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Klaus Keller (presenter) 
With inputs from David Anthoff, Patrick Applegate, Nathan Urban, Robert Nicholas, Jacob 

Haqq-Misra, Roman Olson, and Brian Tuttle 

Uncertainty and Sensitivity Analyses in  
Integrated Assessments: 

Many obvious and a few new things.. 
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Nicholas et al (in prep.) 



Outline 
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1.  Why perform uncertainty and sensitivity analysis? 

2.  What is the current state-of-the-art? 

3.  What about future learning? 

4.  Research needs 

5.  Conclusions and recommendations for MUG 



Why perform uncertainty and sensitivity analysis of IAMs? 
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CMIP Data from Meehl et al (2007); CS figure adapted from Randall et al (2007) 
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• Are there nonlinear and persistent 
(threshold) responses? 
• What are the (deeply uncertain) risks? 
• What controls the risks? 
• How brittle are the results with respect to 
improved representations of uncertainties 
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g

Sensitivity

threshold
not

triggered

threshold
triggered

best parameter estimate

paths of local sensitivity analysis

Note the 
overconfidence of the 

CMIP3 ensemble  



How brittle are 
conclusions based 
on the best-guess 
parameters? 
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Fig. 2 Optimal abatement levels
for NS = 1 (circles), NS = 7
(stars) and NS = 15 (squares).
These sampling densities
correspond to 1, 2,401 and 50,625
states of the world respectively

Fig. 3 Effects of increasing
sampling resolution on
approximation error. Shown are
the mean difference (calculated
from 2005 to 2155) between
optimal abatement as a function
of the numbers of states of the
world (SOWs) compared with the
optimal solution for 50,625
SOWs. The number of samples of
each uncertain parameter are
marked on the plot. The solution
has practically converged beyond
74 = 2,401 SOWs

Beyond NS = 7 the solution has, for practical purposes, converged. This suggests that
NS = 7 provides a reasonable approximation for the specific parametric uncertainty in
the chosen model structure. We adopt this value for the more detailed analysis below.
It is important to note that this study focuses on uncertainty about a subset of the
model parameters. As a result, the true uncertainty is likely larger than the one reported
here.

6.2 What are economically optimal risk reduction strategies?

The analysis, so far, adopts the expected utility maximization approach of previous studies
(Nordhaus 1992). Expected utility maximization may be a useful framework for cases with
well known costs and benefits, and where the decision-makers actually adopt this decision
criteria. Expected utility maximization can, however, be a poor description of decision making
when the negative impacts are not easily quantified or the underlying probability functions

Springer

35Climatic Change (2008) 91:29–41

McInerney and Keller (2008) 

•  DICE model with one 
simple climate threshold 
and four jointly uncertain 
parameters. 

•  Numerical stability of the 
conclusions requires here: 
Ø  O(10^4) SOW  (see 

Figures) 
Ø  O(10^6) iterations over 

all SOW for optimization 
(not shown) 

->O(10^10) model runs 
-> need fast models or  

large computers.. 

1 SOW 

>2000 SOW 



Approaches to Uncertainty and 
Sensitivity Analyses in IAMs 
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1.  No formal inversion, “transfer pdfs”, neglect most correlations. 
•  Examples: McInerney and Keller et al (2008), Marten (2011), … 
•  Simple method with interesting (but limited) insights. 
•  How to transfer pdfs? 
•  Still the predominant approach. 

2.  Consider correlations along conditional maximum a posterior (MaP) 
estimates. 
•  Examples: Yohe et al (2004), Goes et al (2011),… 
•  Improves hindcast consistency and tail area representation, but 

misses important uncertainties.  
3.  Full joint probabilistic analyses, without learning  

•  Examples: Pizer (1999), Urban and Keller (2009,2010). 
•  Global sensitivity study (Butler et al, in prep) 

4.  Full joint probabilistic analyses, with learning 
•  Dynamic programming, agent based modeling, OSSE  

(Kelly and Kolstad, 1999, Keller et al, 2008, Peterson et al, 2003). 

How does this work (or not) and why does this matter? 

Increasing 
power and 
complexity 



Two important tests: 
(i) Does the model 
represent key 
mechanisms? (ii) Do 
the hindcast credible 
intervals have 
appropriate coverage?  

6 

•  SNEASY (Simple Nonlinear 
EArth SYstem model): coupled 
nonlinear carbon cycle, climate, 
and MOC models. 

•  We are adding a dynamic 
Greenland ice sheet flow model. 

•  Full nonparametric posterior joint 
parameter pdf through Bayesian 
data-model fusion (MCMC). 

•  SNEASY is open source and is 
being integrated into DICE and 
FUND. 

•  SNEASY passes the laugh-test of 
roughly appropriate past credible 
intervals. 

PROBABILISTIC HINDCASTS AND PROJECTIONS OF THE MERIDIONAL OVERTURNING CIRCULATION 7
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Figure 2. Panel (a): Historic radiative forcings. The thick black
line is the total radiative forcing. The thin gray lines are, from
top to bottom, CO2, non-CO2 greenhouse gases, solar variability,
volcanic aerosols, and anthropogenic aerosols. The forcing data
are described more fully in Section 3.1. The modeled CO2 and
aerosol forcings are taken from the best fit hindcast. Panels (b)-
(e): Observations and hindcasts. The observational constraints
are shown by open circles (red): (b) surface temperature anomaly,
(c) ocean heat anomaly, (d) atmospheric CO2 concentration, (e)
ocean carbon uptake, (f) AMOC strength. The best fit (max-
imum posterior probability) model outputs are shown by solid
curves (purple), and the dashed and dotted curves are 90% and
98% predictive credible intervals. The vertical error bars in panel
(f) represent one standard deviation of the reported observation
errors (Bryden et al., 2005; Kanzow et al., 2007; Lumpkin and
Speer, 2007).

and is expected because an increased thermocline exchange
rate (stronger ocean carbon sink) requires a decreased CO2

fertilization factor (weaker terrestrial carbon sink) to result
in the same atmospheric CO2 observations. A second exam-
ple is the positive correlation between the climate sensitivity
and the aerosol scaling factor (Figure 4, row 5, column 5).
As discussed above, this positive correlation is expected be-
cause a higher climate sensitivity can be counteracted by a
stronger (negative) climate forcing from aerosols.

A third example of parameter correlation is between the
climate sensitivity and the vertical diffusivity of heat in the
ocean (Figure 4, row 4, column 4). This correlation is ex-
pected to be positive when observing surface temperatures,
and negative when observing ocean heat content (Urban
and Keller, 2009). In Figure 4 this correlation may appear
weak. In fact, the correlation between S and κV is moder-
ately positive (about 0.4). The positive correlation implies
that temperature provides a relatively stronger constraint
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Figure 3. Marginal probability density functions of the esti-
mated parameters. The horizontal axis range represents the lower
and upper bounds of the prior probability density function. The
dashed curve in the climate sensitivity plot is the non-uniform
prior distribution. All other parameter priors are bounded uni-
form and not depicted.

on climate sensitivity than does ocean heat, consistent with
the signal-to-noise ratios present in those observations (see
Section 5.1). Further evidence to support this hypothesis is
found in the marginal posterior pdf for κV in Figure 3, which
is broad, indicating that the ocean heat data do not strongly
constrain the diffusivity. This may be related to the highly
autocorrelated ocean heat residuals (Fig. 3, panel ρH), as
higher autocorrelations imply fewer effective degrees of free-
dom in the data.

As discussed in Section 2.2, the decoupled treatment
of ocean heat and carbon diffusion in the model can lead
to inconsistency between these parameters which would not
exist in a model that treats both processes using the same
parameterization of vertical mixing. The estimates for the
heat diffusion (κV ) and carbon diffusion (η) constants in
Figure 3 may lend support to the presence of such incon-
sistency, as the assimilation simultaneously implies a higher
rate of ocean heat uptake but a lower rate of ocean carbon
uptake. However, this interpretation is sensitive to the choice
of prior range for these parameters, and the relationship be-
tween the values of parameter. (For example, an upper limit
of η = 200 m/yr may not imply the same amount of vertical
mixing as an upper limit of KV = 4 cm2/s.) Another line of
evidence comes from Figure 4, which shows the inferred κV

and η to be uncorrelated with each other. One might expect
them to be correlated if they arise from the same underly-
ing mixing processes, assuming that the highly aggregated
observations are sufficiently informative to detect this cor-
relation. However, it is difficult to evaluate the expected
amount of correlation between the two diffusion parameters
in this model, considering that both are “effective” parame-
ters which attempt to encode a variety of non-diffusive mix-

c© 0000 Tellus, 000, 000–000

What are the projections? 

Urban and Keller (2010) 



Using hindcasts to assess probabilistic projections:  
Data vs DICE vs SNEASY 
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Nicholas et al (in prep.) 
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Which uncertainty matters the most? 
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The sensitivity analysis should resolve the effects of 
important interactions within the reasonable parameter 
range. => We need the joint pdf with correlations. 
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How to implement these correlations in IAMs? 

•  Simple: Use a stratified 
sample of parameters and 
apply rejection sampling 
(cf. Sriver et al, 2012). 
•  Intermediate: Sample 

along maximum a posterior 
conditional parameter 
estimates (cf. Yohe et al, 
2004, Goes et al, 2011). 
• Advanced: Derive the full 

joint pdf using MCMC and 
then subsample the 
parameter chain (Anthoff et 
al, in prep.)  

Climatic Change

2.4.1 Climate sensitivity

Climate sensitivity represents a key source of uncertainty in future climate predic-
tions (Knutti and Hegerl 2008; Urban and Keller 2010). Current climate sensitivity
estimates are deeply uncertain (Knutti and Hegerl 2008; Frame et al. 2005). Deep
uncertainty refers to the situation when the estimates depend strongly on subjective
and divergent prior assumptions (Keller et al. 2008b; Lempert et al. 2002; Lempert
2002). Current climate sensitivity estimates can be typically summarized by modes
roughly between one and four K, a positive skewness (i.e., a fat right tail), and a
considerable probability mass up to roughly 10K. We represent these characteristics
using an empirical probability density function (pdf) (Fig. 2). We sample this pdf
using 50 stratified (and equally likely) Latin Hypercube samples (Helton and Davis
2003). Similar to Yohe et al. (2004) we account for the positive correlation between
estimates of climate sensitivity and the vertical ocean diffusivity (cf. Urban and

Fig. 2 Representation of the
uncertainty about climate
sensitivity (panel a) (see
Table 1 and text), the
correlation between the
vertical ocean diffusivity Kv
and climate sensitivity (panel
b) (cf. Urban and Keller 2010),
and the resulting uncertainty
about the economic damages
of climate change (for a
business-as-usual scenario in
2105) accounting for the
combined effects of
uncertainty about climate
sensitivity and the economic
damage function (panel c)
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Marginal distributions miss 
important information 

–  High climate sensitivity estimates 
that would be consistent with the 
surface air temperature record are 
inconsistent with the oceanic heat 
uptake.  

–  Likewise, low climate sensitivity 
estimates that would be consistent 
with the oceanic heat uptake are 
inconsistent with the surface air 
temperature observations. 

–  Learning affects the joint pdf in 
complex ways. 

–  The pdfs may be poorly 
approximated by multivariate and 
correlated normal distributions. 

-> Arguably the easiest way to 
implement learning in IAMs is 
through the full joint pdf as a 
function of time. Urban and Keller (2009) 



Recommendations for MUG 

1.  Show probabilistic hindcasts over decision-relevant time-scales and 
check modeling assumptions with these hindcasts.  

2.  Use inversion methods with reasonable theoretical underpinning  
a)  Windowing is simple and gets many important aspects 
b)  Conditional MAP estimates improve the analysis, at some computational costs. 
c)  MCMC is powerful, state-of-the-art, but nontrivial. 

3.  Account for correlations and interaction effects 
a)  Uncertainty analysis: 

-> Windowing, conditional MAP, and MCMC 
b)  Sensitivity analysis 

=> Sobols’ method or marginal projections 

4.  Choose sample size (and what you can sample) based on stability of the 
results (not what would like or hope to do). 

5.  We need to move to full joint inversion 
a)  Computationally and conceptually nontrivial, but the state-of-the-art in other fields. 

11	
  



Conclusions 

1.  The range of high-resolution climate model runs is often 
drastically overconfident and results in downwards biased 
risk estimates.  

2.  Model diagnosis and credible model projections hinge 
critically on (a) probabilistic hindcasts over decision-relevant 
time-scales and (b) the full joint parameter pdf.  

3.  Neglecting parameter correlations can strongly bias 
hindcasts, projections, and conclusions. 

4.  Formal model inversion techniques such as MCMC provide 
consistent and transparent avenues to probabilistic hindcasts 
and the full joint parameter pdf. 
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