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Investigation of Phase-Field models in
compressible multiphase flows in a unified

high-order and bound-preserving framework

By Z. Huang†‡, S. Mirjalili, M. A. Khanwale, S. S. Jain¶ AND E. Johnsen‡

In the present study, we implement the consistent and conservative Phase-Field method
as a unified high-order and bound-preserving framework to investigate different Phase-
Field models (the Cahn-Hilliard, conservative Allen-Cahn, and (accurate) conservative
diffuse interface models) in compressible multiphase flows. We illustrate that applying
shock-capturing schemes for compressible flows introduces nonisotropic numerical diffu-
sion that becomes the dominant effect on the performance of the Phase-Field models, and
thus the use of high-order schemes becomes critical. Moreover, we propose and demon-
strate two new approaches to improve the interfacial normal calculation for interface
compression. Finally, we discuss the different behavior of the Phase-Field models when
underresolved interface structures appear.

1. Introduction

Compressible multiphase flows are characterized by interactions between material in-
terfaces and nonlinear waves such as shocks. It is challenging to capture such interac-
tions accurately in numerical simulations as both shocks and interfaces are nonstationary
discontinuities from a macroscopic perspective. The diffuse-interface capturing method
(Saurel & Pantano, 2018) is widely used for the problem of interest, where, instead of
explicitly tracking interfaces, volume fractions of different phases are evolved with the
interfaces implied in the transition of the volume fractions. Then, both the shocks and
interfaces can be captured with shock-capturing schemes.

One of the long-lasting challenges of the diffuse-interface capturing method is the
contradictory role of numerical diffusion. While upwinding (or numerical diffusion) is
necessary for capturing shocks, material interfaces continuously diffuse numerically, re-
sulting in numerical mixing of different phases/materials reflected by unbounded growth
of interface thickness. To address this issue, recent studies explore the incorporation of
Phase-Field models to compete with the numerical diffusion adjacent to material in-
terfaces, resulting in a constant interface thickness (Jain et al., 2020, 2023; Huang &
Johnsen, 2023, 2024). The encouraging results in these studies motivate us to further un-
derstand the interaction between the shock-capturing schemes and Phase-Field models,
as well as the behavior of different Phase-Field models in compressible multiphase flows.

In the present study, we investigate four widely used Phase-Field models and couple
them to compressible multiphase flows with the consistent and conservative Phase-Field
method (Huang & Johnsen, 2023, 2024). This method is designed for arbitrarily high-
order finite-volume and discontinuous Galerkin schemes with guaranteed bound preser-
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vation, independent of the Phase-Field models selected. The remainder of this study
is structured as follows. Section 2 summarizes the computational models and methods.
Section 3 illustrates the interaction between shock-capturing schemes and Phase-Field
models. Section 4 proposes and demonstrates two new approaches to improve the cal-
culation of interfacial normal for the compression effect. Section 5 further discusses the
different behavior of the Phase-Field models in compressible flow problems. Finally, con-
clusions are drawn in Section 6.

2. Computational models and methods

2.1. Governing equation

We confine the present study to compressible two-phase flows without viscosity and heat
conduction to signify the interaction between shock-capturing schemes and Phase-Field
models. Such considerations simplify the general equation in Huang & Johnsen, (2023,
2024), leading to
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+∇ · FHB = SHB +∇ · FPF ,
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(2.1)

Here, the state vector U contains the mass of each phase (α1ρ1 and α2ρ2), momentum

(ρu =
∑2
p=1 αpρpu), total energy (ρE = 1

2ρu · u +
∑2
p=1 αpρpep), and volume fraction

of Phase 1 (α1). The flow velocity is u, and the pressure is P . The volume fraction of
Phase 2 is obtained from α2 = 1− α1. The internal energy (ep) follows the stiffened gas
equation of state by Le Métayer et al., (2005) as

ρp(ep −Dp) =
1

γp − 1
P +

γpP
∞
p

γp − 1
, 1 ≤ p ≤ 2, (2.2)

where γp, P
∞
p , and Dp are material properties specified in each numerical test.

The Phase-Field flux vector FPF incorporates the Phase-Field mechanism to compress-
ible multiphase flows in a consistent and conservative manner, satisfying the conservation
of mass, momentum, and energy; second law of thermodynamics; and Galilean invari-
ance. Therefore, Eq. (2.1) allows different Phase-Field models (represented by J1 and
J2 = −J1) to be implemented. For convenience, we use α = α1 and J = J1 when there
is no ambiguity.
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2.2. Numerical approach

Eq. (2.1) is solved from a finite-volume procedure detailed in Huang & Johnsen, (2023,
2024). The hyperbolic step is first performed as

∂U

∂t
+∇ · F̂HB(UL,UR) = ŜHB(U,UL,UR), (2.3)

where U is the cell-averaged value and UL,R are the reconstructed values at cell faces. The
HLL approximate Riemann solver (Toro, 2009) is used in the present study, represented

by F̂HB and ŜHB . The time step is determined from the Courant-Friedrichs-Lewy (CFL)
condition: ∆t(max

x
|u|+ c)/∆x = CFL, where c is the sound speed.

Then, the Phase-Field step is performed with the reduction-consistent formulation as

∂U

∂τ
= ∇ · F̂PF (UL,UR;∇Q), (2.4)

from τ = 0 to τ = ∆t. Here, Q (or∇Q) is an auxiliary variable extracting the information
of Phase-Field models (represented by J or ∇ · J) via

∇ · (α(1− α)∇Q) = ∇ · J, (2.5)

due to the consistency of reduction (Huang et al., 2020, 2021, 2022). Once ∇Q is avail-

able, F̂PF (UL,UR;∇Q) is computed with the upwind and downwind values of U at
cell faces based on the direction of ∇Q. The CFL condition in the Phase-Field step is
∆τ max

x
|∇Q|/∆x = CFLPF .

In the present study, both Eq. (2.3) and Eq. (2.4) are evolved with the third-order
total variation diminishing (TVD) Runge-Kutta time stepping (Gottlieb & Shu, 1998).
As analyzed in Huang & Johnsen, (2023, 2024), an arbitrarily high-order polynomial
reconstruction can be implemented without violating the volume fraction boundedness or
mass positivity when appropriate CFL and CFLPF are used, leading to a high-order and
bound-preserving finite-volume scheme for compressible multiphase flows with different
Phase-Field models. Interested readers should refer to Huang & Johnsen, (2023, 2024)
for details.

2.3. Phase-Field models

In the present study, we consider four different Phase-Field models that share an identical
equilibrium interfacial profile in one dimension, expressed as

α = F(ψ) =
1

2

(
1 + tanh

(
ψ√
2η

))
, (2.6)

where ψ denotes the signed distance to interfaces (ψ = x− xI in one dimension with xI
the location of the interface), and η controls the interface thickness. We further define
G(ϕ) = F−1(ϕ), as the inverse function of F(·).

The Cahn-Hilliard model (CH) (Cahn & Hilliard, 1958) with degenerate mobility
(Khanwale et al., 2022) is

∇ · J = ∇ · (Mα(1− α)∇ξ), ξ =
1

η2
dg

dα
−∇2α, g(α) = α2(1− α)2, (2.7)

where M is the magnitude of the mobility, ξ the chemical potential, and g(α) the
Ginzburg-Landau double-well potential.
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The conservative Allen-Cahn model (CAC) (Brassel & Bretin, 2011) is

∇ · J = −Mξ +
√
g(α)

∫
Ω
MξdΩ∫

Ω

√
g(α)dΩ

, (2.8)

where ξ and g(α) are the same as those in Eq. (2.7). This model has been implemented
in compressible multiphase flows (Huang & Johnsen, 2023).

The Conservative Diffuse Interface model (CDI) (Chiu & Lin, 2011; Mirjalili et al.,
2020) is

∇ · J = ∇ ·
(
M

(
∇α−

√
2

η
α(1− α)n

))
, (2.9)

where n = ∇α/|∇α| is the interfacial normal. This model has been implemented in
compressible multiphase flows (Jain et al., 2020, 2023).

The Accurate Conservative Diffuse Interface model (ACDI) (Jain, 2022) is

∇ · J = ∇ ·
(
M

(
∇α− 1

2
√

2η
sech2

(
ψ√
2η

)
n

))
, (2.10)

where ψ = G(α) and n = ∇ψ/|∇ψ|.
For CAC, which is not a flux-based model, a linear system resulting from discretizing

Eq. (2.5) has to be solved for Q, after which ∇Q is computed (Huang & Johnsen, 2023,
2024). On the other hand, CH, CDI, and ACDI are flux-based, and ∇Q = J/(α(1− α))
is directly obtained from Eq. (2.5). For CH in Eq. (2.7), it is straightforward to obtain

∇Q = M∇ξ. We note that ∇Q can be explicitly written as ∇Q =
√
2M
η (∇ψ−n) for CDI

and ACDI, after using ψ = G(ϕ). However, our primary tests did not show significant

differences when∇Q =
√
2M
η (∇ψ−n) is used. The present study applies M = 3η3 max |u|

for CH and M = 0.5ηmax |u| for the others. The Phase-Field models as well as Eq. (2.5)
are computed with the second-order central difference, linear interpolation, and mid-point
rule wherever they apply.

3. Interaction between shock-capturing schemes and Phase-Field models

To illustrate the interaction between the shock-capturing schemes and Phase-Field
models, we design the relaxation problem as

∂tU +∇ · FHB = SHB , 0 < t < 10; ∂tU = ∇ · FPF , t ≥ 10; (3.1)

with an initial condition (ρ1, γ1, P
∞
1 , ρ2, γ2, P

∞
2 , u, v, P ) = (1, 1.4, 0, 2, 1.6, 0.1, 0, 0, 1) and

α from Eq. (2.6) where ψ = 0.5 −
√
x2 + y2. The doubly periodic domain is [−1, 1] ×

[−1, 1], discretized by 128 × 128 grid cells. Before t = 10, the Phase-Field flux vector is
not activated. As a result, the circle with a radius of 0.5 in the middle of the domain is
smeared by the numerical diffusion from the shock-capturing schemes. After t = 10, only
the Phase-Field flux vector is activated to correct the distorted interfacial profile.

We use both the MUSCL and fifth-order WENO reconstructions with η = ∆x. In all
the problems investigated in the present study, CFL = CFLPF = 0.3 is always used
except when the CH model is implemented. In that case, CFL = 0.01 due to a fully
explicit calculation of CH that is a fourth-order partial differential equation (PDE).

Figure 1 shows the volume fraction α at t = 0, t = 10, and t = 20 with MUSCL
reconstruction. The interface is difficult to identify at t = 10 because of the strong
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Figure 1. Volume fraction α at t = 0, t = 10, and t = 20 in the relaxation problem with the
MUSCL reconstruction from different Phase-Field models.

Figure 2. Volume fraction α at t = 0, t = 10, and t = 20 in the relaxation problem with the
fifth-order WENO reconstruction from different Phase-Field models.

smearing from the numerical diffusion. Moreover, due to the dimension-by-dimension
nature of the shock-capturing schemes, the interface is thickened more significantly along
the coordinate axes, implying that the numerical diffusion is nonisotropic. Neither CDI
nor ACDI is able to recover the initial circular interface because the interfacial normal
can no long be accurately calculated given a highly distorted interface profile. However,
both CH and CAC recover the circular shape because these two models drive the phase
field toward minimizing the free energy.

Figure 2 shows the corresponding results with the fifth-order WENO reconstruction.
The implementation of a high-order reconstruction significantly reduces the numerical dif-
fusion, resulting in a sharper and less distorted interface at t = 10, while the nonisotropic
effect is still observable. Given such a less distorted interface, all the Phase-Field models
successfully recover the initial circular interface after their activation.

CDI is sensitive to the calculation of its compression term α(1− α)n at cell faces. To
address this, we compared the results from three calculation methods of the compression
term (see Figure 3). By default (labeled as CDI), we first evaluate the interfacial normal
at cell centers with the second-order central difference and then linearly interpolate α and
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Figure 3. Volume fraction α at t = 10 and t = 20 in the relaxation problem with different
compression calculations for CDI.

n to cell faces individually (Jain et al., 2023). Another way (labeled as CDI-Interpolate)
is to first calculate the entire compression term at cell centers and then perform the
linear interpolation. A third option (labeled as CDI-Normal) is to directly evaluate the
interfacial normal at cell faces with a compact stencil (Desjardins et al., 2008). As shown
in Figure 3, the default calculation provides the most satisfactory result. CDI-Interpolate
tends to produce sharp corners, while CDI-Normal tends to produce spurious oscillations.

4. New approaches for interfacial normal calculation

As observed in the relaxation problem in Section 3, the nonisotropic numerical dif-
fusion introduced by shock-capturing schemes distorts the interface profile represented
by α or ψ = G(α), leading to an inaccurate interfacial normal in CDI and ACDI. As a
result, the compression effect is pointed in a wrong direction. Although using a higher-
order reconstruction can alleviate the issue, we here propose two approaches that use an
alternative quantity to improve the interfacial normal calculation for CDI and ACDI. We
note that the two new approaches are implemented right after the hyperbolic step.

The first approach calculates the interfacial normal from n = ∇H̃/|∇H̃|, where H̃ is
a smoothed Heaviside function from the diffusion equation as

∂H̃

∂s
= D∇2H̃, s > 0; H̃ = Heaviside(α− 0.5), s = 0. (4.1)

The idea of this diffusion approach is to develop an isotropic diffused profile adjacent to
the interface, removing the nonisotropic effect from the shock-capturing schemes.

The second approach calculates the interfacial normal from n = ∇ψ̃/|∇ψ̃|, where ψ̃ is
a signed-distance function from the reinitialization equation (Sussman et al., 1994) as

∂ψ̃

∂s
= sign (G(α))

(
1− |∇ψ̃|

)
, s > 0; ψ̃ = G(α), s = 0. (4.2)

The idea of this reinitialization approach is to obtain a signed-distance function that is
smooth adjacent to the interface, as in Desjardins et al., (2008).

Figure 4 compares the two new approaches (labeled as CDI-Diffusion and CDI-Reinitial)
to the original approach (labeled as CDI) in the relaxation problem in Section 3. Both of
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Figure 4. Volume fraction α at t = 10 and t = 20 in the relaxation problem with different
interfacial normal calculations for CDI.

the new approaches successfully recover the initial circular interface no matter whether
the MUSCL or fifth-order WENO reconstruction is used. We observe the same improve-
ment when using ACDI (not shown). These results suggest that the nonisotropic effect is
the dominant source of error for CDI and ACDI. These two new approaches are further
tested in Section 5 in flow problems with underresolved interface structures.

5. Multiphase flow problems

5.1. Long-time advection

We consider an advection of a circular bubble over a long period of time. The problem
setup is the same as the relaxation problem in Section 3 except that u = v = 1 at t = 0.
Therefore, the circular bubble is translated diagonally.

Figure 5 shows the volume fraction α at t = 0 and t = 10 with the MUSCL recon-
struction. At t = 10, five periods of advection are completed, and the bubble returns
to the center of the domain. All of the Phase-Field models maintain a uniform inter-
face thickness effectively, compared to the one without Phase-Field models. It is not
surprising that both CDI and ACDI introduce obvious interface deformation due to the
inaccurate interfacial normal calculation directly from α (CDI) or G(α) (ACDI) that is
significantly distorted by nonisotropic numerical diffusion. The improvement from the
two new approaches (CDI-Diffusion and CDI-Reinitial) is obvious. Although both CH
and CAC drive the phase field toward minimizing the free energy, CAC is less sensitive
to perturbations from numerical diffusion and maintains the circular shape much better.

Figure 6 shows the corresponding results with the fifth-order WENO reconstruction,
and all the Phase-Field models benefit from the higher-order reconstruction. The bubble
shape at t = 10 from CDI, ACDI, and CH is less deformed, although corners along the
coordinate axes are still formed. For CDI-Diffusion, CDI-Reinitial, and CAC, the final
bubble shape is indistinguishable from the initial condition. Comparing Figure 6 with
Figure 5, we observe that CDI-Diffusion and CDI-Reinitial with MUSCL are even more
accurate than CDI and ACDI with the fifth-order WENO reconstruction.
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Figure 5. Volume fraction α at t = 0 and t = 10 in the long-time advection problem with the
MUSCL reconstruction from different Phase-Field models.

Figure 6. Volume fraction α at t = 0 and t = 10 in the long-time advection problem with the
fifth-order WENO reconstruction from different Phase-Field models.

5.2. Shock-bubble interaction

We further investigate the behavior of different Phase-Field models in the shock-bubble
interaction problem (Haas & Sturtevant, 1987): A Mach 1.22 shock traveling in the
air impinges on a helium cylindrical bubble. The computational domain is [−1.5, 4.8] ×
[0, 1.5], covering only the upper half of the problem due to symmetry. The left and
right boundaries are the outflow, and the top is the slip wall. The shock is initially at
x = −0.85, and the bubble with a radius of 0.8 is at x = y = 0. The domain is discretized
by 512× 128 grid cells, and the fifth-order WENO reconstruction is used.

Figure 7 shows the density ρ of different Phase-Field models at selected moments.
All the Phase-Field models effectively prevent the interface thickening introduced by the
numerical diffusion from shock-capturing schemes. Moreover, the wave structure away
from the interface is identical with different Phase-Field models, verifying that the Phase-
Field effect is localized adjacent to interfaces.

The difference among the Phase-Field models is subtle at the beginning (before t =
0.012) when all the interface structures are well resolved by the grid, although one can still
observe a slightly less smooth interface by CDI and ACDI. The major difference appears
when the interface rolls up (t = 0.018). CDI and ACDI break the interface and form four
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Figure 7. Density ρ at (from left to right) t = 0.001, 0.012, 0.018, 0.022, 0.025, and 0.030 in
the shock-bubble interaction problem with the fifth-order WENO reconstruction from different
Phase-Field models. The helium bubble is in blue.

tiny bubbles, while only a single small bubble is formed when applying CH. This small
interface structure is kept by CDI and ACDI, while it is dissolved to the bulk phase
from CH. There is no breakup using CDI-Diffusion, CDI-Reinitial, and CAC, but the
interface appears more diffusive near the roll up with CDI-Diffusion and CDI-Reinitial.
This is because both the diffusion Eq. (4.1) and reinitialization Eq. (4.2) tend to smooth
out the interface structures underresolved by the grid. Another difference is observed
after the filament is formed (t ≥ 0.022). As the filament gets thinner, it breaks into
several tiny bubbles when applying CDI and ACDI. The filament in CDI-Diffusion and
CDI-Reinitial disappears earliest, consistent with the behavior of Eq. (4.1) and Eq. (4.2),
and instead forms a small bubble on the middle line. This small bubble is maintained
in CDI-Diffusion but finally disappears in CDI-Reinitial. The filament in CAC stays for
a longer period of time than that in CDI-Diffusion and CDI-Reinitial but completely
disappears instantly. The filament in CH disappears very slowly, and a small air bubble
is formed and maintained inside the helium bubble (in blue) at the end.

Instead of concluding which Phase-Field model is superior, we aim to illustrate the
intrinsic behavior of different Phase-Field models, enabling scientific understanding of
their simulation results in other compressible multiphase flows.

6. Conclusions

Under a unified high-order and bound-preserving framework provided by the consistent
and conservative Phase-Field method (Huang & Johnsen, 2023, 2024), we investigated
the behavior of the CH, CAC, CDI, and ACDI Phase-Field models in compressible mul-
tiphase flows. We first illustrated the interaction between the shock-capturing schemes
and the Phase-Field models. When coupling the Phase-Field models with compressible
multiphase flows solved by shock-capturing schemes, the nonisotropic numerical diffusion
from shock-capturing schemes is most influential to the performance of the Phase-Field
models. For CDI and ACDI in particular, the nonisotropic numerical diffusion distorts the
interface profile, which then produces an interfacial normal that generates compression in
a wrong direction, resulting in spurious interface deformation. In addition to increasing
the order of accuracy of discretization, which reduces the amount of numerical diffusion,
we proposed the diffusion and reinitialization approaches for interfacial normal calcula-
tion in CDI and ACDI, and demonstrated their improvement for well-resolved interface
structures. Both CDI and ACDI tend to break an underresolved interface structure into
small pieces and then maintain them, while CH tends to break the interface structure
into a piece bigger than those from CDI/ACDI and then dissolves it gradually to the bulk
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phase. It is possible that CDI-Diffusion and CDI-Reinitial break the interface structure
that is small but still resolved by the grid and then turn it into a larger structure. The
CAC model has the least tendency to break the interface or to maintain underresolved
interface structures.

We finally note that the CH model is a fourth-order PDE, and its current fully explicit
implementation requires a CFL number more than 10 times smaller than the other Phase-
Field models that are second-order PDEs. Therefore, quantifying efficiency is one of the
future works. Furthermore, to better resolve interfaces, adaptive mesh refinement is an
attractive technique to implement.
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