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Spherical Horizontal Coordinates

Fig. 4.1.




Spherical Coordinate Conversions

West-east, south-north increments

dx = (R cosj )dl ¢ dy = Rad| (4.1)
Example 4.1.

de =5

di = 50

j =30 ON latitude

—-> dl g=dj =5 p/180° = 0.0873 radians
---->  dx =(6371)(0.866)(0.0873) = 482 km

> dy=(6371)(0.0873) = 556 km

Tota / horizontal velocity vectorsin spherical coordinates

V=ipu+jj v+t kew Vh=iju+jjv (4.2

Scalar velocities

ax dl
=— = | —& 4.
u " R cosj pm (4.3)

dy d



Spherical Coordinate Conversions

Gradient operator

- 1 T .11 1

N =i - + i; ___+k L 4.4
' Rocosi Mo U R Tz (44)

Dot product of gradient operator with velocity vector

e 1 q 109 10 ¢ .
rﬂZg(l )] r)

N.-v= : :
VoG Rocos) Mo U R

e 1 fu . 1 i 1 T 1 9k 6
= - +1j U +1Vv - +1 W
%Fgcosl Ml e Recog 1l ¢ Recosj 1l o R.cosj Tl g
P2 S0 U O (TR S TR B ¥
U=~ +|j Ve —— + ] W— —=
R VR M YRW VRN
Tij Tij Tk, 6
%ﬂz +kru = +krv—‘"Z +Kew 75 (4.5)



Spherical Coordinate Conversions

Figs. 4.2 aand b.
Angles used to determine Ti; / Tl e in spherical coordinates.

Top view




Spherical Coordinate Conversions

Magnitude of an east-west unit vector increment

IDij [=]i| |Dle =Dl e (4.6)

From Fig. 4.2 (b),

Dij = jj [Dij |sinj - k¢|Dij |cosj (4.7)

Substitute (4.6) into (4.7), divide by DI ¢
-->let Dif ® 0, DI g® O

' i DI asinj - kDI ocosj
1?"' ,A_e ————— > jj sinj - kycos] (49
e e

Substitute (4.8) and other termsinto (4.5)

~ 1 fu 1 1 : _1_‘H
N-v= Rooos Tl e+ Rocos] 7] (veosj ) + 2 1z (WF%)

(4.10)

Assume Re isconstant

fove——— a1 ﬂ(vcosJ) Iy
R.cog 1l ¢ RECOSJ 1 Nz

(4.11)



Newton's Second L aw of Motion

Newton's second law of motion
F =Ma
Inertial acceleration (momentum equation in inertial frame)

-1

aj M, aF (4.12)

Inertial acceleration in terms of absolute velocity

a; :d—\étA FW VA (4.15)

Absolute velocity of abody in motion

va =V+W™ Rg (4.13)

Expand inertial acceleration

R
Yow Reow vew (W Re) (4.16)

=0 ot



Angular Velocity of Earth

Vector giving angular velocity of earth

W= jj Weos] + kyWsinj (4.14)

Figs. 4.3. Components of earth's angular velocity vector.
W




| nertial Acceleration

Vector giving radius of earth

Re =krRe

Total derivative of radius of earth vector

dR dk : :
o e UtV
dt Ra Re

Substitute radius of earth term into inertial acceleration

%+2W'V+W' (W Re)=aj +ac+a

aj

Local, Coriolis, and earth's centripetal acceleration

L
T
aC:ZWV

ar = W’ (W Re)

(4.14)

(4.17)

(4.28)

(4.18)

(4.19)

(4.19)

(4.19)



Momentum Equation

Expand both sides of (4.12)

1 ( »
a| tac+ar :M—(Fg +Fp+F\,) (4.20)
a

Treat Coriolis and earth's centripetal terms as apparent forces
ac= /Mg ar=-k/May

Momentum equation from reference frame fixed on earth

1 *
al = V (Fr - FC + Fg + Fp + Fv) (421)
a



L ocal Acceleration

Expand local acceleration term

dv ﬂv (v

& -N)v (4.22)

a| = —

Expand left side in Cartesian / atitude coordinates

dv _d(iu+jv+kw) du dv  dw
dt it P i (423)

Expand right side in Cartesian / altitude coordinates

v, Ny ﬂ ) 10. .

‘Ht %ﬂt o +v Y wﬂzé|u+1v+kw)
TR TTRTOO 0 R PO .
St U TV T s s Y T Yy Y T

aw ‘HW w  Two
R U Yy TV s

(4.24)

Horizontal magnitude --> 104 m s2
Vertical magnitude over large scales--> 107 m s2




L ocal Acceleration

Expand left side of (4.22) in spherical / atitude coordinates

av  dlip utij vekew)
dt - dt

(4.25)

:g?, @J,ud_'LQJrg?j a3l g v, kO
dt d g &’ dt dt g dt dt @

Total derivative in spherical / altitude coordinates

d_1, 1 )l 11 )

a1t VRoos Mo 'R YAz (4-20)
Total derivatives of unit vectors

%tl— = j ”t;:j : kré (4.28)
d:jt - . “tgzj s é (4.28)
d—:tf-zn Rieﬂ'j . (4.29)

Substitute (4.28) into (4.25)

dv . a&u utan] uwwd | RV U2

tanj w0 = & w u

—_—= —_ - +—=+|j c— + +—=+k
d gt TR Rp & R Rep &0 R R



Total Derivative of Velocity

Example 4.2.
u =20ms1i
Vv =10ms1
W =0.01ms!
j = 45 ON
d tan]
= _gx104 M _31x10°5
ot R,
d 2 tani
& _ox104 L 63105
ot Re
d 2
2 _1x108 2 -63x105
dt R,
All in units of m s2
Simplify local acceleration
dv . @&u uvtanj © . @&v utan]
il I oy +Hje t
dt "' &dt R g &dt R

Dx =500 km
Dy  =500km
Dz =10 km
Re = 6371 km
uw
—» =31x108
Re
VW
— =16x108
Re
2
Y -16x105
0 dw
L +k (4.30)
%)

" dt



L ocal Acceleration

Expand right side of (4.22) in spherical / altitude coordinates

m+(v-l§|)v=i|ﬁ—u+ u_ fu +_v‘ﬂ_u+Wﬂu_uvtanj+0
fit &t Rcosj e Rei 912 Ry g

2 T
v W vy T P
&t Recosj Mg R. Nz R g

Hw u fw v iw TwoO
k , . =
¥ r%ﬂt +ReCOSj 1 e+R9ﬂj +WﬂZg

(4.31)



Coriolis Force

Fig. 4.4. Example of Coriolis force deflections.
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Coriolis Force

Apparent Coriolis force per unit mass

i 0 kr
F
W:ZW v=2WO0 cosj sinj (4.32)
a u v w

=1 2Wwcosj - vsinj ) +jij 2Wusinj - ky 2W cosj
J

Consider only zonal (west-east) velocity

F
ﬁ‘ =2W v = jj 2Wisinj - ky2Wucosj (4.33)
a

Equate local acceleration to Coriolisforce (aj = dv/dt)

dv : . :
pm =-jj 2Wusinj +k2Wucos]
Figs. 4.5. Coriolis acceleration components when the Coriolis

force acts on a zona wind
W




Coriolis Force

Eliminate vertical velocity term
Eliminate k term

Coriolisforce per unit mass

F
ﬁ“ =2W v »-ij 2Wsinj +jj 2Wusinj
a

Coriolis parameter

f = 2Wsinj

Rewrite Coriolis force
TR
F | Jj Kr

ﬁ'»‘ilfv*'jj fu=fl0 0 1|= 1k, "~ vp

a u v O

Magnitude of the Coriolis force per unit mass

F
|I\/I_C| = flvp|= fu?+V2
a

Example 4.4.

[Vhl =10 m s'1 at the North Pole

-——-> |Fcl/ Ma =0.001454 m S_2

(4.34)

(4.35)

(4.36)



Gravitational Acceleration

True gravitational force vector

ﬁl = -krg (4.37)
a
Newton's law of universal gravitation

GM;M
Fiog=- r21—r%—2 (4.38)
21

Magnitude of true gravitational force

E = GM;M»>
g I’2
21

Gravitational force vector for earth

Fg .+ GM
— = =2 (4.39)
Mg RS

Equate (4.37) and (4.39)

*

F
*  GM
|\/|_ =g :42 (4.40)
a Re
Example 4.5
Me  =5.98x 1024 kg
Re =6.37x 105 m.

—> g =9.833ms?



Apparent Centrifugal Force

Angular velocity and radius vectors for a spherical earth
W= jj Weosj +keWsinj Re =k R (4.42)

Cross product of angular velocity vector with radius vector

* * *

ik
W’ Re =WO cosj sinj|=i RWcosj (4.43)
0 0 Re

Apparent centrifugal force per unit mass

- I i kr
L= g =-W (W Rg)=- 0 cog snj
Rcosj O 0

= -}j ReWF cosj sinj + kr ReW? cos” (4.41)



Effective Gravity

Add apparent centrifugal and gravitational force vectors

*

F F = * * *
g _ o2 W2 enc2i - o )=
Ma_ Ma+Ma_ jj ReW” cosj sinj +kr(Rg cos™] - g ) krg

(4.44)
Effective gravitational acceleration

g :g%wzcosj sinj )2 +(g* - I%choszj )Zglz (4.45)

Fig. 4.6. Gravitational acceleration components for earth.




Effective Gravity

Example
g =9.799 ms? at the equator

g =9.833ms?atthepoles
—_——> go =981 cm s?2 = average surface effective gravity

Difference between g at the equator and pole = 0.34%

Difference between R, at the equator and pole = 0.33%

Example 4.6.
z =100km
—---> g =9.531ms?(3.1% lower than surface value)

> g =9.497 ms? (3.1% lower than surface value)

Gravity varies more with altitude than with latitude



Geopotential

Work done against gravity to raise a unit mass of air from sea
level to a given altitude = gravitational potential energy of air per
unit mass.

Geopotential vector (m?2 s2)

F(2) =k F(2) F(2) = Qg(z)dz (4.46)

Geopotentia height

F
Z= ﬂ (4.47)
9%
Geopotential vector for lower atmosphere (g » gp)
F(2) » gz (4.48)
Gradient of geopotential
. T
NF =k E » Krg (4.48)
Substitute (4.48) into (4.44)
Fg ~
=-krg=-NF (4.49)

Ma




Pressure Gradient For ce

Fig. 4.7. Example of pressure gradient force.

p,r

=) (=
Dx

Forces acting on right and left sides of box

_ a2  p Dxo & TpDbxo
For =-GRe +K7E‘Q’DZ Fp) =GPc - R?BD}DZ

(4.50)
Sum forces

o

Mass of air parcel
Ma =T aDX[)y[Z
Pressure gradient force per unit massin x-direction

F
px __ 1 7P (4.51)
Mg rq Tx




Pressure Gradient For ce

Example 4.7.

Fig. 4.8. Example of a pressure gradient.

100 km

-
1012 mb
dx =100 km
I a =1.2 kg3

1 'ﬂpa 1

| L
>
1008 mb

8012 1008 mb0100 kg m~

(A X 12 kg m 3 &

10m

;

mb

=00033 ms

2



Pressure Gradient Force per Unit
M ass

Cartesian / atitude coordinates

F 1 5 .
_p:_—Npa_- |ﬂpa +]ﬂpa kﬂpa(—) (4.52)
M, T, ra& 1 v Yz
Spherical / altitude coordinates
Ee:__l,\,pa__lae 1 TP, L0, 70y
Mg I'a % Rocosj 1l ¢ J Re 1 1z g
(4.53)
Example 4.8.
z =0 Pa =1013 mb
z =100 m Pa = 1000 mb
ra =1.2kgm?3
Pressure gradient force per unit massin the vertical
1 1 22013- 1000 mb6100 kg mt ™2 ]
fog - = =1080 m s 2
I a ﬂz 12 kg m % 100 m p mb

3000 times the horizontal pressure gradient accel eration



Viscous For ce

Shear
Change of wind velocity with height

Shearing stress
Viscous force per unit area resulting from shear

Shearing stressin the x-z plane (N nr2)
Force per unit area in the x-direction acting on the x-y plane
(normal to the z-direction).

Tu

The dynamic viscosity of air (kg m1 s1)
Ratio of shearing stress to shear

52416.160 T g
T +1202€296.16 9

ha »1.8325" 10 (4.55)



Viscous For ce

Fig. 4.9. Example of shear stressin the x-direction

Dy
! zx, top
A
—— | U
Dz
— 1% Uz bot
\/
- >

Dx

Shearing stress at the top and bottom

Mt Dz Mt Dz
tztop =tz + T t zxbot = tz - Tz 2 (4.56)

Net viscous force on the parcel in the x-direction

R/, 2 DxDy 1 Tt

—— = - = 4.57
™ (tzx,tOp tZX’bOt)ranDyDz — (4.57)

Substitute shearing stress

vz 1 Tgg Tug hy T7u (4.58)

My g 128 2928 1, 12



Viscous For ce

Fig. 4.10. Linear versus nonlinear wind shear

u —p zx, top > — 1 zx, top
—» Uz mid Z — Uz mid
~ B >t pot . » —» [x bot
No net viscous force Net viscous force

Expand (4.58)

% = Th: R4 = ngN2v (4.59)

Kinematic viscosity of air

Na = hafra

Velocity term

R2v= (K- R (4.60)
_ & fu fPud 86112 AT &’HZ\N ow 112w0
IR YR P TV ﬂyz 2y 0l W s



Viscous For ce

Example 4.9

] =1km v =10ms1

yis =1.25km Uo =14msl

7 =1.5km us =20ms!

T = 280 K ra  =1085kgms3
> hg =1.753x 102 kgm1 s2

—_—

i w6
o hg 1 ®g-up Up- WO oo 1010 g2
Ma ra(z-2)283- 2-24

Viscous forces aloft are small

Example 4.10

ya) =0m h =0mst

7o) =0.05m U =04ms!

2 =0.1m uz =1msl!

T =288 K la = 1.225 kg m3
> hg =1.753x 10° kgm1 s2

—_——>

h 1 awy- -0
vz Iy 372 2T s 117x103ms2
Ma ra(z-2)28n-2 2-24

Viscous forces at the surface are comparable with horizontal
pressure gradient accelerations



Turbulent Flux Divergence

Local acceleration

dav v ~
T — T — + .
A= = (v-N)v

Continuity equation for air

ﬂ—ra+ra(N- V)+(v-N)g=0

qt
Combine
év ~\ U éfr “ U
r a8 =r agm + (v - N)v@+ V%_Tlta +N- (vr a)@

Decompose variables
ra»rgv=v+vd
Take time- and grid volume-average of (4.61)

L ocal acceleration term

Turbulent flux divergence term

1
a

Fa(ve N)ver vl - (verg)
Ma

(4.22)

(3.20)

(4.61)

(4.64)

(4.64)



Turbulent Flux Divergence

1 gﬂ(r amq) s ﬂ(r am s ﬂ(r amq:)g
a rag ix My |4 H

1 gﬂ(r am‘l) .\ ﬂ(r aw‘]) .\ ﬂ(r aw‘]:)gJ
r ag ix My |V4 H

1 gﬂ(r aWG) .\ ﬂ(raW@ .\ ﬂ(r aWd:)@
M4 g x My |4 g

O

(4.65)



Diffusion Coefficients

Vertical kinematic turbulent fluxes from K-theory

e Jo o Tv
WeIe= - Kim, e W= - Kz (466)

Substitute fluxes into turbulent flux divergence equation

_FL:__lglae o Tee  fuo Ve Tugu
M, - G & i moocqg g § akma Qo st g  alm. g
ie'ﬂa? Ivo, Ne W0 Te Tvu
L Gk akmoy o o Ty & amyy gy T akmay gl
) igla? 'IT\N0+‘IT88K ﬂW0+‘IT K Twel
o Eix aK MXZ o ﬂy%a myzﬂyg 'ﬂz%a mzzﬂzgu
(4.67)
Vector / tensor notation
R N N
=-—(N-r Kl (4.69)
Ma I'a
&Kmxx 0 0 U
szg 0 Kmpyx O Ytoru (4.68)
B 0 0 KnnE



Diffusion Coefficients

Example 4.11. (vertical diffusion in middle of boundary layer)

Km =50mest
] =300m v =10mst!
yis =350 m Uo =12mst
7 =400 m us =15ms!
>
1 ug K Rly- Uy U 0
M:_lgﬁa mzx'"O mzx_ “H93° 2 27 M7- po2ms?
My 141z Tzo (23 -7)2823- 0 - 7p
Example 4.12. (horizontal diffusion)
Ky  =100m2sl
Vi =0m 0 =10msi
) =500 m Uo =9msi
y3 = 1000 m us3 =7ms1
—>
Ry _ 1 9= flug |_Tmyx &Rg-Up - WO ga50, 0

K
Ma Tafy® & ™ ye” v W2 -Y2 Y2- vip



Complete Momentum Equation

Magnitude of terms in momentum equation

Local - _v _ o~ |104 1071
acceleration A0 T (v- NV

Coriolis force Fe _ B’ v 10-3 0

per unit mass M, B

Effective F FE 0 10
gravitational 9-_9, L -_fF

force per unit Ma Mg Mgy

mass

Pressure Fp_ 1. 10°3 10
gradient force YR Npa

per unit mass a a

Viscous  force F_hy K2y 1012.103 | 10-15.10°5
per unit mass My Tg

Turbulent flux| K _ 1 o - 0-0.005 0-1
divergence  of| M, ~ i a (N raK ”N)V

momentum

Momentum equation

dv
dt

~ 1.
— =-fk” v- NF- r—Npa+

a

I'a

a

23 {2+ = (N1 oK i)y

(4.70)




Momentum Equationsin Cartesian /
Altitude Coordinates

u-direction

du_fu, Ju  fu o fu_ o 1P (4.72)

dt ft 'ny ﬂz raTb<

+_1ﬂ3? . Juo Te o qud e o fugl
g E1x 8 2 M qys Ty @ &MY gy 128 X

v-direction

av_wv, v W oIV 1Tk

a -ty YT Y R Ty &7
_19118? Ivo . 188 K o Tee K Tvou
T G amoy oty @ A myy gy amay g

w direction

aw _fw fw w fw_ 1 9p

pm _ﬂt+uTb<+Vﬂy+Wﬂz_ g e (4.74)
l1eYe iwo 1 e wo 1 e fiwou



Momentum Equationsin Spherical /
Altitude Coordinates

u-direction
fu, u_ ﬂu+_Vﬂy+Wﬂu:uvtanj+fV_ 1 | T,
Tt Recosj Mg R 1z Re raRecosj 1l ¢
1e 1 ﬂ &aKmXX ﬂuO l_ﬂ& ﬂu0+ﬂ&F EQU
raeReCOSJ fled cog 1 eﬂ RZ 1] g at io 1z& 2 ™z
(4.75)
v-direction
2 .
'ﬂv u v v‘ﬂv+ v _ utanj_f_lm(21

ﬂt R.cosj 1l o Re'ﬂl 1z Re - raRe 1l

+_1"3‘ 1 ﬂaﬂ?Kmxy‘ﬂV0 lﬂaﬁK ‘H_+1a? ‘IT_V(_)U
ra GR2cos] Ml 0% co§ Moy REW & & MWyp' & 2 mzy'nzraq
(4.76)
w direction
o, ﬂW+WﬂW=-g-—1ﬂp (4.77)
ft Recosj Mo R 1z rqa 9z
1€ 1 q @aKmx Two 1 f 2 wo T e Twel

+—¢é ++ —++—Cf gKm z—7— U
la el%COSj L % cosj Tleg ﬂJ % al myzﬂj o ﬂZ% arm,z 1z g¢




Scaling the Equation of Motion

Ekman Number

2
nou/ X
Ek = a- -
uf
Rossby Number
2
u</ x
Ro =
uf
Froude number
2
w</z
Fre =
g
Example 4.13
Na
u
W
X
Z
f
-—-> Ek
-2 Ro
-—-> Fr

=10%m?st
=10ms1
=0.01ms!
=105m
=10*m
=104sl

- 10—14
=0.1
=3x10°

Viscous accelerations negligible over large scales
Coriolis more important than local horizontal acceleration
Gravity more important than vertical inertial acceleration

(4.71)

(4.71)

(4.70)



Geostrophic Wind

Geostrophic wind

1 1p 1 T
Vg=—" Ug=-— (4.78)
9 frgy fx 9 frg Ty
Example 4.14
] =30 °N
Pa =568 mb
la =0.00076 g cm™3
f=7202" 10 °rad s !
Ug=481ms 1
Geostrophic wind in vector and cross product notation
i j kK

: , 1l & Ty  .Tpg0_ 1 1 ., -
Vq=IUg +|Vg = —c- | + + = 0 0 1]=—k" N
9 9 J 9 fra% TB/ ﬂX [4/] fra % % 0 fra zPa

ix Ty
(4.79)
Horizontal gradient operator in altitude coordinate
~ %06 96 .1 .9
Ny=Cl—~ +¢]—= =l—+|— 4.80
2“8 o, &ya, ™ Ty .



Surface Winds

Fig. 4.11. Force and wind vectors aloft and at the surface in the
Northern Hemisphere,

Fp
] N
AIoft\ v
H
\FC
Fp

Surface \<V
TN iy
w Fe

ForFe
Horizontal equations of motion near the surface

oLl LA fug
fv= i + - ‘ﬂzg akm, 2 2o (4.81)
_ 1%, 12 WO

fu= 1y +raﬂ2%r aKm,zy s (4.81)



Surface Winds

Figs. 4.12 aand b. Variation of wind speed with height during the
day and night in the boundary layer.

Free troposphere

Entrainment zone /  Cloud layer A
Inversion layer

Subcloud layer
Boundary layer

convective
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— surface layer »\/

Daytime mean wind speed
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Inversion layer
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boundary Boundary layer
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Surface layer
>

Nighttime mean wind speed
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Gradient Wind

Fig. 4.14. Diagram of directiona components used for
calculating local centripetal acceleration.

Cartesian and cylindrical coordinates

X = R, cosq y = R.sing
RE =% +y? q =tan” 1(y/x)
Radial vector

Rc =iRR:

Radial and tangential scalar velocities

UR = dR;/dt Vq =Rcdg/at



Gradient Wind

Figs. 4.15 aand b. Gradient winds in N. Hemisphere.

834 mb




Gradient Wind

Angular scalar velocity

_d9_ g
Cdt R

Angular velocity vector

Wz

W5, = sz

Tangential velocity vector

iR iqg K
Vq=WZ, Rcz O O Vq/ =quq (482)
R 0 O

Centripetal acceleration

Rig K 2
aR =Wz vq=|0 0 vg/R|=-ir=% =-irR:aR = Rear
Ovg O Re

(4.83)



Gradient Wind

Horizontal momentum equationsin cylindrical coordinates

2

- VR - (4.84)
@~ MR R

%{ - fug- RY (4.85)

Local accelerationin (4.84) issmall (duy /dt = 0)
- ->Solvefor gradient wind

Rt K2, , 1 T
Vq=- % sz +4Rcraﬂ—RCa- (4.86)

The correct root is the positive root



Gradient Wind

Example 4.15

Near the center of a hurricane (low pressure)

pa/TR: =45 mb per 100 km

Rc =70 km

j = 15° N latitude

Pa =850 mb

la = 1.06 kg nm3)
—> Y =52msi
>y =1123mst

Near the center of high pressure

pa/IR:  =-0.1 mb per 100 km

Re =70 km

j = 150 N |atitude

Pa =850 mb

la = 1.06 kg n3)
—> v =-1.7ms1
>y =1123mst

Around a high pressure center, fpa/fx and gradient winds must
be smaller than around a low pressure center



Surface Winds Around L ows and Highs

Figs. 4.16 aand b

1000 mb

1016 mb \

\ @

Mr gwau
g LT %, 1 (r awag) s
dt rafRe R. g 1z
mr aw
Yy - - - IR, 2 [ aives) (4.87)




Atmospheric Waves

Wavenumber and wavelength

2p _ 2 _ 2

| 3, x | a,y | a2

Frequency of oscillation (dispersion relationship)

o = T 6
Wavenumber vector

K| = K2+

Group velocity

Cg=liCg,x +] G,y tKqg 2

Group speeds
_1n _1n Tng
gx = 'Iﬂz gy — '|T|~ gz~ Im

Group speed as a function of wavenumber

~

CgX‘Cal | |K|EfZL

Nondispersive medium Ca isindependent of 12

(4.88)

(4.89)

(4.90)

(4.91)



Atmospheric Waves

Fig. 4.17 aand b.
Wave pulses in nondispersive and dispersive media, respectively.
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Acoustic Waves

U-momentum equation

du_ 1 19p

dt ro Tx

Continuity equation

drg_ . u
dt a‘ﬂx

Thermodynamic energy equation

idq\,_dlnq\,:O

g, dt dt

(4.92)

(4.92)

(4.92)

Substitute qy = TV(1000/ pa)k and pg = r gRAIy, into (4.92)

C
d—ra = Ta _p&dln g= 1 = p.d »1l4
dt g dt 1-k CV,d

(4.93)



Acoustic Waves

Substitute (4.93) into continuity equation

dnp, 1 dpa__ Tu
dt  py dt O

(4.94)

Combine with momentum equation --> wave equation

.2 2
d2pg ol N6 . _ 5 1pg
dt2 _%'ﬂtw'ﬂxia Pé = c§ x2 (4.95)

Speed of sound under adiabatic conditions

Cs = 1y Ry,

Solution to wave equation

Pg = P£o sin(lzx - nat)

Dispersion relationship for acoustic waves

na = (T +cg)k (4.96)

Scalar group velocity

CgX:Ui CS



Acoustic-Gravity Waves

U-momentum equation

du__ 11 (4.97)
dt rq fx
W-momentum equation
dw 1 Yo,
- . - 4.97
dt rqa 1z J (4.97)
Continuity equation
dr au - Two
—a — _ —_— —= 4.97
dt %X Tz (4.97)
Thermodynamic energy equation
dr 5 ding,
—a__a 4.97
dt g dt (4.97)
Dispersion relationship for acoustic-gravity waves
2 !n UIZ!Z 2
N ~ - ~
PR G T s Y N L (4.98)
G

(na - UR)Z &




Acoustic-Gravity Waves

~ N pyK 2 2 ilow - frequency
ak+ Na <= Nc lgravity waves
( +Me + nc/Cs):u
o252, 252, 2 12 2 | high- frequency
fk +(Csk s +nc) Na >> Ny {acoustic waves
ok + NiwK K® ¥ {mountain waves
~2 - 2\U2
[+ )
. "[r1621<<ng, rﬁZ:O,E®Oor j Lamb
(T+cs)k . 2 =2 y Twaves
frg >> N, m°=0, k® ¥ !
(4.99)
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| nertial Oscillations

Horizontal momentum equations

du dy dv

X = D 2 - f(ug - u) (4.101)

Integrate u-momentum equation between yg and yg + Dy

u(yo+ Dy)- uglyo) » Dy (4.102)

Taylor series expansion of geostrophic wind at yg + Dy
g
ug (Yo +Dy) » ug (yo )+ W Dy (4.103)
Substitute (4.103) into (4.102)
g (o +D) - ulyo+ Dy)» - - L (4.104)

Substitute (4.104) into vV-momentum equation

dv ce ﬂUgO
—=- - —=_Dy (4.105)
dt & Vo
Inertial stability criteriain Northern hemisphere
fu, 1< 0 inertially unstable
f-—2i=0  inertidly neutra (4.106)

Wis0  inetialy stable



|nertial L amb and Gravity Waves

Inertial Lamb waves

2—f2

Nz = +c§,k2

Inertial gravity waves

2.2
N k
2 f2+ bv

na:
2+ +ngfcs

Rossby radius of deformation

inertia Lamb waves

inertia gravity waves

L>1 R --> velocity field adjusts to pressure field

L<| R --> pressure field adjusts to velocity field

(4.107)

(4.108)

(4.109)



Geostrophic Adjustment

Fig. 4.19. Geostrophic adjustment of the velocity field to the
pressure field at one altitude when L > 1| g and when the domain
Is assumed large enough to allow the energy of the oscillations to
disperse away and decay.
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Vorticity

Relative vorticity

[ ] k
o Aw 'ﬂvo adw  fup. aaTv ﬂuo
zr =N v:%x% y < - =k
u \Y; w

%‘Hy o %ﬂ ) __@J & Tye
(4.110)
Vertical component of relative vorticity
o=l B
r,z ﬂX ‘Hy
Absolute vorticity
Zaz=f+2zr 7
Potential vorticity
v fu
f+zrz % Ty
= = Y = congtant (4.111)

Dz Dz



Rossby Waves

Horizontal momentum equations

du_ 1afpa av

gy L &Pa0
ot 12 & X2, o T Sy V&, (4112)

Midlatitude beta plane approximation

f=fo+bly- y)
L | 2W

b= = 2W— cosj » — cos 4113
Ty Ty j R j ( )

Geopotential gradients on surfaces of constant pressure

a0 _ . adF o odlp 0 _  aF o
%ﬂxz_ a%ﬂxz %ﬂyfa ra%‘nyiap (4.114)

Divide u, v, etc. into geostrophic / ageostrophic components



Rossby Waves

Rewrite momentum equations

d é u
w - [fo +b{y - yO)](Vg +va)' %ﬂ(F g Fa)u

x gp

(4.115)
d f(Fg+Fa)l
o) bty ol ) Sl
P

(4.116)

Combine geostrophic wind with geopotential gradients

1 8F 40 1 adTF
Rt by = 4117
Y97 S X ; % 0 % ﬂy a, (10

Substitute --> gquasi-geostrophic momentum equations

du oAF 40

g —
—2 = fova* by - yolvg - -85 2, (4.118)
dv
—9_. Fa0
G = fova- bly- yolug- ¢ Vo, (4.119)
Subtract §/qly of (4.118) from §/qx of (4.119)
dadlvg Tgo_ ey M0
= - b 4,120
dEX Ty O%'ITX Ve '9 (4120



Rossby Waves

Vertical velocity

_dz_1dF

- 4121
WEH T g (4.121)

Substitute (4.121), u = ug+ Ug, V = Vg *+ Vg, and

Tuy W
ﬁ(‘l + ﬂJ; = 0 (Geostrophic wind is nondivergent)

into continuity equation for incompressible atmosphere

Ju, v, Iw_

=0
™ vy %

to obtain

1 qa8Fg0  aqu, | v0
_———— = - - 4122
g‘ﬂZ%dt;a %ﬂx+‘ﬂy ( )

Integrate from surface to mean tropopause height, Dz

dF "

g _ Huy , Tvy0
—2 - _ oD + = 4.123
d M Ty o (4.123)



Rossby Waves

Substitute (4.123) into (4.120)

d e f 0
a® To p 9_ 4 4.124
%9 gng 95 V9 (4.124)

Geostrophic potential vorticity

~

2 2 A 2
g Tug 1 3Fg TF42 _NpFg
X

z = T (4.125)
J Ty fo% ™y’ 8, fo
Expand (4.124) --
5% £2 aF 46
§j+nlg NSFg - =& Fgi+be—2s =0 (4.126)
it ﬂxz% gbz, =~ X 2y,
Wave solution
F g =F g’os-n(lzx +|~y- nat)
Dispersion relationship by substituting wave solution
o0 b % (4.127)
Ng =cl- =—5——= - :
AT 24242,




