR-DNS) of Mehrabadi et al. (2018), followed by a summary in
Section 5.

2. Mathematical formulation

The mathematical formulation is based on the incompressible Navier-Stokes equations,
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where ρg is the density of the fluid, µ is the dynamic viscosity, p is the pressure, and
ui is the two-way coupled fluid velocity that includes the disturbances created by all Np

particles through the net interphase source term (Ṡi) based on all forces (F t
i,q), except the

gravity, acting on the particle located at xq and projected onto the Eulerian grid control
volumes located at xcv, using the interpolation kernel Gσ, with σ being the kernel width.
The projection function satisfies the conservation condition,

∫
V GσdV = 1, where the

integration is over the whole fluid volume (V).
The undisturbed flow field seen by a particle p [denoted by superscript (·)u,p] can be

obtained by excluding the reaction force from the pth particle,

∂uj
u,p

∂xj
= 0, (2.3)
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Subtracting Eqs. (2.1)-(2.2) from the corresponding Eqs. (2.3)-(2.4), the self-disturbance
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field [denoted by superscript (·)d,p] created by the particle p is given as

∂ud,p
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= 0, (2.5)
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where

ud,p
i = uu,p

i − ui, pd,p = pu,p − p. (2.7)

Note that in the self-disturbance equation, only the interaction force from the particle p
is needed. There is also nonlinear interaction between the disturbance field for particle p
and the two way–coupled velocity (ui) as well as the undisturbed velocity (uu,p

i ).
Solving the above set of equations, although possible, is expensive, as it requires solu-

tion of a Poisson system for the pressure disturbance for each particle. Pakseresht & Apte
(2021) first suggested to approximate the pressure and viscous terms in the disturbance
equation as a diffusion term with effective viscosity Kµµ. The idea for such approxi-
mation stems from the fact that in the Stokes flow limit, the pressure contribution to
the drag force on a spherical particle is exactly half of the viscous contribution and has
the same form as the viscous force. Hence, to match the drag force in the Stokes limit,
Kµ = 1.5 was used. In general, Kµ will vary based on the Reynolds number. Recent
PR-DNS studies by Ganguli & Lele (2019) showed that the ratio of pressure to viscous
contribution to drag remains roughly the same up to a particle Reynolds number of 10.
Hence, Kµ = 1.5 is used for all cases considered in this work, and good predictions up to
Rep = 100, suggest that the assumption is reasonable even for larger Reynolds numbers.
The approximate disturbance equations for the particle p then become
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The above nonlinear, unsteady advection-diffusion-reaction (ADR) equations are solved
in addition to Eqs. (2.1-2.2), to obtain the undisturbed velocity from Eqs. (2.7).
The Lagrangian equations for the motion of the pth particle are

dxi,p

dt
= ui,p, mp

dui,p

dt
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(
1− ρg

ρp

)
gi + F t

i,p, (2.9)

where xi,p and ui,p are the particle position and velocity, respectively; mp is the mass
of the particle, and F t

i,p represents forces acting on the particle including the drag, lift,
added mass, pressure, and history, among others. For example, the standard drag force
on the particle p can be modeled as,

F drag
i,p = mp

uu,p
i,@xp

− ui,p

τr
, τr =

1

f

ρpD
2
p

18µ
, f = 1 + 0.16Re0.687p , (2.10)

where uu,p
i,@xp

represents the undisturbed fluid velocity seen by the particle p and interpo-

lated to the particle location (xp), Dp is the particle diameter, τr is the particle relaxation
time, and f is the Schiller and Naumann nonlinear correction for drag coefficient based
on the particle Reynolds number, Rep = ρgDp|uu,p

i,@xp
− ui,p|/µ.

A grid resolution–based, compact, three-point Roma-delta function is used as kernel
to interpolate the flow variables from the control volume centers to the particle locations,
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and to project source terms from the particle location to the surrounding control volumes.
The kernel is second-order, smoother than trilinear interpolation, and commonly used in
immersed-boundary methods (Roma et al. 1999)

G∆(xcv−xp) =





1
6 (5− 3|r| −

√
−3(1− |r|)2 + 1), 0.5 ≤ |r| ≤ 1.5, r = |xcv − xp|/∆

1
3 (1 +

√
−3r2 + 1), |r| ≤ 0.5

0, otherwise.
(2.11)

3. The Zonal-ADR method

The ADR equations for each particle p only need the net force acting on the particle
F t
i,p and can be solved separately. In addition, the undisturbed fluid velocity is only

needed at the particle location to compute the particle forces. These two aspects are
exploited by solving the ADR equations in a small zone surrounding the particle.
A Cartesian, collocated grid–based, second-order, fractional time–stepping solver has

been developed (Finn et al. 2016) and used in the present work. An overset-grid algorithm
is devised for the zonal solution. In general, the solution of the ADR equation can be
carried out on a grid not aligned with the flow-solver grid. However, this requires interpo-
lation of the two way–coupled fluid velocity from the flow-solver grid to the overset grid,
resulting in interpolation errors. In the present case, the overset grid and the flow-solver
grids are exactly aligned, and only the control volumes where the ADR equations need to
be solved for each particle are tagged (see Figure 1). As the particle moves, this tag for
flow-solver control volumes is updated at each time step. A zone containing ±cni, ±cnj,
±cnk control volumes is used, where cni, cnj, and cnk correspond to the extent of the
number of overset-grid points around the particle in x, y, and z directions, respectively.
Typically, the values of cni, cnj, and cnk depend on the particle size as well as the local
grid resolution. A typical value of ±6–8 grid points is found to be sufficient for all the
test cases studied in the present work.
The second term in the ADR Eq. (2.8) represents advection of the disturbance by the

two way–coupled velocity field (ui). This velocity field is already known from the so-
lution of the two way–coupled Navier-Stokes equations (2.2). The continuity-satisfying,
face-based velocity field and the cell-center velocity (ui) are needed for each tagged con-
trol volume. If the zone corresponding to a particle q crosses over processor boundaries,
transfer of cell-center and face-based velocity for several ghost cells is needed from neigh-
boring processors. The number of ghost cells in each direction is thus set equal to cni,
cnj, and cnk, respectively. The third term in the ADR Eq. (2.8) represents advection
of the undisturbed flow velocity (uu,p

i ) by the disturbance field. This nonlinear term is
treated explicitly by using the undisturbed flow velocity from the previous iteration. Im-
proved temporal accuracy for this term can be obtained using multiple inner iterations;
however, it was found to be unnecessary for the cases studied. The viscous and the other
advection term are approximated using the second-order Crank-Nicholson scheme and
using the same spatial discretization algorithm as the baseline flow solver.
The disturbance field diminishes to zero far away from the particle. If there are walls

present in the domain, the disturbance velocity field at the wall also goes to zero due
to no-slip condition. Thus, obtaining the disturbance field for a particle near a wall is
straighforward by simply imposing the no-slip condition. The disturbance field is gen-
erated by the particle reaction force and in the absence of any advection, it is simply
diffused away from the particle. In the presence of advection, a convective outflow bound-
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Figure 1. Zonal-ADR solution on ±8 overset grids around the particle center. The flow-solver
and overset grids and the computed disturbance velocity in the vertical direction are shown for
a particle settling under gravity.

ary condition is applied on boundaries of the overset grid that has outflux due to the
two way–coupled velocity field, whereas no new disturbance is introduced at the influx
boundaries. The complete algorithm for each time step can be summarized as follows:

(a) Solve the Lagrangian particle Eqs. (2.9) using the
undisturbed fluid velocity. Advance the particle locations, and update the particles across
processors.

(b) Project the net force on all particles (F t
i,q, q =

1, .., Np) onto the Eulerian grid.
(c) Solve the two way–coupled Navier-Stokes Eqs. (2.2)

using the fractional time-stepping, collocated-grid algorithm to obtain the velocity, ui,
and pressure, p.

(d) Update the cell-center and face-based velocities
across processors for the overset grid used by each particle.

(e) Sequentially solve the ADR Eq. 2.2) over the over-

set mesh for each particle and obtain the disturbance field (ud,p
i ). Compute the undis-

turbed fluid velocity using Eq. (2.7) over the overset grid and interpolate it to the particle
location.

The Zonal-ADR approach requires storage of the two-way coupled velocity field on
the overset grid for each particle. Using only a few grid cells around the particle, the
solution of the ADR equations is reasonably fast and its overhead is insignificant, with
proper particle-load balancing. The ADR equation for each particle is independent of
other particles, and thus the method is suitable for graphics processing unit (GPU)-
based acceleration.
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Table 1. Percentage relative error in undisturbed fluid velocity at particle location for flow over
a stationary particle using the uncorrected, the Zonal-ADR (with ±8 cells around particle), and
the Esmaily & Horwitz (2018) (E&H) method implemented in the present collocated solver.

Rep Uncorrected Zonal-ADR E&H

0.1 57 1.2 1.05
0.5 53 0.5 0.83
1 34 0.87 4.5
10 14 1.7 6.8
100 9 0.9 -

4. Results

The Zonal-ADR model for self-disturbance correction is verified for a range of single-
and multiple-particle test cases and the results are compared against other approaches.

4.1. Flow over a stationary sphere

Flow over a stationary particle is investigated for a range of particle Reynolds numbers
(0.1 ≤ Rep ≤ 100). Particle of size Dp = 1/100 is placed at the center of a cubic
domain of unit length. A grid resolution of ∆ = Dp is used in all directions. Percentage
errors in the undisturbed fluid velocity at the particle location obtained with (i) no
model, (ii) the Zonal-ADR model, and (iii) the E&H (Esmaily & Horwitz 2018) model
implemented in the present collocated-grid solver are shown in Table 1. The Zonal-ADR
approach uses the grid-based Roma interpolation kernel, whereas the E&H approach uses
the trilinear interpolation for both the Euler-to-Lagrange (E2L) and Lagrange-to-Euler
(L2E) interpolations. The present correction model significantly reduces the error in
undisturbed fluid velocity compared to the uncorrected two way–coupled calculation for
a wide range of Reynolds numbers. The E&H model produces good results for Rep ≤ 10;
however, it produces errors comparable to the uncorrected model at higher Reynolds
numbers, as it assumes Stokes flow and is applicable at low Rep.

4.2. Settling particle parallel to a wall

Verification of settling speed of a particle falling freely under gravity in a quiescent fluid
and parallel to a wall at Rep = 1 is considered, following the work of Horwitz et al. (2022).
A spherical particle settles parallel to a no-slip wall at different distances from the wall.
Owing to the disturbance created by the particle near the wall, the particle experiences
force normal to the wall. However, the particle is constrained to move parallel to the
wall, and the settling speed of the particle is compared with the one way–coupled settling
speed. Percentage errors in settling speed for particles settling at different normalized
distances [ℓ/(0.5Dp)] are shown in Figure 2 for a uniform grid with Dp/∆ = 2, and
compared with predictions made by Esmaily & Horwitz (2018), Horwitz et al. (2022),
and the uncorrected scheme. The present Zonal-ADR model is able to correct for the
disturbance created by the particle next to a wall fairly accurately without requiring any
special treatment to account for the wall-bounded disturbance.
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Figure 2. Percentage error in settling speed of a particle parallel to a no-slip wall at different
normalized distances from the wall predicted by the present Zonal-ADR, uncorrected, Horwitz
et al. (2022), and Esmaily & Horwitz (2018) models.

Table 2. Percentage error in settling speed of two touching particles (ℓ/Dp = 1) settling side by
side in a quiescent fluid at Rep = 0.1 using uncorrected two way–coupled computation and the
Zonal-ADR method with Roma interpolation kernel, and the Esmaily & Horwitz (2018) (E&H)
model with trilinear interpolation implemented in the present collocated-grid solver.

Dp/∆ Uncorrected Zonal-ADR E&H

0.5 19.3 3.2 4.3
1 53 2.1 1.5
1.5 75 0.9 1.2
3 91 5.2 5.1

4.3. Settling of two particles

The test case of two particles falling side by side under gravity in a quiescent fluid
investigated by Esmaily & Horwitz (2018) is considered to test the capability of the
Zonal-ADR model to capture the effect of disturbance fields created by neighboring
particles. The degree to which the settling velocity changes depends on the distance (ℓ)
between the two particles. Particles at infinite distance will have no effect on settling
speed of one another, whereas as the separation distance is reduced, the settling speed
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of the group increases, with the largest modification occurring when two particles are
touching each other at ℓ = Dp. Under free fall, two side by side particles will experience
a drag force as well as a repulsive force normal to their settling velocity. However, to
facilitate comparison with the analytical solution, the distance between the particles is
kept constant, and the particles are constrained to move parallel to each other.

At a terminal settling Reynolds number of Rep = 0.1 for a single particle, the group
settling speed becomes 1.38Us, where Us is the settling speed of a single particle in an
unbounded domain (Esmaily & Horwitz 2018). For the present test case, the particle-
to-fluid density ratio is 180, particle diameter is Dp = 1/100, viscosity µ = 0.001, and
gravitational acceleration g =-0.01 giving a Stokes number of 10 and Reynolds number
based on the terminal speed of a single particle of 0.1. The predictions from the Zonal-
ADR model are compared with no correction as well as the Esmaily & Horwitz (2018)
model (E&H) and the percentage errors are shown in Table 2. The uncorrected approach
overpredicts the settling speed. The Zonal-ADR approach is able to capture the group
settling speed accurately for different particle sizes relative to the grid size and results
are comparable to the E&H model implemented in the present solver.

4.4. Decaying isotropic turbulence

Decaying isotropic turbulence laden with Kolmogorov-scale particles is simulated corre-
sponding to the particle-resolved data by Mehrabadi et al. (2018) at a Taylor microscale
Reynolds number ofReλ ∼ 27. The computational domain is a triply periodic cubic box of
side length 2π. The initial condition for each case is the divergence-free random field sam-
pled from Pope’s model energy spectrum (Pope 2000). The particle size (Dp) is selected
to be same as the initial Kolmogorov length scale, η0 = 2π/96. The grid resolution used
is finer than the particle size (Dp/∆ = 2) to assess the ability of the Zonal-ADR model to
predict the undisturbed flow field for particle sizes larger than the grid. The particle den-
sity ratio is ρp/ρf = 1800, particle Stokes number Stp = (1/18)(ρp/ρf )(Dp/η0)

2 = 100,
while the volume and mass loading are φ = 0.001 and φm = 1.8, respectively, giving a
total of Np = 1689 particles in the domain. Particle dynamics are based only on drag
force modeled using the standard Schiller-Naumann drag correlation. Initially, particles
are injected at random positions within the domain, and the initial particle velocity is
set equal to the fluid velocity interpolated to the particle center. Figure 3(a) shows the
instantaneous snapshot of out-of-plane vorticity superimposed by particles in the plane.
The particles are colored by the disturbance velocity at the particle location. Figure 3(b)
shows the temporal evolution of particle kinetic energy normalized by the initial fluid
phase kinetic energy obtained using the grid-based Roma interpolation kernel with and
without any self-disturbance correction. Also shown is the prediction using the Esmaily
& Horwitz (2018) model with trilinear interpolation kernel implemented in the present
solver. Without any correction model, the fluid velocity at the particle location used in
the drag model is incorrect, resulting in underprediction of the drag force and hence
significantly lower damping of the particle kinetic energy. With correction, both models
reproduce the PR-DNS data by Mehrabadi et al. (2018).

Figure 3(c) shows the temporal evolution of the net dissipation rate normalized by the

initial dissipation rate [ε(net)/ε
(f)
0 ] for the various interpolation kernels with and without

correction. The net dissipation rate is computed as the rate of change of the mixture
kinetic energy of the system, ε(net) = −dem/dt = −

[
(1− φ)ρfdk

(f)/dt+ φρpdk
(p)/dt

]
,

where k(f) and k(p) represent the volume-averaged fluid and particle kinetic energy, re-
spectively. Without correction for self-disturbance, the net dissipation rate is significantly
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Figure 3. Decaying isotropic turbulence laden with Kolmogorov-scale particles: (a) snapshot
of out-of-plane vorticity contours with scatter plot of particles colored by the disturbance veloc-
ity magnitude, (b) normalized particle kinetic energy, and (c) normalized net dissipation rate.
Predictions with no model, Zonal-ADR, and Esmaily & Horwitz (2018) model (E&H) compared
against the PR-DNS data by Mehrabadi et al. (2018) are shown.

underpredicted when using the grid-based Roma interpolation, whereas with correction,
it closely follows the PR-DNS data.

5. Conclusions

A novel Zonal-ADR method is developed that solves a model equation for the self-
disturbance created by a particle in point-particle simulations in a small region sur-
rounding each particle. An overset grid–based approach is used for the zonal solution.
The approach is verified for a range of single- and multiple-particle systems to show
good predictive capability. The approach is valid for a wide range of Reynolds numbers,
wall-bounded flows, multiple-particle systems, any Euler-Lagrange interpolation kernel,
and different hydrodynamic feedback forces. The zonal solution methodology of the ADR
equation can be easily implemented in any flow solver and is suitable for parallelization
using GPUs. Extensions to heat transfer and evaporation are possible and will be the
focus of future study.
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