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Spectral analysis of multidimensional
current-driven plasma instabilities and turbulence

in hollow cathode plumes

By W. H. R. Chan†, K. Hara, J. M. Wang, S. S. Jain, S. Mirjalili AND I. D.
Boyd†

Large-amplitude current-driven instabilities in hollow cathode plumes can generate en-
ergetic ions responsible for cathode sputtering and spacecraft degradation. A 2D2V (two
dimensions each in configuration [D] and velocity [V] spaces) grid-based Vlasov–Poisson
(direct kinetic) solver is used to study their growth and saturation, which comprises four
stages: linear growth, quasilinear resonance, nonlinear fill-in, and saturated turbulence.
The linear modal growth rate, nonlinear saturation process, and ion velocity and energy
distribution features in the turbulent regime are analyzed. Backstreaming ions are gener-
ated for large electron drifts, several ion acoustic periods after the potential field becomes
turbulent. Interscale phase-space transfer and locality are analyzed for the Vlasov equa-
tion. The multidimensional study sheds light on the interactions between longitudinal
and transverse plasma instabilities, as well as the inception of plasma turbulence.

1. Introduction

Hollow cathodes are crucial for the production of plasmas, and particularly electrons,
in electric spacecraft thrusters. The erosion of cathode structures can limit the lifetime of
outerspace missions by an order of magnitude to less than O(10,000) hours (e.g., Friedly &
Wilbur 1992; Kameyama & Wilbur 2000; Williams, Jr. et al. 2000; Mikellides et al. 2005,
2007, 2008; Goebel et al. 2007; Jorns et al. 2014; Lev et al. 2019). A key cause of such
sputtering is the generation of fast ions at the cathode orifice, with energies corresponding
to up to 100 eV (Friedly & Wilbur 1992; Williams & Wilbur 1992; Kameyama & Wilbur
2000; Williams, Jr. et al. 2000; Boyd & Crofton 2004; Goebel et al. 2007; Mikellides et al.
2008; Farnell et al. 2011). These high-energy ions are currently postulated to arise in
part from collisionless and electrostatic current-carrying instabilities (Williams, Jr. et al.
2000; Mikellides et al. 2005, 2007, 2008; Goebel et al. 2007; Jorns et al. 2014; Lopez
Ortega & Mikellides 2016; Jorns et al. 2017; Sary et al. 2017a,b; Hara & Hanquist 2018;
Lopez Ortega et al. 2018; Hara 2019). The generation of axially energetic ions has been
numerically investigated through grid-based Vlasov–Poisson (direct kinetic) simulations
in a single spatial dimension (1D) (Hara & Treece 2019; Vazsonyi et al. 2020). We extend
the analysis to two spatial dimensions (2D) to probe transversely (radially) energetic
ions, whose presence has been observed experimentally (Boyd & Crofton 2004; Goebel
et al. 2007; Farnell et al. 2011; Hall et al. 2019). Such ions are already deflected from the
centerline from their inception and can impinge spacecraft more easily.

Two categories of current-carrying instabilities in fully ionized plasmas are typically
considered (Omura et al. 2003; Mikellides et al. 2005). The ion acoustic instability mani-
fests when the electron drift speed Ue exceeds the Bohm speed

√
kBTe/mi and Te � Ti,
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where kB, Te, Ti, and mi are the Boltzmann constant, electron temperature, ion tem-
perature, and ion mass, respectively (Stringer 1964 and references therein). Physically,
ion oscillations are excited by the net electron drift. Over a broad range of Ti/Te, the
Buneman instability arises when Ue >∼ ce =

√
kBTe/me, where ce and me are the electron

thermal speed and electron mass, respectively (Buneman 1959). For 1D, the threshold is
about Ue ≥ 1.3ce. Physically, electron oscillations are excited by the net electron drift.
We consider Te/Ti = 10, which is representative of cathode operating conditions (Goebel
et al. 2005; Mikellides et al. 2005, 2007, 2008; Farnell et al. 2011; Jorns et al. 2017).
Here, both instabilities can be physically relevant depending on Ue. We build on previ-
ous studies of the two-dimensional Buneman instability (Amano & Hoshino 2009) but
focus on ion acceleration instead of electron acceleration and use a physical mass ratio
corresponding to a hydrogen plasma (mi/me = 1.8229× 103).

The objective of this work is to analyze the stages of instability growth, as well as
the inception of multidimensional plasma turbulence and its spectral characteristics. In
Section 2, we describe our computational and physical setup. In Section 3, we revisit
key results from the simpler 1D instability to obtain physical insights. These are used to
interpret results of the 2D instability in Section 4. Conclusions are provided in Section 5.

2. Methodology

2.1. Direct kinetic solver

The direct kinetic solver employed here was originally developed at the University of
Michigan with verification and validation against canonical and complex plasma prob-
lems, such as waves, electron-emitting sheaths, and Hall thruster discharges (Hara &
Hanquist 2018; Raisanen et al. 2019; Vazsonyi et al. 2020; and references therein). In
contrast to state-of-the-art particle-in-cell solvers, direct kinetic solvers eliminate statis-
tical noise and are suitable for investigating instability growth and turbulence inception.
Under the electrostatic approximation, the solver computes the time evolution of the
probability density function, f∗, for some particle type ∗ = i, e (ions, electrons) accord-
ing to the following transport equation

∂f∗(x,v; t)

∂t
+ v · ∇xf∗(x,v; t) +

q∗E
m∗
· ∇vf∗(x,v; t) = 0, (2.1)

where x, v, and E respectively denote the position, velocity, and electric field vectors, q∗
denotes the charge of the simulated particle type, and t denotes the time. The computa-
tional domain is discretized in x–v space with a parallelized second-order finite-volume
method, which is described by Chan & Boyd (2022a,b). Gauss’s law is expressed using
E = −∇xφ as a Poisson equation for the electric potential φ of the form

∇2
xφ = −e(ni − ne)

ε0
, (2.2)

where ε0 and e respectively denote the vacuum permittivity and elementary charge, and
ni and ne respectively denote the ion and electron number densities

ni(x; t) =

∫

v

fi(x,v
′; t) dv′; ne(x; t) =

∫

v

fe(x,v
′; t) dv′. (2.3)

Periodic and no-flux boundary conditions are employed for x and v, respectively.
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Figure 1. Time evolution of the ensemble-averaged electrostatic potential energy spectrum.
Field strengths are normalized by φth/λD, where φth = kBTe/e is the thermal potential. Here-
inafter, lengths and times are nondimensionalized by λD and 1/ωe, respectively. The sloped
dashed line denotes the maximum growth rate obtained from Eq. (2.4), while the vertical dot-
ted lines qualitatively demarcate different evolution stages. Every fifth mode is plotted and the
curves are colored from blue to yellow (dark to light in grayscale) in increasing k.

2.2. Problem setup and linear stability analysis

We consider 1D1V and 2D2V current-carrying instabilities, where D and V denote the
configuration and velocity spaces, respectively. The corresponding simulations are respec-
tively two- and four-dimensional. Since these are long-wavelength instabilities, we choose
domain lengths sufficiently larger than the Debye length, λD =

√
(ε0kBTe)/(nee2). The

species temperatures are Ti = 0.2 eV and Te = 2 eV, the electrons have a net axial drift
described by the initial electron Mach number Me,d = Ue/ce,d, and the ions have zero
initial mean speed. Lengths and velocities are respectively nondimensionalized by λD
and the s-dimensional thermal speed, c∗,s =

√
skBT∗/m∗ (so Me = Me,1 and c∗ = c∗,1),

while time is nondimensionalized by the inverse electron frequency 1/ωe = λD/ce.
Linear growth rates for the current-carrying instability can be analytically predicted

via solution of the (dimensional) linear dispersion relation for electrostatic waves

1 +
∑

∗

ω2
∗

c2∗k2

[
1 +

(
ω√
2c∗k

− δ∗eMe,1 cos θ√
2

)
Z

(
ω√
2c∗k

− δ∗eMe,1 cos θ√
2

)]
= 0, (2.4)

where k = |k| and ω are, respectively, the modal wavenumber magnitude and angular
frequency, θ is the angle between k and the axial direction x, ω∗ =

√
(n∗e2)/(m∗ε0) is

the plasma frequency, c∗ =
√
kBT∗/m∗, and Z is the plasma dispersion function

Z(ξ) =
1√
π

∫ ∞

−∞

e−z
2

z − ξ dz = i
√
πe−ξ

2

erfc(−iξ);
dZ(ξ)

dξ
= −2 [1 + ξZ(ξ)] . (2.5)

3. 1D current-carrying instability

To interpret the 2D current-carrying instability more easily, we first discuss pertinent
results of the 1D instability. Six 1D1V simulations with domain extents x ∈ [0, 100], vx,i ∈
[−32, 32], vx,e ∈ [−6, 6] and resolutions ∆x = 1/10, ∆vx,i = 1/25, ∆vx,e = 1/100 for the
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(a) (b)

(c) (d)

(e) (f)

Figure 2. Ion (a,c,e) and electron (b,d,f) velocity distribution functions (VDFs), normalized by
the initial spatially uniform number density, at t = 2.3×103 (a,b), 3.0×103 (c,d), and 3.8×103

(e,f). Note that the contours are logarithmically spaced.

spatial, ion velocity, and electron velocity dimensions, respectively, were performed with
∆t = 0.016 and Me,1 = 2.0 in line with the grid-point recommendations of Chan &
Boyd (2022a) for instability resolution. The time evolution of the ensemble-averaged
electrostatic potential energy spectrum, obtained through a Fourier decomposition of
φ, is plotted in Figure 1. Four stages of evolution are discernible. Modes first grow
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linearly at their analytically predicted modal growth rates. Harmonics then interact with
the fastest-growing fundamental to grow at a comparable rate. The remaining modes
eventually experience accelerated growth, filling in the intermediate wavenumbers to form
a saturated and persistent broadband spectrum. The growth of harmonics (locking) and
subsequent fill-in are features of turbulence also seen in, e.g., hydrodynamic simulations
of turbulent boundary layers. Note that larger modes always lead and exceed smaller
modes, possibly casting in doubt the existence of an inverse energy cascade.

Figure 2 plots the ion and electron velocity distribution functions at three time in-
stances: one in the third stage (nonlinear fill-in) and two in the fourth stage (saturated
turbulence). Clockwise vortical motion represents trapping. The excitation of trapped
electron oscillations precedes the generation of high-energy ions. Forward-streaming ions
and electrons are sustained at the early stage of saturated turbulence, with backward-
streaming ions and electrons following about O(10) ion oscillation periods after.

3.1. Interscale phase-space transfer and locality

Preliminary analysis of interscale transfer of fi is performed for 1D1V phase space

through analysis of the following transport equation for the filtered ion variance fi
2
/2

∂

∂t

(
1

2
fi

2
)

+
∂

∂x

(
v · 1

2
fi

2
)

+
qi
mi

∂

∂v

(
E · 1

2
fi

2
)

= − ∂

∂x

[
fi
(
vfi − vfi

)]
−

− qi
mi

∂

∂v

[
fi
(
Efi − E fi

)]
+
(
vfi − vfi

) ∂fi
∂x

+
qi
mi

(
Efi − E fi

) ∂fi
∂v

. (3.1)

The last two terms are denoted Tx and Tv, and represent interscale transfer due to trans-
port in the physical and velocity spaces, respectively. The overbar denotes a filtering
operation, which is performed here with the assistance of a discrete wavelet decomposi-
tion. The ion distribution function fi may be written as (cf. Kim et al. 2018)

fi(x, v) =
S∑

s=1

3∑

d=1

∑

xs,vs

f̌ (s,d)(xs, vs)G(s,d)(x− xs, v − vs) +
∑

xS ,vS

f̂ (S)H(S)(x− xs, v − vs),

(3.2)
where s and S respectively denote the scale index and number of scales, d is a wavelet
directionality index, G(s,d) andH(s) respectively denote the wavelet and scaling functions,
and f̌ (s,d) and f̂ (s) respectively denote the detail and approximation coefficients. Here,
the Haar wavelet is used and the Vlasov simulation is performed with 1,024 points in

each dimension so that S = 10. Then, fi
(σ)

is defined for σ = 1, . . . ,S as

fi
(σ)

(x, v) =

S∑

s=σ

3∑

d=1

∑

xs,vs

f̌ (s,d)(xs, vs)G(s,d)(x−xs, v−vs)+
∑

xS ,vS

f̂ (S)H(S)(x−xs, v−vs).

(3.3)

Figure 3 plots Tv
(σ) − Tv

(σ+1)
(v), averaged over all x, late t ∈ [3.8× 103, 7.6× 103], and

40 ensemble realizations. This represents the ion variance gained or lost at velocity v and
scale σ due to transfer between velocities and scales. The corresponding spatial interscale
term is negligible in comparison (not shown here). At these late times, interscale transfer
is biased towards negative velocities, as backward-streaming ions are formed on average
after forward-streaming ions. The limited correlation between large and small scales hints
at interscale locality, which may be verified through an information-theoretic approach
analyzing causality (Lozano-Durán & Arranz 2022).
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Figure 3. The ensemble, time, and spatially averaged bandpass-filtered interscale transfer
term due to velocity transport at different scales σ.

(a) (b)
Figure 4. Time evolution of the axial and transverse potential energies for the baseline (a) and

velocity-refined (b) simulations. The analytical line denotes the growth rate from Eq. (2.4).

4. 2D current-carrying instability

Building on the preliminary work of Vazsonyi (2021), the 2D2V instability is simulated
with domain extents x, y ∈ [0, 80], vx,i, vy,i ∈ [−32, 32], vx,e, vy,e ∈ [−6, 6] and resolutions
∆x = ∆y = 1/2.5, ∆vx,i = ∆vy,i = 1/2, ∆vx,e = ∆vy,e = 1/16 for the spatial, ion veloc-
ity, and electron velocity dimensions, respectively. A second simulation was performed
with twice the resolution in all velocity dimensions to ascertain velocity grid convergence,
given that resolutions are decreased from the 1D case for computational tractability. The
simulation is converged with respect to the spatial grid and domain extent for the quan-
tities of interest (not shown here). Both simulations were performed with ∆t = 0.062 and
Me,2 = 1.6 (so Me,1 = 2.3). Figure 4 plots the time evolution of the axial and transverse
potential energies, respectively,

∑
E2
x/2 and

∑
E2
y/2, where Ex and Ey are the axial and

transverse electric field strengths in each cell. The baseline resolution is seen to exhibit
grid convergence and is analyzed for the remainder of this work.
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(a) (b)

(c) (d)

Figure 5. Numerical growth rates of spectral modes {kxMe,1, kyMe,1} of the electric potential
spectrum Eφφ for t = [0, 3.8 × 102] (a), [3.8 × 102, 1.1 × 103] (c), and [1.1 × 103, 1.9 × 103]
(d), obtained via linear regression. The maximum growth rate predicted by Eq. (2.4) is 0.017,
and the corresponding analytical modal growth rates are plotted in (b). Growth rates less than
5× 10−3 are excluded to remove cases where oscillations confound the regression.

Figure 5 plots the modal growth rates in time intervals qualitatively corresponding to
the four stages identified in Figure 1. The wavenumbers are multiplied by Me,1 for direct
comparison with Amano & Hoshino (2009), particularly the linear stage in Figure 5(a,b).
The same qualitative trends are observed in 1D and 2D: linear growth as described by
Eq. (2.4), subsequent comparable growth of harmonics, nonlinear fill-in of intermediate
wavenumbers via a catch-up mechanism, and eventually saturated turbulence.

Figure 6 plots several representative ion and electron velocity and energy distribution
functions. Electron trapping and isotropization occur more rapidly than their correspond-
ing ion processes owing to the larger thermal speed and smaller response time of electrons.
High-energy ions are generated in abundance at equivalent temperatures of between 20
and 50 eV with practical relevance to hollow cathode sputtering.

5. Conclusions

The investigation of current-driven plasma instabilities is crucial to determine the ori-
gin and fluxes of high-energy ions that cause hollow cathode erosion in electric spacecraft
thrusters. A direct kinetic solver is used to study the evolution of the ion and electron
velocity distribution functions without contamination from statistical noise inherent in
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 6. Local ion energy distribution functions (EDFs) at three different locations at
t = 3.8 × 103 (a,b,c) and t = 1.1 × 104 (d,e,f). The spatially averaged ion (g) and electron
(h) velocity distribution functions (VDFs), as well as the electric potential profile (i), are also
plotted for t = 1.1×104. The contours in (a–h) are logarithmically spaced, and the two concentric
circles in (a–f) represent 20 and 45 eV contours.

state-of-the-art particle methods. Both 1D and 2D current-driven instabilities exhibit
four developmental stages: linear growth, quasilinear resonance, nonlinear fill-in, and
saturated turbulence. The maximum linear modal growth rate matches analytical pre-
dictions from the linear plasma dispersion relation. Harmonics of the fastest-growing
fundamental, followed by intermediate wavenumbers, grow in a process that resembles
the development of hydrodynamic turbulence. 2D instabilities further exhibit a return to
isotropy also reminiscent of classical fluid behavior. However, unlike hydrodynamic tur-
bulence, which only fully emerges in 3D, such plasma turbulence occurs even in 1D and
2D instabilities as postulated by Buneman (1959) since ions and electrons are allowed to
interpenetrate unlike fluids. While the potential energy quickly saturates in the turbu-
lent regime, backward-streaming ions are only formed after several ion trapping cycles.
More generally, direct kinetic solvers can be used to provide quantitative predictions of
cathode sputtering rates and potential fluctuations observable in experiments.
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