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Wind Velocity and Speed

Velocity
Rate at which the position of a body changes with time

Velocity vector

V=iu+jv+kw (3.1)

Horizontal velocity vector

Vh =iu+jv (3.1)

Scalar components of wind velocity

u:% V:ﬂ W:% (32)
dt dt dt

Wind speed
Magnitude of the velocity vector

V| = \/u2 +v2 +w? (3.3)
Horizontal wind speed

Vh| = \u? +v?2 (3.3)



Zonally-/Monthly-Averaged Winds (m/s)

Figure 3.1 a
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Zonally-/Monthly-Averaged Winds (m/s)

Figure 3.1 b
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L ocal and Total Differentiation

Expansion of total derivative with chain rule

dN _oONdt oNdx _dN ON
— =+ = +

—_—=— —— =— +u— (3.4)
dt ot dt ox dt ot [6)4

Total derivative Time rate of change along a trajectory

dN
dt

Local derivativeTime rate of change at a fixed point

N
ot

Transport termTime rate of change due to transport

oON
u_
134

Eulerian frame of reference
Frame of reference of a fixed point in space

ON  ON
-4+ u—
ot [0)4
Lagrangian frame of reference

Frame of reference of a moving parcel

dN
dt



Example

Example 3.1.

Balloon traveling with the wind from east to west

dN = 10® molec cm3 s

dt

oN = 100 molec cm® km1
[3)4

u =-10m st

Find time rate of change in concentration at fixed point A

oN _ dN _uaN
ot dt 0X

=108 MOEC 110" D 1G0 MOEC 5,001 K™ = 2 1§ MOEC
cm° s S cm® km m cm® s




Gradient Oper ator

Gradient operator in Cartesian / altitude coordinates

= |ﬁ+ j£+ ki (3.6)
ox "ady 0z

Dot product of velocity vector with gradient operator

velE (iw jw kw-§i+ji+k6 ua v wl
0x GZE oy 0z

(3.7)

jeiz1 jej=1, Kek=1
iej=0 iek=0 jek=0

Dot product of gradient operator with velocity vector
Divergence term

Jo .0 0L ou ov  ow
3w E ol e k—E (iu+ jv+ kw) = —+— +—
ox "ady O ox 0y 0z

(3.8)

Dot product of gradient operator with vector not symmetric
(¢ ¥ v[]
Dot product of two vectors is symmetric

a*v=Vea



Gradient Oper ator

Scalar concentration divergence term

N(3 v):N@+N@+Na—W (3.9)
0X oy 0z

Gradient of a scalar variable is a vector

N éir i ) Iz NN QN30
ox "9y 0z [0)4 ay 0z

Apply dot product of velocity and gradient operatoNto

o 0 0 _ON oN oN
(VeON=u—+v—+W—[N=U—+V— +W—
ox oy 0z 0X ay 0z
(3.11)
Substitute into total derivative
dN ON
—=——+(ved)N 3.12
&= o HveD) (3.12)

Generalize and expand total derivative

E:i+ui +Vi +Wi :i +v o [] (3.13)
d ot ox oy 0z Ot



Continuity Equation

Figure 3.2.
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Accumulation = molecules entering - molecules leaving

ANAXAYAZ = up N1AyAzZAL — uoN 2AYAZAL (3.14)

Divide both sides byt and box volume AxAyAz)

AN U2 N2 —uiN10
= - 3.15
N- O ax O (3.15)

Ax --> 0 andAt --> 0
--> Flux divergence form of continuity equation

ON _ _9(uN) (3.16)
ot 0X




Continuity Equation

Flux divergence form of continuity equation in three dimensions

ON _ _9(uN) _a(VN) _a(wN) _ 5 (W) (3.17)
ot 0X oy 0z

Take dot product of gradient operator witNl

3 (VWN)=N(B v)+(veO)N (3.18)
Substitute into (3.17)
%—Tz—N(B v)=(veO)N (3.19)
From definition of total derivative

dN oN (3.21)

)Nz NN
(veON="40 5

Substitute into (3.19) and similar equation for density
--> Velocity divergence forms of continuity equation

dN
el -N(B v) (3.22)
dpa _ —pa(B V) (3.23)



Continuity Equation for Mass Mixing
Ratio

Number concentration as a function of moist-air mass mixing ratio

_ Apaq
N = — (3.24)

Substitute (3.24) into (3.19)

0
q gta +pa(B v)+(ve D)pa§+ paﬁ = —pa(veO)g (3.25)

Substitute continuity equation for air
--> Continuity equation for moist-air mass mixing ratio of a
species with no external source or sink terms.

"_? = ~(v-0)q (3.26)



Compressibility / Incompressibility

Compressible fluid (air)
Volume of an air parcel changes over time and density varies
(thus air is inhomogeneous)

E}V:au av awo

1004 ay 0z

Incompressible fluid (water)
Volume of a water parcel stays constant, but density varies
(thus water is also inhomogeneous)

U,V oW (3.27)
ax dy 0z

Substitute water densitpy) and# w 0 into (3.23)
Density of incompressible fluid is constant along motion

%Pw _ (3.28)
ot

Substitute water densitypy) and# v 0 into (3.20). At a
fixed point in the fluid, water density changes.

ag’_tw = —(v+O)py, (3.29)



Expanded Continuity Equation

Expanded continuity equation

oN 2 Ne
—=-[4 (VN) + DN+ Z Rn (3.30)
ot -
n=1
Substitute

2 0 .0 [ .
O°N= 00 JN=m@m—+j—+k—p
(3 ) %ax”af 0z Eax ay+ 62%\I

_0°N  9°N _8°N
ax2 ay2 972

into (3.30) to obtain

N
ON _ 0(uN) . a(vN) . o(wN) 02N 92N 92ND et

=D
ot ox oy 0z Hoxz dy? oz H nZan




Timeand Grid Volume Averaging

Precise gas concentration
N=N+N’' (3.33)

Time and grid volume averaged concentration

_ t+At [ A A A
Nz + I+ X xa.w ygﬁ Z@ngxmd (3.34)
anayazt B

Precise wind velocity vector
V=V+V' (3.36)
u=u-+u' V=V +V wW=W+w (3.35)

Figure 3.3.Precise, mean, and perturbation components of scalar
velocity and gas concentration, respectively.

\/\ AN AN /\v/\ 2 /\/TU'
VAYAYALERV, VA

NNI/\/\/\/\/\ JAWNIA /\iN

VALVARVAVA SN Y AV



Continuity Equation

Substitute (3.33) and (3.35) into (3.32)

+ ’
+
> 2 ; 2 R
OX oy 0z A=l
(3.37)
Simplify terms
B(N+N)D AN+ oy
E ( )D: = oN (3.38)
8 ot 8 ot ot

N=N N' =0

Simplify again

@(U+u’)(N+N')D a(UN"'F"'U'__"'F) 6(UN+U’N’)

D |:|: =

g 0X B (o) 0X
(3.39)
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Continuity Equation

Substitute averaged terms into (3.50)

oN 5(UN) . G(VN) . 5(V_VN) LOUN  OVN'  GwN
ot [0)4 ay 0z X ay 0z

92N 02N o02ND &

= DHGX + y2 + pw, H+ z Ry (3.40)

Turbulent diffusion is much larger than molecular diffusion -->

oN , 9(uN) o(WN) o(wN) ouN'  ovN L e

+
ot [0)4 ay 0z 0X oy Z R
(3.41)
Continuity equation for gas in vector notation.
N
AN . e
S (VN)+ 3 (v N )_ nZan (3.42)

Similar equation for air mass density

b —
% +0 (Vpa)+ 3 (Vipa)=0 (3.43)




Continuity Equation for Mass Mixing
Ratio

Continuity equation for trace gas in mass mixing ratio units

N ]

9, ye0q ZetRn (3.44)
at 2

Continuity equation for air

(i;)—ta =—pa(B v)-(veO)pa (3.20)

Sum continuity equations

N ]

), 3 (pv)=pa 3 Ry (3.45)
n=1

ot

Take time and grid volume average of terms in equation

0 1 (o et _
o teD)ar=0 (pavq)=nZan (3.49)




Par ameterization of Diffusion

Eddies
Swirling motions of air caused by wind shear and enhanced
by buoyancy

Turbulence
Many eddies of different sizes acting together

Turbulent diffusion
Subgrid diffusion due to turbulence

K-theory
Relates turbulent flux of one parameterg( concentration)

to gradient of mean value of the parameter

Kinematic turbulent flux terms

oN oN oN
UN' = —-Kp o — VIN' = -Kph \ww— W'N' = -Kp, , —
h.xx 0X hyy ay hz 0z
(3.50)
Substitute (3.50) into (3.41)
oN G(UN) G(VN) a(v_vN) N @( ONO 9 oN O
+ + + = — Kh xx —E+ — _E
ot 0X ay 0z 0X Tt oxd ooy 0
) aND et
+ 7 Nt 3.51
L Knzamt S R (3.51)



Continuity Equationsfor Trace Gases

and Air
Continuity equation for trace gas number conc. (molec3cm
G e
—+3 (W)=(B Kg )N+ Y R, (3.52)
ot =

Expanded continuity equation for a trace gas
oON
9 =
L+ (WNq) = (3 KR )Ng (3.56)
+Remisg + Rdepg + Rwasng + Rehemg +Rucg *Re/eg T Rdp/sg tRdsleg tRhrg

Continuity equation for air

Pa 15 (vpa)=0 (3.55)



Continuity Equations for Particles

Continuity equation for particle number conc. (partic:3m

Zies (vm)=(5 K )n (3.58)

+Remisn * Rdepn * Rsedn * Rwashn + Rnuen +Reoagn
Volume concentration versus number concentration and volume

Vg,i = NiVgq,i (3.57)

Continuity equation for particle volume concentration 3@mm3)

qu’ i
ot

+0 (Wgi)=(B KR v, (3.59)

+Remisv * Rdepv * Rsedv + Rwashv + Rnucv +Reoagy
+Re/ev + Rap/sv + Rasiev + Reqv +Ragv +Rary



Continuity Equations for Water

Water vapor

0 1
%+(V°D)qv =—(OpaK# )ay (3.61)
Pa

+Remisv * Raepv + Rehemv + Raucv *Rerev +Rdpysv

Liquid water

oq i
ot

1

#(veD)aci = ~(Opak ! Ja (3.62)
a

+Remist * RoepL + ResedL +Rnucl +Reoagl tReel TRf/mL

Ice

oq
ot

+(ve)an = (Tpak A Jar (3.63)
a
+Rdepl * Reedl * Raucl + Reoagl +Ri/mi +Rdpys

Bulk vs. Size-Resolved Process

Size resolved treatment of water

Ng

ar =ay+ 3 (oL +a) (3.60)
i=1

Bulk treatment of water

qr=0qvtdL tq




Thermodynamic Energy Equation

Energy transfer processes
Conduction
Advection
Forced Convection
Free Convection
Turbulence
Radiative transfer

Energy sources / sinks
Latent heat release / absorption
Solar / infrared emissions / absorption
First law of thermodynamics
dQ=cpqdly —aady (2.76)

Differentiate, substitut& 5 =1/p,, rearrange -->

Thermodynamic energy equation in terms of temperature
along the motion of an air parcel

dl,_ 1 dQ, 1 dp

(3.64)




Thermodynamic Energy Equation

Differentiate 8y = T,(100¢'p,)" with respect to time

de, _ dT, (ool 010007 0 1008ldp, _ 6, dT, 6y dpy

i dBpad VHpad H gZHat T, pa

(3.65)
Substitute into (3.64) and expand total derivative
--> Thermodynamic energy equation
%:@"'(V'D)ev = Oy d_Q (3.66)
at ot Cp,dTy dt

Multiply (3.66) by Cp,dPa continuity equation byp,dev and sum

a(Cp,dpaev)

_ . 6, dQ
Define energy density (JR)
E =cCp,dPaby
Substitute into (3.67)
JE 8, dO
—+03 (VE)=pg—~—= 3.68
ot (VE) =pa T, dt ( )



Thermodynamic Energy Equation

Decompose terms (assurpg <<pg)
Pa=Pa By =8y +6 VEVHV

Substitute into (3.67)

a(ﬁagv) = Pa 6y dQ
2= T4+ @ (pavby )+ 3 (pyv'6y) =2 Y 3.70
ot (pa v) (pa ev) Cpd Ty dt (3.70)
Expand and substitute continuity equation
—aeV+(v-D)§\,+_iB (ﬁav'e'\,): Oy_ dQ (3.72)
Pa Cp,dly dt
Subgrid scale turbulent flux divergence terms
00, —=- 00 — 00
uey = -Kpy —~ VO, =-Konw—r W80, =-Kp,,—r
Y h, xx ax Y h,yy dy Y h,zz 7

(3.73)



Thermodynamic Energy Equation

Substitutev'8,, = —-K (18, into (3.72), remove overbars

00y, 1 8, dQ
—L +(ved)d, =—([¢ K g, +——— 3.74
ot ( ) v pa( Pak ) v cp’dT\, dt ( )

Rewrite diabatic energy source/sink term

Ne
By L vero, =L 8y < dQn
> +(ve0)8y pa(D PaKF )ev ST, Z (3.76)

where

N
dQ_ &"dQn _ Qe  dQt/m  dQup/s  dQgyar |, dQir
dt dt dt dt dt dt dt

n=1
(3.75)




