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Numerical simulations of inertial microbubble
collapse at a gel–water interface with finite

elasticity and phase change

By M. Carcana Barbosa†¶, M. Rodriguez Jr.†¶ AND J. Yang‡

Microcavitation near soft biological material can lead to finite material deformations
and potentially damage. During microcavitation, the microbubble undergoes rapid oscil-
lations and phase change occurs between the water vapor and surrounding liquid water
at the microbubble surface. Previous studies of an inertial bubble collapse near compliant
material interfaces were limited to shock-induced collapse such that phase change could
be neglected, and considered only the bubble collapse in the liquid (water) phase near the
soft material. Thus, the fluid-structure interaction of microcavitation in or near soft ma-
terials undergoing finite deformations in the presence of phase change remains unknown.
We extend the multi-component flow code (MFC), a fully Eulerian finite-volume solver,
to account for material hyperelasticity with the reference map technique (RMT). The
algorithm employs a six-equation model for the stiffened gas equation of state (EoS) with
an infinite relaxation approach to account for phase change. We consider problem setups
of a microbubble composed of water vapor and noncondensible gas inertially collapsing
near or in a soft hyperelastic material and compare with experiments. The numerical sim-
ulations match the shear strain field experimental observations of a laser-induced bubble
near or in a 3% polyacrylamide, 0.2% bisacrylamide hydrogel.

1. Introduction

In high–strain rate events such as ballistic blasts or explosions, the body is subject
to traumatic injury (Kim et al. 2021). Local and transient pressure changes from the
impacts (energy deposition) lead to high strains and potentially shocks that propagate
throughout the soft material. Shocks are discontinuities in pressure, density, and tempera-
ture. Although not fully understood, the compliance and compressibility of soft materials
contribute to the nonlinearity of the dynamics (Dollet et al. 2019). The rapid transient
pressure drop in a liquid below its saturated vapor pressure at a given temperature may
result in inertial cavitation. Cavitation microbubbles are nucleated and inertially oscillate
in volume (with strain rates > 103 1/s) until mechanical dissipation slows the dynamics
toward mechanical equilibrium (Estrada et al. 2018). These dynamics can be reproduced
experimentally via laser- and acoustically generated microbubbles in soft materials (e.g.,
hydrogels) to gain insight into the high–strain rate material response. However, to un-
derstand the underlying material response in high–strain, nonsymmetric, heterogeneous
environments, time- and space-resolved spatial data is necessary.
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Figure 1. Problem setup of a water vapor and noncondensible gas-filled microbubble
initialized in gel near a gel–liquid interface at fixed nondimensional standoff distance γ.

Numerical simulations complement experimental efforts by accessing spatiotempo-
ral scales and spatial data not typically available in experiments. Monolithic Eulerian
interface-capturing approaches solving the compressible Navier–Stokes equations in an
N -material framework have favorable attributes over Lagrangian or arbitrary Lagrangian-
Eulerian methods due to algorithmic simplicity and discrete conservation (Rodriguez
& Johnsen 2019; Jain et al. 2023). Finite-volume, interface- and shock-capturing nu-
merical simulation approaches have been developed over the past decade for accurate
computation of compressible multiphase flows (Jain et al. 2023), including bubble dy-
namics (Coralic & Colonius 2014; Shams et al. 2023). However, computing finite defor-
mations in the Eulerian framework is particularly challenging when incorporating ma-
terial elasticity. Two Eulerian approaches are available in the literature: (i) Godunov
approaches (Ndanou et al. 2017; Shams et al. 2023) and (ii) the reference map technique
(RMT) (Valkov et al. 2015; Jain et al. 2019). Due to its applicability to a wide range
of hyperelastic constitutive models and simple implementation, we consider the RMT in
this work. The RMT utilizes the reference map of the spatial configuration to the refer-
ence configuration and can model incompressible hyperelastic solids (Jain et al. 2019).
At the elastic material interface, the rapid bubble oscillations show nonequilibrium ther-
modynamics such as phase change. To account for phase change, we use the six-equation
multiphase model of Pelanti & Shyue (2019). The model considers pressure, thermal, and
chemical disequilibrium at a interface of the same substance (e.g., liquid water and water
vapor) and assumes thermodynamic equilibrium is achieved infinitely fast.

The objective of this work is to understand soft material deformation due to a mi-
crobubble collapse, including phase-change dynamics, near a gel–water interface. We
model the hydrogel as a hyperelastic, neo-Hookean material and implement the RMT
in the multi-component flow code (MFC). The MFC (Radhakrishnan et al. 2024) is a
GPU-accelerated, finite-volume conservative solver. The remainder of this proceeding is
organized as follows. The problem setup and governing equations are presented in Sec-
tion 2. Numerical methods are presented in Section 3. In Section 4, we present results
comparing the bubble morphology and shear strain fields with digital image correlation
(DIC) results from laser-induced cavitation experiments of the same initial geometry. We
conclude with our observations in Section 5.
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2. Problem setup and governing equations

2.1. Problem setup

We investigate laser-induced inertial cavitation near a gel–water interface at the maxi-
mum microbubble radius. In the experiments, a laser pulse deposits energy into the gel or
liquid to generate an optically focused, single cavitation bubble at various stand-off dis-
tances from an embedded specked gel–water interface. Using the spatiotemporal adaptive
quadtree mesh DIC technique (McGhee et al. 2023; Yang et al. 2022), we extract high-
resolution spatiotemporal shear strain spatial fields. Figure 1 shows one of the problem
setups for the numerical simulations, in which a microbubble is placed in a gel near an
initially straight liquid–gel interface. An initially spherical bubble at its maximum radius,
Rmax, is composed of water vapor and a noncondensible gas, and placed at a normalized
standoff distance, γ = ∆x/Rmax, from the gel–liquid interface, where ∆x is the standoff
distance from the interface. Matching experiments, we consider two numerical simula-
tions at the maximum microbubble radius of γ = 2.17 or −1.39. A negative (positive)
γ indicates the bubble is initialized in the gel (liquid). The maximum experimentally
observed radii, Rmax = 244.8 µm and Rmax = 230.4 µm for bubbles initialized in the gel
and water, respectively, are used in the numerical simulations. In the experiments, the
initial condition is the laser-induced generated bubble, which is out of mechanical equilib-
rium with its surroundings. However, since the shear modulus is low relative to collapse
inertia, we consider numerical simulations initially in mechanical equilibrium. That is,
the elastic material field is not prestressed at Rmax. In the simulations, the surrounding
liquid and gel have an initial pressure, p∞ = 5 MPa, consistent with prior studies of an
inertial microbubble collapse (Rodriguez et al. 2022). The bubble has an initial pressure
of saturated water vapor, pb = 3550 Pa, at temperature T = 300 K.

The experimental and numerical results are nondimensionalized by their respective
theoretical Rayleigh collapse time, tc = 0.9125Rmax

√
ρ/∆p, where ρ is the surrounding

material density and ∆p = p∞−pb. For the experiments, we assume an atmospheric sur-
rounding pressure and pb = 3550 Pa for the initial bubble pressure. Thus, the theoretical
Rayleigh collapse times are tc = 22.6 µs and tc = 21.3 µs for the bubble initialized in the
liquid and gel, respectively. For the simulations, the collapse times are tc = 3.71 µs and
tc = 3.49 µs for the bubble initialized in the liquid and gel, respectively. The numerical
simulation collapse times are shorter than the experimental values due to the higher
initial surrounding material pressure driving the collapse. The gel consists of 3% poly-
acrylamide and 0.2% bisacrylamide and has a dynamic shear modulus of G = 0.57 kPa.

2.2. Governing equations

2.2.1. Equations of motion

The MFC solves the six-equation N -component multiphase model of Pelanti & Shyue
(2019) with phase change between the first and second phases,

∂tq +∇ · F (q) + h(q)∇ · u = rµ(q) + rθ(q) + rν(q), (2.1)

where q is the state vector, F is the flux tensor, h is the nonconservative term, and the
right-hand-side source terms involve the pressure (mechanical), thermal, and chemical
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disequilibrium, respectively. The terms are defined as

q =


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, h =
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, (2.2)
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, (2.3)

where ρk, αk, pk, and Ek are the phase k density, volume fraction, pressure, and spe-
cific internal energy per unit volume, respectively, and I is the identity tensor. The
mixture relations are

∑
k αk = 1 and

∑
k ρkαk = ρ, where ρ is the mixture density.

The mixture internal (hydrostatic) energy per unit volume is E =
∑
k αkEk and is re-

lated to thermodynamic quantities through the EoS. We consider isotropic materials
and follow the same energy decomposition as Ndanou et al. (2017). The total energy
(per unit volume) E is the sum of internal (hydrostatic), kinetic, and elastic contribu-
tions: E = E + (1/2)ρu · u + ρee, where ee is the elastic energy per unit mass. Elastic
energy is defined by a constitutive relation that describes the change of energy due to
mechanical deformations and defines the Cauchy stress tensor. To maintain numerical
stability (Schmidmayer et al. 2020), the total energy is numerically conserved by solving
an additional equation, ∂tE +∇ · ((E + p)u − σdev · u) = 0. The Cauchy stress tensor
is decomposed into isotropic and deviatoric components: σ = σiso + σdev. All of these
terms have viscous and elastic contributions. Elasticity dominates during the inertial col-
lapse of the bubble (Estrada et al. 2018); thus, we neglect viscous effects. The isotropic
term consists of pressure (σiso = −pI), and is incorporated into Eq. (2.1) for each phase.
The deviatoric stress contribution is defined with a constitutive relation. The terms Pkj
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Table 1. Constants in the stiffened gas EoS for water (LeMetayer et al. 2004).

Water phase n B [MPa] q [kJ/kg] η [kJ/(kgK)] cv [J/(kgK)] cp [J/(kgK)]

Liquid 2.35 103 −1167 0 1816 4267
Vapor 1.43 0 2030 −23.4 1040 1487

and Qkj represent the volume transfer (pressure disequilibrium) and heat transfer, re-
spectively, between phases k and j. The term M is the mass transfer between phases
1 and 2, the liquid and vapor phases, respectively. These transfer terms are defined as
Pkj = µkj(pk − pj), Qkj = θkj(Tj − Tk), and M = ν(g2 − g1), where Tk denotes the
temperature and gk the Gibbs free energy (chemical potential) of phase k. The parame-
ters µjk, θjk, and ν have no physical interpretation and are assumed to be infinite near
the interface and zero elsewhere; that is,

µjk, θjk =

{
∞ if ϵ ≤ αk ≤ 1− ϵ,
0 otherwise,

, ν =

{
∞ if ϵ ≤ αk ≤ 1− ϵ and Tliq > Tsat,

0 otherwise,
(2.4)

where ϵ defines the liquid–vapor interface, set to ϵ = 10−6 (Saurel et al. 2008).

2.2.2. Equation of state

The stiffened gas EoS of LeMetayer et al. (2004) is used to relate the mixture internal
energy to pressure and temperature as

E =
N∑

k=1

αkEk = p
N∑

k=1

αk
nk − 1

+
N∑

k=1

αk
nkBk
nk − 1

+
N∑

k=1

ρkαkqk, (2.5a)

= T
N∑

k=1

ρkαkcv,k +
N∑

k=1

αkBk +
N∑

k=1

ρkαkqk, (2.5b)

respectively, where T is the temperature and qk, nk, Bk, and cv,k are phase k material
properties. The phasic material properties are obtained empirically to produce the experi-
mentally observed propagation speeds in the water gas and liquid phase for a temperature
range T = 300–600 K. The phasic Gibbs free energy, used to model phase transition and
equilibrium, is defined as

gk = (nkcv,k − ηk)Tk + qk − cv,kTk ln

(
Tnk

k

(pk +Bk)nk−1

)
, (2.6)

where ηk is a phase k material parameter. Table 1 lists the phenomenological constants
for water vapor and liquid water.

2.2.3. Hyperelasticity

The gradient of the reference map is the inverse of the deformation gradient (Jain et

al. 2019): F = (∇ξ)
−1

. An evolution equation for the reference map is combined with the
conservation of mass equation to obtain a conservative form: ∂t(ρξ)+∇·(ρu⊗ξ) = 0. The
equation is combined with the system of equations in Eq. (2.1) and solved during the hy-
perbolic step of the solver. The left Cauchy–Green deformation tensor is then calculated
as b = FF⊤. For compressible neo-Hookean materials, the strain energy density function
may be written in terms of the left Cauchy–Green deformation tensor (Bonet & Wood
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(1997)), ψ(b) = (λ/2)(ln (J))2−G ln J+(G/2)(Ib−3), where J is the determinant of the
deformation gradient tensor, λ is a Lamé parameter, G is the shear modulus, and Ib is
the first invariant of the left Cauchy–Green deformation tensor. We additively decompose
the motion and strain energy function into dilatational (volume-changing) and isochoric
(volume-preserving): ψ(b) = ψvol(J) + ψ̃(b̃), respectively (Chaves 2013). The volumet-
ric term is associated with the internal (hydrostatic) energy and an EoS relating pres-
sure, temperature, and density. The isochoric term is the deviatoric part of the Cauchy
stress tensor for a compressible neo-Hookean model, σdev = (G/J) (b− (1/3) tr(b)I),
and closes Eq. (2.1). The mixture shear modulus is weighed by the volume fraction as
G =

∑
k α

(k)G(k).

3. Numerical methods

Equation (2.1) is solved using the Strang splitting approach (Strang 1968) involving
two solvers: hyperbolic and relaxation. For the hyperbolic step, a Harten Lax-van Leer
and contact (HLLC) approximate Riemann solver and a third-order, total variation di-
minishing Runge–Kutta algorithm upwind the solution. Fifth-order, accurately weighted,
essentially nonoscillatory schemes are used for spatial reconstruction (Coralic & Colonius
2014). The MFC uses a shock- and interface-capturing numerical method that is high-
order accurate and discretely conservative. The reference map is initialized in mechanical
equilibrium as the coordinate position at each grid point, ξ = x. The gradient of the
reference map ∇ξ is computed using a fourth-order central finite-difference scheme. The
deformation gradient tensor, F, is obtained by inverting the gradient of the reference
map. The left Cauchy-Green strain tensor, b, and the deviatoric contribution to the
Cauchy stress tensor, σdev, are then computed with the deformation gradient tensor.
For the relaxation step, we follow the relaxation procedure of Pelanti & Shyue (2019)
in which the first two phases (i.e., liquid water and water vapor) can undergo phase
change. Phase change is activated if either the liquid temperature is above or the water
vapor below the saturation temperature. The remaining phases are relaxed to pressure
and thermal equilibrium. The experiment uses low-polymer-concentration hydrogel such
that it is mostly composed of water. Thus, the phase change is assumed to take place
between the liquid water in the bubble surroundings and the water vapor in the bubble.

4. Results

Figures 2 and 3 show the shear strain (exy) in the soft material (rainbow) contours
for the numerical simulations (left column) and experiments (right column) for γ = 2.17
and −1.39, respectively. The shear strain contour levels and magnitudes match between
the numerical simulations and experiments. For the numerical simulations, pressure is in
grayscale and the orange isosurface represents the bubble surface at the volume fraction
of the surrounding material, αm = 0.5. The orange dashed line is the bubble initial
location and size. Shortly after reaching the minimum volume, a shock, originating from
the bubble surface at minimum volume, propagates radially outward and through the
nearby elastic material for positive γ. For both γ cases, the bubble collapse morphology
is not spherical in the numerical simulations due to the fluid-structure interactions with
the surroundings. While phase change took place between the water vapor in the bubble
and the surroundings (data not shown), the inertia of the collapse dominates the collapse
dynamics.
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Figure 2. (a1 - a3) Simulation and (b1 - b3) experimental shear strain contours in the xy plane
(rainbow scale) of a bubble initialized in liquid of a gel–water interface at γ = 2.17. For the
numerical simulation contours, pressure contours in the liquid water are shown in grayscale and
the orange isosurfaces denote the bubble surface at αℓ = 0.5. Times are nondimensionalized by
their respective theoretical Rayleigh collapse time.

4.1. Bubble initialized in liquid near a gel–water interface, γ = 2.17

For both the experiment and numerical simulation, the collapse is spherical due to the
uniform pressure in the surroundings. The bubble reaches minimum volume at the theo-
retical Rayleigh collapse time. At minimum volume, the transfer of kinetic energy from
the liquid to internal energy of the bubble gases arrests the liquid motion at the bubble
surface. However, the surrounding fluid continues to converge on the bubble and becomes
compressed (Figure 2(a2)). The liquid pressure near the bubble rapidly increases at the
minimum volume and generates a shock that propagates radially outward (Figure 2(a3))
into the neighboring soft material. There is minimal partial reflection of the shock at
the material interface due to the liquid water and soft material having similar acoustic
impedances. During the collapse, two nodal shear strain structures form, with the highest-
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and lowest-strain-magnitude values near the material interface (Figure 2(a3,b1)). In the
experiment, the strain magnitudes decrease as the bubble returns to mechanical equilib-
rium. As the bubble reaches mechanical equilibrium in the experiments, the shear strains
dissipate more quickly than in the numerical simulations. An inversion in polarity is ob-
served in the shear strain in Figure 2(b2,b3) when the bubble radius decreases in size past
the mechanical equilibrium. In the numerical simulations, two shear strain nodes form as
the bubble collapses and entrains the material surroundings, including the soft, elastic
material. Despite not matching the initial condition of the experiments, the maximum
shear strains and shapes of the simulations qualitatively match those of the experiments.
Moreover, the shock waves in Figure 2(a3,b3) are approximately at similar locations.

4.2. Bubble initialized in gel near a gel–water interface, γ = −1.39

For the case of the bubble collapsing in the gel, the collapse is more asymmetrical than
the γ = 2.17 case. The bubble reaches its minimum volume at the theoretical collapse
time. Soon after the bubble begins to collapse in both the experiments and simulations,
four shear strain nodes form in the soft material near the surface of the bubble (Figure
3(a1,b1)). The shear strain nodes continue to grow during the bubble collapse (Figure
3(a2,a3)). In the experimental results, the maximum shear strain in these four nodes is
observed at the maximum radius (Figure 3(b1)) due to the out-of-equilibrium condition
at the maximum bubble radius. In Figure 3(b3), the bubble decreases in size past the
mechanical equilibrium radius due to the collapse inertia, and the shear strain nodes
change polarity. However, in the numerical simulations, the mechanical equilibrium radius
is much smaller and not reached during the collapse. Thus, the polarity of the shear
strain is retained (Figure 3(a3)). The shear strain magnitudes between the simulation
and experiment do not match due to the higher inertia in liquid pressure driving the
collapse in the numerical simulations. Relative to the γ = 2.17 case, the shear strains are
stresses more than 10 times larger for the bubble in the gel than for the bubble initialized
in the water.

5. Conclusions

We conducted Eulerian numerical simulations of hyperelastic solids and phase change
using MFC to study inertial microbubble cavitation near a gel–water material interface.
We implemented a hyperelastic formulation for a neo-Hookean material using the RMT.
Two cases of an inertially collapsing bubble near a gel–water interface are considered: a
bubble initialized in (i) water at γ = 2.17 and (ii) gel at γ = −1.39. While phase change
took place in the simulations, the high inertial pressure dominated the collapse dynamics
such that its effect was not significant. The bubble morphology is spherical during the
collapse. Additionally, collapse times match their theoretical values for both simulations
and experiments. The resulting shear strains in the nearby elastic material are due to
the bubble entraining the surrounding material during the collapse. Between the two
experiments, a microbubble initialized in a soft material can generate shear strains more
than 10 times larger than when initialized in water. For both standoff distances, the
elastic material shear strain magnitudes and spatial shapes of the numerical simulations
match the DIC shear strain experiments before reaching the mechanical equilibrium
radius. In future work, we will consider the bubble growth phase where phase change
is more significant and account for the displaced gel–water interface when the bubble
reaches its maximum volume.
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Figure 3. (a1 - a3) Simulation and (b1 - b3) experimental shear strain contours in the xy
plane (rainbow scale) of a bubble initialized in the gel of a gel–water interface at γ = −1.39.
For the numerical simulation, pressure contours in liquid water are shown in grayscale and the
orange isosurface denotes the bubble surface at αgel = 0.5. Times are nondimensionalized by
their respective theoretical Rayleigh collapse time.
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