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Proper latent decomposition

By D. Kelshawt AND L. Magrifz:

In this paper, we introduce the proper latent decomposition (PLD) as a generaliza-
tion of the proper orthogonal decomposition (POD) on manifolds. PLD is a nonlinear
reduced-order modeling technique for compressing high-dimensional data into nonlinear
coordinates. First, we compute a reduced set of intrinsic coordinates (latent space) to
accurately describe a flow with fewer degrees of freedom than the numerical discretiza-
tion. The latent space, which is geometrically a manifold, is inferred by an autoencoder.
Second, we leverage tools from differential geometry to develop numerical methods for
operating directly on the latent space; namely, a metric-constrained Eikonal solver for
distance computations. With this proposed numerical framework, we propose an algo-
rithm to perform PLD on the manifold. Third, we demonstrate results for a laminar flow
case and the turbulent Kolmogorov flow. For the laminar flow case, we are able to identify
a semi-analytical expression for the solution of Navier-Stokes; in the Kolmogorov flow
case, we are able to identify a dominant mode that exhibits physical structures, which
are compared with POD. This work opens opportunities for analyzing autoencoders and
latent spaces, nonlinear reduced-order modeling and scientific insights into the structure
of high-dimensional data.

1. Introduction

Turbulent flows are notoriously challenging to model, which is a consequence of non-
linearities in the Navier-Stokes equations. Typical predictive strategies rely on discretiza-
tions with large number of degrees of freedom, leading to a high-dimensional state space;
this space may be prohibitively large for accurate analysis of system dynamics and statis-
tics. However, because turbulent flows are dissipative, once the transient dynamics have
decayed, the turbulent dynamics converge to an attractor. This attractor typically oc-
cupies a relatively small portion of the entire phase space and constitutes a nonlinear
manifold. The objective of this paper is to identify an approximate set of intrinsic coor-
dinates, describing the turbulent attractor in a lower-dimensional state space, which we
refer to as nonlinear reduced-order modeling.

Many of the current methods for reduced-order modeling are linear, such as proper
orthogonal decomposition (POD) (Chatterjee 2000) and dynamic mode decomposition
(Schmid et al. 2009). These methods provide good compression for periodic or quasi-
periodic systems, but performance may degrade as a consequence of the chaotic dynamics
observed within turbulent flows. The inherent, linear nature of these methods amount
to model assumptions and simplifications, which may result in systematic model error.
Employing a nonlinear reduced-order modeling method seeks to alleviate these issues.
Machine learning methods for nonlinear reduced-order modeling are prevalent, with au-
toencoders providing a means by which to obtain a nonlinear compressed representation
of the state space of turbulence (Eivazi et al. 2020; Maulik et al. 2021). Analytically,
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it is possible to show that an autoencoder with purely linear activations is equivalent
to POD on the data; however, in the presence of activations inducing nonlinearities the
latent representation corresponds to intrinsic coordinates on a nonlinear manifold (Ma-
gri & Doan 2022). The latent space discovered by an autoencoder, while compact, does
not provide an interpretable representation of the system dynamics. Efforts to interpret
autoencoders have been made, but typically employ ad-hoc methods (Fukami et al. 2020;
Murata et al. 2020). Ideally, reduced-order models of turbulence should provide a parsi-
monious representation; that is, modes or intrinsic coordinates should directly correlate
with identifiable physical phenomena present within the turbulent flow.

In this work, we propose the proper latent decomposition (PLD) as a nonlinear gener-
alization of POD. We outline an approach in which a numerical representation of a latent
manifold is extracted through an autoencoding approach, and geometric properties of the
manifold are used to obtain principal geodesics that best describe the data. We draw on
theoretical work from a previous Summer Program (Magri & Doan 2022) and methods
developed to operate on manifolds from differential geometry, as in Kelshaw & Magri
(2024), to achieve this.

The paper is structured as follows. In Section 2, we provide a brief review of topics in
differential geometry that we will use in our proposed methodology. Section 3 introduces
the notion of PLD at a high level, outlining key challenges in obtaining a latent repre-
sentation, computing distances and operating directly on the manifold. We address the
challenges of obtaining a nonlinear manifold in Section 4, outline a differentiable method
for computing distance in Section 5, and provide a framework for operating on the mani-
fold in Section 6. Finally, results are shown in Section 7, where we demonstrate PLD on a
laminar wake trailing a bluff body and the two-dimensional turbulent Kolmogorov flow.
We further discuss ongoing challenges in Section 7.3, before concluding in Section 8.

2. Brief review of differential geometry

Differential geometry provides tools for the study of smooth manifolds, of which Eu-
clidean spaces are a subset. In this work, we seek to obtain a nonlinear reduced-order
manifold for describing turbulent flows; in order to work on such a manifold, we need to
adopt differential geometry. In this section, we provide a brief overview of key concepts
from differential geometry, which provide the basis of our proposed methodology. For a
comprehensive overview of the subject, we refer the reader to Lee (2018).

2.1. Riemannian manifolds, metrics and inner products

A Riemannian manifold is a pair (M, g) in which M is a smooth manifold (Lee 2018)
and g : T,M x T,M — R is a choice of Riemannian metric on M, where T, M denotes a
vector in the tangent space at p € M. Given vectors v, w € T, M, the metric defines the
inner product on the tangent space (Lee 2018) as

(v,w)y = gp(v,w) = gijv'w?, (2.1)
where components of the metric g;;(p) = (9i[,,9;l,), and where in turn 9; = 9/ Oz’ are

the basis vectors. Suppose (M, §) is a Riemannian manifold, and M C M is an embedded
submanifold. Given a smooth immersion ¢ : M — M, where dim M < dim M, the metric
g = *§g is referred to as the metric induced by ¢, where ¢* is the pullback (Lee 2018)

gp(v, w) = (°9) (v, w) = Gu(p) (dip(v), dip(w)). (2.2)
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FIGURE 1. Overview of proper latent decomposition. Given a manifold M (one-dimensional
here for pictorial purposes) and data Z C M (red dots), we wish to find modes, or principal
geodesics, that best describe this data. This decomposition comprises three stages: (i) a mean
u € M is computed on the manifold; (ii) data is mapped to the tangent space centered at the
mean, T, M, and singular value decomposition is performed to obtain an orthonormal basis in
the tangent space; (iii) these basis vectors are mapped back down to the manifold, yielding
principal geodesics.

2.2. Geodesics

A geodesic v : [a,b] C R — M is a locally length-minimizing curve, which generalizes the
notion of a straight line on the manifold. These curves satisfy

Vi =4 +T%,4%7 =0, st Yo =, Ylaeo =40, A€[0,1],  (2.3)

where V,w denotes the covariant derivative of a vector w € T, M along a vector field
v € T'M; Christoffel symbols Fkij are elements of the affine connection; and derivatives
4,4 are taken with respect to an affine parameter A € R. A useful property of the geodesic
equation is that it provides the means to map points on the manifold to a given tangent
space, and vice versa. Given a point p € M, we define exp,, : T, M — M,log,, : M — T, M,
where exp,, olog,, : ¢ — ¢ Vg € M. This log map is not necessarily unique.

The notion of distance on the manifold is defined through geodesics. While all geodesics
are length-minimizing, this is only in a local sense. Given points p,q € M, the geodesic
distance is defined as the infimum of the length of all valid geodesics (Lee 2018)

Y

1
d, (p.q) = in { [ 60308820 = pa) - q} . (2.4)

3. Proper latent decomposition

Given a Riemannian manifold (M, g), and data Z C M on the manifold, we wish to
identify dominant modes on the manifold for both reduced-order modeling and interpret-
ing the underlying manifold. We propose the proper latent decomposition (PLD) (Magri
& Doan 2022) as a means of generalizing linear approaches, such as POD, to nonlinear
manifolds. Upon obtaining a suitable nonlinear manifold, the proposed methodology con-
sists of three overarching stages: (i) computation of the mean on the manifold; (ii) map-
ping data from the manifold to the tangent space centered at the mean, and performing
singular value decomposition on the tangent space to obtain orthonormal, energy-ordered
modes, which describe the underlying data; and (iii) mapped the principal components
back to the manifold, which yields the principal geodesics. An overview of this process is
provided in Figure 1.

We first identify the nonlinear manifold, which best represents the data through the
use of a nonlinear autoencoder. Given high-dimensional data, we can map these to co-
ordinates on the manifold using the encoder; in addition, geometric properties of the
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manifold, namely the metric tensor, can be inferred by using the decoder. The inferred
metric tensor is then used to operate directly on the manifold. Details on the autoencod-
ing approach are provided in Section 4. Given encoded samples Z C M on the manifold,
we first compute the mean. The arithmetic mean is incompatible with nonlinear mani-
folds, being suitable for operating in Euclidean spaces only (Pennec 2006; Guigui et al.
2023). The Fréchet mean accounts for this and is defined as the point on the manifold
that minimizes the squared distance to samples on the manifold (Pennec 2006),

= argmin 3 dy (1,0 (3.
13 qu

where dg : M x M — R is the distance function on the manifold. The robust computa-
tion of the distances between points provides a computational challenge, as explained in
Section 2.2. We make use of the methodology developed in Kelshaw & Magri (2024) to
obtain a continuous, differentiable representation of the distance function, providing an
outline of this approach in Section 5.

Upon identifying the Fréchet mean, p € M, samples Z C M on the manifold must
be mapped to the tangent space defined at the mean using the log,, : M — T),M map.
Numerical computation of the log, map is challenging and requires the solution of a
two-point boundary value problem, with guarantees that the solution corresponds to
a globally length-minimizing geodesic. We introduce a robust numerical framework to
achieve this in Section 6.

We represent data on the tangent space Z € T, uwM as a real-valued matrix, for which
we can compute the singular value decomposition

Z=UxV"T, (3.2)

where U € RIZIXIZl is a unitary matrix, ¥ € RIZIXdimM g 5 rectangular diagonal matrix
with non-negative singular values along the diagonal, and V € RImMxdimM g the
transpose of a unitary matrix. As U,V are unitary, the columns Uy, ..., Uz of U and
the columns Vi, ..., Vgim ar of V' yield an orthonormal basis. We use the columns of V',
scaled by their corresponding singular values, as a basis by which to describe the data.
The basis vectors can then be mapped back to the manifold through use of the exp,
map. This mapping produces geodesics on the manifold, which maximize the variance of
the data and can be visualized by passing the resulting trajectory through the decoder
of the trained autoencoder.

4. Autoencoders for inferring the nonlinear manifold

Consider high-dimensional data X C R™, which can be expressed on a lower dimen-
sional manifold M, for which dim M < n. We wish to obtain a numerical representation
of the underlying manifold, leveraging the expressivity of neural networks (Hornik et al.
1989), in particular autoencoders, to achieve this.

An autoencoder 79 : x — z is a neural network suitable for obtaining a numerical
representation of the underlying manifold, comprising an encoder &, : R® — M which
seeks to obtain coordinates z € M; and a decoder Dy, : M — R" which is tasked with
reconstructing the original input. For convenience, we set § = {6,604} € RP. Concretely,
the encoder and decoder are composed as

ng :x+— (Dy, 0&,) (). (4.1)

The encoder &, and decoder Dy, are represented as a composition of multiple linear
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layers, each followed by an element-wise nonlinear activation function o. In the absence
of these nonlinear activations, the network is only capable of learning a linear transforma-
tion, which restricts the function approximation space. In this work, we deal exclusively
with structured data on grids, allowing us to make modeling choices and construct the
encoder and decoder with a series of convolutional layers. These convolutional layers
are translation equivariant and allow us to hard-constrain further information, includ-
ing boundary conditions. To obtain a numerical representation of the manifold, we seek
parameters #, which minimize the mean-squared error of the reconstructions.

5. Computation of distances

In previous work (Kelshaw & Magri 2024), we proposed a methodology for obtaining
numerical representations of distance functions directly on the manifold. Distance func-
tions are solutions to the Eikonal equation, for which the magnitude of the gradient of the
solution is unity at all points in the domain. On a Riemannian manifold (M, g), we re-
quire a more general definition of the gradient: The gradient Vi of a function ¢ : M — R
is the unique vector in a vector space V such that the inner product with any element
of V is the directional derivative of ¢ along the vector; that is,

(Vp,)g =dp = 8@, ", and so, Vo =g"

:L-Z

¢
ox?
where g% is the inverse of the metric tensor and 9*,9; are the local covariant and con-
travariant bases, respectively. Using this definition, we can express the Fikonal equation

dp(Vp) = (Vp,Vp)g =1 st. ¢|,=0. (5.2)

Given two points on the manifold, the length-minimizing path must travel orthogonal
to level-sets of distance. Therefore, the gradient of the distance function satisfies the
geodesic equation

9, (5.1)

Vv,V =0. (5.3)
Although we provide a pedagogical overview here for the Eikonal equation as a function of

one variable, we defer the extension to multiple variables, as well as obtaining a numerical
representation, to Kelshaw & Magri (2024).

6. Robust computation of log, maps

Given points p,q € M, the log, map finds a tangent vector v € T, M, for which
exp,v = ¢. There might be multiple solutions, yet it is only the length-minimizing
solution we seek. Computing the log, map means solving a two-point boundary value
problem for the geodesic equation; that is,

solve V34 =0 for (A =0) subjectto ~[,_o=p, Vo1 =4 (6.1)

A standard approach for computing the log, map is to use a shooting method. Although
shooting methods yield accurate results, they rely on a good initial guess. In cases where
a sufficiently good approximation of the solution is not available, there are no convergence
guarantees. To address this, we develop a framework for numerical computation of the
log,, map that employs the learned distance function on the manifold, leveraging the
fact that the gradient of the distance function can be used to obtain length-minimizing
curves, as shown in Eq. (5.3). For each point p € M, we can restrict the distance function
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such that dgp, : ¢ = dy(p,q) for all ¢ € M, allowing us to compute trajectories of the
form

1
Fasb(A) = a — dg|b(a)/ Vdgip © Fasp(A)dA, where Y45|\_o = @, (6.2)
0

by integrating in the direction of the gradient of the distance field. When the true distance
function is known, this will yield the true length-minimizing geodesic. When we only have
an approximation of the distance function, as is the case with the numerical represen-
tation of the solution to the Eikonal equation, we can use these trajectories to produce
reasonable estimates of the geodesics. Given points p,q € M, a pair of trajectories, each
with a known boundary condition, can be generated and interpolated between,

Ypa(A) = (1 = N Fpsq(A) + AMgp(1 = A), s.t. ’Yp—>q|>\:0 =D ’Yp—>q|>\:1 =q, (6.3)

producing an approximation of the length-minimizing geodesic. With this approximate
geodesic, we use a direct multiple shooting approach to further refine the geodesic. Di-
rect multiple shooting methods provide improved numerical stability when compared to
standard shooting methods, and allow for parallel evaluation over sub-intervals, yielding
performance improvements in proportion to the number of intervals (Press et al. 2007).
On reaching convergence, the standard shooting method is used to refine the solution,
typically requiring only O(1) evaluations to reach machine precision. Both the direct
multiple shooting and standard shooting methods make use of Gauss-Newton iterations
to reach convergence. In this work, the sensitivity of the residual with respect to param-
eters is computed using a backward-in-time, continuous adjoint approach, which reduces
memory requirements when compared to employing the standard discretize-then-optimize
approach used in conventional automatic differentiation (Chen et al. 2018).

7. Results

We show results for two systems of interest: a laminar flow past a bluff body and the
two-dimensional turbulent Kolmogorov flow.

7.1. Laminar flow trailing a bluff body

We first consider the laminar wake past a triangular bluff body at Re = 100. A data set of
800 snapshots of vorticity in a box downstream of the body is generated at a time interval
of At = 0.1s. Because the dynamics are periodic, we train a convolutional autoencoder
with two latent variables, dim M = 2. We employ the Adam optimizer (Kingma & Ba
2017) with a learning rate of n = 3 x 10~* to perform gradient-based optimization for
a total of 5 x 10* parameter updates. The trained autoencoder achieves a relative ¢2
error of 1.378 x 1072. Next, a numerical representation of the distance function on the
manifold is obtained by training a network as described in Kelshaw & Magri (2024) and
Magri & Doan (2022) using the metric inferred by the trained autoencoder. The same
optimization configuration is employed, with each parameter update consisting of 2'2
pairs of coordinates, drawn random-uniformly across the domain. The obtained distance
function achieves a mean residual of 1.734 x 103 across the domain after 10° parameter
updates. This trained distance function is used to compute the Fréchet mean on the
manifold, using gradient-descent with a step size of n = 1071,

Adopting the framework outlined in Section 6, we map the encoded data on the mani-
fold to the tangent space defined at the mean in three stages. First, geodesic interpolants
are computed as shown in Eq. (6.3), using a fourth-order explicit Runge-Kutta scheme
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FIGURE 2. Proper latent decomposition of the laminar flow. Left and right panels show the
manifold and the tangent space to the mean respectively. Encoded snapshots of vorticity are
depicted as red points, and the resulting geodesic modes are shown in black. An ellipse has
been fit to the data in the tangent space, and the resulting trajectory is shown in purple in
both panels. The left panel displays contours of geodesic distance around the Fréchet mean,
highlighting the nonlinearity of the manifold.

with a step size of A\ = 1072. The resulting trajectory is broken down into eight sub-
intervals, providing an initial guess for the multiple shooting solver. The multiple shooting
solver uses the continuous adjoint of the geodesic equation to refine the solution until
the Ly norm of the Gauss-Newton update falls below a tolerance of 10™%, using the same
numerical integration scheme. The standard shooting solver is used to optimize the initial
condition in a similar manner. Finally, the singular value decomposition of the data on
the tangent space at the mean is carried out, and the scaled basis vectors are mapped
back to the manifold using the exp,, map.

Results are shown in Figure 2. The left panel of Figure 2 shows the encoded samples,
the learned distance field and geodesic flow around the Fréchet mean, as well as the
principal geodesic modes. The right panel of Figure 2 shows the encoded data mapped
onto the manifold as well as the leading principal mode. Because of the structure of
the data in the tangent space, we can fit a reduced-order model in the tangent space
in the form of an ellipse, describing the entire flow field with a single variable, §. The
resulting principal geodesic modes are inputted into the trained decoder to be visualized
in Figure 3. We observe the transition from the state at the Fréchet mean to that of a
snapshot describing the turbulent flow. The structure of the trailing vortices is captured,
which shows that the principal modes are physical.

7.2. Kolmogorov flow

We consider the turbulent Kolmogorov flow, which is a two-dimensional incompressible
flow with fully periodic boundary conditions and a forcing term to sustain turbulence. A
trajectory is simulated at Re = 34 to ensure chaotic behavior, with samples recorded at
a time-step of At = 0.1. A total of 2!° samples are used for training, with a further 2'3
used for validation. The manifold describing turbulent flows is inherently more nonlinear
than that describing the laminar flow case, and as a result provides a challenge for
the methodology. For visualization purposes, we limit the dimensionality of the latent
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FIGURE 3. Leading principal geodesic mode for the laminar wake. Snapshots are visualized
along the trajectory of the principal geodesic, showing the transition from the Fréchet mean, to
a physical snapshot of the laminar wake.
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FIGURE 4. Proper latent decomposition of the Kolmogorov flow. Left and right panels show
the manifold and the tangent space to the mean respectively. Encoded snapshots of vorticity
are depicted as white points on the manifold, with the colormap showing the distance from the
Fréchet mean.

space to dim M = 2. In addition, we introduce a regularization term in the autoencoder
loss to promote smoothness and improve numerical stability; this is discussed further in
Section 7.3. The autoencoder achieves a relative £2 error of 1.59 x 1072 on the validation
set.

For performing PLD, we adopt the same process as described in the laminar flow case
(Section 7.1). The manifold and tangent space at the Fréchet mean are shown in Figure 4,
where we observe that encoded samples on the manifold are less regular than those seen
in the laminar flow case. However, in mapping the samples to the tangent space defined
at the mean, we observe a distinct clustering, amenable to singular value decomposition.
Upon obtaining an orthonormal basis, we re-map the scaled basis vectors to the manifold.
The trajectory of the leading mode is decoded, with a visualization of the leading mode
provided in Figure 5. We observe a transition from the Fréchet mean, which resembles
the forcing term in the Kolmogorov flow, to a snapshot of the flow.

7.3. Discussion

Robust computation of PLD requires the metric tensor inferred from the trained autoen-
coder to have properties amenable for distance computations. One challenge is that stan-
dard optimization methods for autoencoders do not account for these properties, and as a
result the numerics can become challenging. To provide a means to inspect the numeric
properties of the inferred metric, we analyze the magnification factor, M F = y/det g,
which is a measure of compression at a particular point in space. For prototypical au-
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FIGURE 5. Leading principal geodesic mode for the Kolmogorov flow. Snapshots are visualized
along the trajectory of the principal geodesic, showing the transition from the Fréchet mean to
a physical snapshot of turbulence.
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FIGURE 6. Magnification factor of a prototypical autoencoder trained on the Kolmogorov flow
dataset. The left panel demonstrates the log M F' across the latent space; the center panel depicts
a histogram of the magnification factor, demonstrating a spike at the tail of the distribution;
and the right panel shows the magnification factor as a function of Euclidean distance from the
origin.

toencoder trainings, we observe an exponential increase in magnification factor in the
center of the domain, often corresponding to metrics whose condition number is exceed-
ingly large. An example of such a manifold is shown in Figure 6, where the M F' is ana-
lyzed across the manifold. Such properties of the metric are a numerical challenge for the
analysis and integration of geodesics. To improve numerical stability of the metric across
the domain, we introduce regularization terms in the loss function of the autoencoder to
promote stability, as proposed by Nazari et al. (2023).

8. Conclusions

In this work, we propose a method for conducting proper latent decomposition (PLD;
Magri & Doan 2022) — a nonlinear framework for reduced-order modeling. This method
identifies a low-dimensional set of intrinsic coordinates using an autoencoding approach
before employing tools from differential geometry to analyze and exploit the inferred non-
linear manifold. Generalizing proper orthogonal decomposition, PLD allows us to com-
pute principal geodesics on the manifold, providing, for the first time, a manifold-aware
approach to nonlinear reduced-order modeling. We demonstrate results for two challeng-
ing cases, the laminar wake past a triangular bluff body and the two-dimensional Kol-
mogorov flow. In the case of the laminar wake, we are able to obtain principal geodesics,
which describe the wake dynamics as well as produce a semi-analytical solution of the
Navier-Stokes equations by leveraging the geometry of the attractor. In the Kolmogorov
flow case, we discuss challenges in identifying intrinsic coordinates amenable to proper
latent decomposition. We remedy these issues through geometric regularization of the
latent space, allowing us to identify a dominant mode, which, in contrast to POD, is a
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physical realization of the governing equations. Finally, ongoing challenges and practical
considerations are discussed, highlighting areas on which further research will be focused.
This work opens opportunities for reduced-order modeling on nonlinear manifolds.
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