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Abstract: We present a powerful photonic crystal device sensitivity analysis and optimization
method utilizing efficient matrix techniques. We optimize the performance of a compact
(8.2x13.3pm) waveguide mode demux with the method. FDTD simulations validated the design.
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Analysis of performance changes due to perturbations, such as fabrication error and temperature induced index
shifts, is an important step for photonic crystal (PC) structure design. The standard finite difference approach is to
solve directly for the performance parameters before and after perturbations. Often, computationally expensive
Finite-Difference Time-Domain (FDTD) simulations[l] or plane wave expansions (PWM)[2] need to be repeated
for each perturbation scenario. We show here, however, using a powerful sensitivity analysis method we call
Wannier Basis Gradients (WBG), multiple perturbation scenarios can be analyzed at least 3 orders of magnitude
faster than FDTD and PWM. This method will enable designers to perform detailed sensitivity analysis too
computationally expensive to perform previously. Furthermore, we introduce a local optimization method based on
WBG. We show that the new optimization method is very effective for fine tuning and enhancing the performance
of PC device designs. Optimizing PC device designs in such a general framework has been computationally
impossible until now. Our new method will enable researchers with computing sources of a single personal
computer to design PC devices with novel and complex signal processing functionalities. We illustrate the technique
by optimizing the design of an extremely compact photonic nanostructure waveguide mode demultiplexer.

The WBG sensitivity analysis method involves a one-time evaluation of a small perturbation matrix 6D',
associated with a particular single unit cell perturbation of a PC. With a few trivial matrix multiplications and shifts
involving ED', we obtain the performance sensitivity to the same perturbation applied to different unit cells or
multiple unit cells, for any device constructed in the same PC. Furthermore, unlike FDTD and PWM, the WBG
method does not require finer computational grids for smaller dielectric boundary perturbations.

For clarity, we focus on defect structures in 2-D PCs with TM polarized fields. Extension to the TE case[3] is
straightforward. First, we expand the field in Wannier basis as E(r) = EY,,RanfRWnfR (r), where an,R are the
expansion coefficients, WU,R (r) are the Wannier fimctions, with Bloch wave band index n and crystal lattice
vector R. Using this expansion in the monochromatic Maxwell's equations and rearranging terms, we get a simple
system matrix equation: Bx = y . This equation can be solved to obtain the transmission/reflection of PC defect
structures with PC waveguide input/outputs. In this equation, the system matrix B E Rkxk is calculated from the
geometries of the PC defect structure, and y is a vector describing the input field. x is a vector of the form
{r,t,a}, where r, t are vectors of reflection and transmission coefficients of the input and output waveguide
modes. The number of nonzero elements in a, which represents the field inside the crystal, determines the
dimension of B. The full form of B is given by Busch[4]. What is important for this discussion is that, in the
presence of an additional dielectric perturbation & ( r, -y ), the system matrix equation changes to

[B + D(-y)]x(y) = y,(1)
with (6D)71R,,s = R2 W,R(r)&(r, -y)W,,s(r)d2rd (2)

where -y is a scalar that parameterizes the perturbation be ( r, y) , such that E (r, 0) = 0. Now, using an adjoint-
variable method, we have shown that the sensitivities ofthe transmission/reflection coefficients w.r.t ^y are given by

dt()/d7=-Xt6D'x(-y), (3)
where a vector x is defined as x = [eTBl ]t,1 eT is a unit vector in the form ,0 ... 1 ... 0]that picks out one
of the transmission /reflection coefficients, and 3D' _ 3D / d-y is found by dif erentiating Eq. (2).
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The matrix B is small enough to be inverted directly for structures sizes up to 50 by 50 lattice constants.
Therefore, B-1 can be obtained when we solve the transmission for the non-perturbed structure, then x and 3x can
be found with simple multiplications. Due to the localization of the Wannier functions to a few neighboring unit
cells[4], ED' typically only has -100 non-zero elements. Therefore, after we calculated 6D', we can use Eq. (3) to
find the gradient of one of the transmission coefficients with respect to -y with a simple matrix multiplication.

We only need to calculate ED' for the perturbation to a single unit cell. Sensitivity analysis of the same
perturbation applied to other unit cells, or multiples of them, is computationally trivial. The change to the dielectric
distribution becomes Ei [6ei (r)], where 6Ei (r) = &E (r -Ri ) for i th unit cell. Using the fact that the Wannier
functions for different lattice sites are just translations ofeach other, we can show that the sensitivity due to the new
perturbations can be evaluated by simply replacing ED' with JZi 6D' in Eq (3), where
( ~D' )nR,mS = (6D'/)n(R_R),m(S_R) . Because matrix shift is a trivial operation, we can quickly map out the sensitivity
to the perturbation of different unit cells, as well as coherent effects from multiple simultaneous perturbations. The
computational overhead of founding ED' can be amortized over the analysis of many structures constructed in the
same PC. We will refer to Eq. (3) and as the WGB method for sensitivity analysis.

We demonstrate our sensitivity method using a mode separator design example. We have demonstrated in [5] a
design method for PC devices, using small rank adjustment to the inverse in the Wannier basis. Using that method,
we designed a device that separates 3 guiding modes of a multimode waveguide around an operating wavelength of
1503 mm. Compared to previous designs, our design is extremely compact (8.2X13.3 Mm) because it does not
depend on adiabatic mode transformation[6], or the symmetry of the modes[7]. The mode separator is made by.
introducing defects into a 2-D PC made of high index cylinders (n=3.4, rod radius=0. 1 8a, a=lattice constant) in air.
The input waveguide made of three rows of missing rods supports three modes. The 3 output single mode
waveguides are made of single rows of missing rods. The mode separator takes the 3 modes of the input guide and
separates them into the three output waveguides. For reference, the mode separator design and its transmission
characteristics are show in Fig. 1.
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(a) (b) Fundamental (c) 1 s (d) 2nd
Fig. 1. (a) Design of the mode separator. Dark circles represent high index rods in air. The PC parameters are given in the
text. Arrows shows the input and output ports. (b, c, d) Mode separator in action. The three field pattemns are for each of
the three input waveguide modes. Lighter shading indicate larger field The structure is superimposed onto the field
pattemns. The irregularities in the input fields are due to the small reflections (-IOdB) from the device.

Eq. (3) provides a powerful and efficient means for investigating the mode separator sensitivity to perturbations.
For the sake of demonstrating the analysis technique, we assume the dielectric constant of each rod is perturbed.
Fig. 2(a) shows the sensitivity of the transmission coefficients on perturbation to each individual rod, calculated
using Eq. (3). From the figure we can readily identify regions of the device that are most sensitive to perturbations.
From Fig. l(b-d), we can see that the most sensitive regions roughly match the regions with the highest field
concentration. This provides an intuitive verification of our sensitivity analysis.

It should be pointed out that, if FDTD simulations are used, roughly 10 hours would be needed on a Pentium 4
computer to find the change in the transmission for perturbation to just on single unit cell. Generating the sensitivity
map in Fig. 2(a), where we calculated the effect of perturbing 33 individual rods, would be extremely
computationally expensive for FDTD. In contrast, our WGB method took roughly 10 seconds to compute the whole
sensitivity map. It should be pointed out that, before the WGB sensitivity analysis, we needed roughly 10 miinutes
of computation time to calculate the perturbation matrix 6D' for perturbation to a single unit cell. This matrix,
however, only needs to be calculated once.

Fig. 2(b) shows the spectra for one of the modes in our previous design. The peak transmission is around 90%.
Ideally we would like to increase this figure to 100%. For the sake of this demonstration, we will try to fine-tune the
dielectric constant of the 33 dielectric rods in the center of the structure. Because the starting design is close to an
optimum, WBG sensitivity analysis can help us to make intelligent guesses to how to tune the index of the rods.
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(b) Response to 2nd Mode Input (c) After Opti|iation using WBG
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Fig. 2. (a) Sensitivity of the transmission coefficients to dielectric perturbation to each individual rod. Darker shading
around each rod represents a larger change to the sum ofthe squares of the wanted transmissions for the corresponding rod.
(b, c) FDTD transmission and reflection spectra before and after fine tuning using a combination of sensitivity analysis and
small rank adjustment optimization. The spectra are for the 2nd order input waveguide mode. Ports 1, 2, and 3 refer to the
3 output waveguides.

We start by using Eq. (3) to calculate three gradient vectors dt1ldi, dt2/d , dt,3d a,where tm represents the
transmission to the desired output for input mode m, and a = { yYAR = R,_. ., R33 } parameterizes the index
change in the 33 rods. The fine tuning involves modifying the structure in iterations, but because for all iterations
we will be only scaling the dielectric constant of a rod, 5D' is the same for all iterations. This means that 6D' only
has to be calculated once. Furthermore, because the same type of perturbation is applied to all 33 rods, we only
need to calculate a single matrix D' , and the rest 32 matrices are related to 6D' by trivial shifts as described. For
this specific structure, dtl/d!, dt2/d!, dt3/d! can be calculated on a Pentium 4 computer in roughly 3 minutes.
Our goal is to maximize It 12 = It,12 + I t212 + I t312 The gradient of I t 12 is given by

dItd12
== 2It1t d4 + t2tfd + t3 t d-I

Using WBG to find the gradient, we can use any gradient-based local optimization algorithms to search for a

local optimum in the design, such as steepest descent or conjugate gradients. In this example we simply picked
steepest descent to choose the modification to the 33 rods in each iteration.

In each iteration, after the optimization algorithm chooses a direction and distance to go in the design space, we

need to determine the new transmission coefficients. The modification to the device given by the local optimization
algorithm can be treated as a small rank adjustment to the system matrix, and the new transmission can be found
very quickly using the small rank adjustment to the inverse method we developed in [5]. In this example, it takes
roughly 3 minutes to find the new transmission coefficients on a Pentium III computer. We then use WBG to find
the sensitivity numbers for the new design. The process repeats until we have found the local design optimum. For
this example, the local optimum was found in roughly 500 iterations.

Fig. 2 shows the transmission spectrum of the 2nd order mode before and after the optimization. The spectrum
is found using FDTD simulation in order to verify the result obtained using our Wannier based methods. Similar
results are obtained for the other two modes. From Fig. 2 we can see that the peak transmission increased form 90%
to nearly unity after the optimization. In conclusion, we have demonstrated that combining WBG sensitivity
analysis with small rank adjustment optimization gives a powerful tool for designing PC devices with complex and
novel functionalities.
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