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Energy transfer mechanisms in compressible
two-phase turbulent flows

By L. H. Hatashita†, N. Tonicello‡ AND S. S. Jain†

In this work, simulations of compressible two-phase turbulence are performed to study
the fundamental characteristics of energy transfer in this unexplored regime. A decaying
homogeneous isotropic turbulence in the presence of a drop of unity density and viscosity
ratio, i.e., the same fluids, with a low-enough turbulent Weber number to avoid breakup
is simulated. Explicit filtering is performed on highly resolved direct numerical simula-
tion data to characterize resolved kinetic energy transfer terms and exchange between
the resolved and sub-grid scales. In agreement with compressible single-phase cases, a
correlation between backscatter and expansion regions is observed for higher-turbulence
Mach numbers, and this phenomenon is strengthened near the interface. We hypothesize
that the dilatational velocity also interacts with the interface, resulting in changes in the
surface area and thus surface energy. This dilatational interaction between the kinetic
and surface energies—dilatational surface tension power—is potentially responsible for
the enhanced backscatter at the interface.

1. Introduction

Bubble- and drop-laden turbulent flows are ubiquitous in nature and industrial appli-
cations. In the compressible regime, cooling and propulsion systems are some examples.
From a design and modeling perspective, accurate simulations require proper description
of the flow physics. Thus, a fundamental understanding of the turbulence physics in the
compressible regime and in the presence of material interfaces is imperative.

With the increase in computational resources, more complex geometries and partially
scale-resolving simulation approaches, such as large-eddy simulations (LES), have re-
ceived more attention. In LES, the phenomenon of kinetic energy backscatter, also known
as the reverse energy cascade, has been extensively studied over the past few decades (Pi-
omelli et al. 1991; Domaradzki et al. 1993; Kerr et al. 1996). By explicitly filtering direct
numerical simulations (DNS) data, we can directly assess the contributions of sub-grid
scales (SGS) to kinetic energy transfer via what is commonly known as a-priori analysis.
Piomelli et al. (1991) initially demonstrated a predominance of forward energy cascade,
as first proposed by Richardson (1922) and later formalized by Kolmogorov (1941), for
3D turbulence. However, their findings also revealed significant backscatter events, where
small scales act as a source of kinetic energy for larger scales. Subsequent studies have
confirmed the presence of backscatter in various applications in turbulent flows (O’Brien
et al. 2014; Livescu & Li 2017; Wang et al. 2018).

Both a-priori and a-posteriori analyses of turbulent flows have been extended to more
complex conditions, such as reactive and compressible flows, where thermodynamics plays
a crucial role in the total energy balance. As a result, the description of energy transfers in

† Flow Physics and Computational Science Lab, Georgia Institute of Technology
‡ MathLab, International School for Advanced Studies, Italy

283



Hatashita, Tonicello & Jain

turbulence has evolved from focusing solely on kinetic energy to incorporating more gen-
eralized forms that include internal energy. This shift has led to in-depth studies of the in-
teraction between kinetic and internal energy, particularly examining pressure-dilatation
work as the main mechanism for conversion between these energy forms (Livescu et al.
2002; Aluie 2013; Tonicello et al. 2022).

In the present work, the aim is to further extend our comprehension of inter-scale
kinetic energy transfers to compressible two-phase flows. In addition to the complexity
related to nonnegligible compressibility effects on turbulence, the influence of surface
tension energy, which nonlinearly interacts with the other two main forms of energy
(kinetic and internal), is also considered.

Previous work on a-priori analyses of turbulent two-phase flows (Labourasse et al.
2007; Toutant et al. 2008; Klein et al. 2019) explored the interaction between turbulence
and surface tension in the incompressible regime, with a focus toward model develop-
ment. The inclusion of compressibility effects, however, is still widely unexplored. The
present work aims to give a more complete picture of the interactions between turbu-
lence, surface tension effects, and compressibility using DNS of compressible two-phase
isotropic turbulence. Although backscatter events have been observed in two-phase tur-
bulent flows (Labourasse et al. 2007), they were in the context of 2D incompressible
simulations. The analyses proposed in this work, instead, are fully 3D and also include
the effects of compressibility. Different behaviors may be expected in this scenario. Ulti-
mately, such information regarding the fundamental physics of the problem can lead to
further improvements of the current state of the art regarding LES closure models for
compressible two-phase flows.

The remainder of this report is structured as follows. In Section 2, the formulation and
computational setup are briefly outlined. Section 3 is devoted to analyzing the terms in
the resolved kinetic energy equation and their cross correlations. Finally, conclusions are
drawn in Section 4.

2. Formulation and setup

In this work, for accurate simulations of compressible two-phase flows, we use a five-
equation diffuse-interface model (Jain et al. 2020) with an accurate conservative diffuse-
interface/phase-field method for interface capturing (Jain 2022) and a localized artificial-
viscosity approach for capturing shocks and contact discontinuities (Jain et al. 2024). The
system of conservation equations for volume fraction, mass of each phase, momentum,
and total energy can be written as
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where ϕl is the volume fraction of phase l that satisfies the condition
∑2
l=1 ϕl = 1; ζ

is the asymptotic reduction variable for the five-equation model (zero herein); ρl is the

density of phase l; ρ is the total density, defined as ρ =
∑2
l=1 ρlϕl; ui is the velocity; p

is the pressure; e is the specific mixture internal energy, which can be computed from
the specific internal energy of phase l, el, as ρe =

∑2
l=1 ρlel; k = uiui/2 is the specific

kinetic energy; and E = ρ(e + k) is the total energy of the mixture per unit volume.
Viscous stresses Σij are taken to be Newtonian, assuming Stokes hypothesis. In Eq.
(2.4), hl = el + p/ρl represents the specific enthalpy of phase l and can be expressed in
terms of ρl and p using the stiffened-gas equation of state as

hl =
(p+ πl)γl
ρl(γl − 1)

. (2.5)

In Eqs. (2.1)-(2.4), σ is the surface tension coefficient, κ = −∂n1i/∂xi is the curvature
of the interface, nli is the normal vector of the interface for phase l (in two-phase,
n1i = −n2i), and ali is the volumetric interface regularization flux in the phase-field
model for phase l, which is responsible for preserving the finite thickness of the ma-
terial interface, and this satisfies the condition ai(ϕ1) = −ai(ϕ2). Rli = ρlali is the

consistent regularization flux for the mass of phase l, and fi =
∑2
l=1Rli =

∑2
l=1 ρlali is

the net consistent regularization flux for the mixture mass. D∗ and β∗ are the artificial
mass diffusivity and bulk viscosity used for capturing contact discontinuity and shocks,
respectively. The system of equations is discretized using a kinetic energy- and entropy-
preserving second-order central scheme to capture the accurate dynamics of compressible
two-phase turbulent flows.

2.1. Computation setup

The chosen setup is a compressible two-phase decaying homogeneous isotropic turbu-
lence case. The domain consists of a triple periodic box of size 2π × 2π × 2π, and the
corresponding grid resolution of 2563 is set such that for the initial Reλ of 87, the cor-
responding kmaxη = 1.5, providing sufficient well-resolved results. The velocity field is
initialized on the basis of an energy spectrum and is allowed to develop for 4 eddy turn-
over times τe = λ/u′ under forcing in the incompressible version of the solver. Moreover,
to avoid any transients, the drop of diameter D = π/2, with the same equation of state
parameters as the carrier phase (γl = 1.4, πl = 0), with turbulent Weber number of
Wet = ρu2rmsD/σ = 0.75 (set sufficiently low to avoid breakup), after being placed in
the center of the domain continues to be forced for additional 7τe until kinetic energy
and viscous dissipation attain a steady state. Then, the compressible solver is activated
at a turbulent Mach number of Mat =

√
⟨uiui⟩/⟨c⟩ = 0.6, and the turbulence is allowed

to decay. Lastly, data are collected for 5τe.
Figure 1 shows the decaying nature of the compressible two-phase case, as both the

kinetic energy of turbulent regions and the shocklets decay and weaken over time. Fur-
thermore, due to the inherent transient (decay) nature of the case, statistics are collected
only by spatially averaging the quantities for each snapshot. Table 1 lists the instanta-
neous dimensionless parameters at various times.
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(a) (b) (c)

Figure 1. Time evolution of compressible two-phase decaying turbulence. Snapshots are
presented at different times (a) t/τe = 0.5, (b) t/τe = 2 and (c) t/τe = 4.

t/τe Reλ Wet Mat
0.5 80 0.6 0.55
2 75 0.4 0.45
4 67 0.3 0.35

Table 1. Approximate values of the dimensionless parameters at various times in the
simulation.

3. Inter-scale energy transfer analysis

Prior work in the literature has used different formulations for LES of two-phase flows
with respect to the continuum conservation equations. In the current work, the mathe-
matical formulation is based on the five-equation model, which assumes one single veloc-
ity and one single pressure for both phases. Consequently, the model includes one single
momentum and total energy equations, which corresponds to those used in single-phase
flows with the exception of the presence of surface tension terms. Hence, the LES for-
malism applied to these equations is analogous to single-phase flows to a certain extent,
which also applies to the resolved kinetic energy. The equation for the resolved kinetic
energy for the present analyses reads

∂(ρK∆̄)

∂t
+
∂(ρK∆̄ũj)

∂xj
=− ∂

∂xj

(
pũj + ρτ̃ij ũi − ũiΣ̃ij
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(3.1)
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ũi,

D∆̄ = Σ̃ij
∂ũi
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(
κ
∂ϕ
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− κ ∂ϕ

∂xi

)
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Here, (̃·) operator is the classical Favre filter defined as ψ̃ = ρψ/ρ. Since the viscosities of
the two phases are the same and constant, the sub-grid term arising from the nonlinearity
of the viscous stress tensor disappears.

The terms in Eq. (3.1) have been rearranged in such a way that on the left-hand side we
get the standard conservation form of resolved kinetic energy, whereas on the right-hand
side we have a conservative transport term, which is responsible for the redistribution of
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Figure 2. Illustration of kinetic energy flux, Π∆̄, for a filter width ratio of ∆̄/∆ = 17 across
(a) a x-y domain slice and (b) an area restricted to the vicinity of the interface.

energy and a series of nonconservative terms that instead act as sources and sinks of ki-
netic energy. In particular, the first nonconservative term is the pressure-dilatation work,
hereafter denoted by Φ∆̄, which is intrinsically related to the role played by compress-
ibility in the dynamics of the resolved kinetic energy. The second term instead represents
what is commonly called SGS production or the inter-scale kinetic energy flux term, Π∆̄,
which is representative of the interactions between the sub-grid and resolved scales. The
third term, Λ∆̄, is representative of the effects of the resolved scales on the surface tension
power. The fourth term, D∆̄, of the viscous dissipation, which by scaling arguments is
small if compared to the other terms, is thus not considered. Finally, the last term, Λsgs,
corresponds to the sub-grid term arising from nonlinearity of the surface tension forces.

The present work focuses on the first three transfer terms, which are representative
of the three main mechanisms of kinetic energy exchange discussed in the Section 1.
Namely, pressure-dilatation work is associated with compressibility (i.e., coupling with
internal energy), inter-scale kinetic energy flux (i.e., coupling with subgrid kinetic energy)
and resolved surface tension power, which is linked to the surface tension forces of the
resolved field (i.e., surface energy). The objective of the present work is to analyze the
interplay between these different terms.

For the proposed analyses, a box filter is applied to explicitly filter the DNS data, as
it was shown to produce similar results to the Gaussian filter (Wang et al. 2018). The
filter width ratio (defined as ∆̄/∆, where ∆̄ is the filter width and ∆ the DNS mesh
size; the latter is kept constant throughout the analysis) is varied within the interval
of 9 to 33 in order to assess the aforementioned energy transfers at different scales and
considered single-point statistics to construct probability density functions (PDF) of the
filtered data.

3.1. Inter-scale kinetic energy flux characterization

Figure 2 demonstrates the inter-scale kinetic energy transfer flux for a filter width ratio
of 17 across a x-y domain slice. Positive regions of the transfer flux in red indicate
the forward energy cascade, while negative regions in blue indicate the reverse cascade.
Qualitatively, the mean energy flux is from the resolved to the sub-grid scales with regions
of local backscatter, in agreement with single-phase results (O’Brien et al. 2014).
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Figure 3. Global and conditional probability density functions of inter-scale kinetic energy
flux at Mat ≈ 0.55 for a filter width ratio of (a) ∆̄/∆ = 9 and (b) ∆̄/∆ = 33.
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Figure 4. Conditional probability density functions of inter-scale kinetic energy flux for a set
of filter width ratios, ∆̄/∆, from 3 to 33 at (a) Mat ≈ 0.35 and (b) Mat ≈ 0.55.

Moreover, Figure 3 indicates quantitatively that globally, i.e., for ϕ ∈ [0, 1], the PDF
is skewed toward the forward energy cascade from resolved to sub-grid scales for filter
width ratios of 9 and 33. Furthermore, an implicit analysis of the effect of surface tension
on energy transfer follows from the characterization of PDF conditioned to the interface,
i.e., ϕ ∈ [0.2, 0.8]. One may observe that for both filter width ratios there is a shift in the
PDF toward symmetry and an increase in values of the reverse energy cascade, namely
backscatter. The increase in mean backscatter is more pronounced for the Mat ≈ 0.55
snapshot. For Mat ≈ 0.35, instead, this behavior occurs to a lower extent (not shown for
brevity).

This first set of results indicates that locally at the interface, there is more backscatter;
nevertheless, each PDF does not explicitly quantify the range of scales at which this
process is more significant. Figure 4 highlights the energy transfer between resolved and
sub-grid scales for different filter width ratios at different Mat. In both cases, for a smaller
filter width ratio, sub-grid scale motions are negligible given that the grid is still rather
fine and the flow sufficiently resolved. Hence, those scales close to the dissipative scales
do not have enough energy to transfer up the cascade, indicated by the positive skewness
of the PDF. Nevertheless, as the filter width ratio is increased to 9 and 17, the PDF’s
skewness decreases toward the reverse cascade, potentially indicating a range of scales at
which this phenomenon might be modeled.
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Figure 5. Joint probability density function (PDF) of kinetic energy flux and dilatation rate for
∆̄/∆ = 17. For ϕ̄ ∈ [0, 1], the joint PDFs correspond to the (a) Mat ≈ 0.35 and (b) Mat ≈ 0.55
snapshots. At the interface, i.e. ϕ̄ ∈ [0.2, 0.8], the joint PDFs correspond to (c) Mat ≈ 0.35 and
(d) Mat ≈ 0.55.

Thus, one may observe that in spite of the energy transfer occurring from resolved to
sub-grid scales globally, and at the interface, there is an increase in the reverse cascade,
which represents the implicit effect of surface tension on kinetic energy transfers. Never-
theless, for modeling purposes, the inter-scale kinetic energy flux is still unclosed; hence,
by analyzing its correlation with the other resolved terms, one may propose models as
functions of Mat, as in Wang et al. (2018), and Wet. This will be explored in a future
study.

3.2. Correlation with pressure-dilatation work

In compressible turbulent flows, the exchange between kinetic energy and internal energy
becomes more relevant in the balance. Moreover, it was observed that the pressure-
dilatation term acts as a mechanism for backscatter in expansion regions (Wang et al.
2018; O’Brien et al. 2014; Tonicello et al. 2022). It was identified that at higher Mat the
inter-scale kinetic energy flux becomes more correlated with dilatation rate. In particular,
Wang et al. (2018) proposed a corresponding model for such contribution.

Figure 5 demonstrates the joint PDF of the inter-scale kinetic energy flux with the
dilatation rate, again evaluated globally and conditioned at the interface, for Mat ≈ 0.35
and 0.55. The Mat evaluated here are as close to the lower bound as are the ones
studied by Wang et al. (2018), and by their observations, it would be expected to not see
significant correlation between both quantities. Indeed, in Figure 5(a,b), the correlation
is weak but increases with an increase in Mat. Nevertheless, even at smaller Mat, the
correlation is stronger at the interface. Within the zone where surface tension is acting,
regions of expansion (θ∆̄ = ∂ũi/∂xi > 0) are correlated with backscatter.

289



Hatashita, Tonicello & Jain

3.3. Correlation with surface tension power

Two formulations of continuum surface force are recurrent, the original one from Brack-
bill et al. (1992) in nonconservative form and one in conservative from Gueyffier et al.
(1999). Both are equivalent analytically, and in the DNS limit the discretized values also
asymptote to the same value. The simulation was conducted with the former; however,
due to its intrinsic property of enabling the splitting into a conservative transport term
and nonconservative flux term, the latter is adopted in the explicit filtering analysis. Let
surface tension power in the Gueyffier et al. (1999) form

uiFi = ui
∂Ξij
∂xj

=
∂

∂xj
(uiΞij)− Ξij

∂ui
∂xj

, where Ξij = σ(δij − ninj)δΓ, (3.2)

where σ is the surface tension coefficient, δij is the Kronecker delta tensor, ni is the
interface normal, and δΓ is the magnitude of the gradient of ϕ. Given the nonlinearity of
the surface tension operator, additional SGS terms appear when filtering the momentum
and, consequently, in the kinetic energy equations. However, first consider the resolved
term obtained after the filtering operation to define the correspondent nonconservative
flux term Λf

∆̄
in the Eq. (3.1):

Λf
∆̄

= −Ξ̂ij
∂ũi
∂xj

. (3.3)

Regions of high positive dilatation rate have been observed to induce the reverse cas-
cade in highly compressible turbulent flows, and through pressure transfer energy between
internal and kinetic. However, the correlation between both is seen to be stronger near
the interface, potentially implying an effect of surface tension in the exchange. Further-
more, those regions of compression and expansion also interact with the surface area of
the drop depending on the respective equations of state, possibly leading to changes in
surface energy by the mechanism of dilatational surface tension power.

3.3.1. Surface area equation for compressible two-phase flows

An evolution equation for surface area (or surface energy) for compressible two-phase
flows can be written as

σ
1

V

dA

dt
= − 1

V

∫

Σ

σ∇s · usdA −
1

V

∫

V

u · fσdV, (3.4)

where Σ is the 2D surface that represents interface, ∇s is the surface gradient operator,
us is the velocity along the surface, and fσ is the surface tension force [see the equation
for incompressible two-phase flows in Dodd & Ferrante (2016)]. Compared to the incom-
pressible case, Eq. (3.4) has a new term (highlighted) that represents dilatation exchange;
the derivation of this is deferred to the journal paper. Hence, surface tension power can
also transfer energy via compressions and expansions of the flow, as well as via solenoidal
velocity fluctuations. Moreover, the amount of exchange is expected to vary if the carrier
and dispersed fluids are not the same (e.g., different equations of state yielding different
Mat,l). The full picture of the energy transfer mechanisms in compressible two-phase
turbulent flows is shown in Figure 6.

Figure 7 shows the dominating terms in Eq. (3.1) in proximity to the interface. Positive
values of inter-scale kinetic energy transfer indicate forward cascade, positive values of the
pressure-dilatation term indicate compression and positive values of surface tension power
indicate removal from surface energy; the converse follows logically. One may observe
that in compression regions, indeed, there is a removal of surface energy through surface
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Figure 6. Energy transfer mechanisms in compressible two-phase turbulent flows.
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Figure 7. Resolved kinetic energy transfer terms for a filter width ratio of ∆̄/∆ = 17: (a) kinetic
energy flux, Π∆̄, (b) pressure-dilatation power, Φ∆̄, and (c) resolved surface tension power, Λ∆̄.

tension power into kinetic energy and dissipation, resulting in a net forward cascade.
Conversely, in expansion regions, yielding an increase in surface area, the internal energy
is redistributed to kinetic energy and surface energy.

The joint PDF between inter-scale energy flux and pressure-dilatation was previously
assessed and a correlation between both was observed. The correlations of inter-scale
kinetic energy flux with the surface tension power source term and of pressure-dilatation
with the surface tension power source term presented in Figure 8(b,c) are nontrivial.
The stronger correlation between the transfer of energy between scales with the surface
tension power source term is not observed, which is likely due to the intermediate role
of the dilatation rate in this phenomenon and also the unknown distribution of energy
into dilatational and solenoidal components. The correlation between pressure-dilatation
and the surface tension power source term indicates partially that the dilatation acts as
either a source or a sink of interfacial area and thus energy for a given surface tension
coefficient.

4. Conclusions

A decaying compressible two-phase homogeneous isotropic turbulent case is studied
to characterize the fundamental mechanisms of energy transfer in this regime, which
has not been assessed before and is relevant for a diverse set of applications. Pressure-
dilatation has already been shown by prior single-phase studies to be a local mechanism
for the reverse energy cascade. The two-phase results corroborate that indeed on average
energy is transferred from the large to the small scales; however, backscatter can still
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Figure 8. Joint probability density functions among kinetic energy flux, Π∆̄, resolved pres-
sure-dilatation power, Φ∆̄, and resolved surface tension power, Λ∆̄, for a filter width ratio of
∆̄/∆ = 17. (a) Kinetic energy flux and resolved pressure-dilatation power, (b) kinetic energy
flux and resolved surface tension power and (c) resolved surface tension power and resolved
pressure-dilatation power.

occur locally and is enhanced near the interface. The main hypothesis is that dilatation
introduces additional interface corrugations and thus interacts with surface area and en-
ergy (see exchange mechanisms in Figure 6). Correlations between the surface tension
power source term and pressure-dilatation indicate an initial validity of this interpreta-
tion. Nevertheless, this process may not be direct, given the observations on nontrivial
correlation between the inter-scale kinetic energy transfer flux and the surface tension
power source term. In future studies, decomposition of the velocity into solenoidal and
dilatation components, and thus kinetic energy, may enlighten these exchanges.
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