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ODEsand PDEs

Ordinary differential equation (ODE)
Equation with one independent variable

Partial differential equation (PDE)
Equation with more than one independent variable

Order
Highest derivative of an equation

Degree
Highest polynomial value of the highest derivative

Initial value problem
Conditions are known at one end of domain but not other

Boundary value problem
Conditions are known at both ends of domain

Table 6.1. Ordinary and partial differential equations.

Ordinary Differential Partial Differential
Equations Equations

First-order, firsf] (3) dd_N =16- 4N2 () N + M -0
degree t it fx
First-order, first (b) i_T =3AB- 4ANC () EJHJEH,E:O
degree Tt "% Ty
Second-order, (©) d2_N +d_N +5t=0 (9) _ﬂZN +—‘"2N =3t2 +x
first-degree dtz  dt 2 %2
Second-order, 2NB% N 2Ng” N
second-degree (d) th T t4=0 1M g]t s Ax -t




Operator Splitting

Fig. 6.1. Operator-splitting scheme.
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Operator-split advection-diffusion equations
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Operator-split external source/ sink terms
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Consistency. Convergence, Stability

Convergence of finite difference analog

DN
=i J ‘ 6.6
ﬂX Dx® (66
Consistency

D!(i (r@nO”TE;&%:I(a‘ =0 (6.7)

Convergence of overall solution

lim o"Ne’X’t - Nt xq[=0 (6.8)
Dx,Dt®
Stability
lim |Next - Nt x| £C (6.9)
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Finite Differ ence Approximation

Replacement of continuous differential operator (d) with discrete
difference analog (D) written in terms of a finite number of

values along atemporal or spatial direction.

Fig. 6.2. Discretization of uy

u
A
Uy
> x
U1 U Ui+1 Ui+2
1 - e
I-1 [ i+1
Xi-1 X Xi+1 Xi+2
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du ~->DYy = U+ - Uj-1 central difference
> DU =44 - Ui forward difference
—->Duy =U - U-1 backward difference

Central difference approximation to tangent slope at X;

Tu 5 Dy _ U4g-Yg (6.10)
Tx DX X1~ %1




Taylor Series Expansions

Fig. 6.3. Centra (AC), forward (BC), and backward (AB)
approximations to slope of tangent at point B.

Taylor series expansion at point x + Dx

N, 1 2N, 1 4N

1
- N + Dx_x + - DX2 —X + -
NacrDx = Nx w 2 @2 6 w3 24 N

(6.11)
Taylor series expansion at point x - Dx

2 3 4
Ny- px = Ny - Dxmx+_;DX2Mx__1DX3Mx+iD)<4Mx_

Mx ™ 6 w3 24 wé

(6.12)
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Finite Differ ence Approximations

Sum the Taylor series expansions

2N, 1 4N
— 2'"_& — - X
Ny+Dx + Nx- px = 2Ny + Dx 0 +12Dx4 ot

(6.13)
Rearrange
ﬂ;xl\zlx _ Ny - EIX\I§+ NeDx | o ) (6.14)
Truncation error
o(px2) =- 1—12 Dx2 %ﬁ - (6.15)

Second-order central difference approximation of 2nd derivative

'"2|\2|x . I\|x+Dx B 2N§< + Nx- Dx
X Dx

(6.16)




Finite Differ ence Approximations

Subtract the Taylor series expansions

N ﬂ

N N = 2Dx—=X += Dx3 6.17

x+Dx = Nx- Dx ™ 3 ‘ITX3 ( )
Rearrange
1“\lx I\|x+Dx' I\Ix— DX 2

= + Q| Dx 6.18

X 2Dx O( ) ( )
Truncation error
o(px2) =- = L e PNy (6.19)
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Second-order central difference approximation of 1t deriv.

TNy Nrpy- Noopx - Nivg = Njg (6.20)




Finite Differ ence Approximations

First two terms of Taylor series

First-order forward difference approximation of 15t deriv.

ﬂNx |\|x+Dx' Nx I\|i+1‘ I\li
= 6.21
0 Dx Dx (6.21)

First-order backward difference approximation of 1t deriv.

N » Ny - Nx. px — Nj- Ni-g

fix Dx Dx

(6.22)



Differencing Time Derivative

Central , forward , and backward difference approximations

TNe  Neep - Nih
2
o i (6.23)

TN Nevp - Ny
e » N (6.23)

TNt Np- Npp
it » n (6.23)




High Order Approximations

Finite difference approximation of §MN/qx ™M

0 Order of derivative=m
0 Approximation expanded across g discrete nodes
0 Minimum number of nodes=m+ 1
0 Maximum order of approximation =9 - m
Example
Order of derivative: m=1
Number of nodes g=>5
- Order of approximation: g-m=4

Fig. 6.4. Grid spacing where g = 5. Derivative istaken at X3.
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Distance between two nodes

DX =Xj+1- X

Approximation to the mt" derivative across q nodes
1N o

T »& GN =g1Ng +g2N2+...+ggNg (6.24)
i=1




High Order Approximations

Taylor series expansion for each node about point X

N 1 212N 1 3 15N«
NI = N*+()q - X*) ™ +_2(Xi - ) ﬂXz é(xl - ) ﬂXS +
(6.25)
Combine (6.24) with (6.25) and gather terms
o »a gN =a gi M- +é9i(Xi - X+) o +a giE(X| ) 02
i=1 i=1 =1 i=1
(6.26)

Redefine

q 2

Q I\ I\

ia:.lgi Ni = BoN« + By o B w2 (6.27)

cg 1 n
By=a g E(Xi - )@) forn=0..9-1 (6.28)
| =1 '

0 Set By = 0 foral n, exceptn =m

0 Set Bh=1whenn=m

Multiply (6.27) through by n! and set matrix (6.29)
e ! 1 1w 1 lgiy o6 0By 0
s (x-x)  (g-x)  (x3-x) .. (xq - x*) 7S Zld g 1B, ld
€ (x - % )2 (¥o- x« ) Cx)? -X*ZL]égg(J:é 2B,
‘2(1.) (2.)(X3.) (Xq.)lfé.ué .
: N1 g1 -1 IQ-lgé.gé '| g
gxl- X )T (%0 % )1 (xg- % )17 (xq - x*) @qg €a- 1By 1§



Second-Order Central Difference Approximatior

Example.
Find second-order central difference approx. to TN/x
Order of derivative: m=1

Order of approximation: g-m=2
---> Number of nodes qg=3

1 1
-Dx 0 Dx Bg; U= (6.32)

Solve matrix

1 1

9i-1=- o5 gi=0 Oi+1 =5~

Apply the gsto (6.24)

N
© » 1NL +92N2 +93N3 =0i-1Nj- 1+ G Nj +9j+1Nj+1

Substitute gs to obtain central difference approximation

N Nay- N
X 2Dx

Table 6.2 (¢)




First-Order Backward Difference
Approximation

Example.

Find first-order backward difference approx. to TN/

Order of derivative: m=1

Order of approximation: g-m=1
---> Number of nodes qg=2
Set matrix

é1 10égi-10_ €00
& DxOd& g H &t (6.30)

Solve matrix

1 1

gi-1=- o gi=—

Applying the gsto (6.24)

N
> gi-1Ni-1 +giN; (6.31)

Substitute gs to obtain backward difference approximation

N N-N_g

x Ox Table 6.2 (a)




Second-Order Backward Difference

Approximation

Example

Find second-order backward difference approx. to N/9x

Order of derivative: m=1
Order of approximation: g-m=2
---> Number of nodes qg=3
Set matrix
e 1 1 1uag, 2u  €0u
€ oox  -Dx 0% (9=§u (6.32)
é e2!- u &0 '

&-2Dx)* (-Dx)%0f gi 6 80d

Solve matrix
1 .2 __3
gi- 2_2DX gi-1-= Dx gl_ZDx

Applying the gsto (6.24)

N

ﬂ_x»gl oNj- 2 +9i-1Nj-1 + giN;

Substitute gs to obtain backward difference approximation

TN N.o-4Nj 5 +3N;
»
X 2Dx

Table 6.2 (d)




Higher-Order Approximations

Third-order backward difference (m=1, g = 4)

IN N.p-6Nj+3N, +2N,

Table 6.2 (f
X 6Dx e62(f)
Third-order forward difference (m=1, q=4)
IN -2N.7- 3N; #+6Nj1g - Nijp

Table 6.2
™~ 61X e6.2(9)
Fourth-order backward difference (m=1, q=5)

- + - . + + .

TN ,-N.g*ON.p- 18N, ION #3N1 1 e62()

X 12Dx

Fourth-order forward difference(m=1,q =5)

N -3Ni_ ;- 10N; +18Ni,q - 6N 1> +Ni 4z |
Table 6.2
% 12Dx 0)




Fourth-Order Approximations

Fourth-order backward diff. scheme (m=1,qg=5)

e 1 1 1 1 1Leg| 4U é0¢
& ~4D  -3Dx  -2Dx_ -Dx oL‘?g, 34 SLE
g-4D)° (- 3097 (- 2D><) (- Dx)? oueg. 20= &

% 400? (-209° (-200° (- 09 °0Fg; 1 ! &

4
&-4D* (-3Dx)* (-2D9* (- D) 0f6 o § &6

N -3Nj4+16N; 3- 36N, p+48N;. ;- 25N,

X 12Dx

Table 6.2 (K)

Fourth-order forward difference(m=1,q =5)

N 25N - 48N+ 36N, - 16N,
> 12Dx

+3* 3N+ a6 ()



Fourth-Order Central Difference
Approximations

Fourth-order central difference of N/fx (m=1,q=5)

¢ 1 1 11 1 igiou
©.2x -Dx 0 Dx 2bx £g;. Y &Y
< 2 2 2 plE- ~u € u
d-2Dx) (- Dx)“0(Dx)“(2Dx)" té g; u= 8 (6.33)
§-200)° (-00° 0(D)° (200°Egia § S
d-20x)* (- Dx)* o(Dx)* (2Dx) *téoi 28 €€

IN O N.o-8Nj 1 +8Njig - Njvp
X 12D

Table 6.2 (h)

Fourth-order central difference of 12N/ x2 (m=2, q =5)

¢ 1 1 1 1 1 gl €0
©.2Ix -Dx 0 Dx 2bx £g;. Y <Y
< 2 2 20025 U &
d-200 (- D) 20(Dx) 2 (20028 g 1= &0
- 200)2 (- D0 o(Dx)? (209 B!
d-2Dx)" (- Dx)" 0(Dx)" (2Dx) "6+ 28 €00

12N JN.p+16N; g - 30N +16N. - N
x 2 12Dx?2

2 Table6.2 (n)



Solutionsto the Advection-Diffusion
Equation

Species continuity equation in west-east direction

IN  TuN) 1 AING _
T X ﬂxé?h’xx xXg

0 (6.1)

CFL stahility criterion for advection

h < DXmin/lumax|

Stability criterion for diffusion

2
h< D(min/KmaX

Forward in time, centered in space (FTCYS) solution (6.35)

Nit- Nit-h (Nheag-h” (WN)iogen - Nt h- 2N+ Niagen _

h 2Dx Dx2 0



| mplicit Solution

Implicit solution (6.36)
Nit - Nit-h (UN)i 41z - (UN)i gy  Nixne- 2Ni e+ Ni-ae _
h 2Dx Dx 2

Rearrange and write in tridiagonal matrix form

ANj-1t+ BNt + DiNj+1t = Nj t-n (6.37)
Ko K e U K 6
= _hi— 1+ ht—s; -2
A 2DX DXZ,G 1 a Di 2DX DXZg
(6.39)
éBi Dy 0 0 .. O 0 O 0é N1t u éNit-h U é AlNgt U
é ué a é u é 0
A> B Do 0 . 0 0 0 qé N2t q é Not-h 0 6 0 L'J
60 A3 Bg D3.. 0 O 0 &Nzt éNs,t-hué 0
é 0é u é u é U
é: Do : : e a é ua é U
é Ué u é ua é 0
g0 00 0 ..B.2D-2 O OZNI—Z,'[U aNi-2thg & 0
é0 0 0 O .. A.1 Bi.1 D 1ueN| 1t0 @Nl-l,t-hl:,l é 0
€0 0 0 © 0 A B ENYE ENn 8 EDIN

(6.39)



Tridiagonal Matrix Solution

Decomposition:

_.b . _ Db o
g1 B, Ji B +AQ 1 I

_R _R-Aa g L _
aj = aj= B.+A'9: X i=2..1 (6.40)

Backsubstitution:

Nt =a| Nit=aj +giN+ti=1-1.1-1 (6.41)

Matrix for solution over a global domain

éBi DL 0 0 .. O 0O A BNyt o éNig-p ¢
é (e u é U
éAQBzDz 0O.. O 0 0 céNZ’tu éNZ’t'hlj
60 A3 B3 D3.. O O O 8Nt U & N3gt-h U
é (e u é U
éO 0O qBg.. O 0 0 L’éN4’t U:éNA”t'h (
é: : : : e - u é : U
é s ua é U
g0 00 0..B.2D0-2 0 Ll%\'I-Z,ta aNi- 2t-h
€0 0 0 0 ..A.1 B.1 D-108NI-1t0 éNi-1t-h0
&y 0 0 0 0 A B HEN; ¥ &Nend

(6.42)

D) =Dg A=A+



Crank-Nicolson Scheme

Crank-Nicolson form (6.44)
Nit- Nit-h € (UN)agg - (UN); g L )(UN)i+1,t- ho (UN). 1t !
h gr 2Dx e 2Dx 0
€ Ni+gt - 2Njt+ Ni- gy Ni+1t-h - 2Nit-h +Ni-1t-h0
- Ka > + (1' mc) > =0
Dx Dx 4
me = Crank-Nicolson parameter
=0.5 -->Crank-Nicolson solution
=0. --> explicit solution
=1 --> implicit solution

Tridiagonal form

ANji-1t+BNjt+DOiNj+1t = ENj-1t- h +FNjt- h+* GNj+1¢t-h

(6.45)
i =-me 2l[J)x DEZ%l E':(l_mC)h%X %;941
B = 1+mh D>I(<22 =12 %)rg%%
Dj = mchge%x ' %%u Gi=-{t- m:)hgv%_ %%ﬂ



L eapfrog Scheme

Nit- Nit-oh  (WN)isae-n= (Nhgen Niege - 2Nie b+ Nioaeh

0
2h 2Dx Dx?

(6.48)

Matsuno Scheme

Prediction step (6.49)

Niest- Nig-h  (UNhage n= (N} ap-h Noat h- 2Nien* Noaeh _
h 2Dx Dy
Correction step (6.50)

Nit- Nit-h (UN) 436t - (UN) g ot (Ni+iest- 2Niest +Ni-vest _
: -

h 2Dx Dx



Heun Scheme

Nit- Nit-h \ 1(UN)i+1,est i (UN)i-l,est Ni+1est - 2Njest + Ni- 1 est

h 2 2Dx

L
2 sz

L1 N)iwag 0 - (UN)iggon K Nisagh- 2Nig h+ Neaeh
2 20x 2 Dx 2

(6.51)

Adams-Bashforth Scheme

Nit- Nit-h, 3(U"N)ivag - (N)iiagn 3 Nisag-h - 2Nig-h +Niag-h
h 2 2 DX 2 Dx 2
1(N)isagon” (WNFge-on 1 Nisap-2n- 2Nig-oh #Nia-oh _
2 21X 2 Dy

(6.52)



Fourth-Order in Space Equation

Fourth-order central difference explicit solution

Nit- Nit-h (UN) . 2¢- 8UN)i 14 +8UN)i g~ (UN)jip¢
h 12Dx

. Nj- 2t *16Nj-1t- 30Njt +16Nj+1t - Ni+2t 0
12Dx?

(6.53)

Write in Crank-Nicolson and pentadiagonal form

ANij.2t+ BN .1t +DiNjt + EiNj+1t +F N 42t

=RBNi-2t-n*+*QNi-1t- h *SN t- h + TiNj+1t-nh *UiNj+2¢- h



Second-Order Central Difference
Form of Diffusion Term

Variable diffusion coefficient, variable grid spacing

Kisgy2(Ni+1- Ni) ) Ki- 172 (Nj - Ni-1)
Xi+1 = X Xi- X-1
Xi+y2~ %-12

o NG _

ﬂx% o

(6.54)

Ki +y2 = 05(K; +Kis1) Ki-12 = 05(K; -1+ Kj)

Xi+y2 = 05(X + X +1) Xi-1y2 = 05(X-1 + ;)

Simplified form
N
ﬂlx@ﬂﬂggsz’i'lNi-“bK,iNi + b i +1N +1 (6.55)
2K -2
PKj-1= (6.56)
o (% - %2 2)0%§ +1- %-1)

b = (541 %Ki g2+ (% - Xi- 1)K w2
“ (Xi+1' Xi)(xi - X -1)(Xi+1' Xi-1)

2Kj+y2
Xi4q - Xi)()ﬁ +1° % -1)

bK,i+1=(



Second-Order Central Difference

Form of Advection Term

Variable wind speed, variable grid spacing

T(uN)
qIx

(1" Xu) 2(% - Xi-1)
Qai-1~ ( )(XI+1 X, 1)

(X|+1 X) (Xl‘ Xi - 1)

(w12 JXi - %)

Ja,i =

N - Xi-1
K+1 - Xi)(Xi+1' >ﬁ-1)

Jai+1 = (

Coefficients from matrix

1 1 1 l'@55“ 1U d)u

ug

e

é

:e(xi - xi_l)O (x,+1 x,) Ué Ja,i u
gxi B} Xi-l)zo(x|+1 X|) k@awlg @g

= 0a,i- 1(UN)i -1 1 Ga,i (UN)i *+0a;j +1(UN)i +1

(6.57)

(6.58)

(6.59)



Second-Order Advection-Diffusion
Equation With Variable Diffusion
Coefficient and Grid Spacing

Crank-Nicolson form (6.60)
Ni,t -hNi,t- h_ m:{[(gau- bK)N]i_ L +[(gau- b K)N]i +[(gau- bK)N]i+1}t

- (1- m;){[(gaU- by N 1+ [(gau- biN]; +[(gau- bK)N]i"'l}t- h

Write in tridiagonal form

ANi-1t+BNjt+DiNj+1t =ENj-1t-h +ANjt- h+ GNi+1t-h



Two Dimensional Solution

Advection-diffusion equation in two dimensions

N N) N T@  INo T® NG
- - — —==0
)y E G e MYy

(6.61)

Central difference approximation

Ni jt- Nijtnh +§(UN)i +1,j (UN)i-l,j +(VN)i,j+1' (VN)i,j 13
h 2Dx 2Dy i

@ q

@  Ni_gj-2Nj;*+ N
- Knpo————% L+ Knyy
e Dx

Nij-1- 2Nij *Nij+106 _
2 T =
Dy i

(6.62)

Solve

A,iN-1jt tBijNijt + Di jNi+1jt *Ei jN j-1t *F jNi,j+1t = Nijt-n



Semi-L agrangian Method

Nx t = Nx- uht-h (6.63)



Finite Element M ethod

Advection equation at node i

N; | T(uN)
+ =0 6.64
it ™ (6.64)
Tria function = series expansion approximation to N
= linear combination of basis functions
Ni » Nj(x) =é N; €; (x) (6.65)

J
g(¥) = basisfunction
j = trial space

Minimize residual by forcing its weighted average to zero over
domain

QRi(x)e (x)dx =0 (6.66)

g(X) =weight function
g(¥ =g(9> Gaerkin method of weighted residuas
a(¥ * g(X)—> Petrov-Galerkin technique

Residual in advection equation

CEINY) N0 ETN | INGO ETN(X) | TN (X)ir
ROZg g "V fén Ve g Y w4

0

(6.67)



Finite Element M ethod

Substitute (6.67) and (6.65) into (6.66) (6.68)
Qéﬂl\:ih(x) + uﬂNﬂi)EX)g i(x) dx
G'Alﬂ e o) q& ou
- Q&Lea nje; (97 uL 68 Njej (9, (xex
Lk TR R
o &N O o & de; (x o)
= A ¢ Qej(ei (x)x= Nj —— & (x)dx: = 0
?’% i Q¥ (x)ei (x) X-ﬂ"'Ua% Qg & (x) X-ﬂ

Take time difference of (6.68) over three nodes

Ni-1t - N Nit-h
AR 6 e (s R e e (0

N Ni+1t- Ni+1t-h x

N sy (9 669
ae 1tQXI de;._ 1( ) i(x)dx"'Ni,tQX_iﬂdi)((X) ei(x)dxf
+U9 -1 -1 =0

Gy 2 o *1( e



Finite Element M ethod

Define basis functions as chapeau functions

I X-
Xj-1 EX £ X;
{XI )ﬁ 1
e()—l—'—l— Xi £ XE X +1 (6.70)
P Xi+1 ™ X
10 all other cases
t
Solve each integra
Xi X @X;- X 0x-x_10  x- X
ej- 1(x)g (x)dx = sdx =—=1=1
q_1|1()a(ﬁ QS % e x 5

(6.72)

Solution obtained once integrals have been solved

(Ni-l,t - Ni-1t- h)DN +(N,t- N,t-h)Z(DXi+1+ Dxj) +(Ni+1,t- Ni+1t- h)DXi+1
6h

Ni+1t- N- 1t
u

> =0 (6.72)



Tests With a Finite Element M ethod

Fig. 6.7. Preservation of a Gaussian peak during finite element
transport after eight revolutions around a circular grid when

(a) unyDx =0.02.
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Pseudospectral Method

Advection equation
N N

— +tu— =0

qt X

Represent solution with infinite Fourier series

¥ .
N(x.t)= & axt)e' PVt

k=0

Integrate both sides of (6.82) from O£ X£ L

\L -1
a (0)= = Q) N(x,0)e "“*P¥ boix

Il

Truncate infinite series

K .
N(x.t)= & axt)e' eVt
k=0

(6.81)

(6.82)

(6.83)

(6.84)



Pseudospectral M ethod

Central time-difference approximation of (6.84)

K o
it~ 2h aak NP ay. e P (6.85)
k=0 k=0 [}
Partial derivative of (6.84) with respect to space
IN _ K ik2
% =0 L

Substitute (6.85) and (6.86) into (6.81)

K K.
1o k2px/ L o 1k2pak t- h jkzpyL
—a(akt-akch)I S RTY- | e et
2h L
k=0 k=0
(6.87)
Separate into K equations --> solve
At - akt-2h _  Uik2pagt- h
>h =- C (6.88)



