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Data-driven linearization of turbulence

By Z. Chua Khoo, D. Cooper, Y. Bengana AND Y. Hwangt

Turbulence encountered in many engineering applications is commonly found with
various forms of external disturbances and perturbations: e.g., surface roughness, wind
gust, rain, ice and acoustic noise. The understanding and characterization of how such
perturbations affect the dynamics and statistics of turbulence are of crucial importance
for the prediction and modeling of the flow, and they offer valuable physical insights into
controlling turbulence in a robust way. However, turbulence is a high-dimensional chaotic
system, which makes its characterization fundamentally difficult due to the butterfly
effect, i.e., the sensitive dependence on initial conditions. To overcome this challenge,
this study aims to develop a novel data-driven input—output analysis framework that
characterizes the effect of perturbations in turbulence. To this end, two approaches have
been investigated for their suitability: (i) stochastic system identification (SSI) and (ii)
linear inverse modeling (LIM). SSI requires a further feasibility test for a large number
of inputs, while LIM over predicts the transient growth experienced by perturbations
applied to the turbulent flow. A novel strategy is therefore currently under development.

1. Introduction

The main theoretical challenge in the description for the spatiotemporal evolution
of a perturbation in turbulent flow originates from the so-called butterfly effect, which
refers to the sensitive dependence on the chaotic dynamics to initial conditions. When a
small perturbation is added to the initial condition, the evolution of turbulence becomes
unpredictable after some time, which is characterized by the Lyapunov exponent. There-
fore, the attempt to develop a theoretical description for the instantaneous evolution of
perturbations in turbulent flows is fundamentally limited by the Lyapunov time scale.
Unfortunately, the Lyapunov time scale has been known to decrease rapidly as Reynolds
number increases (Ruelle 1979; Mohan et al. 2017).

The difficulties above may be overcome by introducing a suitable averaging procedure
in the evolution of the dynamics, as originally proposed by Hussain & Reynolds (1970),
who introduced triple decomposition. Consider a dynamical system, g—(tl = N(q) + f,
where q is the state variable and f is a deterministic forcing representing the mechanism
to introduce perturbations. Now, consider an ensemble averaging procedure, denoted by
(), applied to the dynamical system. This results in

9ta)

ot
By restricting the analysis to small perturbations, the perturbation dynamics can be
described by a linear operator opted from linearization about the mean equilibrium. We
note that the linearized operator must be linearly stable for chaotic attractors, includ-
ing turbulence at high Reynolds numbers, thereby providing a well-posed mathematical

= (N(a)) +f. (L.1)
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description for the perturbation dynamics in turbulent flows. However, as discovered by
Hussain & Reynolds (1970), the linearized operator has a closure problem similar to the
Reynolds-Averaged Navier-Stokes (RANS) equations. A simple mixing-length model for
the closure problem was originally proposed by Hussain & Reynolds (1970). Many subse-
quent studies (del Alamo & Jiménez 2006; Pujals et al. 2009; Hwang & Cossu 2010) have
relied on this simple model for the linear analysis of turbulent flow, such as transient
growth (Butler & Farrell 1993) and input-output analysis (Jovanovi¢ & Bamieh 2005;
McKeon & Sharma 2010).

The objective of this study is to identify the linearized operator for perturbations
in turbulent flows by adopting a data-driven approach, while examining the validity
of the simple closure by Hussain & Reynolds (1970). Two approaches are introduced:
(i) stochastic system identification method by Luchini et al. (2006); (ii) linear inverse
method by Penland (1989). The former models the linearized operator using a stochastic
response of the given system, and the latter indirectly models it based on the covariance
of the unforced flow system.

2. Statistical state dynamics

We start by discussing the idea of applying an averaging procedure to the Navier-Stokes
equations. Statistical state dynamics was introduced to the study of fluid mechanics by
Hopf (1952). Hopf used the concept of cumulants to study the velocity field of homoge-
neous isotropic turbulence. The framework has been proved to be fruitful in elucidating
the dynamics of turbulence modeling in the context of geophysical fluid dynamics by
Farrell & Toannou (2007) and Marston et al. (2008). This concept is also related to the
framework of the triple decomposition of a turbulent velocity field, introduced by Hussain
& Reynolds (1970), and it decomposes a turbulent velocity field into three components:
a time-averaged component (mean), turbulent fluctuations and the velocity perturbation
originating from the given external (deterministic) forcing.

2.1. Triple decomposition

The evolution of the velocity field, U(x, t), and the pressure, P(x, t), of an incompressible
Newtonian fluid are governed by the Navier-Stokes equations. With a deterministic body
forcing, F(x,t), the equations are written as

1
QU+(U-V)U:—VP+§V2U+F,

ot (2.1)

V.U =0.

In constrast with Hussain & Reynolds (1970), instead of the phase averaging, the ensemble-
averaged triple decomposition is introduced by decomposing the velocity field into

U(x,t) = U(x) + u'(x,t) + u(x, ), (2.2)

where U(x) is the temporal mean of the velocity field, u’(x,t) is the turbulent fluctua-
tions, and u(x, t) is the perturbation field associated with the forcing F. For a statistically
stationary flow, the following relation, (U)(x,t) = U(x) + u(x,t), is satisfied. From the
relation above, it can be further inferred that u/(x,t) = 0 and (u’)(x,t) = 0. Using the

triple decomposition introduced above, the statistical state dynamics evolution equations



Data-driven linearization of turbulence 125

for the ensemble averaged mean state are written as

0 / no_ 1 o
§<U>—|—(<U> V)(U)y+V-(Weud)= —V(P>+EV (U)+F, (2.3)

V- (U) =0,

which is the unsteady RANS equation with the well-known closure issue for the Reynolds
stress term, (u’ ® u').

2.2. Statistical state dynamics for small perturbations

In a statistically stationary flow, an ensemble average is equivalent to a time average.
Therefore, the time-averaged velocity field, denoted by (e), is an equilibrium state of the
mean statistical state equations [Eq. (2.3)]. By linearizing around this equilibrium state,
the linearized mean statistical state equations is derived. Consider a small perturbation
under the effect of F = ef,

U U u
P N P P
< u’ > (Xv t) ~ 0 (X) te 0 (X7 t)a
u @u u @u (W ®u’)

for e < 1. At O(1), the mean equilibrium state adheres to the time-averaged Navier-
Stokes equations, albeit augmented with the related Reynolds stress term, u’ ® u’, re-
sulting in

— — - — 1 —
(U-v)U+v-(uf®uf):—VP+§V2U,

- (2.4)
V-U=0.
The dynamics of the perturbation terms, (/:), is described at O(e), such that
0 — 1
i . / N — Uy L 727
atu+V (v @u) Vp—i—ReVu
—(U-V)ii— @ V)T +f, (2.5)

V-u=0.

In the absence of the Reynolds stress perturbation term, Eq. (2.5) is the linearized Navier-
Stokes equations around the temporal mean state. However, for the ensemble-averaged
state, the addition of a small perturbation is expected to yield the resulting Reynolds
stress term, V- (0’ ® u’). This Reynolds stress term leads to a similar closure problem as
the standard RANS equations. As discussed, to overcome this issue, Hussain & Reynolds
(1970) introduced a simple mixing length model used for the Reynolds stress term in Eq.
(2.4). The key task of this study is to identify the role of this term in the evolution of the
ensemble-averaged velocity field, @, by identifying Eq. (2.5) in a data-driven manner.

3. Data-driven identification of linearized statistical state dynamics

Here, we introduce two mathematical frameworks to identify Eq. (2.5) for a general
form of forcing in a data-driven manner. For this purpose, let us assume that the per-
turbation dynamics is modeled by an autonomous linearly stable dynamical system with
inputs

u(x,t) = Lu(x,t) + f(x,1), (3.1)
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where u(x,t) is the state vector representing u in Eq. (2.5), and L the linear time-
invariant operator for the temporal dynamics of the system. The general solution of Eq.
(3.1) is given as

¢
u(x,t) = eu(x, 0) —|—/ e=9Lf (x5 ds. (3.2)
0

3.1. 881

The first approach was originally proposed by Luchini et al. (2006), which we shall refer to
as SSI, since it identifies L by applying a stochastic forcing to the system. In this instance,
let £(¢) be governed by a real-valued multivariate Gaussian distribution, £ ~ N (p, ),
with the mean, u = 0, and the covariance matrix, 3 = I. For the given modeling ansatz
in Eq. (3.1) for the small perturbation dynamics, the computation of the cross-correlation
between the state vector and the input vector, C;f(x, x'), identifies the linear operator
using the following property

C;f(x,x’) =(ux,t)@f* (x/,t—71)) =", (3.3)

with (e)* being the complex conjugate and derived from Eq. (3.2) using It6 isometry. L
is then obtained as

L— %m[c;’f(x,x')}. (3.4)

We note that SSI is an intrusive approach in the sense that the forcings representing the
perturbations are directly applied to the system. In this approach, the system response
to a broadband stochastic forcing is directly measured to reconstruct the system in a
data-driven manner. The main challenge here is that the amplitude of the forcing with
the degree of freedom of the given system needs to be small enough to satisfy the linearity
assumed, while many samples are required to ensure the convergence of Cy, ¢(x, x') by
overcoming the background turbulence and the stochastic noise.

3.2. LIM

The second approach examined in the present study was proposed by Penland (1989) in
the context of meteorology, with some promising results for the Lorenz system (Penland
1989) and for the spatial mean in turbulent channel flow (Farrell & Ioannou 2024). This
approach, referred to as LIM, assumes that turbulent fluctuations, u’, may be modeled
by

u' = Lul(xa t) +n(x, 1), (3.5)
where 7(t) characterizes a suitable stochastic forcing term derived to mimic the random
nature of turbulent fluctuations. Although Penland (1989) and Farrell & Ioannou (2024)
formulated their problem by assuming that n(t) is a white noise, this is not technically
necessary for the modeling procedure. In this approach, the key assumption is that the
small perturbation field are affected by the background turbulence similar to the way
that turbulent fluctuation field is; thus, the coherent perturbation field shares an identical
operator, L, as the fluctuation field. In other words, the coherent perturbation field is
modeled by adding a perturbation to Eq. (3.5), such that

u = Lu(x,t) + f(x,t), (3.6a)
where

1 .
L= ~-In[C] ,(C% )7 with CT, (W (x,t)@u" (X't —7)). (3.60)
pn : :

u’ ,u —
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Here, we note that L is now obtained from Eq. (3.5) rather than from Eq. (3.1), unlike
the SSI approach. To complete the description, once L is obtained from Eq. (3.60), the
noise term in Eq. (3.5) is characterized by the following Lyapunov equation

0=LCY , +C% L +Q with Q=(u'®n) +(nau), (3.7)

where (¢)f is the complex conjugate transpose.

The main benefit of the LIM approach is that it is not intrusive. In other words, the
linear operator L is actually obtained without applying any forcing. This is an distinct
advantage over SSI, where a small-amplitude white noise forcing is applied to the sys-
tem. However, the validity of the key assumption that turbulent perturbations would
be affected by the background turbulence similar to the turbulent fluctuation dynamics
deserves some careful scrutiny, especially given the encouraging observation by Penland
(1989) and Farrell & Ioannou (2024).

4. Operator identifications
4.1. Turbulent channel flow

We consider plane channel flow to test SSI and LIM in the previous section. The stream-
wise direction is denoted by x, the wall-normal direction by y and the spanwise di-
rection by z. Two parallel walls are located 2h apart in the wall-normal direction at
y = 0,2h, with h being the half-height of the channel. The flow is driven by a pres-
sure gradient, while keeping its mass flow rate constant. The streamwise and span-
wise directions are set to be periodic. To sample the data required, direct numeri-
cal simulation (DNS) is performed with the code used by Hwang (2013), where the
Fourier-Galerkin method is employed in the streamwise and spanwise directions and
the second-order central difference method is adopted in the wall-normal direction. The
flow investigated here is at Re,(= u,h/v) = 100 (u, is the friction Reynolds number)
with the domain (L., L,) = (12.6 h,4.2h). The mesh discretization is selected to be
(Nz, Ny, N.) = (66,65,66), leading to a grid spacing of (Az™,AzT) = (30,10), where
(e)* denotes inner units, normalized by the inner viscous length scale, §, = v/u..

4.2. SSI

For the SSI approach, initial studies on a laminar channel flow at Rep = uih/v = 500
based on centerline streamwise velocity, u;, was carried out for wave number (k;h, k,h) =
(0,1). The velocity covariance of the stochastically forced simulation converged to the
analytical solution of the Lyapunov equation after 2 x 10% samples, with the flow field
sampled every tu;/h = 0.1. The SSI methodology is deemed too computationally ex-
pensive to be extended to turbulent flows especially with a large number of parameters
(e.g., wave numbers) and forcing inputs. In subsequent sections, only the LIM approach
is investigated.

4.3. Linear inverse modeling

Given the large number of degrees of freedom of the system, it is highly beneficial to
consider low-rank approximations of the linear operator to be identified. The flow field
is therefore projected onto a subspace composed of a set of orthonormal basis modes,
®,(x), such that

u(x, 1) = Su()x(t) = Y ¢y (x5 (1), (4.1)

J=1
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FIGURE 1. The linear operator identified using LIM in the subspace spanned by 30 controllability
modes for (kzh, k.h) ~ (0,3): (left) real component; (middle) imaginary component; and (right)
magnitude of each element of the operator.

with ®4(x) = [ @y1(X) Pua(X) .. Pym(x) | and x(t) = [ x1(t) x2(t) ... xm(t) |7, where
x(t) is the temporal coefficient for each basis. Hence, the time-lagged covariance tensor,
C can be transformed into x coordinates via

Cl, =2 CL v ®u. (4.2)

In this study, the orthonormal basis, @, is chosen to be the controllability mode from
the linearized Navier-Stokes operator about the temporal mean flow without the addition
of eddy viscosity at Re, = 100. The linear operator governing the small perturbation
dynamics may be modeled with the correlations introduced in Section 3.2 with an ap-
propriate low-rank approximation. However, in practice, these correlations are noisy due
to the averaging required with a limited number of samples. Therefore, a least-squares
optimization problem is formulated to identify the best fit of the linear operator from
the computed correlations. For example, in the case of the LIM approach, the following
least-squares problem is considered in the low-rank subspace

argmin Z || n[C% 5 (Cx )1 = L%, (4.3)

where 7; is the correlation time lag at a discretized point (i = 1,2,...N,) with the total
number of the discretized points N.. The analytical solution to Eq. (4.3) is given by

1 &

1 Ti 0 —1
L= N, Z T ln[vax(Cx,x) ]. (4.4)

Since plane channel flow is homogeneous in the streamwise and spanwise directions, we
focus on studying the linear operator for a plane Fourier mode with (k,h, k.h) ~ (0,3)
[or (A\z/hA./h) = (00,2.1)] and (kyh, k. h) ~ (0,6) [or (AT \]) = (oo, 100)] The Fourier
mode was sampled from 5 x 10° snapshots for both cases. Figure 1 shows the linear
operator identified using LIM in the subspace defined by the leading 30 controllability
modes for the (kzh, k. h) ~ (0,3) wavenumber. It is interesting to note that the higher-
order controllability modes exhibit strong coupling to the leading controllability modes, as
observed from the large values of nonzero upper triangular terms. Conversely, the leading
controllability modes are less coupled to the dynamics of the less dominant controllability
modes as seen from the near zero values of the lower triangular off-diagonal terms in the
linear operator. Similar properties are also observed for the linear operator identified by
LIM for the plane Fourier mode with (kh, k.h) ~ (0,6) [or (A\],AT) = (00, 100)].



Data-driven linearization of turbulence 129

5. Operator evaluations
5.1. Eigenspectra

We first evaluate the relevance of the linear operator identified through the LIM. The
eigenvalues of the computed linear operator are all found to be linearly stable. We note
that this feature must be observed if the linear operator identified by the LIM approach
is correctly implemented. Indeed, from Eq. (4.3), the identified linear operator L is ap-
proximated as

el ~ C;X(CO )L (5.1)

XX
We note that, for any turbulent flow, C] , — 0 as 7 — oo. This property implies that
all the eigenvalues of L must be stable.

5.2. Transient energy amplification

Now, we compare the linear operator identified using LIM approach with those previously
used in the literature (Hussain & Reynolds 1970; Pujals et al. 2009; Hwang & Cossu 2010)
for the time evolution of small perturbations in turbulent flow. In particular, we perform
an optimal transient growth analysis (Farrell & Ioannou 1993; Schmid & Henningson
2001) to quantify the amplification of initial conditions through the stable linear operator,
L. The related optimization problem is formulated as follows

—M ere |la(t)|]® = QhﬁH u
max G(0) = [, where a0 = [ 6 ()a(0) dy (52)

where () denotes the plane Fourier mode.

For the purpose of comparison with the existing linear model describing the evolution
of small perturbations in turbulent flows, we further consider optimal transient growth
from two linear operators: One is the linearized Navier-Stokes operator about turbulent
mean (LNS model; Butler & Farrell 1993), and the other is the same operator augmented
with the eddy viscosity model of Cess (1958) (LNS, model; Pujals et al. 2009). Tran-
sient growth of these operators has been computed using the full operator and also by
restricting them within the subspace that is spanned by the 30 leading controllability
modes. Furthermore, an ensemble DNS is carried out to validate the transient growth
predictions of the LIM model. The ensemble consists of 300 snapshots of initial condi-
tions, sampled at Re, = 100, and the ensemble mean of the Fourier velocity fluctuations,
(1), is verified to be of the order O(10~%) for both (kh, k.h) = (0,3) and (0, 6). Velocity
perturbations are applied to the ensemble of initial conditions to investigate the effect of
the perturbation’s transient growth under the effect of background turbulence, which is
described by its Fourier velocity component, (@) (t).

The amplified velocity fields are shown in Figure 2. We observe that the LNS, and LIM
models have the peak streamwise velocity closer to the wall than the LNS model. This
suggests that the LIM operator sampled from simulation data more closely resembles the
eddy viscosity augmented LNS, model. Comparing the velocity contours between the
LNS, model and LIM model more closely, we observe a sharper decrease in streamwise
velocity as we move away from the wall for the LIM model. Furthermore, the more pro-
nounced cross-stream circulation about y/h = 0.5 and y* = 50 from the LIM results,
compared to a more centreline position, y/h = 1.0 and y™ = 100, as in LNS and LNS,
models, indicate that the Reynolds stress experienced by the LIM model may have dif-
ferent anisotropic effects from the isotropic LNS, eddy viscosity model. Hence, from an
eddy viscosity modeling perspective, progress may be made by relaxing an isotropic eddy
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FIGURE 2. Velocity flow field at maximum amplification: The left columns (a, c and e) are for
(Az/h, Az/h) = (00,2), while the right columns (b, d and f) are for (A\F,\}) = (o0, 100); (a,
b) Contour plots from the LNS model optimal amplified state. (¢, d) Contour plots from the
LNS, model optimal amplified state. (e, f) Contour plots from the LIM model optimal amplified
state. The contour represents the streamwise velocity field, while the vector field represents the
crossflow velocity field. The streamwise velocity is normalized by max u,, and contour lines are
plotted in steps of 0.2 units. The wall is located at y/h = 0 (y" = 0), and the centerline is at
y/h =1 (y© = 100). The crossflow velocity vectors are scaled for visualization.
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FIGURE 3. Transient energy growth from the optimal initial condition for a target time horizon:
(a) (Aa/h, Az/h) = (00, 2), where the peak of G(t) for LNS is at tu,/h = 5.1, for the LNS, model
at tu,/h = 1.1, and for the LIM model at tu./h = 2.7; b) (AL, \T) = (00, 100), where the peak
of G(t) for LNS is at t* = 160, for the LNS, model, at t* = 40, while for the LIM model, at
t* = 70. LIM (Optimal Perturbation Trajectory) represents the evolution of the perturbed DNS
ensemble using the optimal velocity perturbation from the LIM model.

viscosity assumption as an attempt to replicate the cross-stream velocity features of the
LIM result.

Figure 3(a,b) shows the optimal transient energy growth computed from three different
linear operators and the DNS ensemble DNS. A reasonable agreement is found between
the full degree-of-freedom linear operator and linear operator from the restricted sub-
space when only the leading 30 controllability modes are retained. This suggests that
the 30 controllability modes retained for the LIM model should sufficiently resolve the
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transient growth for both wave numbers considered. We also see that the LNS operator
experiences the largest amplification, sharply contrasting with the LNS, operator for
both wave numbers. However, the LIM transient growth dynamics are more akin to the
LNS, operator for (A\;/h,\./h) = (00,2) while being closer to the LNS operator for
(A, AF) = (00,100). In contrast with the analytical modes, the optimal perturbations
that lead to maximum gain predicted by the LIM operators in Figure 3 do not lead
to a similar gain when applied to the DNS ensemble. These observations suggest that
the LIM operator does not reliably capture the perturbation effect on turbulence, which
differs from the conclusions by Penland (1989) and Farrell & Ioannou (2024). In terms
of the transient amplification of the ensemble-averaged perturbations, the best model is
still the LNS, model of Hussain & Reynolds (1970), indicating that caution is required
for the LIM approach.

6. Conclusion

In this work, two data-driven methodologies were investigated for the possibility of ex-
tracting a linear operator that is capable of representing the dynamics of small-amplitude
perturbations applied to a turbulent flow. The SSI approach is deemed computationally
impractical to be applied to the system identification for turbulent flows, as O(10°) sam-
ples are required for convergence of the covariance velocity statistics for a laminar setting.
Unlike laminar flows, no analytical predictions can be made about the steady-state veloc-
ity covariance from the Lyapunov equation as turbulence is nonlinear, while many forcing
modes are required to capture the degrees of freedom of the turbulent response. Hence,
if extended to turbulent flows at higher Reynolds numbers, there is no good reference
for the validation of statistical convergence and they are expected to be noisy due to the
large number of forcing modes. The expected non-normal nature of the underlying linear
operator will only complicate the SSI approach.

By contrast, only a DNS is required for the LIM approach, where O(10°) samples
are required to achieve reasonable statistical convergence in the velocity covariance. The
transient growth analysis carried out shows that the LIM approach predicts gains that are
between the predictions of the LNS and LNS,, models, while the most amplified structures
more closely resemble the LNS,, model. However, the comparison of the LIM-predicted
gains to the ground truth DNS ensemble simulation shows non-negligible disparity be-
tween the predicted and observed energy growth.

Through the observed computational efficiency of the ensemble DNS carried out and
the robust convergence of its results, a direct data-driven approach is currently under
consideration for extraction of a linear operator that could model the perturbation dy-
namics of a turbulent flow.
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