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Abstract  –  Optical communications and linear optical devices can be efficiently and precisely 

described by the modes obtained by the singular value decomposition (SVD) of the coupling operator. 

This uniquely gives all the orthogonal channels between input and output spaces. It leads to general 

sum rules that generalize diffraction and clarify counting of channels, and modal limits on device 

complexity. Novel physical laws apply only to these SVD modes.  

 

 

We are used to the idea that there are limits in optics. Conventional diffraction limits constrain of microscopy 

and imaging, and other laws limit thermal radiation. But now, we are going well beyond the earlier ideas of just 

simple lenses, mirrors, prisms and diffraction gratings. We routinely work with nanophotonics, including 

structures of very high designable complexity, with shapes possibly beyond any simple “planar” structures and 

with size scales that may be well below those of conventional optics. We also now need to consider different 

questions, such as how many useful channels we may have for communicating or sensing information or how big 

a structure must be to implement some optical function, like mode or wave splitting. We need to understand 

limits in these new situations, both to know what is possible fundamentally and to set guidelines for designs.  

Fortunately, new approaches can efficiently handle the necessary wave-based analysis of such systems and 

deriving novel useful limits [1-12]. Those approaches are based on “modes” – the best sets of functions for 

economically analyzing a given system. Though we are used to modes in laser resonators, and propagating modes 

in waveguides, the modes we need here are neither of these; indeed, incorrect application of those resonator or 

waveguide modes to more general communication or sensing problems can lead to substantial confusion.  

The modes we do need have a solid mathematical foundation and clear physical meaning. They lead to definite 

answers to questions such as the number and character of modes in communications, to new fundamental laws, 

and to the optimally efficient description of arbitrary linear optical systems [1]. These modes can also be used to 

construct other limits to the possible performance of linear optical components. They are based on the singular-

value decomposition (SVD) of the wave coupling operator between “source” surfaces or volumes and 

“receiving” surfaces or volumes.     

Compared to earlier diffraction and thermal limits and concepts of resonator and waveguide modes, this SVD 

idea emerged relatively recently [2,3]. Possibly this delay is in part because we need to think of modes differently 

in this SVD approach. The “mode” is now not the wave in the space between inputs and outputs. Rather, the 

“mode” is a pair of functions – one in the source space and one in the receiving space. Arguably, the failure to 

realize that the best modal approach needed to be based on pairs of functions held up the development of this 

“best” modal way of characterizing optical systems, and is partly at the root of much confusion.  
Fig. 1 shows the basic concept [1]. The coupling operator D between the source function Sψ  and the 

received wave Rφ  corresponds to the relation 

 R Sφ ψ=D   (1) 

For example, in free space D would simply be the free-space Green’s function. For more complex scatterers or 

devices, it would contain the necessary information about the device. A key point is that the optimum set of 

orthogonal source functions Sjψ  and the corresponding optimum set of orthogonal resulting wave functions 

Rjφ  are easily found by singular value of decomposition of D, which is the solution of the two eigen problems 
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where †D  is the Hermitian adjoint of D, and with the relation 

 Sj j Rjsψ φ=D   (3) 

This process constitutes the SVD of the operator D, with sj being the singular values (physically, the coupling 

strengths). Note that these pairs of functions, Sjψ and Rjφ for each j, define the “modes” of the system, and 

give the orthogonal channels through the system.  

 
Fig. 1. A source function Sψ  (using a Dirac notation) in a source space couples through the intervening free space, device, 

object, or scatterer, described by a linear coupling operator D, to give a resulting wave Rφ  in a receiving space. 

These functions Sjψ and Rjφ  are unique (other than for symmetry degeneracies), and they always exist for 

any finite linear operator D. They are the only orthogonal channels between the source and receiver spaces. The 

modes are not the wave in between the source and receiving volumes. These functions are not in general any of 

the known resonator or propagating mode functions, and the corresponding waves do not in general have the 

same shape as they propagate. These modes are known as “communications modes” in communications problems 

[1-3]. For devices, they show us that there is a unique set of orthogonal inputs to a linear device that couple, one 

by one, to a unique set of orthogonal outputs. In this device case, these functions are called the “mode-converter 

basis sets” [1,8]. (One possibly surprising consequence is that there is a set of orthogonal channels through any 

linear scatterer.) Equivalently, we can say that all linear optical devices are mode converters. 

Now that we have established the orthogonal modes, we can understand how to count the number of channels 

in communications. A common confusion is that, with functions and operators based on continuous variables, 

like position, the corresponding sets of functions can be mathematically infinite. However, we can prove that 

there can only be a finite number of them that are coupled more strongly than any particular coupling strength. 

The key here is that there is a sum rule on coupling strengths (e.g., on the 
2

js ). 

Understanding this coupling strength sum rule requires that we go beyond the algebra of finite matrices, and 

invoke functional analysis [12]. The core reason for this sum rule is that all the coupling operators between 

sources and resulting waves in physical systems are Hilbert-Schmidt operators [1]. For example, for a simple 

scalar wave in free space, which would have a coupling operator that was just the Green’s function 
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where rS and rR are positions in the source and receiving volumes, and we are integrating over the source and 

receiving volumes VS and VR, we obtain the sum rule 
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This sum rule number S is technically the square of the Hilbert-Schmidt norm. If that norm is finite (which it 

always is here because we are integrating a finite function over finite volumes), then the corresponding operator 

is a Hilbert-Schmidt operator. All such operators are technically “compact” [1,12], and that compactness can be 

viewed as effectively “cutting off” the infinity that we might otherwise suppose in counting usable “channels”. 

A second point is that, when we analyze the actual coupling operators in free-space optical systems, we find, 

especially in “paraxial” optics, that the actual singular values up to some point are all of very similar magnitude 

and then fall off approximately exponentially [1]. This behavior is what gives us conventional diffraction limits 

and the usual heuristic numbers of “channels” in such paraxial optical systems [1-4]. We can, however, use this 

approach in other non-paraxial situations [1,3], and we can extend it to full vector electromagnetic waves [1,4]. 

Incidentally, for any given optical situation, we have no choice as to how we partition the sum rule strength 

between orthogonal channels; the only such orthogonal choice is the set of SVD functions. 
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When we consider the operators associated with devices, we find that the associated SVD input and output 

orthogonal function pairs have fundamental meaning. We can derive new “modal” versions of Kirchhoff’s 

radiation laws [11], showing, for example, that the absorptivity of a given “input” mode function must equal the 

emissivity into the corresponding “output” mode function (which holds, incidentally even for non-reciprocal 

systems). This law applies explicitly only to these “mode-converter basis set” function pairs. Also, we find that 

we can derive a modal version of Einstein’s A&B coefficient argument [1], which applies only to these mode-

converter basis set pairs. Hence these functions have fundamental physical significance. The derivation of these 

new laws relies on another recent realization: we have at least one way of building any linear optical component 

at a given frequency [13]. That allows thought experiments in the proofs of these laws. Interestingly, that formal 

method of constructing arbitrary linear optics itself exploits SVD in the device design [1,13]. 

Another form of limit can be derived using these SVD function pairs, which is based on a novel strong-

scattering theorem [6]. This sets a limit to the complexity [9] of an optical device that can be made from a 

material with a given maximum dielectric constant. This has been applied so far explicitly to one-dimensional 

optical devices [6,7], and gives a limit to slow light [7], for example.  

In summary, then, we now have a rigorous way of correctly defining the modes associated with 

communications and optical devices. This allows the correct counting of orthogonal communications channels, 

avoiding paradoxes associated with infinite sets of functions. For devices it gives the most economical 

description in terms of mode-converter basis functions pairs that also have fundamental physical properties and 

new physical laws associated with them.  
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