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gradient of cost with respect to transmission capacities. Third, we give an algorithm for
generating the non-redundant constraints from a Gale-Hoffman type region. The Gale-
Hoffman conditions characterize feasibility of flow in a network. This is useful not only in
calculating reliability, but it turns out that in order to calculate the system cost we
integrate over Gale-Hoffman type regions as well. As a result, for many broad classes of
networks, enormous computational effort is saved. We also gather together some existing
and new results on Gale-Hoffman regions and put them in a unified framework. Fourth, in
order to derive the multi-area production cost curves and also to perform the integration
of the multivariate Edgeworth series, an asymptotic series used to represent probability
densities, we need wedge shaped regions (a wedge is the affine image of an orthant). We
give an algorithm for decomposing any polyhedral set into wedges. Fifth, multivariate
integration of the normal distribution is a problem with importance in many areas and
central to calculation of the production cost. This thesis gives a new method for one
dimensional numerical integration of the trivariate normal. The best methods previously

known were only able to reduce the problem to a two dimensional numerical integration.



Abstract

The production cost in operating an electric power system is the cost of generation
to meet the customer load or demand. Production costing models are used in analysis of
electric power systems to estimate this cost for various purposes such as evaluating long
term investments in generating capacity, contracts for sales, purchases, or trades of power.
A multi-area production costing model includes the effects of transmission constraints in
calculating costs. Including transmission constraints in production costing models is
important because the electric power industry is interconnected and trades or sales of
power amongst systems can lower costs. Moreover, the ongoing deregulation of the
power industry and growth of a more open market for power make the need to explicitly
account for the effects of transmission on costs more vital.

This thesis develops an analytical model for multi-area production costing. The
advantage of this approach is that it explicitly examines the underlying structure of the
problem. The major contributions of our research are as follows. First, we develop the
multivariate model not just for transportation type models of electric power network
flows, but also for the direct current power flow model. This overcomes the objection that
power flows are unrealistically modeled by a transportation network model. Most of the
competing approaches suffer from this problem. In fact, with the approach developed
here, other exogenous restrictions could be placed on the system subject to some
conditions. Second, this thesis derives the multi-area production cost curve in the general

case. This new result gives a simple formula for determination of system cost and the

v



Acknowledgments

A couple of years ago, I was thinking that a perhaps fitting subtitle to this
"Acknowledgments" section would be "It takes a village to write a dissertation", but our
current First Lady, Hillary Clinton grabbed that cliché before I could finish. Many people
have contributed in a great variety of ways to my research and if I, by chance, do not
mention some crucial aspect of this, I trust their understanding. T want to begin this
section in a nontraditional manner and hope for the indulgence of those who would want
otherwise.

First and foremost, I want to thank my wife, Sri Susilowati, for her support and
encouragement through this process. She put up with my alon-alon asal kelakon, kebat
kliwar!- approach and supported my intellectual curiosity as being a good thing, and not
just a necessary evil. Sri also gave me her skills as a computer graphist by drawing most of
the figures in this dissertation. The degree to which they lack aesthetic appeal is my own
fault in scribbling vague pictures and poorly describing the idea behind the figure.

My advisor, John P. Weyant, has been relentlessly encouraging and supportive. He
financially supported my research in the early stages. His comments were very helpful in
organizing this thesis. It has been a pleasure to get to know him and get his broad, global
view,

Jeremy Bloom at the Electric Power Research Institute provided the idea and

starting point for this research. As the reader of this dissertation will see, many of the key

1. Roughly, "slowly, but surely, haste makes waste", though I think in my case it has been more surely
slow than sure.

vi



insights herein are due to him. Through Dr. Bloom, the Electric Power Research Institute
provided funding for the bulk of this research for which I am grateful. I have enjoyed
working with him.

B. Curtis Eaves has over a number of years provided an ear for my research ideas.
In my search for a research topic, he was a useful sounding board and encouraged my
interest in electric power industry topics. I appreciate the time he has spent listening to my
ideas and giving freely of his own perspective.

I want to thank Ross Shachter and Warren Hausmann for serving on my orals
committee and asking questions that gave another perspective on my research. I also want
to thank "Pete” Veinott, my program advisor, and Richard Cottle for encouraging me
throughout my time at Stanford.

Karl Schmedders has been a good friend to me the past few years. He listened to
many wildly improbable brainstorms I had about various aspects of my research, kept me
going when I was down, and actually appreciated my humor.

Many other classmates and colleagues at Stanford have encouraged me and been a
source of joy in my life. Thanks you to you all.

I'would also like to thank Paul McEntire for his friendship, lessons in finance, and

use of extra CPU cycles at Skye Investment Advisors.

vii



Table of Contents

ADBSIIACT ...t iv
Acknowledgments..... ... vi
Chapter 1: Introduction........................c 1
Chapter 2: Multi-Area Production Costing...................ccc...ccooii . 15
Chapter 3: Analysis of the Integration Polyhedra....................................... 34
Chapter 4: INtegration. ... 62
Chapter 5: CompPULation....................c...ocoooiiioo oo 72
Chapter 6: EXtensions......................o.oooioi oo 75

Appendix A: An Approach to One Dimensional Numerical Integration
of the Multivariate Normal ... 82

BibHOography. ..o 104

Vil



Table 5.1: Test System Unit Data

Table 5.2: Test System Load Duration Curve

Table 5.3: Moments of Test System Production Cost Curve

List of Tables

x



Figure 2.1:
Figure 2.2:
Figure 2.3:
Figure 2.4
Figure 5.1:
Figure 6.1:
Figure 6.2:
Figure A 1.

List of Figures

Major Steps in Multi-Area Production Costing........................ 18
Submeodularity of Capacity Function...................................... 21
Two Area Network. ... 23
Regions of Integration for a Two Area Network....................... 24
Three Area Production Cost vs. Arc Capacity......................... 73
A Twelve Area Network....................ooooioi L, 77
Combine Nodes to Get Lower Bound............................... 77
Limits of Integration of Intersection of Wedge and Sphere. ......... 88



Chapter 1

Introduction

The production cost in operating an electric power system is the cost of generation
to meet the customer load or demand. Production costing models are used in analysis of
electric power systems to estimate this cost for various purposes such as evaluating long
term investments in generating capacity, contracts for sales, purchases, or trades of power’
A multi-area production costing model includes the effects of transmission constraints in
calculating costs. Including transmission constraints in production costing models is
important because the electric power industry is interconnected and trades or sales of
power amongst systems can lower costs. Moreover, the ongoing deregulation of the
power industry and growth of a more open market for power make the need to explicitly
account for the effects of transmission on costs more vital.

Problems related to production costing are those of calculating indices related to
the reliability of an electric power system. A principle motivation for including
transmission in modeling power production in the past has been the need to examine issues
of reliability in the operation of power systems. We shall see, however, that while
reliability and costing models have many elements in common they differ in important,
fundamental ways. The principle contribution of this thesis is to give a method for analytic
calculation of the expected electric power production cost with transmission constraints.

While the level of power trades amongst producers has always been important,

they have tended to take place in the context of power pools or other non-market
1



arrangements. There has been a growing trend in the United States and abroad towards
deregulation of the power production part of the electric power industry. Since this trend
is just reaching the point of .implementation, it is not clear what form the market will take,
but it is clear that more explicit ways to value the service of transmission of electrical
power are needed. While there are many proposed ways to price power transmission,
(Hogan (1992) provides a discussion of some along with his own proposal), underlying
issues of how to model the effects of transmission on production cost still remain. As
discussed below, existing models work in only limited ways so that larger public policy
and business strategy questions such as the benefits of increased amounts of available
transmission, siting of new generation, and the price for transmission service are difficult
to address. Hayashi (1988) in examining the Southwest Market Experiment and Blair
(1991) amongst others have cited the difficulties in addressing these questions without
improved underlying models. A recent issue of The Electricity Journal (June 1996) was
devoted to various parts of the question of how the new, deregulated market for
transmission should be organized. What is striking, however, is that the fundamental issue
of actually analyzing the underlying tradeoffs amongst generation and transmission is not
addressed anywhere in the special issue, perhaps due to the fact the currently available
approaches are unsatisfactory.

This thesis develops a new approach to multi-area production costing that has
several advantages over the existing approaches. Because it is analytic, not simulative, it
focuses explicitly on the underlying structure of the problem. Second, we do not suffer the
problems that other heuristic approaches do in the uncertainty of whether our solution
actually solves the model set forward. While our method involves an approximation step,
we give the exact solution of an approximate model compared with others approximate
solution of an exact model, which is itself an approximation. Third, one of the complaints
of Hogan (1992) is that most costing approaches model the transmission problem as a
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transportation problem and so do not reflect some of the important physical features of the
problem. We can overcome this limitation by solving the problem for the D.C. power flow
model (see, for example, Schweppe, Caraminis, Tabors, and Bohn (1988)) which is
recognized as being sufficiently close to underlying physical reality for all but very short
term problems. The principle difference between the transportation model and the
linearized D.C. power flow model is that the latter includes linear constraints in addition to
those of the transportation modet that represent the additional constraints imposed by
direct current power flow in a network.

The remainder of this introduction is organized as follows. We begin by reviewing
single area reliability and production costing models with emphasis on the Gram-Charlier
approach to single area production costing. Then we discuss the two area analytical
approach, other approaches to multi-area production costing, and finally our own

approach. The chapter concludes with an outline of this thesis.

Single Area Production Costing Models

Because of the complexity of electric power generation, different types of
production costing models focus on various features of the systems and so are useful for
answering different questions about the production cost. Two main categories of
production costing models are usually referred to as chronological simulation and
probabilistic simulation (originally due to Baleriaux, Jamoulle, and de Guertechin (1967)
and Booth (1972)). The word simulation as used here does not refer to either Monte-
Carlo or discrete event simulation, but rather is used in the sense of the word model.

In chronological simulation, one follows the evolving state of the system through
time as the level of demand and availability of supply changes. A typical starting point
would be with a sequence of customer demands, perhaps randomized somehow, for each
unit of time over the period analyzed. Then the model would go through each time unit
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constructing an operating schedule. This gives the modeler great flexibility in modeling
various operating policies and constraints, so as a result, the chronological method is
useful in answering questions about detailed operating policies. However, two problems
are inherent in the chronological method. First, it is computationally expensive, especially
as the time period examined increases and more accurate estimates are required of the
model. Second, when no longer dealing with short term problems, the significance of
operating details, which cannot be predicted accurately anyway, comes into question.

In contrast, probabilistic simulation concentrates not on the specific time
evolutionary aspects of the system state, but rather on its statistical behavior. This model
treats the system state as a random process and calculates specific statistics of the state
analytically from its probability structure. The first step in this formulation is the
construction of a Joad duration curve. This is simply one minus the probability distribution
of load or demand, or in reliability theory terms, the survival distribution. It is usually
constructed as a histogram from a chronological load curve, so can be considered an
empirical distribution of demand. This is a reasonable approach if we assume that
dispatch, the method by which electric power generators are chosen to meet demand,
depends only on the instantaneous state of demand. As a result, if we treat load as a
random process, we only care about its steady state distribution. This steady state
distribution exists under a variety of reasonable and general conditions and permits direct
calculation of the expected value of production cost and related statistics. Mazumdar and
Bloom (1990) discuss this issue in detail. A question that arises naturally is why do we not
then calculate the variance as well as the mean of production cost with our model in order
to better estimate future costs. It turns out (Ryan and Mazumdar (1989)) that while the
mean of the probabilistic simulation model reflects that of the true, chronological situation,

the variance does not. This is because while the mean does not depend on the duration of



generator outages, the variance does, and we can not capture the duration of generator
outages within a probabilistic simulation framework.

The second basic part of probabilistic simulation involves the electric power
generators. An important aspect to production costing is the occurrence of generator
failures, or outages. In probabilistic simulation a generator is often modeled as having a
given steady state probability of outage, say p, so that with probability p none of the
generator's rated capacity is available and with probability 1 — p all of the rated capacity is
available. Generator outage probabilities are usually considered to be independent of each
other and of the level of demand.

The third part is the assumption that generators can be dispatched in economic
merit order. That is, each generator has a linear cost of operation in the amount of
production and that generators can be dispatched in order of increasing cost. This
assumption is reasonably close to practice for many situations and is useful in capturing
one of the central tradeoffs that dominate many power systems: that less expensive
generators are used to satisfy base demand and more expensive ones satisfy peak demand.
As a result of the foregoing assumptions it is easy to see that the optimal dispatch order is
the same as the economic merit order. The last concept required to round out the picture
of probabilistic simulation is that of the equivalent load duration curve. For each unit, this
is simply the load duration curve net of the probable capacity of previously dispatched
units. So, the equivalent load duration for a generator represents the residual demand after
dispatching the previous generators in the merit order. In other words, if we consider load
as a random variable (with positive value) and supply as a random variable (with positive
value) then the equivalent load duration curve is one minus the probability distribution of
the load minus the supply. Units are dispatched in turn, in economic merit order, giving

rise to successive equivalent load duration curves.



Because our interest here lies in questions of the effects of transmission capacity
on production cost and because we wish to avoid the problems associated with
chronological simulation which are exacerbated in multi-area systems, we focus here on
the probabilistic simulation model. Our method extends an analytic approach to solving
the probabilistic simulation model to networks of three or more nodes. Before exploring
our analytic approach further we will first examine the development of the probabilistic
simulation model in the single area context. In order to make these ideas more precise, let
us first define some notation (in general we foliow Bloom (1992)):

() is the system load, Q@ > 0 (MW),

¢(@Q) is the probability density of the system load;

I 1s the number of generating plants;

u;, i = 1,..., I is the available capacity of the i plant, (MW),
p;(u;) is the probability of that generator i has u; available;

F; is the cost per unit of generation for the i® generator ($/MWH);
F} . is the cost per unit of unserved energy ($/MWH).

We assume without loss of generality that the generators are indexed in economic
merit order. That is, F; < F, 4+ forall <,

So, the load duration curve at Q) equals 1 — fOQ g(z)dz, where the integral is of the
appropriate type. If we let g,(Q) = ¢(Q), we can derive the density of net demand, that
is demand minus supply, through the convolution

g(Q) = f_oooo g;-1(Q — z)p,(z)dz. (1)

We can do this because of the independence of demand and the generators. Thus,
1- fOQ g;(z)dz s the value of the equivalent load duration curve after loading the first 1
generators. Note that these definitions define the sign convention for net demand that we

will adhere to throughout this thesis: demand is positive and supply is negative. So, the



loss of load probability (LOLP), or the probability that not all demand is supplied, after
loading the first ¢ generators,

LOLP; = [y g,(x)dz, @)
and the expected unserved energy (EUE) after loading the first 7 generators,

EUE; = [ zg,(zx)dz. (3)
(1), (2), and (3) adumbrate a leitmotif of this thesis: the operations of convolution and
integration. The convolution operation is used to generate new densities from
combinations of previous and integration is used to calculate the desired indices.

The expected energy served by a particular generator is given by the expected
unserved energy before loading that generator minus the expected unserved energy after
loading that generator. So, the expected cost from the i** generator is
Fx(EUE; 1 — EUE;), where EU Ej is just the system demand, and we can calculate

the expected cost of operating the system by

I+1
C = ZE*(EUEZ-MI — EUE). 4)

=1

The probabilistic simulation model began with the work of Baleriaux and de
Guertechin (1967) and Booth (1972) in which they formulated the basic model outlined
above. Their main interest was in the one area problem and production costing, They
represented the load duration curve through a table and calculated the production cost by
numerical convolution of the supply provided by each generator with the load duration
curve to obtain successive equivalent load duration curves. This procedure was both
computationally expensive and subject to numerical errors. As a result various ways of
representing and calculating the g;( - ) and their integrals were explored (Mazumdar
(1983) gives an overview of various approaches). Rau and Schenk (1979), Rau, Toy, and

Schenk (1980), and Stremel, Jenkins, Babb, and Bayless (1980) introduced the most
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robust of these, that is the idea of using a truncated Gram-Charlier series representation.
The Gram-Charlier series is an asymptotic expansion based on the gaussian or normal
density and its derivatives. The coefficients in the series are linear combinations of the
moments or cumulants of approximated function. Although there are no known error
bounds for the series, it works fairly well in practice with just the first four to six terms of
the series. From a modeling point of view, while using the series results in a further
approximation of the modeled system, this is more than offset by its flexibility and the
ability to develop results in closed form. Cramer (1974) and Kendall and Stuart (1977)
develop the series in the statistical context while Beckmann (1973) puts the series in the
more general context of orthogonal polynomials. In Chapter Two we develop the Gram-
Charlier series in the multivariate context. Since, based on the data for the problem, the
empirical LDC and outage rates and capacities for generators, we can calculate moments
or cumulants to any order we wish, the Gram-Charlier series becomes a convenient tool
for analysis. In particular the problem of calculating LOLP and EUE become simply a
matter of calculating the required moments and an integral of the univariate normal
density.

It should be noted that the Gram-Charlier series approach is better suited for cost
calculations than for calculation of LOLP. The reason for this is that in the LOLP
calculation we need to calculate a tail probability, (2), that is usually very small. As a result
the precision of the estimate is very important. On the other hand, since most of the cost
of operating a power system occurs with the base units for which the energy served is
high, precision becomes less important.

A number of models have been based on using the Gram-Charlier series approach
to probabilistic simulation. Bloom (1982) developed a capacity expansion planning model
based on it, Bloom (1984) incorporated energy storage units, and Bloom (1992)
developed a single Gram-Charlier series to represent the expected cost curve of a system.

8



The importance of this latter result is several fold. First, it means that in order to calculate
the expected cost only one truncated series must be integrated rather than having to
calculate the expected unserved energy after each unit is loaded as in (4). Second, the
calculation of the gradient of production cost with respect to plant capacities and changes

in the load shape is similarly simplified.

An Analytic Approach to Two Area Production Costing

All the models discussed so far assume that all demand and generation occurs at
one location, so that the effects of transmission are not taken into account. When more
than one area is modeled, then transmission constraints cause a departure from economic
merit order since the cheapest generator cannot always be used to satisfy remaining
demand. Noyes (1983) points out that the expected energy served by a generator is still
given by the difference of the expected unserved energy before it is loaded and the
expected unserved energy after it is loaded. However, the calculation for the expected
unserved energy is now quite different.

In Noyes (1983) and Bloom (1990) the probabilistic simulation model using the
Gram-Charlier series was extended to two areas. Lee (1990) also documents some of
these results. Bloom also extended the approach to have a single production cost curve in
analogy to Bloom (1992)!. A bivariate Gram-Charlier series was used to represent the
bivariate probability density of net demand, and transmission constraints were modeled as
a transportation network. So, power flow from area one to two or vice versa is limited by
some amount, say ¢. By defining constraints for the region over which demand is satisfied,
one can integrate the density of net demand over the region defined by the constraints to

get the system reliability. Since the unserved energy is equal to the smallest amount of

1Private communication.



energy needed to make the system feasible, these inequalities also become useful in
defining the integrals for unserved energy and production cost and figure prominently in
the development of our model. Let x; be the net demand in area 7. So z; is negative when

there is more supply than demand. Then the inequalities

Ty St
Iy St
zy+x <0

define the region in which there is sufficient supply to satisfy all the demand. These
inequalities are the Gale-Hoffman (Gale (1957) and Hoffman (1960)) inequalities that
define the existence of a feasible flow in a network. Bloom (1990) and Lee (1990)

describe this analytic approach to the two area problem in detail.

Extending the Two Area Analytical Approach

This thesis addresses the problem of extending this analytical approach for the
two-dimensional model to three or more areas. As yet there has been no success in
extending this method or by some other method exactly calculating the production cost in
the multi-area context. Our work develops such a method. In order to do this we need to
be able to characterize the region of integration for the various indices, derive a multi-area
cost curve based on the regions of integration, and implement an integration algorithm. It
turns out that in order to derive the multi-area cost curve it is necessary to have regions of
integration of a certain shape. The shape necessary is called a wedge which is the affine
image of an orthant. A wedge in n dimensions is the intersection of n or fewer half-spaces
such that there is a boundary point common to all the half-spaces. Why this shape is
necessary has to do with the expression of the integral as an iterated integral. So, the first
step in the method is to decompose the region of integration into wedges. This done, we

can derive the multi-area cost curve. A further complication in the method is that because
10



we rely on the Gale-Hoffman constraints to characterize the region, we potentially
generate many redundant constraints when we have sparse networks. Therefore, we need

to find a method to overcome this difficulty.

Other Approaches to Multi-Area Production Costing

A number of other approaches have been taken in attempting to solve the
probabilistic simulation model of multi-area production costing. Because the problem is
related, we discuss the multi-area reliability problem here as well. As in the case of
production costing without taking into account multi-area demand and production, when
we try to model multi-area production and demand there is a tradeoff between the
questions we wish to answer and the level of detail possible and meaningful in the model.
At the very detailed end are AC power flow models which take into account many of the
detailed physical characteristics and constraints of a system (for example, the reliability
model of Bhavaraju (1988)). Because of the level of detail, however, these models cannot
be run to examine varying demand and production conditions needed for anything more
than very short term planning.

The linearized DC power flow model simplifies the problem, but retains enough of
the complexity of the power flow that it is widely considered to be close enough to the
physical model for anything but short term problems (see, for example, Pereira, Pinto,
Oliveira, and Cunha (1987)). The only successful approach to this model so far has been
that of simulation in Pereira, Pinto, Cunha, Oliveira, Mazumdar, and Yengar (1990). Their
focus is on calculating reliability indices and uses Monte-Carlo sampling and variance
reduction techniques such as importance sampling and antithetic variables to achieve its
solution. While this model has had some success it has been criticized on two counts.
First, it is still limited in the number of system production and demand states which can be
modeled (Hobbs and Ji (1994)). Second, it does not provide any insight into the

11



underlying structure of the problem, nor are sensitivity analyses and gradients easily
obtatnable.

Approaches that take a simpler approach in treating the transmission network as a
transportation problem take various forms. Clancy, Gross, and Wu (1983), Singh and
Lago-Gonzalez (1989), Deng and Singh (1993), and Gubbala and Singh (1993) address
the reliability problem and all use a state-space decomposition approach with various
refinements. The basic approach is to divide the multivariate state space into successive
partitions until the probability of the area remaiﬁing is low. While some new successes
have been achieved through this approach, the number of areas and units able to be
modeled this way is limited. The largest network reported solved in Gubbala and Singh
(1993) has only ten areas with thirteen arcs.

Lee (1990) presents a heuristic approach for the production costing problem which
has shown good results for problems with over three areas using two-area approximations
via load duration curves. Unfortunately, because it is a heuristic both the characteristics
and accuracy of any solution is in doubt.

The last approach, developed in Hobbs and Ji (1994), is a bounding method that
makes use of Jensen's and Edmond's type inequalities along with generalized Bender's
decomposition to get upper and lower bounds to the expected production cost. While
they prove convergence and show fast convergence, the problem they solve has fixed
demand and the largest problem solved is five areas with only ten generating units per
area.

A word is in order here about another class of models exemplified by Hogan
(1992) and Hogan (1993). Hogan is concerned with the institutional arrangements
necessary to make a competitive electric power sector operate efficiently. He analyzes this
question principally through consideration of short-term efficiency issues such as optimal
spot-pricing. In doing this one of his main contributions is accurately reflecting the effect

12



of flow on system capacity. The model in this thesis, on the other hand, is concerned with
longer term effects and as a result is forced to put the model in a probabilistic framework

that Hogan avoids.

Thesis Overview

Because of the problems in other approaches to the multi-area production costing
problem such as only being heuristic approaches or not being able to handle more than a
few areas with limited variation in the probability space, we pursue the analytic approach
that was discussed above for the two area problem. Moreover, in contrast to the
simulation type approaches, our approach has the advantage that we have looked at the
underlying structure of the problem. The major contributions of our research are as
follows. First, we develop the multivariate model not just for transportation type models
of electric power network flows, but also for the direct current power flow model. This
overcomes the objection that power flows are unrealistically modeled by a transportation
network model. Most of the competing approaches suffer from this problem. In fact, with
the approach developed here other exogenous restrictions could be placed on the region
subject to some conditions. Second, this thesis derives the multi-area production cost
curve m the general case. This new result gives a simple formula for determination of
system cost and the gradient of cost with respect to transmission capacities. Third, we
give an algorithm for generating the non-redundant constraints from a Gale-Hoffman type
region. This is useful not only in calculating LOLP, but it turns out that in order to
calculate the system cost or EUE we integrate over Gale-Hoffman type regions as well. As
a result, for many broad classes of networks, enormous computational effort is saved. We
also gather together some existing and new results on Gale-Hoffman regions and put them
in a unified framework. Fourth, in order to derive the multi-area production cost curves
and also perform the integration of the multivariate Edgeworth series we need wedge

13



shaped regions. We give an algorithm for decomposing any polyhedral set into wedges.
Fifth, in order to calculate the production cost, we need to integrate the Edgeworth series
representation. This involves integration of the multivariate normal density. Also, the
multivariate integration of the normal distribution is a problem with importance in many
areas. This thesis gives a new method for one-dimensional numerical integration of the tri-
variate normal. The best methods previously known were only able to reduce the problem
to a two-dimensional numerical integration,

The remainder of this dissertation is organized as follows. Chapter Two develops
our model in mathematical detail and derives the multi-area production cost curve. In
Chapter Three we give some results for the structure of regions defined by the Gale-
Hoffman inequalities, develop the algorithm for generating non-redundant constraints, and
give the wedge decomposition. Chapter Four discusses the integration of the multivariate
normal and multivariate Edgeworth series along with our new result for one dimensional
numerical integration of the tri-variate normal density. In Chapter Five some
computational results are discussed for cases with three areas. The thesis concludes with
an examination of extensions and directions for further research. Appendix A gives some
results that have to do with analysis of the problem of integration of the multivariate
normal. Some of these results are used in establishing the trivariate result in Chapter Four

and others provide the basis for some of the discussion in Chapter Six.
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Chapter 2

Multi-Area Production Costing

This chapter develops our model in mathematical detail and derives the multi-area
production cost curve. We begin by defining the basic mathematical structure and notation
for the problem and our algorithm. After that, we discuss the Edgeworth or Gram-Charlier
series representation for our probability distribution. The chapter concludes with the
derivation of the formula for the multi-area production cost. Although the model and
examples we use here are from the context of modeling the problem as a transportation
network, the difference with the D.C. power flow model lies in the different constraint set
defining feasible flow. In Chapter Three we show that the model developed here can be

applied to the D.C. power flow model as well.

Model Structure

One can think of the electric power system as an undirected graph that consists of
a set of IV nodes and capacitated arcs between them. For two nodes, n and m, the arc
between them, a,,, has capacity ¢, = ¢,5, > 0. The system demand is a non-negative
random vector (), where @, is the demand at node . Let 9(Q) be the density function for
Q. At each node 72 in the network there are T, generators with capacities u,, ; and per unit

costs of operation F,,;, i = 1, ..., I,,. We order the generators in merit order without

N
regard to location to get the costs £, Fa, ..., Fy, iy (e, F, < F..y), so that ] = S

n=1
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F741is the per unit cost of unserved energy. Each generator fails with probability Dpi. i1
which case no capacity is available, and all the capacity, u, ; is available with probability
1 -~ p,; We define the net demand at a node for the first i generators to be the local
demand minus the local supply after dispatching the first 7 generators. The vector of net
demands z after loading the first ¢ generators in the merit order in the system is the vector
of local net demands. It is the system state for a particular outcome of our random
variables and the set of all possible z is the state space for our system. Let g;(x) be the
density function of net demand after the i™ generator in the system wide loading order is
dispatched. The second section of this chapter addresses the representation of g(()) and
g;() that we use. All that we need to assume for now is that they are integrable.
Let us further define the following notation:
Q= {1,2,..., N}is the set of N nodes;
small Greek letters such as 6 and 4 represent subsets of {2;

6° = Q\@, the complement of & in §;

tg = 3. 3. Cum, the flow capacity from nodes in 6. tg =0
nel meé”

e is the NV dimensional real vector whose entries are all ones;
e; is the NV dimensional real vector whose entries are all zeroes except
for a one in the i position,
eg = e;.
el
We can define our problem finding the expected production cost as finding the
solution to the stochastic linear program (SLP) which we write out in partially in words

and partially with our already defined notation in order to avoid introducing new notation

that we would only use temporarily.
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C = Expected Value of
N I

min > Y F,; x (generation by generatoriat node n) (SLP)
n=1 =1
subject to
generation by generatoriatnoden < i, n=1,...N;i=1,..., I,

demand at node n — 3 generator i at node n — inflow + outflow = 0

i=1

flow on arc between nodes nand m < ¢,,, (arc capacity)

The random variables in this problem are, of course, the demand and the generator
capacities, uy,;, which implicitly define each of the vectors net demands afier loading the
first ¢ generators. For a particular value of demand and generator capacities one can solve
this problem via linear programming methods or more specialized network algorithms.
Doing this however requires that one determine what the optimal flows on the arcs are. A
reformulation of the problem allows us to avoid this.

In solving (SLP) we still want to use the cheaper generators before the more
expensive ones, but we are limited by the arc capacities. For a particular point in the state
space (that 1s, demands and generator capacities), let W; be the amount of energy left
unserved after dispatching the first ¢ generators and W, be the expected value of W;. As in

Chapter One, we can express the expected production cost as

I
C=3Fx(W_1—-W,).
=1

So, the term in parentheses is just the expected amount of energy produced by generator i.
For a particular point in the state space (generator capacities and demand), we can think
of W; as the amount of energy (fictitious) that would be necessary to add to the system in

order to make it feasible. It turns out (and this important insight by Noyes (1983) ) that
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there are a set of conditions that define when there is a feasible flow in a network. So, if

I
we can find the W; we can solve (SLP) by simply calculating S°F; x (W,_; — W).
=1

It turns out that we can solve for the W; by solving a linear program that has a
particularly nice solution. As a result, we can characterize the W; as piecewise linear
functions over the state space of net demand. So, we can get W by integrating the
piecewise linear function that characterizes W, over the state space. It turns out that using
this characterization of unserved energy we can make a further simplification so that we
avoid having to recompute unserved energy after each generator in the loading order. This
is the result we call the "multi-area cost curve”, and gives the expected production cost
and thus solution to (SLP) with a single closed form solution. Now, the W, are linear over
polyhedral regions which are not always convenient for integration, so we need to
decompose the linear regions in W; into regions that we can express as iterated integrals.
These are the previously described wedges. Finally, given a single formula and regions
convenient for integration, we need a method to perform the integration. These steps give
an outline the process necessary for multi-area production costing and is illustrated in

figure 2.1.

characterization of level of unserved enegy
in terms of piecewise linear functions

Y

[development of the multi-area production cost curve |

Y
| performing the wedge decomposition I

/
|integration of the density representationl

Figure 2.1, : Major Steps in Multi-Area Production Costing
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This chapter covers the first two of the steps, characterization of the unserved
energy and development of the multi-area production cost curve. The third step is covered

in Chapter Three. Chapter Four covers the integration problem.

Characterization of Unserved Energy

As discussed above we can think of the unserved energy as the minimum amount
of energy necessary to add to a network in order that there be feasible flow. The following
theorem from Gale (1957) and Hoffman (1960) characterizes when there is a feasible flow
in a network.

Theorem 2.1 Gale-Hoffman Feasible Flow. There is a feasible flow if and
only if V 6 C ,

el = < t, (1)

In words, there is a feasible flow if and only if for every subset of nodes in the
network the sums of the local excess demands is less than or equal to the total flow
capacity into that subset of nodes.

The N dimensional region defined by the system (1) we will refer to as the
feasible region or (FR). For a given x, we would like to characterize the unserved
demand in the system. To do this we will first need the following "standard" lemma;

Lemma 2.2 Submodularity of flow capacity. The flow capacity function t is
submodular. That is,
to+ty 2 touy+ tyne. 2

Proof: By the definition of #g,

tﬁ+t1ﬂzz Zﬂnm+>: > Cam

nef med® neypmey©
= 2 2 Cam + 2. 2 Cam + > 2 Cam + >, 2 Cam
nef\yp mef* nefMmp med” ne\d mey© neynd mey®
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= 2 2 Gmt 2 Y Cmt L X Cum

ne(@UP\ (Fmp) med nygc nef\Ppmedny ney\fmey"ng
+ 2 (X emt+ X cum)
nEYNY melfrup)° meF Ny”

combining the first term with the second part of the fourth term, then rewriting the first

part of the fourth term, and combining with the second and third terms yields

= Z > Com t > Y. Cam+

ne(BUY N8} me(fu)” nefMy me(fug)©
+ 2 X em+2 XY cum
nefNY me(8rup)© nef) mef g

adding the first two terms together and applying the definition of the flow capacity
function yields

=ty +tn, +2 2 2o Cnm 2 touy + ey
nedny™ mefny

SINCE Cryr, > 0. [}

The proof is made a bit clearer by figure 2.2. Let v and 7 be two subsets of nodes.
Referring the figure we can see that

ty) =a+e+ f+c,

tn) =b+e+ f+d,

i(yun) = e+d+e, and

tyNn} = a+e+b.

So, t{y) +t(n) — FyUn) +t(yNn) =

at+e+f+ec+bte+f+d—(e+d+c+a+e+b)=

a+b+c+d+2e+2f—(a+b+c+d+2e) =

2f > 0.
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4 ™
b
— ¥
a| e c!
.
—d| ¥
e /
n n°

Figure 2.2. . Submodularity of Capacity Function

The unserved energy in the system is the minimum amount of power that needs to
be injected into the system so that there is a feasible flow in the system. That is, the
unserved energy,

2= n%;)neTw subjectto e} (z—w) < £,V C Q, w> 0. (P)

The following, "standard" theorem establishes z is the value of the most violated

constraint. That is,

z =max{0, {e] T—1t,: VO C Q}}.

Theorem 2.3 Characterization of Amount of Unserved Energy. The optimal value
of (P) is the value of the largest constraint violation or zero, that is, z = max{0,

{ef z—t:v0CQ}}.

Proof: Let j, = 52" ' and Abe a2" by N matrix such that the i row of A is
icd
e} suchthat j, = 4. The dual of (P) is

m&xZ(eg T — tp)uy, subject to ATu < e, u > 0. (D)
fe
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Let ¢ = argemea:é (e} z —1tp). Thatis, el z —t, is the most violated constraint

in (P). As aresult, fornMy =9, egf z — 1, < 0, since otherwise

ej,;uw T =ty = ej,; z —i—e{b T — tyuy

>elotelz—t, —t, >l 1y,
where the first inequality follows because of submodularity. Let «” be such that uj, =1
and all other entries of u* are zero. Clearly, u*is a basic solution to (D). To see that it is
both feasible and optimal, consider the simplex tableau for (D). Pivot on any non-zero row
of the j,, column of AT, say row k. So, k € 1. Remembering that the rows A’ represent
nodes of the network, we see that the right-hand-side of the tableau has zeroes in rows
L €1, 1 # k and ones for I ¢ 1. Thus, u* is feasible. To show that it is optimal we need to
price out the cost row in the simplex tableau and show that it is non-positive or that the

min-ratio test is zero for any columns with positive prices. There are three cases:

1. If the column represents a set 7 disjoint with 1, then as shown above

eg‘ z —t, <0, and since A > 0, the pricing out operation only decreases the

value of entries in the cost row.

2. If the column represents a set of that includes k, then it is priced out to be negative
since by assumption eg Tz —ty > ez; z—t,Vn

3. If the column represents a set that is neither disjoint with 1 nor includes %, then the
minimum ratio test for that column will be zero since the column will have a one as

its entry for a node in common with 1/ and the right hand side will be zero. O

As a result of this theorem our approach is as follows. For every constraint
eg z < 14 in the feasible demand constraint set there corresponds a region in the state
space,

wg:{x:eg$~t920;egz:—ta?megI“tm’ﬂ?ég}
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where the unserved demand is equal to el z — #;. The expected unserved demand after

loading the i generator is
W, = waa (el = —tg)g;(z)dz,...dzy.
8}

So as before, the expected production cost is given by

I s — [E—
C=3Fx(W,_y ~ W)+ F .1 Wi,
i=1

where Wy, is the total network wide expected demand, that is,
Wo = [7 - f7 Tz g(x)dz,...dey.

The last section of this chapter derives a production cost curve that simplifies this

calculation. First, however, let us examine a two area example.

Area one Area two
@ @

Capacity = ¢

Figure 2.3 : Two Area Network

Consider the simple network depicted in figure 2.3. It has two nodes or areas and a
transmission fink between them of capacity ¢. Let the net demand at area one be denoted
by z;and the net demand at area two be denoted by z5. If we just consider the network as
a transportation network, all demand in the network can be satisfied if and only if the

following Gale-Hoffman inequalities hold:

] gf
I St
1+ <0

For the two area case, the first two conditions state that the demand at a node

cannot be more than the transmission capacity into the node. The last condition means that
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system wide net demand must be non-positive, that is, there is net supply on a system-

wide basis. The conditions give rise to the picture shown in figure 2 4.

7 X3
@ Unserved Demand = //

o 1 / @ Unserved Demand =
2" /

x1+x2

T

@ Unserved Demand =
X1 - )

(D No Unserved Demand

Figure 2.4. : Regions of Integration for a Two Area Network

The plane is divided into four regions. In region one, the Gale-Hoffman conditions
are satisfied and there is no unserved demand. Region two has unserved demand equal to
T, + z9. The boundaries for this region can be generated by the formula
wp={z:el z—t>0;el x—1tp> el z—t,,n+# 6} for 6 = {1,2} to get

wiey =iz o+ 2020, zytae > —t, 3 a0 >3 — £} =
{rizi+220,20> —t, 1y > — £}
Regions three and four have unserved demand of z2 ~ ¢ and z; — £, respectively. In
region three the amount of energy supplied by area one to area two is limited by the
transmission capacity, ¢.

To calculate the expected unserved demand after the first ¢ generators have been

loaded we need to integrate over the four regions in the plane. Clearly, the integral for

region one is zero. Thus,
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W, = fwm(zl ~t)g,(z)dz dzy + f“{z} (zo — t)g,(z)dz1dzy +
fw{m}(‘cl + x0)g;{z)dzdza,

where

wiy ={z:2; 2¢, 70 < — ¢},

wey ={z:z0 >t z; < —t},

wire) ={T: 21 +32 20,2 > — ¢,y > —t}.

This example illustrates several important points. Our algorithm starts with a set of
constraints that we use to generate regions over which the unserved energy is a linear
function. We perform integration of a probability density times that linear function over
those regions to compute the expected cost for the system. The type of region for which
integration is practicable is that of an orthant or equivalently no more than n constraints
for n dimensional integration. We call such region wedges. As a result regions such as
wy1,2) which has three constraints in two dimensions must be decomposed into equivalent
wedges. For example,

L{l.z} (1 + 29)g,(z)dx1d2s =
I (z1 + 29)g;(z)dz day — fﬁ(:m + 2)g,{z)dx dzs,
wherea ={z: 21 +29 20, 22> —tandf={z: 21 +2, >0, 3y < —t}.

Chapter Three gives a method for generating these wedge decompositions.

Representation of Probability Distributions

In this section we develop our representation of probability densities. We use the
standard tool of a truncated muitivariate Edgeworth series to represent our densities. Qur
purpose in this section is only to give a brief introduction to some of the important
concepts in Edgeworth series. Further justification and proofs can be found in the sources
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cited. First, the multivariate Edgeworth or Gram-Charlier series is developed in general.

Second, we describe how we apply the concepts to the data of our problem.

Multivariate Edgeworth or Gram-Charlier Series

Probability densities can be represented using asymptotic expansions based on
another probability density and its derivatives with linear combinations of the moments of
the density used as coefficients in the series. One such series is called the Edgeworth
expansion in general and the Gram-Charlier series for the Edgeworth series using the
normal as the approximating density and ordered in a particular way. Our development
here follows McCullagh (1987) closely.

Because the use of index notation greatly simplifies and clarifies the concepts
developed here, we introduce and use it in this section. The basic use of index notation is
to facilitate the manipulation of multidimensional arrays. Following McCullagh (1987) we
call the elements of these arrays components, So given a p-dimensional array Z, it has p,
p — 1 dimensional components, Z', Z2, ..., Z*. Subscripts and superscripts are written to
indicate not necessarily a component of the array, but rather the object for which an

operation takes place. So, if X is a random vector with p components, we can write
k' = B(X)
for the expected value vector of X and
kY = E(X'X7)

for the matrix of second moments of X. The summation convention is that when any index

is repeated once as a subscript and once as a superscript the objects are summed over that

index. For example,

aX =a' X'+ a?X? 4 ..+ aPXP.
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Given this notation we can write the multidimensional array of the d moments of
a random variable as
K = B(XE X X7,
The moment generating function of a random variable (vector) is given by

Mx (§) = E{exp(§,X")}

and may be expanded in the infinite series
Mx(¢) =146+ fifjﬁij/Zf + §i§j§k"‘ijk/3! + fifjfkﬁz”ijkl/‘l! +..

The moments of X are the partial derivatives of My (£) evaluated at £ = 0. Issues
of when M (£) is divergent or is not unique for a density are very technical in nature and
beyond the scope of our discussion here. Suffice it to say that, though l_*“efier (1971) giv‘es
an example of non-identical univariate density functions with identical moments, our
concern here is whether we can flexibly and robustly represent density functions via their
moments. Cramer (1974), Kendall and Stuart (1977), McCultagh {(1987), Judd
(forthcoming), the literature on the subject of power production costing, options pricing
literature (for example, Ritchen and Vijh (1993)) and our own experience find this to be
true.

The cumulant generating function is defined as

Kx(€) = log Mx(§),

and can be expanded as

Kx(€) =&K'+ §i§jf‘ﬂi’j/2! + ‘fz‘ﬁjfk"ii'j'k/m + fiﬁjﬁkﬁlﬁi'j'k'l/4! + .
The cumulants of X are the partial derivatives of K x{¢) evaluated at £ = 0. Note that we
write the cumulants with a set of indices that is fully partitioned (and so separated by
commas) whereas the moments have unpartitioned indices. In the case of the first
moments and first cumulants, the coincidence of notation is fine since the first moments

and cumulants are identical. Given these two expansions of moments and cumulants, we
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can define one set in terms of the other. The univariate case can be found in Cramer
(1974) and Kendall and Stuart (1977). McCullagh (1987) does this for the multivariate
case.

We now give a purely formal derivation of the Edgeworth expansion following
McCullagh (1987). Technical details such as regularity conditions can be found in
McCullagh (1987), Skovgaard (1986) , and Bhattacharya and Ghosh (197 8). As before,
our attitude is that while these details are interesting for understanding the mechanics of
how the Edgeworth expansion works, in practice, we are concerned with the robustness
and flexibility of the technique. A wide variety of literature in varying fields as cited earlier
indicates the technique meets these criteria well.

Suppose fx () is the joint density of the random vector X with cumulants «¢, %™
k**...and fy(z)is the approximating density with cumulants A, \*/_ A\ Define

o= k' — A pid = g\ ik gidk P
If we subtract the cumulant generating functions for fy {z) and fol(z), we get
Kx(&) = Ko(€) +&m' + &€ 21+ EEE IR /3 + L.
Exponentiation yields
Mo(&) {1+ &m + EEmT /2 + §£:8m7F /31 + ),

where the formal ‘moments’, 77", 77, 77, ..., have the usual relationship with the formal
‘cumulants’, 7, 77, bk

By inverting this last expression we obtain the Edgeworth expansion,

Ix(@) = folz) + 7' fi(2) + nif,(z) /2! + 77 Fie /3! + ..,

where f,(z) = (= 1) 8f,(2) /82", f;(z) = (- 1)°8%f,(x) /0x'B2I ...

Application of Edgeworth Series to the Multi-Area Production Costing Model
In practice, Edgeworth series are truncated after a few terms to perform
computation. So, in order to use this truncated Edgeworth series we need to be able to
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compute the first few sets of moments or cumulants of the densities. In the context of
production costing, the usual approach to the demand side of the problem is to develop
tables of demand for different areas by the hour and day of week. As described in the
mtroduction, these can be used as load duration curves, Or, as in our approach here,
empirical moments can be calculated from them. Moments for the supply distribution are
easily calculated based on the capacities and outage probabilities. Combining demand and
supply is straightforward and formulas can be found in McCullagh (1987) who points out
that under linear transformations of the random variables both moments and cumulants
transform like contravariant tensors. In our case, the independence of supply simplifies the

calculation, though it is not necessary for our calculations.
Multiarea Production Cost Curves

Now we give the main result of this chapter, the derivation of the multiarea
production cost curve. By deriving a single cost curve we not only save work in
computation we facilitate calculation of derivatives of production cost as well, The basic
idea here is to break the probability expression into a convolution and then bring the limits
of integration into the integral itself. Recall that the expected unserved demand after
loading the " generator is

W, = ZLE (el z—ty)g,(z)dz;...dzy
acQd

and the expected production cost is given by
I

C=YF«W_ —-W,)+F. W
i=1

Consider the calculation of each part of W, [

wiy

(ed = —ty)g,(z)dz1...dzN.

Define the following functions (see, for example, Bracewell (1986) for the first three):
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0, z#0 .
oly) = { J26(x)dz = 1 , the Dirac impulse symbol,

Ry = { 2: g <> 8 , the unit step function,
Rl(y) = {2: g ; 8 , the unit ramp,

7i() is the density of supply at the ' node after the first & generators have been
loaded,

hy(z) = ef; z ~ t,, the excess demand function for the set of nodes n, and
f/;g‘,,(:c) = hg(x) — h,(z), the difference in excess demand for sets of nodes 6 and
7.
Further, let ¥ be an set of N — 1 non-empty subsets of Q such that ¢ ¢ ¥ which
we have indexed. For the following derivation the exact contents of Ware not important
except that the set {e, : n € U} U {8} be linearly independent. This condition is

equivalent in this context to the necessity of the wedge decomposition.

Given these definitions we can write
fw,, (el = —t9)g,(z)dzy..dey = wa ho(2)g, (2)}dzy...doy =
Next we use indicator functions to rewrite the integral as an integral over the whole state

space.

A N

nCiin#o
We can split up the density function g into its component parts, that is, write it as the

convolution between the demand and supply densities.
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(H J22) (IT R®(hon(z)) R (he()) *

ch 76

(H f—oo (H’rkt —¥4:))9(y) dez Hdmt =

=1 =1 =1

We bring the linear replace R'(hy(z)) with ono R°(z + hg(z))d=, so that we can treat it
as we do the other indicator functions. Note that if we wanted to calculate higher

moments of (SLP) we could apply this technique repeatedly to obtain a solution similar to

that below with one more integral.

(I fi’;xﬁ PO (TT B an(@))) B + hole)s

i=1 ncsy, 17#6’

(Hrkz(:v — ;) g(y)dZHdw I'Idyz

i=1 =]

Now, split the indicator functions into two sets, those involving the set ¥ or § and those
outside it. That is, we replace (]] Ro(hg 2{z)))

nCLn#ES
with ([] R°(hsn(2))) (I R (hon(z))),
ey {6} ned

N
ﬁff;)(gfi’;)ff’ (I B (Ranf@)) (] R Chnafo)))

E‘PC\{B

R (z + ho(z (H'rkz (mz yi))g( )dz det I:Ildyz

Now replace the Rﬁ(ffz\g!q (z)) in the first set with [ EOG 6(w; + ﬁgln(x))dwi . We do this to

bring in the terms inside the indicator functions into the convolution.

N el N oo g N 0 0,9
IO DT ) (T RO(heq(2)))
i=1 i=1 i=1 neve\{4}

(TT 8w + hon(2))) (wy + 2 + he(z)) %
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N N N
(H'rkz yz))g( )I:{Idwi dzll]ldxi l:lldyi =

Let A7 = ({eg —ey:me \I’),efzg)“1 andt = ({ —1,,....t9 — i, ,ts). We replace the
univariate version of the Dirac impulse symbol with the muitivariate version and then using

the definition of A™7 we replace it with an equivalent version.

(if HL)L Q) (1 Ranfe)

176‘1’“\{3}

(Qam+m*a+w+wﬂmw

N N N N
(Hl?”ki(mi - yi))g(y)ﬂldwé dz []dz; Hldyi =
i= i= i=1 1=

Now, switch the order of integration in order to integrate over the z; first.

N N N 0,0
(,I;I1 f_m)f,m(gf_m) (_I:I1 %) I Rhga(z))) =

N ne¥\{6}
(IT 6(z; + [A7Mt +w +eyz) )*
v N

N N
(l;llrki(zi -y g(y)dzJdw; dz [[dy; =

=1 i=1 =1

We integrate with respect to = and use the sifting property of 6 , that is,

JZf =z +e)é(z)dz = fle).

Hf_ Wl Hf_ ) (IT Rhon(A (t+w+en2)))) *

=1 nev\{6}

(Hrkz (A” (t—i—w+eN‘,)] - 4.))9(y) Hdwi dz ﬁdyi =

i=1 i=1
Change order of integration so we can use the whole expression in our result for the

expected cost.
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o N 0 N o0 0P -1
f_m(v‘__lllf_oo)(gfm) (I R(hen(A ' (t+w+en2))))) =

nET\ {6}

N N N
(Erki( - {A—l(t +w+enz)|; —~y))g(y) {I}dyi [{dwi dz

Now, define the N-area cost curve as

I N N N
hiz) = ;fi{ kl:IITz‘—l.k(mk) - kI:IITi,k(Ik)} + fri1 kUITI"“(m")’
where f; = Fi/F;H- )

So we can write the expected system cost in the form of a multiarea production
cost curve:
0 N a N oo
C=Fry [ (1) T S2)
acq =1 i=1

(1 RChon(A 't +w+ey2)])))*
ne¥\ {6}

h(-[AT(t+wten2)]; - y)9(y) ﬁdyi ﬁdwf dz.

i=l =1
Notice that the innermost set of integrals, those with respect to y, represent a
convolution between I;and g. We can perform this convolution analytiéally through.the
moments of /; and g. Writing & = /;*g where * is the convolution operator the cost

calculation becomes

N N
C=Fra L [C (1 %) (I R(hon(A N (E+w+enz))))) »
#cs i=1 ne¥\ {6}

h(—[A e+ w+ enz);) ﬁdwi dz.

i=1
The terms Ro(ﬁa\g,n(Afl (t+w+enz)])) can be decomposed into wedges as
shown in the next chapter, so we can write this integral as an iterated integral with clear
upper and lower bounds. Or, we could decompose the regions of integration into wedges
first and then make an almost identical derivation for the cost curve, Furthermore, as long
as there are at least IV linearly independent constraints in the constraint set, the argument
above applies. Thus, the multi-area production cost curve derived above applies to

arbitrary constraint sets with this one condition.
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Chapter 3

Analysis of the Integration Polyhedra

This chapter pulls together a variety of different results on the regions over which
integration must be performed for the computation of production cost. We start off by
developing an algorithm for generating the non-redundant constraints from a Gale-
Hoffman type region. With this algorithm we greatly enhance the utility of our approach
and those of others such as Prekopa and Boros (1991) by avoiding having to deal (at least
at the outset) with an exponential number of constraints. After this we present a section
containing some results on Gale-Hoffman type regions. These results will be used in
Chapter Six and show that Gale-Hoffiman regions have many interesting properties. The
last section presents an algorithm for decomposing any polyhedral set into wedges and

discusses the application of our method to the D.C. power flow model.

Elimination of Redundancies from the Gale-Hoffman Constraints

The N dimensional region defined by the Gale-Hoffiman constraints has up to
271 inequalities. Except for small networks, this number becomes quickly too large to
handle. However, it has been pointed out that for many practical networks, many of the
constraints will be redundant. Prekopa and Boros (1991) amongst others provide various

ways for eliminating redundant constraints from such systems. These methods include
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specialized algorithms for elimination and elimination via linear programming. What is
lacking is a complete characterization of redundancies and a unified and fast way of
eliminating them. Prekopa and Boros (1991) use five different methods for eliminating
redundancies, and in the end resort to linear programming which does not take advantage
of the special structure of the constraints. Moreover, one of the particular problems is that
each of the constraints corresponding to a subset of {1, ..., N} must be examined to see if
it is redundant, so that no matter how efficient an elimination technique is, the process is
still, at best, exponential in the number of nodes. In contrast, this section provides a
characterization of redundancies in a Gale-Hoffiman system and an algorithm for creating
the set of non-redundant constraints starting from the null set, instead of elimination from
an exponentially large set. As a result, when there are only a polynomial in N number of
non-redundant constraints (and there is a large class of networks for which this is true),
we can in polynomial time find the constraints defining the Gale-Hoffman region. Though
our characterization of redundancy in Gale-Hoffman regions bears similarity to results in
matroid theory (see, for example, Nemhauser and Wolsey (1988)), it is important to note
that the structure we are dealing with is not a polymatroid because of the lack of non-
negativity constraints and non-monoticity of the flow function, t,. It is not clear to what
extent matroid theory applies to the results presented below. Suffice it to say that we have

not seen this redundancy characterization applied to Gale-Hoffman regions elsewhere.

We start by defining a number of concepts for graphs:
A path is a finite sequence of arcs with positive capacities

< @nymy s Gnymgs -y @nym, > SUCh that m; = ny i foréi = 1, ..., p— 1.

A graph is connected if there is a path between every pair of nodes in the

graph.
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A subgraph induced by a set of nodes in a graph is itself a graph consisting of
a set of nodes equal to the nodes that induce the subgraph and any arcs in the original
graph whose nodes are in the set that induces the subgraph.

Two nodes in a graph are s-connected (short for subgraph connected) if the
subgraph induced by them is connected. Two disjoint s-connected subsets of nodes in a
graph are s-connected if the subgraph induced by their union is connected. If two nodes, a
subset, or two disjoint s-connected subsets are not s-connected, we say they are s-
unconnected. Note that two subsets § and ¢ are s-unconnected if and only if ¢,,,,, = 0
Vn € 6, m € 1 and any subset of nodes of a complete graph is s-connected.

Let§ C {1,...,N} and ¢ C 6. Then 1) is a maximally s-connected subset of
¢ if it is s-connected and there is no s-connected 7 C 6 such that 1 ¢ 7 and 9 # 7.

For 6 C {1, ..., N} we say that the associated constraint in (FR) el < t,is

of order k where k is the cardinality of 8.

As a corollary to Theorem 2.1 establishing the submodularity of £, we get a useful
corollary characterizing s-connectedness.

Corollary 3.1 S-connectedness, part 1. Two disjoint, s-connected subsets 8 and 1
are s-unconnected if and only if

ty + 1y = touy.

Proof: From the proof of the submodularity of %,
tg +1y =touy + oy +2 D Y Cam

nefyS medmyp
Since 6 M1 =@, ¢, = 0, and the last term in the equation above can be rewritten

so we have
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t9+t¢=teuw+2 Z Ecnm.

nel mey

If § and 1 are s-unconnected then the second term in the equation is zero and

to + ty = Louy.
On the other hand, if
tg +ty = touy
then
3 S em =0
ned mey

Since arc flow capacities are non-negative, then
Com = 0Vn € 8, m € 9,
that is the two subsets are s-unconnected.
A second, more general corollary follows:
Corollary 3.2 S-connectedness, part 2. Given 8, ¢ C §,
to + 1y = touy + tory
if and only if
Cam = 0V € B\1p, m € Y\8.

Proof. If 6 Ny = B, then it holds by the previous corollary. Now,
tﬂxz E Cnm+z E Cnm+z: Z cnm'l"z Z Cnm

nedmp medry neEfY meftryr REYS mef My nefmyp® mefryt
t¢=2 Z cnm+z Z Cnm+z Z cnm+z > Cam,
ReEYNI me®ng nReEYNE menge neYnds med"ne nePnit meynee
tﬁU‘fﬁ:E Z cnm+z E cnm+2 Z Cnms and
nEMY med Myt neyNd meytnpe nefNy’ mefny’
tﬂﬂu’; = Z Z Cnm E Z Cnm + Z Z Com-
REGWY medry nefMy) mefry© nREAMY mef My’
So, tg + 1ty ~ (touy + tory) = 2 3 > cum.

neyntt mey g

Let 61,589, ...,5 ERN, 81,80,...,8, ER,
P P
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F'={yeR": b?y < s, i=1,..,p},
and
Ti={yeRY : bly<s,i=1,.5-1,5+1,..,p}
In words, T'; is the system of constraints defined by I" with constraint j removed. We say
constraint j, b?y < 8;, is redundant in system T if ' =T,
It 1s a basic result in linear algebra that redundancy is equivalent to the existence of
redundancy multipliers, scalars m; > 0,i=1,...,5— 1,7+ 1, ... p, ™ > 0 for some

ke{l,..,7—1,7+1,...p} such that

E Wibi = bj

and

Based on this fact, we show that for a system in which the entries in the b; are zero or one
and the right hand side is the capacity flow function if redundancy multipliers exist, then
there are redundancy multipliers that are either zero or one. First we need some
intermediate results for s-unconnected subsets.

Lemma 3.3 Redundancy of s-unconnected sets. If 8 is s-uncommected then the
associated constraint e] @ < t, is redundant in (FR). Moreover, the redundancy
multipliers are either zero or one.

Proof. § is s-unconnected only if there are two disjoint, s-unconnected subsets 8,
and @, such that § = 6, U 8. Then by Corollary 3.1 £y, +ty, = t3. So, multipliers of one

for the constraints corresponding to #; and 8, and zero otherwise give the desired resultd
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Lemma 3.4 0-1 Redundancy Multipliers, Given I as defined above, if the entries
in the b; are all zero or one and the s; are capacity flow functions constraint j is
redundant if and only if there exist redundancy multipliers that are zero or one.

Proof’

<= Clearly, if there exist redundancy multipliers that are zero or one, then the
constraint j is redundant.

= If constraint j is redundant, then there exist redundancy multipliers as above.

Let
Gi={i:(bx);=1,i=1,.., N}, k=1,...,p

Soif

BN, #0
then

T, =0
since

Z mib; = b;.

Lety={n:m >0,n=1,..5-1,j+1,.., N} Therefore, 4, C B, for n € . Also,
forre g, > w, =180,s> 3 ms; or

nired, 6y
Ezcnmz E?HZ chm
negs; med; €y n€f; medl
= Eﬂ'iZ( > Cnm + Y. Cam)
ey nef; mepf mEFAG;
since 8, C 3.,
=Z E Wi(zcnm'i_z cnm)
le3; ievies; meﬁ; mE,G,f‘\,@;
since forr € 8, > m, =1,

nireg,

:Z (chm+ Z y Z Cnm)-

lef; mep; ieydes; meFNG]
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So,
Z Z 3 E Com — 0
IE,BJ— iE’y:lEﬂ: meﬁg\ﬁ;
and thus ¢,,,, = Oforle 8., m e G\B;¥n €.
Thus the 8,,, » € +, form a disjoint s-unconnected partition of 8. Hence, by

Lemma 3.3 there are zero-one redundancy multipliers for 6. 0O

We are now ready to state the main theoretical result of this section, the

equivalence of s-connectedness and non-redundancy in (FR).

Theorem 3.5 S-connectedness = Non-redundancy. 4 constraint egx < tyis
redundant in (FR) if and only if 9 is s-unconnected.
Proof: From Lemmas 3.3 and 3 4. 1

Based on this theorem we now present an algorithm to find all the s-connected
subsets of a graph which then at the same time generates all the non-redundant constraints

of (FR).

Algorithm for Finding Connected Subsels of a Graph.

Let G(N, A) be a connected graph. Let C be a structure for holding all the s-
connected subsets of G and H be the node-incidence matrix.

C = {{1},{2},...,{N}}.

Fori=1to N —1

Forj=i+1toN
IfH; =1
C:=CU{3j}
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End If
End For
End For
Fori=2 N -1
For every set 6 of cardinality ¢ in C
For every set ¢ of cardinality 2 in C

KONy £P0and Ny £
C=Cu{ypUb}
End If
End For
End For

End For

C=0uUQ

End Program,

In this section we have developed a characterization of the non-redundant constraints of
the feasible region (FR) and an algorithm for finding them. Before leaving this topic it is
worth noting that many network topologies of interest have only a polynomial number of
non-redundant constraints. For instance, a ring shaped network {example of which are
solved in Gubbala and Singh (1993)) with N nodes has NV (N — 1) + 1 non-redundant
constraints since it has IV order j s-connected subgraphsfor j = 1,..., N — 1and 1 order
N s-connected subgraph. A line has (N + 1)N /2 non-redundant constraints since it has

N — (n— 1) order n s-connected subgraphs forn = 1,..., N,
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We conclude this section with a theorem giving an upperbound for the number of
s-connected subgraphs in a graph. This theorem may be useful in quickly determining the

amount of work involved in generating the non-redundant constraints for (FR).

Theorem 3.6. Upperbound on S-unconnected Sets. Given a connected graph G
and two s-commected node disjoint subgraphs of G, 0, and 8, with only one arc between
them and 6, U 0y = Q. Let c(-) be the number of s-connected subgraphs of its argument.

Then
c(G) < c(Bh) + c(B2) + c(61)c(B).

Proof: The number of s-connected subgraphs in G will be given by the number in
61 plus the number in 8;plus those subgraphs involving nodes from both 61 and ;. There

are then at most c(6)c(f:) such subgraphs involving nodes from both of the subsets. [

Properties of from the Gale-Hoffman Regions

In this section we develop some properties of the feasible region (FR). While the
extreme points of (FR) have some characteristics similar to that of a polymatroid (see, for
example, Bixby, Cunningham, and Topkis (1985)), the region we work with is not a
polymatroid because there are no non-negativity constraints and the capacity flow function
is not monotonic. The extreme points of (FR) do share with polymatroids the property
that they are completely characterized by a partial order on the set {1,..., N}. Further, it
turns out that (FR) has a particularly 'nice’ structure consisting of a base region that is a
bounded polytope of N — 1 dimensions and extreme directions of a simple form. Finally,
we conclude this section with a theorem that shows that the base of the Gale-Hoffman
polyhedron has some super-symmetrical properties that become important in Chapter Six.

We start with some basic definitions and added notation:
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A graph s said to be complete if there is an arc of positive capacity between every

pair of nodes in the graph. Thus, a complete graph with N nodes has N(N — 1) /2 arcs.
A set 6 C £ (s-unconnected or not) is said to be tight at point z € (FR)if
€j © = ty. This definition is from Bixby, Cunningham, and Topkis (1985).

Given the set 2 = {1, ..., N} we write b.q. for some ordering of Q2. We write
(b<g>), for the n't in order element of beqas. So, if the ordering applied to € is the usual
ordering of the natural numbers then (b.q..), = n. We further write the unordered set
0 C beqs if 0 = {(begs g, (Begs gy oors (b<g>)§9|} where |9| 1s the number of elements of
¢ and write 6(b.q., n) for the first n elements of b.q.. taken as an unordered set.
6(b.q>,0) is understood to be the empty set, 0. So, if we let m = |6], then 6 C b_gq-,
means § = §(b.q-,m). Obviously, 8(b.q.,n—1) C 8(bcas,n).

Following Bixby, Cunningham, and Topkis (1985) (but with different notation) we
define a vector value function v(b.q. ) on orderings of §2 for some graph G to be

(V<> ))bq),. = tlbensim) — Lolbagsin—1)-
The following is a version of a "standard" lemma stated in Bixby, Cunningham, and
Topkis (1985).

Lemma 3.7. For x € (FR) the family of all sets tight at =z is closed under
intersection and unions.

Proof: Let 6 and 4 be tight at z, thent, = el zand ¢, = elz. So,

touy oy el z+el z
:efa:—%—efa: =1g +1y
2 touy + tony.

The first inequality follows because of feasibility and the second because of
submodularity. 0

The next theorem gives the result that all the extreme points of (FR) are located on
the plane e’ x = 0.
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Theorem 3.8. Location of extreme points of (FR). If = is an extrente point of
(FR), then Tz = 0. In other words, ) is tight at x.

Proof: Suppose z is an extreme point of (FR) but ¥z # 0. Since = € (FR),
efz<0.S0,eTz < 0. Then, because of Lemma 3.7, the union of all sets tightat zis a
proper subset of 2. As a result, there is an n € 2 such that for @ such that n € 8, 8 is not
tight at z. This means we can perturb z by a small amount € > 0 in the + e, directions
and still have a feasible point. Then z + e, € (FR) and = — e, € (FR)and
T = %(:c +e,) + -;-(x — e,). Thus, z is not an extreme point of (FR). Therefore, z is not

an extreme point of (FR) if e’ z < 0. : O

We can now determine the extreme directions of the polytope (FR). Clearly, — e,
is a feasible direction for (FR) for every n €  since all the coefficients of the variables in
the inequalities are non-negative. Suppose d is a feasible direction for (FR) with d,, > 0
for some 7. Then we must have el \d < tin) for all A > 0. But if arc capacities are finite
and positive this cannot hold. Thus, any feasible direction must be non-positive. We state
the following theorem that depends on Theorem 3.11 for its proof,

Theorem 3.9. The extreme directions of (FR). The extreme directions of (FR) are
given by taking, for each s-connected subset 1y C | the N — 2 s-connected subsets 6 of

the form ( C 8) or (8 C ) or (A\y) and (Y\8) are not s-connected,

With these two theorems the picture of (FR) begins to emerge. There is a base

region on the hyperplane e

z = 0 that is a bounded polytope and a cone-like extension of
the polytope in the extreme directions.

Now we show that for any ordering of 2, b_q., v(b.q- ) is an extreme point of
(FR). Then we show that all the extreme points of (FR) are given by the values of u(*) on

orderings of 2. In the case of a complete graph, they are unique and so we have N
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extreme points for a graph of N nodes. For a non-complete graph we will show that there
are always s-unconnected subsets of the graph so that the value of some of the orderings
will be the same. This property is connected with the redundancy of a constraint in (FR).
The first two theorems are based on, though slightly different from, those in Bixby,
Cunningham, and Topkis (1985) that deal with a different context.

Theorem 3.10. Extreme Points from Orderings of Q. Given any ordering of (,
beas, V(b ) is an extreme point of (FR).

Proof: First, show that v(b.q. ) € (FR). We need to show that V P C Q,
2 (v(begs)), < ty.

ney

||
%(’U(bmﬂ)n =2 (tobegom) = to(begsin1)) = Ly
ne

n=1
So, the constraint holds.
If ¢ ;t_ b<q>, then we show that the corresponding constraint must hold by
induction on the cardinality of .
Suppose || = 1. Let 6 be the smallest cardinality set such that 1 C 6 and

9 g b<Q>. Then

Z ('U(bdb))n = tguy — tp.
ney

By submodularity £y — #5 < ¢, so the constraint holds.
Suppose for all sets with |a,b| = k, the corresponding constraint holds. Let
|1,b| = k + 1. Label the elements of 1 in the order in which they occur in the ordering
boq- by iy,%, ..., %. Let ¢; be the smallest cardinality such that i; €0;and 6; T bq.
forj=1,...,k+ 1. Then
k+1
2 (wlbegs)), = 2 (ta,uin) — to,)
n=1

ney

< tw\{im} + t9k+1U{ik+1} — g, <y,
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where the first inequality follows from the induction assumption and the second from
submodularity of £.

Thus, v{b.q.) € (FR). Now show that v(b<gqs ) is extremal. Suppose not. Then
there are wand z both in (FR) such that v(b.n.) = 1(w + 2). For every 6 C
begs, €3 v{bogs) = t5. Thus for such 8,

egv(b<g>) = e{(%(w +z)) = %(eg"w +efz) =t
Since w and z are both feasible, egw < t5 and e;{z < 9. Therefore for every 8 C b_q.,
efw=elz=t,. (2)

But then w = 2 = v(b.q.. ) since (2) completely determines the values of w and z, just as
it does v(b.q-).

Therefore v(b.q..) must be an extreme point of (FR). O

Now we wish to show that all the extreme points of (FR) are given by the
v(b.gs>). In order to do his we need to first recall a few results for polytopes. First, given
an m x nnon-redundant inequality system with m > n, an extreme point of the
polyhedron so defined will satisfy exactly m of the inequalities exactly. Second, given the
set of constraints that an extreme point satisfies exactly, the set of constraints satisfied
exactly by an adjacent extreme point will differ by at most one constraint (see, for
example, Murty (1971)). Third, a result in Balinski (1961) shows that if ail the adjacent
extreme points of a class of extreme points for a polyhedron are themselves in that class
then that class of extreme points includes all the extreme points of the polyhedron. As a
result, in order to show that all the extreme points of (FR) are generated by orderings of
§2 via v{b.gq: ), we just need to show that the extreme points adjacent to the v(b.q..) are

themselves generated by another ordering of Q.
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Before we prove this we need a number of an intermediate results. For the _
following we employ this definition: let us say that one (not necessarily non-redundant)

constraint § fouches another constraint ¢ in (FR) when

{z:elz= tg,elz =ty, z € (FR)} #0.

Theorem 3.11. Characterization of touching constraints. Given a constraint 6 of
(FR) another constraint 1 of (FR) touches ¢ in (FR) ifand only if v C 0 or 8 C oy or N\
and Y\ are not s-connected.
Proof:
Case 1: § N1 = § and not s-connected. Then
z=v(<8,% (0Up) >)ec (FR)withel r =t and ez;:v = ty, 50 6 and ¢
touch.
Case 2: # Ny = 0 and s-connected. Then
touy < tg +1y (3)
since § and ) are s-connected and
esu? < ej T+ el )
since # N+ = 0. If e = 1y and el = ¢, then by Lemma 3.7
€5.4% = tauy. But then (3) and (4) imply a contradiction, so 6 and 1 cannot
touch.
Case3: Y C O z=v(<9,0\),8 >) € (FR) with e = =ty and
egz = ty, 80 0 and + touch. By symmetry, we also have this for 8 C .
Case 4:0 L,y ¢ 6, and 0Ny # 0. If6\vp and ¢p\O then = =
v( <\, 9\b, 8NP, (FUP)° > ) € (FR) with el = = ¢, and elz=1t,, 5080 and
% touch. On the other hand, by Lemma 3.7 ez = #, and e}z = t,, imply

tuy + tany = tg + ty. So by Corollary 3.2, 6\¢) and 1\ @ are s-unconnected. 0
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Lenima 3.12. Let = = v(b.. ) be an extreme point of (FR) generated by
ordering bq... If there is only one tight order one constraint, there are no tight
redundant constraints.

Proof: First, we note that for every ordering b.q-., v(b.q. ) is tight on at least one
constraint of each order each order 1, ..., N (take #(bog>,n), n = 1,..., N). Though
some of these constraints may be redundant in (FR), taken as a system:

€8s )T = Lolbeg, )

eg(bm,,z)z = U(beqs 2)

(5)

€8s )E = Uolbos )
the equalities completely determine the point v(b.q.. ). Now we show that each 8(beq,n)
must be non-redundant for n = 1,..., N. Of course any order one constraint is not
redundant. Assuming that 8(b.q., k) is not redundant we need to show that
8{b<g-, k + 1) is not redundant. Suppose to the contrary that 8(b.q.,k + 1)is
redundant. Then {(b<g> .1} must be tight since 8(begs, k) and 6(b.q.,k + 1) are s-
unconnected. So there are two tight constraints that are order one, a contradiction to the
lemma hypothesis. Thus, each 8(b..q.,7) must be non-redundant for n = 1,..,N.Ify
were a redundant constraint for which z is tight, then z would be tight on the maximally s-
connected subsets of 1. But not more than one these subsets can be one of the 6(b.q-,n),
since 0(b.q>,n ~ 1) C 8(begs,n), n = 2,..., N. Thus we have more than N tight non-

redundant constraints, a contradiction, Therefore, no redundant constraint is tight at z. [0

Lemma 3.13. Every extreme point of (FR) adjacent to an extreme point
generated by an ordering has a tight constraint of order one.

Proof. As in the previous lemma we note that for every ordering b_q-., v(b.q- ) is
tight on at least one constraint of each order each order 1,..., N (take 6(b.q-,n),
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n=1,..., N). In particular, (5) continues to hold. We note also that if we have any
consistent system of N equalities with one of each order from (FR) that system defines an
extreme point. Clearly, any extreme point generated by an ordering of {1, ..., N} has a
tight constraint of order one (just take 6(b.q>,1)). For some b.q. letw;, i = 1,..., Nbe
the set of non-redundant constraints of (FR) tight at v(b.q. ). Further, let y be an extreme
point adjacent to v(b.g- ). Then by the principle cited in Murty (1971) all but one of the
w; must hold tightly for y. Call that constraint w;. Moreover, there must be another
constraint v such that y is tight at + and
¥ & { w1, ws,...,wy}. In other words, y is completely determined by the system
ely=t,, i=1,..,j—1,5+1,.. N (6)
epy =ty

Suppose y is not tight for any order one constraint. Then clearly, lw;| =1,
|wi| > 1fori+ jand |4 > 1. By Lemma 3.12, 0(b.q-, n), =2, ..., N are non-
redundant and so must be tight for y as well (since w; 18 the differing non-redundant
constraint). We must have w; C 1 since otherwise we could take the first 8(b.q~, n) with
a non-empty intersection with ¢, say 6(b.q-., k), to get an order one constraint 1 N
0(b<q-, k) that is tight at y by Lemma 3.7. Assume by induction that
0(beqs, k) C 4. We show that 6(b_q.., k) C ¥ implies 8(b.q., k + 1) C ypwhichisa
contradiction, and so the lemma is proven.

Let 6(beqs, k) C 9. If || = k + 1, then Y\O(beqs, b+ 1) = (b<os)yie, Since
otherwise 1 U 8(b.q., k + 1) would be non-redundant (since the union of two non-
disjoint, s-connected subsets is s-connected) and tight for y by LLemma 3.7, so that as a
result, y would be tight at V + 1 non-redundant constraints. But then (bcg>), and
(beqs )p.; are s-unconnected since 8(beqs, k) =8(b.g., k—1) U {(b<q>),} and
¥ =6(bgs, k — 1) U{(bes )0} are both tight implying

L0(bege, k+2) T Lolbeqs, k-1) = toiboq,. k) T Ly,
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Then we have

e‘z:bm,kuz) y = Bo(begs. k-1)
egzb<9>,k)y = Wbeqs, k)
e{y =ty

§b<ﬁ>,k+1) Y = (boqs, k+1) -

Now the first and the second equations imply Yibeas)e = Ublbens, k) — To(beq, k-1); the first
and third equations imply y,_ ;. =ty — t(b_e..x-1). But then the first equation with
these two new ones imply

€ cirn ¥ = Wocas k) F Ew = Laip g, k-1)-

This means that constraint e? Y = Bo(begs,, k+2) 1S redundant, a contradiction.
B(b ey k+2) <>

Therefore, 14 cannot be of order k + 1. Furthermore, we must have
8(b.q~, k + 1) C 4, since otherwise there would be a smallest cardinality w;, i > k +1
such that 6(b.q., k) C w; M4 giving another non-redundant constraint of order k,a

contradiction. a

Theorem 3.14. All extreme points from orderings. Let = be an extreme point of
(F'R). Then there is an ordering 3<Q> such that v(8<g>) =2z

Proof: The argument is that for any extreme point adjacent to one generated by an
ordering we can find constraints v,,, n = 1,..., N where n gives the order of the
constraint and v,_; C v, n =1, ..., N and 15 = 0. We take the ordering to be
(3<Q>)n = Vn\Vn—1. The proof'is by induction on the order of the constraint. In Lemma
3.13 we provided the case for order one. Assume that it is true that for an extreme point 2
adjacent to the extreme point v(b.q. ) we have tight constraints v, , n = 1,..., k such that

Vn-1 C V. Asbeforeletw;, i = 1, ..., N be the set of non-redundant constraints of (FR)
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tight at v(b.q.. ), w; be the non-redundant constraint that is tight at v(b.g- ), but not at z,
and 9 be the non-redundant constraint tight at z, but not at v(bens ).

Suppose to the contrary that there is no tight constraint of order k + 1. Then Vn,
n =1, ..., k must be tight for v(b_q..) as well since if 8(b.q~, k + 1) is non-redundant,
wj = 0(bcq>, k + 1) and we can take v, = (b, n),n=1,... k.If Hbcgs, k+1)
is redundant then w; C 8(b_q.., k + 1), but w; N8(begs,n), n =1, ..., kis tight for
v(bens), s0 we can again take v,, = 8(bcq-, n),n = 1, ..., k. Furthermore, the 8(b.q.,
n), n=k+2,..., N, are non-redundant since otherwise for such 8(b<q-, n) we would
be able to construct a k& + 1 order constraint that is tight as follows.

Let M (l) be the set of maximally s-connected subsets of §(bq.., [). Now
w; € M(k + 1) since otherwise we would be able to construct 8(b.q.., k + 1). Also,
wg M(n)forn < k.So M(k+1D\M(k) = {w;}. Suppose 8(b.q-, k +2) is
redundant. If w; € M(k + 1), then we can construct the order k + 1 constraint
(UGGM(k+2)\{wj}6) U (w; N8(b.as, k)) that is tight at z. But then we can construct an
order k + 1 tight constraint by taking the union of all the elements of M (k + 2) except
for some element of order one. Or, if there is no element of order one we choose some
element of M (k + 2) other than that which contains w; and take the intersection of it and
the 8(b.q-, n), n < k which gives us a set of one less cardinality. Then we take the union
of this intersection with all the other elements in M (k + 2).In general, the process is
similar for any n > k + 2, so that the 8(b.q-,n), n =k + 2, ..., N are non-redundant,

Thus, we have for 2 tight constraints 6(b.g.,n), n=1,... k &k + 2,...,N Asa
result 1| < ksince otherwise the intersection of 1 and some Obeas,n)y,n>k+1
would have order & + 1. Moreover, by the same reasoning forn=1,.... N

|0(begs,n) U] < k.

Therefore ¢ C 6(b.q.,n}. Asaresult for somen < k, ¢ € M(n). But then thisis a
contradiction since 4 is not tight for v(b.q.). £
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So, orderings determine the extreme points. In the case of complete graphs the
extreme points determined by each ordering will be unique and so the number of extreme
points will be N! It is clear from the foregoing (as with polymatroids) that adjacent
extreme points differ in their corresponding orderings only by the interchange of two
succeeding elements in the ordering. In other words, if b.q. = < 01,09, ...,05 >, the
ordering for the adjacent extreme point will be the same except that for some
1<k < N -1, o, and o;_;will be switched in the ordering. In the case of incomplete
graphs switching the order of nodes that are successive in the ordering but s-unconnected
does not change the resulting extreme point. The character of this degeneracy becomes
clear in the next theorem.

Theorem 3.15. Distance between adjacent extreme points. Given two adjacent
extreme points y and z, let nodes i and j be the nodes whose place in the order is
interchanged from the ordering from one extreme point to the next. Then, the Euclidean
distance between the extreme points is 25%, where c;; is the capacity of the arc between
nodes tand 3.

Proof: Let b be the ordering for y and 3<g> be the ordering for z. Without loss
of generality, let (bcq);, =1 and (begs)y; = 7. S0, 8(beqo,n) = 9(3<g>,n) for
1<n< N,n#k Thus, (y), = (2), for 1 <n < N, n#i, j. Therefore,

by — =i, =

(@) = ) + (), — (2),)°) =

((Rotbens, k-1t = T0bens.k=1)) = (E(bagn, k-1U{is) — Lotboay. -1)i))” +
(oo, k100015 ~ Botbaqk-1100i3) = Eatocgs k110053 — Eotbano bty )7
= 22 [tk 110t} — Bolbanb- D)} — B9(bens. k-1)0(s} T totbcnn, k-1) |

Now

>
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U(beqs, E-1U{ig} ~ 0(benn, k-1UL} — B0lbegs. k= 1)UL} F To(beqn. k1) =

Cam —
nedlbeqs k-1)U{iJ}  me(8(beqs k—1)U{ij})°

Z Cam —

neblboq. k—1)U{d} me(fbeqs k~1)0{i})°

g

cnm +
n&b(beqs k- 1U{j} me(Blbens k—1)U{7})°

Cam =

g/

nef(b g, k—1) me(Bbens k~1))°

™

Cam
nebbeqs k~1)U{e}  me(@bogs k—1)U{5})°

ij*—

\g/

me(Bbeas k—1U{1.1})°

(]

cﬂm
neblbeas k-1U{1}  me(B(begs k- 1)U{45})°

an —

g/

neb(benm,k—1)U{1}

g/

Cam
n€{bens k—hHE(Olbeqs k- 1)U{7})°

Z Cj-m +
me(B(begs k—1)U{j})°

Crm T
neb(beogs k—HEB(beg. k—1U{F}°

an =
n€d(beas . k—1)

ij —
me(B{begs k-110{1,7})° nEG(b<n>,k—~1)U{i}

Ch i

Cim + 2ty =
mE(Bbns k=1)U(51)* REB(b o k1)

- 262']'.
So

ly =2, = 2%¢;

From the preceding theorem we can see that (FR) for an incomplete graph is a
special case of (FR) for a complete graph with some of the lengths of edges between
extreme points shrunk to zero.

We have seen that for complete graphs no constraints are redundant, while for

incomplete graphs, redundant constraints correspond to s-unconnected subgraphs which
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are easily found. When we restrict (FR) to Tz = 0 some non-redundant constraints
become redundant. As a result, the shape of (FR) can change as we leave the hyperplane
e’z = 0. The following theorem gives a nice characterization of which non-redundant
constraints are redundant on (FR) restricted to ez = 0.
Theorem 3.16. A non-redundant set 6 is redundant on (FR) restricted to e z = 0
if and only if 6° is redundant on all of (FR).
Lemma 3.17 shows the "if" part.
Lemma 3.17. 0 is redundant of (FR) restricted to eTz = 0 if 6° is redundant on
all of (FR).
Proof: Suppose 6° is redundant . Then the set of maximally s-unconnected subsets
of §° has more than one element, say r > 2. Let 1, be the union of r — 1 maximally s-
unconnected subsets of §°and 1, be equal the the remaining maximally s-unconnected
subset of 6°. For y in the base of (FR) then we have
ey < ty,
eg,¥ < ty,
—efy <0
Adding the three inequalities yields
€y <ty +1iy, =15

Therefore & is redundant on (FR) restricted to eT z = 0. I

In order to prove the "only if" part of the theorem we need to prove some lemmas
for the following system for which the existence of a solution characterizes redundancy for

non-redundant # on the base of (FR).

M€y — Ml = €y (7)
veP{1,....N}\{f}
Tty < tg (8)
veP{1....,. N} {9}
Ty 20,V e P{L,.. . N}\{8}, 7. > 0 (9)
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where P{1, ..., N} is the power set of {1, ..., N} not including . We can rewrite (7) as

Ty =147, Vnech (10)
peP{1,. . N}\{8}: ney

and

Ty = Te, YL & 6. (11)
peP{1,..N}\{0}: ney:

These also imply that for all n € Q there is a ¢ € P{1,..., N}\ {6} with = € ¢ and Ty >
0. To see why 7, must be strictly positive and not just non-negative, consider that if it
were zero then 6 would be redundant.

Lemma 3.18. Suppose there is a set of multipliers w;, 7, that satisfy (7) to 9). If
for some ¢ € P{1,..., N}\{6}, 7 > 0 and 7= > O, then there is a set of multipliers
7y, e also satisfying (7) to (9) with at most one of c and T strictly positive and 7,

=my fory € P{1,..,N}\{6,¢, ¢}

Proof: Without loss of generality let m: > n-. Set

R =0

A

g =W oW

A

e = Mg — Mo

Ty =m0 € P{1,..., N}\{0,¢,(°).

So, Ry, e, T, e satisfy (9).

Ryty = Tcte+ b)) Tyty
PeP{1,..N}\{6} veP{1,.. . NN{6.0.C°}
= Wl — et + > Tty

peP{1,... . N}\{8.,.C°)

< > Tty < 1.
$eP{1,..,.N}\{6}
So (8) is satisfied.

Fal Fay
Toee — Mee = (’ﬂ'g — e Yo — (Mg — e Je
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= Tce; — e + (e — eg)

= M€ + Meees — Tee.
So (7) 1s satisfied. O
The next lemma follows from the application of Lemma 3.18 at most 2V 2 times.

Lemma 3.19. There are redundancy multipliers satisfying (7) to (9) for a set 8 if
and only if there are multipliers satisfving (7) to (9) with at most one of my, and mye

strictly positive for every ¢ € P{1,..., N}\{6}, that is, Ty Trye = 0.

The next two lemmas show that if we have multipliers then we can construct
multipliers such that if two sets are disjoint then at most one of the corresponding

multipliers is strictly positive.

Lemma 3.20. Suppose there is a set of multipliers Ty, T Satisfying (7) to (9). If
forsomen,( € P{1,...,.N}\{6}, {Nn=0, m,> Oand m¢ > 0, then there is a set of
multipliers Ty, 7, also satisfying (7) to (9) with T, ¢ = 0. Moreover, the 1, are such
that Ty-ye = 0 for every ¢ € P{1,..., N}\{6}.

Proof: We can assume by the previous lemma that 7,7, = 0 for every

¥ € P{1, ..., N}\{6}. Without loss of generality, let e > Ty, Set

Tgun = Tgun + My

g =T —Ty
Ty, =0
T. =e

Ry =7y, € P{1,.., N\{6,¢,n,¢ Un}.

So (9) is satisfied and because

N
Tyey = 2. Ty
YeP{L,...N}\{6} BeP{L,..N}\{6)}

(7) is satistied. Because ¢.is submodular t.,, < ¢ + t,, so
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o Rty =mtan—mic+ X myty
veP{1,...N}\{8} veP{1,. . N}\{6,n}

peP{1,... . N1\{6)}

So (8) is satisfied. 0

Again, the next lemma follows from the application of Lemma 3.20 at most 2V—-2 times,
Lemma 3.21. There are set of multipliers Ty, Te satisfying (7) to (9) if and only if
there are multipliers 7, 7, also satisfying (7) to (9) with 7, T = 0 for all

7,¢€P{L ... N}\{6}, cnp=0.

The next lemma establishes the construction of multipliers with the preceding
properties plus shows that all the non-zero multipliers must have the same value.

Lemma 3.22. Suppose there is a set of multipliers Ty, Te Satisfying (7) to (9) with
aNf #0, 7, > 0and 75 > 0, then there is a set of multipliers £, %, also satisfying
(7) to (9) with either 7, “#g = 0. Moreover, for m, > 0, 1, = 7..

Proof: By the preceding lemmas we can assume the 7ty are such that 7,7 = 0 for all
7,¢ € P{1,..., N}\{6}, ¢ N 7 = 0. Without loss of generality let 7, < 5.
Case . aUB # Q2

Set
ﬁo:u,fi = Taug + Mo
Tang = Tang + Ta
s = Mg — M,
Te =0
Te =1,

Ty = Ty, € P{1,..,.N}\{0,a,6,aN B auUB).
So (9) is satisfied. Since

ﬁauﬁeﬁuﬂ + ﬁaﬂﬁeaﬂﬁ + %aea + ﬁ,@e}(j
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= Tag€aup + Mo (Bauﬁ + Baﬂﬁ) + Aang€ans + (Wﬁ - ﬂ'a)eﬁ
= Taug€aus T Tang€ong + Taq + Tgeg,

(7) 1s satisfied. (8) holds since by submodularity since

N
71',,{',731;, =
veP{1,.. . N}\{8}

7T.¢,t¢ + Watauﬁ + Wutaﬂ,ﬁ — Matg <
$peP{1,..N}\{8,a}

Z ’il"wtﬂ, + Moty = Z 7T¢t¢,.
peP{l,.. N}\{6a} peP{1,... N}\{8}
Case2: aUB =0, anpP+#6

Same as case 1 except we do not use o U Sand set 7. = 7, — 7,

Set
ﬁaﬂﬁ = Tang T Mo
ﬁﬁ = TTﬂ — Ta
Ta =0
T, = T~ Tg

Ty =7y, € P{1,.., N\{b, 0, 5, NB,aU G}
(9) 1s clearly satisfied. Since
Tang€ang + Ta€a + Tgeg — Tee
= Mang€eng + Ta€ang + (Mg — Ta)eg — (T, — Ty )e
= Tang€ang + Mgeg ~ W€ + Mo€ang — Mot + Tye
= Tang€ong + Tgeg — ek -+ To€ang + Ta€pae
= TangCang + €3 — Te€ + Malq

(7) 1s satisfied. (8) holds since by submodularity since

A
Tyty =
YeP{1....N}\ {8}
> Tyty + Tatang ~ ol <
BeP{1, N} {6.a}
’JT,‘,')tlp =+ T{‘ata = Z 7T¢tw.
peP{1,..., NI{8,e} veP{1,....N}\{6}
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(10} implies that 7, = 7, for m, > 0 since otherwise there would be
another subset S with 73 >Qandne€anp,n¢é. O

The next lemma establishes the "only if" part of Theorem 3.16.

Lemma 3.23. [f a non-redundant set 0 is redundant on (FR) restricted to
el'z =0, then 6° is redundant on all of (FR).

Proof: Since all the positive multipliers are the same and correspond to sets that
contain 6 and are otherwise disjoint, (7) and (8) imply that there are exactly two such
positive multipliers, say 1, and ,. Moreover this means that Ty, = 7y, = 1. Therefore,
from (8) we get . +¢,, < tgand by submodularity
b +ty i = tynp, +tyup, Sty +iy,, S0ty + 1y, = tp. Therefore by Corollary 3.2,

¥1\dand 1, \# are s-unconnected and so 6° is redundant by Theorem 3.5.

A consequence of the results so far is the next interesting corollary about the base
of the feasible region.

Corollary 3.24. If y is an extreme point of (FR), then so is — y. There are an
even number of faces of the base of (FR). Given a face of the base of (FR) then there
exists another face of (FR) parallel to the given face with the same size and shape as the

given face.

Wedge Decomposition for Polyhedra

In order to facilitate the integration of our density function over a polyhedrbn we
wish to express it as a sum of iterated integrals. A convenient method for doing so is to
break down the polyhedron into shapes we call wedges. A wedge in n dimensions is the
intersection of 7 or fewer half-spaces such that there is a boundary point common to all

the half-spaces. Let Az > b be the polyhedron of interest. Recall that if a constraint is
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redundant with respect to a system then the reverse of that constraint and the system has
no solution. We use a version of Farkas' Lemma from Cottle, Pang, and Stone (1992):

The system Az > b has a solution if and only if y" A = 0, y > 0, y'b > 0 has no
solution.
Let €(P) be the content of polyhedron Pand a = {2, ..., N}. Then we write

C(Az 2 b) = C(Aqz 2 ba) — C(Apx > by, Arz < b1). (12)
Our scheme is to break down Az > b into wedges by reversing and dropping constraints
as in (12) until we end up with either a wedge or an inconsistent system. The following
theorem gives the main step in the procedure:

Theorem 3.25. Given constraints ol z > b;, i = 1, ..., pthat form a wedge, and
a;ile > bprsuchthatthea,i=1,.. p+1are linearly dependent, there is a sequence
of reversals of constraints such that we can express the content of aFz > b;,
t=1,...,p+ 1 as the sum of wedges.

Proof: Since ai-Tzr > b;,i=1,..., p forms a wedge the a;, 1= 1, ..., p are linearly
independent so we can assume without loss of generality that b; = 0,i =1, ...,p. If
bp+1 = 0, then the version of Farkas Lemma we use has y # O instead of y¥b > 0, but the
procedure is otherwise entirely the same. Assuming that ag'ﬂm = b, is not redundant in
az-T:c >b;,i=1,..,p Since a,.,is dependent on a;, ¢ = 1, ..., p there are multiplers

b
y: # Osuch that 3 y,a; =y, 1ap1. If Yp+1@p41 < 0, reverse constraint ag LT 2 by to
=1

get the systems:

{~aljz> ~byg;alz>b 0= 1, ..,p} and {afz > b, : i =1, ..., p} which sum to
get the original system. The second system is 2 wedge by hypothesis. The first now has

~ Yp+19p+1 > 0. To get a system as specified in Farkas' Lemma, we now simply reverse

and drop every constraint with a multiplier y; > 0, i = 1, vy P O
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The basic procedure for eliminating constraints involves choosing linearly
independent rows on the left hand side, solving for the other rows, and then reversing and
dropping constraints until we have a wedge or an infeasible system. Theorem 3.25 shows
that this is possible. In some cases it is possible to be more efficient by reversing
constraints that have few other constraints that touch it. Theorem 3.11 characterizes
touching constraints for Gale-Hoffman systems. For instance, if we have a complete graph
of N nodes, by reversing an order one constraint we make any constraint that does not

contain that node redundant.

We conclude this chapter with a discussion of the application of our procedure to
D.C. power flow networks. Our procedure involves the following major steps:
characterization of level of unserved energy in terms of piecewise linear functions, that are
linear on polyhedral sets, development of the multi-area production cost curve, the wedge
decomposition, and the integration of our density representation. Of these steps, only the
first, the characterization of level of unserved energy in terms of piecewise linear
functions, depends on using the transportation model of network flows. Pereira, Pinto,
Oliveira, and Cunha (1987) claim that the characterization we show in Chapter Two for
Gale-Hoffman systems that the unserved energy is equal to the most violated constraint in
the feasibility system holds as well for D.C. power flow networks. Whether it does or not,
it should be noted that we can always characterize the level of unserved energy in terms of
a piecewise linear function on polyhedra, since we only need to consider the range over
which a particular basis is optimal. While this characterization is not as nice as the other in

that it leads to potentially many more regions of integration, it is still viable.
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Chapter 4

Integration

The algorithm for multi-area production costing involves construction of an
Edgeworth series representation of the probability density. Chapter Two gave a brief

development of the series which we show in (1) below.

fx(z) = fo(x) + 7 fi(z) + 7Y @2+ o 3+ (1)
where f(z) = (—1)! 8f,(z) /07", f;(z) = (—1)? 8% f,(x) /050, ...

Recall that fy(x) is the function we wish to approximate and that folz) is the
approximating function. While one is free to choose f,(z) to be any reasonable (in the
sense that the development of the series still holds) density, in order to make use of the
power of the series, one should choose a function that as much as possible is close to the
function one wishes to estimate and that eases computation of (in our case) the integral of
(1). For the model presented here we use the multivariate normal for four reasons. First,
at least for one area distributions the empirical density generated from data is fairly closely
fit by the normal density. Partly this is due to the fact that we are adding up a number of
independent random variables (the generators’ available capacities) to get our density, so
that the Law of Large Numbers starts to hold. Second, the muitivariate normal function
has been intensively studied and in particular, a number of methods for integration of the

multivariate normal exist. Third, because we choose the approximating multivariate
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normal to have the same mean and covariance as the approximated density the second and
third terms in (1) are zero. So, since we are truncating after five terms our approximate
expression is

Fx(@) = fol) + 09 fi /30 + 0 £, /41 (2)

Fourth, previous work in electric power production costing in the probabilistic simulation
framework has, in general, used the normal density as the approximating function, and we
wished to extend this model directly to the multi-area context.

In order to integrate (2) , we need some method for integration of the multivariate
normal and multivariate Edgeworth series using the multivariate normal as the
approximating function. The first part of this chapter discusses integration of the
multivariate normal density and presents our new result for one dimensional numerical
integration of the trivariate normal density. As far as we can tell, this is a new result that
lowers the "dimensionality" of the problem of integration of the multivariate normal by
two. Previous results were only able to lower the dimensionality of the problem by one. In
the second part of this chapter we document integration of the multivariate Edgeworth
series based on integration of the multivariate normal density. Included in this section is

the development of expressions for repeated integration of the multivariate normal density.

One Dimensional Numerical Integration of the Trivariate Normal Density
Calculation of the integral of multivariate normal density over a rectangle (in our
case, unbounded) is a problem with a long history that has applications in a wide variety
of areas and has received extensive study. Applications include those in statistics (Iyengar
(1988) cites some), econometrics (Dutt (1976)), and finance (Selby and Hodges (1987)
and Ritchken, Sanakarasubramanian, and Vijh (1993)). A number of approaches to it have
been taken in attacking this problem including Monte-Carlo simulation, infinite series
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approximations, and Gaussian quadrature. Tong (1990) gives an overview of the problem
and the various methods used to analyze it. These methods have had various degrees of
success, yet have still, essentially, been confronted with at best an n — 1 dimensional
numerical integration problem. Closed forms have not been produced except for a couple
of special cases. Integration of the bivariate normal was investigated by Sheppard (1898)
and he produced a closed form result in the special case of the distribution having an
identically zero ﬁem. David (1953) produced a closed form result for the trivariate case
with the zero means. Abrahamson (1964) devised a method for one dimensional numerical
integration of the quadrivariate case, again, with zero means, The method presented here
is in the spirit of the analysis presented in these three papers. We analyze the surface area
of the intersection of the orthant with the ellipses formed by the level sets of the density.
With this approach and a new construction we were able to devise a method for one
dimensional numerical integration of the trivariate normal with arbitrary means. This new
result has implications beyond the trivariate normal since it means that the dimensionality
of the multivariate problem can now be reduced by two dimensions rather than just one
(see Plackett (1954) for reduction of the order of the integral) by conditioning on three of
the variables.

Our approach to one dimensional integration of the trivariate normal has its
starting point in the analysis presented in Appendix A of an idea for one dimensional
numerical integration of the multivariate normal. We will first, quickly summarize the
details we use here.

It should first be clear that the problems of calculating the probability content of a
wedge or orthant for a multivariate normal random vector is equivalent to calculating the
value of the integral of multivariate normal density over the positive orthant. That is, if we
let ¢_,, 5-(z) be the multivariate normal density with mean vector — b and covariance
matrix 2, we wish to calculate
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R ey s(x)dry - -day (3)

We focus here only on the case where  is positive definite. Let & = A A7 where
A is some convenient factorization such as Cholesky or the symmetric square root (see,
for example, Golub and Van Loan (1989)). If we transform the variables from z to
A7z 4 A 'b, then (1) becomes

Sazss Po.s(2)dzy - -dzpy, )
where ¢ ; is the independent multivariate normal with mean 0 (see Tong (1990)). Define
the N-dimensional sphere centered at the origin, Sy, = {z € R : 7z = r2}. Now the
level sets of ¢ ; are Sy .. Our approach to calculating (4) is to sum the area given by the
intersection of Az > b and Sy . divided by the surface area of S - weighted by $o,; OVer
7 from zero to infinity. To express this more formally write P(r) for the surface area of the
intersection of Az > b and Sy, divided by the surface area of Sy .. Then we can rewrite
(4) as

2/(2m)? [ P(r)e " 2dr. (5)
If we have a way to readily calculate P(r), then we can apply our favorite one dimensional
numerical integration algorithm to (5) and find the answer to the problem of interest.

To calculate P(r) the basic problem of course is to calculate the surface area of
the intersection of Az > b and Sy ... In Appendix A this is attempted by constructing an
iterated integral by integrating over the right hand side of Az >b.

Without loss of generality assume that X is the correlation matrix and that A is the
Cholesky factorization of &, so A is lower triangular. This considerably simplifies the
discussion that follows and as a result we have A; Aj = p;; where p;;1s the correlation
between the ™ and ;™ random variables. The vector — b now no longer is the mean, but
rather the variance adjusted mean since we have divided each row by the variance of the
corresponding random variable. A further simplification helps the discussion as well.
Rather than considering the intersection of Az > b and Sy, we perform a change of
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variables = = ry, and consider the intersection of Az > b and § ~ 1where we have
adjusted b by dividing by r. For simplicity, we write Sy for § ~.1. Also, define

An(r) = Bal,
the n — 1 dimensional "surface area" of S, , (see, for example, Kendall (1961)).

If we take the straightforward approach to calculating P(r) then we, not
surprisingly, run into elliptic integrals. In the trivariate case, however, we can decompose
{z: Az > b, 2Tz = 1}, the region of intersection of Az > b and 831, into simpler
regions whose areas we can find analytically. For the first part of this analysis assume that
the vertex of Az > b is inside the sphere. For a set § C {1,..., N}, define the notation
Ag. to be the matrix made up of the rows of A that are given by the set 8. A 4is the matrix
made up of the columns given by the subset 8. Let ¢, be equal to the vector = such that
Apzyr=bagy, Ajz > by, le =1,

¢z be equal to the vector z such that A(; 5y @ = b3y, A2z > by, z7a = 1, and

C3 be equal to the vector  such that A oy = = bii2), Az > by, 2Tz =1,

In words, ¢; is found by taking the intersection of the other two halfspaces and the sphere.
The ¢; are linearly independent and define the plane ATz = b. It is clear that
{z: Az > b, 27z = 1} lies entirely on one side of Kz = b, so without loss of generality
define k and b such that
{z:Az>b,2Tc =1} c {z: ATz > b}

and h* h = 1. So we can find the area of {z : Az > b, z7z = 1} by finding the area of
{z:hTz>b, 2Tz = 1} and subtracting the areas of

{z:A1z>b, W2 <b,27z = 1},

{z:Asz>by, KTz <b, 27z =1}, and

{z:Asx>b3, KTz <Bb, 27z = 1}

So, to implement our approach we need to find the area of the sphere cut off by a
single plane once, and find the area of the sphere cut off by two planes three times. In
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order to find the area of {z : h7z > b, 27z = r*} we refer to the formula developed in
Appendix A to find that the area is given by

27rf51(r2 ~ yg)a_%dy = 2n(r — b). (6)
In order to find the area of {z : A,z > b, KTz < - 1}, first note that p = A, A,
the angle between A; z = b and ATz = b, is acute so that following the result in
Appendix A the integral does not break into two pieces. Let p =(1- ,02)15 . Then the
formula for the area is given by ]

ZW%/F(%)fffgpyﬁ{ﬁz{l_ym!(1 - %I 4 ~ 20019 + yj;])_%dygdyl

= 2fffspyl+{32u_y‘2)]%(1 — 3[4 — 20013 +12]) P dydy,

Perform a change of variables

to get

 esin( Y] [
=2p [, [arcsm(\ _z%)lg)} 25+%21d21
= pyl,
w5 [PIE _ ; A
=2p [} [2 arcsm(“_z?}% )] 21,

after some tedious integration by parts a lengthy closed form is possible. We achieved this
last part of the result via Mathematica.
The case where the vertex of the wedge is not in the sphere, but the intersection is
non-empty can be broken down into a number of cases:
1. The facets of dimension one of the wedge all intersect the sphere. In this case,
there are two separate areas of intersection of the wedge with the surface of
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the sphere. We can apply the same construction as when the vertex is inside the
sphere for each of these areas.

2. Two of the three facets of dimension one of the wedge intersect the sphere.
Without loss of generality, suppose that the facet given by As x = byand
Az z = by does not intersect the sphere. Let c; be the surface area of
{z:Apgyz > b(12y } N Ssand c; be the surface area of
{x: Ajz > by,A52 < by } NS5 Then the surface area of
{z: Az > b} N S3is ¢; — co. These surface areas can be calculated
analytically as shown above.

3. One of'the three facets of dimension one of the wedge intersect the sphere. In
this case the surface area is given by the intersection of the two halfspaces
associated with the facet and the sphere.

4. None of the facets of dimension one of the wedge intersect the sphere. In this
case the surface area equals the surface area of the sphere minus the sum of the

surface area of the intersection of the sphere and the complement of each

halfspace.

Integration of the Multivariate Edgeworth Series

In this section we document the method used to integrate the truncated
multivariate Edgeworth series. The essence of this exercise is to transform integrals and
repeated integrals of the multivariate normal times a polynomial into sums of terms
involving just integrals of the multivariate normal for which we have algorithms to
compute. We begin this section with a number of transformation laws for these integrals

and end it by applying the results to the multi-area production cost curve derived in

Chapter Two.
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Let ¢, -(z) be the multivariate normal density with mean x and variance matrix ¥,
We assume for the following that 3 is positive definite.
Then (following Tong (1990))
3, 5(x) = me—%—(mzm
where
Qn(z 1 E) = (@ — p) =7z ~ ).
So the multivariate normal distribution is
¢, 5(z) = f;-~'ffg’oqﬁu,z(y)dyw---dyl-
Let P,(z) be a polynomial in z of order n. First, we develop a representation of
o 2N Pa(w)$, 5 (y)dy - -dy; in terms of ®,, :(z) and lower order integrals. We can
simplify the discussion that follows by assuming, without loss of generality that, 1 = 0.
We start off by considering terms of order one, that is, involving a constant times a
single variable, that is,
d; = _I:x, ' -ffﬁ‘,’oyi%,z(y)dyw'“dy; (7
Now the derivatives of ¢, 5, (z) divided by $o,5(z) are the hermite polynomials, the first of
which is ™'z So, we can rewrite (7) as
=0 o S22 v W)y, —
= 'f—zgo%[z_l]ijyj‘;bﬂ,x(y)dyN' - dyy

Sl (I (RBTRE £% S5/ 0d (8)

i i#i

W=

Define k; to be the first term in (8). k; is equivalent to the integral of a multivariate normal
of dimension NV — 1. That is, if we condition on y; = x;, then the conditional distribution
has mean

T
and variance

a8 — TpiZi g,
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where
ﬁ'i. - {1)"'?i— 13?:+ 1,-..N}.

So,
ki = Pl’{ Yi < xi} [E—l i—ii (I;Iff;o )¢I,- B0 88,8, 0p T8, (y) (de_j)
Tt

77
Now, if we define G € RY*¥ such that
Gij = [E714/(E

then we have

dy ky
Gl : )=1:
dN kn
Since
G—l:(E.z[Ekl]u EN.[EhllNN)’
therefore
N
d; = Ezij{z_l]jjkj. 9
F=1

When the polynomial is of order higher than one we can use integration by parts
successively to express the integral in terms of sums of integrals of the multivariate normal

of lower orders. For example,

N
1:I1f = Y dos(y)dyy - dy;

N
= xi"H}ffwy’{‘ - y;k__iy?ﬁ ' 'y’;\"rV ¢o,z(y)dyN' - dyy

1

i Ty —1 -1 b+
— SO AT ot 0w T - VN G0z () dyadyn - dyg1dye. - -dy, M.

]

Using (9) and integration of parts also lets us solve repeated integrals of the

multivariate normal, such as,

JZ @5 (zr, 21, Yy )Y
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d
= -TN‘bO,S(-TI, HIN-, :EN) - ffgome(ﬁo,E(zls t 'amN—lryN)dyN

=znPox(ry, , ZN-1, 2N} — dpy

:mN{I)O,E(mI:"'va—I:J:N ZENJ[ ]J] 3.

We now discuss the integration of the multivariate production cost curve using the
multivariate normal in a truncated Edgeworth series as our representation of the density
function. In Chapter Two we derived the multi-area production cost curve which can be

expressed as

C=FnY X sgn(A)ffDo (ﬁl ffm) R(~[A(t+w~+ eNz)])fIldwi dz,

0CSY AcD{wy)
where D(wg) is the wedge decomposition of wy and sgn(A) is the polarity of 4 in
A € D(wj). That is, sgn(A) = + 1if we add the wedge and — 1 if we subtract the
wedge. Our approximation to the density is
h(z) = %h,zh (z) + ik ¢:ﬁzh (z)/3+ Mgkt ‘ibiffli:h (z)/4!
where 7, and 7, are the third and fourth order cumulants of A.

Integrating the first term we get

N N
STl I2) s, (= (A7 (6 + w + en2)]) [[dw; da. (10)
i=1 =1
Now,
(— A7 (ttwtenz) = p) S (- A7 (t+wtenz) — )
=(w+eyz+t+ Aph)TA_TEglA_l(w +enz+t+ Ay,)
Hweletp= — (t+ Aph) and 3, = ATEhA then (10) is equivalent to

o Hf_ ) $r5 (wtenz gdw dz

= f—-oc ENZ)d

which we can compute using the methods given above.
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Chapter 5

Computation

In this chapter we present some results on a three area system using the algorithm
developed in this dissertation. Data for the supply and demand characteristics of the
system is based on that presented in Bloom (1992) and summarized in tables at the end of
this chapter. Table 5.1 gives the data for the generators which was assumed to be identical
in each area. The generators consist of 36 units with varying forced outage rate and
running cost characteristics. Demand for each of the areas was derived from the load
duration curve in Table 5.2. that represents a period of one week (168 hours). The

demand for areas two and three was shifted so that the resulting system had correlation

matrix:

1 .333 .667
333 1 .667
667 333 1

Unserved energy was priced at 1.2 times the running cost of the most expensive
unit and the resulting first six moments for the production cost curve are listed in Table
5.3. Since the generators are independent the cross moments for the production cost curve
are the products of the individual moments. Six moments were used for the computation
which was done on a 486-66MHZ computer using Mathematica. The three area system
results in twenty wedges for which computation time was within a couple of minutes, but

also not optimized for running time.
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For the experiment we set the capacity of all of the arcs equal to £ and varied ¢
from 0 to 1000. Figure 5.1 shows the change in production cost of about 6% as we
change the capacity of the arcs. Production cost did not decline appreciably further (less
than a percent) as the arc capacity was increased above 1000 to infinity. The accuracy of
the computation was checked by running a Monte-Carlo simulation on the system and was
found to be within a 99% confidence interval that was .75% wide in all cases. The sample
size to generate this confidence interval was 10° and needed several hours to run on a
200MHZ pentium-pro computer. This shows that the ability of our approximate model to

reflect the underlying exact model is quite good.

Figure 5.1: Three Area Production Cost ws. Arc Capacity

5150
81.00 ¢
4950 +
48.00 +
4850 +
4750 ¢
47.00 +
4650

Production Cost in Milkons

o
100 ¢
00

S E % 8 B E B B

Are Capacity (MW)

73



Table 5.1: Test System Unit Data

# Units | Capacity (MW) | Running Cost (3/MWH) | Forced Outage Rate
2 550 8.112 150
1 800 15.352 200
2 600 15.504 180
1 500 15.504 180
1 400 15,124 130
1 200 15.960 090
1 800 24 287 160
2 600 24 838 150
1 400 25.100 124
1 200 26.462 081
2 400 38.224 124

11 200 40.299 081
10 50 55860 105

Table 5.2: Test System Load Duration Curve
Load (MW) | Duration
3149271 1.000000
4529213 | 0.714290
5498.220 | 0.535710
6277735 | 0.357140
6569.775 | 0.238100
6796.421 | 0.148810
7007.462 | 0.089286
7088.461 | 0.059524
7255.659 | 0.029762
7311.391 | 0.017857
7431.031 | 0.000000

Table 5.3: Moments of Test System Production Cost Curve

Order Moment
1 153781107
2 13.9785 107
3 |3.1756 10!
4 | 2.6453 10P°
5 | 2.2662 10"
6 | 1.9804 10%
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Chapter 6

Extensions

In this chapter we discuss directions for future research based on the findings
presented in this dissertation. While there is much of a direct and practical nature that can
still be developed such as computation for higher order networks, there are four more
theoretical ideas that are based on our research that are explored here. First, we examine
the idea of finding upper and lower bounds and other types of approximations to the
multi-area production cost for large networks by using smaller or more computationally
tractable networks. Second, a sampling scheme is proposed in order to overcome the
problem that the number of wedges explodes with the size of the network. Third, the
theory developed in Appendix A and Chapter Four is applied to the problem of the
multivariate normal integral. Fourth, a method for stochastic linear programming is

conjectured.

Multi-Area Production Costing via Approximations with Smaller Networks

The approach to multi-area production costing developed in this dissertation is
limited in its direct application to large networks for two reasons. First, as the size of the
network increases, the number of Gale-Hoffman constraints also increase. For "dense"
networks, this will be an exponential increase, although in Chapter Three it was shown

that there are many network topologies for which the number of non-redundant
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constraints only grows as the square or cube of the number of nodes. Second, the wedge
decomposition algorithm maybe theoretically exponential. While computational
experiments need to be performed to see to what extent our algorithm can be directly
applied, it seems clear that the network size can quickly exceed capacity for direct
computation.

Lee (1990) developed an approximation algorithm based on using the Bloom
(1990} two area algorithm for calculating unserved energy. In this approach all two area
partitions of the network are examined and ranked via their "importance”. In phase two,
the unserved energy is calculated using all the partitions of the network that are
“important" enough. This approach worked well on a four area system.

We begin with the observation that production cost is decreasing in arc capacity.?
If we increase the arc capacity to infinity then we have, in effect, combined two areas into
one. On the other hand, if we decrease an arc's capacity to zero, we will have disconnected
two nodes. Increasing the arc capacity or combining areas then, gives us a lower bound to
production cost and decreasing the arc capacity or disconnecting areas gives us an upper
bound to production cost. One approach to approximating the cost of a larger network
would be to change the arc capacities to get network topologies that are more
computationally tractable and yield bounds to the target network cost. For instance, in the
network illustrated below in figure 6.1, we can increase arc capacities to get the smaller

network shown in figure 6 2.

“The author wishes to acknowledge the helpful discussions on this idea with Jeremy A. Bloom.
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Figure 6.1 : A Twelve Area Network
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Figure 6.2 : Combine Nodes to Get Lower Bound

Similar methods suggest themselves to obtain an upper bound, but we will not
belabor them here. What we would like to point out is that analysis of demand and supply
might suggest ways of changing arc capacities that would lead to closer approximations.
Division of the state space is one possibility that suggests itself. Or, two connected nodes

with highly correlated demand might be candidates for combining.
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Another avenue of research that seems promising is based on Corollary 3.24.
Networks that are completely connected have Gale-Hoffiman regions that are very highly
structured. The base has an almost fractal-like property (see, for instance, Falconer
(1990), for rigorous discussion of self-replicating structures) in that the base in a higher
dimension has sides made of replicas of the base in the next lower dimension. Moreover,
when the arc capacities are all equal then the base is a polyhedron with all the edges of the
polyhedron having equal length (Theorem 3.15), so that the polyhedron is regular. The
resulting "super-symmetry" suggests that the wedge decomposition would produce
regions that have the same shape and thus could be combined to greatly simplify the

calculation of production cost.

A Wedge Sampling Method

Since the increase in the number of wedges with the size and interconnectivity of
the network quickly makes direct computation difficult, we also think it is promising
avenue to sample over the wedges to estimate the production cost. Direct enumeration of
the wedges or, better, calculation of the number of wedges without actually generating
them seems unpromising since we do not have a theory of how many will be produced in
general. Rather, we can sample the wedges via the following process, First, we sample
from the constraints. Second, we can view the process of generating the wedges
associated with that constraint as the process of traversing a binary tree from the root
node to a leaf. We say that the polarity of the root node is + 1. At each node other than a
leaf we branch to two nodes. On the node on the left we drop one of the constraints and
on the right we reverse it. The polarity of the node on the left is the same as its parent
node, while the polarity of the node on the right is the opposite of its parent. The value
that we use for our estimate of the overall value is the polarity times the value we derive
from calculation of the wedge. It is unclear whether this sampling procedure has a low
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enough variance to be valuable, but clearly there are various variance reduction schemes
that could be applied to it. One remark is that rather than each sample calculating just one
point, we calculate many points with each sample. The meaning of this tradeoff in work

will be more clear in our discussion of stochastic linear programming below.

The Multivariate Normal Integral

In Chapter Four and Appendix A, we developed a number of results concerning
the multivariate normal integral. The main result of immediate interest is the univariate
numerical integration of the trivariate normal. Unfortunately, direct extension of this result
to higher dimensions is not possible. A pair of ideas along with results of Appendix A3 do
suggest an approach that could reduce the multivariate normal integral to a univarite
numerical integration. The first idea is that although the integrals generated in Appendix A
result in elliptic integrals, these elliptic functions in turn when integrated generate linear
combinations of other elliptic functions. As a result each integral in turn generates a linear
combination of elliptic functions and the process of integration is an affine transformation
on a space determined by elliptic functions. In this way the integral is at worst solvable via
one dimensional numerical integration, The second idea addresses the problem that for
each correlation that is positive the integral splits in two. It seems reasonable, however,
that there should be a method for "triangulating” a wedge with not too many other wedges
such that all the triangulating wedges have acute angles (those of less than 7/2) between
the constituent hyperplanes. So, what remains to be solved is, first, finding the function
that transforms the integrand in the space spanned by the elliptic functions and, second,

the developing an acute wedge triangulation of another wedge.

3The author wishes to acknowledge collaboration with Jeremy A. Bloom in developing these ideas.
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Stochastic Linear Programming
Stochastic linear programming addresses the problem of solving linear programs
when some of the parameters are random variables. One can summarize the essential part

of the probiem as

Emin ez
st. Az <b (P)
z >0

where €, b, A, are now random variables and E is the expectation of the solution to the
minimization problem.
The method developed in this dissertation addresses the problem when only ¢ and
b are random variables as follows. Let 8 be a subset of {1,2, ..., n}. This subset of the =
variables is a feasible, optimal solution over a convex polyhedron given by costing out the
solution and checking the solution to see if it is feasible. That is,
= [(A.oL.e) "B}y,

zge = 0,
so the feasibility condition is

[(Apl.e)"1B], > 0.
The optimality condition is

S — [(Aple) T Ag)T 8 >0,
and the value of the program when the basis is feasible and optimal is

[(A-oI.0:)" "By
Write R(0) = {(5,2) : [(ApI.e-) D)y 2 0, T — [(Apl.e) ' Agr]T G > 0} and let
f(b, ) be the joint density function for (5, ).

Then, the solution to (P) is given by
Z fm o (Aol ) “*b)acs £ (5, %) db de.

ac{t,..
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When f(b, ) can be expressed directly or as an Edgeworth series then we can directly
apply the methods developed in this thesis. If IV is large we can apply the sampling scheme
outlined above.

This method contrasts with the approach of Infanger (1992) and Pereira, Cunha,
Oliveira, Mazumdar, and Yengar (1990) that solves (P) by picking out single points in the
state space and then solving the linear program. They use various variance reduction
techniques to improve the characteristics of their samples. The method we propose, in
contrast, samples over regions of the state space and then integrates to find the expected
value over the regions. Certainly, variance reduction methods could be investigated with
respect to our sample as well. Whether the technique we propose is computationally
attractive depends on how hard it is to perform the integration and the variance
characteristics of our sample. Since we are averaging over many points in the state space
for each sample wedge, it would seem reasonable to think that the variance of our sample

would be relatively low.
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Appendix A

An Approach to One Dimensional Numerical Integration of the
Multivariate Normal

This appendix presents an approach suggested by Jeremy A. Bloom* to one
dimensional numerical integration of the multivariate normal density over an orthant.

Some of the analysis presented here is used in developing the algorithm for one
dimensional numerical integration of the trivariate normal presented in Chapter Three. It
also forms the basis for parts of Chapter Six.

We are concerned with the problem of calculating the value of the integral of the
multivariate normal density over the positive orthant. That is, if we let ¢_p 5(x) be the
multivariate normal density with mean vector — b and covariance matrix 3, we wish to
calculate

Jo o popn(@)dey - -day (1)

We focus here only on the case where L. is positive definite. Let & = A A7, where
A is some convenient factorization such as Cholesky or the symmetric square root (see,
for example, Golub and Van Loan (1989)). If we transform the variables from x to
A7z 4+ A7'b, then (1) becomes

fogb ¢o 1 (z)dzy - dzpy, (2)
where ¢; ; is the independent multivariate normal with mean 0 (see Tong (1990)). Define
the N-dimensional sphere centered at the origin, Sy, = {z e RY : 2Tz = 72}. So, the

4Private communication.
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level sets of ¢ ; are Sy .. Our approach to calculating (2) is to sum the area given by the
intersection of Az > b and Sy, divided by the surface area of S ~ . weighted by Po,; OVer
r from zero to infinity. To express this more formally, write P(r) for the surface area of
the intersection of Az > b and Sy . divided by the surface area of S w . Then we can
rewrite (2) as

2/@2m)% [ P(r)e~" 2dr. 3)
If we have a way to readily calculate P(r), then we can apply our favorite one dimensional
numerical integration algorithm to (3) and find the answer to the problem of interest.

To calculate P(r) the basic problem is to calculate the surface area of the
intersection of Az > b and Sy, . Note that we get the same answer to (3) if for z € RY ,
we consider P(r) for the surface area of the intersection of Az > band S Ntmr
m & N U {0}. This fact becomes useful in actually performing the integration. We attempt
this by constructing an iterated integral by integrating over the right hand side of Az > b.

Without loss of generality, assume that T is the correlation matrix and that A is the
Cholesky factorization of %, so A is lower triangular. This considerably simplifies the
discussion that follows and as a result we have A; A; = p;; where p,. is the correlation
between the ¢ and j% random variables. The vector — b now no longer is the mean, but
rather the variance adjusted mean since we have divided each row by the variance of the
corresponding random variable. A further simplification helps the discussion as well.
Rather than considering the intersection of Az > b and Sy . we perform a change of
variables = = ry, and consider the intersection of Az > band S ~.1Wwhere we have

adjusted b by dividing by r. For simplicity, we write Sy for Sn.. Also, define A, (r)
orn—IT%"

= =TT, the surface area of S, ; (see, for example, Kendall (1961)).
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Structure of the Integrand
We begin by noting the hyperplane A; x; = b; and the sphere Sy intersect when
b; < r = 1and their intersection is a sphere of dimension N — 1 with center at the point
£=A,b
at a distance
g= lbi|'
from the center of Sy, that is, the origin. So, the radius of the intersection is, by the
Pythagorean theorem, (r — qQ)% =(1- qg)% . Note that £ is orthogonal to the hyperplane
A; z; = b; and points to the center of Sy. To compute the surface area of Sy in the
region A; x > b; we can sum over the surface areas of the spheres of dimension N — 1
given by the intersection of A; z; = yand Sy varying yfrom b; to r = 1. That is, we
integrate radially outward from the center of the sphere along the vector £, starting at
¥ = b; until the radius of the intersection becomes zeroat y = 1. At each value of y the
area element is a ring with "circumference” (in V ~ 2 dimensions) equal to the surface
area of an (N — 1)-sphere with radius (r* — y"")é, An—1([r — 4*]7). The width of this
ring depends on the slope of the surface of Sy as
r(r — o)ty = (1-¢?) ay.

Hence the area is

i =) T AN ([P — P )dy
—fb(l— ) Ay 1({1— 215)dy
Qﬁ(’IN 1)) fb dy‘

Now consider the intersection of Sy with M < N of the hyperplanes. Let o be some
subset of {1, ..., N'} of cardinality M. So, we consider the intersection of A,x =15, and
Sy . By using the Karush-Kuhn-Tucker conditions we can find that the result is an
(N — M )-sphere with center at point
£ = (Aa) (Ao (Aa)") b0 = (Aa )55 10,
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and a distance
g = b7 (A0 (40)T) " ba)? = B Lba!
from the center of Sy (the origin). The radius of this sphere is (r® — ¢%)?.
We propose to compute the surface area of Sy in the wedge
W={zeR": A,z >b,}
as a nested set of integrals of the form discussed above, each of which varies on a

component of the right-hand side vector b, of the wedge. Define o; = {1, ..., }.

The intersection of Sy with the (N — m)-plane Py_,, defined by Ae,, and y, isan
(N — m)-sphere with center at the point £,, and distance g,, from the center of Sy, where
&, and g,, can be calculated using the above formulas. We make use of the fact that A is
lower triangular to get:
G = Yo Arie, Aon Yarn
&n = (4a,.)" (40, (Aa,)T) ",
= (4a,0,0)" (4,0 (Aa 0, )") b,

Qyry Qo

AT o
= { ﬂ’gam } Aa-nj];m Au.—i&m bam

[Al b, 0]

CnCim

i

Define the vectors

Zmet = Enpg ~ &

21 =&
Zm 18 parallel to Py _,,, and orthogonal to Py _(m+1). S0, 2T +1&m = 0. By the Pythagorean
theorem,

Tt Emer = qu—}-l ~ ¢, and

wd . 42
.OIZ] —ql
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The vector z, is the radial direction of the sphere Sy_,, in the plane Py_,,. In general,
the normal vector of the (N — 1)-plane A(r,-1).Z = y,,,; does not lie in Py_,,, but the
vector (A(m+1).Zm )2 is normal to the plane Pr_(m+1) and is parallel to Py _., .

Using the argument given above, to compute the surface area of Sy, in the
region A, 1 T > b,y we can integrate radially outward from the center of the sphere
along the vector z,,. The radial distance along this vector is measured by

3= (qgm-u - qun)%
Now,

T Ty—-1
qfn'“ = y&m+1 (Aﬂm+1-(A0m+1-) ) yam-ﬂ

= [yz:m ym+l]

-1
Aum. (Aam)T Aam. (Am-{—l.)T i: Yo :|
ym+1

Anr (A0 )T Amar (Amer)T

since A is lower triangular and AAT = ¥

-1
_ T Aamam AT&,,,am Aamam (A’m-i-l.am )T y&m
- [ yum Yrnat ]

Am+11&m (Aamo:m )T 1

-1
o M]([A% 0] {A <Am+1.am>TD [y}
Qm m- Am+1'am 1 O 1 ym+1

AT Ao 17 4Age. 077
= [yZ, ym+1][ ano H’a”‘)} [Aa” "

0 1 m+1,0m, Yma1

ym+1

T AT AT (Al )T
- [yam ym%-lji 0 1

Acrcn 0 [ Yo, }
- Am+1,am Ac:,:am 1 Ym+1
=T -1 -T T -1
= ygm Aamam Aamam yam + ygm Aamam (Am+1,o:m ) ‘4m+1.cxﬂ.l Aamam yam

-1
- 2ym+1 Am+1,am Aamam yam + y%’m’-l
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since the first term is g7, and &, = [A7!, y, 0]

QO

= qf%‘t + gg(Am+1.)TAm+1.£m - 2ym+1Am+l.€m + y?n-{-l
= g2+ (U1 = Ame1.6n )

Therefore,

Get = G+ Wt — Amar.e )
and
3= (qu+1 - qgn)%
= |ym+1 - Am+1.€m|-
At each value of y,,, ,the area element is a ring with "circumference” (in N — (m + 2)
dimensions) equal to the surface area of an (N — (m + 1))-sphere Sy (m 1) with radius
(P = g% = )% = (% — ¢&.y)F, thatis, Ax_(mery([r® — @%.,]1). The width of this ring
depends on the slope of the surface of Sy_,, as
(7 — )2 — g% — %) hds
= (% = ) (7 = Gy W) P,
The integration starts at y,,,.; = b, and continues outward until the radius of the
intersection Sy _ (1) is zero,
0=r"— qrzn+1(ym+1)
=1 — g% ~ Wmp1 = Amsr&, ) or
Yoot = Amit b + (% — 21,

Hence the area is

ST

Tz_q’?n-Q. (ym—v- ):0 y L _l
Jomas ™ = @2 (P = @ W) T ANty ([P = @y Wi 1)]E) Y
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It would be tempting to think that the limits of integration for y,,, . ,stay the same if we
added another hyperplane, but as figure A.1 shows, this is not the case. The dotted line
shows the point at which 7* — g2 ,(y,,..) = 0, yet there is still some of the sphere to be
integrated over. As a result we have to spend a number of pages that follow on

determining the limits of integration.

hyperplane 2
N

hyperplane 1

Figure A.1: Limits of Integration of Intersection of Wedge and Sphere

Before we do that however let us first, having come so far, determine what the
integrand looks like. For the surface area of Sy in Ay T 2 bg,,, we iterate the argument

given above to obtain

M- L
L (P —gnln))_\? 3
fz(yyl L(yfr _Qm)z I1 ((rz_qm(ym“))) Av-m(r® = G (War)))dyps- - -dy,

=0

substituting the definition of 4 and canceling the numerator and denominator of
successive factors:
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o p=

2172(” M puly) w(Ypr) v 2 L N-M-1
T v s i ((r— M(yM))) (I — g (wna)1?) dyn---din

b0

() ) Noptzp
= ey h .]:'(yyM r( — gy (uy)) 2 dyy--dy

forr=1
b-) ( w(yyr) N-M-2
= 2w(zv M) fl?y;y)l fz(;::')f —a(ym)) * dypy-dy, )

Limits of Integration

The foregoing discussion has implicitly assumed that the sphere Sy and
Ao,z = by, have a non-empty intersection. This section derives limits of integration, that
is, the {(y;) and u(y,) in (1) for the general case. It turns out that the integral can break
into a number of different pieces depending on the correlations of the random variables.
Clearly, the limits of integration are bounded for each y; by b; below and y; : r* — g2(y.)

= 0 above. First define some notation.

Let o be a subset of the index set {1, ..., N}, H, the hyperplane defined by the set
of constraints A, x = b,, g, the distance from the ongin to H,, W, the half space defined

by taking the constraints in W that are indexed by «. For two disjoint sets « and # and

index i ¢ a, § we write wi,y ;5 < Wiy ;5 for the y; that satisfy

Ya

(Yo ¥ bﬁ)@au{i,ﬁ},au{i,ﬁ})_l yi | =1
bs

When we write w without the 3 subscript, Wi, ; are the values of y, that satisfy
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(ya yz) (Zau{i},au{i})—l (yya> =

+

And finally when we write w without the o, w5 are the values of y; that satisfy
~1{ W 9
@ b0 i)™ (1) =
Since wry,, ; is the value of y, that makes Qauiny = 7. We have
0=r~¢,u
2 2
=7 - Qe — (w(a),i _—azr‘ga) or

1
Wiy, =al bk (P — @3

The following lemma establishes a property of the w's that are used in deriving the

limits of integration.

Lemma A.1. Let 7;, 7, and y; be disjoint subsets of {1,..., N},
i€ v Uy Uy, andi € {1,...,N}. Also, let Hy Gy, NS #@. Then

W gy 2 W re)i () (5)

i ) 2 Wi g (6)
Wi () S Winyum)i () (7)
Wi () S Wi (1) (8)
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Proof: Since b is arbitrary we only need to prove (5) and (7). Evidently,
wi < —r<wgy, < w?’mi <r<uwsinceify, >r, W; NS =0.

Because H. .y, C H\, Hyyuy N Hi(wf;, ) NS € Hy N Hi(wi,,)NS.

-4

- - + ‘
80, Wiy S Wi,y S W ey S W

B

As a consequence of the lemma if o« C 3, then H3 C H, and so g3 2 g, since &4
€ H,. Let~,, 7, be a disjoint partition of vand ¢ ¢ 5. Then Wi dit) = Wi, U\ aditng)
and Wiy > Wi iq,usie) - THIS is true because at y; = Wi, Us\ali(ry) » 9 1S NOD-

decreasing in ;. Ifit were not non-decreasing, then we would be at Yi = Wi U8\e)i(n)

We separate the question into two cases: that where the vertex of W lies on or
inside the sphere and that where it is outside the sphere. In the following we denote the

integrand, which changes from one iterated integral to another, by Z and the whole

integral by J.

Case One: The vertex of W is on or inside the sphere.

In this case the integration is performed by sweeping the hyperplanes out in the

feasible directions. Since the vertex of W is inside the sphere we start out with

Wiy < b <wl; fory, = b,
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If we increase the y, so that b; > Wy, then S MW, is infeasible and that part of
the integral is zero. If for some y,, Wig); = by, then the i constraint is redundant in the
sense that it does not cut off any part of the sphere $ N W, so we can drop the innermost
integral by increasing the order of the integrand (or project to a lower dimension).
Furthermore, for 3, > v, we then have Wi 2 bi since otherwise the region of
integration would not be convex. We now demonstrate this with the following two

lemmas.

Lemma A.2. Let the vertex of W be in the interior of S. If for some Yo > by,
Yo #ba, bi=wl; thenb; > wl . forf, > 1, §, # v..

Proof: Without loss of generality let & = {1,..., N —1}andi = N. Let
W' ={z: Az > (;’%r)}andW ={z: Az > (J)} Since g, > 1/, W c W,

Because by =w€;)‘N then W' NS = £y, Therefore, WNS C {¢x}, soby > w&)’N

d

Lemma A.3. Let the vertex of W be in the interior of . If for some yh > b,

yg %ba s bN=w(:y)_N >then bN S w(_“a)N forﬁa = y::r: ga # y’a'

Proof: Without loss of'generality let & = {1,..., N~ 1}andi = N. As before
let W' = {z: Az > (;{;)}andv’;? ={z: Ax > (})}. Further define W,

»

={z: Ayaz > Y }and W_ = {z: Ay_;z > 7%} Sowehave W C W' and W,
C W,. Because b; =wi,, ,{z: ek z > by} N W. NS =W’ NS. Therefore,
{r:alz>by}n W, NS :W’a NS, s0by < wy, y forg, >y, 7, # Yo
a
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Now we develop the cases for N = 2and 3, followed by the general case.
Case N = 2:

Proposition A.4. For N = 2, the integral is given by

D= J "y fo " Tdyy + [, Hrpyy —b2)Tdy, .

Proof: The integral can be written in general form as

r

If N = 2, the integral breaks into at most two pieces. When n=w, =rif
& (y,) is feasible, then the second or inner hyperplane no longer cuts off part of the
sphere formed by the intersection of the outer hyperplane with S by lemma A.3. So the
lower bound for y, changes at that point to move up to where the inner hyperplane can
now intersect with the outer hyperplane. In this case, however we are (of course)
integrating over the whole sphere and so the inner integral can be dropped with a suitable
change in the integrand. If &, (r) is not feasible then the integral is empty for y; > w{(gj
by lemma A.2. £,{r) not feasible means alé;(r) < by. Or since &1 =y a1, we get
Y103 a1 < by. So this is the case when 7 p,, < by.

So we can rewrite the integral more precisely as

93



ur + r
J= [, "dy fb!:ﬂﬂzdyz + fw;mH(r P12 — &) I dy,

where H is the unit step function.

a

Note that because of lemmas A 2 and A.3 we only need to compare two numbers

to see the form of the second part of the integral, rather than comparing two functions.

Case N =3

Proposition A.S. For N = 3, the integral is given by
w, w, w
j — j;l 1403 dyl sz (1)2(3) dy2 fbs (1.‘2)31— dy3 +
ji,l 1(2,3) dyl fé}ﬁjs)IH(aggg (bl, w§(1'3)) - bg) dy2 +

wy, wy .
Jor8 dy f,""TH(a] &, (Wi 3), b2) —b3) dyo  +

1{2.3)

Jur, H(r prg = b2) H(r pyy — bs) 1 dy,

He)|
Proof: We can write the integral as

.
= d . .
J fb,_ 0 beVwa}QSyzgw(uz dy, fb3Vwa,2)35y35wa‘2)EIdyg.

Bylemma 1, wijy 3 < wyyy < rand wjyg < W(y2 50 we know the order of
possible breakpoints in the integral is correct. At y; = w;, 2,3, We have by definition

i

by = Wiz and by = W7 93 By lemmas A2 and A.3 we know that for
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bl < yfl < w:f,:gj), w{_‘l)g < bg < wa)!g and fOI‘ bl < yjl < w;(gﬂg) a.nd

+ - +
by < ¥y < Winmy Whas < by < wigg-

Therefore, the integral can be rewritten as
vy = W) d Wit d Wy g Td
= fbl 1 fbg yafbs ys +

fw””)d f‘”ﬂﬁ dy, f‘”flwl H(a'{&g(blaw&m)) —b3)dy; +

YT Wi ,2s

fr yl fbg\/w(l 2 Sl Swy,

Wi(o,3)

y fbg\/w“ 2y Sy Swy Idy3

(1)2 .23

When wyjy 3, < 3 < wipy), by < wfpy, then by lemmas A.2 and A 3, either the
third constraint cuts all of W12y N Soritis redundant. That is, either b3 > wam or b;
S wa‘g)S .

So,

.
f yl ﬁ)g\/w(,)., \y2<w yﬁfb3\/wn oz Sy S, Idy3 =

1{2 3) 23

fwlcz) dy fbt:“"?dy fw” 23T H(a;{{;’g (w;(gig), by) — b3) dyS +

]’2 3)

r
f yl fbg\,wl).z'(yg‘(w ygfbng(, oy SysSuw Idy3

1) 1,23

For y, > wﬂg), the integral depends on the second and third constraints

separately. Note that lemmas two and three imply that if constraint three is redundant
(makes the integral empty) for wy,, 5 <y < wygy and b2 <y, < Wy, then constraint

three is redundant (makes the integral empty) for y; > w;’m). Therefore,
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T
. d Id =
fwl‘(z) ] sz\.fwa)zSyQSw y?ﬁ;g\/wn 2}3<y3<w“ o) Y3

Jov dyy [ordy, [“m H(r oo — by) H(r pyg — bs) T dys =

1(9) (7 Yo 23

1(2)

fz:+ H(r p;p ~ by) H(r p13 —b3) Tdy,

Therefore,

N = f;f’l(!Z,S)d fw(m dy fbgﬂmrdy +

fw“”’d S5 dy, [5T H(a a5 & (b1, Wi ) — bs) dys +

wp, 223 Y93

S dy, foidy, [0 T H (o] & (wipg),b2) —bs)dys +

2D W 23
f‘:vz) fw(?;dy ffzf;fH(r p1z —ba) H(r py3 ~b3) Tdys.

The above expression then simplifies into the desired result.

A
We show without proof the integral for N = 4.
N =4

3 = f zmd fb‘:w(sa)d f‘”n 2}3(4)dy fwmml—dy,;
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o dyy ey [5 gy [U55T H (0] gy, 5, y5) — bi)dyy +

Wl 234 Wit 2,34

w u
flesvay, [L0 gy, peRon gy, (U8 T H(0TE (g, yays) ~ ba) dy, +

Wi jags.ay Wi,2.3)4

fb‘”nzmd 1f e dys _ﬁ,mdy fwn 234

(1)2(3} Wp )3 Wi 2,914

H(‘%@(?h»@z) _53)H(a{§2(ylay2) —by) dy, +

fw;(lfaz dyy Jy, o dyszsmm dys . vasanT H(ai&(y1, 92, ys) —ba)dyy +

W 2 3)4

f‘f;(z ) Yy fw(l)E dy j‘wn 23 dy fwn 284 T
w

1(2,3,4) W jaes Wn )3 Wy 2334

H(a3 & (y1,4s) — bs) H(a] & (y1,y0) — bs)dyy +

f 1(2) n j;w;m dyg fw(z 23 dy fwn 20T
2

¥, 3) W3 Wil 2,34

(ag£2(y1vy2) - b3)H(a{§2(y1,yg) —by)dy, +
f dy1 fw_(l)odygfw(‘ 23 4 fwa 2,374

W) Wi Wn 23 Yi,2,34

H(r p1y —bs) H(r poy — by) H{r p3y — by) Tdyy, =

fb‘j’l(z‘a.:z) dyl fb:’mzm,d) dys fb‘;’n.mm dy3 fb‘:(z,z,s)q T dy4 4

f m34)d lﬁh(uzaq)d fwno)a IH(G £S(y1}yo’y3) —b4)dy3

ROER I

w+ N 'U.F 'LU+
Jo, 0 dyy [0 dyy fo ST H (0T €5(ur, y9, 5) — ba) dys +

't2)203,4)

fbll(Q.34 f e IH(O‘Gf (yl,y2) — b3} H (a{@(%ay‘z) "b'-i)dyﬁ +

ruz(s)
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w1+(2,3) w wy
fw;m_ﬂdyl fbg P dy, fb;;ﬂ *I H(a:{&; (y1,y2,y3) — ba)dy; +

L% dyy [, T H(ad & (yy,ya) — bs) H(aT &3(y1, 1) — by) dys +

"
1{2,3,4} 1)2(3)

w+
dy, fbgrl)ﬁIH(ag€2(yl?y2) — b3) H(al & (yy,y) — b4) dy, +

f‘f?(g)
w.

1{2.3)

Sz H(r p1g = ba) H(r pyg — by) H(r pyy —bs) Ty,
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The general case follows by induction on the previous cases.

Theorem A.6.
Leta, = {1,...,i—1}andﬁi,j ={i+1,i+2,..,7—-2,7— 1,5} fori < ;.

wéai)i()@i j) for'i $ J aﬂd J S N
Definem; ; = b; forj > N.
Wi for j < i

and ky = N. Then

N
J = . . Idy, =
21:-11 fb;Vwmi)iSyggw('ai)i Y;

H Z fn':“:"HH(afﬁn_i — b,) Zdy,

n=1 k=k

Proof: The proof for N = 2 is given in proposition 1 above. By induction

N1
] . Tdy; =
7’.‘].;.[1 fb:-Vme,Sw Sw(a.j:' Yi

N-1
l_I E ke (ag n—1 = bn)Idyn 3
=1 kr: o mnmﬁl

S0,
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N
. 1’ dy. =
nI:I] fbi\/w(a,ﬁﬁyz Sw-(fa.;)i y1

N-1

)
L) T
1k Ek fm“-"ﬂil Hiap 8oy — b“)dy”‘fl’NVwEmeyszmeIdyN '
n= n—HRn-1 !

By lemma A 1, w(*;w) N =< w?;w) n—1 S0 the breakpoints are established. By lemma
A2, iffor somey, , by > w(*;N)N then by > w(*aN)N foranyy, >y, . Andby

lemma A3 if for some y,, , by < Wiayyy thenby <wp, oy foranyy) >y, . Then

N
j = 1_131 fbinr_u.-JiﬁygSw;;i)‘.Idyi =

N n
I 5 Jon Hegg, —b:) Tdy,

Me knt1
kn =1

Case Two: The vertex of W is outside the sphere.

Let us assume for the following discussion that H; N S is not empty for every 7.
Otherwise W N S'is empty and the integral is zero, or we can drop the non-intersecting
constraints to obtain a lower dimensional problem. As aresult, b; < w;(a] )- When the
vertex of W is outside the sphere the situation is more complicated because then we do
not necessarily have wy, ; <b; < w(*;)‘z. for y, = b,, but we have:

b1 < Wi, - The general form of the integral is still
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k
3 = zl:_[l jé);\-’w(—c,ijxinSu);ay;I dyg 1

but we do not know in general whether we start off for a particular variable {other

than the first) at b; or wp, ;. It is easier to take the constraints in turn and reverse them

one by one to calculate the surface area of the complement of W NS in S. To facilitate

the discussion we define yet more notation:

W, = {z: Aoz < by}, thatis W is W, with the inequalities reversed
and
o' =Wa NV,
So we can write for N = k,

k z
T = Ak(T) — gfwmmm'ﬁ.gzl_-[ldyj
= . 7=

When N = 2 the hyperplanes must intersect outside the sphere, otherwise we

would have the first case where the vertex of W is inside the sphere. Therefore,

J =As(r) - fW{nSIdyl - fw;mslrdyz =

As(r) — [" Tdy, — [ Tdy,
In words, we can break down the N = 2 case into two one-dimensional problems.
For N =3,

J =4A(r) - fW;mSIdyl o meW;mS‘Idyl dy, — fW mwgmsrdyl Ay, dys.

a3
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We already know how to get the limits for the first two integrals in J, so we are

left with the third integral:
I3 = fWasﬂW;nSIdyl dy, dys.

We may assume that Hs N H; # @and Hy N H, # 0 since otherwise we could

drop the non-intersecting case and then the integral would be of dimension two and we

would be done. Since the vertex is outside the sphere we have W39y > b3 and so by

lemma A3

wigys > bsfory; > byand y, > by, Therefore,

33 = fWa‘?mW{ms’Idyl dy? dy3

= Jw, awyns L dy1dys — fW;mW;mSIdde'yB-

Thus Jj is the difference of two two-dimensional integrals for which we already

can derive the limits of integration.

When N = k we can inductively calculate all the limits for each part of the sum up

to the last summand:
k
I = fwaka;msI Hldyj-
J:
Here we apply the trick developed for J; to get

k k k
e = fwakmwgmsl—nldyj = fwc,krw{;_I k}nSIHld?”j + fwc,kqmw;msl—ntdyj-
J= > J= 1=
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The second integral in the sum has dimension k — 1, so we may consider it done
and concentrate on the first integral. We handle the first integral by reversing another
constraint. We continue to reverse constraints until either one of the non-reversed
constraints is redundant (so we get a k — 1) dimensional case, or we have reversed all the
constraints and then the intersection with the sphere is empty. So,

2
Ty = %fw

a1

nW{’__,
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