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Scales of M otion

Molecular scale| « 2 mm Molecular diffusion
Molecular viscosity

Microscale 2mm - Eddies
2 km Small plumes
Car exhaust

Cumulus clouds

Mesoscale 2 - Gravity waves
2,000 km Thunderstorms
Tornados
Cloud clusters
Local winds

Urban air pollution

Synoptic scale | 500 - High / low pressure systems
10,000 km Weather fronts
Tropical storms
Hurricanes

Antarctic ozone hole

Planetary scale | > 10,000 km Global wind systems
Rossby (planetary) waves
Stratospheric ozone loss
Global warming




Processesin an Atmospheric M odel

Figure 1.1
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Pressure Versus Altitude

Figure2.1 a.
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Density Versus Altitude

Figure 2.1 b.

100

Altitude (km)

a0l _

20 |-

1 1 I 1 I 1 1
0 04 08 _ 12
Density (kg m™)




Composition of the L ower

Atmosphere
Table 2.1.

Volume Mixing Ratio

Gas (percent) (ppmv)
Fixed Gases
Nitrogen (N2) 78.08 780,000
Oxygen (O) 20.95 209,500
Argon (Ar) 0.93 9,300
Neon (Ne) 0.0015 15
Helium (He) 0.0005 5
Krypton (Kr) 0.0001 1
Xenon (Xe) 0.000005 0.05
Variable Gases

Water vapor (H>0) 0.00001-4.0 0.1-40,000
Carbon dioxide (COy) 0.0360 360
Methane (CHy) 0.00017 1.7
Ozone (Og) 0.000003-0.001 0.03-10




Fluctuationsin Atmospheric CO2

CO, mixing ratio (ppmv)

Figure 2.2.
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Specific Heat and Thermal

Conductivity

Specific heat

Energy required to increase the temperature of 1 g of a

substance 1 °C

Thermal conductivity

Rate of conduction of energy through a medium

Thermal conductivity of dry air (Jm™1slK-1)

k g » 0.023807 +7.1128" 10" >(T - 273.15) (2.3)
Table 2.2.
Substance Specific Heat Thermal
(Jkglk-1 Conductivity
at 298 K.
(J mlgl K‘l)
Dry air at constant pressure 1004.67 0.0256
Liquid water 4185.5 0.6
Clay 1360 0.920
Dry sand 827 0.298




Conductive Heat Flux Equation

DT

He =- kg — Jm2 st

C d Dz ( )

Example 2.1.

Near the surface (T = 298 K, kq = 0.0256 Jml sl K-1)
DT =12K
Dz =1 mm

7 Hie =307TWm?

Free troposphere (T = 273 K, kq =0.0238 Jml sl K-1)

DT =-65K
Dz =1km
> Hic =15x 104 W m?2

Consequently, air conductivity is an effective energy transfer
process only at the immediate ground surface.



Altitude

Daytime Boundary L ayer

Figure 2.3 a.
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Nighttime Boundary L ayer

Figure 2.3 b.
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Altitude (km)

Temperature Structure of the L ower
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Zonally-/Monthly-Averaged Temperatures

Figure2.5a
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Zonally-/Monthly-Averaged Temperatures
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Ozone Production / Destruction in the
Stratosphere

Natural ozone production

O, + hn —p . O(D) + O- | <1750m (5 4y
O, +hn —p O-+ O- 175<1 <245nm

(2.5)
OD)+M — <0+ M (2.6)
O+ 0, +M —p O3+ M (2.7)

Natural ozone destruction

O3 +hn —» 0, +-O(ID) | <310, g
O3+hn —p O, + O | >310 nm (2.9)




Equation of State

Boyle's Law

1
p U v at constant temperature (2.12)
Charles Law
VuT at constant pressure (2.13)
Avogadro's Law
Viun at constant pressure and temperature  (2.14)
Ideal gaslaw (simplified equation of state)

RT nAaR 0
p= n :n—g—+T: NkBT (215)

V T VEAL




Equation of State

_nRT_ nAaR 6

= =—c—=T= NKpT 2.15
=TT == g (2.15)
Example 2.2.

Surface

P =1013 mb

T =288 K

kg =1.3807 x 10119 cm3 mb K1

> N = 2.55 x 1019 molec. cm-3

At 48 km dtitude

P =1mb

T =2/0K

> N = 2.68 x 1016 molec. cm-3



Dalton's L aw of Partial Pressure

Total atmospheric pressure equals the sum of the partial pressures
of all theindividual gasesin the atmosphere.

Total atmospheric pressure (mb)

[o) o]
q q

Partial pressures of individual gas (mb)

Dry and Moist Air

Total air pressure (mb)
Pa=Pd + Pv
Number concentration air molecules (molec. cm-3)

Na = Ng + Ny



Equation of State for Dry Air

ngR T _ngm &R o AR 0
Pd = dV d\/dg +T=rgRA = J:I—({‘K—T Ng kgT
&M g e g
(2.18)
Dry air mass density (g cm3)
rg=" (2.19)
Vv
Dry air number concentration (molec. cm-3)
A
Ng = - (2.19)
\%
Dry air gas constant (Appendix A)
R*
R (2.19)

My



Equation of State Examples

Examples 2.3 and 2.4

Dry air, at sealevel

_ ndR*T _ ndmd a:z* 0

pa =4 v T = raRd (2.19)
Dq = 1013 mb
T =288 K
R = 2.8704 m3 mb kg'l K-1
-> rg =1.23kgm3

Water vapor, at sealevel

nRT _ nm &R O
py = = “T=ryR/T (2.20)
v VoEm g
Py =10mb
T =298 K
R, =4.6189 m® mb kg1 K1

My =7.25x 103 kgm3



Equation of State for Water Vapor

n\,R*T n,m, &R 0 nA&ER 0
= = =T =ryR T ==X=¢—=T = NykgT
v Vo &m g V EA G
(2.20)

Water-vapor mass density (kg m-3)

fy= ﬂvﬂl (2.21)

Water-vapor number concentration (molec. cm)

n,A
Ny = = (2.21)
\Y
Gas constant for water vapor
R*
R, =— (2.21)



Volume and Mass Mixing Ratios

Volume mixing ratio of gasj (molec. gas per molec. dry air)

N n
cq:—q:&l:—q (2.24)
Ng Pg Ng

Mass mixing ratio of gas q (g of gas per g of dry air)

r N p n
:rq:”th:”hq:mqnq:”hcq (2.25)
d MgNg Mgpg Mgng My

Wq

Example 2.5.
Ozone
C =0.10 ppmv
My =48.0gmolel
— w =0.17 ppmm
T =288 K
Py = 1013 mb
> Ng = 2.55 x 101° molec. cm-3
> Ng = 2.55 x 1012 molec. cm-3

7 Pq = 0.000101 mb



Mass Mixing Ratio of Water Vapor

Equation of state for water vapor

by = YR, T= rV%@mORcrr JLGW (2.22)
R aam 0 _ mv

e= = 0.622 2.23

F% Mg 6R @ (229

Mass mixing ratio of water vapor (kg-vapor kg-1-dry air)

WV:JL MR _ P& _ = ecy (2.26)
q My Pg Pd Pa- Py

Example 2.6.
Py =10 mb
Pa = 1010 mb
R Wy, = 0.00622 kg kg1 = 0.622%.




Specific Humidity

= Moist-air mass mixing ratio (kg-vapor kg-1-moist air)

Py R¢
=T = Pv
qV :h = rV = R/T = R’ = eR/
ra rg*+ry Pd, By g "‘B:pv Pg +€py
RIT RT R,/
(2.27)
Example 2.7.
Py =10mb
Pa =1010 mb
e Py = 1000 mb

> Qv = 0.00618 kg kg1 = 0.618%.



Equation of Statefor Moist Air

Total air pressure

rq+tryR//R¢
I'a

Pa=Pd + pv =rdRT +ryRyT =raRIT

(2.28)

Gather terms, multiply numerator / denominator by density

rq+r,je 1+r,/lr 4 1+w,/e
s R AR LY V/(d)zraqur;L
rq+ry 1+rv/rd 1+WV

(2.29)

Equation of state for moist (or total) air

Pa=Tr1 aR'nT =r aRqTV (230)
Gas constant for moist air (2.31)
Rm = R¢4/Le REI+— qv = R1+0.608qy)

1+w,,
Virtual temperature (2.32)

R 1+w, /e l1-e 0
Tv=T-2=T = TEL+— 1+0.608
YTURET O 14w, Tgi 5 vp=Tl )




Molecular Weight of Moist Air

Gas constant for moist air

e l1-e ¢
Rm = R¢4 R +=— Qv ——Rcu(1+0608qv)
1+w,,

--> Molecular weight of moist air (> than that of dry air)

_ My
Mg = 2.33
27 1+ 0.608q, (233)

Moist Air Example

Example 2.8.

Pd =1013 mb
Py =10mb

T =298 K

=—3 _ _ 0061 kg kg

q
vpd

My 1
mg = = 28.86 g mole
a7 1+ 0.608q, J

Rm = R¢1+ 0.608qy ) = 2.8811 mb m3 kgt K-1

Ty = T(1+ 0.608qy) = 299.1 K

razﬁpn% =1.19kgm3



Hydrostatic Equation

Vertical pressure gradient is exactly balanced by the downward
force of gravity.

Hydrostatic equation

1
sza =-rag (2.34)

Pressure at a given altitude

ﬂ%‘ » paz,l' :Oa,o = -Ta09 (2.35)
1-
Example 2.9.
Sea level
Pa,0 =1013mb
[ a0 =1.23kg m3
100 m dltitude

7 Pa,100m =1000.2 mb



Pressure Altimeter

Combine hydrostatic equation with equation of state

Tpg _ _ _Pg
Nz RCT

g (2.36)

Assume temperature decrease with altitude is constant
T=Tas- Gz

Free-tropospheric lapse rate (K km1)

T
G =- ﬂ?z assume » 6.5 K k!

Substitute lapse rate, temperature profile into (2.36) and
Integrate

@p, O o, s- 0
ePdsg GR¢ & Tas g
Rearrange
é G.Rey
T,.€& a&p, 0 C
7=284. Pl Yy (2.39)
G a éPdsg ¢
e 0
Example 2.10
Pd = 850 mb = pressure altimeter reading

2 Z =1.45km




Scale Height

Height above a reference height at which pressure decreases to
1/e of its value at the reference height.

Density of air from equation of state for moist air

ra=—Pa M4 Pa_Pa®AOMy Py 105  PaM
R, R T, T,6R A T, &gy kgTy
(2.39)
Mass of one air molecule (4.8096 x 1023 g)
Vi 5 4
A
Combine (2.39) with hydrostatic equation
d M d
Pa o 9 4= & (2.40)
Pa kgTy H
Scale height of the atmosphere
KpT
H=-—2 (2.41)



Scale Height Equation

Integrate (2.40) at constant temperature

o)

Py = Pyrer® Bz b (2.42)
Example 2.11.

T =298 K
R H =8.72km

Paref = 1000 mb

Zref =0km

ya =1km

> py =89L7mb




Eneragy

Capacity of a physical system to do work on matter

Kinetic energy
Energy within a body due to its motion.

Potential energy
Energy of matter that arises due to its position, rather than its
motion.

Gravitational potential energy
Potential energy obtained when an object israised vertically.

Internal energy
Kinetic and/or potential energy of atoms or molecules within
an object.

Work
Energy added to a body by the application of a force that
moves the body in the direction of the force.

Radiation
Energy transferred by electromagnetic waves.



|ce crystal

Phase Changes of Water

Figure 2.6.
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L atent Heat of Evaporation

Latent heat of evaporation (Jkg?)

d
dhf = oy - ow (2.43)
le =Leo - (CW' Cp,V)(T - To) (247
Le » 2501° 106 - 2370T¢ (2.48)
Example 2.12.

T =273.15K
> =2.5x 108 Jkg'* (about 600 cal g2)

T =373.15K
> = 2.264 x 106 Jkg! (about 540 cal g)

Variation of oy with temperature (Figure 2.7)
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L atent Heats of Melting, Sublimation

Latent heat of melting (J kg1)

dL

—m — -
bn - gy - ¢ (2.44)
Lm » 3.3358” 105 + T¢(2030- 10.46T;) (2.49)
Example 2.13.

T =273.15K
L =3.34x 105 Jgk! (about 80 cal g1)

T =263.15K
—> L =3.12 x 10° Jkg'! (about 74.6 cal g'1)
Supercooled water

Water that existsasaliquid when T <273.15K
L atent heat of sublimation (Jkg1)

g

pres =Cp,V - C| (2.44)

Ls = Le+Lm» 283458~ 10° - T.(340 +10.46T) (2.50)



Clausius-Clapeyron Equation

Clausius-Clapeyron eguation

dov,s Tvs

T T (2.51)
Density of water vapor over the particle surface (kg m3)
_Pvs
r V,S - R/T
Combine Clausius-Clapeyron equation and density
dpv,s  LePy,s
e RT 5 (2.52)
Substitute latent heat of evaporation
d 1 &
Pu.s _ % —BﬂOdT (2.53)
P,s R é&T To
Integrate
eA, el 10 Eﬂ. joU
= I 2.54
Pr.s = Pug0 @Pep e - T+ Rl ING (254)
An =3.15283 x 105 J kg1
Bh =2390JkglK-1

Ps0 =6.112mbat Top=273.15K




Saturation Vapor Pressure over
Liquid Water

Derived saturation vapor pressure

) é 1 15 73.1560)
Dy s = 6.112exp%6816§273_ =- Tb+5'1309|n§2 T

(2.55)
Example 2.14.
T = 253.15K (253.15 K)
e Pvs =1.26 mb
T =298.15K (98.15K)
e Pvs =31.6 mb
Alternative parameterization
®17.67T. O
= 6.112expe—————- 2.56
Py, s PeT, + 2435 (&:56)
Example 2.15.
T =-20°C (253.15K)
e Pvs =126 mb
T =25 °C (298.15K)

~>  p,s =31L67mb



Satur ation Vapor Pressure Over

Liquid Water / Ice

Figure2.8 aand b
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Saturation Vapor Pressure Qver Ice

Clausius-Clapeyron eguation

dpv,i _ LsPv
dT  R,T?2

(2.57)

Substitute latent heat of sublimation and integrate

ep @l 16 B oo C u
Pv,1 = Pv,1,0EXP — —-+—L|n%$+g+—L('lb-T)g

R E&H To R, R
(2.58)
A =2.1517 x 106 Jkg!
B =-5353JkglK-1
C =10.46 Jkgl K-2
Pio =6.112mbat Tg = 273.15K
T £ 273.15K
Example 2.16.
T = 253.15K (-20 °C)
~ Py | =1.04 mb
-->

Pv.s =1.26 mb



Condensation / Evapor ation

R 2
A {}‘i 4700 Water vapor

: R,
. ::-"'::-.1_.‘-‘;




Bergeron Process

Figure 2.10
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Relative Humidity

Relative humidity

Pvl Pa- Py, ,
f =100% ~ —L = 100%’ [Pa-_pus) » 10006 —L
Wys pv,s( Pa - pv) Pvs
(2.60)
Saturation mass mixing ratio of water vapor
Wyg =S, Vs (2.61)
Pa- Pvs Pd
Example 2.17
T =288 K
Py =12 mb
e Pvs =17.04 mb

T f; =100% x 12 mb/ 17.04 mb = 70.4%




Dew Point

Dew point

_ 4880.357-29.66 In p,  4880.357- 29.66 In(w,py/€)
~ 1948-1n p, ~ 19.48-In(w, pgy/e)

(2.62)

D

Ambient mass mixing ratio of water vapor

_ Sy
Wy =
\Y pd

Py =12mb
T Tp =282.8K



Morning and Afternoon Dew Point
and Temperature Profiles at Riverside

Figure2.11aand b
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First Law of Thermodynamics

dQ =du +dw (2.63)
dQ* = change in energy due to energy transfer (J)
du* = changeininternal energy of theair (J)

dW*  =work done by (+) or on (-) theair (J)

In terms of energy per unit mass of air (Jkg1)

dQ =dU +dw (2.65)
where
dQ” du” daw”
= = W = 264
dQ v, du v d v (2.64)

M = mass of aparcel of air (kg).



Work and Energy Transfer

Work done by air during adiabatic expansion (dV > 0)
dW* = Pa dv
Work done per unit mass of air

_dW* _pg AV

dw
My M,

= Pa da a- (266)

Specific volume of air (cm3 g1)

dg=—7—"-=-"—" (267)

Diabatic energy sources (dQ > 0)
condensation
deposition
freezing
solar heating
infrared heating

Diabatic energy sinks (dQ < 0)
evaporation
sublimation
melting
infrared cooling



|nternal Energy

Change in temperature of the gas multiplied by the energy
required to change the temperature 1 K, without affecting the
work done by or on the gas and without changing its volume.

=¢—- T = T 2.
dU%gd G,m d (2.68)

Specific heat of moist air at constant volume (Jkg1 K-1)
Change in energy required to raise the temperature of 1 g of
ar 1 K at constant volume.

c _8Q6 _ Mdovd+Mcvy _ Gd+ GvWy
AT Mg + My, 1w,

= ¢y g(1+ 0.9550y )

(2.70)

derived from

(Mg +My)dQ= (Mdevg +Myeyy [T (2.69)



Variations of First L aw

First law of thermodynamics

dQ = CV,de + padaa (271)

Equation of state for moist air

Pada = RmT

Differentiate

pada 5 +a gdpy =RmdT (2.72)
Combine (2.72) with (2.70)

dQ =cp,mdT - aadpy (2.73)

Specific heat of moist air at constant pressure (Jkg! K-1)

Qo MyCpd +MyChyv  Cpd +CpyWy
Com=%—= = , =— = Cpd|1+0.856
PM”édT o, Mg +M, 1+w,, pa )

(2.74)



First Law in Terms of Virtual

Temperature

Change ininternal energy in terms of virtual temperature

QO

dU =¢c—+ dTy :GvddT
%ﬂTVgaa v = G,ddTy

Change in work in terms of virtual temperature
dw = padaa = RqU-R/ - aadpa
Relationship between ¢ g and Gy g

Cp,d = Cyd * R¢

Substitute into dQ = dU + dW

dQ » Cp’d dTV - aadpa

(2.76)




Applications of First L aw

| sobaric process (dpg = 0)

C
p,m
dQ =cp mdT =2 du
p S,

M
| sothermal process (dT = 0)
dQ =- agdpg = pgdag =dwW
| sochoric process (da = 0)
dQ =cyndT =dU
Adiabatic process (dQ = 0)
CymdT = - padag
Cp,mdT =a adpa

Cp,ddTy =aadpa

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)



Dry Adiabatic L apse Rate

Rearrange (2.82)

&y 0
dTy =g~ zdpa.
&pdg

Differentiate with respect to altitude
--> Dry adiabatic lapse rate in terms of virtual temperature

T 6 &y O &5 O
G :-%dLLQ :_%aa i'"pa —¢2a :grag:—g =+49.8 K km1
Tzoy &%dg 12 &Cpdg “p,d
(2.83)
Rearrange (2.81)
&g 0
dT = g—2-2dp,.
epmg
Differentiate with respect to altitude
--> Dry adiabatic lapse rate in terms of temperature
_ @16 .9 _ ¢ Wy (2.84)

Tzeg Ccym Cp,d%“CQVWV/deé;



Potential Temperature

Substitute a3 = RmT/ pa into (2.81)

& o]
ar _Fn  %Pa (2.85)
T &C.mg Pa

Integrate
i . Rq1+0.606q,) .k(1- 0.251q,)
&n. 0 &p. 0 1+0.859 ce 0
T= Tog—a-p +Cp’m =T Pa_ +Cp’d( W) » Tog—Lp +
ePa,0 ePao g ePao g
(2.86)

Exponential term

RC Cpd- Cvd
Cp,d Cp,d

k =

= 0.286 (2.87)

Pa,0 = 1000 mb --> T = potential temperature of moist air (0 m)

24000 mb(- 0251

Qpm = T%TB (2.88)

Potential temperature of dry air

000 mbg 259
Qp= g7/ = -
P % Pd @
Example 2.20.
Py =800 mb T =270K

—> g,  =287.8K



M orning and Afternoon Potential

Temperature
Soundings at Riverside

Figure 2.12.
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Potential Virtual Temperature

Potential virtual temperature

2000 mbsK 23000 mbg
qu=T( +O.608qv)%p—+g = 'I(,% T+ (2.90)
a a

Virtual potential temperature

24000 mb (- 0251%)
Opv = dp,m(1+ 0.608qy )= TV% - (2.91)
Pa [1]
Exner function
Cp’dP
Potential temperature factor
e ('jk
—Pa (2.92)

P= +
€1000 mb

Temperature and virtual temperature



| sentropic Surfaces

Change in entropy

_ @

dST

Figure 2.13
| sentropic surfaces (surfaces of constant potential temperature)
between the equator and the North Pole
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Stability Criteriafor Unsaturated Air

Figure 2.14.
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Stability Criteria from Potential

Virtual Temperature

Figure 2.15.
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Stability Criteriafrom Potential
Virtual Temperature

Differentiate (2.90)

K k-1 3
a0000 a&0000 ~2 10000 q q
dqy =dTyc—— = + Fke——= ¢- —5+dpg= =XdT, - k=L dp
T Ve e " EPaz & pip o &V pa o
(2.96)

Differentiate (2.96), substitute hydrostatic equation and G,

11&L:&Lﬂl-I(&Lﬂ—pa:-q?LG/+;Nl:ﬁlrag (297)

z T, %2 Py 1z N Cp,d Pa

Substitute equation of state for air and definition of G;

9 q dy9 q
—V - _V = 1V - 208
Nz Ty & TvCp,d Ty (Gd GV) ( )
Pa = 925 mb Ty =290 K
G  =+7Kkml

Qv =296.5K Tay/ Tz =3.07Kkmt



Brunt-Vaisala Frequency

Rewrite (2.98)

'Hlnqn :_1

ek AR

Multiply by g --> Brunt-Vaisala (buoyancy) frequency

Min
NG, =9 =%(Gd' G)

Period of oscillation

t 2p
bv =7
I\lbv
Stability criteria
.‘r< 0 unsaturated unstable
NgVI'Z 0 unsaturated neutral

>0 unsaturated stable

Example 2.24.
Ty =288 K
G, = +6.5K kml

> Npy =00106s1
tpy =593s

(2.99)

(2.100)

(2.101)



