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Modes generally provide an economical description of waves, reducing complicated
wave functions to finite numbers of mode amplitudes, as in propagating fiber modes
and ideal laser beams. But finding a corresponding mode description for counting
the best orthogonal channels for communicating between surfaces or volumes, or for
optimally describing the inputs and outputs of a complicated optical system or wave
scatterer, requires a different approach. The singular-value decomposition approach
we describe here gives the necessary optimal source and receiver “communication
modes” pairs and device or scatterer input and output “mode-converter basis function”
pairs. These define the best communication or input/output channels, allowing precise
counting and straightforward calculations. Here we introduce all the mathematics and
physics of this approach, which works for acoustic, radio-frequency, and optical waves,
including full vector electromagnetic behavior, and is valid from nanophotonic scales to
large systems. We show several general behaviors of communications modes, including
various heuristic results. We also establish a new “M-gauge” for electromagnetism that
clarifies the number of vector wave channels and allows a simple and general quantiza-
tion. This approach also gives a new modal “M-coefficient” version of Einstein’s A&B
coefficient argument and revised versions of Kirchhoff’s radiation laws. The article is
written in a tutorial style to introduce the approach and its consequences. © 2019
Optical Society of America
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Waves, modes, communications,
and optics: a tutorial
DAVID A. B. MILLER

1. INTRODUCTION

The idea of modes is common in the world of waves, especially in optics. Modes are
very useful in simplifying many problems. But, there is much confusion about them.
Are modes “resonances”? Are they “beams”? Do they have to stay the same “shape”?
Are they “communication channels”? How do we “count”modes? Are they properties
of space or of objects such as scatterers? Just what is the definition of a mode? The
purpose of this paper is to sort out the answers to questions like these, and to clarify
and extend the idea of “modes.” In particular, we want to use them for describing
waves in communications and in describing sophisticated optical devices. Such ap-
plications are increasingly important: communications may require mode- or space-
division multiplexing to increase capacity, and we are able to fabricate progressively
more complex optical devices with modern micro- and nano-fabrication.

1.1. Modes and Waves
At their simplest, modes can be different shapes of waves. Some such modes arise
naturally in waveguides and resonators; these modes are well understood and are
taught in standard texts (see, e.g., [1–4]). A key benefit of modes is that, when
we choose the right ones, problems simplify; instead of describing waves directly
as their values at each of a large number of points, we can just use the amplitudes
of some relatively small number of modes. But when we want to use modes to under-
stand communications with waves more generally, or when we want to describe some
linear optical device or object economically using modes, we need to move beyond the
ideas of just resonator or waveguide modes. Specifically, we can introduce the ideas of
communications modes in communicating with waves [5] and mode-converter basis
sets [6,7] in describing devices. These modes are not yet part of standard texts, nor is
there even any broad and deep introduction to them. Further, many of their details and
applications are not yet discussed in the literature.

The reason for writing this paper is to provide exactly such an introduction. As well as
sorting out the ideas of modes generally, we explain the physics of these additional
forms of modes, which brings clearer answers to our opening questions above.
We show how these ideas are supported by powerful and ultimately straightforward
mathematics. We introduce novel, useful, and fundamental results that follow. This
approach resolves many confusions. It reveals powerful concepts and methods, gen-
eral limits, new physical laws, and some simple and even surprising results. It works
over a broad range of waves, from acoustics, through classical microwave electromag-
netism, to quantum-mechanical descriptions of light.

1.2. Idea of Modes
One subtle point about modes is that it can be difficult to find a definition or even a
clear statement of what they are. We should clarify this now.

Modes are particularly common in describing oscillations of physical objects and sys-
tems. Simple examples include a mass on a spring, or waves on a string, especially one
with fixed ends. In these cases, an informal definition of an oscillating mode is that it
is a way of oscillating in which everything that is oscillating is oscillating at the same
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frequency. This is a sense in which a “mode” is a “way” or “manner” of oscillation.
Musical instruments offer many other examples of such modes, as in standing waves
in a pipe, or resonances in the vibrations of plates or hollow bodies. Such a mode will
have a specific frequency of oscillation, and the amplitude of the vibration will take a
specific physical form—it can be a function of position along the string or pipe or on
the surface of some plate or body.

The underlying mathematical idea of modes is associated with eigenfunctions or
eigenvectors in linear physical systems; in oscillating systems or resonators, the func-
tion that gives the amplitude of oscillation at each position is the eigenfunction, and
the frequency (or often the square of the frequency) is the eigenvalue. Indeed, we can
state a useful, general definition of a mode [8–10]:

Amode is an eigenfunction of an eigenproblem describing a physical system: (1)

Conventional resonator and waveguide modes are each the eigenfunctions of a single
eigenproblem. The fixed “shape” of this oscillation amplitude inside the resonator is
often thought of as the “mode” or eigenfunction in this sense. Waveguide modes
use the same mathematics, but the concept here is that the transverse shape of the mode
does not change as it propagates. An analogous informal definition of a propagating
mode is that everything that propagates is propagating with the samewave vector, which
also implies that the (transverse) shape does not change as it propagates. That transverse
shape is the eigenfunction. Though such waveguide modes may well be modes of a
specific frequency that we have chosen, the eigenvalue is typically a propagation con-
stant or wavevector magnitude (or, again, often the square of this quantity).

Before going any further, to support these ideas of modes, we need good notations;
they should be general enough to handle everything we need, but they should suppress
unnecessary detail. Wherever possible, we use a Dirac “bra-ket” notation, which op-
erates at just such a useful level of abstraction. We introduce this notation progres-
sively (see also [9]). In this notation a function can be represented by a “ket” or “ket
vector,” written as jψSi or jϕRi, for example. Linear operators, such as Green’s func-
tions or scattering operators, are represented by a letter, and here we will mostly use
“sans serif” capital letters such as G and D. Most simply, we can think of kets as
column vectors of numbers and the linear operators as matrices. Dirac notation imple-
ments a convenient version of linear algebra equivalent to matrix-vector operations
with complex numbers, and indeed such a matrix-vector view can be the simplest way
to think about Dirac notation.

1.3. Modes as Pairs of Functions
To handle communications and complex optical devices, we need to go beyond just
resonator or waveguide modes; fortunately, though, we can use much of the same
mathematics. The key mathematical difference between resonator and waveguide
modes on the one hand and our new modes on the other is that

communications modes and mode-converter basis sets each result from solving a
singular-value decomposition (SVD) problem, which corresponds to solving two
eigenproblems.

The physical reason for having two such eigenproblems is because

we are defining optimum mappings between two different spaces.

For example, in communications, we may have sources or transmitters in one “source”
volume and resulting waves communicated into another “receiving” volume
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[Fig. 1(a)]. The solutions to our problem are then the set of optimum source functions
in the source or input volume that couple, one by one, to the resulting optimal waves in
the receiving or output volume; SVD solves for both of those sets of functions, and it
is these two sets of functions that are the communications modes. So, a given com-
munications mode is not one function but two.

We can also view a communications mode as defining a communications “channel.”
A simple view of a “channel” is that, when we put an input in one end, the corre-
sponding output comes of the other end, without “leaking” into any other such
“channel,” as in the literal meaning of a channel as carrying a stream of water,
separately from other such streams or channels. In the case of the communications
modes, modulating the “source” function leads to an amplitude in the corre-
sponding receiving wave; the “separateness” here is defined by some mathematical
“orthogonality” of all the source functions and all the receiving functions, and we
clarify this idea below. We will be able to have separate channels for information flow
even if the actual waves are mixed in the space between the source and receiver. When
we use the term “channels” we mean such independent “ways” for sending informa-
tion from source to receiver. In this sense, a communications mode describes the
physical carrier for such an information “channel.”

In practice we may only need to solve one of these two SVD eigenproblems, and we
can then deduce the solutions to the other. But because we can view this through two
eigenproblems, each of these sets of functions, one in the source space and one in the
receiving space, therefore has all the useful mathematical properties of eigenfunctions,
including this idea of “orthogonality”; such properties have profound consequences
for the physical interpretation and the mathematics that follows.

1.3a. Communications Modes

Note immediately that, in this view,

the communications mode is not the propagating wave (or what we will call the
beam) between the source volume and receiver volume.

Figure 1

Conceptual view for (a) communications modes and (b) mode-converter basis sets. In
both cases a source function jψSi in a source or input volume VS, or more generally in a
mathematical (Hilbert) spaceHS, results in a wave function jϕRi in a receiving or output
volume VR, or more generally in a mathematical (Hilbert) space HR. In the commu-
nications mode case (a) the coupling is through a Green’s function operator GSR as
appropriate for the intervening medium between the spaces. In the mode-converter
case (b), the coupling is through the action of a device (or scattering) operator D.
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Indeed, in general the beam will change shape as it propagates, and it is not itself the
“eigenfunction” of the mathematical problem (though it is easily deduced from the ac-
tual eigenfunctions in simple communication problems). In this SVD way of looking at
communications, the jth communications mode is a pair of functions—jψSji in the
source or input space, and jϕRji in the receiving or output space. Explicitly, therefore,

communications modes are pairs of functions—one in the source space and one in
the receiving space.

They are a set of communications mode pairs of functions—a pair jψS1i and jϕR1i, a
pair jψS2i and jϕR2i, and so on. To find these functions, we perform the SVD of the
coupling operator GSR between the volumes or spaces. For the communications prob-
lems we consider first, this GSR is effectively the free-space Green’s function for our
wave equation.

1.3b. Mode-Converter Basis Sets

When we change from thinking just about waves in free space to trying to describe a
linear optical device, we can consider how it scatters input waves to output waves
[Fig. 1(b)]. By analyzing this also as an SVD problem, in this case of a device
(or scattering) operator D, we can similarly deduce a set [11] of input source functions
fjψSjig that couple one by one to a set of output wave functions fjϕRjig; these two sets
of functions are the mode-converter basis sets.

In this second case, we want to describe the device as one that converts from a specific
input mode jψSji to the corresponding output mode jϕRji, and so on, for all such mode
pairs; again, as in the case of communications modes, we think in terms of pairs of
functions here, one in the source or input space, and one in the receiving or output
space. We can consider these as mode-converter pairs—a pair jψS1i and jϕR1i, a pair
jψS2i and jϕR2i, and so on, just as in the communications modes. In this way of look-
ing at a linear optical device [6],

any linear optical device can be viewed as a mode converter, converting from
specific sets of functions in the input space one by one to specific corresponding
functions in the output space, giving the mode-converter pairs of functions.

The device converts input mode jψS1i to output mode jϕR1i, input mode jψS2i to
output mode jϕR2i, and so on. In this case, though the mathematics is similar to
the communications modes, this is more a way of describing the device, whereas
the communications modes are a way of describing the communications channels
from sources to receivers. For the device case, we may not have anything like a simple
beam between the sources and receivers, but we do have these well-defined functions
or “modes” inside the source space or volume and inside the receiving space or vol-
ume. We could also view the mode-converter basis sets as describing the communi-
cations modes “through” the device.

In an actual physical problem for a device, there are ways in principle in which we
could deduce the mode-converter pairs of functions by experiment [7,12] without ever
knowing exactly what the wave field is inside the device. Then we could know the
mode-converter pairs as eigenfunctions without knowing the “beam”; this point em-
phasizes that it can be more useful and meaningful to use the pairs of functions in the
source and receiving spaces as the modes of the system rather than attempting to use
the beam through the whole system as the way to describe it.

1.4. Usefulness of This Approach
There are several practical and fundamental reasons why these pairs of functions are
useful.

686 Vol. 11, No. 3 / September 2019 / Advances in Optics and Photonics Tutorial



1.4a. Using Communications Modes

In communications, we continually want larger amounts of useful bandwidth. This
need is strong for wireless radio-frequency transmission [13], for optical signals in
fibers [14–17] or free space [17–20], and even for acoustic information transmission
[21–23]. Recent progress in novel optical ways to separate different [16] and even
arbitrary modes [24–29], including automatic methods [24–29], gives additional mo-
tivation to consider the use of different modes (or “spatial degrees of freedom”) in
communications.

Increasingly, therefore, we need to understand the spatial degrees of freedom in such
communications and the limits in their use; a natural way to describe and quantify
those is in terms of communications modes. Specifically,

we can understand how to count the number of useful available spatial channels.

Essentially, this can also be viewed as a generalization of the ideas of diffraction lim-
its, and we will develop these ideas below. A key novel result is that

this SVD approach gives a sum rule that bounds the number and strength of those
channels.

As we solve the problem this way, we can also unambiguously establish just exactly
what the best channels are; we do not need to presume any particular form of these
modes to start with. So, specifically, we do not need to analyze in terms of plane-wave
“modes,” Hermite–Gaussian or Laguerre–Gaussian beams, optical “orbital” angular
momentum (OAM) [19,20,30–32] “modes,” prolate spheroidals [33], arrays of spots,
or any other specific family of functions; specifically,

the SVD solution will tell us the best answers for the transmitting and receiving
functions—the communications modes—and those will in general be none of the
standard mathematical families of functions or beams.

1.4b. Using Mode-Converter Basis Sets

In analyzing linear optical devices or scatterers,

if we establish the mode-converter basis sets by solving the SVD problem, we
will have the most economical and complete description of a device or scatterer.

Essentially, we establish the “best” functions to use here, starting with the most im-
portant and progressing to those of decreasing importance. An incidental and univer-
sal consequence of this approach is that we realize that

there is a set of independent channels through any linear scatterer

(which are the mode-converter basis sets), and that we can describe the device com-
pletely using those. The implications of the mode-converter basis sets go beyond sim-
ple mathematical economy:

Mode-converter basis functions have basic physical meaning and implications,
giving fundamental results that can be economically and uniquely expressed
using them.

They allow us, for example, to write new versions and extensions of Kirchhoff’s radi-
ation laws [7], including ones that apply specifically and only to the mode-converter
pairs, and to derive a novel modal version of Einstein’s “A&B” coefficient argument on
spontaneous and stimulated emission (Subsection 11.2). Such results suggest that this
mode-converter basis set approach is deeply meaningful as a way to describe optical
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systems. These mode-converter basis functions can also be identified in principle for a
given linear object through physical experiments [7], independent of the mathematics.

1.4c. Areas of Research and Application

This approach to waves, though not yet very widely known, has a history that goes back
some decades, and already has many applications. The earliest, and very successful,
application of eigenfunction approaches in waves is for laser resonators [34–36] with
some related work in imaging [33]. Such applications are special cases of the present
approach in which the “source” and “receiver” functions are essentially mathematically
the same. Following the introduction of the full SVD approach [5,37,38], there has been
a broadening range of applications in wireless communications [13,39–51], where
space-division multiplexing is increasingly an important option, r.f. imaging [52,53],
electromagnetic scattering [54–64], optical systems [65–81], acoustic wave communi-
cations [23], finding strong channels though strong scatterers [82–98] (which is related
to earlier work on electron transport though disordered media [97]), multiple-mode op-
tical fibers for communications [81,99] and imaging [100–105], and free-space com-
munications [18]. This approach can also resolve paradoxes and confusions in counting
available communications channels generally, such as whether OAM leads to more
channels (and we discuss this below). The growing availability of optical systems that
can generate complex and controllable devices [12,24–29,106–119] also means this
SVD approach is practically accessible for more applications because we can generate
sets of sources and can separate sets of waves, and SVD is also a good way to describe
and even design those devices themselves [25]. We give an extended discussion of this
history and the wider literature in Appendix A.

Aspects of this field have developed somewhat independently, and different authors
therefore refer to similar concepts with different terminology. Our “device operator”
or Green’s function coupling operator between spaces is similar to the channel matrix
in wireless communications [13], and the communications modes there are referred to
[13] as “eigenmodes of the channel” or “eigenchannels.” In optics, the “optical ei-
genmodes” of [76–80] are similar to our communications modes, or, for more com-
plex optical systems, the mode-converter basis sets. In work in channels through
strong scatterers [81–92,96–98], the coupling operator (the “device” or “scattering”
operator in our notation) is often called a “transmission” matrix (see, e.g., [97]) (with
our mode-converter basis sets or communications modes through a scatterer known in
that work as “optical eigenchannels” or “transmission eigenchannels” [97]) or, some-
times, a “transfer matrix” [81]. For consistency in this paper, we will use our notation,
but the link to this other independent work and terminology is important to clarify.

1.5. Approach of This Paper
Because the ideas here go beyond conventional textbook discussions, and because we
are combining concepts and techniques that cross several different fields, the approach
of this article is quite tutorial. Most algebra steps are written explicitly, and many “toy”
examples illustrate the key steps and points. I have tried towrite the main text so that it is
readable, and with a progressive flow of ideas. I introduce core mathematical ideas in the
main text, but relegate most other derivations and mathematics to appendices.

This article has been written to be accessible to readers with a good basic undergraduate
knowledge of mathematics and some physical science, such as would be acquired in a
subject such as electrical engineering or physics or a discipline such as optics (for specific
presumed background, see [120]), but I explicitly introduce all other required advanced
mathematics and electromagnetism. Wherever possible, I take a direct approach in der-
ivations, working from fundamental results, such as Maxwell’s equations or core math-
ematical definitions and principles, without invoking intermediate results or methods.

688 Vol. 11, No. 3 / September 2019 / Advances in Optics and Photonics Tutorial



2. ORGANIZATION OF THIS PAPER

The mathematics of SVD is relatively straightforward for finite matrices; such matrices
arise, for example, if we have a finite number of small sources communicating to a finite
number of small receivers. The mathematics is particularly simple if we also initially
consider just scalar waves, such as acoustic waves in air. Such scalar waves allow a
good tutorial introduction to communications modes and more generally to the ideas
of this SVD approach. We start with the mathematics of such sources, receivers, and
waves in Section 3. In Section 4, we go through a simple “toy” example explicitly, show-
ing both the mathematical results and physical systems that would implement them.

Many quite general physical and mathematical behaviors emerge as we look at wave
systems this way, only some of which are currently well known. Though these behav-
iors are relatively simple and even intuitive, only some have simple analytic solutions.
On the other hand, numerical “experiments” and examples are straightforward, at least
for finite numbers of “point” sources and receivers. Then the main calculation is just
finding eigenvalues and eigenvectors of finite matrices. So, we introduce these behav-
iors informally through a sequence of further numerical examples in Section 5 (sup-
ported by additional heuristic arguments in Appendices B, C, and D). Pretending we
can approximate any set of “smooth” source and receiver functions with sufficiently
many such point sources and receivers, we can reveal much of the behavior of the
more general case and many of the results.

To be general enough for real problems in optics and electromagnetism, we need two
major sophistications. First, we need to expand the mathematics to handle sources and
received waves that are continuous functions of space, and to consider possibly infinite
sets of source and or wave functions. A key point is that we will be able to show that

even with continuous source and wave functions, and with possibly infinite sets
of them, we end up with finite numbers of useful communications channels or
mode-converter basis functions for describing devices.

Furthermore, this gives a general statement of diffraction limits for any volumes and
any form of waves.

The mathematics has to go beyond that of finite matrices, and cannot be deduced from
it [121]. Fortunately, that mathematics—functional analysis—exists. Unfortunately,
this field is often impenetrable to the casual reader; necessarily it has to introduce
ideas of convergence of functions, and that involves an additional set of concepts,
mathematical tools, and terminology. The important results can, however, be stated
relatively simply; in Section 6, I summarize key mathematical results, deferring some
detail to Appendices E and F. I have also written a separate (and hopefully accessible)
introduction [122] to this functional analysis mathematics, including all required
proofs. With the results from functional analysis, continuous sources and waves
for the simple scalar case can then be understood quite simply. In Section 7, we relate
these mathematical results to known families of functions in the “paraxial” case often
encountered in optics.

The second major sophistication we require is the extension to electromagnetic waves,
and we summarize the key results in Section 8. Scalar waves are often a good first
model in optics, and much of their behavior carries over into the full electromagnetic
case; dealing with electromagnetic waves properly is, however, more complicated.
Not only are electromagnetic waves vectors rather than scalars, but, on the face of it,
we have two kinds of fields to deal with—electric and magnetic. Maxwell’s
equations relate these two kinds of fields, of course. Existing sophisticated approaches
to electromagnetism, such as the use of scalar and vector potentials, are helpful here in
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understanding just how many independent field components or “degrees of freedom”
there really are, but standard approaches are not quite sufficient for clarifying this
number. This difficulty can be resolved by proposing a new “gauge” (the “M-gauge”)
for the electromagnetic field. We provide a full explanation and derivation of the nec-
essary electromagnetism in Appendix G, supported with a derivation in Appendix H
and additional notation and identities in Appendix I.

This new M-gauge, together with the results of the functional analysis and the SVD
approach, allows a revised quantization of the electromagnetic field, summarized in
Section 9 and in more detail in Appendix J. This resolves several difficulties. In par-
ticular, we can avoid artificial “boxes” and “running waves” in quantizing radiation
fields, and they can be quantized for any shape of volume. This quantization means
that our results here are generally valid and meaningful for both classical and
quantum-mechanical radiation fields.

In Section 10, we describe how to apply this same mathematics and physics in con-
sidering mode-converter basis sets for devices or scatterers. Section 11 includes dis-
cussion of the fundamental aspects of such mode-converter basis sets, including new
radiation laws and a revised and simplified “Einstein’s A&B” coefficient argument
(with a full derivation in Appendix K) in modal form. Finally, in Section 12, I draw
some conclusions.

Length constraints here mean some relevant topics are omitted. First, in discussing
waves, mostly I consider just the monochromatic case, but the underlying mathemat-
ics and electromagnetism support general time-dependent fields [123] (and I give
those results explicitly for electromagnetic fields) and hence “temporal modes”
[25,124,125]. Second, though the communication channels are well-suited for adding
information theory to calculate capacities (e.g., [18,75]), I have to omit that discussion
here. Third, though we could certainly extend the approach to, say, two-dimensional
systems such as waves in slab waveguides, for simplicity all of our explicit examples
and calculations will be for three-dimensional systems and waves, even if graphically
we may show waves just in particular planes.

To improve the narrative flow of the paper, I have avoided extensive historical and
research review in the main body of the text, but I have included these important
discussions in Appendix A. The subject is easier to explain without the constraint
of the historical order and way in which the concepts arose, and the history and other
research and connections are easier to explain once we understand the concepts.

Though some aspects of this material are well known in the literature, and our treat-
ment of those aspects is therefore purely a tutorial, for some other aspects, we have to
present some original material. To clarify this, and to allow the reader to make their
own judgements of the approaches and validity of any new results, I have listed what I
believe to be novel results in Appendix L.

This work is quite long overall, and that length might be daunting. I suggest that the
reader starts with Sections 3, 4, and 5—which will convey much of this new way of
thinking about waves—followed by Section 10 to understand how this approach de-
scribes optical devices and scatterers. Sections 6, 7, and 8 add depth and rigor to the
wave discussion, and Sections 9 and 11 add discussion of fundamental physical results
from this approach.

3. INTRODUCTION TO SVD AND WAVES—SETS OF POINT SOURCES AND
RECEIVERS

We start here by introducing the main ideas of this SVD approach with the simple
example of scalar waves with point sources and detectors.
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3.1. Scalar Wave Equation and Green’s Functions
Suppose we have some uniform (and isotropic) medium, such as air, with a wave
propagation velocity v. For simplicity, we presume we are interested in waves of only
one (angular) frequency ω. Then we could propose a simple Helmholtz wave equa-
tion; this would be appropriate, for example, for acoustic pressure waves in air [126],
with v being the velocity of sound in air. Then, for a spatial source function ψωS�r� and
a resulting wave ϕωR�r�, this Helmholtz wave equation would be

∇2ϕωR�r� � k2ϕωR�r� � ψωS�r�, (2)

with

k2 � ω2∕v2: (3)

Now, for such an equation, the Green’s function (i.e., the wave that results from a “unit
amplitude” point source δ�r − r0� at position r0) is

Gω�r; r0� � − 1

4π

exp�ikjr − r0j�
jr − r0j : (4)

As usual with Green’s functions (see, e.g., [127] for an introduction), for an actual
continuous source function ψωS�r�, the resulting wave would be

ϕωR�r� �
Z
VS

Gω�r; r0�ψωS�r0�d3r0: (5)

Such a superposition of Green’s functions (through the integral here) works because
the medium (e.g., air) is presumed to be linear so that superpositions of solutions to the
wave equation are also solutions to this (linear) wave equation (2).

3.2. Matrix-Vector Description of the Coupling of Point Sources and Receivers
We presume a set of NS point sources (Fig. 2) at positions rSj (j � 1,…,NS) in the
source volume, and with (complex [128]) amplitudes hj. These might be the (complex)
amplitude of the drives to each of a set of NS small loudspeakers, for example, that we
pretend we can approximate as point sources. Then the resulting wave at a point rRi in
the receiving volume would be

ϕωR�rRi� � − 1

4π

XNS

j�1

exp�ikjrRi − rSjj�
jrRi − rSjj

hj �
XNS

j�1

gijhj, (6)

where

gij � − 1

4π

exp�ikjrRi − rSjj�
jrR − rSjj

: (7)

Suppose, then, that we had a set of NR small microphones at a set of positions rRi in
the receiving volume (Fig. 2); we presume these are omnidirectional (so their response
has no angular dependence). Then the received signal at one such microphone or point
would be the sum of the waves from all the point sources, added up at the point rRi
[as in Eq. (6)]

fi �
XNS

j�1

gijhj: (8)
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Equivalently, if we define the vectors jψSi and jϕRi and the matrix GSR for such a
problem as

jψSi �

2
6664

h1
h2
..
.

hNS

3
7775, jϕRi �

2
6664

f1
f2
..
.

fNR

3
7775, and GSR �

2
6664

g11 g12 � � � g1NS

g21 g22 � � � g2NS

..

. ..
. . .

. ..
.

gNR1
gNR2

� � � gNRNS

3
7775,
(9)

then we can write the set of relations Eq. (8) for all i compactly as the matrix-vector
expression

jϕRi � GSRjψSi: (10)

3.3. Hermitian Adjoints and Dirac Bra-Ket Notation
At this point, we can usefully introduce the final part of the Dirac notation, which
involves the Hermitian adjoint (or Hermitian conjugate or conjugate transpose)
[129]. Generally, this is notated with a superscript “dagger,” written as “†”.
The Hermitian adjoint of a matrix is formed by reflecting around the “top-left” to
“bottom-right” diagonal of the matrix and taking the complex conjugate of the ele-
ments. For some matrix G, with matrix elements gij in the ith row and jth column, the
corresponding “row-i, column-j” matrix element of the matrix G† is the number g�ji.
The Hermitian adjoint of a column vector is, similarly, a row vector whose elements
are the complex conjugates of the corresponding elements of the column vector. In
Dirac notation, such a row vector is notated using the “bra” notation hϕj. So, explicitly,
for our matrices and vectors here,

�jψSi�† ≡

2
6664

h1
h2
..
.

hNS

3
7775
†

≡
�
h�1 h�2 � � � h�NS

�
≡ hψSj, (11)

and similarly for jϕRi, and the Hermitian adjoint of the operator GSR is

G†
SR ≡

2
66664

g11 g12 � � � g1NS

g21 g22 � � � g2NS

..

. ..
. . .

. ..
.

gNR1
gNR2

� � � gNRNS

3
77775
†

≡

2
66664

g�11 g�21 � � � g�NR1

g�12 g�22 � � � g�NR2

..

. ..
. . .

. ..
.

g�1NL g�2NS
� � � g�NRNS

3
77775: (12)

Figure 2

Set of point sources at positions rSj in a source volume, and a set of point receivers at
positions rRi in a receiving volume, coupled through the coupling operator GSR.
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Note too that the Hermitian adjoint of a product is the “flipped round” product of the
Hermitian adjoints, i.e., for two operators G and H,

�GH�† � H†G† (13)

(which is easily proved by writing such a product out explicitly using the elements of
the matrices and summing them appropriately) and for matrix-vector products

�Gjψi�† � hψ jG†: (14)

The Hermitian adjoint of a Hermitian adjoint just brings us back to where we started, i.e.,

�G†�† � G (15)

and for some vector

��jϕi�†	† � �hϕj	† � jϕi, (16)

both of which results are obvious from the process of reflecting and complex conjugating
matrices and vectors.

For a simple scalar wave, for an amplitude f i at a given receiving point (or micro-
phone), the corresponding received power (in appropriate units) would typically be

Pi � f �i fi: (17)

So the sum of all the detected powers would be

P �
XN
i�1

f �i fi � hϕRjϕRi � �hψSjG†
SR��GSRjψSi� � hψSjG†

SRGSRjψSi, (18)

where we have substituted from Eq. (10) and used the “bra-ket” shorthand notation for
the “row-vector column-vector” product

hαjβi ≡ hαjjβi: (19)

3.4. Orthogonality and Inner Products
In general, a “bra-ket” expression such as hαjβi is an example of an inner product, and
one formed in this way, as the matrix product of a row vector on the left and a column
vector on the right, is an example of a Cartesian inner product. Inner products are very
important in our mathematics, and we will be expanding on this concept substantially.
(One of the simplest common examples of an inner product is the usual “dot” product
of two geometrical vectors; this Cartesian inner product can be thought of as a
generalization of this idea to vectors of arbitrary dimensionality and with complex
amplitudes.)

A key point about inner products is that they can define the concept of orthogonality
of functions. Specifically, for two non-zero vectors jαi and jβi, if and only if their
inner product is zero, then the functions are said to be orthogonal. (This is also a
generalization of the concept of two (non-zero) geometrical vectors being at right
angles or “orthogonal” if and only if their dot product is zero.)

An immediate consequence of the idea of orthogonality from the inner product is that,
for a wave that is the sum of multiple different orthogonal components, a power as
in Eq. (18) is simply the sum of the powers of the individual components; all the
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“cross-terms” disappear. Explicitly, for a wave jϕi that is a sum of a set of (non-zero)
waves fjϕqig,

jϕi �
X
q

jϕqi, (20)

where those waves are all orthogonal, which we can write as

hϕpjϕqi � 0 if and only if p ≠ q, (21)

then

P � hϕjϕi �
 X

p

hϕpj
! X

q

jϕqi
!

�
X
p, q

hϕpjϕqi �
X
q

hϕqjϕqi �
X
q

Pq, (22)

where

Pq � hϕqjϕqi (23)

is the power in the wave jϕqi.
Later, as we generalize the mathematics, we may formally define inner products that
explicitly give the power or energy for electromagnetic waves; these will not just be
the simple Cartesian products of wave functions, though they will still satisfy the more
basic mathematical properties required of inner products.

A second important property is that the inner product of a (non-zero) vector with itself
is always positive; this is easy to see for the Cartesian inner product of a vector such as
jϕRi as in Eq. (9); explicitly,

hϕRjϕRi �
�
f �1 f �2 � � � f �NR

�
2
6664

f1
f2
..
.

f NR

3
7775 �

XNR

j�1

f �j fj �
XNR

j�1

j fjj2 > 0, (24)

because it is a sum of positive (or at least non-negative) quantities j f jj2, at least one of
which must be greater than zero for a non-zero vector.

3.5. Orthonormal Functions and Vectors
Now, returning to Eq. (18), we presume we want to find the choices of source func-
tions or vectors fjψSjig that give the largest total powers in the set of receivers (or
microphones). To make comparisons easier, we will presume that we normalize
all the source functions of interest to us. Normalization means that we adjust the func-
tion or vector by some multiplicative (normalizing) factor so that the inner product of
the function or vector with itself is unity, i.e.,

hψSjjψSji � 1: (25)

A particularly convenient set of functions is one that is normalized and in which all the
different elements are orthogonal; this is called an orthonormal set of functions, and
its elements would therefore satisfy

hψSpjψSqi � δpq, (26)

where the Kronecker delta is
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δpq �
�
1 if p � q
0 if p ≠ q

: (27)

3.6. Vector Spaces, Operators, and Hilbert Spaces
The mathematics here gives some very powerful tools and concepts. We are not going
to prove these properties now for two reasons: first, for finite matrices, these properties
are discussed in standard matrix algebra texts [130,131]. Second, we will give these
results for the more general (and difficult) cases of continuous functions and infinite
matrices in Section 6 (and with proofs in [122]); finite matrices are then a simple
special case.

An operator’s properties can only be completely described if we are specific about the
mathematical “space” (often called a vector space) in which it operates. For example, the
ordinary (geometrical) vector dot product is an operator that operates in the mathematical
space based on ordinary three-dimensional geometric space. This mathematical space
contains all vectors that can exist in a geometrical space that is three-dimensional, with
the algebraic property of having a vector dot product—the “inner product” for this space.

The operators of interest to us act on vectors or functions in a Hilbert space (formally
defined in Subsection 6.4). Any given Hilbert space will have a specific dimension-
ality, which may be finite or infinite, and it must have an inner product. We can think
of this mathematical Hilbert space as being analogous to the mathematical space of
ordinary geometrical vectors, but allowing arbitrary dimensionality and complex
coefficients (geometrical vectors can only be associated with real amplitudes or
coefficients).

The possible source functions exist in one Hilbert space HS, associated with
the source volume VS. In our example here, this space HS contains all possible
NS-dimensional mathematical vectors with finite complex elements that are the am-
plitudes of specific point sources. The possible wave functions exist in another Hilbert
space HR, associated with the receiving volume VR. This space HR also contains all
possible NR-dimensional mathematical vectors with finite complex elements that are
the possible amplitudes of specific waves at the point “microphones” (or the corre-
sponding signals from those microphones). Each of these spaces HS and HR has a
Cartesian inner product, though later we may use different “underlying” inner prod-
ucts in different spaces.

3.7. Eigenproblems and Singular-Value Decomposition
Now we see that the operator GSR is something that maps between these two spaces.
Specifically, as in Eq. (10), it operates on the vector jψSi, which is in space HS , to
generate the vector jϕRi, which is in space HR. Now, we want to find some “best”
choices of such source vectors jψSi that will give us the “best” resulting waves jϕRi.
For such best choices, our instinct might be to try to find eigenvectors of some oper-
ator. However, we cannot just find eigenvectors of GSR; we might be able mathemati-
cally to find eigenvectors of the matrix GSR, but these may have dubious physical
meaning in our problem, because GSR is an operator mapping between one space
and another, not an operator within a space. So, GSR cannot map a function back onto
a multiple of itself in the same space.

We could, of course, define a Green’s function operating within a space, and we might
do so for a resonator problem; we could even base that on the exactly the same kind of
mathematical expression as in Eq. (4) for Gω�r; r0�, with r and r0 being positions
within the same volume. Here, however, we are effectively basing our operator
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GSR on the mathematical operator (or kernel in the language of integral equations)
Gω�rR; rS�, where rR and rS are definitely in different volumes.

The key to constructing the right eigenproblems here is to look at those associated
with the operator G†

SRGSR and with the complementary operator GSRG
†
SR. As we said,

the operator GSR maps a vector in HS to a vector in HR. The operator G
†
SR, however,

maps a vector in HR to a vector in HS. So, overall, G
†
SRGSR maps a vector in HS to a

vector in HS. Similarly, the operator GSRG
†
SR maps a vector in HR to a vector in HR.

Hence, it is physically meaningful to consider eigenproblems for each of these oper-
ators G†

SRGSR and GSRG
†
SR. It is the mathematics of such eigenproblems that is at the

core of SVD.

Here we can usefully introduce several more definitions and results (mostly without
proofs for the moment). First, we note that the operators G†

SRGSR and GSRG
†
SR are

Hermitian—that is, each is its own Hermitian adjoint. Explicitly,

�G†
SRGSR�† � G†

SR�G†
SR�† � G†

SRGSR, (28)

where we have used Eqs. (13) and (15), and similarly for GSRG
†
SR.

An operator such as G†
SRGSR is also a positive operator, which means that an expres-

sion such as hψSjG†
SRGSRjψSi is always greater than or equal to zero. (Similarly, the

operator GSRG
†
SR is also Hermitian and positive.)

Now, so-called “compact” [132] Hermitian operators (defined formally in Section 6)
have several properties (and all finite Hermitian matrices are compact Hermitian
operators):

(1) Their eigenvalues are real.

(2) Their eigenfunctions are orthogonal (or, at least formally, the ones corresponding
to different eigenvalues are orthogonal, and different ones corresponding to the
same eigenvalue can always be chosen to be orthogonal).

(3) Their eigenfunctions form complete sets for the Hilbert spaces in which they op-
erate [133]—in other words, we can write any function in the space as some linear
combination of these eigenfunctions,

and if those operators are positive

(4) Their eigenvalues are greater than or equal to zero.

(5) Their eigenfunctions and their corresponding eigenvalues satisfy maximization
properties—specifically, if we set out to find the normalized “input” vector or
function that led to the largest “output” vector (in terms of its inner product),
then that is the eigenfunction with the largest eigenvalue, and we could find
the eigenfunction with the second largest eigenvalue and corresponding eigen-
vector by repeating the maximization process to find a function orthogonal to
the first one, and so on.

The formal proofs of all of these properties are given in [122] for finite and infinite-
dimensional spaces, and we also discuss these topics further in Section 6.

Furthermore, any operator that can be approximated to any sufficient degree by a finite
matrix is also effectively compact; indeed, this idea is beginning to get close to the
idea of what a compact operator really is. So, certainly our finite matrix problem with
positive operators G†

SRGSR or GSRG
†
SR here has all of the properties (1) to (5) above,

and it will retain these properties no matter how large we make the (finite) matrix.
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Now, for specific choices of the numbers and positions of the point sources and receiv-
ers, we can simply write down the NR × NS matrix GSR as in Eq. (9), using the for-
mula Eq. (7) to work out the necessary matrix elements. So, we are ready to turn any
such specific problem into a simple numerical problem to find the eigenvectors and
eigenvalues. So, therefore, for any such problem, we can solve for the (orthonormal)
eigenvectors jψSji of the NS × NS matrix G†

SRGSR. The eigenvalues are necessarily
positive (because G†

SRGSR is a positive operator), and so we can write them in the
form jsjj2. That is, explicitly,

G†
SRGSRjψSji � jsjj2jψSji: (29)

Similarly, we can solve for the (orthonormal) eigenvectors jϕRji of the NR × NR ma-
trix GSRG

†
SR. It is not too surprising that these have the same [134] eigenvalues jsjj2.

That is,

GSRG
†
SRjϕRji � jsjj2jϕRji: (30)

In fact, we can show (Appendix E) that

GSRjψSji � sjjϕRji (31)

and

G†
SRjϕRji � s�j jψSji: (32)

Hence by solving two eigenvalue problems, one forG†
SRGSR and a second forGSRG

†
SR,

we have established two sets of eigenfunctions, one, fjψSjig, for the source vectors or
functions in HS, and a second set fjϕRjig for the wave vectors or functions in HR.
Note, too, that these vectors or functions are paired: a source vector or function
jψSji in HS leads to the corresponding wave vector or function jϕRji in HR,
with an amplitude sj. The numbers sj are called the singular values of the operator
or matrix GSR.

Note that, in practice, we only actually have to solve one eigenvalue problem—that is,
either Eq. (29) or Eq. (30). If we know the eigenfunctions fjψSjig from solving
Eq. (29), then we can deduce the eigenfunctions fjϕRjig from Eq. (31), and similarly
if we know the eigenfunctions fjϕRjig from Eq. (30), we can deduce the fjψSjig from
Eq. (32), at least for all the cases in which the singular value is not zero [134]. In
practice, one of these eigenproblems may be simpler or effectively “smaller” than
the other, and we can conveniently choose that one if we prefer.

The fact that these two sets of functions fjψSjig and fjϕRjig are each eigenfunctions of
a Hermitian operator guarantees that each of these sets is orthogonal and complete
[135] for its Hilbert space (HS or HR, respectively).

From Eqs. (31) and (32), we can see that we can rewrite GSR as

GSR �
XNm

j�1

sjjϕRjihψSjj, (33)

where Nm is the smaller of NS and NR [134]. This expression Eq. (33) is called the
singular-value decomposition of the operator GSR. We can also similarly write
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G†
SR �

XNm

j�1

s�j jψSjihϕRjj: (34)

Incidentally, a product of the form jϕRjihψSjj, which has a column vector on the left
and a row vector on the right, is sometimes called an outer product. Standard matrix
manipulations show that an outer product of two N -element vectors is an N × N ma-
trix. So,

this process of singular-value decomposition, performed by solving the two re-
lated eigenproblems, one for the matrix or operator G†

SRGSR and the second for
the matrix or operatorGSRG

†
SR, leads to our desired two sets of orthogonal vectors

or functions.

These are source vectors or functions in HS and wave vectors or functions in HR, and
these are “paired up,”with each source eigenvector inHS giving rise to its correspond-
ing wave eigenvector in HR (with amplitude given by the corresponding singu-
lar value).

Furthermore, because these are eigenvectors or eigenfunctions of a positive Hermitian
operator, by property (5) above, they are the “best” possible choices. Specifically, if
we choose to order the eigenvectors by decreasing size of jsjj2, then [neglecting degen-
eracy of eigenvalues (i.e., more than one eigenvector for a given eigenvalue) for sim-
plicity here at the moment],

the source vector jψS1i in HS gives rise to the largest possible magnitude of wave
vector in HR, and has the form jϕR1i;
the source vector jψS2i is the source vector inHS that is orthogonal to jψS1i and that
gives rise to the second largest possible magnitude of wave vector in HR, which has
the form jϕR2i and is orthogonal to jϕR1i;
the source vector jψS3i is the source vector in HS that is orthogonal to jψS1i and
jψS2i and that gives rise to the third largest possible magnitude of wave vector in
HR, which has the form jϕR3i and is orthogonal to jϕR1i and jϕR2i;

and so on.

We have therefore established the best set of possible orthogonal (and therefore zero
“crosstalk”) “channels” between the two volumes (at least “best” as given by the mag-
nitude of the inner product). Note explicitly that these channels are orthogonal to one
another, both at the sources and at the receivers.

Incidentally, in matrix terms, the SVD as in Eq. (33) can also be written in the form

GSR � VDdiagU†, (35)

whereDdiag is a diagonal matrix with the singular values sj as the diagonal elements,V
is a matrix whose columns are the vectors jϕRji, and U† is a matrix whose rows are the
vectors hψSjj (or equivalently U is a matrix whose columns are the vectors jψSji).
Technically, the matrices V and U† (and also U) are “unitary.” (See Appendix E.)

3.8. Sum Rule on Coupling Strengths
One very important point emerges from this algebra, which is a “sum rule” on the jsjj2.
Specifically, we can show that, quite generally for finite numbers NS and NR of
sources and receiver points,
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S �
XNm

q�1

jsqj2 �
XNR

i�1

XNS

j�1

jgijj2: (36)

This mathematical result [Eq. (36)] is technically a consequence of the fact that the
eigenfunctions have been written in normalized form, which in turn is why the ma-
trices V and U† are “unitary,” but this is really a deeper truth, and it has several im-
portant consequences that are central to the larger discussion here.

(1) We can evaluate this sum S without even solving the eigenproblem.

(2) Having evaluated S, we can know immediately that there is an upper bound on
how many channels we could have that have at least some given coupling
strength; there could only be a finite number of orthogonal channels with any
given finite magnitude of coupling strength.

(3) Suppose we solve the eigenproblem by looking one by one, physically or math-
ematically, for the channels by some process, noting their coupling strengths.
Then, when we find we have nearly exhausted the available sum rule S, we
can stop looking for any more channels; there cannot be any more strongly
coupled channels, because there is not sufficient sum rule S left.

It might seem that this kind of sum rule is only going to exist when we consider finite
numbers of sources and receivers. However, we are going to find below in Section 6
that the operators associated with wave equations are going to have a finite result for
this sum rule even as we consider continuous functions and infinite basis sets. Indeed,
this finiteness is the defining characteristic of so-called Hilbert–Schmidt operators
(which, incidentally, are necessarily also “compact”), and we return to this point
in Section 6. So, though we continue for the moment with finite numbers of sources
and receiver points, our results are generally going to survive even as we make the
transition to such continuous source and receiver functions, with possibly infinite
basis sets.

This finite sum rule can also be regarded as the source of diffraction limits with
waves, as will become clearer below. Such limits apply both in conventional optical
situations and more generally, and this result is a central benefit of this SVD
approach.

3.9. Constraint on the Choice of the Coupling Strengths of the Channels
In looking at the sum rule, we might hope that we have the flexibility to choose how
many channels are how strong—we might want to have several channels at a weaker
coupling strength rather than a few strong ones, for example—while still “obeying”
the sum rule. However, once we have chosen a given set of source and receiver points,
or have done the equivalent for continuous functions in choosing the Hilbert spaces for
source and receiver functions, we do not have that flexibility.

The eigenvalues, which are the coupling strengths, and any degeneracies they have,
are uniquely specified when we solve the eigenproblem. The eigenfunctions are
also essentially unique, other than for the minor flexibility allowed in choosing
the specific linear combinations for eigenfunctions associated with the same degen-
erate eigenvalue.

So, not only does the sum rule constrain the overall sum of connection strengths; the
eigensolutions uniquely determine the coupling strengths of the channels if we want
them to be orthogonal (with orthogonality determined by the inner products in the
Hilbert spaces).
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Suppose we write down the “power” coupling strengths jsjj2 in order, starting from the
strongest and proceeding to weaker ones. In this list, if a given eigenvalue is degen-
erate, with a degeneracy of n, we will write it down n times [136], and give each
occurrence a separate value of the index j. So we would have a list of the form

js1j2 ≥ js2j2 ≥ � � � ≥ jsjj2 ≥ � � � : (37)

Then, provided we include all the occurrences of a given degenerate eigenvalue (so if
we encounter degenerate coupling strengths in the list, our choice of j must be at the
end of any such degenerate group of coupling strengths), we can state that

the number of orthogonal channels �communicationsmodes�with power coupling
strength jsj2 ≥ jsjj2 is j: (38)

We cannot rearrange any linear combinations of communications modes to get more
channels that are at least this strongly coupled. If we want more such channels, then
we have to change the source and/or receiver points and/or Hilbert spaces.

4. INTRODUCTORY EXAMPLE—THREE SOURCES AND THREE
RECEIVERS

To understand how this approach works, both mathematically and physically, we can
look at a simple example, one that is large enough to be meaningful, but small enough
for explicit details. Figure 3 shows the physical layout. We haveNS � 3 point sources,
spaced by 2λ in the “vertical” y direction, (with wavelength λ � 2π∕k as usual for a
wavevector magnitude k). These are separated by a “horizontal” distance Lz � 5λ
from a similarly spaced set of NR � 3 receiving points.

4.1. Mathematical Solution
We use Eq. (7) to calculate the matrix elements gij of the coupling operator GSR.
Explicitly, for example, for the matrix element g13 that gives the wave amplitude
at rR1 as a result of the source amplitude at rS3, noting first that

jrR1 − rS3j �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�yR1 − yS3�2 � �zR1 − zS3�2

q
� λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 � 52

p
�

ffiffiffiffiffi
41

p
λ, (39)

then

Figure 3

rS1

rS2

rS3

rR1

rR2

rR3

5λ

2λ

y

z

Set of three sources, spaced by 2λ in the “vertical” y direction, separated from three
similarly spaced receiving points by a distance 5λ in the “horizontal” z direction.
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g13 � − 1

4π

exp�ikjrR1 − rS3j�
jrR1 − rS3j

� − 1

4π

exp
�
2πi

ffiffiffiffiffi
41

p �
ffiffiffiffiffi
41

p
λ

≃
0.01020 − 0.00711i

λ
: (40)

Now we write distances in units of wavelengths for convenience (or equivalently, we
set λ � 1). To get numbers of convenient sizes and signs, we multiply by a factor

gSR � −4πLz � −62.83: (41)

So, then,

gSRg13 ≃ −62.83 × �0.01020 − 0.00711i� ≃ −0.64� 0.45i: (42)

Proceeding similarly for the other matrix elements, we have

gSRGSR ≅

2
4 1 −0.7� 0.6i −0.64� 0.45i

−0.7� 0.6i 1 −0.7� 0.6i
−0.64� 0.45i −0.7� 0.6i 1

3
5: (43)

The sum, Eq. (36), of the modulus squared of these matrix elements of GSR as in
Eq. (43) is the sum rule

S � 7.67∕g2SR: (44)

The matrix G†
SRGSR can be written, with a convenient scaling factor g2SR,

g2SRG
†
SRGSR ≅

2
4 2.47 −0.67 − 0.08i −0.42
−0.67� 0.08i 2.72 −0.67� 0.08i

−0.42 −0.67 − 0.08i 2.47

3
5: (45)

Note that this matrix is Hermitian, as required. Having established the matrixG†
SRGSR,

we can now use standard numerical routines to find eigenvalues and eigenvectors. The
resulting eigenvalues of G†

SRGSR (and of GSRG
†
SR) are

js1j2 �
3.41
g2SR

, js2j2 �
2.89
g2SR

, and js3j2 �
1.37
g2SR

: (46)

Note that the sum of these is indeed also the sum rule S [137], i.e.,

js1j2 � js2j2 � js3j2 ≅
3.41
g2SR

� 2.89
g2SR

� 1.37
g2SR

� 7.67
g2SR

� S: (47)

The corresponding eigenvectors of G†
SRGSR are [138]

jψS1i �
2
4 0.41
−0.81� 0.1i

0.41

3
5, jψS2i �

2
4−0.71

0

0.71

3
5, and jψS3i �

2
4 0.58
0.57 − 0.07i

0.58

3
5,

(48)

which are all orthogonal to one another [139], and the corresponding eigenvectors
of GSRG

†
SR are
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jϕR1i ≅
2
4 0.41
−0.81 − 0.1i

0.41

3
5, jϕR2i ≅

2
4−0.71

0

0.71

3
5, and jϕR3i ≅

2
4 0.58
0.57� 0.07i

0.58

3
5:
(49)

For this very symmetrical problem, the receiving wave vectors and the source vectors
are just complex conjugates of one another, though that is not generally the case. In
this case, the complex conjugation means that the “phase” curvatures are equal and
opposite. (The idea of phase curvature becomes clearer as we consider more source
and receiver points, so we postpone that illustration.) If we wanted to construct the
strongest “channels” between these sources and receivers at this wavelength (or
frequency), we would

(a) choose to drive the point sources with relative amplitudes and phases given by
one of the source eigenvectors in Eq. (48), and

(b) at the receiving points, add up the signals from the different points weighted with
the relative amplitudes and phase shifts given by the corresponding receiving
eigenvector in Eq. (49).

We can also send and receive three separate channels at once through this system if we
construct appropriate systems to create and to separate the necessary signals.

4.2. Physical Implementation
To see how to create and detect the necessary signals, including running all three
channels at once, we can look at example physical systems. These are not meant
to be engineered solutions to a real problem, but they make the mathematics more
concrete physically.

4.2a. Acoustic and Radio-Frequency Systems

First, for acoustic or radio-frequency signals, we can likely generate and measure the
actual field directly. We will not consider the actual corresponding loudspeakers, mi-
crophones, or antennas for the moment, just approximating them instead by ideal
point sources and receiving elements. (We are still postponing any consideration
of vector electromagnetic fields, just considering scalar waves.)

We can then use appropriate electronic circuits that generate and collect the corre-
sponding signals (Fig. 4). In these cases, we can imagine input voltage signals
VSIn1, VSIn2, and VSIn3 that represent the signals (three different binary bit streams,
for example) that we want to send on the three different “channels” in the commu-
nication between the three sources and the three receivers. We would like these signals
(e.g., the three binary bit streams) to appear as the three output voltage signals VROut1,
VROut2, and VROut3 at corresponding electrical outputs at the far end of the system.

Each such input signal voltage has to generate the corresponding vector of amplitudes
to drive the sources. So VSIn1 should generate a vector of voltage amplitudes
∝ VSIn1jψS1i, and similarly for the other two input voltage signals, and these three
vectors should be added to generate the corresponding set of output voltages VS1,
VS2, and VS3 that drive the sources (e.g., loudspeakers) at the corresponding positions
rS1, rS2, and rS3.

We can perform this generation of the correct vectors of amplitudes and their sum-
mation by using the “analog crossbar” circuit on the left of Fig. 4. We presume that we
can make electrical phase shifters (circles in Fig. 4), whose phase delay is indicated
inside the corresponding circle. The output of each such phase shifter is then passed as
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a voltage to drive a resistor (rectangular boxes in Fig. 4), whose conductance (i.e.,
1/resistance) is given by the value inside the box (in some appropriate units). The
other end of the resistors is connected in each case to a common “bus” line that
is a “virtual ground” input to an operational amplifier (the triangles in Fig. 4).
The operational amplifiers each sum all the currents on their input bus line and each
generate an output voltage proportional to this sum, giving the set of output drive
voltages VS1, VS2, and VS3.

At the receiving end of the system, we can construct a similar circuit. In this case the
input voltages to the analog crossbar are the outputs VR1, VR2, and VR3 from the mea-
sured fields at the three positions rR1, rR2, and rR3. If we have designed and set up our
circuits correctly, the corresponding summed outputs, which become the voltage sig-
nals VROut1, VROut2, and VROut3, should each now be proportional to the original voltage
signals VSIn1, VSIn2, and VSIn3 that we wanted to send through this three-channel system
(just with some propagation time delay). If we make the feedback conductances in the
operational amplifier circuits all identical at some value dR, then, for equal overall
magnitudes of input voltage signals VSIn1, VSIn2, and VSIn3, the relative sizes of the
output voltage signals VROut1, VROut2, and VROut3 would be weighted by the corre-
sponding singular values sj for the jth channel through the system. (Of course, we
could compensate for the different singular values by using feedback conductances
∝ sj in the circuits with the output operational amplifiers R1, R2, and R3.)

Writing each of the vectors in Eqs. (48) and (49) with matrix elements in “polar”
form, i.e.,

jψSqi �
2
4 a1q exp�iθ1q�
a2q exp�iθ2q�
a3q exp�iθ3q�

3
5 and jϕRqi ≅

2
4 b1q exp�iη1q�
b2q exp�iη2q�
b3q exp�iη3q�

3
5, (50)

where the a, b, θ, and η coefficients are all real, we obtain the corresponding desired
settings of the phase shifts and conductances in Fig. 4.

Figure 4

Example electrical driving and receiving circuits to form the superposition of sources
for transmission and to separate the channels again for reception. The input channels
are the (voltage) bit streams VSInj, and the outputs are the corresponding (voltage) bit
streams VROutj. The feedback conductances dS and dR set the overall electrical gain in
transmission and reception in the operational amplifier circuits that sum the currents
on their input “bus” lines as required to form the necessary linear superpositions.
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Note that, in the receiving analog crossbar circuit, the phases are set to minus
the corresponding phases in the receiving vectors themselves. This is because, in
summing the currents in this crossbar, we are actually performing the inner pro-
duct hϕRqjVRIni, where jVRIni is the column vector of received voltages
�VRIn1 VRIn2 VRIn3 	T , so as to extract the appropriate component of the signal.
Since the jϕRqi vector is in “bra” form hϕRInj in the inner product, we must take
the complex conjugate of the phase factors.

Hence in this way, starting out with three quite separate signals, we are able to transmit
them through the system and recover the original signals again. Note that the three
channels here have no crosstalk even though the waves from each source are mixed at
the three receiving points. This remains true even if the three “channels” in the system
have different coupling strengths (as given by the singular values sj), as they do here,
with relative power strengths of 3.41, 2.89, and 1.37, respectively. Taken together,
these three channels use up all the available power coupling strength, as given by
the sum rule [Eq. (47) or, more generally, Eq. (36)].

The mathematical function performed by each of the crossbar circuits is, of course, sim-
ply a (complex) matrix multiplication. By use of appropriate analog-to-digital and
digital-to-analog conversion, such multiplications could be performed digitally instead.

4.2b. Optical Systems

At optical frequencies, we generally cannot measure the field directly (certainly not in
real time), and circuit approaches as in Fig. 4 are not viable. Indeed, until recently, it was
not generally understood in optics how to separate overlapping optical signals (without
fundamental loss) to turn them into individual output beams, which is a process we
require at the receiver in our scheme. Similarly, it was not clear how to losslessly gen-
erate arbitrary linear superpositions of inputs to give overlapping outputs, as required at
the source. Indeed, without some apparatus to perform such functions, in optics the
multiple-channel schemes presented here would remain mathematical curiosities.

Recently, however, specific schemes have been devised for both creating and sepa-
rating arbitrary linear combinations of overlapping optical beams, and for emulating
arbitrary linear optical components [24–27]. Indeed, these schemes constitute the first
proof that arbitrary linear optics is possible [25]; the proof is entirely constructive
because it shows specifically how to make the optical system, at least in principle.

These schemes rely on meshes of two-beam interferometers, in appropriate architec-
tures and with associated algorithms [24–28] to allow the meshes to be set up. We will
not review these in detail in this article, but some key aspects are important here. In
some of the architectures, the setup of the mesh (and, if required, the calculation of the
necessary settings of the interferometers) can be entirely progressive [24–28]. The
setup of the mesh can also be accomplished by “training” the mesh with the beams
of interest [24–28], based on a sequence of single-parameter power minimizations,
without calculation or calibration.

For our present example, the electronic matrix multiplications implicit in the analog
crossbar networks at the source and at the receiver can be implemented instead using
the “triangular” source mesh and receiving mesh, respectively, as in Fig. 5(a). These
meshes, which can also be viewed as analog crossbars, work directly by interfering
beams in waveguides and waveguide couplers. The light in these meshes flows
through them without fundamental loss, and they mathematically represent “unitary”
(lossless) matrix multiplications.

In Fig. 5, we imagine that the input signals, instead of being voltages as in Fig. 4, are
the amplitudes ESIn1, ESIn2, and ESIn3 of the waves in single-(propagating)-mode input
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waveguides. By setting up the phase shifters and interferometers appropriately, the
necessary superpositions are created as the amplitudes ES1, ES2, and ES3 in the output
waveguides. These amplitudes then feed the point sources at the corresponding posi-
tions rS1, rS2, and rS3.

In this example, we pretend that the outputs of those guides essentially represent point
sources of waves that we can also approximate as being scalar (which is reasonable if
we consider only one polarization for the moment). At the receiving end, we imagine
that the inputs to receiving mesh waveguides, at points rR1, rR2, and rR3, are essentially
“point” receiving elements to couple light into these waveguides, with corresponding
waveguide amplitudes ER1, ER2, and ER3, respectively. The receiving mesh then per-
forms the appropriate matrix multiplication to separate out the signals (again without
fundamental loss) to the output amplitudes EROut1, EROut2, and EROut3, recreating the
input bit streams.

In Fig. 5(b), we show one example way of making the necessary 2 × 2 interferometer
block. This block should be able to control the “split ratio” of the interferometer—how
the input power in, say, the top-left waveguide is split between the two output wave-
guides on the right; this can be accomplished by controlling the phase angle θ
(achieved by differentially driving the two phase shifters on the arms of the interfer-
ometer). The block should also independently be able to set one other phase on the
outputs; in this example, this is achieved by the “common mode” drive of the phase
shifters in the block, setting phase angle ϕ [140].

The setup of these unitary meshes is relatively straightforward [141]. Such a mesh has
exactly the right number of independent real parameters (here, nine phase shifters
altogether) to construct an arbitrary 3 × 3 unitary matrix. Such design calculations
are presented explicitly in [25] together with the self-configuring algorithms to allow
direct training.

In a real system, rather than “bare” waveguide outputs and inputs for communications,
likely one would add some optics, such as collimating lenses, in front of the wave-
guides, to avoid sending power in unnecessary directions. However, for our tutorial
purposes at the moment, we will omit such optics (though it can ultimately also be
handled by this approach by including the optics in the Green’s function for the system).

Figure 5

(a) Interferometer mesh architectures to generate and superpose the necessary source
communications mode source vectors from the separate input signals on the left and to
separate out the corresponding communications mode receiving vectors on the right to
reconstruct the original channels of information. These processes work directly by
interfering beams and without fundamental loss in the meshes. (b) Key to the various
elements in (a). One example form of Mach–Zehnder interferometer and phase shifter
is shown that has the necessary functions for the 2 × 2 blocks.
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The kind of architecture shown in Fig. 5(a), with unitary meshes at both sides, has one
other interesting property worth noting here. There is an iterative algorithm [12],
based only on overall power maximization on one channel at a time, and working
forwards and backwards through the entire system, that allows this system itself
to find the best coupled channels. Essentially, by running such an algorithm, this sys-
tem physically can find the SVD of the coupling operator GSR between the source
points and the receiver points, without calculations. The results are then effectively
stored as the settings of the various elements in the two meshes. This algorithm also
still works even if there are other optics or scatterers between the source and receiver
points, and so gives a way of finding the best orthogonal channels through any fixed
linear optical system at a given frequency.

4.2c. Larger Systems

As we consider larger numbers of source and receiver points, the specific approaches
in Figs. 4 and 5 would face technological limits of various kinds, especially for the
purely optical approach of Fig. 5. However, practically, the ability to make large num-
bers of interferometers has been developing rapidly; working systems with up to hun-
dreds of interferometers [109–116] and small self-configuring systems [27,29,117]
have both been demonstrated recently. Extensions to thousands of interferometers
may be feasible with current technology, and that number may not represent any par-
ticular fundamental limit. Indeed, these demonstrations and the potential for expand-
ing to larger systems are reasons why we consider these “modal” approaches. We need
the modal approaches both in wireless systems, where they can be viewed as exten-
sions to MIMO (multiple-input multiple-output) antenna and communications sys-
tems, and in optical systems, where we are now able to explore such configurable
and optimizable multiple-channel systems.

Whether we choose to make systems as in Fig. 4 or Fig. 5, these kinds of systems
show the upper limits in terms of orthogonal channels and coupling strengths of what
could be achieved through such linear processing and the resulting optimum channels.
The scheme of Fig. 5 gives a method in principle of constructing arbitrary unitary (and
hence nominally lossless) transforms of a given number of inputs and outputs (given
ideal physical components). It operates with the minimum number of adjustable com-
ponents and no loss in principle. No physical linear system can in principle do better
than this scheme in constructing the communications modes for given numbers of
source and receiver points. The existence of these approaches shows in principle that
such systems could be made, both as actual physical systems up to some scale and as
thought experiments at arbitrary scales for more basic discussions.

In what follows, we look at a variety of systems with larger numbers of source and
receiver points in various different geometries. This progressively introduces many
different behaviors. Some of these behaviors at large scales can relate to those seen
in conventional optical systems, but some quite general behaviors have no particular
well-known precedents. Though there are just a few results that can be expressed in
analytic approximations for specific classes of systems (e.g., paraxial optics), there are
several broader classes of behaviors that can be understood intuitively from these
numerical simulations and some approximate heuristic results. These provide novel
insights into communicating and sensing with waves in a wide range of systems, from
acoustics, through radio and microwaves, to optics.

5. SCALAR WAVE EXAMPLES WITH POINT SOURCES AND RECEIVERS

Nowwe continue to larger numbers and other geometries of source and receiver points
to illustrate various behaviors.
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5.1. Nine Sources and Nine Receivers in Parallel Lines
Now we space NS � 9 point sources over the same total length of 4λ as in the three-
source case above (Fig. 3), and similarly for the NR � 9 receiving points, which
means the points are spaced by λ∕2 in each case [142].

5.1a. Channels and Coupling Strengths

Using the same numerical approach as in the 3 × 3 case above, but now with a 9 × 9

matrix, there are nine orthogonal source vectors and nine corresponding orthogonal
receiving vectors, and the sum rule S is

S � 72.65∕g2SR: (51)

The results for the coupling strengths are summarized in Table 1.

Though there are formally nine orthogonal channels, there are only three strongly
coupled channels of approximately the same coupling strength, one other channel
about half as strong, one weak channel, one very weak channel, and three other
extremely weak channels. Though we have nine sources and receivers, we certainly
do not have nine practically usable channels. We see immediately that

increasing the number of sources and/or receivers in given source and receiving
volumes past a certain point does not increase the number of well-coupled
channels.

The inability to form further well-coupled channels is being enforced by the sum rule
S, and could be viewed as an effective “diffraction” limit.

5.1b. Modes and Beams

Once the eigenvectors jψSji of amplitudes of the sources in each mode are calculated,
it is straightforward to calculate the resulting wave or “beam” at any point r in space.
Explicitly, with NS point sources, and writing out the jth (column) eigenvector as

jψSji ≡ � h1j h2j � � � hNSj 	T (52)

(with the superscript T indicating the transpose, used here just to save space), the
corresponding (complex) wave at point r is

ϕj�r� � − 1

4π

XNS

q�1

exp�ikjr − rSqj�
jr − rSqj

hqj: (53)

In Fig. 6, we have plotted the resulting amplitudes and phases of the first three (strong-
est) modes, together with the resulting waves or “beams.” In Fig. 6, (a) is mode 1,

Table 1. Mode Coupling Strengths for Nine Point Sources and Receivers

Mode Number, j jsjj2∕g2SR % of S Cum. % of S

1 20.73 28.54 28.54

2 20.39 28.07 56.61

3 19.09 26.28 82.89

4 10.41 14.34 97.23

5 1.90 2.62 99.84

6 0.11 0.16 ∼100

7 0.0028 0.0038 ∼100

8 0.000027 0.000037 ∼100

9 0.000000065 0.000000089 ∼100
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(b) is mode 2, and (c) is mode 3. The wave plotted is the real part of the wave am-
plitude, so it is essentially a snapshot of the wave at an arbitrary time, here for the
values in the plane of the source and receiver points (i.e., the plane of the “paper”).

In Fig. 6, we have also chosen the phase of all the source modes (source and receiving)
to be zero in the middle of each mode [143]. Here also, because of the symmetry of
this problem, the receiving vectors are just the complex conjugates of the transmitting
vectors. We have deliberately used a scale to plot the phase of the source points so that

Figure 6

Plots of the source relative amplitude, the source relative phases, and the resulting
waves for the three most strongly coupled modes, (a), (b), and (c), respectively,
for the nine point sources and receiving points shown. The phase of each source mode
is chosen to be zero in the center of the mode. For graphic clarity, the wave is multi-
plied by

ffiffiffiffiffi
jzj

p
, where z is the horizontal position relative to the source plane; the actual

wave decays in amplitude from left to right, and the real part of the wave is plotted in
false color. To avoid singularities, the waves just next to the source are not shown, so
the positions of the sources, as shown, are just outside the graphed region on the left.
The source amplitudes of the points in the “source amplitude” and “source phase”
plots are also indicated using an amplitude false color of the points.
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2π of phase corresponds to the same distance on the graph as one wavelength in the
wave plot. This enables us to compare “phase curvatures” on the source vectors with
the actual phase curvature as seen by eye on the wave plots.

With this larger number of sources and receivers, though without increasing the over-
all “size” of the source and receiving spaces, we can get intelligible behavior of the
waves, including relatively clear “phase fronts” in the wave propagation. Mode 1 and
mode 2 have almost exactly the same coupling strength, with mode 1 being (possibly
surprisingly) just slightly stronger. Mode 2 is the simplest, corresponding to a “single-
bumped” beam in the region between the source and receiver positions. Mode 1 is a
“two-bumped” beam, with the upper and lower halves having opposite sign.

Note that the solution of these eigenproblems has given the source vector a “phase
curvature” that, for these first two modes, leads to a beam “waist” approximately in the
middle horizontally, though, by eye, the beam in mode 1 is wider “top to bottom”
throughout than that of mode 2. Again, the phase curvature of the source for these
two modes is such that, by eye, it is similar to the phase curvature of the wave. Mode 3
corresponds to a “three-bumped” beam, though the behavior overall is not so simple to
describe as that of modes 1 and 2. Note that the beam in mode 3 in particular is nearly
filling all the space between the source points and the receiver points.

The calculations also show that the corresponding receiving vector in each case has
the opposite phase curvature to that of the source. In general,

the orthogonality of these three modes at both the source and receiver points is
obvious graphically since they correspond to one, two, and three “bumped”
beams over the lines of sources and receivers.

Note, incidentally, that

the solution of the singular-value decomposition problem has “found” the necessary
phase curvatures of the sources and corresponding receiver amplitudes so as to maxi-
mize the power coupling. These curvatures are not artificially put into the problem.

We can loosely interpret some of what is happening with these modes as diffraction
limits. The beams associated with modes 1, 2, and 3 are able to remain substantially
within the space between the source points and the receiving points (at least in this
two-dimensional plane). After these three modes, however, attempts to create more
orthogonal channels lead to waves that cannot be substantially contained in this way,
and they start to “miss” the receiver points, as we will illustrate below for another case.

Now, point sources at different points in space are in one sense automatically orthogo-
nal since they do not overlap; generally, for two non-overlapping functions f �x� and
g�x�, such as small or “point” sources at different points, an inner-product integral
such as

R
f ��x�g�x�dx is zero, giving orthogonality. Furthermore, each different point

source is mathematically a vector with one “one” in one unique position and so is
orthogonal to the other point-source vectors. However, a key point is that

though the individual different point sources themselves can be orthogonal, the
waves they generate in the receiving space are not necessarily orthogonal. To
establish just what actual orthogonal sources give orthogonal waves in the receiv-
ing space, we need to perform the SVD, as we have done here.

We can usefully illustrate more behaviors of such modes, and this becomes somewhat
clearer if we use a double line of sources as in Fig. 7. A single line of point sources like
those in Figs. 3 and 6 actually broadcasts just as effectively “backwards” (i.e., to the
left in these figures) as it does to the right [144]. To see more clearly what else is
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happening in the generated waves, we can first avoid such backwards waves. A double
line of sources allows the sources to take the form of a “spatio-temporal dipole,”which
can suppress the backward (leftward) radiation [145–147].

In Fig. 7(a) we show the “single-bumped” mode with such a “double line” set of
sources, which is analogous to the similar mode in Fig. 6(b) [148]. We also show,
in Fig. 7(b), the next most strongly coupled mode (after these first three), which
has only 14.4% of the sum rule. We can see here that in this mode, significant parts
of the beam are missing the receiver positions, in two angled parts that are just

Figure 7

Two example modes using a double line of sources. (a) “Single-bumped” mode.
(b) “Four-bumped” mode that is only approximately half as well connected as the first
three modes. (As can be seen, large parts of it miss the receiver positions entirely.) (As in
Fig. 6, the real part of the wave is plotted in false color, and the wave is multiplied byffiffiffiffiffi
jzj

p
for graphic clarity.) The use of a double line of sources avoids substantial “left-

propagating” waves for these modes, making the beam behavior clearer in this larger
picture. To avoid singularities in the graphics, the wave is not plotted in the region of the
white rectangle. The two lines of sources are spaced by a quarter wave. In the plots of
the source phase, the “left” column of sources lag the phase of the right column of
sources by approximately 90° (π∕2), and the amplitudes are approximately equal
and opposite. [In (b), we have joined the amplitude points in a given vertical column
of sources by dotted lines to guide the eye.] The fact that the sources within a given
“left–right” pair have opposite amplitudes and are phase-delayed in this way comes out
of the numerical solution, and is not a starting constraint. This behavior is typical of
“spatiotemporal dipoles” [145], and the calculations have “found” these as the best
sources here.
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overlapping with the top and bottom receiver positions; this behavior is consistent
with the power coupling strength here only being approximately half of that of
the first three strongly coupled modes.

This fourth mode in Fig. 7(b) illustrates another point. Note that, in this case, the beam
is quite clearly not symmetrical about the center between the sources and receivers.
(This asymmetry is not because we have different numbers of sources and receivers—
similar behavior is seen with equal numbers of both.) Note that

even with identical, symmetric source and receiver volumes and/or numbers,
there is no requirement that the resulting beam for any given communications
mode is similarly symmetric from “left” to “right.”

With these first four modes, altogether ∼97.16% of the available sum rule has been
used up. The next (fifth) mode looks somewhat similar to Fig. 7(b), though with one
more “bump,” and in this case, the upper and lower angled beam parts almost entirely
miss the upper and lower receiver points. This fifth mode consumes ∼2.67% of the
sum rule, which leaves the sum rule therefore essentially exhausted, with only just
over ∼0.17% of the sum rule to be divided among the remaining four possible
orthogonal modes. (We will return to look in more depth at such very weakly coupled
modes in a later example.)

5.2. Two-Dimensional Arrays of Sources and Receivers
As another example, we can look at “planes” of source and receiver points, as in
Fig. 8. Here we have arranged 17 × 17 � 289 source and receiver points (so
NS � NR � 289), each spaced by the wavelength λ, to give parallel 16λ × 16λ square
source and receiver “surfaces” positioned 50λ apart. Now we plot, in false color, a
snapshot (the “real part”) of the amplitude of the wave on the receiver “plane” for
each of the first 12 most strongly coupled modes [Fig. 8(d)], in decreasing order of
coupling strength. Also shown, in Fig. 8(c), is a graph of the relative magnitudes of the
corresponding “power coupling strengths” [149] jsjj2, expressed as a percentage of
the total available sum rule S for this problem.

The most strongly coupled mode, mode 1, is a simple “single-bumped” beam. An
early heuristic approach to understanding how many independent “channels” there
are between two surfaces is due to Gabor [150]. In Gabor’s approach, he asks first
what would be the minimum “diffraction-limited” size of spot one would be able to
form on the receiving surface using a source that is the size of the source surface. Then
he asks how many such spots one could lay out on the receiving surface if those are to
be approximately non-overlapping. If we interpret mode 1 here as approximately a
“diffraction-limited” spot, then by eye in Fig. 8(b), we might reasonably expect that
we could fit about nine such spots within the square “receiver” region, roughly imag-
ining a 3 × 3 array of such spots to fill that square region. In fact, this heuristic is a
reasonable guess (and this correspondence is already known [5]). We will return to
discuss such heuristics generally below.

Looking at Fig. 8(c), we see that there are roughly nine modes that are within just over
a factor of 2 in relative power coupling strength (i.e., from 12.09% of S down to 5.61%
of S). After that, there are about six weakly coupled additional modes, and then the
coupling strengths fall to very low values.

In all of these modes, the wave functions are orthogonal to one another within the
square receiver region. This is even true as we go to the more weakly coupled modes
[e.g., modes 10, 11, and 12 in Fig. 8(d)]. From these views, it may not be obvious what
is happening to the rest of the coupling. In part, for these more weakly coupled modes,
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there is significant power in the regions outside the areas plotted in Fig. 8(d). Though
the solutions are giving orthogonal channels into the receiver region, they are also
broadcasting significant power elsewhere. With these sizes of source and receiver re-
gions and this separation between them, it is not possible to keep the wave within the
receiver region for these higher-numbered modes (as we will see explicitly below for
another example.)

In this symmetric and “square” problem, we see behaviors in numbers and symmetries of
beam forms that are typical in general of mode forms also found in related resonator
problems [35,36]. Because of the finite size of the region, however, the higher-numbered
well-coupled modes, such as modes 5 to 9, are strongly influenced by the finite size and
shape of the receiver region, as also are the more weakly coupled modes 10–12.

We can also guess (correctly) that mode 1 here is essentially as well coupled as it could
be. In this case (other from the backward wave from this single “sheet” of sources),

Figure 8

(a) Layout of two-dimensional arrays of 17 × 17 � 289 point sources and receiver
points, each on a square array, with points separated laterally by the wavelength λ,
and the arrays separated, on the same axis, by 50λ. (b) End view of the (real part of the)
field amplitude for mode 1, with the receiver points superimposed. (c) In order, for the
first 24 communications modes, the relative power coupling strengths (jsjj2), as a per-
centage of the power coupling strength sum rule S. (d) False color plots of the (real
part of the) field amplitude at the receiver plane, together with the corresponding per-
centage of the sum rule. The dashed square represents the extent of the array of
receiver points in each case, as in (b). Plots are relative to the maximum in each mode,
and the false color amplitudes do not represent the relative coupling strengths of dif-
ferent modes.
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there is no “wasted” wave. Essentially, all the (“forward”) wave from the sources is
indeed focused into the receiver plane. The corresponding 12.09% of S in js1j2 there-
fore corresponds to a well-coupled communications mode, and we could deduce
immediately that we could not expect more than 100/12.09∼ eight or nine modes
that are this well coupled. In fact, we do see about eight or nine relatively well-coupled
modes, with strengths falling off somewhat with increasing mode number.

Not surprisingly with such square arrays of points, there are obvious degeneracies.
Modes 2 and 3 have the same coupling strength, as do the pairs of modes 7 and
8 and modes 10 and 11. The resulting beams in each pair also have shapes that
are related by simple symmetries (e.g., rotating by 90°). We will call this particular
kind of degeneracy a symmetry degeneracy (in part to distinguish from another degen-
eracy that emerges later).

5.3. Paraxial Behavior
A common situation in optics is that the lateral sizes of the input and output spaces are
relatively small compared to the separation between those spaces. Such situations are
often called “paraxial” because much of the propagation is close to being parallel to
the axis between the sources and receivers. Also, in optics often such input and output
spaces are approximately surfaces (or lines) that are parallel to one another, and are
both centered on the same axis that runs between them. The situations we have si-
mulated so far (as in Figs. 3, 6, 7, and 8) are not well approximated as being paraxial
(the lateral extent of the source and receiver spaces is somewhat too large for the
separation between them). The situation of Fig. 9 is, however, approximately paraxial;
the lateral extent here, 48 wavelengths, is relatively small (1/4) compared to the sep-
aration of 192 wavelengths. The paraxial case has a number of simplifying properties
compared to the more general cases, and we can use it to illustrate several behaviors.

In Fig. 9(a) we show the positions of the sources and receivers, together with the beam
for one calculated mode (actually, the “first” mode—the one with the largest magni-
tude of singular value). As in Fig. 7, we have used two lines of sources to allow sup-
pression of the generation of “backwards” waves (i.e., to the left), and the sources in a
line are spaced vertically by λ∕2 to suppress generation of spurious “higher-order
diffraction” waves at large angles. In Fig. 9 we now are plotting intensity (presumed
∝ jϕ�r�j2, where ϕ�r� is the calculated complex wave amplitude at each point r).
(Plotting the real part of the field would lead to a graph with too much structure
on the very small wavelength scale for a graph of these dimensions.)

5.3a. Behavior of Singular Values

Figures 9(b) and 9(c) show the behavior of the magnitudes of the singular values. The
mode numbers correspond to sorting the modes in decreasing order of the magnitude
of the corresponding singular value. So, mode 1 has the largest singular value, and
subsequent modes have progressively smaller singular values. Figure 9(b) shows the
modulus squared of the singular values for each mode, jsjj2, shown as a percentage of
the sum rule S for this set of sources and receivers [as calculated using Eq. (36)].
Figure 9(c) shows the relative magnitude of the singular values of the modes, plotted
on a logarithmic scale.

The relative sizes of the singular values in Figs. 9(b) and 9(c) show two striking behav-
iors: (1) the singular values are nearly constant and equal up to a relatively abrupt
threshold, here around mode 12 or so, after which they drop off rapidly with increas-
ing mode number; (2) for larger mode numbers, in Fig. 9(c) we see that this drop-off
becomes extremely rapid, with an apparently approximately exponential decrease in
the singular-value magnitude at large mode numbers.
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5.3b. Forms of the Communications Modes

Strongly coupled modes: In Fig. 10, we have plotted the beams for the odd-numbered
modes (in decreasing magnitude of singular value), as in Fig. 9(a). At least for
modes 1 through 11, we can count the number of “bumps” relatively simply, which
is an odd number in these cases. (The even-numbered modes show similar behavior,
though with even numbers of bumps.) The order of modes 1 through 9 is somewhat
surprising, being perhaps “backwards” compared to what we might expect. However,
we should note that these modes have almost identical singular values, so this is a
nearly degenerate eigenproblem, at least for modes 1 through 10, so the order of these
modes may have little physical importance.

Weakly coupled modes: More strikingly, though, and more importantly for our dis-
cussion, once we pass mode 11, the magnitude of the singular values starts to drop,
and, consistent with that drop, the intensity starts to “miss” the line of receiving points.

It might seem that there is no intensity left at the line of receiving points for modes 13
and above, especially in the “middle” vertically; certainly it is so small that after mode
13 the intensity at the receiver points does not show up on the graphics in Fig. 10.
However, if we plot the actual modes at the sources and at the receiver points, we see

Figure 9

(a) Positions of sources and receivers superimposed on the beam intensity in the plane
of the source and receiver points for a given mode. Here the intensity of the mode
multiplied by the horizontal distance z from the source plane is shown in false color.
This multiplication by z compensates in the graphics for an underlying fall-off in in-
tensity proportional to ∼1∕z with such lines of sources. A small region immediately
adjacent to the sources is not plotted so as to avoid singularities and/or some very large
amplitudes there in the graphics. The sources consist of 97 pairs of sources in two
vertical lines. The sources in a vertical line are spaced by λ∕2 (λ is the wavelength),
and the two lines of sources are spaced horizontally by λ∕4 (similarly to those in
Fig. 7). (b) Histogram of the modulus squared of the singular values jsjj2 for the differ-
ent modes (numbered in decreasing order of the singular-value magnitude). These are
shown as a percentage of the total sum rule S. (c) Relative magnitude of the singular
values of each mode, compared to the first (and largest) singular value, and plotted on
a logarithmic scale.
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that there is field at the receiver points, with well-defined if progressively very weak
behavior for these higher-numbered modes.

Before plotting those higher-numbered modes, we should note the behavior of the
phase curvature of the modes. For the strongly coupled modes 9, 8, 7, 6, 5, 4, 3,
2, 1, and then 10 and 11, the phase of the sources and of the waves at the receiver
points goes (in this order) from being nearly a “flat” phase front for the approximately
“single-bumped” mode 9 to being progressively more curved, until by mode 11 and
for all the subsequent modes, the phases of both the source and the receiver points
show what could be described as approximately confocal curvature: for a pair of sur-
faces or phase fronts, the center of curvature of one surface or phase front is the center
of the other surface [Fig. 11(a)]. We can formally describe the confocal curvature at
the source and receiver planes using

Figure 10

Intensity graphs of the beams associated with the odd-numbered modes 1–19 for the
source and receiver points, as in Fig. 9(a) (with intensities multiplied by the distance z
from the sources for graphic clarity). Relative intensities are rescaled for graphic
clarity for each mode plotted, so the absolute “brightness” has no meaning in compar-
ing different modes.
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cS�xS, yS� � exp

�
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(54)

and

cR�xR, yR� � exp

�
ik

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2R � y2R � L2

q
− L

	

, (55)

respectively, where yS is the vertical coordinate in the source plane in Fig. 11, and xS is
similarly the coordinate in the direction into the “paper” in the source plane in
Fig. 11(a), and similarly for the coordinates yR and xR in the receiver plane. By taking
out the confocal curvature (by multiplying by c�S�xS, yS� at the sources and by c�R�xR, yR�
at the receiver points), and by choosing an overall phase factor that makes the resulting
wave real in the middle of the line of receiver points vertically, we can conveniently plot
(Fig. 12) both the source and the receiver amplitudes for these modes from mode 11
onwards using just the real part of the source and receiver amplitudes [151].

In the plots of Fig. 12, we see that the actual relative amplitudes of the sources and of the
waves at the receiver points are remarkably similar in form in each case (though pos-
sibly with very weak amplitudes at the receivers). This similarity is despite the fact that
the total wave when we consider the region outside the receiver region is certainly not
symmetric from left to right in Fig. 12 for the modes beyond mode 11. The nominal
behavior of the form of these source and receiver vectors is also relatively straightfor-
ward and similar for all of these higher-numbered modes—we see a relatively sinus-
oidal behavior near the center, with correspondingly more “bumps” for the higher-
numbered modes, and with some increase in amplitude towards the edges (the top
and the bottom of the source and receiver regions in Figs. 9 and 10) in all these modes.

The major difference between these higher-numbered modes, other than the propor-
tionate increase in the number of “bumps” is, however, that the singular value drops
rapidly with increasing mode number. To see the actual receiver amplitudes for the
higher-numbered modes for normalized source vectors, we should multiply these nor-
malized receiver amplitudes by the magnitude of the singular values. Graphically, that
makes the receiver amplitudes essentially invisible, as in Fig. 10 for these higher-
numbered modes.

So, though the source and receiver eigenvectors behave in a straightforward and sim-
ilar manner for these higher-numbered modes, the coupling strength vanishes very

Figure 11

Illustration of two surfaces or phase fronts that are “confocally curved”—each one is
curved around the center of the other surface: (a) from confocally curved surfaces;
(b) using lenses with focal lengths f S and f R equal to the separation L.
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quickly with increasing mode number. The effect of this behavior for these higher-
numbered modes becomes very important when we consider below what happens as
we try to pass the “diffraction limit,” and we return to this point below.

5.3c. Additional Degeneracy of Eigenvalues—Paraxial Degeneracy

We noticed above in considering a two-dimensional problem with square source and
receiver “areas” (Fig. 8) that we had obvious two-fold degeneracies that are associated
with the symmetry of this problem. However, in this paraxial example (Fig. 9), we are
seeing an additional behavior. Modes 1 to 10 are approximately degenerate—their
coupling strengths or singular values are nearly the same. This approximate

Figure 12

Graphs for the source function amplitudes (left column) and the receiver function
amplitudes (right column) for modes 11, 13, and 19 for the source and receiver points
as in Figs. 9 and 10. The points are the amplitudes, and the lines join adjacent points to
guide the eye. Underlying approximately confocal phase curvatures have been re-
moved in each case, and the set of points in each graph has been multiplied by a
constant phase factor to make the resulting points approximately real for graphic
clarity. Only the real parts of the source and receiver function amplitudes are plotted.
The receiver amplitudes are for the normalized vector of amplitudes. The vector of
source amplitudes is also normalized, but because only the amplitudes of the “right” of
the two vertical lines of sources are plotted here, this vector is additionally multiplied
here by

ffiffiffi
2

p
to give the source function amplitudes plotted here for clarity in com-

parison since only half of the sources are plotted. The jsjj are the magnitudes of
the singular values for each mode.
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degeneracy does not obviously result from symmetry, and we call it a paraxial
degeneracy [152].

This paraxial degeneracy is common in paraxial problems with either parallel surfaces
or parallel volumes of uniform thickness, as we will illustrate below with more ex-
amples. This paraxial degeneracy generally applies only to well-coupled modes.
Unless the modes are also symmetry degenerate, the paraxially degenerate modes
are generally only approximately degenerate—that is, they only approximately have
the same coupling strength. However, the eigenvalues can be so nearly the same,
typically up to some specific number, that from a physical point of view they can
practically be thought of as degenerate. As a result,

for the well-coupled modes in simple paraxial cases, there will also be many ap-
proximately equivalent ways of choosing the communications modes.

Again, just because there can be multiple approximately equivalent ways of choosing
these modes does not change the counting of the modes or channels.

Generally, these two concepts of symmetry and paraxial degeneracy are different and
overlapping. We can have symmetry degeneracy that is part of paraxial degeneracy, as
in well-coupled modes between square apertures. We can have symmetry degeneracy
that is not part of paraxial degeneracy, as in two very weakly coupled modes that may
nonetheless have equal coupling strengths because of symmetry. We can have para-
xially degenerate modes even if the “apertures” in the problem have no particular
symmetry (as we will illustrate below); in such cases, there would be no symmetry
degeneracy.

The number of approximately degenerate modes in paraxial problems with large aper-
tures is essentially the same thing as the “space-bandwidth product” as used in Fourier
optics, and can be described by a concept we will call the “paraxial heuristic number”
NH , which we discuss next.

5.3d. Paraxial Degeneracy and Paraxial Heuristic Numbers

To establish the intuitive idea of the paraxial heuristic number, suppose we have two
point sources, on the surface of the source space, separated in the y direction by a
distance ds. This separation ds is presumed small compared to the separation L be-
tween the source plane and the corresponding receiving plane on the incident surface
of the receiving volume. (See Fig. 13.) Then, as in a “two-slit” diffraction, the result-
ing interference pattern on the receiving surface will approximately take the form,
in the y direction,

ϕ�y� ∝ exp

0
@ik

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
y − ds

2

	
� L2

s 1
A� exp

0
@ik

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
y� ds

2

	
� L2

s 1
A, (56)

Figure 13

dS

L

y

dRyS yR

Intensity pattern at the receiving space for two point sources on the source space.
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where in all denominators we approximate the distance r between points on the two
planes by L.

Taking the approximation
ffiffiffiffiffiffiffiffiffiffiffi
1� ε

p
≃ 1� ε∕2 for small ε, we obtain the usual two-slit

intensity pattern result for small y:

jϕ�y�j2 ∝ cos2
�
πdsy

λL

	
: (57)

So the intensity “fringe spacing” or periodicity on the receiving plane is

dr �
λL

ds
: (58)

So, if the source space extends from −ΔyS to ΔyS in the y direction, and the receiving
plane similarly extends from −ΔyR to ΔyR, then the maximum number of intensity
fringes we can form in the receiving space in the y direction, with sources spaced as far
as possible on the source plane, i.e., at distance ds � 2ΔyS, is NHy � 2ΔyR∕dr, i.e.,

NHy �
�2ΔyS��2ΔyR�

λL
: (59)

This number NHy is our paraxial heuristic number NH of well-coupled channels
for source and receiver spaces that are one-dimensional “lines” in the y direction.

It represents the maximum number of (intensity) “bumps” we could reasonably form
in the receiver space from such “two-slit” interference from two points in the source
space, for such “line” source and receiver spaces.

Note, for example, that, for the situation in Fig. 9, we would have

NHy �
48 × 48

192
� 12: (60)

We could therefore regard it as not surprising intuitively that the number of strongly
coupled channels, as indicated by the strengths of the singular values, is ∼12 in the
numerical results of Fig. 9.

Of course, considering a similar “two-slit” interference for sources spaced in the x
direction instead would lead to a similar result there. With source and receiver space
sizes in the x direction 2ΔxS and 2ΔxR, we would obtain a similar paraxial heuristic
number for that direction,

NHx �
�2ΔxS��2ΔxR�

λL
: (61)

We can then take one more step, asserting that we can reasonably postulate that
for rectangular surfaces the corresponding paraxial heuristic number would be the
product

NH � NHxNHy: (62)

In this rectangular case, the areas of the surfaces are, respectively, for the source and
receiver spaces

AS � �2ΔxS� × �2ΔyS� and AR � �2ΔxR� × �2ΔyR�: (63)
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Then we can write

NH � ASAR

λ2L2
: (64)

This number NH is our paraxial heuristic number of well-coupled channels for
planar source and receiver spaces.

Though we have provided a rationalization of this paraxial heuristic number NH only
for the cases of rectangular source and receiver surfaces, we assert that we can also use
this as a useful characteristic number even when the source and receiver surfaces are
not rectangular. The numerical calculation examples below will empirically illustrate
the extent to which this number is useful in these cases.

We can also usefully write Eq. (64) using solid angles. In a paraxial approximation,
the solid angle subtended by one surface of area A at another surface or point at a
(perpendicular) distance L is Ω ≃ A∕L2. So, for the solid angles ΩS and ΩR subtended
by the source and receiver surfaces, respectively, at the other surface, we have, as in
Fig. 14,

ΩS ≃ AS∕L2 and ΩR ≃ AR∕L2: (65)

So we can write Eq. (64) in the alternative forms

NH ≃ΩS
AR

λ2
≃ΩR

AS

λ2
: (66)

We can also consider the source and receiver solid angles per “channel,” ΩS1 and ΩR1,
respectively, which we simply define as

ΩS1 �
ΩS

NH
� λ2

AR
and ΩR1 �

ΩR

NH
� λ2

AS
, (67)

and which will be useful for a comparison later.

Paraxial heuristic numbers with rectangular surfaces: Figure 15 shows the calculated
coupling strengths jsnj2 for several situations with rectangular or square source and
receiver surfaces under approximately paraxial conditions. In each case here, we have
approximate paraxial degeneracy up to the paraxial heuristic number of modes NH ,
after which the coupling strengths drop rapidly.

Note that this behavior is similar (i) for both rectangular and square source and
receiver spaces, (ii) for aligned rectangular spaces [Fig. 15(b)], and (iii) where one

Figure 14

Illustration of the solid angles (a) ΩS subtended by the source surface (area AS) at the
receiving surface and (b) ΩR by the receiving surface (area AR) at the source surface.
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is rotated by 90° [Fig. 15(c)]. For larger spaces, as in Fig. 15(d), the paraxial (approxi-
mate) degeneracy of the jsnj2 is particularly smooth and relatively constant up to NH .

Other planar shapes of source and/or receiver spaces in paraxial problems: As we
move to source and/or receiver spaces of different shapes, but still with plane-parallel
surfaces, we see (Fig. 16) that the paraxial (approximate) degeneracy is retained,
though possibly up to a number of modes somewhat smaller than the NH value cal-
culated from the areas using Eq. (64). NH still remains a useful approximate guide to
the number of strongly coupled modes, however. The case of an “L” shaped source
space [Fig. 16(a)] shows a slightly less uniform set of coupling strengths within the
first NH modes than for the “rectangular” cases (Fig. 15), but still shows an abrupt

Figure 15

s n
S
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s n
S
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s n
S

HN

s n
S

HN

Coupling strengths jsnj2 in decreasing order as a function of the mode number n as
calculated for the SVD of the scalar wave coupling between the sets of source points
and receiver points as shown. NH is the paraxial heuristic number, here ASAR∕�λ2L2�,
where AS and AR are the areas of the source and receiver surfaces, respectively, and L
(� 256λ here) is the separation between the surfaces. Note that in each case jsnj2 is
nearly constant up to n � NH , after which it starts dropping rapidly.
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drop starting at NH . Once we introduce a circular source area [Fig. 16(b)], the initial
drop in coupling strengths near NH is less abrupt, and we have fewer modes with
paraxial (approximate) degeneracy. This smoother drop in strengths is wider when
both source and receiver spaces are circular [Figs. 16(c) and 16(d)]. (We find that
this less abrupt drop with the circular spaces is retained in other similar simulations
with different sizes and separations.) So, empirically,

the very abrupt drop in mode coupling strengths at NH appears to be a conse-
quence of areas that are rectangular, but NH remains a useful guide to the number
of strongly coupled modes for other shapes.

Figure 16
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Paraxial cases with source or receiver spaces with shapes other than rectangles. (a) “L”
shaped source space with a square receiving space. (b) Circular source space with a
square receiving space. (c) and (d) Circular source and receiver spaces with (c) equal
sizes and (d) different sizes. (All of these simulations were performed with arrays of
source points and receiver points each spaced on a square grid of 2λ in both the x and
y directions and truncated to fit within the corresponding shapes.)
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Effect of thickness on paraxial degeneracy: So far, we have considered only uniform
“sheets” of sources (or pairs of sources) and receivers. It is, however, straightforward
to simulate other situations. For example, we can use a cubic lattice of source points
that fit within some other shape. Figure 17 shows various cases in which the two
circular faces of the source and receiver spaces retain the same size and separation,
so the paraxial heuristic number NH is the same in all these cases.

In Fig. 17, we see that changing from a circular set of sources (the red line and points)
to a cylindrical one (the dashed gray line) makes little difference to the relative strengths
of the various modes. The (approximate) paraxial degeneracy in both of these circular
cross-section cases is good up to about mode 20, illustrating that a finite but uniform
thickness of the source volume can retain the existing paraxial degeneracy. However,
as we change to a non-uniform thickness of the source volume, given here by using
ellipsoidal bounding volumes of increasing thickness (ρE, in units of the circle radius),
the paraxial degeneracy is progressively lost. Little evidence of such approximate
degeneracy is left by the ρE � 0.45 case, and there is essentially no such paraxial degen-
eracy by the ρE � 1.5 case [153]. These simulations illustrate, then, that

paraxial degeneracy is a characteristic of paraxial systems of uniform thickness,
but the paraxial heuristic number NH remains a good indicator of the number of
strongly coupled modes, even if that coupling is not uniform between the differ-
ent modes.

Strengths of weakly coupled modes: We have already seen in Table 1 for the case of
nine sources and receivers in a line, and in the similar case of Fig. 9(c) with 97 sources

Figure 17

s n
S

HN

E

E

E

Illustration of how non-uniform depth removes paraxial degeneracy. The receiving
volume in all cases is a set of receiving points, on 2λ centers in both directions that
fit with a circle of radius 16λ. For the red points and line, the source is an identical
circle of source points, at a distance 128λ away along their common axis. For the other
sets of points and/or lines, the separation of the “faces” and the circular cross section
are retained, but the source consists of the points (also spaced on 2λ centers, now in all
three directions) lying within a volume. For the gray dashed line, the volume is a
cylinder of depth 8λ. For the other three sets of points and lines, the bounding volume
is half of an ellipsoid of revolution. ρE is the ratio of the depth of the half ellipsoid
compared to its cross-sectional radius (which is fixed at 16λ) (so ρE � 1 would be a
hemisphere). (a) shows the cross sections of the source points and the receiving points
in each case. The inset in (b) shows a perspective view, with the circular cross sections
and the axis of rotation indicated, of the ρE � 1.5 case, which shows the ellipsoidal
shape. The traces in (b) show the strengths of the various communications modes as a
percentage of the sum rule.
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and receivers, that, once we pass beyond the well-coupled modes, the singular values
(or coupling strengths) drop off rapidly. For these “one-dimensional” (line) source and
receiver cases, this drop-off becomes apparently exponential. This exponential behav-
ior becomes quite general as we move to larger numbers of sources and receivers in
these geometries. Three cases of progressively increasing NHy are shown in Fig. 18.

Note first that all three of these cases show clear paraxial degeneracy, with obviously
nearly equal singular values for modes n up to very nearly NHy. As n increases, the
drop-off in singular values near NHy is very abrupt, increasingly so on these graphs as
we increase NHy by using larger source and receiver spaces (though we have also
increased their spacing to keep the relative geometry comparable).

Once the singular values start dropping off, they tend to decrease exponentially with
increasing n. The dashed lines in Fig. 18 are exponentials given by

h�n� � 8 exp�−0.811�n − 0.985NHy�	: (68)

(This formula is not derived, nor is it a fit to the calculations; it is simply heuristic,
being judged by eye to represent the form of the decay. However, with one set of
numerical coefficients, it approximately models the decaying exponential in all three
cases.) The factor 0.811 in the formula Eq. (68) means that, between each successive
mode in this decaying region very near to and after n � NHy, the singular value in all
three cases decreases by a factor exp�0.811� ≃ 2.25; we can see this behavior in the
equal vertical spacing of the successive points on the right in the logarithmic-scale
graph in Fig. 18. [In Eq. (68), the factor of 0.985 accounts for the fact that the
exponential decay starts slightly before NHy in each case [154].]

As a practical matter, then, once NHy becomes a significantly large number (e.g., in the
hundreds), there really will be essentially no usable modes beyondNHy for this case of
parallel one-dimensional source and receiver spaces.

Figure 18
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Plots of the relative size of the singular values for several different approximately
paraxial pairs of lines of source and receiver points, as a function of the mode number
n compared to the paraxial heuristic number NHy for each pair of source and receiver
lines, on both linear (left graph) and logarithmic (right graph) scales. The values are
shown as points, with the solid lines in the linear graph joining them to aid the eye.
The dashed lines are exponential functions given in the text. Note that, because the
fall-off of the singular values is very rapid above NHy, the horizontal scale is expanded
to show the behavior just around NHy. Three cases are plotted for different lengths of
source (ws) and receiver (wr) lines and separation (L), as sketched on the left.
Red points and lines (upper traces): ws � wr � 1024λ, L � 4096λ, NHy ≃ 256.
Blue points and lines (middle traces): ws � wr � 2048λ, L � 8192λ, NHy ≃ 512.
Orange points and lines (lower traces): ws � wr � 4096λ, L � 16384λ, NHy ≃ 1024.
The number of source and receiver points used in the calculations was 513 (red),
1025 (blue), and 1036 (orange).

724 Vol. 11, No. 3 / September 2019 / Advances in Optics and Photonics Tutorial



For two-dimensional source and receiver spaces, such as square arrays, Fig. 19 shows
that there is also a strong fall-off of the singular values above NH , with an underlying
exponentially decaying form, though in this case in a “staircase” curve. The dashed
lines in Fig. 19 are exponentials given by

h�r� � 4 exp

�
− 3

5

�n − NH�ffiffiffiffiffiffiffi
NH

p
	
: (69)

[Again, this formula is not derived, and is simply heuristic, judged by eye to show an
approximate trend, though again only one set of coefficients (the numbers 4 and 3/5) is
used for all three curves.] The “staircase” behavior and the

ffiffiffiffiffiffiffi
NH

p
in the denominator in

the exponential can be rationalized [155].

In this two-dimensional case, then, the fall-off in the coupling strengths is not so
abrupt as in the case of the one-dimensional source and receiver spaces, but it still
has a strongly exponential underlying form. Again, once we pass significantly beyond
n ≈ NH , the coupling strengths become very weak, with an underlying exponential
fall-off.

In Fig. 19, in addition to plotting the relative strengths of the singular values between
equal-sized square source and receiver spaces, we have also plotted one additional set
for a case in which we have made the receiver “square” twice as large in linear di-
mension, but at double the distance (as shown by the gray points in the graph on the
right). In this case, the solid angle subtended by the receiving space at the source space
is retained; hence this additional case has the same paraxial heuristic number NH as
the “orange” points and lines. We see that, indeed, the orange and gray relative sin-
gular values have very similar behavior. This similarity illustrates an important point.
All of the modes we are showing here, including the ones past NH on these curves,

Figure 19
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Plots of the relative size of the singular values for several different approximately
paraxial square arrays of source and receiver points, as a function of the mode number
n compared to the paraxial heuristic number NH for each pair of source and receiver
squares, on both linear (left graph) and a logarithmic (right graph) scales. The values
are shown as points, with the solid lines in the linear graph joining them to aid the eye.
The dashed lines are exponential functions given in the text. Note that the horizontal
scale is displaced to show the behavior near to and above NH . The square source and
receiver spaces have linear dimensions ws and wr, respectively, and separation L, and
the points are equally spaced on square lattices in each case, and with an equal number
of source and receiver points N . Red points and lines (upper traces): ws � wr � 40λ,
L � 160λ, N � 441, NH � 100. Blue points and lines (middle traces):
ws � wr � 60λ, L � 240λ, N � 961, NH � 225. Orange points and lines (lower
traces): ws � wr � 80λ, L � 320λ, N � 1681, NH � 400. Gray points (right graph
only): ws � 40λ, wr � 80λ, L � 640λ, N � 1681, NH � 400.
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are propagating modes; their amplitudes are falling off in an inverse-square fashion.
If they did not do that, then the orange and gray “curves” would have different forms.
In particular, we can restate this point as follows:

These weakly coupled modes are not in general evanescent in the “far field.”

We might have thought that the exponential fall-off in the singular values was some-
how associated with exponential fall-off in the field amplitudes with distance. In that
case, the well-coupled modes with a “diffraction angle,” which have ordinary inverse-
square behavior, would remain similar in their coupling strengths as we increased the
distance (while retaining solid angle), but the weakly coupled modes would not.
However, the weakly coupled modes show very similar relative coupling strengths
(as we increase the distance while retaining the solid angle)—in fact, slightly stronger
in this numerical example for the case of the more distant but larger receiving surface.

There is some discussion in the literature of what is equivalent to our exponential fall-off
in the singular values past our heuristic numbers, at least in the “Fourier-transform” view,
[156–158] for simple apertures [157] or some higher dimensional structures [158].

5.3e. Use of Point Sources as Approximations to Sets of “Patches”

So far, we have discussed point sources and point receivers because they enable a
relatively straightforward set of “toy” problems to illustrate various behaviors. Below
we will consider the mathematics of continuous sources more deeply, and to get that
correct, we need several additional concepts. However, we can already argue that, at
least under some circumstances, such point sources and receivers are some reasonable
approximation to a situation in which we have uniform source “patches” covering the
source surface and similarly for a receiving surface. In other words, we can argue that
a point source in the middle of a “patch” can be a good approximation to a uniform
source that covers the patch, and that a similar approach can also work for uniform
receiving “patches.”

We can construct a heuristic argument, at least for the paraxial case, to get the char-
acteristic maximum separation we need between our point sources if they are reason-
able to approximate continuous source line segments on a “line” source (e.g., as in
Figs. 9, 10, and 18) or a uniform “patch” source (e.g., as in Figs. 15, 16, and 19). This
argument is based on keeping the variation in the path length to the receiving line or
surface less than half a wavelength for two adjacent point sources (or, equivalently,
between the extreme ends of the line segment or patch).

For a line source of total (lateral) length w (e.g., the length of 48λ in Fig. 9) and sep-
arated from the receiver space by a distance L (e.g., the distance 192λ in Fig. 9), and
for a paraxial condition in which w ≪ L, we can argue (Appendix B) that the distance
dp between the source points should obey

dp < λL∕2w: (70)

We can presume that a similar constraint applies in each direction for a two-dimen-
sional source, using different w in each direction if the overall source has different
sizes in the two directions.

For the paraxial situations above in Figs. 9, 10, 12, and 15–19 where L∕w ∼ 4, we
should therefore have a separation between the point sources of dp < 2λ if those point
sources are reasonable to approximate uniform patches. For the “line” sources in
Figs. 9, 10, 12, and 18, we have λ∕2 source spacing, so we easily satisfy Eq. (70).
In the various “area” examples, Figs. 15–17 and 19, where the source spacings used
are ∼2λ or slightly larger, we are just on the edge of violating this simple criterion.
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We could follow through similar arguments for the idea of replacing the point receiv-
ers with uniform patches of continuous “receivers,” with a similar result. So,

with some care in the spacing of point sources and receivers, such an approach
can mimic the behavior we would have for uniform patches of sources and/or
receivers with dimensions equal to the spacing between the point sources
and/or receivers.

5.4. Non-Paraxial Behavior

5.4a. Longitudinal Heuristic Angle

A set of sources can have directionality not only as a result of their transverse dimen-
sions. Longitudinal sets of sources can also give rise to directional waves. This is
routine in many designs of radio antennas, for example. This behavior is illustrated
in the example in Fig. 20. Here we take horizontal lines of sources and of receivers and
find the most strongly coupled communications mode. We can rationalize this behav-
ior with a heuristic argument based on interference of sources at the two extreme ends
of the line of sources, and we construct this argument in Appendix C. This leads to a
longitudinal heuristic angle

θL �
ffiffiffiffiffiffiffiffi
λ

2Δz

r
(71)

that characterizes the “cone angle” of the resulting diffraction, which is a measure of
the directionality we expect to be possible in the longitudinal direction from a line
source of length 2Δz. The calculated intensity pattern in Fig. 20 shows that this angle
θL gives a good approximate description of the resulting beam. Incidentally, in this

Figure 20

yL

y

Illustration of the beam resulting from finding the best-coupled mode between two hori-
zontal lines of sources and receivers, showing the longitudinal heuristic angle θL. Both
sources and receivers use 201 points spaced by λ∕4, aligned in the z horizontal axis, and
with center-to-center spacing of zo � 250λ. From Eq. (71), θL ≃ 141 mrad ≃ 8.1° and
the corresponding δy ≃ 35.35λ. (a) is a cross section of the intensity. For graphic clarity,
the magnitude is multiplied by z2 once we leave the source region (technically, a factor
�max�30λ, z�	2). The intensity in the region immediately around the source is omitted
from the graphics to avoid singularities. (b) x–y cross section of the intensity in the
middle of the receivers; (c) perspective surface-plot view of the same data as in (b).
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case, there is only one communications mode; within numerical accuracy (at least to
five significant figures), all of the sum rule S is consumed by the coupling strength
js1j2 of this mode.

We can also evaluate the effective solid angle of this channel. The area of the disk
of half-angle θL, or equivalently, of radius given by the corresponding δy, is
AL � π�δy�2 � πz2oθ

2
L, so the corresponding solid angle of this “disk” is

ΩL ≃
AL

z2o
� πθ2L �

πλ

2Δz
, (72)

which is π divided by the length of the line source in wavelengths. We can compare
this with the solid angle per channel for the two-dimensional surfaces, as in Eq. (67),
which is 1/(the area of the relevant surface in square wavelengths). This tells us that,

for some object of comparable dimensions in all three directions, once the dimen-
sions are some reasonable number of wavelengths, the solid angle per channel is
determined more by the cross-sectional area than by the thickness.

Equivalently, for some cuboid of dimensions 2Δx, 2Δy, and 2Δz, the ratio of the solid
angle per channel from the cross-sectional area 2Δx × 2Δy to that from the length 2Δz
alone is

ΩS1

ΩL
≃

2Δzλ
π�2Δx��2Δy� : (73)

For example, for 2Δx � 2Δy � 2λ, to get this ratio to be 1 (i.e., the solid angle from
the length comparable to that from the cross-sectional area), the length 2Δz would
need to be 4 × π ≃ 12.6wavelengths, much larger than any cross-sectional dimension.
So, conventional “optical” situations with large cross-sectional dimensions in wave-
lengths have solid angles per channel roughly independent of the depth of the volume
for any thickness comparable to the cross-sectional dimensions.

By contrast, if we consider transverse dimensions 2Δx � 2Δy � λ∕2, then once the
length 2Δz becomes significantly greater than a wavelength, the effect of the length
will dominate in narrowing the solid angle of the channel. This is a typical situation in
many multiple-element wireless or radio-frequency antennas (such as the classic
“Yagi-Uda” antenna [159]), and could also occur in nanophotonic systems.

5.4b. Spherical Shell Spaces

Concentric spherical “shell” source and receiver spaces (see Fig. 21) are good exam-
ples of a case that is very much not paraxial. Indeed, there is no preferred axis at all in
this case. This case is also interesting from a fundamental point of view; it may allow
us to deduce some limiting behavior for any and all waves emitted from some space
because there is no way for the generated wave from a smaller “source” spherical shell
to miss a larger spherical shell “receiving” space that surrounds it.

Figure 21 shows the calculated singular-value magnitudes [relative to the strongest
(first) one] for three different situations with increasing radius of the inner “source”
spherical shell surface. The singular-value magnitudes are plotted on both a linear
scale (left graph) and a logarithmic scale (right graph). We see first from the left graph
in Fig. 21 that this situation does not lead to anything like paraxial degeneracy of the
“well-coupled”modes. Other than some “step” structure, there is no large “plateau” of
approximately equal singular values. Indeed, intriguingly, as we increase the size of
the “source” sphere, these “strongly coupled” singular values apparently asymptote
towards a simple straight line (the dotted line in the left graph), with an intercept
we call a spherical heuristic number of
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NSH � 16πr2∕λ2, (74)

where r is the radius of the sphere of sources; that is, the line goes from 1 at n � 1

down to 0 at n � NSH , or equivalently, a function 1 − n∕NSH . We can also justify this
number with a heuristic argument given in Appendix D. This number NSH corre-
sponds to one mode for every square half wavelength [a surface area element
�λ∕2�2] on the source sphere surface.

As we continue past this NSH in each case, we see an underlying exponential fall-off in
the singular values on a “staircase” line in each case. The dashed lines in each case are
given by the function

fSH�n� �
1

3
exp

�
− 3

8

�n − NSH�ffiffiffiffiffiffiffiffiffi
NSH

p
	
: (75)

Note that this expression is heuristic; it is not derived, and the constants 1/3 and 3/8 are
simply chosen to give exponentials that, by eye, approximately describe the apparent
exponential fall-off in the singular values as n begins to significantly exceed NSH in
each case. It is worth noting, however, that we are able to use the same coefficients, 1/3
and 3/8, for all three cases shown. We can, however, argue for the

ffiffiffiffiffiffiffiffiffi
NSH

p
factor in the

denominator in the exponential by a similar rationalization to that above for the para-
xial case.

Note that, despite there being nowhere for the wave go to avoid the receiving sphere,
we still see an exponential fall-off in coupling the weakly coupled modes, rather
similar in form to the two-dimensional paraxial case above. It is also true in this
spherical case that increasing the radius of the “receiving” sphere makes essentially
no difference to the form of the lines in Fig. 21. Again, we conclude that the weakly
coupled modes therefore also correspond to propagating (not evanescent) modes,

Figure 21
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Behavior of the magnitude of the singular values jsnj, as a function of communication
mode number n, relative to that of the largest singular value js1j, for three different
centered spherical “shell” source and receiver spaces. In each case, the receiving points
are on the surface of a 24λ diameter sphere. The source points are on the surfaces of
spheres of diameters 2λ (upper, red line), 4λ (middle, blue line), and 8λ (lower, orange
line), respectively. The solid lines are drawn between the calculated values of jsnj∕js1j in
each case to guide the eye. The dashed and dotted lines are heuristic functions shown for
comparison (see text). On the horizontal axis, the mode numbers for each curve are
divided by the corresponding spherical heuristic numbers, which are NSH2 ≃ 50.3,
NSH4 ≃ 201, and NSH8 ≃ 804 for the 2, 4, and 8λ diameter source spheres, respectively.
1600 source and receiver points are used for the 2λ and 4λ cases, and 2400 for the
8λ case, distributed approximately uniformly over the sphere surfaces [160].
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with inverse-square behavior of their intensities, at least for receiving radii much
larger than the source sphere.

The simplicity of the asymptotic behaviors of the singular values suggests that some
analytic solution may explain these. Indeed, we expect there may be analytic solutions
in such a spherical case, likely involving spherical Bessel functions for the radial
behavior and spherical harmonics for the angular behavior, for example.

5.5. Deducing Sources to Give a Particular Wave
The SVD approach gives a straightforward way to calculate just what source in the
source space or volume is required to generate a specific wave in the receiving space
or volume. Suppose we want a (normalized) wave (or vector of amplitudes) jϕRoi in
the receiving space. Because the (normalized) set of eigenfunctions or eigenvectors
fjϕRjig is a complete set for the receiving space, we can expand jϕRoi in this set, as

jϕRoi �
X
j

ajjϕRji, (76)

where

aj � hϕRjjϕRoi: (77)

Suppose, for the moment, that we want to generate just one component, aqjϕRqi, of
this sum [Eq. (76)]. Then becauseGSRjψSji � sjjϕRji [Eq. (31)], to generate that com-
ponent we need an amplitude of the (normalized) source function jψSqi of aq∕sq. We
can repeat this argument for each component, adding up the results. So, quite gen-
erally, the required source function jψSoi to generate jϕRoi is

jψSoi �
X
j

aj
sj
jψSji ≡

X
j

1

sj
hϕRjjϕRoijψSji: (78)

This point has been known, at least for the specific case of prolate spheroidal basis sets
and correspondingly simple apertures, for some time [161].

5.5a. Sources for an Arbitrary Combination of Specific Receiver Modes

In the example of Fig. 22, we have deliberately chosen to try to create a set of am-
plitudes at the receiver positions that is a specific arbitrary (normalized) superposition
[162] of the first 14 “receiver” communications modes, here of the approximately
paraxial example as in Figs. 9, 10, and 12.

The points in Fig. 22(a) show the modulus squared of the desired amplitudes at the
receiver points (so, the effective power desired at each of these points). In this case,
because we restricted to waves that could be created just from these first 14 modes, we
are able to generate exactly the wave we want by using Eq. (78) to set the correspond-
ing amplitudes of the first 14 source functions. The gray curve that passes through the
points in Fig. 22(a) is not a line joining the points (as we have done in earlier graph-
ics); rather it is the modulus squared of the calculated wave as a function of vertical
position at the line of receivers. Obviously, this approach generates the form we
wanted at the receiver points. The modulus squared of the corresponding amplitudes
at the source points is shown in Fig. 22(b).

Figure 22(c) shows the modulus squared of the corresponding receiver modal ampli-
tudes used to make up the superposition. Note in particular that we have chosen finite
amplitudes for modes 12, 13, and 14 [highlighted as the solid red bars in Fig. 22(c)]
so that we can see the effect of including some modes with relatively small singular
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values. The singular values are all similar for the first 10 modes. In general, we see
from Eq. (78) that the modulus squared of the required amplitude in the corresponding
source modes should be larger by a factor 1∕jsjj2 for the jth mode so as to generate the
required receiver values. For the first 10 modes in this approximately paraxial prob-
lem, this source quantity [Fig. 22(d)] varies only slightly from 1∕js1j2 ≃ 3752 for
mode 1 to 1∕js10j2 ≃ 3803 for mode 10. Consequently, the modulus squared of
the source amplitudes for these first 10 modes [in Fig. 22(d)] looks essentially iden-
tical in form for these first 10 modes to the corresponding modulus squared of the
receiver mode amplitudes [Fig. 22(c)].

Note, though, that the required relative magnitudes of the source amplitudes grow
substantially especially as we consider modes 12, 13, and 14 [we have also high-
lighted these in Fig. 22(d)]. Once we get to mode 14, 1∕js14j2 ≃ 44694, and the re-
quired mode amplitude magnitude has grown accordingly. Hence we see explicitly in
this example that, if our desired set of receiver amplitudes requires the use of modes
with small singular values, the amplitude of the corresponding source mode has to be
increased accordingly. The reason the shapes of the curves in Figs. 22(a) and 22(b) are

Figure 22

Example of constructing the required sources to generate a specific received “wave” or
set of received amplitudes. To avoid the additional graphic complication of handling
phases, the values plotted in the graphs are for the squared magnitudes of the relevant
quantities. The source and receiver points are as in Fig. 9, with the corresponding
modes as in Figs. 10 and 12. (a) Desired receiver values (points) and the calculated
actual values generated (line) using the calculated source values. (b) Corresponding
source values (points, joined by lines for visual clarity). (c) Values for each receiver
mode used to construct the desired values at the receiver points. (d) Corresponding
required values for each source mode to generate the desired receiver values. Note in
particular in (c) and (d) that, though the required source values for each mode largely
track the required receiver values for each mode for the first 10 modes (which all have
similar singular values), for modes 12, 13, and 14 in particular [which are highlighted
in (c) and (d)], the required values for the source modes have to rise because the sin-
gular values are becoming smaller.
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different is because we need these relatively larger amplitudes of the weakly
coupled modes.

Note again that, for this case in which we made up the desired set of amplitudes at the
receivers as a specific linear combination of a finite number of the (receiver) com-
munications modes, we were guaranteed to be able to make up the required source
amplitudes from a finite linear combination of the corresponding source communi-
cations modes. If we examine more general functions, we are not guaranteed any such
finite linear combination, however, and we look at some such examples next.

5.5b. Sources for a Gaussian Spot—Passing the Diffraction Limit

AGaussian “beam” is a well-known example form with straightforward mathematical
properties, and is one that also occurs in optics as a good approximation to the beam
form from confocal laser cavities. Such a Gaussian distribution of desired amplitudes
at the receiver points does not, however, correspond to any of the communications
modes for finite source and receiver spaces, and mathematically generating that
set of Gaussian amplitudes will require a linear combination of multiple receiver com-
munications modes.

In the examples in Fig. 23 (which uses the same sets of sources and receivers as in
Figs. 9, 10, 12, and 22), we have chosen to ask for receiver amplitudes of the form

ϕ�yRj� � cR�0, yRj� exp
�
− �yRj − yo�2

w2

	
: (79)

These amplitudes correspond to a Gaussian in the y direction (vertical on the graphs)
with 1∕e amplitude half width of w (which is also therefore 1∕e2 “intensity” half width
of the set of modulus squared amplitudes jϕRjj2), with unit amplitude at the center of
the Gaussian (i.e., at the point yo), and with confocally curved phase fronts from the
factor cR�0, yRj� [as in Eq. (55)]. For all the graphs except Fig. 23(e), we choose
yo � 0, which corresponds to a Gaussian centered vertically. Figure 23(e) has the
desired center shifted down (here, technically a positive shift) by 18λ.

We have confocally curved the desired phase front because such waves are “easier” to
construct, especially for “off-center” desired beams [as in Fig. 23(e)], because of the
underlying confocal curvature of the beams with large numbers of “bumps.”
Constructing “flat” phase fronts away from the center tends to require the use of sig-
nificant amplitudes of more modes than we might expect from just the intensity shape
of the beam.

In the superpositions, we only use the first 20 communications modes in our calcu-
lations for Figs. 23(a)–23(c), and the first 12 for Figs. 23(d) and 23(e). Twenty modes
are apparently sufficient for (a) 16λ and (b) 11λ full widths; the resulting generated
amplitudes (the black lines) correspond well with the desired values (red points), at
least as seen by eye in these calculations. The source form for the 16λ case also looks
to be a smooth and essentially Gaussian curve. (We can rationalize later why the
source form here is also Gaussian.)

For the 11λ full-width case, the form of the source is more complicated, which essen-
tially reflects the fact that we are close to violating what we typically regard as dif-
fraction limits, which loosely here means we are starting to require the use of weakly
coupled modes. As a result, we see significant amplitudes of some of the high-
numbered modes, which also shows in the emergence of parts of the beam that miss
the receiver space.
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For the 6λ case in Fig. 23(c), large amounts of weakly coupled high-numbered modes
are required. Note in particular that the vertical scale maximum (4 × 106) on the
source graph in (c) is 2000 times as high as that in Figs. 23(a) and 23(b), and that

Figure 23

Plots of the required sources (the red points, joined by red lines for visual clarity, are
the modulus squared of the amplitudes of the “front” line of sources) in the graphs
on the left to attempt to synthesize the desired receiver values, shown as the red points
on the graphs in the right (the modulus squared of the desired receiver amplitude is
plotted). The actual resulting values of the modulus squared of the receiver amplitude
are shown as the black line in these graphs on the right. Beam intensity, multiplied by
the distance from the sources on the left for graphic clarity, is shown in the middle
pictures in false color. Results for three different desired Gaussian widths are shown in
(a), (b), and (c), respectively, with calculations based on using the first 20 commu-
nications modes. For (d) and (e), the calculation is restricted to using only 12 modes,
and for (e), the desired position is shifted down by 18λ.
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there are particularly large amplitudes of the sources at the two extreme ends of the
source region. Now in the picture of the beam intensity, on this false color scale, the
amplitude of the desired Gaussian beam does not even show up, and large parts of
the beam miss the receiver region entirely (above and below). Nonetheless, an approx-
imately Gaussian beam of approximately the correct width is generated along the line
of receivers, as we see in the graph on the right of Fig. 23(c). The very large source
amplitudes and the substantial parts of the beammissing the receiver space entirely are
because there are significant amplitudes of high-numbered and very weakly coupled
communications modes.

The red bars in Fig. 24(b) show the amount of the various modes (as the modulus
squared of their desired amplitudes) that we require. Now we see that for this 6λ wide
beam, there are small but significant received amplitudes required though mode 23 on
this graph. If we include 23 modes in the calculation, we can do somewhat better in the
beam shape, as shown by the orange curve in Fig. 24(a), though even then we still do
not quite reach the desired shape.

If we look closely at the graph on the right in Fig. 23(c), we see that the desired
Gaussian beam is not quite correctly created; the peak is not quite high enough in
the center. The reason for this discrepancy is that we do not have enough modes in
our calculation. We have plotted the region near the center in more detail in Fig. 24.
Now the calculation for the 20-mode case is the light blue line in Fig. 24(a), which is
below the desired peak (as given by the red points) in the center (and is also slightly
wider near the base of the curve).

Figure 24

Illustration of the effect of changing the number of modes used in trying to create the
Gaussian amplitudes for the six-wavelength-wide Gaussian shape in Fig. 23(c) [red
points in (a) here]. The red bars in (b) show the mode amplitudes (modulus squared)
required for the receiver communications modes (up to mode 23) to attempt to create
the desired Gaussian shape. The gray bars show the corresponding relative strengths
of the (modulus squared of) the source mode amplitudes up to mode 12. (Only odd-
numbered modes occur in this problem because of the symmetry, and only those am-
plitudes are therefore plotted here.) The pink, blue, and orange colored bars show
progressively the additional required (modulus squared) amplitudes for 16, 20,
and 23 mode calculations. [The overall vertical position of the source mode (modulus
squared) amplitudes on this logarithmic scale is adjusted to match the corresponding
receiver mode (modulus squared) amplitude for the strongest coupled mode for easier
comparison of relative magnitudes.] (a) shows that a sharper peak and a slightly nar-
row shape do result from adding further modes, but (b) shows that the required am-
plitudes of the additional higher-numbered modes become enormous, illustrating the
practical impossiblity of substantially exceeding diffraction limits.

734 Vol. 11, No. 3 / September 2019 / Advances in Optics and Photonics Tutorial



In principle, we could keep adding more, higher-numbered modes and continue to
increase the accuracy of the created beam shape. However, the source amplitudes re-
quired for these higher-numbered modes increase very rapidly because of the very
small singular values associated with these high-numbered communications modes.
In fact, beyond mode 23, the coupling is so weak that the calculation starts to have
significant numerical errors in conventional 64-bit calculations, and further improve-
ments are essentially beyond such standard calculations.

As we see in Fig. 24(a), the shape calculated with just 12 modes is not much different
from those with added higher-numbered modes. [In these calculations for a centered
beam, only the odd-numbered modes are actually required because of the symmetry,
so we only plot values required for the source and receiver modes for the odd modes in
Fig. 24(b).] The first 12 modes here are all strongly coupled [see Fig. 9(b)], with the
first 10 being approximately equally well coupled. As we add in further modes (modes
13 and 15) for the 16-mode calculation, we see some improvement in the resulting
shape [the pink curve in Fig. 24(a)] with corresponding required additional source
modes [pink bars in Fig. 24(b)]. The required source mode values for the 20-mode
and 23-mode cases are shown as the blue and orange bars, respectively, in Fig. 24(b).

In Fig. 24, we see that adding in higher-numbered modes makes only small improve-
ments in the desired shape, and at the cost of extremely large amplitudes of the source
modes. We are therefore illustrating the practical impossibility of substantially passing
the diffraction limit; even extremely large amplitudes in the additional sources make
relatively little improvement in the resulting shape.

In this case, if we restrict ourselves to using only the well-coupled modes (e.g.,
up to mode 12), we can generate a reasonable shape of received beam [Fig. 23(d)],
even if it is not quite as narrow as we would have wanted, while avoiding any large
source amplitudes and while also having the beam essentially all arriving in the
receiver space.

Figure 23(e) illustrates what happens if we retain this 12-mode calculation but now
ask for a beam displaced by 18 wavelengths from the center. We see that we are able to
shift the beam while retaining what appears to be a similar shape, and we expect sim-
ilar beam “scanning” behavior over the entire receiver space.

5.5c. “Top-Hat” Function

As another example, we can attempt to generate a “top-hat” function—one that is
constant within a range and zero elsewhere. We use the same configuration as in
Fig. 23, and we ask in this example for a centered “top-hat” set of receiver amplitudes
with a width of 18λ. The resulting actual receiver amplitudes and the relative mode
amplitudes are plotted in Fig. 25. Except for the use of the top-hat function rather than
the Gaussian, Fig. 25 is otherwise similar to Fig. 24.

The top-hat function is approximately created, but the edges are not abrupt, consistent
with diffraction limitations, and additionally there is “ringing”—spatial oscillations—
in the amplitude across the top of the “top-hat,” reminiscent of the Gibbs phenomenon
in the use of Fourier series to represent “square” functions. We also see similar behav-
ior to that seen with the Gaussian in that the inclusion of further higher-numbered
modes in the calculation leads to relatively little improvement in the form of the actual
amplitudes at the receivers, and very large amplitudes of higher-numbered source
modes are required even for these benefits.

5.5d. Notes on Passing the Diffraction Limit

Generally, these examples illustrate that
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the reason we cannot focus past conventional diffraction limits is that we must
then use very weakly coupled communications modes, leading to very large
source amplitudes.

There is no way of avoiding this for given source and receiver spaces. If we look back
at Fig. 12, we see that, once we pass the “well-coupled” modes, the number of
“bumps” in the subsequent modes only improves linearly as the coupling strength
falls off exponentially. Equivalently,

linear improvements in resolution past the diffraction limit essentially require
exponential increases in source amplitudes.

Our discussion here is, of course, only an example to illustrate how this communi-
cations mode approach relates to resolution limits. Such limits are well understood and
have been comprehensively reviewed [163,164]. References [165–167] are examples
of using such a modal approach experimentally for super-resolution, based on the
analytic prolate spheroidal functions and/or equivalent “sampling theory” approaches
(see Subsection 7.3 and [33]). Reference [167] explicitly makes the same point we are
making here that the rapid fall-off the singular values prevents effective super-
resolution. These conclusions are also consistent with recent innovative approaches
to sub-diffraction imaging [168], which indicate that large amplitudes of sub-diffraction
effective image sources are required to image such features into the far field.

6. MATHEMATICS OF CONTINUOUS FUNCTIONS, OPERATORS, AND
VECTOR SPACES

Using finite collections of point sources and receivers, we have seen many of the
behaviors of orthogonal wave channels between sources and receivers. But we have
two problems:

(1) Why is it that adding more sources and receivers (in given volumes) does not con-
tinue to increase the number of usable communications channels or “degrees of
freedom”? We have some heuristic answers, but no general mathematical principle.

(2) How can we transition to mathematically continuous functions rather than dis-
crete “point” sources and receivers? For example, we may actually have current
densities on antennas or in continuous solids, and we may want to understand

Figure 25

(a) Receiver amplitude (modulus squared) for the desired “top-hat” function of width
18λ (red points and dashed light red lines to guide the eye) and the various actual
amplitudes (modulus squared) for use of different numbers of modes, similarly to
Fig. 24(a). (b) Relative amplitudes of the (modulus squared of) the receiver and trans-
mitter modes, similarly to Fig. 24(b).
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continuous waves in receiving volumes or even use them as effective continuous
sources in diffraction problems.

Both of these questions are answered in this section. To address them, we need to step
back mathematically from finite matrices, and set up an approach based on functional
analysis. The results are very general and powerful.

To introduce functional analysis properly would take too much space. Unfortunately,
though there are substantial texts in the field (e.g., [169–171]), their style and length
can be forbidding. To help, I wrote a separate introduction [122] that, though shorter
by about a factor of 10 than standard texts, does present all we need, including all
proofs. With that as a reference, in Subsections 6.1–6.6, I introduce the main ideas and
terminology, and give a path to the answers we need.

As we progress, we develop extended ideas of the inner product (Subsection 6.6). We
need this to handle electromagnetism properly. This development clarifies how to get
back to a simpler “matrix-vector” algebra (in what we call an “algebraic shift”). We
also complete the mathematics of SVD in Subsection 6.7 and Appendix E.

One other key point is that we argue from the physics (Subsections 6.8 and 6.9) that
the core operators we need (such as Green’s functions) will be so-called Hilbert–
Schmidt operators. That in turn allows us to use the particularly powerful mathematics
of so-called compact operators, and also gives us the sum rule S.

This section can be skimmed on a first reading because it is necessarily quite math-
ematical. Two key results are essential for us, however: (i) the sum rule S, which
means we only ever have finite numbers of “good” communications channels even
with continuous sources and waves and even with arbitrary linear optical devices or
scatterers, and (ii) the deeper discussion of inner products, which we need for handling
channels with electromagnetic waves.

6.1. Functions, Vectors, Numbers, and Spaces
In this mathematics, we can think of functions as being mathematical “vectors”, (e.g.,
column vectors of numbers), with possibly infinite numbers of elements; these might
be the values of the function at each of a possibly infinite number of points, for ex-
ample. If needed, we use the term “mathematical” vector to distinguish these from
“geometrical vectors” such as a position vector r, or an electric field E. From here
on, we use the terms “functions” and (mathematical) “vectors” interchangeably.
Initially, we use Greek lowercase italic letters, such as α, to represent functions
(or vectors), and Roman italic letters, such as a, for (complex) numbers or “scalars.”

An (abstract) space is simply a set (here, of elements that are vectors) with some addi-
tional axiomatic properties (such as the inner product). So our vectors (or functions)
will be elements in (or members of) what we call a vector (or function) space.
Defining spaces is important; specifically, we will have different spaces for source
functions and for received waves (or wave functions). Though these functions will
generally also be in different physical volumes, by spacewe mean this abstract space,
not the physical volume. Our “source” and “receiving” spaces may also differ in other
ways—they may even also have different “inner products,” for example.

6.2. Inner Products
The most important axiomatic property we add to our space is the “inner product.” This
gives a well-defined effective “length” of a function (a norm), and a “distance” between
two functions (a metric). It also defines “orthogonality” of the functions. The following
defines an inner product, and anything with these properties is an inner product.
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For all vectorsα, β, and γ in a vector space; and all �complex� scalars a,
we define an inner product �α, β�,which is a �complex� scalar;
through the following properties :

�IP1� �γ, α� β� ≡ �γ, α� � �γ, β�,
�IP2� �γ, aα� � a�γ, α� �where aα is the vector or function in which

all the values in the vector or function α are multiplied by the �complex� scalar a	,
�IP3� �β, α� � �α, β��,
�IP4� �α, α� ≥ 0,with �α, α� � 0 if and only if α � 0 the zero vector�: (80)

The first two “linearity” properties, (IP1) and (IP2), are useful in describing linear sys-
tems (as in a linear superposition of waves) [172]. (IP3) gives a useful algebra for work-
ing with complex quantities, and (IP4) means that the inner product gives us a positive
real norm

kαk �
ffiffiffiffiffiffiffiffiffiffiffi
�α, α�

p
: (81)

A space with a norm is called a normed space. A norm expresses an idea of “length” for
a function as some single, real number. The existence of a norm then allows us to define
ametric (the metric “induced” by the norm), which then gives a real number that we can
use as the “distance” between two functions or vectors. For two vectors or functions α
and β, that metric would be defined as

dP�α, β� ≡ kα − βk �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�α − β, α − β�

p
: (82)

A space with a metric is called a metric space.

With ordinary geometric vectors, the norm is just the length of the geometric vector,
and the metric is the distance between the “tips” of the two vectors if their other ends
are “joined” at the same point. The usual dot product of geometric vectors is an inner
product, satisfying all the properties (IP1)–(IP4), though geometric vectors have only
real components, so (IP3) just corresponds to the geometric dot product being com-
mutative. Note that the inner product is not, however, in general commutative because
of the complex conjugate in (IP3). Avector or function space that has an inner product
with these properties is called an inner-product (vector) space.

If some situation, such as waves in linear media, can be usefully described using vec-
tors with such an inner product, then these properties of the norm and the metric mean
that we can exploit much of the mathematics from real analysis; hence, we can use
ideas of the convergence of sequences of numbers to discuss the convergence of func-
tions as well, and that idea is at the core of functional analysis.

The other very important use of an inner product is to define orthogonality.
Specifically,

a non-zero element α of an inner-product space

is said to be orthogonal to a non-zero element β

of the same space if and only if �α, β� � 0: (83)

This is a generalization of the idea that the geometrical vector “dot” product is sim-
ilarly used to define orthogonality (or “being at right angles”) in geometric space.
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Note here that we extend that idea to allow for complex vector “components” and for
arbitrary, even infinite, numbers of dimensions.

Note that these essential properties of an inner product (IP1) to (IP4), listed in
Eq. (80), leave considerable flexibility. When we set up a given vector space, we for-
mally choose the inner product for that space; in different spaces we may make differ-
ent choices. For a “receiving” space, we may want the inner product to correspond to
the “energy” in a wave, and we can define such “energy” inner products. For the
sources, on the other hand, we might just want a simple Cartesian inner product
(as in ordinary vector multiplications), for example, for different current distributions.
For a reason that will become clear later, we call such a choice the underlying inner
product of the space [173]. We return to specific forms of inner products once we have
defined the idea of “operators.”

6.3. Sequences and Convergence
We can obviously write a list of multiple elements in a set or space, but we need to
distinguish two kinds of lists. The first kind simply lists elements in the set, conven-
tionally written by enclosing the list within curly brackets. So {1.7, 3.6, 2} is a set that
contains the three real numbers 1.7, 3.6, and 2. The order of the elements in this simple
list does not matter, so {1.7, 2, 3.6} means the same as {1.7, 3.6, 2}.

We often do care about the order of numbers, however: 1.7, 2, and 3.6 might be the
values of some function at successive points, or they might be the x, y, and z coor-
dinates of some point in space. The second kind of list, called a sequence, gives the
elements in a given order, and is conventionally written by enclosing the elements in
ordinary braces [174]. For example, (1.7, 3.6, 2) is a sequence of the real numbers 1.7,
3.6, and 2 in this order.

In functional analysis, by default, a sequence of elements is usually an infinitely long
[175] list of elements in a particular order, as in some (infinitely long) sequence
�α1, α2,α3, � � �� of vectors. A subsequence is just some of the elements of such a se-
quence, but retaining the relative order. So, one subsequence of �α1, α2, α3, � � �� would
be �α1, α3, � � ��, where we have missed out element α2, but have kept the order of the
rest. (A subsequence is therefore also a sequence in its own right.)

Many of the proofs in functional analysis depend on convergence of sequences (or
subsequences). Specifically, does a sequence converge so that, for every element αj
after some specific nth element αn (so for j > n), each such element is closer and
closer (in the sense of the metric) to some specific element β? If so, β is the limit
of the sequence. In real analysis (the analysis of numbers rather than functions),
the sequence �1, 1∕2, 1∕4, 1∕8, 1∕16, � � �� converges towards 0, for example.

Another formal convergence is called Cauchy convergence, in which, essentially, the
separation between elements gets closer and closer [176]. It can be proved that every
convergent sequence in a metric space is such a Cauchy sequence of elements.

Mathematically, it can be important whether or not the limit of a convergent sequence
lies within the space. So, in our example �1, 1∕2, 1∕4, 1∕8, 1∕16, � � ��, it matters
whether 0 is within the range of numbers allowed in the space or not. A (metric) space
is said to be complete if every Cauchy sequence in the space converges to a limit that is
also an element of the space. This completeness essentially means that we are not
“missing out” specific functions from the space, and we are careful to include func-
tions that might be at the “edges” in a mathematical sense of our space—i.e., that are
the limits of sequences of functions that are otherwise within the space. These are all
reasonable requirements in the physical problems of interest to us, and we presume
such completeness in our spaces.
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6.4. Hilbert Spaces
With this background, we can now define a Hilbert (vector) space:

A Hilbert space is a complete inner-product space: (84)

Generally, we notate spaces using italic uppercase letters such as D, F, G, and R, with
subscripts to distinguish spaces if necessary, and if we use H (with or without a sub-
script) for a space, then it is certainly a Hilbert space. The mathematics of Hilbert
spaces is powerful and very useful. One particularly powerful aspect is the idea of
a basis set.

6.4a. Orthogonal Sets and Basis Sets in Hilbert Spaces

An orthogonal set of elements (vectors) in a Hilbert space is a subset of the space
whose (non-zero) elements are pairwise orthogonal—every member is orthogonal
to every other member. So, for any two (non-zero) members α and γ of this orthogonal
set, �α, γ� � 0 unless α � γ. Even more convenient is an orthonormal set, which is an
orthogonal set in which every element is normalized to have a norm of 1, i.e.,
�α, α� �

ffiffiffiffiffiffiffiffiffiffiffi
�α, α�

p
� 1. We presume that we can index the members with an integer

or natural number index j or k, for example. Then, using the Kronecker delta
[Eq. (27)], for an orthonormal set

�αj,αk� � δjk : (85)

A linear combination of vectors β1,…, βm of a vector space is an expression of the
form d1β1 � d2β2 �…� dmβm for some set of scalars fd1, d2,…, dmg. We can
choose to have a set of vectors defined as those vectors γ that can be represented
by a linear combination of the vectors in an orthonormal set fα1, α2,…g, i.e., by
the sum

γ � a1α1 � a2α2 � � � � ≡
X
j

ajαj: (86)

We can also call such an expression the expansion of γ in the basis αj (i.e., in the set
fα1, α2,…g), and the numbers aj are called the expansion coefficients. A set of
orthogonal (and, preferably, orthonormal) vectors that can be used to represent
any vector in a space can be called an (orthogonal or orthonormal) basis for that space.
The number of such functions in the basis—i.e., in the set fα1, α2,…g—is the dimen-
sionality of the basis set and of the corresponding space. Depending on the space, this
dimensionality could be finite or infinite. By definition, a basis, because it can re-
present any function in a given space, is also said to be a complete set of functions
for the space [177]. The coefficient aj is easily extracted by forming the inner product
with αj, i.e.,

�αj, γ� � aj: (87)

Indeed, this is the defining equation for the expansion coefficients aj. Now we come
to a key attribute of a Hilbert space (see, e.g., [122]):

There is always a basis for a Hilbert space: (88)

That is, there is always some complete set of orthogonal (or orthonormal) functions
fα1, α2,…g that forms a basis for any given Hilbert space. Importantly, this also ap-
plies to infinite-dimensional Hilbert spaces. Of course, if there is one basis set, then
there are many possible basis sets—in fact an infinite number—because we can make
them from orthogonal linear combinations of the set fα1, α2,…g.
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6.4b. “Algebraic Shift” to Dirac Notation for Vectors and Inner Products

We can now view this set of numbers fajg as being the representation of the function γ
in the basis fα1, α2,…g, and we can choose to write them as a column vector,

γ �
2
4 a1
a2
..
.

3
5 ≡ jγi: (89)

We can now use a Dirac “ket vector” notation jγi as shorthand for just such a column
vector of such expansion coefficients and, indeed, for the function it represents. The
usefulness of this notational shift to Dirac notation goes deeper, however. Consider an
inner product of two functions η and μ in a given Hilbert space. Expanding each func-
tion in this basis fα1, α2,…g gives

η �
X
k

rkαk and μ �
X
k

tkαk , (90)

where

rk � �αk , η� and tk � �αk , μ� (91)

are inner products formed using the underlying inner product in the space. Using these
expansions and the inner-product “linearity” properties [(IP1) and (IP2) in Eq. (80)],
we have

�μ, η� �
X
p, q

t�prq�αp,αq� �
X
p, q

t�prqδpq �
X
p, q

t�prq ≡ �t�1 , t�2 ,…	
2
4 r1r2

..

.

3
5: (92)

Once we make an “algebraic shift” of regarding the ket vectors in Dirac notation jμi
and jηi as being vectors of expansion coefficients constructed using the underlying
inner product in the space, i.e., defining the Dirac ket vectors, using the underlying
inner product, as in

jηi ≡

2
64
�α1, η�
�α2, η�

..

.

3
75 and jμi ≡

2
64
�α1, μ�
�α2, μ�

..

.

3
75, (93)

then the subsequent mathematics of the inner products is simply the Cartesian inner
product

�μ, η� ≡ � �α1, μ�� �α2, μ�� � � � 	

2
64
�α1, η�
�α2, η�

..

.

3
75 ≡ hμjjηi ≡ hμjηi, (94)

where we have now introduced the “bra” vector hμj as being the row vector whose
elements are the complex conjugates of the expansion coefficients, and the shorthand
hμjjηi ≡ hμjηi for such an inner product. We will take a further step in this “algebraic
shift” once we have defined linear operators and their matrix representation below.
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6.5. Linear Operators
In our mathematics, we also need operators. An operator mathematically turns one
function into another, or, equivalently, generates a “new” function from an “old”
one. It maps from functions in a “domain” space D to a “range” space R (which
may be a different space). In our case, we are particularly interested in operators that
generate a “wave” function in a receiving volume from a “source” function in a source
volume, for example. We notate operators using an uppercase letter in a sans-serif
font, as in A. We can write the action of the operator A on any vector or function
α in its domain D to generate a vector or function γ in its range R as

γ � Aα: (95)

6.5a. Definition of Linear Operators

The operators of most interest to us are linear operators, defined as follows:

For any two vectors or functions α and β in its domain D, and any (possibly
complex) scalar c, a linear operator A is required to have two properties:

O1 A�α� β� � Aα� Aβ,

O2 A�cα� � cAα: (96)

All operators we consider will be linear. Note that all matrices are linear operators
in this sense.

6.5b. Operator Norms and Bounded Operators

We can now usefully introduce the idea of operator norms. We need this because it
allows us to consider convergence, now of the functions in the range that result from
operating on functions in the domain, and to define “boundedness.” For an operator to
be bounded, we require that, for any vector α in the domain D and with a finite norm
kαkD �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�α, α�D

p
, the resulting vector Aα in the range R must have a finite norm

kAαkR ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Aα,Aα�R

p
. (Here the subscripts D and R are allowing for possibly differ-

ent inner products in the domain and range.) With physical operators representing
waves, we expect boundedness—finite inputs should give finite outputs. Formally,
we can restate this as

kAksup � sup
α inD
α≠0

kAαkR
kαkD

< ∞: (97)

The supremum (“sup”) here essentially [178] means the largest value for any non-zero
vector α in the domain D, so here the norm of the “largest” vector we could get in the
range by operating with A on a normalized vector in the domain. This expression also
formally defines the supremum (operator) normkAksup for the operator, which can be
used in various proofs. Later, we will define another operator norm (the Hilbert–
Schmidt norm). Formally, the existence of such a norm implies the operator is
bounded, and vice versa. Quite generally for operator norms, we can also write

kAαk ≤ kAkkαk, (98)

which is obvious from Eq. (97) for the supremum norm.

6.5c. Matrix Representation of Linear Operators and Use of Dirac Notation

Because any Hilbert space has some complete basis set, we can use this property and
the underlying inner product to represent a linear operator as a matrix. Suppose, then,
that we have two Hilbert spaces, H1 and H2, which may be different spaces and
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may have different underlying inner products. We presume orthonormal basis sets
fα1, α2,…g in H1 and fβ1, β2,…g in H2. Both Hilbert spaces may be infinite dimen-
sional, and so these basis sets may also be infinite.

We presume that a bounded linear operator A21 maps from vectors in space H1 to
vectors in space H2—for example, mapping a vector η in H1 to some vector σ in H2:

σ� A21η: (99)

Quite generally, we could construct the (underlying) inner product between this re-
sulting vector and an arbitrary vector μ in H2. Specifically, we would have

�μ, σ�2 ≡ �μ,A21η�2: (100)

Here, since both vectors μ and σ are in H2, we are using the underlying inner product
in H2, and we use the subscript “2” to make this clear. Now we can define a matrix
element, which is generally a complex number, as

ajk � �βj,A21αk�2: (101)

Now we expand the vectors η and μ on their corresponding basis sets using the under-
lying inner product in each space. So, we have

η �
X
k

rkαk and μ �
X
j

tjβj, (102)

where the rk and the tj are complex numbers given by

rk � �αk , η�1 and tj � �βj, μ�2: (103)

Then, we can rewrite Eq. (100) as

�μ,A21η�2 �
X
j

t�j

 
βj,A21

"X
k

rkαk

#!
2

�
X
j, k

t�j rk�βj,A21αk�2 �
X
j, k

t�j ajkrk :

(104)

Equivalently, substituting back for rk and tj using Eq. (103), and noting that, therefore,
by (IP3), t�j � �μ, βj�, we could choose to write

A21 ≡
X
j, k

�·, βj�ajk�αk , ·�, (105)

where we substitute the vector being operated on for the dot “·” in each case, as in
substituting μ for the dot in the left inner product and η for the dot in the right inner
product to evaluate the same result as in Eq. (104) [179].

Now we can to complete our an “algebraic shift” towards a matrix-vector algebra,
written in Dirac notation. We can write the “ket” version of the vectors η and μ, though
with the basis fβ1, β2,…g for μ because it is in space H2, i.e.,

jηi ≡

2
64
r1�� �α1, η�1�
r2�� �α2, η�1�

..

.

3
75 and jμi ≡

2
64
t1�� �β1, μ�2�
t2�� �β2, μ�2�

..

.

3
75: (106)

Using Eq. (101) for the matrix elements, we can also write a matrix A21 as a matrix
representation of the operator A21:
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A21 ≡

2
64
a11 a12 � � �
a21 a22 � � �
..
. ..

. . .
.

3
75: (107)

(Note that we use the same notation for these two technically different things—the op-
erator and its matrix representation—but the context will resolve the confusion: if we
are using Dirac notation, then we are using the matrix representation of the operator.)
Then the sum

P
j, kt

�
j a21rk can be interpreted as the vector–matrix–vector product

X
j, k

t�j ajkrk ≡ hμjA21jηi: (108)

This completes our “algebraic shift” to Dirac or matrix-vector notation. So, now, we can
use Dirac or matrix-vector notation as long as we presume the following:

• The bra or ket vectors are considered to contain the expansion coefficients con-
structed using a basis and the underlying inner product for that space in which
the corresponding function exists, as in Eq. (106);

• The operators are considered to be matrices with matrix elements as in Eq. (101),
again based on the use of the underlying inner products in the corresponding
spaces.

Note that, in writing underlying inner products with operators, such as �μ, σ�2 ≡
�μ,A21η�2 in Eq. (100), we have only ever required the operator to operate to the
“right.” Indeed, for some operators, such as a conventional derivative operator, that
may be a “legal” requirement. One particular benefit of this “algebraic shift” is that,
though the actual operator may only be able to operate to the “right,” in the matrix-
vector/Dirac version, the matrix version of the operator can also “operate” to the left,
which gives us the convenience of the usual associative laws of matrix-vector algebra.
Explicitly, for example, we can “break up” hμjA21jηi as

hμjA21jηi ≡ hμj�A21jηi� ≡ �hμjA21�jηi: (109)

So, summarizing these benefits, the use of Dirac notation in this way

• “hides” the underlying inner products for subsequent algebra, leaving just a
Cartesian inner product for bra and ket vectors;

• allows full use of associative laws as in matrix-vector multiplications.

So, used in this way, Dirac notation can handle situations with different underlying
inner products in different spaces. It gives a simple and convenient algebra for work-
ing within and between these more sophisticated Hilbert spaces [180].

We can usefully go one step further, writing the matrix A21 itself in terms of bra
and ket vectors. For the moment, we will be explicit about what spaces the vectors
are in by using “1” and “2” subscripts on the vectors. Specifically, we write a bilinear
expansion [181]

A21 ≡
X
j, k

ajk jβji21hαk j: (110)

This form results in the same matrix elements as in Eq. (101). Explicitly,
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2hμjA21jηi1 ≡ 2hμj
�X

j, k

ajk jβji21hαk j
	
jηi1

�
X
p

t�p 2hβpj
�X

j, k

ajk jβji21hαk j
	X

q

rqjαqi1 �
X
q

t�p
X
j, k

δpjajkδkq
X
q

rq

�
X
j, k

t�j ajkrk (111)

in agreement with Eq. (104), so this approach for writing matrices works here
also. Dropping the subscript notation on the vectors, instead of Eq. (110), we can
just write

A21 ≡
X
j, k

ajk jβjihαk j: (112)

Note that a linear operator such as A21 from one Hilbert space to another can bewritten
in such an “outer-product” form as in Eq. (110) on any desired basis sets for each
Hilbert space. Of course, the numbers ajk will be different depending on the basis
sets chosen. From this point on, we will use either the “original” notation with explicit
underlying inner products, or the Dirac notation, depending on which is the most
convenient.

6.5d. Adjoint Operator

For an operator A that maps vectors in space H1 to vectors in space H2, the corre-
sponding adjoint operator A† (in a notation that anticipates a key result here) is one
that maps vectors from spaceH2 to spaceH1, and that, for any vectors η inH1 and μ in
H2, satisfies

�μ,Aη�2 � �A†μ, η�1, (113)

which is the defining equation for an adjoint operator. To relate this to matrices, we
can consider orthonormal basis sets fα1, α2,…g in H1 and fβ1, β2,…g in H2 and write
the matrix elements of these two operators as

ajk � �βj,Aαk�2 and bkj � �αk ,A†βj�1: (114)

Then from Eqs. (113) and (114), and using the inner-product property (IP3) from
Eq. (80), we have

bkj � �αk ,A†βj�1 � �A†βj, αk��1 � �βj,Aαk��2 � a�jk , (115)

which means that, as anticipated in the notation, in matrix form, the adjoint operator
A† is simply the matrix that is the Hermitian adjoint of the matrix version of A.
Generally we can use this superscript † to indicate the Hermitian adjoint operation.
Note also that

�A†�† � A: (116)
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6.5e. Compact Operators

Compact operators are a key category for our purposes. One definition is as follows:

The operatorA �from the normed spaceF to

the normed spaceG� is compact if and only if

it maps every bounded sequence �αm� of vectors
inF into a sequence inG that has a convergent subsequence: (117)

Such a mathematical definition contains just enough to allow various useful math-
ematical proofs, but it is rather technical, and does not directly reveal what is so
powerful and relevant about compact operators. For our purposes, however, compact-
ness is ultimately what lets us deduce that we only have finite numbers of useful
channels in communication.

We can begin to see the point of these operators through an extreme example
case. Consider an infinite-dimensional Hilbert space, with an orthonormal basis
fα1, α2,…g. Physically, we could think of these as representing orthogonal source
functions, such as orthogonal current distributions, inside a source space, for example.
For any two such basis vectors, the “distance” between them is defined by the metric

d�αj,αk� ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�αj − αk , αj − αk�

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�αj, αj� � �αk , αk� − �αk , αj� − �αj, αk�

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1 − 0 − 0

p
�

ffiffiffi
2

p
: (118)

(This can be visualized as the distance between the “tips” of two unit vectors that are at
right angles.) So, we can construct an infinite sequence that is just these basis vectors,
each used exactly once, such as the sequence �α1, α2,…�. This sequence does not
converge, and has no convergent subsequences; every pair of elements in the sequence
has a “distance” between them of

ffiffiffi
2

p
because they are all orthogonal.

A compact operator operating on that infinite (and non-converging) sequence of dif-
ferent basis vectors will create a sequence of vectors that will have some convergent
subsequence [182]. This will ultimately lead to only finite numbers of usable channels
in communication, even with infinite-dimensional spaces.

6.5f. Mathematical Definition of Hilbert–Schmidt Operators

Hilbert–Schmidt operators form a particularly important class of compact operators.
This is because, as we will discuss later, the important operators we encounter for
Green’s functions for waves are such Hilbert–Schmidt operators, though we postpone
that physical discussion. The mathematical definition of a Hilbert–Schmidt operator is
as follows:

For a Hilbert spaceH1 with an orthonormal

basis fα1, α2,…g and a bounded operatorA that

maps from vectors inH1 to vectors in a Hilbert

space H2, A is a Hilbert–Schmidt operator if

and only if S �
X
j

kAαjk2 < ∞: (119)

Because we use this specific sum elsewhere, we name it the sum-rule limit S. The
square root of this sum-rule limit S can be called the Hilbert–Schmidt norm of the
operator, i.e.,
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kAkHS �
ffiffiffi
S

p
≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
j

kAαjk2
s

: (120)

For any arbitrary complete basis sets fjαjig and fjβkig in H1, starting from this def-
inition, we can prove three other equivalent expressions for S [122]:

S ≡ kAk2HS �
X
j, k

jakjj2

�
X
j

hαjjA†Ajαji �
X
k

hβk jA†Ajβki

≡ Tr�A†A� � Tr�AA†�: (121)

One particularly important property, as mentioned above, is that [122]

Hilbert–Schmidt operators are compact: (122)

Other important results for our purposes are that [122]

if A is a Hilbert–Schmidt operator; so also areA†,A†A andAA† (123)

6.5g. Hermitian Operators

The most general definition of a Hermitian or self-adjoint operator A is that, for all
vectors or functions β and γ in the relevant Hilbert space or spaces,

�β,Aγ� � �Aβ, γ�: (124)

If we compare this with the definition of the adjoint operator, Eq. (113), we see that
this means a Hermitian operator is equal to its own adjoint,

A � A†, (125)

and for the matrix elements of the operator on some basis set(s), we have

ajk � a�kj: (126)

Using the general mathematical relation for two operators or matrices B and C,
�BC�† � C†B† [see Eq. (13), and easily proved in summation notations, for example],
and Eq. (116), we see that both A†A and AA† are Hermitian, regardless of whether A is
Hermitian. Hence,

for a Hilbert–Schmidt operatorA �which is not necessarily Hermitian�;
the operatorsA†A andAA† are both compact and Hermitian: (127)

This is relevant because in general the Green’s function operator G, coupling sources
in one volume to generate waves in another volume, is not Hermitian, though it will be
a Hilbert–Schmidt operator; however, the operators G†G and GG† will be Hilbert–
Schmidt, compact, and Hermitian.

Quite generally, for an operator A, some vector α is an eigenvector (or eigenfunction)
of A if and only if, for some number c,
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Aα � cα, (128)

in which case c is the corresponding eigenvalue.

With these definitions, we can write down several important and useful properties of
Hermitian operators (see [122] for derivations and proofs).

• For any Hermitian operator A, �β,Aβ� is a real number.

• All eigenvalues of Hermitian operators are necessarily real.

• For a Hermitian operator, eigenvectors for different eigenvalues are orthogonal.

• If a non-zero eigenvalue of a compact Hermitian operator has some number n > 1

of orthogonal corresponding eigenvectors (known as degenerate eigenvectors),
then this number n (known as the degeneracy or multiplicity) is finite.

• If a compact Hermitian operator is operating on an infinite-dimensional space, then
the sequence of eigenvalues �cp� must tend to zero as p → ∞.

6.5h. Spectral Theorem for Compact Hermitian Operators

The spectral theorem is a particularly important and powerful theorem for the
eigenfunctions of a compact Hermitian operator, and it can be stated as follows:

For a compact Hermitian operatorAmapping

from a Hilbert spaceH onto itself; the set of

eigenfunctions fβjg of A is complete for

describing any vector ϕ that can be generated

by the action of the operator on an arbitrary

vector ψ in the spaceH , i:e:; any vector ϕ � Aψ :

If all the eigenvalues of A are non-zero; then

the set fαjgwill be complete for the Hilbert

space H ; if not; then we can extend the set by

Gram–Schmidt orthogonalization to form a

complete set forH : (129)

A consequence is that we can write any such compact Hermitian operator in terms of
its eigenfunctions and corresponding eigenvalues as

A �
X∞
j�1

rjβj�βj, ·� (130)

(where we substitute the vector being operated on for the dot “·”) or, in Dirac notation,

A �
X∞
j�1

rjjβjihβjj: (131)

Here, the eigenvalues rj are those that are associated with the corresponding eigen-
vector βj. [Note here that for the case of degenerate eigenvalues, we presume that we
have written an orthogonal set of eigenvectors for each such degenerate eigenvalue
(which we are always free to do), and for indexing purposes for a p-fold degenerate
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eigenvalue, we simply repeat the eigenvalue p times in this sum, once for each of the
corresponding orthogonal degenerate eigenvectors.]

Another important property is the following [122]:

The eigenvectors βj of a compact Hermitian

operator can be found by a progressive

variational technique; finding the largest

possible result for kAβjkwhere βj is
constrained to be orthogonal to all the previous

eigenvectors: This will also give a corresponding

set of eigenvalues rj in descending order of

their magnitude: (132)

This means, physically, that the eigenfunctions are essentially the “best” functions we
can choose if we are trying to maximize performance in specific ways (such as maxi-
mizing power coupling between sources and the resulting waves), and we could even
find them physically just by looking for the best such performance.

6.5i. Positive Operators

A positive operator C [183] is one for which, for any vector β in relevant space(s),

�β,Cβ� ≥ 0. (133)

In particular, we can prove [122] that

any operator that can be written in the form

C � B†B,whereB is a linear operator; is a

positive operator: (134)

The property (133) automatically implies that

any eigenvalues c of a positive operator are positive �non-negative�; i:e:; c ≥ 0:

(135)

Note then that, following from Eqs. (127), (134), and (135),

if A is a Hilbert–Schmidt operator; then the

operators A†A and AA† �in addition to being

Hermitian Hilbert–Schmidt �compact�
operators	 are positive operators; and therefore

any eigenvalues of either of them are

necessarily positive �technically, ≥ 0�: (136)

6.6. Inner Products Involving Operators
We have mentioned that there can be many ways of choosing the inner product for a
Hilbert space, and the choice we make may depend on the problem. Positive
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Hermitian operators give a particularly broad class of ways we can set up inner
products.

6.6a. Operator-Weighted Inner Product

Suppose we have a positive Hermitian operator W that acts on functions such as α, β,
and γ, and suppose we have already defined an inner product of the form �β, α� with
all the properties (IP1) to (IP4) as in Eq. (80). Now, the action of W on a vector γ is
to generate another vector α as in α � Wγ. So, we can form the inner product
�β, α� ≡ �β,Wγ�. Now, from the Hermiticity of W, we know that �β,Wγ� �
�Wβ, γ�, as in Eq. (124), and by (IP3), we know that �β,Wγ� � �Wγ, β��. So, let
us define a new entity, which we could call an operator-weighted inner product [184],

�β, γ�W ≡ �β,Wγ�: (137)

Then, using first Eq. (124) and then (IP3), we have

�β, γ�W � �β,Wγ� � �Wβ, γ� � �γ,Wβ�� ≡ �γ, β��W: (138)

Hence this new entity, based on a positive Hermitian operator W, also satisfies the
property (IP3) of an inner product. It is straightforward to show that, because W
is linear, this entity also satisfies (IP1), as in

�γ, α� β�W ≡ �γ,W�α� β�� � �γ,Wα�Wβ� � �γ,Wα� � �γ,Wβ�
� �γ, α�W � �γ, β�W, (139)

and (IP2), as in

�γ, aα�W ≡ �γ,Waα� � �γ, aWα� � a�γ,Wα� ≡ a�γ, α�W: (140)

As for (IP4), because W is by choice a positive operator, we already know by
Eq. (133) that any entity �β,Wβ� is a positive real number, and hence �β, γ�W satisfies
(IP4). So, for any positive (linear) Hermitian operator W, we can construct an (oper-
ator-weighted) inner product of the form given by Eq. (137).

One simple example of such an inner product is what we could call a (simple)
weighted inner product. If we have a non-zero positive real “weighting” function
w�x�, then we could use an expression

�α, β�w �
Z

w�x�α��x�β�x�dx (141)

to define a “legal” inner product. In this case, the weight function can be viewed as a
diagonal, positive Hermitian operator on a “position” basis.

6.6b. Transformed Inner Product

With a positive operator that can be written as in Eq. (134) in the form

W � B†B, (142)

where B is a linear operator, we can take an additional step that opens another sub-
class of inner products. Specifically, we could define what we could call a transformed
inner product [184]. To do this, we first write the operator-weighted inner product
with W as in Eq. (137), with this form (142):

�β, γ�W ≡ �β,Wγ� � �β,B†Bγ� � �Bβ,Bγ�, (143)
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where in the last step we have used the definition of an adjoint operator as Eq. (113)
and the property (116).

We can regard the operator B as transforming a vector β—after all, B operating on β is
just a linear transform [185] acting on β—and we could write generally

�β, γ�TB ≡ �Bβ,Bγ�, (144)

where the subscript “TB” indicates this inner product with respect to the transforma-
tion B of the vectors in the inner product. Because this is just a rewriting of an
operator-weighted inner product, as in Eq. (143), we already know it is a “legal” inner
product. Note we can use any (bounded) linear operator B to construct such a trans-
formed inner product because it can construct a (bounded) positive operator using
Eq. (142). We will encounter just such an inner product as an energy inner product
for the electromagnetic field.

6.7. Singular-Value Decomposition
We have already discussed SVD for finite matrices, where it is well known. With the
mathematics of functional analysis, however, we can extend this idea more generally
to any compact operators (so, even with infinite-dimensional spaces). We can at the
same time complete the formal proofs of the various statements, Eqs. (29)–(35), even
for infinite-dimensional spaces, and these statements now apply for GSR as any com-
pact operator. The results for finite matrices are then just a special case. Since this is
now a purely mathematical argument, we defer it to Appendix E.

6.8. Physical Coupling Operators as Hilbert–Schmidt Operators
We see that having coupling operators or Green’s functions that are Hilbert–Schmidt
operators opens powerful mathematical tools for infinite-dimensional spaces, as required
for continuous functions. We can, however, now argue, based on physical presumptions,
that the free-space Green’s functions associated with wave equations quite generally are
Hilbert–Schmidt operators, as also are a wide range of physical coupling operators.

We start with the monochromatic scalar Green’s function as in Eq. (4), now written as
being between points rS and rR in the source and receiving volumes, VS and VR,
respectively:

Gω�rR; rS� � − 1

4π

exp�ikjrR − rSj�
jrR − rSj

: (145)

We follow an approach similar to [5], though using the notations and results from the
general mathematics we developed above for Hilbert spaces. Presuming the source
volume VS is finite, and that the source and receiver volumes are separate (i.e.,
not overlapping) [186,187], with some minimum distance rmin between them,Z

VS

jGω�rR; rS�j2d3rS �
1

16π2

Z
VS

1

jrR − rSj2
d3rS ≤ C � VS

16π2r2min

, (146)

where, with these assumptions, C is finite. Hence, integrating this finite quantity over
a finite volume VR also gives a finite result we can call S, given by

S �
Z
VR

Z
VS

jGω�rR; rS�j2d3rSd3rR ≤
VRVS

16π2r2min

: (147)

Indeed, with this specific Green’s function we can even let the receiving volume VR be
a spherical shell of some finite thickness w but of arbitrarily large radius ra and still
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get a finite, limiting result for S, i.e., because as ra → ∞, VR → 4πr2aw, and
rmin → ra,

S →
Vsw

4π
as ra → ∞, (148)

which we can interpret as resulting from the “inverse-square” behavior characteristic
of power or energy in waves.

With this finite S, we can examine the Hilbert–Schmidt nature of this Gω. Since by
presumption our source and receiver spaces are Hilbert spaces, we have complete
orthonormal basis sets in each, which we can write formally as fαSqg ≡
fαS1, αS2, � � �g and fαRpg ≡ fαR1, αR2, � � �g, respectively. Since these are just spatial
functions, we can also write them in the form αSq�rS� and αRp�rR�, respectively.
For the moment, we use simple Cartesian inner products in integral form for the
underlying inner products, i.e.,

�μS , ηS� ≡
Z
VS

μ�S�rS�ηS�rS�d3rS and �μR, ηR� ≡
Z
VR

μ�R�rR�ηR�rR�d3rR, (149)

where μS, ηS, μR, and ηR are arbitrary functions in their spaces.

Using the form Eq. (105) for expanding an operator on two basis sets, we can rewrite
Eq. (147) using these basis sets [188]:

Gω�rR; rS� ≡
X
p, q

gpq�·, αRp��αSq, ·� ≡
X
p, q

gpqαRp�rR�α�Sq�rS�: (150)

Completing the inner products with basis functions αRi�rR� on the left and αSj�rS� on
the right, and using the orthonormality of the respective basis sets, we obtain

gij �
Z
VS

Z
VR

α�Ri�rR�Gω�rR; rS�αSj�rS�d3rRd3rS: (151)

Now, using Eq. (150), we can write

jGω�rR; rS�j2 ≡
"X

p, q

gpqαRp�rR�α�Sq�rS�
#"X

m, n

gmnαRm�rR�α�Sn�rS�
#�

�
X

p, q,m, n

gpqg
�
mnαRp�rR�α�Rm�rR�α�Sq�rS�αSn�rS�: (152)

So

Z
VS

Z
VR

jGω�rR; rS�j2d3rRd3rS

�
X

p, q,m, n

gpqg
�
mn

Z
VR

αRp�rR�α�Rm�rm�d3rR
Z
VS

α�Sq�rS�αSn�rS�d3rS

�
X

p, q,m, n

gpqg
�
mnδpmδqn �

X
p, q

jgpqj2: (153)

Putting this result together with Eq. (147), then, we have a key result
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S �
Z
VS

Z
VR

jGω�rR; rS�j2d3rRd3rS �
X
p, q

jgpqj2: (154)

Taking this result together with the definition of a Hilbert–Schmidt operator,
Eq. (121), and the result (148), we therefore conclude that

the scalar Green’s function

Gω�rR; rS� � − 1

4π

exp�ikjrR − rSj�
jrR − rSj

operating from

a finite source volumeVS to a receiver volume

VR,which is either finite or a spherical shell of

arbitrarily large radius; is a Hilbert–Schmidt

operator: (155)

Note in particular that, by evaluating the integral in Eq. (147),

we can establish the sum rule Swithout solving

the SVD problem for the eigenfunctions and eigenvalues: (156)

We can see from the structure of this proof that even broader classes of physical op-
erators between source and receiver spaces will also be Hilbert–Schmidt operators.
First, note that

any finite coupling operatorD�rR; rS� between
finite volumesVS andVR is a Hilbert–Schmidt operator: (157)

To see this, we can repeat the formal integration as in Eq. (147) with D instead of Gω,
which will give a finite result because of the finiteness of D and the finiteness of the
volumes. Then we can follow through similar algebra as in Eqs. (150)–(153) to prove
a result as in Eq. (154) with D instead of Gω.

We can also extend the result to operator-weighted inner products, as in Eq. (137), at
least if those operators are “local”—that is, the action of this (bounded) (positive
Hermitian) “weighting” operator W on a function at a point r in a given space only
depends on the value and/or the spatial derivatives of the function at a given point, and
so it can be written as W�r�. This may be reasonably obvious, but we give the full
proof in Appendix F. So,

any finite coupling operatorD�rR; rS� between
finite volumesVS andVR, and for which any

finite functions in the associated Hilbert spaces

lead to finite operator-weighted inner products,

is a Hilbert–Schmidt operator with respect to

those inner products: (158)

This is then a very broad category of physical coupling operators. If the operator
D�rR; rS� is such that its magnitude falls off as ∼1∕r with distance r from the source,
as is common in wave operators so that the energy in the wave does not grow with
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distance from the source, then the receiving volume can be a spherical shell of arbi-
trary radius, and the operator will still be a Hilbert–Schmidt operator.

Thus far, we have only formally considered scalar operators, but the generalization to
operators for vector fields (such as the electromagnetic field) is straightforward, and
we complete this in Subsection 8.6 once we have introduced the necessary notations.
The operators are then formally tensor or dyadic, but as long as they are bounded, they
will also be Hilbert–Schmidt operators.

Generally, we see that the Hilbert–Schmidt nature of these physical operators follows
immediately if the operators give finite results in the receiving volume from finite sources
in the source volume and if the source and receiver volumes are both finite. With wave
operators, we expect that this extends even to spherical shell receiving volumes of ar-
bitrary radius. Hence, following from these Hilbert–Schmidt properties of the coupling
operators, we have a key result that we can state informally but correctly as follows:

For all operators that give waves in one volume from sources in another, the sum
of the squares of the coupling strengths between orthogonal sources in one vol-
ume and orthogonal waves in the other is a finite “sum-rule” number S that can be
calculated by integration using the operator without otherwise solving the prob-
lem. This is true even if the orthogonal sets are infinite.

6.9. Diffraction Operators
So far, we have discussed actual sources in one space generating waves in another.
Another very common class of problems, especially in optics, uses wavefronts as ef-
fective sources to describe diffraction and beam propagation. Indeed, in optics, unlike
in radio-frequency electromagnetics, we work more commonly by manipulating
existing forms of waves than by generating complex waves from primary “current”
sources. So, in such diffraction approaches, if we know the wave on one surface, then
we can hope to calculate it on another. This approach goes back to Huygens [189]. We
could call the operator that relates the resulting wave on a second surface to the wave
amplitudes on the first surface the diffraction operator. In the simplest “Huygens”
approach, then, we have a set of effective point sources on the first surface whose
density is proportional to the wave amplitude on that surface. In that case, the dif-
fraction operator for scalar waves is just the same Green’s function, Eq. (4), that
we have used when considering “actual” point sources, so in that approximation
all our results using this Green’s function carry over to diffraction problems.

The simple point-source approach to diffraction operators does have known problems;
notoriously, it leads to non-existent “backwards” waves. The effective source also
should not radiate uniformly in angle even in the forward direction; one solution,
taken by Fresnel, introduces an ad hoc angle-dependent “obliquity factor” to the
Green’s function [145,190] (and see [191] for a general discussion of diffraction).

Generally, diffraction operators can be constructed using integrations of the wave
equation (Kirchhoff for scalar waves (e.g., [145,191]), and Stratton and Chu
[192,193] for electromagnetic waves). Such integrations show that the waves gener-
ated from sources inside some closed surface can be emulated outside the surface by
effective sources on the surface. Though technically only valid if we consider the
entire closed surface, typically we pretend that we can consider effective sources only
over some finite surface corresponding to the aperture of the system. See discussions
of communications modes for scalar [65] and vector [66] diffraction, and [166] for the
Debye-Wolf vector wave approach to a diffraction operator.

We will not provide further details of such diffraction operators here. However, a key
point is that, for the same reason that the actual Green’s functions between sources and
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receiving points are Hilbert–Schmidt operators, all such diffraction operators will be
Hilbert–Schmidt as well, as in Eq. (158). The waves they give are finite, and the source
area or volume is finite. So certainly the resulting Hilbert–Schmidt integral, as in
Eq. (154) or Eq. (F5), will be finite for any finite receiving volume, and also, we
expect, for any spherical shell receiving volume of arbitrary radius. because we also
expect the resulting waves to fall off as ∼1∕r or faster. Hence, we can also apply the
general results of our analysis to diffraction operators, or, equivalently,

within the limitations of diffraction operators, communications modes based on
diffraction operators correctly model the channels for waves between surfaces.

6.10. Using the Sum Rule to Validate Practical, Finite Basis Sets
The formal mathematics above for continuous functions generally leads to basis sets
with infinite numbers of elements. In practice, we prefer finite sets that are “complete
enough” for our problems. Using the sum rule of Eq. (154) [or, more generally,
Eq. (F5)], we can establish a simple criterion for knowing when to stop adding
elements to our sets.

First, we evaluate the sum rule S by performing the required Green’s function or cou-
pling operator integral over the source and receiver volumes [as in Eq. (154) or
Eq. (F5)]. Then we choose any convenient finite sets of orthonormal functions—NS

functions βNSq�rS� in the source space and NR functions βNRp�rR� in the receiving
space. Then we evaluate coupling matrix elements bpq as in Eq. (151) or Eq. (F4),
but with our sets βNSq�rS� and βNRp�rR� instead of the complete basis sets αSq�rS�
and αRp�rR�. Then we compare

Sb �
XNR

p�1

XNS

q�1

jbpqj2 (159)

to S. If Sb is close enough for our purposes to S, then we can stop adding functions to
our basis. The most strongly coupled channel that we could be missing would be one
with power coupling strength S − Sb. Once that power coupling strength becomes too
small to be useful, we can stop, and work with the finite sets we now have.

As a simple example, we can consider “uniform patch” basis functions for two sur-
faces, approximated by point sources at the center of the patch, as in Subsection 5.3e
above. We already have a hint as to how many such points we would require in each
space from the heuristic results above in Subsection 5.3e; there we deduced desirable
minimum spacings of such points [Eqs. (B2) and (70)] if they are to be good approx-
imations to uniform “patches” of sources and/or receivers. Consider, for example, the
sets of nine source and receiver points as in Fig. 6 above. We will consider these
as approximating continuous lines of length h � 9 × λ∕2 � 4.5λ, equivalent to
assigning each “point” source to a linear “patch” of size (length) λ∕2. As in
Fig. 6, these are separated by a distance L � 5λ. In this case, the sum-rule integrals
become, with a scalar Green’s function as in Eq. (4),

S �
Z

h∕2

yR�−h∕2

Z
h∕2

yS�−h∕2
jGω�yR; yS�j2dySdyR

� 1

�4π�2
Z

h∕2

yR�−h∕2

Z
h∕2

yS�−h∕2
1

L2 � �yS − yR�2
dySdyR ≃

0.726
�4π�2 : (160)

For a “patch” source or receiver of length λ∕2, so that the source or receiver function is
normalized on integrating over the patch, the linear source or receiver density in the
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patch should be
ffiffiffiffiffiffiffiffi
2∕λ

p
. For the equivalent point source, that entire density over a λ∕2

length is now concentrated in a “point,” so an effective point-source amplitude of
�λ∕2� ×

ffiffiffiffiffiffiffiffi
2∕λ

p
�

ffiffiffiffiffiffiffiffi
λ∕2

p
, and similarly for the equivalent point receiver. So, with this

normalization, we should use an expression

jgijj ≡
ffiffiffiffiffiffiffiffi
λ∕2

p
×

ffiffiffiffiffiffiffiffi
λ∕2

p 1

4π

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � �ySj − yRi�2

q 	 , (161)

where ySj and yRi are the nine source and receiver vertical positions. Summing over all
nine source and receiver points gives

Sb �
X9
i�1

X9
j�1

jgijj2 ≃
0.726
�4π�2 , (162)

which is identical to the result in Eq. (160) within numerical error. The near exact
equality here between the results in Eqs. (160) and (161) is somewhat accidental,
because the point sources are already an approximation to line-segment sources.
The agreement nonetheless confirms that, in this case, no additional points should
be required for a useful model here, and the point sources and receivers effectively
capture all the strongly coupled channels. So, some further subdivision into smaller
patches, hence adding more basis functions, would essentially make no difference;
it would find no further strongly coupled channels.

7. COMMUNICATIONS MODES AND COMMON FAMILIES OF FUNCTIONS

So far, we have evaluated communications modes numerically for several represen-
tative “toy” problems, and have justified that, with point sources chosen sufficiently
close, such results are valid approximations to continuous source distributions and
effective sources in diffraction problems. We also know, however, that under analytic
paraxial approximations, useful families of continuous functions emerge, and we con-
sider these here.

7.1. Prolate Spheroidal Functions and Relation to Hermite–Gaussian
and Laguerre–Gaussian Approximations

Paraxial analysis of laser resonators without considering the finite size of the mirrors
[35] leads to Hermite–Gaussian functions in rectangular coordinate systems and to
Laguerre–Gaussians in cylindrical coordinates. With finite mirror sizes in laser res-
onators [34], and in work with a diffraction operator for waves between finite aper-
tures [33], the so-called prolate spheroidal functions emerge; with finite rectangular
apertures, we obtain the linear prolate functions, and finite circular apertures lead to
circular prolate spheroidal functions.

Hermite–Gaussian and Laguerre–Gaussian families are discussed extensively in con-
nection with laser resonators (e.g., [2]), and Laguerre–Gaussians have received much
recent interest because of their so-called OAM [30,31] (see Subsection 7.2 below).
Prolate spheroidal functions are less well known, possibly because we cannot express
them in simple formulas (though we can calculate them [194–197]), but they have
some important mathematical properties.

Prolate spheroidal functions (see [33] for a discussion) arose for solving some quite
unrelated problems in prolate spheroidal coordinates [198], but the linear versions
became better known for being the eigenfunctions of the finite Fourier transform.
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(The circular version correspondingly gives the eigenfunctions of the finite Hankel
transform.) They are thus of some interest in signal processing problems.

We do not have space here to discuss the mathematics of these functions in detail, but
we can show the relation to our approach. First, generally, these functions can emerge
in scalar communications mode analysis if we take a paraxial approximation, which
means that (i) we approximate the distance jrS − rRj in the denominator of the Green’s
function [Eq. (4)] by L, the separation between the surfaces, and (ii) in the complex
exponential exp�ikjrR − rSj� we approximate

jrS − rRj ≃ L

�
1� �xR − xS�2

2L
� �yR − yS�2

2L

	
: (163)

Then, for rectangular source and receiver apertures of equal size, for example, linear
prolate spheroidal functions (with confocal phase curvatures) emerge as the commu-
nications mode functions in each aperture [5,199]. Notably, the eigenvalues (or sin-
gular values) clearly show the same “paraxial degeneracy” we saw in our numerical
examples above—nearly constant up to the paraxial heuristic number, and then falling
off rapidly. Similarly, for circular apertures, the circular prolate spheroidal functions
are the communications mode functions in each (circular) aperture.

Hermite–Gaussians and Laguerre–Gaussians are only approximate communications
modes functions to the extent that they are approximations to the corresponding pro-
late spheroidal functions. Once significant field amplitudes approach the boundaries
of the rectangular or circular apertures, the corresponding prolate spheroidal functions
correctly incorporate the effects of those boundaries, but the Hermite–Gaussians and
Laguerre–Gaussians do not. Hermite–Gaussians and Laguerre–Gaussians can be de-
rived as solutions to differential equations under conditions without boundaries [35],
but they do not usefully emerge as solutions to our integral equation approach [200].
The absence of boundaries can also lead to apparently infinite sets of communications
modes with finite coupling strengths, but this is unphysical, and is cut off when the
problem is solved correctly with boundaries on the volumes or surfaces. A failure to
understand this point can lead to confusion on available channels, especially for
Laguerre–Gaussians as OAM beams.

7.2. Orbital Angular Momentum Beams and Degrees of Freedom in Communications
Given the considerable recent interest in OAM beams and modes [30,31], it is im-
portant here to make three points explicitly. In systems in which positive and negative
angular momentum “modes” are degenerate—that is, they have the same coupling
strength (which is usually the case in systems without some explicit helicity or
nonreciprocity)—we can make the simple statement that

the use of OAM does not increase the number of usable channels beyond those
already available without the use of OAM,

and, indeed,

we can obtain the same number of usable channels when using beams of
zero OAM.

The proof of these statements is straightforward [201]. Furthermore, for reasons as-
sociated with the Hilbert–Schmidt nature of the Green’s functions in wave problems,

the use of OAM or any other form of spatial multiplexing does not allow for
infinite numbers of usable channels in communicating between finite volumes
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A communications mode analysis removes any such confusion about the available
modes. See also these critiques of OAM modes and comparisons to other approaches
[18,22,23,77,202–208].

7.3. Paraxial Degeneracy, Sets of Functions, and Fourier Optics
When we have paraxial (approximate) degeneracy, up to the paraxial heuristic
number NP, we have some reasonable flexibility in the choice of our sets of commu-
nications mode functions. If this paraxial degeneracy were perfect, mathematically
any orthogonal linear combination of those degenerate functions would be an equally
good choice, at least for the first NP functions. If the degeneracy is not perfect,
then such orthogonal linear combinations of source functions will lead to receiver
functions that are in general not quite orthogonal. Then we would have some cross-
talk, but this would be a matter of degree, and we would therefore have some practical
freedom.

This paraxial (approximate) degeneracy also allows us to connect to other descriptions
of optics, especially as NP becomes large, as it may be in conventional optical sys-
tems. For example, we can ask, in an approximately paraxial system such as Fig. 9 or
Fig. 15(d), for the sets of source functions that would generate sinusoidal-shaped
transverse field patterns (with confocal curvatures), with integer numbers of half peri-
ods fitting within the receiver surface. If we do that, we would find numerically that,
up to some number somewhat smaller than the appropriate paraxial heuristic number
[in each direction for Fig. 15(d)], we would be able to create such sinusoidal patterns.
The mathematics of the problem also looks numerically similar to a Fourier transform
between the source surface and the receiving surface. Hence, we can find a correspon-
dence to the common Fourier-optics approach [191] to optical systems, at least as the
paraxial systems become large. This is only approximate, of course, and plane waves
or simple interfering combinations of them are not generally the true communications
modes of the system, but this paraxial degeneracy allows us to link approximately to
those kinds of descriptions.

8. EXTENDING TO ELECTROMAGNETIC WAVES

So far in our explicit simulations and discussions we have considered just the simplest
case of scalar waves and the corresponding Green’s functions, and a simple
“Cartesian” inner product to enable the results of functional analysis. For electromag-
netic waves, however, we need to go beyond this, both in the way we describe the
wave and in the form of the inner product we need in some situations. Fortunately, we
can derive relatively simple results for both the Green’s function and an energy inner
product. In Appendix G, we derive these results in detail for a uniform isotropic
medium. Here we summarize key results.

8.1. How Many Independent Fields?
A first question is how many effective “fields” do we need to count? We know that
electromagnetism can be described using the electric field E and the magnetic field B.
Each of these is a vector with three components at each point in space, so naively we
might think we need six scalar fields to describe them. Of course, Maxwell’s equations
relate E and B to each other and to the charge density ρ and the current density J, and ρ
and J are themselves related by conservation of charge. One way of reducing the
number of scalar fields is to change to a description in terms of a (magnetic) vector
potential A and a scalar potentialΦ, thereby reducing to four scalar fields. But there is
still arbitrariness here, which formally appears as the freedom to choose the “gauge”
or, equivalently, set ∇ · A.
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In communications problems, we are not interested in any static fields; communicat-
ing information requires changing fields. In Appendix G, we show that, if we separate
out any static fields, then we can set up a new gauge—the M-gauge:

This new M-gauge allows us to express the (changing) electromagnetic field in
terms only of the vector potential in this gauge, AM , and using only the current
density J as the source of the fields.

So, we can conclude that

we only need consider three independent scalar fields in counting the modes and
“degrees of freedom” of the electromagnetic field for communication problems.

For such a gauge, if we know AM, we can get back to the electric and magnetic fields
(neglecting any static fields) using

EM � − ∂AM

∂t
, (164)

BM � ∇ × AM : (165)

8.2. Vector Wave Equation for Electromagnetic Fields
In this M-gauge, we find we can write a wave equation for A, driven by the current
density distribution J. For monochromatic waves at (angular) frequency ω, we find

∇ × ∇ × AωM − k2AωM � μJω (166)

with

k2 � ω2εμ ≡ ω2∕v2 (167)

with dielectric constant ε, magnetic permeability μ, wave (phase) velocity

v �
ffiffiffiffiffiffiffiffiffiffi
1∕εμ

p
, (168)

and the monochromatic driving current density

J�r, t� � Jω�r� exp�−iωt� � c:c: (169)

This wave equation uses the ∇ × ∇× operator rather than the ∇2 of the scalar wave
equation, but this allows just one wave equation for the entire vector field, and driven
just by the current density. (Full time-dependent versions are given in Appendix G.)

8.3. Green’s Functions for Electromagnetic Waves
The resulting Green’s function for Eq. (166) is more complicated than the scalar
Green’s function for two reasons. First, it needs to embody the necessary vector attrib-
utes. Since in general the resulting wavevector field at a point may not be in the same
direction as the vector current density at some other point that generates the wave, the
Green’s function has a corresponding “dyadic” character, signified by a “double line”
notation [as in Eq. (170) below]. (Dyadics and their algebra are introduced and de-
scribed in Appendix I.) Second, though the resulting Green’s function has far-field
“propagating” parts that fall off as ∼1∕R (where R is the distance from the source),
just like the scalar Green’s function, it has additional near-field parts falling off as
∼1∕R2 and ∼1∕R3. The full dyadic Green’s function with all these terms is derived
in Appendix G, for both monochromatic and full time-dependent cases.
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In communications we are likely most interested in the propagating (“∼1∕R”) waves.
IfR � r − r0 is the vector separation between a source point r0 and the point of interest
r (so these points are separated by a distance R), then

in this M-gauge, the far-field (propagating) monochromatic dyadic Green’s func-
tion for the vector potential is

GωMP�r; r0� � −�ê1ê1 � ê2ê2�Gω�r; r0�, (170)

where Gω�r; r0� is the scalar Green’s function as before Eq. (4), and the unit vec-
tors ê1 and ê2 are perpendicular to each other and to R (Fig. 26). (We are other-
wise free to choose the directions of ê1 and ê2.)

We have had to use a dyadic notation in Eq. (170). Briefly, a “dyad” such as êaêb can
be viewed as a pair of vectors, one, here êa, “waiting to be operated on” by a vector
from the left, and the other (êb) similarly “waiting to operate” on by a vector on the
right. (See Appendix I for an extended discussion of dyads.) So, for example, we
could operate mathematically on the left and right of êaêb using the vector dot products
with, say, a vector potential A and a current density J to obtain

A · êaêb · J ≡ �A · êa��êb · J� ≡ AaJb, (171)

which is the product of the component Jb of J in the êb direction and the component
Aa of A in the êa direction.

The specific dyads ê1ê1 and ê2ê2 have a simple physical meaning in Eq. (170): the
resulting propagating vector potential field at r has two polarization components (see
Fig. 26), in perpendicular directions ê1 and ê2, that are transverse to the “direction of
propagation” (the vector R), and that are each driven by the corresponding component
of the current density at the “point” source at r0. [Note that the electric field EM , from
Eq. (164), is parallel to AM , so EM and AM have the same polarization directions.]

This might seem almost a trivially obvious answer from our normal understanding of
polarization in optics, but note that we have constructed this limiting case from a novel
full treatment of the electromagnetic field, and a rigorous counting of the independent
field components.

Figure 26

Illustration of current density elements J1 and J2 at r0, in two directions ê1 and ê2, both
perpendicular to each other and to the vector R � r − r0, generating corresponding
vector potential components A1 and A2 in those same directions at r. Note that, for
propagating waves, a current density JR in the direction of R does not generate a
corresponding “longitudinal” vector potential component in that direction at r, though
near-field (“non-propagating”) terms can do so.
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We also have rigorous results that extend beyond this limiting case. The full mono-
chromatic Green’s function is the sum

GωM � GωMP � GωMN (172)

of this “propagating” Green’s function GωMP�r; r0� and the near-field (“non-propagat-
ing”) Green’s function

GωMN �
�
1

kR

�
i − 1

kR

	
�2R̂ R̂−ê1ê1 − ê2ê2�



Gω�R�, (173)

which also gives “longitudinal” fields—i.e., vector components that are not
perpendicular to R (or the corresponding unit length vector R̂). The full dyadic time-
dependent Green’s functions are also give below in Eqs. (G60), (G61), and (G62).

In a paraxial approximation, we might also approximate the vector directions ê1, ê2,
and R̂, which generally depend on the choices of the points r0 in the source plane or
volume and r in the receiving plane or volume, with the fixed coordinate directions
x̂, ŷ, and ẑ, respectively. In that case, Eq. (170) would separate into two scalar Green’s
functions, one for the x̂-polarized field, driven by the x̂ component (J x) of J, and the
second for the ŷ-polarized field, driven by the ŷ component (J y) of J, for two planes or
volumes separated in the ẑ direction. Generally, however, we do not have to make that
paraxial approximation, and we should note that these coordinate directions ê1 and ê2
change depending on r0 and r.

Finally, we can note that for the specific case of monochromatic fields at (angular)
frequency ω, for the amplitudes AωM �r� and EωM �r� of the “positive frequency” [i.e.,
∝ exp�−iωt�] parts of the vector potential and the electric field in a standard complex
notation [see Eqs. (G70) and (G76) below], Eq. (164) becomes

EωM � iωAωM : (174)

So, within this constant factor iω, the electric field and the magnetic vector potential
are identical, and conceptually we can work just with the electric field, deducing the
magnetic field if necessary just using the monochromatic version of the corresponding
Maxwell equation [see below, Eq. (G3)], or, equivalently, from Eq. (165), with BωM as
in Eq. (G71),

BωM � �1∕iω�∇ × EωM : (175)

In optics, then, where the full use of the vector potential is less common or necessary,
at least for monochromatic cases, we can return to thinking in terms of the electric
field. For full time-dependent cases, as for pulsed fields, however, we should continue
working with the magnetic vector potential to derive the full electromagnetic behavior.

8.4. Inner Products for Electromagnetic Quantities and Fields

8.4a. Cartesian Inner Product for Sets of Sources or Receivers

We could have some set of NS sources, driven by some (complex) mathematical vector
jψSi of GSD amplitudes, such as voltages or currents from some output amplifiers.
Similarly we could have some set of NR receivers that give a (complex) mathematical
vector of received amplitudes jϕRi with NR elements, which might also be voltages or
currents. As long as the generated wave is linear in the source amplitudes and the
received signals are linear in the wave amplitude, we can choose to perform simple
Cartesian inner products in the space of source (mathematical) vectors jψSi and in the
space of received (mathematical) vectors jϕRi. In this case, we are essentially defining
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our ideas of orthogonality in these mathematical spaces before transmission and after
reception. It makes no difference in principle to such inner products if the sources have
particular vector directions and the receivers detect waves with particular vector di-
rections. Of course, such vector aspects will come into the matrix of coupling coef-
ficients between sources and receivers. Such simple Cartesian inner products are
likely to be useful in situations, e.g., in acoustics or radio-frequency electromagnetics,
where we have corresponding separate source and receiver elements such as sets of
loudspeakers, microphones, and antennas.

8.4b. Cartesian Inner Product for Vector Fields

We can extend the idea of a simple Cartesian inner product, as in Eq. (149), to vector
fields using the ordinary dot product between the vectors. For two vector fields μ�r�
and η�r� in some volume V , we could write such a Cartesian (vector) inner product as

�μ, η� ≡
Z
V
μ��r� · η�r�d3r, (176)

which is valid because it would satisfy all the mathematical criteria as in Eq. (80).

Just what inner product we want to use in a given situation might depend on the physi-
cal system in a given space. For example, for some currents out of a set of amplifiers
each driving wires as radiators, we might use such a simple Cartesian inner product of
the currents (or current densities) to define orthogonality between different overall
“transmitting” outputs, so a Cartesian inner product such as Eq. (176) might be ap-
propriate for current density J in a source volume.

8.4c. Electromagnetic Mode Example

We show an electromagnetic example in Fig. 27 (based on the Cartesian inner prod-
ucts of both source and receiver amplitude vectors). Here we presume point sources
(small current elements) and receivers, spaced as in the earlier scalar wave example in
Fig. 6; here, though, these sources contain three (geometrically) orthogonal vector
current sources, each of which can be set separately, and similarly each receiver de-
tects the field amplitude (vector potential or, more realistically, electric field) sepa-
rately in three orthogonal directions. Now, instead of nine mathematical sources
and receivers in this example, we have 27 of each, in vector groups of three at each
point. Using the dyadic Green’s function, Eq. (172), we now construct a 27 × 27 ma-
trix coupling these sources and receivers, and perform the SVD to establish the current
source modes, which are now 27-element vectors. In Fig. 27, we show the mode cou-
pling strengths (the modulus squared of the singular values) in decreasing order for all
27 of the resulting modes.

Because of the geometry of this example, there are nine resulting modes for which the
sources and receivers are entirely polarized out of the plane, and the wave field in the
cross section that is the plane of the paper is also polarized this way. The polarization
for the sources and receivers of the remaining 18 modes lies entirely in the plane, as
does the wave field polarization in the plane plotted. The nine “out-of-plane” modes
(red bars) have behavior quite similar to the scalar results in Fig. 6, with three or four
strongly coupled modes (here modes 1, 3, 5, and 8). The first three or four other
strongly coupled modes are substantially [modes 2, 4, and 6 (blue bars)] or mostly
[mode 7 (gray bar)] transverse in the plane. The vector field plot for mode 4 is shown
in Fig. 27; this is a “single-bump” beam. We can reasonably interpret these results as
showing that, using propagating vector waves, we have twice as many well-coupled
channels as in the scalar case because we can now use two polarizations.
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The various other modes here are not strongly coupled, and hence might be practically
uninteresting. Various other of the in-plane modes have somewhat mixed character,
with some significant longitudinal components in the polarization. It is, however, worth
noting that we do also acquire additional modes strongly associated with the longi-
tudinal polarization. There is a group of three of these (modes 14, 15, and 16) with

Figure 27

Mode coupling strengths jsnj2 and vector source current and (vector potential) fields
for two example modes for an electromagnetic system with lines of point vector
sources and receivers, spaced vertically by λ∕2 in lines 5λ apart, as in the earlier scalar
wave example of Fig. 6. Mode 4 is a well-coupled mode whose polarization, in both
the current sources and the resulting waves, is in the plane of the paper and is also
substantially tranverse to the propagation direction from left to right. The vector field
plots and the source current vectors show only the real part of the complex values, and
so are essentially “snapshots” of the current and field vectors. Some of the modes have
source and wave polarization entirely in the direction out of the plane, and transverse
to the propagation direction in this plane (red bars). All other modes have polarizations
of currents and waves in the plane. Some of those are substantially transverse (blue
bars); others of those are mixed between transverse and longitudinal (i.e., with polari-
zation in the horizontal z direction) (gray bars). Some are almost entirely longitudinal
(orange bars), with mode 14 being the strongest of these longitudinal modes. For
graphic clarity, the amplitude of the wave is multiplied by a factor depending on
the horizontal distance z from the sources. For mode 4, this factor is

ffiffi
z

p
to compensate

for the expansion of the wave in the directions out of the plane. For mode 14, we also
need to compensate for the additional "1∕R " fall-off because the longitudinal wave
Green’s function falls off at least as fast as 1∕R2. To prevent the particularly large near-
field amplitudes from dominating the drawn vector lengths, the factor used is
�z − 0.2λ�3∕2 rather than just z3∕2. Though the amplitude changes from left to right
are therefore artificial, the relative amplitudes within a vertical column of vectors,
and the directions of the vectors, are, however, correct.
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approximately equal coupling strength; mode 14 is plotted, which shows dominant
longitudinal polarization and a “single-bump” character. Modes 15 and 16 have
two- and three-bump character. These three modes can be seen as longitudinal analogs
of the sets of transverse-polarized and strongly coupled modes. They are weakly
coupled because they result from terms in the Green’s function that fall off as 1∕R2

or faster; however, we see that

longitudinally polarized electromagnetic waves show diffraction behavior similar
to that of transverse waves.

We can understand this because, though their wave amplitude falls off faster with R,
the wave still incorporates the underlying scalar Green’s function that determines the
interference behavior underlying diffraction. See [66] for other vector field examples.

8.4d. Energy Inner Product for the Electromagnetic Field

We might be passing the wave in a receiving volume into some lossless optical net-
work to separate out the power or energy to different output ports. Then we might
want the inner product to define orthogonality so that adding up the energy or power
in the different orthogonal channels or ports gives the total energy or power in the
field. In general, for an electromagnetic field, a simple Cartesian inner product as
in Eq. (176) does not separate out orthogonal parts of the field whose energies we
can add to get the total, and this inner product �AM ,AM � does not reliably give a
measure of the energy in the field AM .

In such a case, when considering inner products and orthogonality directly in the field
itself, not in the sources or receivers, we would like an “energy” inner product; spe-
cifically, we want the property that the sum of the energies in the (mathematically)
orthogonal components of the field is the total energy of the field. Such an energy
inner product is also useful for quantizing the electromagnetic field (Section 9). Using
the M-gauge, we derive an energy inner product for the electromagnetic field in
Appendix G, which we summarize here.

Since the entire properties of the electromagnetic field (at least for communications)
can be described using the vector potential in the M-gauge, we set up the inner product
using that. Briefly, we use an operator that we call

ffiffiffiffi
U

p
to mathematically generate the

EM and BM electric and magnetic fields from the vector potential AM . Then we can
formally calculate the energy density u in the (time-varying) field based on a standard
expression [see Eq. (G66) and associated discussion],

u � 1

2

�
εE · E� 1

μ
B · B

	
: (177)

The transformed inner product [Eqs. (143) and (144)] with respect to
ffiffiffiffi
U

p
is formally

�μ, η�T ffiffiffi
U

p ≡ �
ffiffiffiffi
U

p
μ,

ffiffiffiffi
U

p
η�, (178)

where now μ�r� and η�r� are vector potential fields (e.g., in the “receiving” volume).
We derive the full time-dependent form of Eq. (178) below [see Eqs. (G81)–(G84)].
From this we can deduce the simpler monochromatic case, for which we have the
operator
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ffiffiffiffiffiffi
Uω

p
�

2
66666666664

iω
ffiffiffi
ε

p
0 0

0 iω
ffiffiffi
ε

p
0

0 0 iω
ffiffiffi
ε

p

0 −1ffiffi
μ

p ∂
∂x3

1ffiffi
μ

p ∂
∂x2

1ffiffi
μ

p ∂
∂x3

0 −1ffiffi
μ

p ∂
∂x1

−1ffiffi
μ

p ∂
∂x2

1ffiffi
μ

p ∂
∂x1

0

3
77777777775
: (179)

So, with three orthogonal coordinate directions x̂1, x̂2, and x̂3, and writing
AωM �r� � AωM1�r�x̂1 � AωM2�r�x̂2 � AωM3�r�x̂3,

ffiffiffiffiffiffi
Uω

p
AωM �r�≡

ffiffiffiffiffiffi
Uω

p 2
64
AωM1�r�
AωM2�r�
AωM3�r�

3
75≡

2
6666666664

ffiffiffi
ε

p
EωM1�r�ffiffiffi
ε

p
EωM2�r�ffiffiffi
ε

p
EωM3�r��

1∕ ffiffiffi
μ

p �
BωM1�r��

1∕ ffiffiffi
μ

p �
BωM2�r��

1∕ ffiffiffi
μ

p �
BωM3�r�

3
7777777775
≡
h ffiffiffiffiffiffi

Uω

p
AωM �r�

i
, (180)

where by the notation �
ffiffiffiffiffiffi
Uω

p
AωM �r�	we mean the six-element column-vector version.

Note here that we have explicitly clarified that this operator essentially generates the
electric and magnetic field components, appropriately weighted for constructing the
total energy density. [The factor ½ in Eq. (177) disappears in Eq. (180) because of
the way we define monochromatic field amplitudes.] To complete the construction of
the inner product as in Eq. (178), we formally construct the six-element mathematical
column vectors �

ffiffiffiffi
U

p
ωμ�r�	 and �

ffiffiffiffi
U

p
ωη�r�	, which are both functions of space. Then

we take the Hermitian adjoint �
ffiffiffiffi
U

p
ωμ�r�	†, which is a six-element row vector,

and form the product �
ffiffiffiffi
U

p
ωμ�r�	†�

ffiffiffiffi
U

p
ωη�r�	, which is a scalar function of r. Then

we integrate that over the volume V of interest (e.g., the receiving volume), as in

�μ, η�
T
ffiffiffiffiffi
Uω

p ≡
Z
V

h ffiffiffiffiffiffi
Uω

p
μ�r�

i†h ffiffiffiffiffiffi
Uω

p
η�r�

i
d3r: (181)

For a monochromatic vector potential AωM �r�, the total energy of the field in V is then

U � �AωM ,AωM �T ffiffiffiffiffi
Uω

p : (182)

8.5. Energy-Orthogonal Modes for Arbitrary Volumes
Typically, in considering “modes” of the electromagnetic field in free space, we pre-
tend we have some resonator, and we presume that its resonant modes will be orthogo-
nal in some suitable sense. For free space, for example, it is common to pretend we
have some cuboidal box, with perfectly reflecting walls. This box will therefore have
standing plane-wave resonant oscillation modes, which we can check to satisfy
Maxwell’s equations, and which we can then count. Possibly, we will take some limit
as we make the box large, to get some density of modes per unit box volume. We may
also just presume that we can using traveling waves instead of the standing ones,
possibly with periodic boundary conditions (though those would not be resonant
modes). Generally, the justification for such choices is weak; we do not have such
a box, nor is free space periodic. A rationalization is that these fictitious approaches
give results that ultimately seem to agree with experiments, such as for the thermal
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radiation of light fields in arguments such as Planck’s radiation law and Einstein’s
A&B coefficients.

Now that we have an energy inner product, in the monochromatic [Eq. (182)] or full
time-dependent [Eq. (G85)] version, we can directly define electromagnetic fields that
are orthogonal in energy. And, we can do this in any volume, without the fiction of a
resonator or spatial periodicity. The total energy of a field that is a linear combination
of these functions is the sum of the energies in these orthogonal components.

There could be many ways of setting up such (energy) orthogonal waves in some
arbitrary “receiving” volume VR, which we also require to be solutions of
Maxwell’s equations. Note first that we can guarantee that the waves are Maxwell
equation solutions by formally generating them using current sources in some other
“source” volume VS. We could then proceed as follows. (We will give this for the
monochromatic case, though we could use a full time-dependent case instead.)

(1) Choose a current source function Jωb1�rS� in VS. (Here the subscript b indicates
that this is going to be a basis function for the source space.) For later conven-
ience, we can choose this to be a function that is normalized [using a simple
Cartesian inner product in VS as in Eq. (176)].

(2) Calculate the resulting vector potential wave (in the M-gauge) AωM1�rR� in VR

using the dyadic Green’s function GωM �rR; rS� as in Eq. (172) using the corre-
sponding Green’s function integral

AωM1�rR� � μ

Z
V
GωM �rR; rS� · Jωb1�rS�d3rS (183)

and construct a normalized version AωMb1�rR� [using the energy inner product in
VR as in Eq. (181)].

(3) Choose a second (normalized) current source function Jωb2�rS� in VS , orthogonal
to Jωb1�rS� [209,210]. Now calculate the corresponding wave AωM2�rR� as in
Eq. (183). Now retain only the part Aω⊥�rS� that is orthogonal to AωMb1�rR�,
using the energy inner product Eq. (181) in VR, which we can do by formally
“projecting out” the component of AωMb1�rR�,

Aω⊥�rR� � AωM2�rR� − �AωMb1,AωM2�T ffiffiffiffiffi
Uω

p AωMb1�rR�: (184)

Now normalize Aω⊥�rS� to give the second wave function AωMb2�rR�.
We then proceed similarly, choosing a subsequent source function Jωbn�rS�, orthogonal
to all preceding ones Jωbm�rS�. Then, in the resulting vector potential field in VR, using
an extended “projecting out” of the components in all previous functions, we retaining
only the (normalized) part AωMbn�rR� of the resulting wave in each case, which will be
orthogonal to all previous such functions AωMbm�rR�. This process is just a version of a
Gram–Schmidt orthogonalization, and it will generate a set of waves AωMbn�rR� in VR

that are orthogonal with respect to the energy inner product in VR.

We have also incidentally generated an orthogonal set of source functions Jωbn�rS�
during this process. So, now we have basis sets, Jωbn�rS� and AωMbn�rR�, each ortho-
normal with respect to the underlying inner products in their respective spaces
(Cartesian for the source space, energy for the receiving space).

To emphasize, with such a process, and noting explicitly that orthogonality here is in
the sense of the entire vector function being orthogonal, whether or not the geomet-
rical vector components of the fields are at right angles,
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we can construct orthogonal sets of electromagnetic waves for any shape of vol-
ume, avoiding fictitious boxes or resonators, with the energy of any superposition
being the sum of the energies of the orthogonal components.

If we wanted to make sure, for example, that we had a set that corresponded to any
possible propagating electromagnetic waves for that volume VR, for VS we could use
a large spherical shell surrounding VR.

8.6. Sum Rule and Communications Modes for Electromagnetic Fields
We briefly discussed the concept of the sum rule for the electromagnetic field case
above in Subsection 6.8. Now that we have the necessary notation and definitions, we
can explicitly write the integral for the sum rule S in this electromagnetic case, using
the energy inner product, Eq. (181), in VR, as

S�
Z
VS

Z
VR

X3
p�1

X3
q�1

x̂p ·
h ffiffiffiffiffiffi

Uω

p
Gω�rR;rS�

i†h ffiffiffiffiffiffi
Uω

p
Gω�rR;rS�

i
· x̂qd3rRd3rS: (185)

Now that we have constructed basis sets Jωbn�rS� and AωMbn�rR� that are orthogonal
with respect to the underlying inner products in their respective spaces, we can gen-
erate a coupling matrix between these orthogonal sets. With these sets, the matrix
elements would be

gij �
Z
VS

Z
VR

h ffiffiffiffiffiffi
Uω

p
AωMbi�rR�

i†h ffiffiffiffiffiffi
Uω

p
Gω�rR; rS�

i
· Jωbj�rS�d3rRd3rS: (186)

We could also keep on adding functions until
P

i, jjgijj2 was sufficiently close to S, as
discussed in Subsection 6.9, and then we would have a finite matrix that we could
practically callGSR for this problem. Then we could perform the SVD of this matrix to
construct the singular values sj and the corresponding sets of communications mode
functions fjψ jig and fjϕjig. The fjψ jig would now be mathematical vectors whose
elements were the expansion coefficients hjq on the basis Jωbq�rS�, and similarly
fjϕjig would be vectors of expansion coefficients f jq on the AωMbn�rR� basis.
For subsequent work, we might well want to use the current density and vector po-
tential functions corresponding to these communications modes, i.e.,

JωCMj�rS� �
X
q

hjqJωbq�rS� and AωCMj�rS� �
X
p

fjpAωMbp�rR�, (187)

as appropriate orthogonal basis sets since they represent the “best” choices of basis
functions.

9. QUANTIZING THE ELECTROMAGNETIC FIELD USING THE M-GAUGE

(Note that this section requires some familiarity with the quantum mechanics of light,
and can be omitted without consequences for the rest of the article.) Typical standard
approaches [9,211–213] to quantization of the electromagnetic field are based on the
Coulomb gauge and “transverse” vector potentials, with monochromatic modes
chosen either arbitrarily as plane waves or as modes of some resonator. Now that
we know that we can generate some complete (or complete enough) set of (energy)
orthogonal functions AωMj�rR� for representing any electromagnetic wave in VR, we
can use these to quantize the electromagnetic field in the M-gauge. As a result,

we need no fictitious resonator or “box,” allowing quantization for any volume

and we avoid the formal problems of the Coulomb gauge [214,215]. The result-
ing quantization then proceeds otherwise essentially similarly to those standard
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approaches. (As in typical standard approaches, we will consider waves only in a
uniform isotropic background medium.) Note also that our approach can also be based
on the full dyadic Green’s function, including all near-field terms if we wish;
we would simply include those in the evaluation of the AωMj�rR�.
To start, we formally expand any (classical) electromagnetic wave in VR in the basis
AωMj�rR�. We formally choose expansion coefficients aj�t� that explicitly include
the time-dependent factor exp�−iωt� (and that is their only time dependence). To make
the aj�t� dimensionless, we can introduce a multiplying factor with dimensions of the
square root of energy, choosing

ffiffiffiffiffiffiffi
ℏω

p
(cunningly anticipating a later result). So, formally,

AωM �rR, t� �
ffiffiffiffiffiffiffi
ℏω

p X
j

�aj�t�AωMj�rR� � a�j �t�A�
ωMj�rR�	: (188)

Now we can formally evaluate the energy or, equivalently, the (classical) Hamiltonian in
this field using the energy inner product in the receiving volume. That becomes [216]

H � �AR�rR, t�,AR�rR, t��T ffiffiffiffiffi
Uω

p � ℏω
X
m, n

�am�t�AωMm�rR�, an�t�AωMn�rR��T ffiffiffiffiffi
Uω

p

� ℏω
X
m, n

a�m�t�an�t�δmn �
X
j

ℏωa�j �t�aj�t�, (189)

where we have used the (energy) orthonormality of the AωMj�rR�. We see, not surpris-
ingly, that the resulting (classical) Hamiltonian is just the sum of the Hamiltonians

Hj � ℏωa�j �t�aj�t�: (190)

We give detailed steps in the resulting quantization of such Hamiltonians below for
completeness in Appendix J, but the results are straightforward. We obtain the familiar
quantum-mechanical Hamiltonian form

Ĥ j � ℏω

�
â†j âj �

1

2

	
(191)

for the jth mode, where the annihilation and creation operators âj and â
†
j obey the usual

commutation relations and other algebraic properties [see Eqs. (J17)–(J19)]. We can also
write appropriate field operators for the vector potential and the electric and magnetic
fields [see Eqs. (J14)–(J16)].

10. LINEAR SCATTERERS AND OPTICAL DEVICES

As we have set up the physics and mathematics of our SVD approach to linear wave
systems, we have mostly used the example of a free-space or “uniform medium”
Green’s function as the coupling operator between the source space and the receiving
space. However, as we discussed in Subsection 6.8, as in the statement (157), any
finite coupling operator D�rR; rS� between finite volumes VS and VR is a Hilbert–
Schmidt operator (and including even dyadic operators for electromagnetic fields).
Any fixed physical linear system can be described by such an operator, which we
could call a scattering operator or a “device” operator. We can model any fixed linear
scatterers or linear optical devices, or more generally linear “objects,” in this way:
free-space propagation, complex multiple scatterers, waveguide channels, sophisti-
cated linear optical systems or devices, or any object behaving linearly with respect
to the incident field (including those that absorb radiation). Of course, detailed analy-
sis could be complicated, especially for systems involving multiple scattering.
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However, we can draw some conclusions here that apply even without knowing the
details of the scattering or device operator.

10.1. Existence of Orthogonal Functions and Channels
First, we note that all the mathematics of the SVD, following from the Hilbert–
Schmidt nature of any such system, also applies to any finite linear scattering or device
operator. The SVD can always be performed on any such compact operator (see
Subsection 6.7), leading to the existence of orthogonal sets of functions in the source
space and the receiver space. So, we can formally conclude, as mentioned in Section 1,
that any linear optical “device” can be viewed as a mode converter, converting from
specific sets of functions in the input space one by one to specific corresponding func-
tions in the output space. Also, as stated in Subsection 1.4, there is a set of independent
channels through any linear scatterer; that is, there is a set fjψ jig of orthogonal source
functions jψ ji that couple, one by one, to corresponding members jϕji of the orthogo-
nal set fjϕjig of wave functions in the receiving space (even if we do not know what
these functions are).

These mode-converter basis sets fjψ jig and fjϕjig and the associated singular values sj
tell us everything that can be known about this scatterer or device based on waves
generated from the source volume and detected in the receiving volume; they are
a complete description as far as these sources and detectors are concerned. They
are sufficient to reconstruct the matrix D corresponding to some scattering or device
operator D for these source and receiver spaces. Note, explicitly, that now that we are
considering wave systems other than just free-space propagation, this approach is
valid even if the system is lossy, as long as that is “linear” loss—that is, the “output”
field amplitude is linearly proportional to the “input” field amplitude—and for sys-
tems with finite linear gain.

10.2. Establishing the Orthogonal Channels through Any Linear Scatterer
Though we might not know the operatorD or its matrixD, there are at least two ways to
establish it for any scatterer. One way is simply to measure the scattering matrix from
some set of sources to some set of receiving points (see, e.g., [81,83,85,100]) in some
interferometric optical experiment. Of course for a complex scatterer, this could take
some time, but it is possible, and it is then also possible to perform the mathematical
SVD of that matrix to establish the functions jψ ji, jϕji, and the singular values sj.

A second approach [12] is to have a physical system find the SVD by a sequential
maximization process. In this case, we can in principle use two meshes of interfer-
ometers as in Fig. 5(a), but with the scatterer in the space between the two meshes, as
in Fig. 28 [217]. By an iterative procedure back and forward between one side and the
other, and based only on single-parameter power optimizations, it is possible for the
meshes to set themselves up so that the one on the left generates the jψ ji from
the corresponding single-mode inputs on the left, and couples the resulting jϕji into
corresponding single-mode outputs on the right, automatically establishing the best
channels through the scatterer. Effectively, the physical system has performed the
SVD of the optical system [218] and has embedded its results in the settings of
the interferometers.

10.3. Bounding the Dimensionalities of the Spaces
If the scatterer or device has some finite volume VD, we could think of two separate
problems, especially if we know the coupling operators GSD, from the source space to
the device volume VD, and GDR, from the device volume to the receiving space
(see Fig. 29).
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These might, for example, just be simple free-space Green’s functions. Then solving
for the communications modes ofGSD (from sources to the device) andGDR (from the
device to the receiving volume) would give us maximum numbers of usable channels
into the device and out of it.

Immediately, for example, such an approach would tell us how many channels we
need to block or emulate to make some object appear “invisible” as seen from some
receiving volume, based on sources in some source volume, limiting the necessary
complexity of any active “cloaking” device [219] around the scattering object.

We could also choose to look at an “internal” device operator DDD as one that maps
from the input waves into the device to the effective sources inside the device that
generate the resulting “external” scattered waves. In that case, we could view the over-
all operator coupling D from the original source volume VS to the ultimate receiving
volume VR as being the product

D � GDRDDDGSD: (192)

Figure 28

Conceptual apparatus for finding the best orthogonal channels through any reciprocal
linear scatterer or optical system at a given frequency (after [12]), nominally described
here by some coupling operator D from left to right, using two interferometer meshes
on either side of the scatterer. To find the most strongly coupled channel, we shine
light into the “red” input waveguide 1 on the left, and adjust the interferometers in row
A on the right to maximize the output “red” power in the output waveguide 1 on the
right. Then we run in reverse, shining the “orange” power (actually, at the same wave-
length as the “red” power—colors here are for graphic clarity only) backwards into the
“output” waveguide 1 on the right, and adjust the row A interferometers on the left to
maximize the “orange” power backwards out of “input” waveguide 1 on the left. We
repeat this “red”/”orange” process forwards and backwards until the system con-
verges, having found the most strongly coupled channel through the system.
Then, leaving row A on both sides set, we repeat a similar process with the “green”
and “purple” beams, now in waveguide 2 on both sides. This will find the second most
strongly coupled channel. We can then repeat for the waveguides 3. (No final “wave-
guides 4” process is required, because it is automatically configured as the only re-
maining orthogonal channel.) The process has found the four most strongly coupled
channels in this system. Technically, this process has effectively found the singular-
value decomposition of the optical system between the waveguide amplitudes at the
“source” dashed line on the left and those at the “receiving” dashed line on the right,
effectively embedding the unitary matrices U† and V of the SVD of D � VDdiagU† in
the interferometer settings in the meshes on the left and the right. Adapted with per-
mission from IEEE.
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Such an approach could then begin to link to approaches to limits to optical devices, as
in [220,221], and also to discussions of the necessary complexity of optical devices, as
in [222], though detailed discussions of these topics are beyond the present work.

10.4. Emulating an Arbitrary Linear Optical Device and Proving Any Such Device Is
Possible—Arbitrary Matrix-Vector Multiplication

We have discussed above that we can approximate linear optical systems by using
sufficiently many “patches” of sources (or waves acting as sources through diffraction
operators) and corresponding “patches” of receivers, or equivalently any appropriate
and sufficient large orthogonal basis sets of sources or input waves and of output
waves. Explicit discussions above were for simple “free-space” propagation, but the
same concepts and limits apply as we want to approximate optical devices.

Suppose, then, that we make some optical apparatus that effectively samples a
“source” light field, such as with grating couplers acting as appropriate “patch” col-
lecting devices, and delivers the output of each such patch into a single-mode wave-
guide to pass into some optical waveguide system, and similarly couples output
waveguides into similar output “patches” to generate output waves. If we can make
the waveguide system in the middle so that it can implement arbitrary linear mappings
between the input waveguides and the output waveguides, then, within the approxi-
mation of the input and output light fields by these patches, we can make an arbitrary
linear optical component.

Figure 30 shows one way of making such an arbitrary linear mapping between input
and output waveguides. Here we exploit the idea of SVD, but in this case using it as a
way to construct a matrix physically [25]. We know from Eq. (E19) that any compact
matrix or operator can be written in the form D � VDdiagU†. So if we can emulate an
arbitrary unitary matrix U†, a diagonal matrix Ddiag, and another unitary matrix V, in
the correct sequence in some waveguide system, then we physically create a system to
give the effect of an arbitrary matrix or operator D, at least up to the dimensionality of
this waveguide system, and within the approximation of the actual light fields by
“patches” or some other form of sampling or transformation.

In Fig. 30, an input unitary mesh of interferometers (see Fig. 5) implements any U†

(at least up to a dimensionality of three in this simple example). A line of modulators
(with controllable phase and amplitude) implements the singular values (the diagonal
elements of Ddiag), with gain if needed for singular values greater than 1. Another
unitary mesh implements V. Hence, we can emulate any matrix, up to the dimension-
ality of the mesh (here 3 × 3).

Figure 29

Configurations to consider either the full coupling operatorD from source to receiving
volumes, or a succession of three operators, including an “internal” scattering operator
DDD that generates effective sources for waves to the receiving volume from the in-
coming waves from the source volume.
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This approach may be practically useful for various linear processing functions
[25,109,110]. Note, incidentally, that, unlike some previous approaches to optical
“matrix-vector”multipliers [223], this approach does not have fundamental “splitting”
loss; unless we want loss so that we can implement non-unitary matrices, this ap-
proach has no loss other than background loss in the components. This class of ar-
chitectures can also be trained directly and progressively using the mode-converter
basis functions of interest to implement the corresponding matrix [25].

Because it gives a constructive proof that any linear optical component is possible in
principle, this approach also gives us an apparatus for thought experiments, as in the
derivation of new radiation laws [7], which we discuss below.

11. MODE-CONVERTER BASIS SETS AS FUNDAMENTAL OPTICAL
DESCRIPTIONS

Note that, for any linear scatterer, device, or “object” with the mode-converter basis
functions jψ ji and jϕji

the only radiation scattered into an “output”

wave jϕji is from the corresponding input wave

or source jψ ji (193)

and

the input wave or source jψ ji only scatters into

the corresponding output wave jϕji: (194)

These statements follow automatically from the orthogonality of the sets jψ ji and jϕji
and the “pairing” in the communications mode or mode-converter description. These
sets therefore acquire a “fundamental” status for describing any linear scatterers, de-
vices, or objects, and we can use them to derive some quite basic (and novel) results.

11.1. Radiation Laws
Kirchhoff’s radiation law states that the “absorptivity” and the “emissivity” of an ob-
ject must be equal so that the object can come to thermal equilibrium with other bodies
just by exchanging radiation (see, e.g., [7]). For the total radiation from a body at a
given wavelength, this is straightforward. It is sometimes extended to a “directional”
radiation law, though the proof of that neglects diffraction, and none of these laws
apply to non-reciprocal objects. Using a thought experiment that exploits an arbitrary
linear optical system and the properties of the mode-converter basis sets, new laws can
be derived, including the effects of diffraction and non-reciprocity [7].

Suppose that the object O in Fig. 31 has a specific mode-converter pair of input and
output functions jψ1i and jϕ1i. Suppose also that the optical machine in Fig. 31 is set

Figure 30

Singular-value decomposition architecture for constructing any matrix (here 3 × 3) in
optics between a set of waveguide input and output amplitudes [25].
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so that any input light at its input port 1 generates such a wave jψ1i at the outputs of
the waveguide to free-space converters; we imagine that we have enough of these
“patch” generators to do a sufficiently good job of synthesizing all the possibly
well-connected input mode-converter functions. Similarly, any light in the corre-
sponding mode-converter output function jϕ1i is collected and appears at output port
1 of the optical machine.

Note that no light into any of the other ports leads to any scattering into this mode jϕ1i
by Eq. (193), and none of the light from jψ1i is scattered into any other output mode
by Eq. (194). Indeed, we can simply connect the other output ports of the machine
back around to the corresponding input ports. There is no interaction between these
channels through scattering.

Now we presume that the black body B1 emits and absorbs light only through a single-
mode waveguide. A circulator separates forward and backward light. So, any light
emitted by B1 appears as light in mode jψ1i. Some of that light may then be absorbed
by the object O. Any light that is not absorbed is then scattered into jϕ1i and sent back
to B1. But to establish thermal equilibrium between the black body and the object, we
therefore require that an amount of light is emitted from the object into jϕ1i that is
equal to the amount absorbed from jψ1i. Hence,

the absorptivity of the mode-converter input

mode jψ1i is equal to the emissivity into the

corresponding mode-converter output mode jϕ1i, (195)

establishing a previously unknown “modal” radiation law (Law 1 of [7]). Note that
this law includes all effects of diffraction, and it is also valid even if the object O is
non-reciprocal.

From this modal law, we can algebraically derive three other laws of thermal radiation,
one of which (Law 3) is essentially the original law for total absorptivity and emis-
sivity, and another (Law 4) is a correct (and much more general) version of the
“directional” law:

Figure 31

O

F

B

C

Thought-experiment apparatus for establishing a modal thermal radiation law (after [7]).
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for reciprocal objects, the absorptivity of any input beam is equal to the emissivity
back into that same beam.

11.2. Modal “A&B Coefficient” Argument—the M Coefficient for Emission and
Absorption

Following an approach related to that used for the above radiation laws, we can con-
struct an argument similar to Einstein’s classic “A&B” coefficient argument (see, e.g.,
[211]), relating absorption, spontaneous emission, and stimulated emission based on
thermodynamic and statistical mechanics arguments; now, however, we construct it
directly for a mode-converter pair. We give details of this argument in Appendix K.
Now we presume we have some quantum “two-level” system inside some otherwise-
lossless optical environment, which can be anything we want—e.g., free space, a res-
onator, or a waveguide—and we establish the corresponding mode-converter basis
sets fjψ jig and fjϕjig, or at least some pair or pairs of interest. Specifically, we con-
clude the following:

If a quantum system has probabilitiesP2 andP1

of being in its upper and lower states,

respectively; and if the probability per unit time

that a photon in the mode-converter input

mode jψ ji is absorbed by the quantum system

isMP1, then if there are np photons in input

mode jψ ji the probability per unit time that a

photon is emitted into the corresponding

mode-converter output mode jϕji is�np � 1�MP2: (196)

Now, instead of the A and B coefficients, we only have one coefficient,M , for a given
mode-converter pair [224]. This simple result works mode by mode. We have avoided
using the free-space density of states and any fictitious boxes or resonators we might
use to construct that. The modal basis is derived entirely based on the actual optical
configuration of the quantum system and any otherwise-lossless optical system in
which it is embedded, thereby giving a more general result.

11.3. Mode-Converter Basis Sets as Physical Properties of a System
Necessarily, much of the discussion so far has centered on the mathematical process of
SVD for establishing the communications modes and mode-converter basis sets.
However, an important point is that these can be established entirely physically,
at least in principle, without any mathematics. We already made this point in
Subsection 10.2, showing how to establish these mode pairs by maximization of trans-
mission through a scatterer. With the radiation laws, we have another option in prin-
ciple: we could establish by some iterative process just what input mode leads to the
largest absorption in some (partially) absorbing object, thereby establishing jψ1i.
If necessary, then we can find the corresponding jϕ1i by looking at the thermal emis-
sion and establishing the best possible mode power collection (e.g., into a single-mode
fiber). We could use a similar apparatus to that in Fig. 28, and that would then let us
progress to finding the next such pair, using the second waveguide on each side, and
so on. This is not necessarily a very practical approach, but it emphasizes that these
modes are physical properties of the systems that can be established by measurement.
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12. CONCLUSIONS

The idea of considering modes as pairs of functions determined from SVD is a useful
and powerful approach for understanding waves in communications and in linear scat-
tering and optics more broadly. It is supported by rigorous mathematics and by deep
physical concepts in waves generally, including for full vector electromagnetic waves.
This approach is applicable in acoustics, in wireless communications, and in optics,
and provides a unified framework for such problems.

This approach clarifies the number and specific nature of orthogonal channels in com-
munication with waves—the communications modes—including rigorous counting of
these channels, and shows how to establish them—mathematically, in calculations,
and in practice. It introduces and rationalizes many “heuristic” behaviors of numbers
of usable channels. It provides the “best” modal basis sets for describing any optical
component or wave scatterer. Those mode-converter basis set pairs are the most eco-
nomical ones for describing and analyzing any such component or scatterer, and they
lead to fundamental physical laws that apply one by one to these mode pairs, including
new and more general radiation laws and a new compact version of the fundamental
argument relating absorption, spontaneous emission, and stimulated emission of
quantum systems.

These approaches are valid for any size scale of object or system, from large imaging
optics to radio antennas and nanophotonic devices. As such they complement and com-
plete the many existing approaches—from conventional ray-tracing imaging optics,
through Fourier optics and standard families of functions and beams, to direct solutions
of wave equations—that are useful separately at different scales and complexities of
systems. We might expect these communications mode and mode-converter basis
set approaches to be particularly useful for systems that are too large for convenient
direct wave calculations and too small for the simpler Fourier and ray-tracing ap-
proaches. At any scale, however, they can offer the most economical description in
terms of the modes that matter most.

We can hope that the ultimate simplicity, clarity, and rigor of these approaches will be
practically useful, fundamentally significant, and stimulating to new insights into
waves and how we can use them.

APPENDIX A: HISTORY AND LITERATURE REVIEW OF COMMUNICATIONS
MODES AND RELATED CONCEPTS

A.1. Early History of Degrees of Freedom in Optics and Waves
By the 1950s, the idea of quantifying communication and information was developing
rapidly [225], including the idea of the sampling theorem, as discussed, e.g., by
Shannon [225–227]. Following on from the sampling theorem, the idea that there
should be some bound on degrees of freedom in optics was proposed by both
Gabor [150,228] and Toraldo di Francia [229]. Gabor, based on a Fourier-optics view,
gives a heuristic approach based on the number of approximately non-overlapping
Gaussian spots one could form on a second surface from source or waves on a first
surface. Toraldo di Francia [230] works directly from the sampling theorem. Both
of these approaches lead to results essentially equivalent to our paraxial heuristic num-
bers [Eqs. (59) and (64)]. Sampling theorem approaches have continued in the literature,
with other useful results (e.g., for spherical surfaces and bounding volumes [230,231]).

Use of the sampling theorem in optics and in waves is generally based first on some
physical argument on a maximum “transverse” component to the wave vector that
would be encountered or supported in some configuration of source and receiver
spaces (in our notation); this therefore gives a maximum transverse spatial frequency,
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which becomes the analog of bandwidth. Second, these approaches presume some
maximum physical extent of an aperture or apertures (which becomes the analog
of the time window).

Such sampling theory approaches are useful in paraxial situations with regular aper-
tures (usually one-dimensional or rectangular) and where Fourier optics [191] is al-
ready a good approximation, and in some other far-field situations (e.g., spherical
[230]). They are not going to work well in situations with irregularly shaped surfaces
and with most volumes—there is then no simple way to choose the “aperture”. With
small surfaces or volumes, there is no obvious clear “cutoff” spatial frequency; for
sources in particular, a small source needs to be described by continuous functions,
with continuous spatial-frequency spectra. Such problems are well known mathemati-
cally [226] and in the context of optics [33,232].

A.2. Eigenfunctions for Wave Problems with Regular Apertures
Getting past these problems of the sampling theorem requires a change in the math-
ematics. A key step was the mathematical realization that an obscure but known set of
functions—the prolate spheroidals—had remarkable “eigenfunction” properties rel-
evant to these problems with finite “windows” [233], with specific consequences
for optics [33,34,232]. The first optical realization here was that these were the correct
descriptions of the modes of confocal laser resonators [34] (in the paper that proposed
those resonators); they correctly give the beam shapes on the mirrors. Later laser res-
onator work (see, e.g., [35]) would replace those with Hermite–Gaussian and
Laguerre–Gaussian approximations, which are much easier to work with mathemati-
cally. For lasers, this approximation is generally valid because only the modes with
vanishingly small amplitudes at the edges of the mirrors are going to have low enough
loss to oscillate, and in those cases there is little or no difference compared to the
(correct) prolate spheroidal functions. Another property of these Hermite–Gaussian
and Laguerre–Gaussian beams is that their shape does not change as they propagate,
other than for changes in size; that can unfortunately lead to the false inference that
modes are generally beams with this “constant shape” property, which we have seen is
not the case in the actual communications modes in, e.g., Section 5.

A key mathematical property of the prolate spheroidals is that they are eigenfunctions
of the finite Fourier transform for the “linear” prolate spheroidals (which is relevant
for linear and rectangular apertures) and of the finite Hankel transform for the “cir-
cular” prolate spheroidals (for circular apertures) (see, e.g., [33]). So, in a Fourier-
optics paraxial approximation, they are the input wave functions or sources in a finite
rectangular or circular aperture that will produce waves of the same shape in a cor-
responding aperture in the Fourier domain; extending to a second (or inverse) Fourier
transform (and such a pair of transforms is essentially one way of looking at imaging),
the same shape will be reproduced (inverted) at the image plane also. They are there-
fore also eigenfunctions of imaging viewed in this way. So, even allowing for the
effects of finite apertures, these are functions that will be imaged perfectly through
a paraxial system. See also [161] for continued discussion of such imaging.

Though this early work does not use the terminology of SVD, these prolate spheroidal
functions can also be viewed as SVD functions in the sense we discuss in this paper,
and the “coupling strength” eigenvalue associated with these eigenfunctions is then a
singular value. These prolate spheroidals are a special case of SVD in two senses:
(1) as communications modes, the source function and the received wave are identical
(which is not generally the case for communications modes); (2) these solutions only
work for source and receiving surfaces of the same specific type of shape (rectangular
or circular).
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A key result, though, of this move to an eigenfunction problem, even if only for some
special cases, is that, essentially for the first time, it removes the mathematical prob-
lems mentioned above of a sampling theorem approach. There are indeed now infinite
sets of functions, both for sources and received waves, not finite ones, but the effective
number of degrees of freedom comes from the behavior of the eigenvalues: up to some
effective number, they are all essentially the same (which is our “paraxial degen-
eracy”), and then they drop off so rapidly that, below some practical threshold, they
can be neglected. As we have also illustrated more generally, this effective number, at
least in these simple cases of large, regular apertures in a paraxial approximation,
agrees with the heuristic results of the sampling theory approach.

It was likely known to these early authors that they were dealing with Hilbert–Schmidt
operators, which in turn are compact and therefore have “good” eigenfunction proper-
ties. Surprisingly, however, the idea that these singular values were also obeying a sum
rule (which comes from the Hilbert–Schmidt norm) does not seem to have been used
or exploited until much later, in the more general work on eigenfunction and SVD
approaches [5,37,38] as communications modes.

A.3. Emergence of Communications Modes
The idea of communications modes, as presented here, as the general answers to the
orthogonal “best” channels, including continuous sources and with volumes as well as
surfaces, was introduced first in 1998 in [37] and extended in 2000, first in the scalar
wave case [5], and then for electromagnetic waves in [38]. The electromagnetic analy-
sis in the present work formally supersedes [38] by reducing the problem to one only
requiring the magnetic vector potential, and hence removing any remaining ambiguity
about how many independent fields are required for communications problems.

A.3a. Wireless Communications
Ideas of SVD, especially for finite matrices, have been routine as mathematical tech-
niques for many decades, at least back to the 1960s, with fundamental work from the
late 19th century. The use of SVD is common in signal processing and statistics. In
wireless, as MIMO emerged in the 1990s, the channel matrix H between different
spatial sources and receivers became one on which SVD could be performed to evalu-
ate the best channels. There are certainly references to the corresponding operator
HH† and its eigenvalues by 1998 [234]. Normally, though, the full channel matrix
may not be known to both the transmitter and the receiver, and the use here is to
calculate the channel capacity [42,43], not the optimum transmit and receive modes.
In wireless systems, the matrix is usually a finite one, based on finite numbers of
transmit and receive antennas.

Following [5,37,38], a body of work emerged in the wireless literature either explicitly
using communications mode concepts or using related results on degrees of freedom
in spatial channels and/or spatial multiplexing (see, e.g., [13,39–51]). The text [13]
refers to what we call the communications modes as “eigenmodes of the channel” or
“eigenchannels.” Beam forming for MIMO can use SVD of the channel matrix to form
the modes, which would then formally be communications modes in our notation.
Optical techniques based on optical modes could also be used to set MIMO modes
in beam forming [235].

A.3b. Electromagnetic Scattering and Imaging
The ideas of communications modes have been used extensively in scattering of ra-
diation, including [54–64]. The kinds of behaviors of singular values illustrated in
Section 5 are also seen extensively in much of this work. Recent work analyzes
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imaging with electromagnetic beams with SVD [52], and such techniques have also
been proposed for near-field scanning [53].

A.3c. Optics
Communications modes have been applied directly to the analysis of many optical
systems [65–72]. Reference [73] re-establishes communications modes based on
an optimization approach. Reference [74] analyzes x-ray waveguides using them.
The optical case is also extended into noise-limited systems in a modern analysis us-
ing communications modes [75]. Reference [18] compares communications modes
and other beam forms for free-space communications. The concept of communica-
tions modes can be extended to partially coherent fields [71].

A body of work usefully analyzing optical systems of various kinds uses the terminology
of “optical eigenmodes” [76–80]. These seem to correspond to the communications
modes in the present paper, or, for more complex optical systems, the mode-converter
basis sets. For example, the “optical eigenmode” input and output functions in [76] are
orthogonal sets in the input and output spaces, coupled with “intensity” strengths asso-
ciated with an eigenvalue that appears to be the modulus squared of the communications
mode or mode-converter singular values in our notation. Since such sets are unique
(within geometric degeneracies), these are the same sets as those in our terminology.
This work goes on to count the number of degrees of freedom by counting these sets
(e.g., in [76]), though the authors do not appear to link their work to the communications
mode formalism or to the earlier work on degrees of freedom discussed above. The
general statement of these optical eigenmodes includes the explicit extension to what
we describe as weighted or operator-weighted inner products [see [77] Eqs. (1) and (2)].

A.4. Complex Optics, Matrix Representations, and Mode-Converter Basis Sets
There has been growing interest in being able to characterize and/or controllably
propagate through complex optical systems. These systems include strongly scattering
media [82–98] and multiple-mode optical fibers for communications [81,99] and im-
aging [100–105]. Such work typically employs spatial light modulators (SLMs) to
characterize the matrix that relates input modes to output modes, or at least to establish
one or more strong channels through the scatterer (sometimes called “transmission
eigenchannels” or “optical eigenchannels,” which are the same as our mode-converter
basis sets or communications modes through the scatterer). The matrix in such work is
often called a “transmission”matrix (see, e.g., [97]) or, sometimes, a “transfer matrix”
[81]. In the terminology of the present paper, we would call this a “device” matrix or,
generally, a “scattering” matrix. All such systems in which the matrix is fully char-
acterized can be analyzed using the SVD approach (our “mode-converter basis sets”)
to establish the best channels. Reference [236] similarly uses the SVD approach to
analyze arbitrary polarization components.

If we want to be able to use more than one such channel at a time without incurring
simple beamsplitting losses, we need to go beyond simple single SLMs to “multiple
layered” approaches to generate and/or separate overlapping but orthogonal modes of
the system. There are two known controllable approaches, one using multiple planes
of SMLs or diffractive optics elements [106–108], and the other using meshes of in-
tegrated Mach–Zehnder modulators [12,24–29,109–119]. Such meshes can also be
used to synthesize any linear optical component or matrix up to the dimensionality
of the mesh; the general scheme to accomplish that relies on the SVD architecture, so
the device is directly emulating the SVD of the desired matrix [25].

Overall, we can see that this field of using eigenfunctions and spatial “channels” in
optics and wireless communications has grown over a substantial period of time, with
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several areas of work developing somewhat independently towards the more compre-
hensive understanding that we have hopefully been able to present and bring together
coherently in this paper.

APPENDIX B: APPROXIMATING UNIFORM LINE OR PATCH SOURCES
WITH POINT SOURCES

Suppose we divide a source surface or line into “patches” of area Ap (for a surface) or
width dp (for a line). Our question is whether there is much difference between con-
sidering a point source of amplitude h in the middle of the patch or considering a
uniformly distributed source over the entire area or length of the patch, with source
(areal) density ηA � h∕Ap, or source (linear) density ηd � h∕dp.

We can consider the most distant point P from this source on the receiving surface, at
some distance Lmax from the (center of the) patch (see Fig. 32). If there is no difference
in the wave amplitude at P between a source at one extreme end of the patch and one at
the other, then we can consider that it makes no difference whether we consider the
point source or the equivalent source density spread over the entire area or width of the
source patch.

We presume that the linear dimension of these patches is much smaller than the sep-
aration L between the source and receiver surfaces, so there is negligible difference in
the “1∕r” factor in the Green’s function between these two extreme points. However,
we do have to consider the phase difference between these two extreme source points
for waves arriving at P. In Fig. 32, we illustrate the case of a “line” source patch. We
can consider that our approximation will start to break down if the difference in the
two lengths Lt from the “top” point and Lb from the “bottom” point reaches ∼λ∕2,
because then we will have destructive interference between the waves from these two
extreme sources.

From Fig. 32, Lt � Lmax � �dp∕2� sin θmax and Lb � Lmax − �dp∕2� sin θmax, so

Lt − Lb � dp sin θmax: (B1)

So, keeping this below λ∕2 requires

dp < λ∕2 sin θmax: (B2)

The situation for an area “patch” is slightly different in that the most extreme distance
difference would be between the diagonally opposite corners of the patch, so possibly
up to

ffiffiffi
2

p
larger than the largest linear dimension. However, for this simple heuristic

we neglect that minor difference, and conclude that the spacing of our point sources

Figure 32

max

L

w

pd
p maxd

maxL

tL

bL

Schematic for estimating the largest size of source “patch” for which a uniform source
density across the patch can be approximated by a point source in the middle of the
patch.
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(in either direction for area patches) should satisfy the approximate limit of Eq. (B2) if
they are reasonably to approximate uniform patches.

If the source and receiving surfaces are approximately the same size (with a linear
dimension w) and are centered on a common axis, then tan θmax � w∕L. For paraxial
situations, so where w ≪ L, then sin�θmax� ≃ tan�θmax�, so we have dp < λL∕2w,
which is the result Eq. (70) in the main text.

APPENDIX C: LONGITUDINAL HEURISTIC ANGLE

To understand the effective “diffraction angle” from a longitudinal line of sources, we
can construct an argument based on two point sources, A and B, spaced a distance 2Δz
apart in the z direction, as in Fig. 33.

Suppose the relative phase of the two sources is such that they add constructively
along the z direction (i.e., the direction from A or B to P). As we move away from
P in a direction perpendicular to z, such as by some amount δy in the y direction to
some point Q, the relative distance to the points A and B will change. Specifically,
the distance from A to Q is sAQ � ��zo � Δz�2 � δy2	1∕2 and from B to Q
is sBQ � ��zo − Δz�2 � δy2	1∕2.
We can also think of the separation between P and Q as an angle θ. Presuming
δy ≪ zo, then θ ≃ δy∕zo, or equivalently δy � zoθ. Writing

Δs � sBQ − sAQ (C1)

and dropping terms ∝ �Δz∕zo�2 as being relatively too small as we let zo become arbi-
trarily large, we have

Δs ≃ zof�1 − �2Δz∕zo� � θ2	1∕2 − �1� �2Δz∕zo� � θ2	1∕2g: (C2)

Using [237]
ffiffiffiffiffiffiffiffiffiffiffi
1� ε

p
≃ 1� �ε∕2� − �ε2∕8�, after some algebra, Δs ≃ −2Δz� Δzθ2.

But sBP − sAP � −2Δz. So the change in the relative distance from points A and B as
we move from P to Q is

δs � �sBQ − sAQ� − �sBP − sAP� ≃ Δzθ2: (C3)

We are interested specifically in the angle θL by which this relative distance has
changed by λ∕2, corresponding from a change from constructive to destructive inter-
ference, and hence a minimum in the intensity. So, for δs � λ∕2, we have what we call
the longitudinal heuristic angle θL �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ∕2Δz

p
, which is the desired result [Eq. (71)

in the main text].

Figure 33

Two point sources A and B spaced 2Δz apart along the z axis at a very large distance zo
from a point P. Point Q is spaced a relatively small distance δy away from P in the
y direction. θ is the angle subtended by the line segment PQ relative to the midpoint
between A and B. (Not to scale; zo ≫ 2Δz.)
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APPENDIX D: SPHERICAL HEURISTIC NUMBER

We can rationalize the approximate effective number of channels for a spherical
source as follows. Consider some small lateral line AB of length d on an outer “re-
ceiving” sphere of a very large radius R (Fig. 34), and consider two point sources P
and Q on the extreme sides of the source sphere and in the same plane as AB and on a
line parallel to AB.

We ask that d is small enough such that the distance difference Δl � l1 − l2 from the
two point sources changes by just λ∕2 as we move from the middle (point C) to one
end (point B) of this line, so we could move from constructive interference to can-
cellation. So,

Δl �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r� d∕2�2 � R2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r − d∕2�2 � R2

q
≃ R

�
1� 1

2

�
r� d∕2

R

	
2 − 1 − 1

2

�
r − d∕2

R

	
2
	
≃
rd

R
� λ

2
: (D1)

So d � Rλ∕2r. We can reason similarly in the other direction (out of the “paper”)
leading to a patch of area d2 � R2λ2∕4r2. The total number of such patches on the
surface area 4πR2 of the receiving sphere is therefore NSH � 4πR2∕d2 � 16πr2∕λ2,
which is the result Eq. (74) in the main text. Note that this result depends only on the
radius r of the source sphere. Reference [230] derives a number equivalent to this by a
“sampling” argument.

APPENDIX E: SINGULAR-VALUE DECOMPOSITION OF COMPACT
OPERATORS

For a compact (but not necessarily Hermitian) operator A that maps from a Hilbert
space HS to a Hilbert space HR (which will be the source and receiver spaces in our
physical problems), the operator A†A maps from HS back into HS, and the operator
AA† maps from HR back into HR. We know that both of these operators are then
compact and Hermitian [see Eq. (127)], so by the spectral theorem for compact
Hermitian operators (129), the set of eigenfunctions fjψ jig of A†A is a complete
set for HS, and the set of eigenfunctions fjϕjig of AA† is a complete set for HR,
and we will choose these sets to be orthonormal in their spaces. In SVD, we are in-
terested in both of these sets of eigenfunctions, and the corresponding eigenvalues.

Both A†A and AA† are also positive operators by Eq. (134) [or Eq. (136)]. So, by
Eq. (136), their eigenvalues are also positive (non-negative). So, we can choose to
write the eigenvalues of A†A as cj � jsjj2. The eigen-equation for A†A is then

A†Ajψ ji � jsjj2jψ ji: (E1)

So, using the expansion of the form Eq. (131) for A†A, we have

Figure 34

Construction for deducing an effective number of degrees of freedom from a spherical
source.

Tutorial Vol. 11, No. 3 / September 2019 / Advances in Optics and Photonics 781



A†A �
X∞
j�1

jsjj2jψ jihψ jj: (E2)

So,

kAψnk2 � hψnjA†Ajψni � jsnj2: (E3)

Then

kAψnk � jsnj: (E4)

So for all non-zero eigenvalues sn we can construct a set of functions fjϕnig in HR

(where we have used a notation that anticipates the answer—we have not yet proved
that these are also the eigenfunctions of AA†), which we define as

jϕni �
1

sn
Ajψni: (E5)

This set of functions is, first, normalized; that is,

hϕnjϕni �
1

s�nsn
hψnjA†Ajψni �

jsnj2
s�nsn

� 1, (E6)

and we have

hϕmjϕni �
1

s�msn
hψmjA†Ajψni �

1

s�msn
hψmj

 X∞
j�1

jsjj2jψ jihψ jj
!
jψni

� 1

s�msn

X∞
j�1

jsjj2hψmjψ jihψ jjψni �
1

s�msn

X∞
j�1

jsjj2hψmjψ jiδjn

� jsnj2
s�msn

hψmjψni �
jsnj2
s�msn

δmn � δmn, (E7)

so this set fjϕnig is also orthonormal.

Now suppose we consider an arbitrary function jψi in HS. Then we can expand it in
the orthonormal set fjψ jig, as in Eqs. (86) and (87), to obtain

jψi �
X
j

hψ jjψijψ ji: (E8)

So, using (E5), and the associative law (109) for products in Dirac notation,

Ajψi � A
X
j

hψ jjψijψ ji �
X
j

hψ jjψiAjψ ji �
X
j

sjhψ jjψijϕji

�
X
j

sjjϕjihψ jjψi �
 X

j

sjjϕjihψ jj
!
jψi: (E9)

Since ψ was arbitrary, we can therefore write

A ≡
X
j

sjjϕjihψ jj, (E10)
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which is the SVD of the operator A from a space HS to a possibly different space HR.
The complex numbers sj are the singular values. Note that this definition can be for
infinite-dimensional spaces.

Finally, it remains only to verify that the fjϕjig are the eigenfunctions of AA†. From
Eq. (E10) and the general algebraic identity for Hermitian adjoints of vector–vector
products [238],

A† ≡
X
k

s�k jψ kihϕk j: (E11)

So from Eq. (E10),

AA† ≡
X
j, k

�sjjϕjihψ jj��s�k jψ kihϕk j� �
X
j, k

sjs
�
k jϕjihψ jjψ kihϕk j

�
X
j, k

sjs
�
k jϕjiδjkhϕk j �

X
j

jsjj2jϕjihϕjj: (E12)

Hence

AA†jϕji � jsjj2jϕji: (E13)

So the fjϕjig are indeed the eigenfunctions of AA†, and note that they have the same
eigenvalues as A†A [239]. Note, finally, from Eq. (E10),

Ajψ ki �
X
j

sjjϕjihψ jjψ ki �
X
j

sjjϕjiδjk � sk jϕki: (E14)

So the operator Amaps one by one from the set of orthogonal functions fjψ jig inHS to
the corresponding member of the set of orthogonal functions fjϕjig in with coupling
amplitude sj in each case. There is also a complementary mathematical relation that
we can similarly deduce from Eq. (E11):

A†jϕki � s�k jψ ki: (E15)

We can also formally rewrite the SVD, Eq. (E10), in matrix form. To do so, we can
write a matrix that is diagonal on some basis fjγjig as

Ddiag �
X
j

sjjγjihγjj, (E16)

where sj are the diagonal elements, and we can define two matrices

U �
X
p

jψpihγpj and V �
X
q

jϕqihγqj, (E17)

both of which are technically unitary [240]. Then

VDdiagU† �
 X

q

jϕqihγqj
! X

j

sjjγjihγjj
! X

p

jγpihψpj
!

�
X
q, j, p

jϕqiδqjsjδjphψpj �
X
j

sjjϕjihψ jj � A: (E18)

Hence, an equivalent form for writing SVD is the “matrix” version
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A � VDdiagU† (E19)

with U and V as in Eq. (E17). In this case, we can view jϕji as being the columns of V
and hψ jj as being the rows of U† (or jψ ji as being the columns of U).

APPENDIX F: HILBERT–SCHMIDT OPERATORS WITH WEIGHTED INNER
PRODUCTS

Suppose we have two possibly different weighting operators WR�rR� and WS�rS� in
source and receiving spaces, respectively. We can now follow through an argument
similar to that in Subsection 6.8. Instead of Eq. (149), we can write the operator-
weighted inner products

�μS , ηS�WS
≡
Z
VS

μ�S�rS�WS�rS�ηS�rS�d3rS, (F1)

�μR, ηR�WR
≡
Z
VR

μ�R�rR�WR�rR�ηR�rR�d3rR: (F2)

We also formally presume that, for finite functions μS, ηS, μR, and ηR, these inner
products are finite. So, for some coupling operator (which may be a Green’s function),

D�rR; rS� �
X
p, q

dpq�·, αRp�WR
�αSq, ·�WS

≡
X
p, q

dpqαRp�rR�α�Sq�rS�: (F3)

We can find the dij as usual by premultiplying by α�Ri�rR�, postmultiplying by αSj�rS�,
and integrating with the weighting operators as in

dij �
Z
VS

Z
VR

α�Ri�rR��WR�rR�D�rR; rS�	�WS�rS�αSj�rS�	d3rRd3rS: (F4)

Here we have used square brackets �� � �	 to indicate explicitly that the weighting op-
erators only have to operate on the function to their immediate right. Now consider the
integral

SD �
Z
VS

Z
VR

�WS�rS�D†�rS; rR�	�WR�rR�D�rR; rS�	d3rRd3rS , (F5)

where

D†�rS; rR� �
X
m, n

d�mnα�Rm�rR�αSn�rS� ≡ D��rR; rS�: (F6)

By presumption, WR�rR�D�rR; rS� and WS�rS�D†�rS; rR� are finite. So the integral
(F5) of finite functions over finite volumes is finite. Then,

�WS�rS�D†�rS; rR�	�WR�rR�D�rR; rS�	

�
(X

m, n

d�mn�WS�rS�αSn�rS�	α�Rm�rR�
)(X

p, q

dpq�WR�rR�αRp�rR�	α�Sq�rS�
)

�
X

m, n, p, q

d�mndpqα�Sq�rS��WS�rS�αSn�rS�	α�Rm�rR��WR�rR�αRp�rR�	: (F7)

Formally integrating Eq. (F7) over the two volumes, as in Eq. (F5), gives
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SD �
X

m, n, p, q

d�mndpqδqnδmp �
X
p, q

jdpqj2, (F8)

which, since we know SD is finite, proves that this is a Hilbert–Schmidt operator.

APPENDIX G: ELECTROMAGNETIC GAUGE, GREEN’S FUNCTIONS, AND
ENERGY INNER PRODUCT

Here we derive Green’s functions and energy inner products for electromagnetic fields
in uniform media. The electromagnetism background is relatively standard (see, e.g.,
[126,187,193,241–243]. However, we need a new “gauge”: the “M-gauge.” This
gauge lets us write all fields of interest just using the magnetic vector potential
and clarifies that there are altogether only three independent field components for
communications. That then allows a single, novel dyadic vector potential Green’s
function and a novel “energy” inner product for the electromagnetic field.

G.1. Background Electromagnetism
We presume an isotropic uniform medium, so with constant, scalar permeability μ and
permittivity ε. We consider a free charge density ρ and a corresponding “conduction”
current density J of that charge. Then, we can write Maxwell’s equations as

�M1� ∇ · εE � ρ, (G1)

�M2� ∇ · B � 0, (G2)

�M3� ∇ × E � − ∂B
∂t

, (G3)

�M4� ∇ × �μ�−1B � J� ε
∂E
∂t

: (G4)

We can also explicitly write out the charge conservation condition

∇ · J � − ∂ρ
∂t

: (G5)

We want to know how many independent field components we need to describe com-
munication. To reduce from the nominal six different scalar field quantities required to
write the vector components of E and B, we first change a description using the mag-
netic vector potential A and a scalar (electric) potential Φ. To relate these to E and B,
we follow several standard steps. Since for any vector field F,

∇ · �∇ × F� � 0, (G6)

then, since ∇ · B � 0 (M2) [Eq. (G2)], we can write

B � ∇ × A, (G7)

where A is the (magnetic) vector potential. Next, from (M3) [Eq. (G3)], we now have

∇ × E � − ∂
∂t
�∇ × A�,

so, presuming we can interchange the order of differentiations, we can write

Tutorial Vol. 11, No. 3 / September 2019 / Advances in Optics and Photonics 785



∇ ×

�
E� ∂

∂t
A
	

� 0: (G8)

Now we also have the vector calculus identity

∇ × �∇F� � 0 (G9)

for any scalar field F. So, we can argue that any such field E� ∂A∕∂t whose curl is
zero can always be written therefore as the gradient of some other scalar function, i.e.,

E� ∂
∂t
A � −∇Φ (G10)

for some scalar field Φ, which we call the scalar potential. Rewriting Eq. (G10),
we have

E � −∇Φ − ∂
∂t
A: (G11)

These two equations (G7) and (G11) describe the magnetic and electric fields in terms
of these two potentials. Using Eq. (G11) in (M1) [Eq. (G1)] gives (with constant
isotropic ε)

∇ ·

�
∇Φ� ∂

∂t
A
	

� − ρ

ε
: (G12)

Noting that ∇ · �∇F� is just another notation for ∇2F for any scalar field F, and inter-
changing the order of the derivatives, gives

∇2Φ� ∂
∂t
�∇ · A� � − ρ

ε
: (G13)

From (M4) [Eq. (G4)], and using Eq. (G7) for B and Eq. (G11) for E, we have

∇ × �μ�−1∇ × A � J� ε
∂
∂t

�
−∇Φ − ∂

∂t
A
	
: (G14)

Interchanging the order of the derivatives and rearranging gives

∇ × �μ�−1∇ × A� ε
∂2A
∂t2

� ε
∂∇Φ
∂t

� J: (G15)

Since we are presuming that ε and μ are simply constants, Eq. (G15) becomes

∇ × ∇ × A� εμ
∂2A
∂t2

� εμ
∂∇Φ
∂t

� μJ: (G16)

Using the vector identity

∇ × �∇ × F� ≡ ∇�∇ · F� − ∇2F, (G17)

it is common to rearrange Eq. (G16) to obtain
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∇2A − εμ
∂2A
∂t2

− ∇
�
∇ · A� εμ

∂Φ
∂t

	
� −μJ, (G18)

though we will deliberately not take this approach below.

These equations (G13) and (G16) [or (G18)] are still coupled between the two po-
tentials A andΦ. To simplify further, we need to choose a gauge for these potentials—
i.e., the specific choice of A and Φ for given E and B fields. To understand why we
need to make a choice, note, first, that we could represent a specific B field using a first
or “old” choiceAold, with B � ∇ × Aold as in Eq. (G7). Because of the vector calculus
identity ∇ × �∇F� � 0 [Eq. (G9)], we could add the gradient of some scalar function
Ψ, called the gauge function, to Aold to create a new vector potential

Anew � Aold � ∇Ψ (G19)

without making any change to the magnetic field B; specifically,

B � ∇ × Aold � ∇ × Anew: (G20)

However, if we make no further changes, we see from Eq. (G11) that the new vector
potential would add a term −∂∇Ψ∕∂t to the electric field E. To avoid this, therefore,
we can add a term −∂Ψ∕∂t to the potential Φ; that is, we write

Φnew � Φold − ∂Ψ
∂t

: (G21)

We can check this explicitly by calculating E using Φnew and Anew; that is,

E � −∇Φnew − ∂
∂t
Anew � −∇

�
Φold − ∂Ψ

∂t

	
− ∂
∂t
�Aold �∇Ψ�

� −∇Φold − ∂
∂t
Aold − ∇

∂Ψ
∂t

� ∂
∂t
∇Ψ � −∇Φold − ∂

∂t
Aold, (G22)

where we presume that we can interchange the order of temporal and spatial deriv-
atives. So, Eq. (G22) shows explicitly that we are free to choose the gauge function Ψ
as long as we use the transformation rules Eqs. (G19) and (G21). A new choice of
gauge function Ψ gives a gauge transformation.

G.2. Choosing a Gauge for Communications Problems
Wewant to choose a gauge that leaves only the minimum number of field components
so that we can count modes properly. The Coulomb and Lorentz gauges are particu-
larly common (see, e.g., [193,241,242]). Typically, a gauge is set in practice by some
choice for ∇ · A. For the Coulomb gauge (with subscript “C”), that choice is

∇ · AC � 0, (G23)

and for the Lorentz gauge (with subscript “L”),

∇ · AL � − 1

c2
∂ΦL

∂t
: (G24)

Many other choices are possible (see, e.g., [244,245]). Using each such choice in the
wave equation (G18) leads to four “scalar” equations or their equivalent, one wave
equation for each vector component of A, and another equation for the scalar potential
Φ. In the Coulomb and the Lorenz gauges, the driving source terms are the charge

Tutorial Vol. 11, No. 3 / September 2019 / Advances in Optics and Photonics 787



density ρ and the current density J. Immediately, this tells us that there are no more
than four independent functions required to specify any field that we would create as a
result—one for ρ and one each for the three vector components of J. However, the
charge density ρ and the current density J are linked by conservation of charge,
Eq. (G5), so even these four may be too many. There are also technical problems
with the Coulomb gauge in particular [214,215] as we describe waves coming from
sources.

G.2a. Gauge for Communications—the M-Gauge
We are interested here in sending changing fields from a source. We can, without
significant restriction, suppose that before some time to, all electric and magnetic
fields have been constant, and that we have a known charge density ρo�r� that has
been fixed up to this point. (We can also presume that all effective magnetic currents
Jm�r� have been stable and fixed, and that we have had other fixed “solenoidal” cur-
rent densities Jo�r�, i.e., ones for which ∇ · Jo � 0.) So, before time to, we have some
electrostatic field Eo�r� that we could obtain by a solution of Maxwell’s first equation
(M1) with this charge density ρo�r�, as well as possibly some magnetostatic field
Bo�r� from Maxwell’s fourth equation (M4), with some (fixed) Jo�r� and Jm�r�.
Now we presume that, after time to, we have some new additional current density
J�r, t�. These new currents give changes Δρ�r, t� in charge density that necessarily
and only result from such currents, so we should not need an additional independent
driving term corresponding to the change in charge density. The changes in the
electromagnetic field, and any propagating components of that, should result only
from these currents J�r, t�.
Now our task is to construct a new gauge, which, using the “M” from
“coMmunications,” we call the “M” gauge [246], with the only time-dependent driv-
ing terms being from the three vector components of the current density J�r, t�. The
key to this gauge is to choose the scalar potential as being associated just with the
original fixed charge density ρo�r�, so it obeys a simple, fixed Poisson equation

∇2ΦM �r� � − ρo�r�
ε

, (G25)

which, within an arbitrary additive constant, has the solution

ΦM �r� �
1

4πε

Z
ρo�r0�
jr − r0j d

3r0: (G26)

Because neither ρo or ΦM has any time dependence, we therefore have

∂ΦM

∂t
� 0, (G27)

and, trivially,

∇
∂ΦM

∂t
� 0. (G28)

We have, as usual in any gauge [Eq. (G11)],

E � −∇ΦM − ∂AM

∂t
: (G29)

With the fixed electrostatic field
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Eo � −∇ΦM , (G30)

we could write

E � Eo � EM (G31)

with EM � −∂AM∕∂t [Eq. (164)] with EM containing all the time-varying and propa-
gating electric fields [247]. Similarly, we could write

B � BM � Bo (G32)

with BM � ∇ × AM [Eq. (165)] as usual for gauge potentials.

Generally, a gauge is practically defined by the choice of∇ · A, and we need this result
later. We give the formal derivation of this below in Appendix H, with the result

∇ · AM �r, t� �
1

ε

Z
t

t0�to

Z
t0

t00�to

∇ · J�r, t00�dt00dt0: (G33)

G.2b. Wave Equations in the M-Gauge
Now returning to Eq. (G16) and using Eq. (G28) to eliminate the term εμ�∂∇Φ∕∂t�
because it is zero in this gauge, we obtain the wave equation

∇ × ∇ × AM � εμ
∂2AM

∂t2
� μJ, (G34)

which lets us define what will be the phase velocity v �
ffiffiffiffiffiffiffiffiffiffi
1∕εμ

p
[Eq. (168)].

Often we are most interested in monochromatic fields—that is, fields whose time
dependence can be written in the form sin�ωt�, cos�ωt�, exp�iωt�, or exp�−iωt�,
or linear combinations of these, with some specific choice of the angular frequency
ω. In this case,

∂2AM

∂t2
� −ω2AM : (G35)

For definiteness and simplicity, for such monochromatic fields we can use the form

AM �r, t� � AωM �r� exp�−iωt� � A�
ωM �r� exp�iωt� ≡ AωM �r� exp�−iωt� � c:c:,

(G36)

where “c.c.” stands for “complex conjugate.” The addition of the complex conjugate
ensures that the field AM �r, t� is real. In Eq. (G36) AωM �r� is in general a complex
amplitude function (which therefore holds any phase information for the fields). As is
common, we perform the algebra for the field AωM �r� exp�−iωt�. If necessary to get
back to real fields, we can formally repeat the calculation with the complex conjugate
of the form in Eq. (G36), and add the two. In the monochromatic case, therefore,
instead of Eq. (G34) we have ∇ × ∇ × AωM − k2AωM � μJω [Eq. (166)], with k2 �
ω2εμ ≡ ω2∕v2 [Eq. (167)], and J�r, t� � Jω�r� exp�−iωt� � c:c: [Eq. (169)].

So, the answer to the number of independent functions required to specify an electro-
magnetic field is that there are three such functions of space and time for all com-
munications purposes, plus other functions of space only to specify background
static fields. Our choice of gauge has separated these out, as desired. The consequent
price is that is that the resulting wave equation (G34) has a ∇ × ∇× spatial derivative
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rather than a more common ∇2 one [248]. However, this is manageable and even
useful, as we show below.

G.3. Dyadic Green’s Function for the Vector Potential in the M-Gauge
Approaches to the mathematical Green’s function solutions for A for equations of the
form of (G34) or (166) can be repurposed from discussions of “dyadic” Green’s func-
tions that can be derived directly for E and B in electromagnetism [126,187,249–252].
A dyadic Green’s function expresses the fact that the resulting vector field or vector
potential function may not be parallel to the vector source that generates it [253]. We
give a brief tutorial introduction to dyadics [254], together with some necessary
identities, in Appendix I below.

G.3a. Derivation of General Form for Monochromatic Waves
In part because the vector and dyadic calculus becomes somewhat involved here, we
will consider the monochromatic version of the wave equation, Eq. (166), first. We
now propose a dyadic Green’s function GωM �r; r0� that, starting from some vector
“point-source” element at position r0, will lead to some vector wave (not necessarily
in the same vector direction) at position r. Following the usual approach with Green’s
functions, we write in this dyadic case

AωM �r� � μ

Z
V
GωM �r; r0� · Jω�r0�d3r0, (G37)

and we formally write the corresponding wave equation for the dyadic Green’s
function as

∇ × ∇ × GωM − k2GωM � Iδ�r − r0�: (G38)

Note the presence of the idem factor (unit dyadic) I on the right in Eq. (G38), as
required to make the right side a dyadic entity to match the left side. Taking the di-
vergence of both sides of Eq. (G38), and noting that the divergence of the curl of a
function is necessarily zero (a result that also works in dyadic form [249]), we have

−k2∇ · GωM � ∇ ·
�
Iδ�r − r0��: (G39)

So, using the identity Eq. (I17) and rearranging, we have [255]

∇ · GωM � − 1

k2
∇δ�r − r0�: (G40)

Now, using the identity Eq. (G17), which also works in dyadic form [249], Eq. (G38)
becomes

∇2GωM − ∇�∇ · GωM � � k2GωM � −Iδ�r − r0�, (G41)

and we can substitute using Eq. (G40) for ∇ · GωM to obtain, after rearrangement,

�∇2 � k2�GωM � −
�
I � 1

k2
∇∇
	
δ�r − r0�: (G42)

Now let us propose a form for GωM , and check to see whether it can be a solution to
Eq. (G42), and hence to Eq. (G38). Specifically, we propose
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GωM �r; r0� � −
�
I � 1

k2
∇∇
	
g�r; r0�, (G43)

where g�r; r0� is a scalar function to be determined. Substituting this into Eq. (G42)
gives

�∇2 � k2�
�
I � 1

k2
∇∇
	
g�r; r0� �

�
I � 1

k2
∇∇
	
δ�r − r0�: (G44)

Exchanging the order of terms and derivatives on the left gives

�
I � 1

k2
∇∇
	
��∇2 � k2�g�r; r0�	 �

�
I � 1

k2
∇∇
	
δ�r − r0�: (G45)

This equation can be satisfied if

�∇2 � k2�g�r; r0� � δ�r − r0�: (G46)

But this is just the Green’s function equation for a scalar wave equation,
as in Eq. (4), so

g�r; r0� ≡ Gω�r; r0� � − 1

4π

exp�ikjr − r0j�
jr − r0j : (G47)

So, substituting back into Eq. (G43), we have

GωM �r;r0� �−
�
I� 1

k2
∇∇
	
Gω�r;r0� �

1

4π

�
I� 1

k2
∇∇
	
exp�ikjr− r0j�

jr− r0j : (G48)

Hence, we now have a relatively straightforward expression for the Green’s function
of the “∇ × ∇×“ wave equation (166) [256,257].

G.3b. Explicit Form for the Dyadic Green’s Function for Monochromatic Waves
In the Green’s function in Eq. (G48) the only variable is R � jr − r0j, which we can
regard as a radius variable in spherical coordinates around the fixed point r0. So, with
no dependence on the θ and ϕ coordinates,

∇Gω�r; r0� ≡
�
d

dR
Gω�R�



∇R: (G49)

Now

d

dR
Gω�R� � − 1

4π

d

dR

�
exp�ikR�

R



� − 1

4π

�
ik

R
− 1

R2

	
exp�ikR� �

�
ik − 1

R

	
Gω�R�:

(G50)

So, from Eq. (G49), and using the identity ∇R � R̂ [Eq. (I22)],

∇Gω�r; r0� �
�
ik − 1

R

	
Gω�R�R̂: (G51)

Continuing,
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∇∇Gω�r; r0� � ∇
��

ik − 1

R

	
Gω�R�



R̂�

�
ik − 1

R

	
Gω�R�∇R̂, (G52)

where we use ∇R � I [see Eq. (I23)]. We can now progressively work out the
remaining parts of this expression (G52):

∇
��

ik− 1

R

	
Gω�R�



�−Gω�R�∇

�
1

R

	
�
�
ik− 1

R

	
∇Gω�R�

�Gω�R�
R̂
R2

�
�
ik− 1

R

	
2

Gω�R�R̂�
��

ik− 1

R

	
2

� 1

R2



Gω�R�R̂,

(G53)

where we have used the result ∇�1∕R� �� −R̂∕R2 [Eq. (I24)]. Substituting using
Eq. (I25) (∇R̂ � �1∕R��I − R̂ R̂�) and Eq. (G53), we can therefore rewrite
Eq. (G52) as

∇∇Gω�r; r0� �
��

ik − 1

R

	
2

� 1

R2



R̂ R̂�

�
ik − 1

R

	
1

R
�I − R̂ R̂�

�
Gω�R�

�
�
−k2R̂ R̂� ik

R
�I − 3R̂ R̂� − 1

R2
�I − 3R̂ R̂�



Gω�R�: (G54)

So, finally, using Eq. (G54) in Eq. (G48) gives

GωM �r; r0� � −
�
I − R̂ R̂� i

kR
�I − 3R̂ R̂� − 1

k2R2
�I − 3R̂ R̂�



Gω�R�

� −
�
I − R̂ R̂� 1

kR

�
i − 1

kR

	
�I − 3R̂ R̂�	



Gω�R�: (G55)

We see from Eq. (G55) that we have two different kinds of terms. Specifically, writing

GωM � GωMP � GωMN [Eq. (172)], we can define a “propagating” Green’s function

GωMP � −�I − R̂ R̂�Gω�R� (G56)

and a “near-field” Green’s function

GωMN � −
�
1

kR

�
i − 1

kR

	
�I − 3R̂ R̂�



Gω�R�: (G57)

The magnitude of the propagating Green’s function GωMP falls off as 1∕R, from
the 1∕R dependence of the scalar Green’s function Gω�R�, and its behavior is
characteristic of a propagating wave. The “near-field” Green’s function, by contrast,
consists only of terms whose magnitude is falling off as 1∕R2 or 1∕R3, which are
characteristic of near-field fields, not propagating ones.

We can usefully rewrite these Green’s functions Eqs. (G56) and (G57) by rewriting the

unit dyadic I using a coordinate direction R̂ and two other directions, given by unit
vectors ê1 and ê2, which are perpendicular to each other and to R̂, giving [as in
Eq. (I10)]

I � R̂ R̂�ê1ê1 � ê2ê2, (G58)
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so, substituting Eq. (G58) in Eq. (G56) gives GωMP �−�ê1ê1� ê2ê2�Gω�R�
[Eq. (170)].

So, in this propagating Green’s function there is never any component of the vector
potential in the direction of propagation (the “radial” direction R̂) (i.e., there is no
“longitudinal” propagating vector potential wave); all the propagating vector potential
waves are “transverse”.

By contrast, the “near-field” Green’s function actually has a larger magnitude in the
“longitudinal” radial direction R̂ than in each of the other two transverse directions ê1
and ê2; specifically, substituting using Eq. (G58) in Eq. (G57) gives [Eq. (173)]

GωMN �
�
1

kR

�
i − 1

kR

	
�2R̂ R̂−ê1ê1 − ê2ê2�



Gω�R�:

G.3c. Green’s Functions for General Time-Dependent Waves
We can follow through a similar analysis for the full time-dependent case, based on a
scalar retarded Green’s function

G�r, t; r0, t0� � − 1

4π

δ�t − t0 − jr − r0j∕v�
jr − r0j : (G59)

For reasons of space, we omit the detailed derivation here, but the dyadic aspects are
all similar. The resulting Green’s function of the full time-dependent wave equation
Eq. (G34) can also be usefully written [also using the notation of Eq. (G58)] as a sum

GM � GMP � GMN (G60)

of a propagating term

GMP�r, t; r0, t0� � �1∕4πR��I − R̂ R̂�δ�t − t0 − R∕v� � −�I − R̂ R̂�G�r, t; r0, t0�
� −�ê1ê1 � ê2ê2�G�r, t; r0, t0� (G61)

and a near-field term

GMN �r, t;r0, t0�

� v

4πR2
�I −3R̂R̂�

�
Θ�t− t0− jr− r0j∕v�� v

R
Ξ�t− t0− jr− r0j∕v�




�− v

4πR2
��2R̂R̂−ê1ê1− ê2ê2��

�
Θ�t− t0− jr− r0j∕v�� v

R
Ξ�t− t0− jr− r0j∕v�



,

(G62)

where Θ�a� and Ξ�a� are the Heaviside and “ramp” functions, respectively, defined as

Θ�a� �

1, a ≥ 0

0, a < 0
and Ξ�a� �


a, a ≥ 0

0, a < 0
, (G63)

and we use the formal resultsZ
tb

ta�to

δ�ta − t0 − R∕v�dta � Θ�tb − t0 − R∕v�, (G64)

Tutorial Vol. 11, No. 3 / September 2019 / Advances in Optics and Photonics 793



Z
t

tb�to

Z
tb

ta�to

δ�ta − t0 − R∕v�dtadtb �
Z

t

tb�to

Θ�tb − t0 − R∕v�dtb � Ξ�t − t0 − R∕v�:

(G65)

Just as for the monochromatic case, the propagating term gives “transverse” vector
potential waves.

G.3d. Green’s Functions for the Electric and Magnetic Fields
The Green’s function formalism we have set up so far for the vector potential in the
M-gauge is complete for describing the electromagnetic field resulting from (time-
varying) current sources (and any corresponding changing charge distributions). It
can therefore be used to derive dyadic Green’s functions for the electric and magnetic
fields, based on the relations Eqs. (164) and (165) that give the electric and magnetic
fields from the vector potential in this gauge. For reasons of space, we omit this here.
Also, these can be derived directly fromMaxwell’s equations (see, e.g., [126,249]). As
we would expect, the choice of gauge does not make any difference to the result for the
electric and magnetic fields. The point of our approach with the M-gauge is to clarify
howmany independent variables and fields there are and to give an inner-product form
that is directly suitable for use in functional analysis, which we derive next.

G.4. Energy Inner Product for the Vector Potential
Using the M-gauge, we can conveniently set up an inner product for the electromag-
netic field, and this can be an “energy” inner product. With this inner product to define
orthogonality and energy, the total energy of a field is the sum of the energies of its
orthogonal components.

G.4a. Expressions for Energy Density in Electromagnetic Fields
General time-dependent form: A standard expression for the energy density in an
electromagnetic field is ([241], p. 259)

u � �1∕2��E · D� B ·H�: (G66)

In a lossless, uniform, isotropic medium with dielectric constant ε and magnetic per-
meability μ, this can be rewritten as u � �1∕2��εE · E� μ−1B · B� [Eq. (177)].
Monochromatic form: If we are considering a monochromatic field at angular fre-
quency ω, we can write

E�r, t� � Eoω�r� cos�ωt � θe�, (G67)

B�r, t� � Boω�r� cos�ωt � θm�, (G68)

where θe and θm are phase angles [258], and where both Eoω�r� and Boω�r� are real
[259]. Then the energy density of Eq. (177), now considered to be averaged over a
cycle (which introduces a factor of ½) [260], can be written

u � �1∕4��εEoω · Eoω � μ−1Boω · Boω�: (G69)

However, we also can conveniently write [261] (e.g., for work in quantum mechanics)

E�r, t� � Eω�r� exp�−iωt� � E�
ω�r� exp�iωt� ≡ Eω�r� exp�−iωt� � c:c:, (G70)

B�r, t� � Bω�r� exp�−iωt� � c:c:, (G71)
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where Eω and Bω are complex numbers, incorporating the phase shifts, i.e.,

Eω�r� � �Eoω�r�∕2� exp�−iθe�, (G72)

Bω�r� � �Boω�r�∕2� exp�−iθm�: (G73)

We will then get the same answer as in Eq. (G69) for the (time-averaged) energy
densities if we write with our new Eω and Bω, instead of Eq. (G69),

u � εE�
ω · Eω � μ−1B�

ω · Bω: (G74)

Below wewill need the monochromatic forms of the vector potential. We make similar
definitions to those for the electric and magnetic fields. So, with a real monochromatic
vector potential that we could write, analogously to Eqs. (G67) and (G68),

AM �r, t� � AoωM �r� cos�ωt � θM � (G75)

for a phase angle θM (which may also be a function of position) and, analogously to
Eqs. (G70) and (G71), we can write Eq. (G36) (AM �r, t� � AωM �r� exp�−iωt��
c:c:), where, analogously to Eqs. (G72) and (G73),

AωM �r� � �AoωM �r�∕2� exp�−iθM �: (G76)

G.4b. Inner-Product Form
Our goal here is to construct an inner product that works with the electromagnetic field
expressed through the vector potential. Using the vector potential in the M-gauge, we
can deduce the entire electromagnetic field responsible for any communications, as
expressed by EM and BM .

General time-dependent form: Now, immediately from Eq. (177), and using the
expressions for the electric field, Eq. (164), and the magnetic field, Eq. (165), in
the M-gauge, we have

u � 1

2

�
ε

�
− ∂A�

M

∂t



·

�
− ∂AM

∂t



� 1

μ
�∇ × A�

M 	 · �∇ × AM 	
	
: (G77)

Now, in component form, with

AM ≡ x̂1AM1 � x̂2AM2 � x̂3AM3, (G78)

then

− ∂AM

∂t
� −x̂1 ∂AM1

∂t
− x̂2

∂AM2

∂t
− x̂3

∂AM3

∂t
(G79)

and

∇×AM � x̂1

�
∂AM3

∂x2
−∂AM2

∂x3

	
� x̂2

�
∂AM1

∂x3
−∂AM3

∂x1

	
� x̂3

�
∂AM2

∂x1
−∂AM1

∂x2

	
: (G80)

So, now we can construct a 6 × 3 matrix, which we will call
ffiffiffiffi
U

p
for a reason that will

become apparent later. The idea of this matrix is that it will operate on the three vector
components of AM , expressed as a three-element column vector, to generate a six-
element column vector whose first three elements are the three vector components
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of E (weighted by
ffiffiffiffiffiffiffiffi
ε∕2

p
) and whose second three elements are the three vector com-

ponents of B (weighted by
ffiffiffiffiffiffiffiffiffiffi
1∕2μ

p
). This matrix then becomes

ffiffiffiffi
U

p
� 1ffiffiffi

2
p

2
666666666664

− ffiffiffi
ε

p ∂
∂t 0 0

0 − ffiffiffi
ε

p ∂
∂t 0

0 0 − ffiffiffi
ε

p ∂
∂t

0 −1ffiffi
μ

p ∂
∂x3

1ffiffi
μ

p ∂
∂x2

1ffiffi
μ

p ∂
∂x3

0 −1ffiffi
μ

p ∂
∂x1

−1ffiffi
μ

p ∂
∂x2

1ffiffi
μ

p ∂
∂x1

0

3
777777777775
: (G81)

Then, with

EM ≡ x̂1EM1 � x̂2EM2 � x̂3EM3, (G82)

BM ≡ x̂1BM1 � x̂2BM2 � x̂3BM3, (G83)

we have

ffiffiffiffi
U

p
2
64
AM1

AM2

AM3

3
75 � 1ffiffiffi

2
p

2
6666666664

ffiffiffi
ε

p
EM1ffiffiffi
ε

p
EM2ffiffiffi
ε

p
EM3�

1∕ ffiffiffi
μ

p �
BM1�

1∕ ffiffiffi
μ

p �
BM2�

1∕ ffiffiffi
μ

p �
BM3

3
7777777775
≡
h ffiffiffiffi

U
p

AM

i
: (G84)

Here we use a notation �
ffiffiffiffi
U

p
AM 	 with the square brackets to indicate that this entity

should be thought of as a mathematical six-element column vector. Now, we can con-
struct a transformed inner product with respect to this operator

ffiffiffiffi
U

p
, as discussed in

Subsection 6.6b. For two non-zero vector potential fields, μ�r, t� and η�r, t�, this inner
product is written

�μ, η�T ffiffiffi
U

p ≡
� ffiffiffiffi

U
p

μ,
ffiffiffiffi
U

p
η
�
, (G85)

and this defines an energy inner product for electromagnetic fields. For two (non-zero)
electromagnetic fields, the inner product will be zero if and only if the two fields are
orthogonal with respect to this energy inner product. See the discussion given above
[around Eqs. (180) to (182)] explicitly for the monochromatic case above for how to
complete the construction of this inner product as an integral over space. The only
differences in the full time-dependent case are that the inner product �μ, η�T ffiffiffi

U
p is for-

mally completed at some time t, and that we use
ffiffiffiffi
U

p
rather than the monochromatic

version
ffiffiffiffiffiffi
Uω

p
.

When formed between a vector potential field AM and itself, we obtain the total energy
U at some time t of the electromagnetic field (neglecting static fields) in this volume V :

U � �AM ,AM �T ffiffiffi
U

p ≡
� ffiffiffiffi

U
p

AM ,
ffiffiffiffi
U

p
AM

�
: (G86)

Expressed as a transformed inner product [262], as in Eq. (G85), we have our desired
energy inner product for the electromagnetic field in a volume V at a time t.
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Monochromatic form: For monochromatic fields at angular frequency ω [so with
implicit time dependence of the form exp�−iωt�], ∂∕∂t → −iω. We also need to work
with the energy density as in Eq. (G74), which leads to the elimination of the factor of
½ compared to the full time-dependent version, so the monochromatic version of the
operator becomes as in Eq. (179) above.

APPENDIX H: DIVERGENCE OF THE VECTOR POTENTIAL
IN THE M-GAUGE

Generally, a choice of gauge formally results from a choice of the divergence of the
vector potential, and we establish this here for ∇ · AM. Formally, we establish the
gauge function ΨCM that transforms from the Coulomb gauge to the M-gauge. In
the Coulomb gauge, by choice [Eq. (G23)], ∇ · AC � 0. Now the wave equation
(G13) becomes the Poisson equation

∇2ΦC � − ρ

ε
: (H1)

That is, the potential ΦC is simply the (“instantaneous”) electrostatic potential asso-
ciated with the charge density ρ (hence the name “Coulomb” gauge). Presuming we
know ρ and its behavior in space and time, then we can solve Eq. (H1) to obtain

ΦC�r, t� �
1

4πε

Z
ρ�r0, t�
jr − r0j d

3r0, (H2)

where the integral is over all the volume containing any charge density. We can check
this solution Eq. (H2) by taking ∇2 of both sides (noting that this is with respect to the
non-primed position variables, such as r).

Now, we formally define the difference Δρ�r, t� between the actual (free) charge den-
sity at any given place and time, ρ�r, t� (which can change after time to), and the
original (fixed) charge density, ρo�r�:

Δρ � ρ − ρo: (H3)

Explicitly, then, using the form as in Eq. (G21), we can write

ΦM � ΦC − ∂ΨCM

∂t
, (H4)

and using Eqs. (G26), (H1), and (H2), we can therefore write

∂ΨCM

∂t
�ΦC −ΦM � 1

4πε

Z
ρ�r0, t�
jr− r0jd

3r0 − 1

4πε

Z
ρo�r0�
jr− r0jd

3r0 � 1

4πε

Z
Δρ�r0, t�
jr− r0j d

3r0:

(H5)

The charge density Δρ�r, t� results entirely from the currents J�r, t� that flow after
time to, and so the charge conservation equation (G5) becomes

∇ · J � − ∂Δρ
∂t

: (H6)

So, from Eq. (H5) we can write

∂2ΨCM

∂t2
� 1

4πε

Z
∂Δρ�r0, t�∕∂t

jr − r0j d3r0 � − 1

4πε

Z
∇0 · J�r0, t�
jr − r0j d3r0: (H7)
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Integrating once with respect to time therefore gives us

∂ΨCM �r, t0�
∂t

� − 1

4πε

Z
t0

t00�to

�Z
V

∇0 · J�r0, t00�
jr − r0j d3r0



dt00, (H8)

where for clarity now we are also explicitly showing the spatial integral is over the
volume V containing currents. Integrating a second time with respect to time gives us

ΨCM �r, t� � − 1

4πε

Z
t

t0�to

Z
t0

t00�to

�Z
V

∇0 · J�r0, t00�
jr − r0j d3r0



dt00dt0, (H9)

which is therefore the gauge function that transforms from the Coulomb gauge to the
M-gauge. Now Eq. (G19) becomes

AM � AC �∇ΨCM : (H10)

Since ∇ · AC � 0 [Eq. (G23)], we therefore have

∇ · AM � ∇2ΨCM : (H11)

Hence, from Eq. (H9), and using the identity

δ�r − r0� ≡ − 1

4π
∇2

1

jr − r0j , (H12)

we obtain

∇ · AM �r, t� � − 1

4πε
∇2

Z
t

t0�to

Z
t0

t00�to

�Z
V

∇0 · J�r0, t00�
jr − r0j d3r0



dt00dt0

� − 1

4πε

Z
t

t0�to

Z
t0

t00�to

�Z
V
∇0 · J�r0, t00�∇2

1

jr − r0j d
3r0


dt00dt0

� 1

ε

Z
t

t0�to

Z
t0

t00�to

�Z
V
∇0 · J�r0, t00�δ�r − r0�d3r0



dt00dt0

� 1

ε

Z
t

t0�to

Z
t0

t00�to

∇ · J�r, t00�dt00dt0, (H13)

which is the result quoted above [Eq. (G33)].

APPENDIX I: DYADIC NOTATION AND USEFUL IDENTITIES FOR GREEN’S
FUNCTIONS

A dyad is pair of vectors, written as ab, with no symbol between the vectors a and b. a
is a vector that is “waiting to operate on (or be operated on by)” a vector from the left,
and similarly b is a vector that is “waiting to operate on” a vector on the right. So, for
example, with two vectors c and d, and with c · a � s and b · d � w, where s andw are
scalars, then

c · �ab� · d � �c · a��b · d� � sw: (I1)

Nowwe see why there is no symbol inserted between a and b in the dyadic; once these
dot product operations have been performed to the left and the right, we have a simple
scalar multiplication in the middle. For a vector operation to the left, such as a cross
product, then we are left with a dyad fg in this case, i.e., with f � c × a and
g � b × d,
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c × �ab� × d � �c × a��b × d� � fg: (I2)

A dyadic is an extension to sums of dyads, such as the sum of three dyads, typically
written using the unit vectors in the coordinate system. So with three orthogonal co-
ordinate directions with corresponding unit vectors x̂1, x̂2, and x̂2, we could write three
vectors (or vector functions), one in each coordinate direction:

Fj �
X3
i�1

fijx̂i: (I3)

So, with j � 1, 2, 3, we could write one dyadic,

F �
X3
j�1

Fjx̂j �
X3
i�1

X3
j�1

fijx̂ix̂j, (I4)

where conventionally the dyadic is notated with a double line above it. Formally, we
can define appropriate products for dyadics. For some vector a, we can define the
following:

anterior scalar product a · F �
X3
j�1

�a · Fj�x̂j �
X3
i�1

X3
j�1

aifijx̂j, (I5)

posterior scalar product F · a �
X3
j�1

Fj�x̂j · a� �
X3
i�1

X3
j�1

ajfijx̂i, (I6)

anterior vector product a × F �
X3
j�1

�a × Fj�x̂j, (I7)

posterior vector product F × a �
X3
j�1

Fj�x̂j × a�: (I8)

The result of the scalar products is a vector in both cases, and the result of the vector
product is a dyadic in both cases.

The unit dyadic or idem factor I leaves a vector unchanged in either scalar product, i.e.,

a · I � I · a � a, (I9)

so we can think of it as the dyadic “identity” operator. We could also write

I �
X3
j�1

x̂jx̂j ≡ x̂1x̂1 � x̂2x̂2 � x̂3x̂3, (I10)

which is therefore the sum of the three dyads x̂1x̂1, x̂2x̂2, and x̂3x̂3.

I.1. Vector Calculus Extended to Dyadics
To extend vector calculus to dyadics, we build on the anterior scalar and vector
products. Specifically, the divergence of a dyadic function can be defined, using
Eq. (I5), by
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∇ · F �
X3
j�1

�∇ · Fj�x̂j �
X3
i�1

X3
j�1

∂fij
∂xi

x̂j, (I11)

and the curl can be defined, following from Eq. (I7),

∇ × F �
X3
j�1

�∇ × Fj�x̂j �
X3
i�1

X3
j�1

�∇fij × x̂i�x̂j, (I12)

where we have used the vector calculus identity (for a fixed vector x̂)

∇ × �f �r�x̂� � ∇f �r� × x̂: (I13)

We can also usefully define the gradient of a vector function. Specifically, for some
vector function F�r� with components f j�r�, i.e.,

F�r� �
X3
j�1

fj�r�x̂j, (I14)

we can choose to write the dyadic

∇F�r� �
X3
j�1

�∇fj�r��x̂j �
X3
i�1

X3
j�1

∂fj�r�
∂xi

x̂ix̂j: (I15)

Note that, just as the divergence of a vector function gives a scalar function, the di-
vergence of a dyadic gives a vector. Similarly, just as the curl of a vector function gives
a vector function, the curl of a dyadic gives a dyadic, and just as the gradient of a scalar
function gives a vector function, the gradient of a vector function gives a dyadic.

We can also introduce here two other relations we need. First, for a dyadic of the form

F � f �r�I , (I16)

then

∇ · F � ∇ · �f �r�I� �
X3
j�1

∇ · �f �r�x̂j�x̂j �
X3
j�1

∂f �r�
∂xj

x̂j � ∇f : (I17)

Second, for this same form of dyadic, Eq. (I16), we can consider ∇∇ · F. From
Eq. (I17),

∇∇ · F �
X3
j�1

∇
�
∂f �r�
∂xj

x̂j

	
�
X3
j�1

∂2f �r�
∂xi∂xj

x̂ix̂j � ∇∇f �r�, (I18)

which is effectively introducing and defining a new operator, “∇∇”. Viewed as an
operator in its own right (so, without the “dot” in “∇∇·”), ∇∇ is an operator that
takes a scalar function, here f �r�, and creates a dyadic. Note that we must not notate
it as ∇2, which is the Laplacian (equivalent to ∇ · ∇).
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I.2. Useful Derivatives for Dyadics and Green’s Functions
Several derivatives are useful in working with dyadics. First, with

R � r − r0, (I19)

then

R � jr − r0j, (I20)

and we can write R in terms of Cartesian coordinates as

R � x1x̂1 � x2x̂2 � x3x̂3: (I21)

(Note that we are now using x1, x2, and x3 as the components of R, not of r.)

The gradient of R, which also obviously depends only on R (and not on spherical
coordinates θ and ϕ), is simply (by definition) R̂—the unit vector in the r − r0 radial
direction of interest—and we can write this formally as

∇R � R̂ ≡
r − r0

jr − r0j ≡
R
R
: (I22)

Then from Eq. (I15) and the definition Eq. (I10),

∇R �
X3
i�1

X3
j�1

∂xj
∂xi

x̂ix̂j �
X3
j�1

x̂jx̂j � I (I23)

(which we see, incidentally, gives us another expression for I). We also have

∇
�
1

R

	
� − 1

R2
∇R � − R̂

R2
: (I24)

So,

∇R̂ � ∇
�
R
R

	
� ∇R

R
� R∇

�
1

R

	
� I

R
− R
R2

∇R � 1

R
�I − R̂ R̂�: (I25)

Note carefully that Eq. (I23) is for the vector R, whereas Eq. (I25) is for the unit vector
R̂. Expressions (I23) and (I25) are particularly useful in working with dyadic Green’s
functions. We also need three other related derivatives. First,

∇
�
R̂
R

	
� 1

R
∇R̂� R̂∇

�
1

R

	
� 1

R2
�I − R̂ R̂� − R̂

R̂
R2

� 1

R2
�I − 2R̂ R̂�, (I26)

and noting, second, that

∇
�
1

R2

	
� − 2

R3
∇R � − 2R̂

R3
, (I27)

we have our third required derivative,

∇
�
R̂
R2

	
� 1

R2
∇R̂� R̂∇

�
1

R2

	
� 1

R3
�I − R̂ R̂� − 2R̂

R̂
R3

� 1

R3
�I − 3R̂ R̂�: (I28)
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APPENDIX J: QUANTIZATION OF THE ELECTROMAGNETIC FIELD
IN THE M-GAUGE

The algebraic steps in the quantization of the field in the M-gauge are similar to those
in the common “transverse” Coulomb gauge approaches (see, e.g., [211,212]), but we
avoid fictitious resonators or boxes, the formal problems of the Coulomb gauge
[214,215], and any separation into “longitudinal” and “transverse” fields. Our ap-
proach can proceed for arbitrary volumes and can include all near-field terms if
we wish.

Our basis functions or “modes” are any (energy) orthogonal set of monochromatic
vector potential fields AωMj�rR� (which satisfy Maxwell’s equations) in the volume
VR. We can expand a monochromatic field in them, as in Eq. (188), with expansion
coefficients aj�t� that explicitly include the time-dependent factor exp�−iωt� (and that
is their only time dependence), and we can write a classical Hamiltonian Eq. (189) for
the field. Still in a classical view, for one such “mode,” we formally propose a pair of
“canonical” variables—a generalized “position” qj and a generalized “momentum” pj
given by

qj�t� �
ffiffiffiffiffiffiffiffiffiffiffi
ℏ∕2ω

p
�aj�t� � a�j �t�	 and pj�t� � −i ffiffiffiffiffiffiffiffiffiffiffi

ℏω∕2
p

�aj�t� − a�j �t�	: (J1)

We note in passing that these expressions are readily inverted to give

aj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1∕2ℏω

p
�ωqj � ipj	 and a�j �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1∕2ℏω

p
�ωqj − ipj	: (J2)

Because of the exp�−iωt� time dependence of aj�t�, we have

∂qj�t�∕∂t � pj�t� and ∂pj�t�∕∂t � −ω2qj�t�: (J3)

We can formally rewrite the Hamiltonian Eq. (189) as

H � �1∕2�
X
j

�
p2j �t� � ω2q2j �t�

�
: (J4)

These variables then satisfy Hamilton’s equations

∂H
∂pj

� ∂qj
∂t

and
∂H
∂qj

� − ∂pj
∂t

: (J5)

So, we can take a typical approach in quantummechanics and quantize the “oscillator”
by postulating that we can replace the variables p and qwith operators p̂ and q̂ that will
in turn lead to appropriate commutation relations, which we postulate to be

�q̂m, p̂n	 ≡ q̂mp̂n − p̂nq̂m � iℏδmn, (J6)

�q̂m, q̂n	 � 0 and �p̂m, p̂n	 � 0. (J7)

(Note, incidentally, that we will use a “hat,” as in q̂ and p̂, to indicate a quantum-
mechanical operator as distinct from its corresponding classical quantity.) These
commutation relations are consistent with a typical presumption of replacing pj with
p̂j � −iℏ∂∕∂qj and using qj as its own operator q̂j, as is appropriate in a “position”
representation of quantum mechanics, for some (generalized) position qj. The corre-
sponding proposed Hamiltonian becomes, from Eq. (J4), the operator
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Ĥ � �1∕2�
X
j

�p̂2j �t� � ω2q̂2j �t�	: (J8)

We can define the annihilation operator âj and the corresponding creation
operator â†j :

âj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1∕2ℏω

p
�ωq̂j � ip̂j	 and â†j �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1∕2ℏω

p
�ωq̂j − ip̂j	 (J9)

for “mode” j, where these two operators are Hermitian adjoints of one another, as the
notation suggests. Note that these expressions in Eqs. (J9) are operator analogs of those
in Eqs. (J2). Correspondingly, then, we can directly write the inversions of these as

q̂j �
ffiffiffiffiffiffiffiffiffiffiffi
ℏ∕2ω

p
�âj � â†j 	 and p̂j � i

ffiffiffiffiffiffiffiffiffiffiffi
ℏω∕2

p
�â†j − âj	, (J10)

and the commutation relations for the annihilation and creation operators then become

�âm, â†n	 ≡ âmâ
†
n − â†nâm � δmn, (J11)

�âm, ân	 � 0 and �â†m, â†n	 � 0: (J12)

Rewriting Eq. (J8) using this notation gives Ĥ � �ℏω∕2�Pj�âjâ†j � â†j âj	, which we
can write using the commutation relation Eq. (J11) in the more familiar form [263] as

Ĥ �
X
j

ℏω�â†j âj � �1∕2��: (J13)

Note that, though we have proceeded here based on the M-gauge description of electro-
magnetism, and without the usual assumptions of the Coulomb gauge approach (i.e.,
“transverse” sources, fields and potentials, and “pretend” resonators), we have come to a
familiar result. We can now develop the consequences of this approach further.

Because of the analogy between aj and âj and between a�j and â†j , we merely need to
substitute the operator âj for aj and the operator â†j for a

�
j in Eq. (188) to obtain the

corresponding vector potential field operator

ÂωM �rR, t� �
ffiffiffiffiffiffiffi
ℏω

p X
j

�âj�0�AωMj�rR� exp�−iωt� � h:c:	, (J14)

where we have written âj�t� � âj�0� exp�−iωt� and we use the terminology “h. c.” to
stand for “Hermitian conjugate” (which is the same as Hermitian adjoint), and we note
that the Hermitian adjoint of a scalar function is just the complex conjugate of that
scalar function. Using Eq. (164) (EM � −∂AM∕∂t) and Eq. (165) (BM � ∇ × AM ),
we can write the analogous electric and magnetic field operators as, respectively,

ÊωM �rR, t� � iω
ffiffiffiffiffiffiffi
ℏω

p X
j

�âj�0�AωMj�rR� exp�−iωt� − h:c:	 (J15)

(note the “−” sign before the “h.c.”) and

B̂ωM �rR, t� �
ffiffiffiffiffiffiffi
ℏω

p X
j

�âj�0��∇ × AωMj�rR�	 exp�−iωt� � h:c:	: (J16)

Obviously, from Eq. (J13), we can divide the Hamiltonian into a sum of
Hamiltonians, one, Ĥ j, for each “mode” or basis function AωMj�rR�. Specifically
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Ĥ j � ℏω�â†j âj � �1∕2�� [Eq. (191)], and we have the usual properties of the annihi-
lation and creation operators for the mode (see, e.g., [9]). Specifically, the eigenstates
of these individual mode Hamiltonians are the number states or Fock states jnji, where
conventionally nj is interpreted as the number of photons in the mode, and the energy
eigen-equation is

Ĥ jnji � ℏω�nj � �1∕2��jnji, (J17)

where we can also if we wish define a number operator

N̂ j � â†j âj with N̂ jjnji � njjnji: (J18)

The commutation relation Eq. (J11) gives the standard “raising” and “lowering”
properties

â†j jnji �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
nj � 1

q
jnj � 1i and âjjnji � ffiffiffiffi

nj
p jnj − 1i (J19)

with âjj0i � 0.

APPENDIX K: MODAL “A&B” COEFFICIENT ARGUMENT

We presume we have a quantum-mechanical system that has a probability P1 of being
in a lower state, and a probability P2 of being in an upper state. We presume this
system (or an ensemble of identical systems) is sitting in some optical environment
that is otherwise lossless, such as some resonator, waveguide, or other dielectric
environment.

In thermal equilibrium with a heat reservoir with which the system can exchange en-
ergy, as usual the ratio of these probabilities P2 and P1 is given by the Boltzmann
factor

P2

P1

� exp

�
− E21

kBT

	
, (K1)

where E21 is the (positive) energy separation of the states, T is the temperature, and kB
is Boltzmann’s constant.

Now we consider a specific one jψ ji of the mode-converter input modes for this
optical system, which will have a corresponding mode-converter output mode jϕji.
We presume the photon energy in this mode is approximately ℏω ≃ E21.

We presume that the probability per unit time that a photon in this mode-converter
input mode jψ ji is absorbed by the quantum system can be written as

R12j � M12jP1, (K2)

where M 12j is some constant that is characteristic of the quantum system and its in-
teraction with light in jψ ji (and therefore at frequency ω); specifically, we presume
that this constant does not itself depend on temperature.

Using the Planck distribution, the number of photons in this mode in thermal equi-
librium at some temperature T is

nj �
1

exp�E21∕kBT� − 1
: (K3)
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So the total absorption rate of photons from this mode in thermal equilibrium is

W 12j � njR12j � njM 12jP1: (K4)

For emission into the mode-converter output mode j, we presume a rate

W 21j � L21jP2 � njM 21jP2: (K5)

Here we are proposing what will be a spontaneous emission term (L21jP2), which is
independent of the number of photons in the mode, and what will be a stimulated
emission term (njM 21jP2) that is proportional to the number of photons in the mode.
Again, we presume that L21j andM 21j are constants that are characteristic of the quan-
tum system and its interaction with light in this input mode j and that do not them-
selves depend on temperature.

This argument is closely analogous to Einstein’s A&B coefficient argument (see, e.g.,
[211]). TheM12 andM21 coefficients are close analogs to the B12 and B21 coefficients
in Einstein’s argument. Because we have avoided having to define densities of modes
in free space, we do not have a direct analog to the A coefficient in Einstein’s argument
(which assumed free-space modes), but the coefficient L21 is taking on the analogous
role in the argument for the mode of interest.

Now, as noted above [Eq. (194)], any power not absorbed from jψ ji is scattered into
the corresponding mode-converter output mode jϕji. So, if the arrival rate of photons
in the mode-converter input mode jψ ji in thermal equilibrium isQj, then the scattering
rate into the mode-converter output mode jϕji is

Sj � Qj −W 12j: (K6)

So, the total number of photons per unit time emitted and scattered into the mode-
converter output mode jϕji is

WTOTj � Sj �W 21j � Qj −W 12j �W 21j: (K7)

Now, as discussed above in Subsection 11.1 in the derivation of Law 1 in [7], in ther-
mal equilibrium, the total number of photons arriving at the system in mode-converter
input mode jψ ji must equal the total number emerging (so, the sum of emitted and
scattered photons) from the system into mode-converter output mode jϕji. This is
because we can construct an optical machine that couples these, and only these,
as the output and input light for a single-mode black body, with which we much
be able to come to thermal equilibrium. Notably, in this approach, no light in any
other orthogonal input modes is coupled by scattering into the mode-converter output
mode jϕji [see Eq. (193)], so we have accounted for all possible output light here.
Therefore, in thermal equilibrium,

WTOTj � Qj: (K8)

So, from Eq. (K7),

W 12j � W 21j: (K9)

So, from Eqs. (K4) and (K5),

njM12jP1 � L21jP2 � njM 21jP2: (K10)

Then, using Eq. (K3),
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M 12j �
�
L21
nj

�M 21j



P2

P1

�
�
L21j


exp

�
E21j

kBT

	
− 1

�
�M 21j



P2

P1

: (K11)

Now, using Eq. (K1),

M 12j � L21j � �M21j − L21j� exp
�−E21

kBT

	
: (K12)

Now, by assumption, all of M 12j, L21j, and M 12j are independent of temperature.
Hence, the only way the expression on the right-hand side can be independent of
temperature is if

M 21j � L21j, (K13)

in which case, from Eq. (K12), we are left with

M 12j � L21j: (K14)

Finally, we can summarize the overall result, which is that

M12j � M 21j � L21j ≡M : (K15)

In other words, these coefficients for absorption, stimulated emission, and spontane-
ous emission are identical for any mode-converter pair of input and output functions.
We can therefore use one coefficient for all three processes. We can restate this as
above [Eq. (196)].

APPENDIX L: NOVEL RESULTS IN THIS WORK

Though our primary goal here is a tutorial introduction and review, to give a complete
picture, we have included some apparently novel work. It would be unethical to pass
off either existing work as novel or new work as established fact. To avoid both errors,
we list here what may be novel. Electromagnetism in particular is a subject that has
been investigated for many years by many researchers, and we ask the reader’s for-
giveness if we have missed priority by others.

L.1. Minor Extensions of Prior Work and Introduction of New Terminology
The mathematics in Section 3 is standard for the algebra of finite matrices. The em-
phasis on the sum rule, Eq. (36), is less common in that algebra, but the concept is
implicit. The discussion on the constraint on the choice of coupling strengths in
Subsection 3.9 is mathematically obvious, but may not be generally understood
yet in waves and optics.

All the explicit numerical examples in Sections 4, 5, and 8 were performed for this
paper. The mathematical technique used there for point sources and receivers of es-
tablishing the optimum (communications mode) channels by performing the SVD of
the resulting finite coupling matrix is likely now obvious to many working in radio-
frequency wireless theory, though may not be obvious in optics or acoustics. Working
out the actual communications modes and their behavior and the resulting beams
(other than for the special case of prolate spheroidal wave functions in paraxial ex-
amples) is less common, though we have discussed this before [5,23,38]. The explicit
behaviors of the weakly coupled modes, as shown, for example, in Figs. 10 and 12, do
not appear to have been presented before.

That the singular values are essentially constant up to a specific number is well
known for the specific case of the prolate spheroidal solutions for rectangular or
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circular apertures, but the clarification that this is a general property of paraxial prob-
lems for surfaces or volumes of uniform thickness is a new generalization that also
justifies our introduction of the term “paraxial degeneracy” to describe this.

Heuristic arguments based on approximate cutoff positions or angles (by which in-
terference from extreme points in a source area or volume transitions from originally
constructive interference to being destructive) are not new in themselves—we have
used them before in [5], for example. The specific versions of these for terms that we
have introduced here—the paraxial heuristic number(s) [Eqs. (59) and (64) in
Subsection 5.3d], the longitudinal heuristic angle [Eq. (71) in Subsection 5.4a], and
the spherical heuristic number [Eq. (74) in Subsection 5.4b]—are new for this work.

The discussion, in general terms of communications modes, of the difficulty of pass-
ing the diffraction limit is somewhat novel, though the core idea is well known to
some, at least in the special case of prolate spheroidal functions (e.g., [167]).

The mathematics of functions, operators, and vectors in Section 6 is all technically
standard in functional analysis. The explicit notion that we would have different
“underlying inner products” (a term that we have introduced here) in different
Hilbert spaces in the problem (in our case, source and receiving spaces) is not
common, even though nothing has to be added to the functional analysis mathematics
to support this idea (other than some notation to distinguish these inner products). As a
result, the explicit discussion of making what we call an “algebraic shift” to Dirac
notation using these underlying inner products may be novel, though again it is
all implicit in the underlying mathematics.

The discussion of inner products involving operators in Subsection 6.6 involves no
actual new mathematics, but the explicit discussion is not common, and we have in-
troduced the terms “operator-weighted inner product” and “transformed inner prod-
uct” to clarify specific classes here.

The issue that OAM beams do not generally introduce new degrees of freedom for
communications is further clarified here (Subsection 7.2).

The term “M-gauge” is also introduced in this work, though the concept and its con-
sequences may be more substantial than a minor extension, so we discuss this fur-
ther below.

L.2. Novel Observations
It is well known that many of the Green’s functions used with waves are Hilbert–
Schmidt operators (see, e.g., [187])). The general statements (157) and (158) may
go beyond such discussions, however.

The clarification of the size scales for the transition in directionality from being from
longitudinal extent to being from transverse extent [Eq. (73) and Subsection 5.4a]—a
transition from a longitudinal “antenna” view to an “optics” view—may be novel.

The observations for spherical shell source and receiver spaces (Subsection 5.4b) that
the “well-coupled” communications mode singular values asymptote to a straight line,
and that line intersects the axis at the spherical heuristic number, are both new, and
await an analytic explanation.

It is known for the specific case of prolate spheroidal functions (which are necessarily
in a paraxial approximation) that the singular values past the paraxial heuristic number
drop off essentially exponentially (see [155–158] and Subsection 5.3d). The general-
ity of this exponential behavior, however, as seen in paraxial and non-paraxial cases,
and for many different shapes of source and receiver volumes, is a new observation
that also awaits a clear explanation. The observation that, in the far field,
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the corresponding waves are not evanescent but propagating (Subsection 5.3d) may
also be novel.

That transverse-polarized electromagnetic waves show simple diffraction behavior
similar to that of scalar waves is, of course, well known. The observation
(Subsection 8.4c) that such diffraction behavior also holds for longitudinally polarized
(and hence “non-propagating”) electromagnetic waves may be surprising and novel.

L.3. Substantial New Concepts and Results
L.3a. Introduction of the M-Gauge for Electromagnetism
The M-gauge (Section 8 and Appendix G) and its consequences are significant new
concepts introduced here. First, this resolves that there are only three independent
vector components for the electromagnetic field for all problems involving changes
in the field (as in communications), which can then be completely represented by the
magnetic vector potential A in this gauge. The resulting vector wave equation is then
solved with a Green’s function that is a mathematical analog of the conventional
dyadic Green’s function of the electric field E, but applied here, apparently in a novel
manner, toA. (This approach avoids the conventional separation into so-called “longi-
tudinal” and “transverse” field components that have various formal problems.) This
use of A then allows a novel energy inner product for the electromagnetic field
(Subsection 8.4d and Appendix G.4), which then allows the full power of functional
analysis to be exploited, including the construction of orthogonal sets of waves with-
out any restriction to specific volumes (such as cuboidal boxes).

L.3b. Novel Quantization of the Electromagnetic Field
The possibility of constructing “energy-orthogonal” sets of electromagnetic fields for
any volume in turn allows a novel quantization of the electromagnetic field (Section 9
and Appendix J), now on a rigorous basis of functions in any volume of interest,
avoiding the “longitudinal/transverse” field separation and any restriction to
“plane-wave” modes.

L.3c. Novel “M-Coefficient” Modal Alternate to Einstein’s “A&B” Coefficient Argument
With the use of the mode-converter basis functions, the novel “M-coefficient” argu-
ment (Subsection 11.2 and Appendix K) can replace Einstein’s “A&B” coefficient
argument with a simple result that applies mode-by-mode and for a quantum system
in any otherwise-lossless dielectric environment, not just in free space.
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process such as Gram–Schmidt orthogonalization, to be complete.

134. If NS and NR are not equal, then all of the “extra” singular values formally as-
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is the larger of NS and NR and N small is the smaller of NS and NR, then all of the
“extra” singular values sj from j � N small � 1 to j � N large are zero. Formally,
also, we are free to generate orthogonal eigenfunctions associated with these
extra “0” singular values that are orthogonal to all of the first N small eigenfunc-
tions and to each other, by some process such as Gram–Schmidt orthogonaliza-
tion. These “extra” eigenfunctions do not participate at all in communicating
with waves between the sources and the receivers and, other than being orthogo-
nal to one another and to the first N small eigenfunctions, their choice is relatively
arbitrary because they are also solutions of a degenerate eigenproblem, all shar-
ing the same eigenvalue of zero.
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136. Note, incidentally, that such degeneracies are always finite for eigensolutions of
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SRGSR� � Tr�GSRG

†
SR�. The trace of a

matrix does not depend on the complete orthonormal basis set(s) used to
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represent it and is therefore also the sum of the eigenvalues of the matrix
[because we could represent the matrix on the eigen (or SVD) basis set(s)].

138. Note that the eigenvectors of both the G†
SRGSR and GSRG

†
SR operators are each

arbitrary within a unit phase factor (e.g., of the form exp�iθ� for some angle θ). In
practice, this may mean that we make some choice of phase for each of the ei-
genvectors that is convenient for us, and if or when we need the singular values sj
rather than just the squared modulus jsjj2, we can formally establish the phase
factors by computing, say, GSRjψSji ≡ sjjϕRji, as in Eq. (31).

139. Somewhat higher numerical precision is needed to see this orthogonality
precisely.

140. Other configurations of the phase shifters in the block are possible and ultimately
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141. For example, as discussed in [24] and [25], for an input signal in the top ESIn1

guide, we can progressively set the S11 and S22 blocks and the S31 phase shifter
to give the desired power splitting and output phases for the first channel (i.e., the
vector jψS1i of output amplitudes). For the second channel, with input in the
middle ESIn2 guide, because we know the settings of the S11, S22, and S31 el-
ements, we can readily calculate what outputs are required from the S12 and S22
elements to achieve the jψS2i set of output amplitudes at the right and hence we
can calculate how to set those elements. We might think that we do not have
enough elements to allow us to specify jψS2i, but we do because it is guaranteed
to be orthogonal to jψS1i, which reduces the number of required independent
parameters by two. For the final ESIn3 input, because jψS3i must be orthogonal
to both jψS2i and jψS1i, the only remaining independent parameter to set is the
phase shift.

142. The half-wavelength spacing clarifies the behavior of the resulting waves be-
cause at spacings of half a wavelength or shorter, additional “diffraction orders”
are eliminated, so there are no spurious additional beams to confuse the pictures
of the waves.

143. The phase of the source and receiver modes is arbitrary, as is generally the case
with such eigenmodes; multiplying an eigenmode by a complex factor still
leaves it as a solution of the same (linear) eigenproblem. Furthermore, these ei-
genproblems only give us jsjj2, which similarly leaves us free to choose the phase
of sj to be whatever is convenient.

144. Because these sources are actually in three-dimensional space, they are also
transmitting in the directions in and out of the plane, and, indeed, actually
equally well in all directions in the horizontal plane.

145. D. A. B. Miller, “Huygens’s wave propagation principle corrected,” Opt. Lett.
16, 1370–1372 (1991).

146. It is, incidentally, interesting to see how and why these pairs of sources work.
Note, first, that in the calculations to generate the modes we made no prescription
about the relative amplitudes and phases of the two different lines of sources. The
resulting amplitudes and phases result entirely from the solution of the eigen-
values and eigenfunctions of the relevant matrix (GSRG

†
SR or G†

SRGSR). In estab-
lishing the best possible source amplitudes, the numerical solution has “found”
an approach that can be called a “spatiotemporal dipole” [145]. An ideal such
spatiotemporal dipole would have equal and opposite amplitude for the two
sources in the dipole (one on the “left” and one on the “right”) but with a phase
lag on the “left” source that corresponds to the time taken for the wave to travel
between the two sources in the pair. That leads to at least partially constructive
addition on the “right” but destructive interference on the left. In this case,
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we see numerically that the amplitudes of the left and right sources in each pair
are indeed approximately equal in magnitude, and the left source does indeed lag
to the right by approximately the right phase [90° (π∕2) for sources separated by
a quarter wave]. Note again that the solution of this problem “found” this desir-
able behavior automatically; we did not “tell” the mathematics to find such spa-
tiotemporal dipole solutions. Such spatiotemporal dipoles are also a particularly
elegant way to restate Huygens’ principle [145], giving much better numerical
results than the simple point sources of Huygens’ original proposal and elimi-
nating unphysical backward waves.

147. So far, for simplicity, we presented SVD with equal numbers of source and receiver
points, which resulted in a square matrix for GSR. In fact, though, such equal num-
bers are not necessary for SVD, and, correspondingly, SVD can be performed on a
matrix that is not square. In our present case, though we have doubled the number of
source points to NS � 18, we can keep the number of receiving points at NR � 9.
In such a case the matrix GSR is a 9 × 18 matrix rather than a square one. In this
case, the matrixG†

SRGSR is an 18 × 18matrix, whereas the matrixGSRG
†
SR is 9 × 9,

which might seem to give a contradiction. Solving theG†
SRGSR eigenproblemwould

give 18 eigenfunctions, whereas solving theGSRG
†
SR eigenproblemwould give only

nine. The resolution of this paradox is that the eigenvalues (and the singular values)
for the additional nine eigenfunctions in the G†

SRGSR case are mathematically iden-
tically zero [134]. The corresponding source functions have mathematically abso-
lutely no coupling strength to the receivers. In our numerical calculations, the power
coupling strengths of these additional modes are approximately 10−17 times as small
rather than being exactly zero, with this finite but small value presumably reflecting
rounding errors and limitations in the numerical calculations.

148. The mode in Fig. 7(a) is actually also the second most strongly coupled mode,
though its coupling is smaller than the most strongly coupled mode only by a
very small amount. The other two strongly coupled modes are analogous to those
of Fig. 6(a) (a “two-bumped”mode) and Fig. 6(c) (a “three-bumped”mode), and
these have very similar coupling strengths to one another in this case also. The
percentages of the corresponding sum rule S for each of these three modes for
the source and receiver arrangement of Fig. 7 are ∼28.04%, ∼28.51%, and
∼26.24%, for the “one-,” “two-,” and “three-” “bumped” modes, respectively.

149. Note, incidentally, that these power coupling strengths jsjj2 are not formal power
coupling efficiencies between sources and receivers, nor are they necessarily
even proportional to the power coupling efficiencies. We are not formally evalu-
ating the total power emitted by the sources. These jsjj2 are the relative powers in
each beam when starting with source functions of unit amplitude, but those unit
amplitudes do not necessarily all correspond to unit emitted power.

150. D. Gabor, “Light and information,” Prog. Opt. 1, 109–153 (1961).
151. There is a small imaginary component left near the ends of the line of receiver

points, so the wave is not exactly confocally curved there, though the real part is
still quite a good representation of the overall wave amplitude there.

152. We are introducing the term “paraxial degeneracy” here.
153. Note that the sum rule S is different for each of these cases, and it would be

wrong to conclude that the coupling strengths are generally reducing in magni-
tude as we make the volume thicker, even with non-uniform shapes. Generally,
increasing the thickness (while correspondingly increasing the number of points
in the volume) increases the absolute coupling strength. As we increase thickness
non-uniformly, as in ellipsoidal source volumes, for some of the modes, the in-
crease in coupling strength is more than for others.

154. If we increase the length of the line of receivers and correspondingly increase the
separation between the sources and the receivers, so the angle subtended by the
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source line at the receivers is essentially constant, then the “knee” in the curves
here moves closer to NHy—that is, the factor that here is 0.985 moves closer to 1.
The form of the curve, explicitly including the exponential decay rate, does not
change, however, with the singular values falling off exponentially with the same
exponent.

155. In this rationalization, we presume that we can approximately “factorize” the
modes into a product of “horizontal” and “vertical” mode forms, like those seen
with “line” sources and receivers. Up to n ≃ NH , both the horizontal and vertical
forms are for modes below the corresponding NHx and NHy limits. However, for
n > NH , one or the other of the horizontal or vertical forms must exceed its
corresponding NHx and NHy limits. So, there will be a set of NHx “horizontal”
modes that correspond to the first “vertical” mode past the limit, and similarly a
set of NHy modes that correspond to the first “horizontal”mode past the limit. So
we expect to see a “step” with ≈NHx � NHy modes with approximately equal
singular values. A similar argument for successive weaker modes in one or the
other direction leads to a subsequent step, and so on. Because there is a number
of such modes on each step that is therefore proportional (in this square case) to
NHx � NHy �

ffiffiffiffiffiffiffi
NH

p
, we divide by

ffiffiffiffiffiffiffi
NH

p
in the exponential. Of course, this is

not quite a complete counting of all the possible weakly coupled modes, because
there will also be modes in which both the “horizontal” and “vertical” modes are
both “weak,” so this rationalization is not a complete description, but it does give
some sense as to why we can see “steps” and the

ffiffiffiffiffiffiffi
NH

p
factor in the denominator

in the approximate exponential.
156. The general behavior of singular values for prolate spheroidal functions is well

known [157] and expands this discussion for the weakly coupled values in a
general “Fourier-transform” approach, showing that the number of “degrees
of freedom” increases only logarithmically as the minimum acceptable singular
value is decreased {[157], Eq. (2)}, which is consistent with an exponentially
decaying strength of the singular values. Reference [158] extends this to more
dimensions. Insofar as these Fourier-transform approaches are valid, which may
hold in the limit of large structures separated by even larger distances, they give
some explanation for this phenomenon.

157. H. J. Landau and H. Widom, “Eigenvalue distribution of time and frequency
limiting,” J. Math. Anal. Appl. 77, 469–481 (1980).

158. M. Franceschetti, “On Landau’s eigenvalue theorem and information cut-sets,”
IEEE Trans. Inf. Theory 61, 5042–5051 (2015).

159. C. A. Balanis, ed., Modern Antenna Handbook (Wiley, 2008).
160. We used a “spiral” approach to obtain an approximately uniform distribution

of points on the spherical surface. See E. B. Saff and A. B. J. Kuijlaars,
“Distributing many points on a sphere,” The Mathematical Intelligencer 19,
5–11 (1997), in our case using a “golden section” ratio angular increment
π�3 − ffiffiffi

5
p

�. A pseudo-code version of this algorithm is as follows for distributing
Nsp points on a sphere of unit radius, returning arrays x, y, and z of the corre-
sponding x, y, and z values for each point. Here, “;” is a statement separator,
and xk is the kth element of the array x. g≔0; dz≔2∕Nsp; s≔1 − dz∕2;
dg≔π�3 − ffiffiffi

5
p

�; For k≔1 to Nsp r≔
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
; xk≔r cos�g�; yk≔r sin�g�; zk≔s;

s≔s − dz; g≔g � dg.
161. M. Bertero and E. R. Pike, “Resolution in diffraction-limited imaging, a singular

value analysis,” Opt. Acta 29, 727–746 (1982).
162. The modal amplitudes used were chosen somewhat arbitrarily, but with suitable

values for modes 12, 13, and 14, to illustrate the key points without also showing
extreme behavior (such as very large source amplitudes at specific sources).
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The actual modal amplitudes in this example for the desired received field are (to
three significant figures), in order for modes 1 to 14, 0.183, 0.143, 0.148, 0.346,
0.445, 0.207, 0.188, 0.395, 0.469, 0.198, 0.247, 0.104, 0.178, and 0.099. The
phases of the modes were chosen randomly with a uniform distribution over all
phases from −π to π; explicitly, those phases, for modes 1 to 14, are π times the
following values: 0.823, 0.912, −0.668, −0.235, −0.141, −0.353, 0.678, 0.749,
−0.919, 0.711, −0.098, −0.170, 0.935, and 0.325. (All numbers are quoted to
three significant figures, though the actual values used had higher precision.)

163. J. Lindberg, “Mathematical concepts of optical superresolution,” J. Opt. 14,
083001 (2012).

164. G. de Villiers and E. R. Pike, The Limits of Resolution (Taylor and Francis,
2016).

165. K. Piché, J. Leach, A. S. Johnson, J. Z. Salvail, M. I. Kolobov, and R. W. Boyd,
“Experimental realization of optical eigenmode super-resolution,” Opt. Express
20, 26424–26433 (2012).

166. M. R. Foreman, S. S. Sherif, P. R. T. Munro, and P. Török, “Inversion of the
Debye-Wolf diffraction integral using an eigenfunction representation of the
electric fields in the focal region,” Opt. Express 16, 4901–4917 (2008).

167. F. M. Dickey, L. A. Romero, J. M. DeLaurentis, and A. W. Doerry, “Super-
resolution, degrees of freedom and synthetic aperture radar,” IEE Proc. 150,
419–429 (2003).

168. G. Lerosey, F. Lemoult, and M. Fink, “Beating the diffraction limit with positive
refraction: the resonant metalens approach,” in Plasmonics and Super-
Resolution Imaging, Z. Liu, ed. (Pan Stanford, 2017), pp. 33–90.

169. E. Kreyszig, Introductory Functional Analysis with Applications (Wiley, 1978).
170. D. Porter and D. S. G. Stirling, Integral Equations: A Practical Treatment, from

Spectral Theory to Applications (Cambridge University, 1990).
171. J. K. Hunter and B. Nachtergaele, Applied Analysis (World Scientific, 2001).
172. In (IP2), for good reason, we choose a notation convention here that is the other

way around from most (but not all) mathematics texts. Common mathematical
notation for (IP2) would have �aγ,α� � a�γ, α�, which, with (IP3), would give
�γ, aα� � a��γ,α�. Our choice corresponds better with the order we encounter in
our “algebraic shift” to Dirac notation, and gives a natural form of the associative
property of multiplication as in matrix-vector notation.

173. This term “underlying inner product” is one that I am introducing here for clarity.
174. Note that this is technically a reuse of a notation; we already used �α, β� with

such ordinary braces for the inner product. Such reuse is unfortunately rather
common in mathematical texts.

175. Unfortunately, this “infinitely long” aspect of a given sequence may well not be
stated clearly or explicitly in functional analysis.

176. In a metric space with a metric d�α, β�, a sequence �αn� is said to be Cauchy (or
to be a Cauchy sequence) if for every real number ε > 0 (no matter how small)
there is a number N (a positive integer or natural number) such that, for every
m, n > N , d�αm, αn� < ε.

177. This use of “complete” in a “complete set” is different from the idea of a
“complete” space; this confusion is unfortunate, but is unavoidable because
of common usage.

178. Technically, the supremum is the smallest number that is greater than or equal to
all the numbers being considered.

179. In a notation like this with this “dot”, it is best to view these inner-product oper-
ations as “waiting to happen”; just how much of the inner-product operation we
are effectively writing down here can be somewhat vague in mathematics texts.
However, we will take the approach that both any “operator weighting” and any
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integral for the inner product are “waiting to be applied” and in that sense are not
yet part of this expression.

180. In its more common use in quantum mechanics, Dirac notation is not required to
deal with the sophistication of different underlying inner products, though we see
here that, with careful definitions, it can handle this extension.

181. Quite generally, a form such as jβji21hαk j is an outer product. In contrast to the
inner product, which produces a complex number, and which necessarily only
involves vectors in the same Hilbert space, the outer product generates a matrix
from the multiplication in “column-vector row-vector” order, and can involve
vectors in different Hilbert spaces.

182. The same problem does not arise in finite-dimensional spaces; if we construct an
infinitely long sequence made up from just the finite number of basis vectors in
the space, we will have to repeat at least one of the basis vectors an infinite
number of times, which gives us at least one convergent subsequence—the
(sub)sequence consisting of just that basis vector repeated an infinite number
of times. In fact, we can prove [122] that it is sufficient that an operator has
finite-dimensional range for it to be compact. A corollary is that operators de-
scribed by finite matrices are compact.

183. Note that there is some variation in notation in mathematics texts. Kreyszig [169]
uses this definition for a positive operator, for example, and if the “≥” sign is
replaced by a “>” sign in Eq. (133), he would then call the operator positive-
definite. Others, however, such as [170], would give Eq. (133) as defining a non-
negative operator, using “positive operator” only if the “≥” sign is replaced by
a “>” sign.

184. Both “operator-weighted inner product” and “transformed inner product” are
terms we are adding here; I know of no other standard names for these concepts.

185. Incidentally, note that, unlike many basis transformation, there is no requirement
here that this transform is unitary.

186. In fact, it is not even necessary with such a “1∕r2” integrand that the volumes do
not overlap; the result of such an integral will be finite even if the resulting
“1∕r2” singularity is included. See the discussion in [187], p. 140 and p. 173.

187. G. W. Hanson and A. B. Yakovlev, Operator Theory for Electromagnetics
(Springer, 2002).

188. Here, as noted in the discussion after Eq. (105), we have made the notational
choice to leave the integrals over rR and rS out of this part of the mathematics,
including them later when we perform the actual inner products.

189. C. Huygens, Traité de la Lumiere (Leyden, 1690). [English translation by S. P.
Thompson, Treatise on Light (Macmillan, 1912).]

190. The full solution for scalar waves requires two kinds of sources, which can be
written as point sources and spatial dipoles, but can also be written as spatio-
temporal dipoles [145]; only one kind of such spatio-temporal dipole is typically
required, however, for “slowly varying”wavefronts, allowing a return to a simple
view of effective sources on the wavefront, and hence a simple Green’s function
with an obliquity factor included.

191. J. W. Goodman, Introduction to Fourier Optics, 3rd ed. (Roberts & Company,
2005).

192. J. A. Stratton and L. J. Chu, “Diffraction theory of electromagnetic waves,” Phys.
Rev. 56, 99–107 (1939).

193. J. A. Stratton, Electromagnetic Theory (McGraw-Hill, 1941).
194. T. A. Beu and R. I. Câmpeanu, “Prolate radial spheroidal wave functions,”

Comp. Phys. Comm. 30, 177–185 (1983).
195. A. Karoui and I. Mehrzi, “Asymptotic behaviors and numerical computations of

the eigenfunctions and eigenvalues associated with the classical and circular
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prolate spheroidal wave functions,” Appl. Math. Comput. 218, 10871–10888
(2012).

196. A. Karoui and I. Mehrzi, “Spectral analysis of the finite Hankel transform and
circular prolate spheroidal wave functions,” J. Comp. Appl. Math. 233, 315–333
(2009).

197. G. Walter and T. Soleski, “A new friendly method of computing prolate sphe-
roidal wave functions and wavelets,”Appl. Comput. Harmon. Anal. 19, 432–443
(2005).

198. C. Flammer, Spheroidal Wave Functions (Stanford University, 1957).
199. Using a notation after [198], the nth such eigenfunction solution in the y direction

in a given source or receiver aperture is of the form S0n�cL,
ffiffiffiffiffiffiffiffiffiffi
ky∕L

p
�, where the

parameter cL � �π∕2�NPy, with NPy being the paraxial heuristic number in the
y direction. A similar set of solutions will exist in the x direction.

200. If we try to derive solutions with transverse boundaries at infinity using integral
equations (as in our Green’s function SVD approaches), the corresponding sin-
gular values are all identical (there is no “loss” in the propagation because no
wave “misses” the receiver space), so the eigensolutions are completely degen-
erate and any orthogonal basis is equally good, so the solution becomes math-
ematically trivial. Hermite–Gaussians will be solutions in one direction, for
example, but so will any other set of complete functions. There is also a physical
contradiction in such solutions without finite boundaries because we are violat-
ing the paraxial approximation by allowing the boundaries to extend arbitrarily
in the transverse direction.

201. Beams with a specific “orbital” angular momentum correspond to a phase varia-
tion in azimuthal angle ϕ with an integer “quantum number” m in the form
exp�imϕ�. If the solutions with exp�imϕ� and exp�−imϕ� are degenerate, then
we are free to construct the linear combinations with phase variations of the form
cos�mϕ� � �1∕2��exp�imϕ� � exp�−imϕ�	 and sin�mϕ� � �1∕2i��exp�imϕ�−
exp�−imϕ�	. These new solutions, each being equal sums of solutions with equal
but opposite “orbital” angular momentum, have zero “orbital” angular momen-
tum. It is then a matter of taste whether we want to work with positive and neg-
ative m and exp�imϕ� solutions (with net “orbital” angular momentum), or
positive m with cos�mϕ� and sin�mϕ� solutions (with no net “orbital” angular
momentum). The total number of orthogonal functions available up to some spe-
cific jmj is exactly the same.

202. M. Tamagnone, C. Craeye, and J. Perruisseau-Carrier, “Comment on ‘Encoding
many channels on the same frequency through radio vorticity: first experimental
test’,” New J. Phys. 14, 118001 (2012).

203. M. Tamagnone, C. Craeye, and J. Perruisseau-Carrier, “Comment on ‘Reply to
Comment on’ Encoding many channels on the same frequency through radio
vorticity: first experimental test’,” New J. Phys. 15, 078001 (2013).

204. R. Gaffoglio, A. Cagliero, G. Vecchi, and F. P. Andriulli, “Vortex waves and
channel capacity: hopes and reality,” IEEE Access 6, 19814–19822 (2017).

205. J. Xu, “Degrees of freedom of OAM-based line-of-sight radio systems,” IEEE
Trans. Antennas Propag. 65, 1996–2008 (2017).

206. C. Shi and X. Zhang, “Reply to Miller: misunderstanding and mix-up of acoustic
and optical communications,” Proc. Natl. Acad. Sci. USA 114, E9757–E9758
(2017).

207. In my opinion, [206] is incorrect in every substantial criticismmade of my response
[23] to those authors’ earlier paper on acoustic “orbital” angular momentum beams
[22]. I used the term “optical angular momentum,” which is one of the terms in the
field (see [31]), and I have not confused acoustic and optical communication. In my
opinion, my paper [23] stands correct as written. See [208] for specific comments.
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208. I have calculated with the scalar Green’s function, which is a first approximation in
optics, but is the right approach for these acoustic waves, and it is acoustic chan-
nels that I calculated. With my approach, using communications modes, I achieved
more channels, with fewer transmitters and receivers, and, contrary to these au-
thors’ statements, my approach has no crosstalk in principle, not the −7.7 dB as-
serted by these authors (the −7.7 dB refers to channel strengths, not crosstalk).

209. Just to construct an orthogonal basis set AωMbn�rR� in VR, it is not strictly nec-
essary to choose subsequent Jωbn�rS� to be orthogonal to all preceding ones
Jωbm�rS�; linear independence would be sufficient to allow construction of
orthogonal AωMbn�rR�. But choosing the Jωbn�rS� to be mutually orthogonal
means that in this process we also usefully generate an orthogonal basis for
the source functions.

210. Note that there are few restrictions on what form these current sources take—
they are not functions that have to obey Maxwell’s equations, for example.
Overall, we would require conservation of charge, but that will be automatic
if these are monochromatic, and therefore purely oscillatory, functions. These
orthogonal current sources could be as simple as small uniform patches on a
surface. We would of course have to choose vector directions for such current
patches, and if we want the resulting set to be complete, we should include ver-
sions with the currents in three vector directions that are at right angles.

211. R. Loudon, The Quantum Theory of Light, 3rd ed. (Oxford University, 2000).
212. L. Mandel and E. Wolf, Optical Coherence and Quantum Optics (Oxford

University, 1995).
213. H. Haken, Light (North-Holland, 1981), Vol. 1.
214. O. L. Brill and B. Goodman, “Causality in the Coulomb gauge,”Am. J. Phys. 35,

832–837 (1967).
215. A first problem with the Coulomb gauge is that the equation for the scalar po-

tential is unphysical in that any change in charge density in any region of space
results in instantaneous changes of the potential ΦC everywhere in space. This
apparent inconsistence with relativity does not result in actual violations of the
velocity of light propagation of the fields E and B [214,248], but it is at least
awkward. A second problem with the Coulomb gauge is that in wave problems
we typically proceed by separation into “longitudinal” and “transverse” current
densities. In free space, with no actual current densities anywhere in space, this
causes no additional problems, but if there is indeed any current density at any
point or finite region in space (and we expect to have source densities in our
problems), the resulting longitudinal and transverse effective source current
densities actually extend through all space [244].

216. Note, incidentally, that, though we are just using the “exp�−iωt�”AωMj�rR� parts
in performing this calculation of energy, the resulting energy is the energy of the
total real field AR�rR, t� because of the way we set up the energy inner products.

217. We have drawn this with grating couplers in vertical lines at the ends of the wave-
guides, but this is just an example. We can have any optics between the “source”
waveguides on the left and the “receiver” waveguides on the right, and in two-
dimensional arrangements, not just these vertical lines.

218. For this particular approach to work, the optical system has to be reciprocal.
219. D. A. B. Miller, “On perfect cloaking,” Opt. Express 14, 12457–12466 (2006).
220. D. A. B. Miller, “Fundamental limit for optical components,” J. Opt. Soc. Am. B

24, A1–A18 (2007).
221. D. A. B. Miller, “Fundamental limit to linear one-dimensional slow light struc-

tures,” Phys. Rev. Lett. 99, 203903 (2007).
222. D. A. B. Miller, “How complicated must an optical component be?” J. Opt. Soc.

Am. A 30, 238–251 (2013).
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223. C. M. Verber, “Integrated optical architectures for matrix multiplication,” Opt.
Eng. 24, 19–25 (1985).

224. Note that we need make no distinction between spontaneous and stimulated pho-
tons because we are only considering one mode at a time here, and there is indeed
anyway no distinction between stimulated and spontaneous photons in a given
mode.

225. C. E. Shannon, “A mathematical theory of communication,” Bell Syst. Tech. J.
27, 379–423, 623–625 (1948).

226. D. Slepian, “On bandwidth,” Proc. IEEE 64, 292–300 (1976).
227. One statement of the sampling theorem, due to Shannon (see [229]), is “using

signals of bandwidth W one can transmit only 2WT independent numbers in
time T .”

228. Though [150] was only finally published in 1961, it is the text of a 1951 lecture
that had been distributed informally earlier.

229. G. Toraldo di Francia, “Resolving power and information,” J. Opt. Soc. Am. 45,
497–501 (1955).

230. O. M. Bucci and G. Franceschetti, “On the spatial bandwidth of scattered fields,”
IEEE Trans. Antennas Propag. 35, 1445–1455 (1987).

231. O. M. Bucci and G. Franceschetti, “On the degrees of freedom of scattered
fields,” IEEE Trans. Antennas Propag. 37, 918–926 (1989).

232. G. Toraldo di Francia, “Degrees of freedom of an image,” J. Opt. Soc. Am. 59,
799–804 (1969).

233. D. Slepian and H. O. Pollak, “Prolate spheroidal wave functions, Fourier analy-
sis, and uncertainty—I,” Bell Syst. Tech. J. 40, 43–64 (1961).

234. C.-N. Chuah, J. M. Kahn, and D. Tse, “Capacity of multi-antenna array systems
in indoor wireless environment,” in GLOBECOM 1998 (IEEE, 1998), Vol. 4,
pp. 1894–1899.

235. D. W. Prather, S. Shi, G. J. Schneider, P. Yao, C. Schuetz, J. Murakowski, J. C.
Deroba, F. Wang, M. R. Konkol, and D. D. Ross, “Optically upconverted, spa-
tially coherent phased-array-antenna feed networks for beam-space MIMO in 5G
cellular communications,” IEEE Trans. Antennas Propag. 65, 6432–6443
(2017).

236. T. Tudor, “Nonnormal operators in physics, a singular-vectors approach: illus-
tration in polarization optics,” Appl. Opt. 55, B98–B106 (2016).

237. We need to retain terms up to ∼ε2 to get a non-zero result in the algebra.
238. �jαihβj�† � �hβj�†�jαi�† � jβihαj.
239. There is a minor formal point that we have only proved these results for functions

corresponding to non-zero eigenvalues (or singular values). For our communi-
cations problems, we can disregard any channels with zero coupling strength, so
functions associated with zero singular values are of no interest. As far as the
Hilbert spaces are concerned, we could either restrict them to using as basis sets
only those eigenfunctions corresponding to non-zero singular values or extend
the basis sets by a process such as Gram–Schmidt orthogonalization to construct
basis sets for the larger spaces. None of those additional basis functions in either
space will participate in the “communication” between the spaces, so it is of no
consequence in our problem which of these formal approaches we use.

240. A unitary matrix B is one for which B†B � Iop, the identity operator. Quite gen-
erally, for any complete set fjγpig, we can write Iop �

P
pjγpihγpj (such an ex-

pansion operating on any function in the space simply returns the same function).
For our matrix here, we have U†U � �Ppjψpihγpj�†�

P
qjψqihγqj� �P

p, qjγpihψpjψqihγqj �
P

pjγpihγpj � Iop, and similarly for V†V.
241. J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley, 1999).
242. D. J. Griffiths, Introduction to Electrodynamics, 4th ed. (Pearson, 2013).
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243. U. S. Inan, A. S. Inan, and R. K. Said, Engineering Electromagnetics and Waves,
2nd ed. (Pearson, 2015).

244. J. D. Jackson and L. B. Okun, “Historical roots of gauge invariance,” Rev. Mod.
Phys. 73, 663–680 (2001).

245. J. D. Jackson, “From Lorenz to Coulomb and other explicit gauge transforma-
tions,” Am. J. Phys. 70, 917–928 (2002).

246. The subscript “C” is already in use for the Coulomb gauge, and the next letter
(“o”) in the word “communications” has too many other uses, so we use the third
letter, and continue in using uppercase letters for gauges, leading to the subscript
“M” for this gauge (which also distinguishes it from the use of “m” for “mag-
netic,” as in Jm earlier).

247. The gauge in which the scalar potential is set completely to zero is known as the
Hamiltonian or temporal gauge (see [149]). Here we retain a fixed scalar poten-
tial [as in Eq. (G30)] to deal with the static fields, which makes this M-gauge
different from that Hamiltonian or temporal gauge.

248. It is possible with this M-gauge to write scalar wave equations for each of the
vector components of AM , and driven by the corresponding vector components
of an effective current density JM. However, the physical interpretation of this
effective current density is somewhat involved and not particularly illuminating.

249. C.-T. Tai, Dyadic Green Functions in Electromagnetic Theory, 2nd ed. (IEEE,
1994).

250. W. C. Chew, Waves and Fields in Inhomogeneous Media (IEEE, 1995).
251. R. E. Collin, Field Theory of Guided Waves, 2nd ed. (IEEE, 1991).
252. W. C. Chew, M. S. Tong, and B. Hu, Integral Equation Methods for

Electromagnetic and Elastic Waves (Morgan and Claypool, 2009).
253. Such behavior is, of course, also well described by tensors; a dyadic can in gen-

eral just be viewed as a second rank tensor for a three-dimensional space and a
dyadic can be written as a 3 × 3matrix, with the three dimensions corresponding
to three orthogonal unit vector directions.

254. Dyadic notation can also be viewed as an extension of vector and vector calculus
notation, allowing obvious generalization of theorems and identities in vector
and vector calculus algebra.

255. We presume that∇δ�r − r0� is meaningful, which it will be if we approximate the
delta function by an appropriate but very “sharp” function with continuous deriv-
atives and formally take the limit as the function becomes “sharper.”

256. There is a very subtle point about Green’s functions for such a vector wave equa-
tion if we are looking at waves at points where there are also source current den-
sities. In that case another “depolarization dyadic” term has to be added [257],
equivalent to including an additional delta function term in the Green’s function
itself. Since our sources are in one volume and the waves of interest to us are in
another, we do not have to consider this term here, however.

257. A. D. Yaghjian, “Electric dyadic Green’s functions in the source region,” Proc.
IEEE 68, 248–263 (1980).

258. This statement with an amplitude Eoω�r� or Boω�r� is consistent with E�r, t� �
Re�Eoω�r� exp�i�ωt � θe�	� or B�r, t� � Re�Boω�r� exp�i�ωt � θm�	�. Such state-
ments are common in electromagnetism textbooks (e.g., [242,243]).

259. Note too that θe and θm may vary with r.
260. The time average of cos2�ωt � θ� over a cycle is ½.
261. This form is also implicit for any particular frequency if the fields are Fourier-

transformed and the frequencies in the Fourier transform are presumed to run
over positive and negative values [241].

262. We could continue to write this same inner product as an operator-weighted inner
product by multiplying out U � �

ffiffiffiffi
U

p
�†

ffiffiffiffi
U

p
(which gives a dyadic operator as a
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result, hence the notation). In that case, we could formally write the inner product
at some time t as �μ, η�

U
≡ �μ,Uη� ≡ RV μ��r, t� · U · η�r, t�d3r. This operator U

could be written as a 3 × 3 matrix operating to the right on the mathematical
column vector of components of the vector potential field η, and on the left
on the Hermitian adjoint of the mathematical vector of components of the vector
potential field μ. However, that requires that we have the unusual situation of
some derivatives operating to the left instead of to the right; that is mathemati-
cally straightforward, but it requires a correspondingly unusual notation, so for
simplicity we omit it.

263. Note the similarity of this expression to the classical one in Eq. (189). Indeed, if
we were to “symmetrize” a�j �t�aj�t� → �1∕2��aj�t�a�j �t� � a�j �t�aj�t�	, rewrite the
“a’s” as operators, and postulate the commutation relation Eq. (367), we would
get Eq. (369).
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