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Preface
Valence disproportionated materials are an intriguing class of compounds in which ions
of the same chemical element can exist in two different states of oxidation. The phase
diagrams of many of these compounds, as parameters such as chemical doping are varied,
show unique characteristics, such as the presence of superconductivity in the proximity to
the charge disproportionated phase, with anomalous superconducting properties that are
potentially associated with the same mechanism leading to the valence disproportionation.
In this thesis I have studied two model systems involving charge disproportionation,
for which anomalous superconducting properties have been observed. The first one is the
family of the bismuthate superconductors; more specifically BaPb1−x Bix O3 , where superconductivity appears in the proximity to a charge density wave phase. Through a combination of magnetotransport and high resolution transmission electron measurements, we
found that this material presents structural phase separation in the nanoscale, in the form
of broken-up stripes. Evidence suggests that only one of the polymorphs is superconducting. The evolution of the superconducting coherence length with composition relative to
the size of these stripes suggests an important role of the nanostructure in determining
the shape of the superconducting dome in this material. The maximum superconducting
critical temperature, Tc , is determined by a crossover from an inhomogeneous macroscopic
superconductor to a granular superconductor for which phase fluctuations suppress Tc ,
implying that this material is intrinsically a higher temperature superconductor.
The second family of materials studied in this PhD thesis is one resulting from hole
doping in the narrow band gap semiconductor PbTe. The only impurity known to produce superconductivity in this host material is Tl, which has previously been tentatively
associated with dynamic valence fluctuations of the Tl impurities. We performed a full
Fermi surface characterization of Pb1−x Tlx Te, as well as its non-superconducting analog,
Pb1−x Nax Te, via Shubnikov de Haas oscillations in magnetotransport, for fields up to
iv

35T (DC). Our results indicate the presence of incoherent resonant impurity levels for Tl
concentrations beyond a critical value. The presence or absence of these states at or near
the Fermi energy is intimately connected to the presence or absence of superconductivity
in doped PbTe. We also show that the Fermi surface of these compounds, in the low
temperature regime and for carriers concentrations up to 1 × 1020 cm−3 , is in fact simpler
than has been previously thought, deriving from a single-non-parabolic band.
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Chapter 1
Introduction and background
Mixed valency is a phenomena in which a chemical element in a compound can exist in
two different oxidation states. This situation has been observed in a variety of compounds,
such as TlI TlIII S2 , InI3 [InIII Cl6 ] [1], Cs2 AuI AuIII X6 (X=I,Br) [2], as well as the two families
of materials that we study in this PhD thesis, BaBiIII BiV O6 [3], and Pb1−x Tlx Te (with
presence of TlI and TlIII for compositions x > 0.3%) [4]. For some of these compounds,
superconductivity has been observed in their phase diagrams (as a function of additional
doping or pressure), in close proximity to the valence disproportionated phase. Motivated
by the nearby valence disproportionation, the mechanism of superconductivity in these
materials has been discussed in the context of possible valence fluctuations [5–7]. However,
real materials show a large variety of degrees of freedom that can also be associated with
the enhancement of correlations favorable for superconductivity. In order to be able
to prove or disprove a direct connection between valence disproportionation and hightemperature superconductivity in these materials, the effects of such additional degrees
of freedom in the critical temperature optimization need to be carefully addressed.
The purpose of this thesis is the characterization of the effects of such additional
degrees of freedom in two types of valence disproportionated materials that show superconductivity. The first material is BaPb1−x Bix O3 , for which the structural and electronic
properties characterization performed through this thesis work, for compositions around
optimal doping, has revealed a characteristic pattern of structural phase separation consistent with broken-up stripes. We have found that the macroscopic superconducting
properties of this compound are strongly affected by this nano-scale phase separation, particularly for compositions next to the charge density wave (CDW) phase. Moreover, our
results suggest that the intrinsic superconducting critical temperature for BaPb1−x Bix O3
is higher than the one measured macroscopically, and closer to the one observed for the
1
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analogous single-structural-phase material, Ba1−x Kx BiO3 (∼30K instead of ∼10K). The

second compound studied is Pb1−x Tlx Te, for which we have fully characterized the Fermi
surface and its evolution for compositions above and below the one for which superconductivity is observed (x > 0.3%). We have found that the Fermi surface of this material
is simpler than the one predicted by band-structure calculations, and formed by one type
of pockets for the whole range of Tl-concentrations studied. However, for the superconducting compositions we observed an additional contribution to conduction coming from
incoherent carriers (not localized in k-space), and associated with the Tl-impurities.
In the following sections of this chapter we will introduce some relevant concepts to the
topic of valence disproportionation, as well as some previous results and characterization
of BaPb1−x Bix O3 and Pb1−x Tlx Te by other groups, which have motivated our study in
these two intriguing types of materials. Chapter 2 will introduce some of the theoretical
models used for the data analysis: Quantum phase transitions, used in the analysis of
BaPb1−x Bix O3 magnetoresistance curves; and the Lifshitz-Kosevich Formalism of Quantum Oscillations, used for the Fermiology analysis in hole-doped PbTe. Chapter 3 will
describe the important features of the experimental methods used. Chapter 4 will show the
results of our transport and thermodynamic properties characterization of superconducting compositions of BaPb1−x Bix O3 , after which chapter 5 will show our BaPb1−x Bix O3
high resolution transmission electron microscopy (HRTEM) measurements and analysis,
which uncovers the details of the nano-scale phase separation in this material. Finally, we
will show in chapter 6 our Fermi surface evolution study of Pb1−x Nax Te and Pb1−x Tlx Te,
through high-field Shubnikov-de Haas effect measurements.

1.1

Overarching Theories

In order to get some insights into the understanding of the origin of valence disproportionation in a compound, we can explore two different types of perspectives: one closer
to chemistry concepts, and one proposed by some physical models. In both of these
perspectives, the valence of an element is determined by the environment surrounding it.

1.1.1

Insights from Ligand-field theory - A chemistry perspective

Ligand field theory (LFT) proposes that the relative energy of the orbitals of an atom
in a solid is given by the field created by their ligands at the position of the atom. This
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Figure 1.1: Crystal structure of TlS, in a (110) plane. Pink-balls represent Tl atoms, and
yellow-balls represent S atoms. The TlIII ions sit in a tetrahedrally-coordinated environment
with the S atoms, and with a short Tl-S bond-length. The TlI ions sit in a dodecahedrallycoordinated environment with the S atoms, and with a long Tl-S bond-length. Picture obtained
from the Springer Materials data base [8].

theory combines principles established by crystal field theory and molecular orbital theory.
Within the framework of LFT, the energy associated with the valence state of an ion in
a solid is determined by the distance between the ion and its ligand atoms, as well as the
coordination between them [1]. Under these ideas, valence disproportionation is natural
in a material in which a ion is found in two-inequivalent environments with respect to
their ligand atoms. This situation is realized in, for example, TlS (as well as TlSe), as
shown in fig. 1.1. For this material, a fraction of the Tl ions form TlIII S4 short-bond
units, in which Tl is tetrahedrally-coordinated with the S atoms. The other fraction of
the Tl ions form TlI S8 long-bond units, dodecahedrally-coordinated with S.
Based on the strength and symmetry of the ligand field about the metallic ions, valence
disproportionated compounds can be classified in different categories, as noted by M.
B. Robin et al. [1]. Class I materials are such that the mixed-valence ion sit in two
environments with very different ligand field strength and symmetry, as it is the case
of TlS and TlSe presented above. For materials labeled as class II, the coordination
symmetry of the disproportionated ions with the ligand atoms is the same, but two set of
distances with the ligand atoms can be recognized. BaBiO3 is an example of such a class
II compound. Materials in which the valence disproportionated ions are in completely
equivalent sites, by symmetry and distance with ligand atoms, are called class III. In
this category, the electronic wavefunctions are described by a molecular orbital, which
is defined as a combination of the orbitals of both ions in the different oxidation states,
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therefore, electrons are more delocalized.

1.1.2

Insights from a Coulomb-repulsion picture - A physics perspective

For an ion sitting in vacuum, there is always an energy cost associated with adding a
second electron into an atomic shell, which is given by the Coulomb repulsion between
electrons, named U. More specifically, this energy is given by the differences between the
electron affinity and the ionization energy for each specific atomic charge state, n+, as [7]
Un = (En+1 − En ) − (En − En−1 )

(1.1)

The values of U for an atom in vacuum are generally of the order of a couple eV. However, for an ion in a solid, the dielectric shielding of the Coulomb potentials, as well as the
hybridization of the atomic orbitals with the surrounding atoms [9], can strongly modify
the values of U, which for some materials can become very small or even negative, as was
pointed out by P. W. Anderson [5, 6]. C. M. Varma computed the Coulomb repulsion
energy, U, for different valence states of ions known to exist in a mixed-valence state in
several compounds (see figure 1.2(a)), finding that for these elements the values of U are
minimum for the charge states corresponding to intermediate configuration between two
closed-shell configurations, meaning that the energy associated with adding or removing
an additional electron for such valence states is the lowest. These charge states are also
the ones known to be “skipped” in some valence-disproportionated compounds containing
such elements. A collection of such atoms in a solid can be described by the Hubbard
Hamiltonian,
H = H0 + µ

X
i,σ

ni,σ + U

X

ni,↑ ni,↓

(1.2)

i

in which ni is the number of charges in the outer shell of the atom of interest, µ
is the energy of each charge, σ is the spin of the charge, and U is the effective on-site
Coulomb repulsion, including the renormalizing effects of the media. For such model,
when assuming that U takes a negative value, it was shown by C. M. Varma, following
P. W. Anderson insights, that (under the appropriate conditions and approximations)
the Hubbard Hamiltonian is isomorphic to an anisotropic antiferromagnetic Heisenberg
Hamiltonian, in which a spin up is equivalent to a site vacancy, a spin down to a doubly
occupied site, and magnetization is equivalent to deviation from half-filling. The possible
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Figure 1.2: (a) Coulomb repulsion U for different charge states of elements known to exist in
different oxidation states in some materials, as calcutated in ref. 7. The valence states enclosed
by the boxes are the ones with the lowest U value, and correspond to intermediate configuration
between two closed-shell configurations. Also, they are the ones known to be “skipped” in
some valence-disproportionated compounds containing such elements. (b) Phase diagram for a
negative-U Hubbard Hamiltonian, as calculated by C. M. Varma in ref. 7.

solutions to such a model are depicted in the phase diagram in fig. 1.2(b), in which a
valence disproportionated phase, equivalent to a commensurate CDW, is found. This
phase comes from ordering or the pseudospins, i.e., the doubly-occupied and empty outer
shells of the negative-U ions. Additionally, under this picture, superconductivity emerges
in the proximity to the CDW phase, once deviations from half filling are large enough.
Pictures like the one presented above suggest that the unique chemistry of the elements, like the ones listed in fig. 1.2(a), can determine the solutions to be stabilized
in a material. It is interesting to point out that the two types of materials studied in
this thesis involve such elements. In the case of BaBiO3 , Bi would be expected to have
a formal valence of 4+, from simple charge counting arguments. However, Bi4+ has the
electronic configuration [Xe] 4f14 5d10 6s1 , involving an incomplete s-shell. The real charge
state of the Bi ions in BaBiO3 has been shown to be disproportionated, generating a fully
commensurate 3-dimensional CDW, which in its simplified version can be thought as an
alternating arrangement of Bi3+ :6s2 and Bi5+ :6s0 . For the case of Pb1−x Tlx Te, by the
same charge counting arguments we would expect Tl to have the same valence than Pb,
this is, 2+. However, the electronic configuration of Tl2+ is the same as that of Bi4+ ,
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involving an incomplete s-shell. Instead, Tl shows a valence of Tl1+ :6s2 for the low doping
range, and a mixed valence of Tl1+ :6s2 and Tl3+ :6s0 for the superconducting compositions.
The role of the valence disproportionation observed for both, BaPb1−x Bix O3 and
Pb1−x Tlx Te in either generating or enhancing the superconducting electron pairing, is
not fully understood yet, although different models involving a direct connection have
been proposed (such as the ones presented in the previous paragraph, for BaPb1−x Bix O3 ).
However, as we mentioned previously, these systems seem to involve additional degrees
of freedom that need to be understood, and their effects on the superconducting properties addressed, in order to be able to make a clean-direct connection between the valence
disproportionation and superconductivity. In the coming chapters we will describe our results of the structural and superconducting properties characterization of BaPb1−x Bix O3 ,
and the electronic properties characterization of Pb1−x Tlx Te. These results bring us an
step closer to a more accurate understanding of the relevant energy scales for these prototypical superconducting valence-disproportionated materials.

1.2

BaPb1−x BixO3

The family of bismuthate superconductors results from replacing K for Ba, or Pb for
Bi, in BaBiO3 , a charge disproportionated charge density wave (CD-CDW) insulator
[10–14]. This family of superconductors has no magnetic degrees of freedom. Upon
doping, the insulating CDW phase disappears, giving rise to a metallic phase where
superconductivity appears at (maximum) temperatures below 30K and 11K for K-doping
and Pb-doping, respectively [15, 16]. These temperatures are surprisingly high for oxides
not containing transition metal elements, and the high temperature superconductivity
has been discussed to be originated from strong electron-phonon coupling, as suggested
by recent improved DFT+LDA calculations [14], or by a negative-U mechanism, related
to the Bi-disproportionation [10].
Initial band structure calculations predicted BaBiO3 to be a metal, with Bi having a
valence of 4+, therefore having a exactly half-filled s-conduction band. However, it was
found that this material is an insulator, in which a direct gap of the order of 2 eV opens at
the Fermi level, due to a fully commensurate 3-dimensional CDW [11, 17]. The origin of
this charge density wave has been widely debated [7,10,14,17]. Furtheremore, the valence
state of Bi in this compound has been a matter of large controversy for a long time, given
that experiments such as infrared spectroscopy initially determined a valence of 4+ for
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Figure 1.3: T-x phase diagrams of (a) BaPb1−x Bix O3 and (b) Ba1−x Kx BiO3 , as presented in
ref. 10. For each region of the phase diagram, the crystal structure is labeled as O (orthorhombic), T (tetragonal), M (monoclinic) or R (rhombohedral). The dashed region for BaPb1−x Bix O3
is a region of coexistence of T and O phases, and where unusual normal transport properties
have been observed.

this compound [18]. However, later on it was established that there are two distinct Bi-O
bond lengths, as measured through neutron scattering and EXAFS experiments [19–22],
with differences in bond length of the order of 7% [19]. The formal valence of the two
inequivalent Bi atoms, which in a simple shell-filling picture is expected to be 3+ and
5+, is still a matter of research [23]. Nevertheless, several works indicate that the actual
charge difference is far from two [21].
When CDW phase is destroyed by chemical substitution, different crystal structures
for Pb-doped and K-doped BaBiO3 are stabilized, and a metallic phase appears, together
with superconductivity. Particularly interesting is the difference in Tc for both compounds,
as well as the difference in shape of the superconducting dome for both systems, as shown
schematically in Fig. 1.3. For the K-doped compound, the maximum Tc ∼ 30K has

been found to be right on the edge of the CDW transition, forming an almost half-dome
shape [10, 13]. Additionally, the general consensus for the crystal structure for the superconducting compositions is that it is cubic [13, 24]. In contrast, the Pb-doped compound
shows a maximum Tc further away from the CDW boundary (established from optical re-

flectivity and electrical conductivity measurements [25–27], as presented in section 1.2.2),
and the shape of the dome is the one of an asymmetric dome [10,11,28–30]. Moreover, the
crystal structure of Pb-doped BaBiO3 has been widely debated, particularly for compositions around optimal doping (a nice summary about this debate can be found in ref. [28]).
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Recent advancements have been made in order to define this crystal structure, as this material is revisited using modern X-ray and neutron diffraction techniques, with improved
resolution [28]. From these studies in polycrystalline samples, it has been established now
that superconducting compositions of BaPb1−x Bix O3 are dimorphic. The nature of the
associated structural phase separation, and its effect on the superconducting properties,
has not been previously addressed. The phase separation seems to be suggestive as one of
the reasons for the differences observed for the superconducting properties, particularly
the critical temperature, between the K-doped and Pb-doped compounds. The characterization of this phase separation, particularly the way it is accommodated in a single
crystal, and its possible influence on the superconducting properties of BaPb1−x Bix O3 is
the scope of the first part of this thesis.

1.2.1

Crystal Structure of BaPb1−x Bix O3

Figure 1.4: (left) Ideal cubic perovskite crystal structure, ABO3 , with B atoms represented by
the blue spheres, the oxygen atoms by the red spheres, and the B atoms sit in the center of the
octahedral units formed by the oxygen atoms (shaded polygon). (right) View of four unit cells
of the cubic perovskite structure along a [100] direction. Here, the corner-sharing octahedral
units can be better visualized.

BaPb1−x Bix O3 has a distorted perovskite (ABO3 ) crystal structure. These distortions lower the symmetry of the ideal cubic perovskite structure (shown in fig. 1.4),
described by the P m3̄m space group, resulting in different space groups for different regions of the temperature-composition phase diagram. The relevant type of distortions for
BaPb1−x Bix O3 are the tilting distortions. These general kind of distortions for perovskite
systems were summarized by Glazer [31,32], who developed a particular notation in order
to describe them, as we present in the following section.
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Glazer’s notation

The ideal cubic perovskite ABO3 , described by the space group P m3̄m, can be represented
as a network of corner-sharing BO6 octahedra, as shown in figure 1.4. ‘A’ atoms sit in
the geometric center of the gap between oxygen octahedra. This structure is a “simple”
and highly symmetric one; however, most materials with perovskite structures are not in
their ideal cubic form, but their structure can nevertheless be represented as coming from
distortions from this ideal configuration. The types of distortions found in perovskites can
be narrowed down to three types: B-cation displacements within an octahedra; distortions
of the BO6 octahedral unit; and, the most common one and subject of this section,
and of Glazer’s study [31], the rigid tilting of the corner-sharing BO6 linked-octahedra
units. This last type of distortion was described by Glazer in terms of tilt components
along the three different pseudocubic (PC) axes, referred to the original undistorted cubic
perovskite. Such pseudocubic axes coincide with the tetrad axes of the octahedra. Given
the octahedra corner connections, a tilt about a pseudocubic axis determines the tilts in
the directions perpendicular to this axis. However, the tilt of the successive octahedra
along the same axis can be either in the same direction or in the opposite direction.
With this in mind, the different possibilities of tilt-distortions can be labeled by the
notation a∗ b∗ c∗ , where a, b, c refer to tilts around the [100]P C , [010]P C and [001]P C axes,
respectively. If letters are repeated, the tilts are equal for their respective axis. The
superscript ∗ can be either 0, for no-tilt along an axis; +, for tilt of successive octahedra

in the same sense; or −, for tilt of successive octahedra in the opposite sense [32]. For
example, the I4/mcm space group is represented by the notation a0 a0 c− , which means

zero tilt about the [100]P C and [010]P C axes, and finite tilt about the [001]P C axis, with
opposite rotation of the successive octahedra along this axis. The Ibmm space group
is represented by the notation a− a− c0 , which means equal tilts about the [100]P C and
[010]P C axes (equivalent to a tilt about the [110]P C direction), with opposite rotation of
the successive octahedra along these axes, and zero tilt about the [001]P C axis.
1.2.1.2

Crystal Structure for different Bi concentrations

As mentioned previously, BaPb1−x Bix O3 has a distorted perovskite (ABO3 ) crystal structure. For the highest Bi concentrations the material comprises two distinct Bi sites, with
different Bi-O bond lengths. For x ≤ 0.8 the average structure comprises a single Bi/Pb
site [33], though EXAFS measurements reveal two distinct Bi-O bond lengths down to at

least x ∼ 0.25 [20,21], implying a persistence of the CDW at a local level. Significantly, for
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Figure 1.5: (a) Crystal structure space group for different regions of the temperaturecomposition phase diagram of BaPb1−x Bix O3 . (b) Different views of the oxygen octahedra
rotational distortion responsible for formation of the Ibmm orthorhombic polymorph. The rotation axis is the [110]pc . (c) Different views of the oxygen octahedra rotational distortion
responsible for formation of the I4/mcm tetragonal polymorph. The rotation axis is the [001]pc .

all compositions, the perovskite structure is also distorted by rotational instabilities of the
oxygen octahedra, which can be described using Glazer’s notation [31, 32], as explained
in the previous section. For the insulating end-member compound BaBiO3 (x =1), and
down to x =0.9, the unit cell space group is monoclinic I2/m (coming from a a0 b− c−
tilt, in Glazer’s notation); for the metallic end-member compound BaPbO3 (x = 0) and
up to x ≈ 0.15, and again for 0.35 < x < 0.9, the unit cell space group is orthorhombic

Ibmm (coming from a a0 b− b− tilt, as shown in fig. 1.5(b)); however, for the region of
0.15 < x < 0.35, which is also the range of compositions for which the material is superconducting, the material is polymorphic, with a fraction of its volume with orthorhombic
Ibmm symmetry and the rest with tetragonal I4/mcm symmetry (coming from a a0 a0 c−
tilt, as shown in fig. 1.5(c)) [28]. The rotations of the octahedra in the illustrations
of figs. 1.5(b,c) have been exaggerated to more clearly reveal the distortions; however,
the angles of distortions are small (from 6◦ to 9◦ , depending on Bi composition) [28].
For the range of superconducting compositions, in which a mixture of tetragonal and
orthorhombic polymorphs exist, it has been observed that the majority phase is the one
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Figure 1.6: (a) Tilt-angle evolution with Bi concentration, for tetragonal and orthorhombic
polymorphs, in superconducting compositions of BaPb1−x Bix O3 , as determined in the work of
ref. 28. The majority phase for compositions that show phase coexistence (between the dashed
vertical lines) seems to be the one with the most relaxed polymorph (smaller tilt-angle). (b)
Superconducting critical temperature, superconducting volume fraction, and tetragonal volume
fraction (I4/mcm-weight), as determined in the work of ref. 28. These three quantities are
maximum at the same Bi composition, i.e., optimal doping.

corresponding to the most relaxed polymorph (smaller tilt-angle), as shown in fig. 1.6(a).
Interestingly, the superconducting volume fraction for this compound peaks at the same
Bi composition where the tetragonal-to-orthorhombic ratio is maximum, leading to the
conclusion that the tetragonal polymorph is the one responsible for superconductivity in
this material [28, 33] (see fig. 1.6(b)). This Bi composition is also the one for which the
material has the maximum Tc , i.e., the optimal doping composition. In chapter 4 we
will also show that this composition is special in the light of many other experiments,
like magnetoresistance, which reveals a superconductor-insulator transition with scaling
reminiscent of a 2D-quantum phase transition.

1.2.2

Evolution of electrical and optical properties of BaPb1−xBix O3
with x

The phase diagram of BaPb1−x Bix O3 (shown in the background of fig. 1.5(a)), particularly the metal-insulator (MI) phase boundary, has been determined through experiments
of optical reflectivity, Raman spectroscopy and electrical conductivity, and their evolution
with x [25–27]. Fig. 1.7(a) shows the real part of the optical conductivity for a series of Biconcentrations, as presented in ref. 25, determined though applying the Kramers-Kronig
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Figure 1.7: (a) Real part of the optical conductivity, calculated by applying the KramersKronig transformations to measured optical reflectivity spectra, for several Bi-concentrations
in BaPb1−x Bix O3 . Taken from ref. 25. (b) Gap values as a function of Bi-concentration, as
determined through optical reflectivity as the position ~ωG of the peak at high k in the curves in
(a) (filled-circles); and through the determination of the activation gap in electrical conductivity
measurements (open-circles). Taken from ref. 27. (b) Picture proposed by the authors in refs.
25 and 27, in order to explain the different observations presented in the optical reflectivity and
electrical conductivity experiments. Taken from ref. 25.

transformations to the optical reflectivity spectra. A characteristic Drude-like spectra
can be seen at first sight for samples with Bi-concentration below x ∼ 0.33. For samples

above this point, the conductivity in the low frequency region is considerably reduced,

and the spectra starts to be dominated by the phonon-structure. The MI transition has
been determined to be in between x ∼ 0.33 and x ∼ 0.4, for which a considerable reduc-

tion in the zero-frequency conductivity is seen. The peak observed at k ∼ 104 cm−1 for
the insulating compositions coincides with the energy of optical excitations through the
gap, and it evolves in energy as shown in the curve ~ωG in fig. 1.7(b). Interestingly, this
energy does not go to zero at x ∼ 0.35, and it can be still identified for the metallic compositions, though as a very broad feature. Interestingly, the activation gap determined

from electrical conductivity measurements does go to zero at a composition of x ∼ 0.35,
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as shown in the open-circles in 1.7(b). Additionally, as can be seen from the conductivity
curves starting at x ∼ 0.17, deviations from ideal Drude spectra can be observed, as well

as some phonon structure contribution as it can be identified in the curve for x ∼ 0.33. In
order to explain all these observations, the authors of these studies [25–27] have proposed
the model shown in fig. 1.7(c), in which, as going from x = 1 to x = 0, the gap associated
with the CDW state closes at a composition x ∼ 0.35. For compositions below this, the
energy bands associated with the CDW are still present, but now the growing contribution

of metallic-Pb states creates a pseudogap feature in the density of state around the Fermi
energy. This picture is in fact consistent with existence of CDW- or insulating-phases at
a local level for compositions above x ∼ 0.17, as is also suggested by the results obtained
in this thesis.

The evolution of electrical transport in BaPb1−x Bix O3 for the superconducting compositions have been studied by several groups in polycrystalline samples [10–12, 34]. Although many of the authors recognize the inhomogeneous nature of this system, a presentation of this inhomogeneous characteristics, and their particular influence in the shape
of the superconducting dome, had not been investigated until our work. These previous
studies had shown an evolution for the normal state resistivity of the superconducting
compositions, from metallic-like resistivity to insulating-like resistivity, with increasing
Bi composition, as shown in fig. 1.8(a). The insulating-like resistivity is seen for compositions below the one for which the CDW transition occurs, as defined by the experiments
presented in the previous paragraph, and above which a real activated resistivity is observed. The T-dependence of the resistivity for samples in this regime of concentrations is
difficult to characterize, given that a single temperature dependence cannot be identified
for a wide temperature range. An empirical fit to an inverse power law, ρ = ρ0 (T0 /T )α
was reported by Takagi et al. [36], finding that the exponent α grows rapidly with increasing Bi concentration. However, as we find from our data, and as can be appreciated from
their original data, this type of fittings only works for a very limited range of temperatures. This type of behavior or temperature dependence is commonly found in systems
with highly resistive grain boundaries [37], as was interpreted by the authors in ref. 36.
The works mentioned above, measuring electrical transport in BaPb1−x Bix O3 , were
performed in polycrystalline samples, in which seeing effects coming from grain boundaries
is not surprising. However, as we will show in chapter 4, similar T-dependence and
the same trends on the evolution of this dependence with Bi doping, are observed for
single crystal samples. The effects that such disorder (localization) effects have in the
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Figure 1.8: (a) Curves of resistivity vs. temperature for polycristalline samples of
BaPb1−x Bix O3 , for Bi compositions in the superconducting regime, as reported in ref. 34.
(b) Superconducting critical temperature for polycrystalline samples of BaPb1−x Bix O3 , as a
function of Bi concentration (plus-symbols). The filled-circle shows Tc = 0.5K measured for a
single crystal sample of BaPbO3 . Taken from ref. 34. (c) Disorder-free critical temperature for
BaPb1−x Bix O3 , inferred from parameters obtained by point contact spectroscopy measurements,
and considering renormalized Coulomb effects coming from localization or disorder. Taken from
ref. 35.

superconducting temperature has been discussed by K. Luna et al. [35], for single crystals
grown by our group. Point contact spectroscopy measurements by these authors suggest
that for compositions x < 0.3 there is progressive a reduction of the density of states
due to enhanced electron-electron interaction, by the presence of disorder. They infer
a disorder-free critical temperature for BaPb1−x Bix O3 , which is almost a factor of two
bigger than the one observed, as shown in fig. 1.8. We will show in chapter 5 that our
measurements provide evidence of a natural source for disorder in this system, which is
expected to strongly affect the superconducting properties.
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Electronic properties of PbTe

Lead telluride, PbTe, is a narrow band gap semiconductor. It crystallizes in the facecentered-cubic (fcc) rock salt structure, shown in figure 1.9, with lattice constant of
6.4564Å [8]. In this structure, with space group Fm-3m (#225), the Pb sub-lattice is
displaced ( 12 , 12 , 21 ) with respect to the Te sub-lattice. However, unlike NaCl, the character
of the chemical bonding is not ionic, but rather a complicated mixture of ionic, covalent
and metallic bonds, as determined by x-ray photoemission spectroscopy [38–40]. In order
to simplify the problem, this system can be though to be poorly ionic, with an effective
charge of −2 associated with the Te atoms, and +2 to the Pb atoms. The ionic character
of this compound is manifested in large differences between the static and high-frequency
dielectric constants, ǫ0 and ǫ∞ . Additionally, the value of the static dielectric constant ǫ0
has a Curie-like temperature dependence, (T − Tc )−1 , with Tc < 0, indicating that this
material is close to a ferroelectric distortion, which in fact is realized in their close cousins,

SnTe and GeTe, and their solid solutions with PbTe [41]. This ferrroelectric distortion is
associated with a transverse optical phonon mode, and implies a rhombohedral distortion
of the crystal lattice [42].
PbTe is a very interesting material from the perspective of both electronic and lattice
degrees of freedom. The uniqueness of this material is revealed at the low temperature
regime, with the presence of superconductivity with a remarkably high Tc when doped with
thallium, and at the high temperature regime, with its optimal thermoelectric properties.
In fact, PbTe is one of the best thermoelectric materials currently available now days in
the high temperature range, and its thermoelectric characteristics have been associated
with these unique electronic and lattice-related properties. The thermoelectric figure
of merit, zT = S 2 σT /(κlatt + κel ), is a measure of the efficiency of the conversion of
heat to electricity. It depends on the Seebeck coefficient S, the electrical conductivity
σ, and the lattice and electronic contributions to the thermal conductivity, κlatt and κel .
The unusually low thermal conductivity of this material partly determines its high zT
values (which can be as high as 1.5 for Tl-doped PbTe [43, 44]). The low values of κlatt
are still enigmatic, but they have been recently associated with anharmonic couplings
between the ferroelectric transverse optic phonon mode and the longitudinal acoustic
phonon modes [45, 46].
The latter half of this thesis is focused on the study of the electronic properties of
PbTe at low temperatures. In particular, we focus on the experimental determination of
the Fermi surface in the zero-temperature limit. This study has relevance to both the
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Figure 1.9: Crystalline structure of PbTe, corresponding to a face-centered-cubic (fcc) rock salt
structure. In this structure, the Pb sub-lattice (gray atoms) is displaced ( 21 , 21 , 12 ) with respect to
the Te sub-lattice (yellow atoms). The lattice constant is 6.456Å

superconducting properties and the thermoelectric properties of PbTe, given that previous
studies in both regimes are based on theoretical determinations of the Fermi surface at
zero temperature. It is, however, important to acknowledge that the applicability of our
conclusions about the low-temperature electronic structure may have limited validity in
the high temperature regime, relevant to the thermoelectric properties, since some studies
suggest that the band offset between the valence band edge, and a secondary valence band
edge, has a strong temperature dependence. However, the implications of this study in
the low-temperatures properties, in particular, the ones relevant to superconductivity of
the Tl-doped compound, are immediate.

1.3.1

Band structure from calculations

Several authors have calculated the band structure of PbTe, using various methods and
approximations [47, 49–53]. Nevertheless, the basic characteristics of the Fermi surface
are not very different for the different works. All of these calculations predict a direct gap
at the L point of the FCC brillouin zone (shown in fig. 1.11(a)), with a value of the gap
that is strongly influenced by the introduction of spin-orbit coupling (SOC) term in their
calculations. The experimentally determined PbTe band-gap value, obtained by optical
measurements is Eg = 190 meV at low temperatures [38, 54, 55]. Calculations including
SOC get values closer to the real one, suggesting that such effects are important for this
material, due to the large atomic nucleus of Pb and Te. The conduction and valence bands
of PbTe are formed by Pb 6p and Te 5p states, respectively [41,56], and they are predicted
to be close to have mirror-like character for electron and hole dispersion in the vicinity
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Figure 1.10: (a) Band structure of PbTe in the vicinity of the band-gap, calculated using a
pseudopotential method, in ref. 47. (a) Temperature dependence of the energy of conduction
band minima at the L point (CB(L)), valence band maximum at the L point (VB(L)) and
valence band maximum at the Σ-point (VB(Σ)), determined through magnetoresistance and
Hall coefficient measurements, in ref. 48.

of the band edges. Fig. 1.10(a) shows the band structure of PbTe along high symmetry
directions of the brillouin zone, in the vicinity of the valence and conduction band edges,
calculated using a pseudopotential method [51], and showing the corresponding group
representations of the wavefunctions associated with these bands.
Pb or Te vacancies can place the Fermi level in the valence or conduction band,
respectively, forming eight-half ellipsoids of revolution at the L-points in k-space, with
the main axis of the ellipsoids along the h111i directions. Additionally, a second valence

(conduction) band maximum (minimum) is predicted to be below (above) the valence

(conduction) first extrema, at zero temperature. The top of this band is found at the
Σ-point, and when filled, it forms twelve ellipsoidal pockets, elongated along the h100i
directions, as shown in Fig. 1.11. The value of the band-offset between L-band and Σband predicted by theory is of the order of ∆Ev = 160 − 190 meV [41]. These second type
of pockets are predicted to contain heavier carriers than the L-pockets. However, as we

will show in the next section, experimental information about the Σ-band is much more
limited than for the L-band.
Some works from the old Russian literature predicted novel features in the Fermi
surface evolution with Fermi energy in PbTe [58]. Recent band-structure calculations,
using Boltzman transport theory and improved computational techniques, have confirmed
some of these predictions of novel features in the Fermi surface of this compound at high

CHAPTER 1. INTRODUCTION AND BACKGROUND

18

Figure 1.11: (a) Brillouin zone of a FCC lattice and its relevant high symmetry points. (b)
Fermi surface predicted by several band structure calculations, showing L-pockets as eight halfellipsoids elongated along the h111i directions, and Σ-pockets as twelve ellipsoids elongated along
h100i directions.

Figure 1.12: Fermi surface for heavily doped PbTe predicted in recent calculations by B.
Sangiorgio et. al [57], for hole concentrations of (a) p = 2.7×1018 cm−3 , for which only L-pockets
are observed; (b) p = 3.5 × 1019 cm−3 , for which L- and Σ-pockets are observed, with strong
deviations from perfect ellipsoidal model for both set of pockets; and (c) p > 1 × 1020 cm−3 , for
which the L- and Σ-pockets have merged, forming a cube-like Fermi surface, with thin sections
along the h100i directions.

carrier concentrations [52, 53, 57]. The Fermi surface predicted by these works suggests
strong deviations from parabolic bands and ellipsoidal pockets, and the appearance of 2Dlike pieces in the Fermi surface, associated with the fusion of L-and Σ-pockets. Fig. 1.12
shows the topology of the calculated Fermi surface for different hole concentrations, which
shows progressive deviations from an ellipsoidal shape of the L-pockets for the higher
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concentrations, and the growing of small “arms” in the tips of the L-pocket ellipsoids,
which tend to elongate in the direction of the Σ-pockets [57]. These features are predicted
to have heavy carriers associated with them, and as mentioned previously, a 2D character,
which has been proposed to explain the high Seebeck coefficient, and as a consequence,
the high zT in heavily hole-doped PbTe [52].

1.3.2

Experimental evidence of the Fermi surface of p-type PbTe

The confirmation of several of the predictions of the band structure calculations have been
made by a variety of experimental techniques, for different ranges of temperatures and
carrier concentration. Characterizations of the L-pocket band parameters, such as the
pocket anisotropy and effective masses, can be found from magnetoresistance and Hall
measurements, as well as Shubnikov-de Haas oscillations in the magnetoresistance for the
low and intermediate doping regime. Fewer studies characterizing the Σ-band of PbTe
are available in the literature. Interestingly, there are no studies that have measured
directly the existence of this band at the Fermi level, and the information available has
been deduced indirectly from magnetoresistance and Hall coefficient measurements.
In the work by Burke et. al [59, 60], the anisotropy of the L-band and the effective
masses were determined for carrier concentrations up to p = 4 × 1019 cm−3 . The full topology of the L-pockets was determined through the angle dependence of the Shubnikov-de

Haas frequencies of oscillations in the magnetoresistance, measured using an AC-lockin
technique. Effective masses were estimated by the temperature dependence of the amplitude of such oscillations, although the temperature range and the number of temperatures
used for these determinations were quite limited. Given the relevance of the results previously obtained in this work, we present the summary of the band parameter obtained in
this work in Fig. 1.13 [59]. These authors observe a monotonically increasing transverse
effective mass, with a value of mt = 0.07m0 at p = 4 × 1019 cm−3 . They also observe de-

viations from perfect ellipsoidal model for this high carrier concentration; however, data
is not presented for this sample. The anisotropy parameter of the L-band, K, observed
by Burke’s work, is almost independent of carrier concentration. However, this observation is in contradiction with previous Shubnikov-de Haas studies for similar carrier
concentrations, for which a decreasing anisotropy parameter with carrier concentration
was found [61, 62]. The previously mentioned Shubnikov-de Haas works, as well as some
additional ones [63–65], have not reported the observation of features corresponding to or
consistent with the Σ-band, or any other additional band.
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Figure 1.13: Table I in ref. 59, summarizing the previous L-band parameters obtained by SdH
measurements. All samples used in this study are self-doped, except the one with the highest
carrier concentration, which is a Na-doped sample.

As a general feature, for n-type PbTe, PbS and PbSe, and low carrier concentrations
of p-type PbTe, the Hall number is almost temperature independent at low temperatures.
Allgaier et. al [66, 67] performed Hall measurements for a wide rage of temperatures,
from liquid Helium to room temperature, and for a wide hole doping range up to p ≈
1.5 × 1020 cm−3 (obtained by doping with Na). In the interpretation of their data, they

assumed a two-band model, in which the mobility of the second band is much lower

the the one of the first band, and in which the second band is populated by thermal
activation of holes from the first band [68]. They concluded that the second valence band
of PbTe becomes appreciably thermally populated only at high temperatures, with 40%
of the carriers in this band at room temperatures. However, even at this high carrier
concentration, there are no holes in the second band at low temperatures, meaning than
the Fermi level at zero temperature has not crossed the second valence band maximum.
The zero-temperature band offset estimated from their work is around ∆Ev = 140 meV.
They also concluded that at this high carrier concentration the L-band is strongly nonparabolic, with a strong energy dependence of the band effective mass.
Sitter et. al [48,69] performed angle-dependent magnetoresistance and Hall coefficient
measurements in a temperature range of 77K to 420K, for PbTe thin films with carrier
concentrations of the order of pH = 3 × 1017 cm−3 . They interpreted their data using

CHAPTER 1. INTRODUCTION AND BACKGROUND

21

a two band model, in which the band-gap and the band-offset between L-band and Σband strongly depend on temperature, as shown in Fig. 1.10. At a temperature of
approximately 450K, the gap becomes indirect [70], and the band offset negative, with
the Σ-band maximum above the L-band maximum.
As mentioned previously, there are no reports of direct observations of the Σ-band at
the Fermi level. The only mention to it that I found in the literature was in the book of
ref. 38, where the author says that the Σ-band begins to be filled at a hole concentration
of ≈ 7 × 1020 cm−3 , as experimentally determined. However, no citation to any work

was provided. Additionally, recent angle-resolved photoemission spectroscopy (ARPES)

studies in Tl-doped PbTe have only observed L-pockets at the Fermi level, for carrier
concentrations up to pH = 6 × 1019 cm−3 (x = 0.5% Tl-concentration) in ref. 71, and

pH ≈ 1 × 1020 cm−3 (x = 1.4% Tl-concentration) in ref. 4.

1.3.3

Impurity states in PbTe

Pure PbTe is an interesting material in its own right. However, its most interesting
applications and physical properties are revealed by impurity doping. Al low temperature
it becomes a superconductor upon Tl-doping, and so far, Tl is the only dopant impurity
that make it superconduct [41,72,73]. In the high temperature regime, the thermoelectric
figure of merit, zT , is almost doubled by Tl-doping [44], and significantly increased by
doping by other impurities, like Na [43]. The effects that doping can have in a material
can go several ways. The obvious one, is that, depending on the electronic state of the
dopant, it can donate charges to the system and move the Fermi level, up or down, for
donor or acceptor impurities, respectively. This shift can be rigid, meaning that it will
not affect the underlying band structure, or otherwise, it could have the potential to
modify it in a significant way. The determination of the role of some special impurities in
semiconductors is still an active area for both experimental and theoretical study. In the
case of of PbTe, there has been recent progress in the calculation of the band structure
including the effects of such impurities [56, 74, 75]. This is a challenging task, given that
the unit cells needed to include the effect of such impurities into the model can contain
hundreds of atoms, requiring a huge computational effort.
1.3.3.1

Effect of impurities in PbTe, from calculations

One of the characteristics that make PbTe unique in the way it responds to impurity
doping, which comes from its anomalously high static dielectric constant. This implies
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Figure 1.14: Variations in the total density of states of PbTe, by doping with different impurities: (a) Monovalent impurities (b) Some group-IIIA impurities. Na is the impurity that
disturbs the least the states around the valence band edge, whereas the group-IIIA impurities
seem to introduce deep states in either the band-gap, or close to the valence-band edge. These
figures were taken from ref. 56.

that the crystal will get easily polarized by any charge fluctuations in an impurity, trying
to screen this change, which at the same time strongly modifies the potential of such
impurity, and therefore its energy spectrum in the crystal [76]. A consequence of this fact
is that the position of such energy levels depend strongly on the individual characteristics
of the impurity, which now can introduce deep states and not hydrogenic-like states as in
many other classical semiconductors [77].
An example on how different impurities can modify the total density of states (DOS)
in PbTe is shown in Fig. 1.14, as calculated by S. Ahmad et. al. [56]. This figure shows
the relative changes of the density of states with respect to the undoped PbTe compound,
for different monovalent impurities, like some alkali-metals, as well as some group-IIIA
impurities like Ga, In and Tl. Given that the solubility limit of the most relevant dopants
in this compound is quite low (few atomic %), and that the physics of the material will
be driven by the states close to the band-edges, we will be interested in modifications
in a region of the order of ±0.1 eV around the band-gap. From the figure, it can be
seen that the impurity that modify the least the DOS is Na, and this impurity will serve

us as a point of comparison with Tl, in the interpretation of our results in chapter 6.
In contrast to Na, group IIIA impurities seem to strongly modify the DOS around the
valence-band edge. For example, In is shown to introduce states within the band-gap,
whereas Tl introduces states in the valence band, close to the band-edge. These results
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Figure 1.15: (a)-(b) Energy levels of In and Tl in PbTe, for different valence states, including
SOC in the calculation. D2 corresponds to the anti-bonding state of the impurity with Te atoms.
The bonding state is far-down from the valence and conduction band edges, and it is not shown
in this figure. As it can be seen, In introduces states within the band-gap and the conduction
band, whereas Tl introduces states in the valence band, very close to the band edge. (c)-(d)
Formation energy of the different valence states of In and Tl in PbTe, as a function of the Fermi
energy position. These figures were taken from ref. 74.

are also confirmed by calculations from other groups. For example, Fig. 1.15 shows the
results obtained by K. Xiong et. al. [74], confirming the presence of In states in the bandgap and conduction band of PbTe, and Tl states in the valence band, very close to the
band edge. This work went beyond, and calculated the formation energy of the different
valence states of different group-IIIA impurities in PbTe, as a function of the Fermi energy
of the system. Interestingly, for Tl, the Tl1+ , Tl2+ and Tl3+ states seem to be close to
degenerate at a Fermi energy close to -50 meV, in the valence band, which support some
of the models of valence fluctuations that we will present later on. Furthermore, for Fermi
energies below -50 meV, the 3+ state is stable, whereas for EF > −50meV the 1+ state
is stable. Such a scenario was originally suggested by Kaidanov et al. and Nemov et.
al [41, 72], and subsequently used to motivate a simple negative U scenario by M. Dzero
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and J. Schmalian [78] (see section 1.3.4).
1.3.3.2

Impurities in PbTe, as seen in experiment

The observation of deep resonance states for different group-IIIA impurities, not only in
PbTe, but also in other IV-VI semiconductors, have been studied extensively since the
70’s. For such compounds, the observation of the saturation of the Hall coefficient as a
function of impurity doping has been interpreted as a pinning of the chemical potential
by impurity resonance states. So far, the impurities that have been observed to generate
such saturation of the Hall coefficient are the group-IIIA elements In, Ga and Tl, and
additionally, Cr, Yb and Gd [76]. Among those, the most studied ones have been In and
Tl.
For these materials, the already contradictory information regarding the position of
the second valence band maximum in PbTe is mixed now with the presence of a possible “impurity band”, or at least some new accessible states (depending on the level of
hybridization of the impurity atomic orbitals). In the case of Tl the difficulties in the
interpretation of the experimental results seems to be bigger than for other impurities,
given that the energy range for which these impurity states are thought to exist, seems to
be in the same range of values associated with the appearance of the second heavy valence
band, as predicted for pure PbTe. Additionally, the strong temperature (and pressure)
dependence of the band parameters, such as band gap, Eg , and second valence band offset,
∆Ev , as presented in the previous section and in Fig. 1.10, complicates the analysis even
more, given that different experiments are done in different temperature ranges, and for
different impurity concentrations.
In the case of In-doping, the saturation of the chemical potential in the conduction
band happens for carrier concentrations of the order of 1018 cm−3 . This is, for Fermi
energies well below the ones of the Σ-band extrema. Hall experiments by V. I. Kaidanov
et. al. [72], as well as other groups, have observed a strong non-monotonic temperature
and pressure dependence of the Hall coefficient, as shown in Fig. 1.16. These results
have been interpreted in the framework of the quasi-local states introduced by In. With
increasing In concentration, the chemical potential increases until reaching the energy
level of the In states, at which it gets pinned. The number of states introduced by
the impurities was estimated by additional doping of the In-doped PbTe samples, with
acceptor (Na) and donor (I) impurities. Fig. 1.16 shows the results for iodine doping.
The concentration of free electrons starts increasing only when the number of additional
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Figure 1.16: (a) Temperature dependence of the Hall coefficient for In-doped samples with
In dopings of 1% (curve 1), 3% (curve 2) and 6% (curve 3). (b) Carrier concentration as a
function of additional iodine doping for an In doped PbTe sample, with In concentration of 6%,
at 77K. (c) Model explaining the In-doping (Nimp ), temperature and pressure dependence of
the Hall coefficient, in terms of the position of the quasilocal states introduced by In relative to
the conduction band. All the figures were taken from ref. 72.

acceptors or donors is bigger than the number of In atoms. The authors interpreted this
last result as evidence for “amphoteric donor-acceptor” properties of the In impurities at
this pinning energy, in which In will have a mixture of 1+ and 3+ valence states, which
add up to give an effective 2+ valence.
Tl-doped PbTe shows very similar characteristics to the In-doped compound, but now
the action happens in the valence band. The saturation of the Hall coefficient happens
for hole concentrations of the order of 5 × 1019 cm−3 , as shown in the bottom panel of
Fig. 1.17(a) [73]. Interestingly, the saturation of the Hall number coincides with the

appearance of superconductivity in this material. The superconducting properties of
Tl-doped PbTe will be reviewed in the next section. The introduction of additional
acceptor impurities, such as Na, maintains the pinning of the carrier concentration, with a
length of the stabilization interval of ∆Ni ≈ 2NT l , beyond which the carrier concentration

starts growing again (see fig. 1.17(b)) [41, 79]. The temperature dependence of the Hall

coefficient show many similarities with the case of In-doping (see fig. 1.17(c)), and it
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Figure 1.17: Previous observations of Fermi level pinning in Tl-doped PbTe. (a) Superconducting critical temperature, and Hall number, as a function of Tl-concentration in PbTe, as
measured by Y. Matsushita et. al [73]. The saturation of the Hall number coincides with the
appearance of superconductivity in this material. (b) Carrier concentration as a function of
additional Na-doping (acceptor) and Pb-doping (donor) for Tl-doped PbTe samples with Tl
concentrations of 0.5at.% (upper panel) and 2at.% (lower panel). (c) Temperature dependence
of the Hall coefficient for samples with 2at.%-Tl doping and different levels of additional Na
doping. Na doping increases for increasing curve number, from 0% for curve 1, to 2.5% for curve
7. Figures in (b) and (c) were taken from ref. 41, and were measured by V. I. Kaidanov et.
al [79].

was interpreted by S. A. Nemov et. al. as evidence of the existence of quasi-local states
of the Tl-impurities, with simultaneous donor-acceptor properties [41]. Such a picture is
consistent with the band structure calculations presented in the previous section.
The inference of the pinning of the Fermi level from Hall coefficient measurements,
for a multiband system, is not straightforward. However, as we will show in chapter 6,
our results directly demonstrate that this pinning is real, given that we directly measured
the Fermi surface size as a function of Tl-composition. This pinning, in In-doped and
Tl-doped PbTe, could also be understood in terms of a static valence state of 2+ of a
portion of the In/Tl impurities. The Tl electronic configuration is [Xe] 4f14 5d10 6s2 6p1 ,
such that Tl2+ has one lonely 6s electron. For In2+ , the electronic configuration is [Kr]
4d10 5s1 , implying that this valence state for In would also have one s electron. The
presence of one s electron will signify the presence of paramagnetic impurities. However,
experiments of EPR, impurity paramagnetism susceptibility, and Schottky heat capacity
haven’t observed such an effect [41], supporting the idea that the spin state of the ionic
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cores of Tl and In is zero, which is achieved for Tl1+ /In1+ and Tl3+ /In3+ . Additional
support for the existence of two different valence states for In and Tl in PbTe has been
obtained through core-level spectroscopy measurements [4, 80], in which spectral lines
corresponding to 1+ and 3+ valences were observed.

1.3.4

Negative U models

The tendency to form two-electron states in an impurity, over one-electron states, can
be understood in terms of an Anderson negative-U type picture [5, 7]. The energy of
two electrons in an atom is Etot = 2E1 + U, where U is the Coulomb repulsion between
electrons. For ions in vaccuum, the U term is always positive. However, for ions sitting
in a lattice (described by a Hubbard model) the coulomb screening by the medium can
modify the “effective-U” in each ion, with the possibility that it can become negative,
meaning that electrons in the same “site” can feel an effective attractive interaction, and
it becomes more favorable to have two electrons (or zero electrons) in a site than one. The
effective negative-U Hubbard model has been extensively used to explain the electrical
properties of a variety of compounds, in which valences different than predicted by other
theories have been observed. Some examples are BaBiO3 [7], and SmTe [6].
In the case of Tl-doped PbTe, M. Dzero and J. Schmalian [78] proposed a negative-U
model that would describe the evolution of the properties of this compound with impurity
doping. Their conclusions are in the line of the interpretation of the experiments of several
of the authors presented in the previous section (in which Tl has an amphoteric character).
In this model, the energy of a Tl impurity in PbTe is given by the Hubbard model, as
Himp = H0 + (ǫ0 − µ)

X

ns,σ + Uns,↑ ns,↓

(1.3)

σ

in which ǫ0 is the energy of the valence band maximum, µ is the chemical potential,
so that (ǫ0 − µ) is the energy of each hole, ns is the number of holes in the Tl-6s shell,

σ is the spin of a hole, and U is the on-site Coulomb repulsion. The energy profile
for the different Tl valence states is shown in Fig. 1.18. For a positive U value, the
Tl2+ state will be energetically more favorable than the Tl3+ state. However, if U is
negative, and its magnitude |U| > (ǫ0 − µ), the Tl2+ state will be the highest energy

state. Doping Tl into PbTe moves the chemical potential deeper into the valence band.
The Tl1+ and Tl3+ states will become degenerate when the chemical potential µ reaches
the value µ∗ = ǫ0 − |U|/2. If the energy of the Tl3+ state moves further below the
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Figure 1.18: Negative-U picture for Tl-doped PbTe. Black circles represent an empty hole
site in the 6s-shell, and white circles, a filled hole site. For the negative U-picture to hold, it
is required that |U | > (ǫ0 − µ). The Tl1+ and Tl3+ states will become degenerate when the
chemical potential µ reaches the value µ∗ = ǫ0 − |U |/2.

one of the Tl1+ , this would imply that all the Tl impurities would switch to the 3+
valence state, and that the material would suddenly become n-type. As this effect is
not observed, then the chemical potential will have to stay pinned to the value µ∗ with
further Tl doping, and the additional Tl impurities will form a compensating mixture
of Tl3+ -donor and Tl1+ -acceptor ions. This model successfully explains the pinning of
the Fermi energy, suggested by transport measurements and directly confirmed by our
Fermiology measurements, as well as the presence of mixed valence states observed by
core-level spectroscopy measurements [4].
Additional to the features successfully explained by this model, the low-temperature
Kondo-like features, observed initially by K. I. Andronik el. al [81], and fully characterized
later by Y. Matsushita el. al [82, 83], can be also understood under this framework.
In a magnetic Kondo effect, the additional scattering, producing its characteristic lowtemperature resistivity upturn, comes from transitions between two degenerate spin states
of the magnetic impurities (spin-up and spin-down), through virtual transitions to a highenergy state involving interaction with the conduction electrons. In the case of a “chargeKondo” effect, the two degenerate valence states can be thought as pseudospins where the
double-occupied (3+) state is represented by a spin-up, and the zero-occupied (1+) state
is represented by a spin-down, and the virtual high-energy state is the singly-occupied
(2+) state. The Hamiltonian resulting from this problem, using an iso-spin notation, is
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analogous to the one for the spin-Kondo problem [78].

1.3.5

Superconductivity in Tl-doped PbTe

Perhaps the most striking characteristic of Tl-doping in PbTe is its “high-temperature”
superconductivity. Tl is the only impurity known to produce superconductivity in PbTe,
with a maximum Tc of 1.5K (at the solubility limit of Tl in PbTe), which is one order
of magnitude higher than the Tc of other superconducting-semiconductors with similar
carrier densities, such as SrTiO3 (see fig. 1.19(a)).
As presented in Fig. 1.17(a), the Tl concentration at which superconductivity turns-on
coincides with the Tl concentrations at which the saturation of the carrier concentration
is observed, which is approximately x = 0.3%. Above this concentration, Tc increases
linearly, until reaching the solubility limit of Tl in PbTe (x = 1.5%), point at which Tc
has reached approximately 1.5 K. The superconducting properties of this compound are
well explain under the BCS formalism in the dirty limit [41,73]. The superconducting parameters, as found by Y. Matsushita el. al [73] for two Tl-concentrations, are summarized
in fig. 1.19(b).
An increase in the density of states has been observed for compositions above the one
for which superconductivity appears, as determined by measurements of the electronic
contribution to the heat capacity (see fig. 1.20(a)). This increase has been interpreted by
some authors in terms of band filling effects, more specifically, through the filling of the
second valence band, which introduces new electronic states [85]. However, as shown by
the dashed line in the inset to fig. 1.20(a), the density of states estimated by using Hall
data and published band parameters for the L- and Σ-bands, the increase of the density of
states seen by the experiment is much larger than the one expected by solely band filling
effects. However, as we presented throughout this chapter, the information regarding the
presence of the Σ-band, at least in the low-temperature regime, is rather contradictory.
Therefore, a better characterization of the Fermi surface at low temperatures is necessary
in order to better estimate the expected increase of the density of states by the bandparameters evolution with Tl-concentrations, and to be able to determine any departures
from this behavior. This is exactly the goal of this thesis work.
If the increase of the density of states in superconducting Tl-doped PbTe is not due
to band filling effect, this would imply that the additional states are originated from
the Tl-impurities. Within the charge Kondo model, an increase of the density of state
is expected, coming from the Kondo or Abrikosov-Suhl resonance, and originated from
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Figure 1.19: (a) Superconducting critical temperature vs. carrier concentration for some
common superconducting semiconductors, as presented in ref. 84, and Tl-doped PbTe. (b)
Superconducting parameters for two Tl compositions of Pb1−x Tlx Te, as presented in ref. 73.

Figure 1.20: (a) Heat capacity measurements taken by Y. Matsushita et. al and presented
in ref. 73, for several Tl-compositions in PbTe. The inset shows the electronic contribution
to the heat capacity extracted from these measurements, and in the right axis, the respective
value for the electronic DOS. The dashed line indicates the DOS expected from band-filling.
(b) Superconducting critical temperature as a function of Tl concentration predicted by the
Negative-U Hubbard model by DZero et. al in ref. 78.

an increase in the effective mass of conduction electrons (or holes) though the strong
interaction with the localized impurities. This resonance is seen as a peak in the density
of states at the Fermi energy, which shows a strong temperature dependence below the
Kondo temperature, and disappears above it. Within an impurity model, an increase of
density of states is naturally expected, though more difficult to quantify or isolate.

Chapter 2
Overview of relevant formalisms
In this chapter I will present a brief introduction to some theoretical models and tools
used in the analysis of the experimental data. The section on Quantum phase transitions
is relevant for the analysis of magnetoresistance measurements for BaPb1−x Bix O3 . The
section of the formalism of quantum oscillations will be relevant for the analysis of the
magnetoresistance measurements of hole-doped PbTe.

2.1

Quantum Phase Transitions

In chapter 4 we will show measurements that suggest that quantum fluctuations, presumably associated with the phase of the superconducting order parameter, might be
playing a role in the magnetic-field tuned superconductor-insulator transition observed in
this material for compositions close to optimal doping. In order to understand better the
language and concepts that will be used in the discussion of the data, I will introduce
some basic definitions of the theory of quantum phase transitions.
The theory of quantum phase transitions is based on the same ideas and mathematical
treatment of the theory of second order thermodynamic phase transitions, by defining a
partition function Z that includes additional terms associated with the quantum nature
of the problem [86–88]. A classical thermodynamic phase transition is characterized by
an order parameter which is zero before the transition, and non-zero after the transition.
For example, for a ferromagnetic transition, the order parameter is the magnetization,
M. Although above the transition the average value of the order parameter is zero,
fluctuations on its local value can be large. We can define a correlation length, ξ, for local
fluctuations of the order parameter, which will evolve in a specific way as the transition
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is approached. This coherence length will diverge at the critical temperature, in the
form of a power law, as ξ ∝ |T − Tc |−ν . We can associate a time scale to such order

parameter fluctuations, which is related to the coherence length as τ ∝ ξ z = |T − Tc |−zν .

For a second order phase transition, the only relevant length scale of the problem is the
correlation length, ξ, and the only relevant time scale is the correlation time, τ . Both
quantities diverge at T = Tc . The exponents ν and z are called the critical exponents of
a transition, and the values they take are characteristic for each type of phase transition,
defining the “universality class” of the transition, and determining the symmetry of the
order parameter.
Quantum phase transitions are phase transitions that happen at zero temperature.
This is not conceivable in a classical thermodynamic picture, given in the classical world
a phase transitions is originated from thermal fluctuations of the order parameter. Thermal fluctuations are the way a system looks for its minimum energy state as a transition
is approached. At zero temperature there are no thermal fluctuations. However, quantum fluctuations, which find their origin in the uncertainty principle, can generate phase
transitions at zero temperature, as a tuning parameter, y, other than temperature, is
varied. The value of y for which the zero-temperature phase transition occurs, y = yc , is
a quantum critical point if the transition is continuous. Pure quantum phase transitions
are impossible to study, given that we cannot reach the absolute zero in temperature.
However, we would like to know the manifestations of quantum criticality for non-zero
temperatures, which we can access experimentally.
In order to understand the effects of quantum criticality at finite temperature, we can
use some concepts of classical continuous phase transitions. The free energy
n
of a system
ois
defined in terms of the partition function, Z, which is given by Z = T r exp −Ĥ/kB T

.

For a classical system, a time independent treatment for the transition can be used given

that the kinetic and potential terms of the Hamiltonian commute [89]. However, for a
quantum system this is not necessarily true, and the time evolution operator needs to be
taken into account in order to describe
the

 state of a system at time t. The time evolution

operator is given by Ŝ = exp −iĤt/~ , which has an equivalent form to the partition
function, Z, from which we can infer the direct connection it/~ = 1/kB T . Therefore,

temperature in this problem would be equivalent to an imaginary time, and given that
for continuous phase transitions time is related to spatial dimensions by τ ∝ ξ z , then

introducing a finite temperature into the problem is equivalent to introducing z additional
spatial dimensions into the partition function, allowing to describe our quantum system
as a classical system, but with an effective dimensionality of D = d + z, where d is the real
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Figure 2.1: Critical region at finite temperature, for a quantum phase transition with tuning
parameter x. The limits of the critical regions are given by T = |x − xc |zν , in dashed lines. The
critical temperature Tc (x) of a phase transition can lie either inside or outside the quantum critical region, which will determine the relevance of quantum fluctuations in the phase transition.
Taken from ref. 87.

dimensionality. The formal treatment of this problem is done through the path integral
representation of the partition function, from which this same conclusions can be obtained
more elegantly and rigorously.
Given a finite temperature, and given that the imaginary time direction is related to
temperature by it = ~/kB T , the extension of this new “axis” is limited by the value of
temperature, introducing finite size effects into the classical analogy of the quantum problem. This connection will also determine the region in the temperature-tuning parameter
phase diagram for which quantum criticality is expected to be observed, which is given by
the lines T ∝ 1/t = ξ −z = |y − yc |zν , as shown in fig. 2.1. For a classical phase transition
with finite size effects, all the different quantities of interest in the problem as the transi-

tion is approached are not a function solely of the coherence length, ξ, but now this has
to be a function of the ratio between the relevant length scales in the problem. The associated imaginary time “length” would be Lϕ ∝ t1/z ∝ T −1/z , and now all the quantities

in the system need to be scaled by a function F = F (ξ/Lϕ ) = F |y − yc |−ν /T −1/z , or

equivalently, by a function F ′ |y − yc |/T 1/zν . In the case of a material resistivity, inside
a quantum critical region, it is given by [87]


|y − yc |
ρ ∝ ξ Fρ
T 1/zν


|y − yc |
−(d−2)/zν
ρ∝T
Fρ
T 1/zν
d−2



(2.1a)
(2.1b)
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Superconductor-Insulator Quantum Phase Transition

The superconducting state of a metal, and the quasiparticles associated with it, can be
destroyed by the increment of temperature above the critical temperature Tc , or the application of a magnetic field above the upper critical temperature Hc2 (T ), above which the
metallic properties of the material are expected to be recovered fully. However, for some
materials, the recovery of this normal state as specific tuning parameter are varied, can
have intriguing characteristics, which can be associated with properties intrinsic to the
superconducting state itself, or to the remanence of superconducting quasiparticles even
when the “normal” state has been recovered. Interestingly, for many of these systems,
the normal state shows “insulating-like” properties as seen in the temperature dependence
of the electrical resistance, and/or negative magnetoresistance, suggesting that electron
localization effects play an important role [37, 87, 88, 90–92]. For such systems, this special transition out of the superconducting state and into this strange normal state, as a
physical parameter is varied, has been categorized under the name of superconductorinsulator transition (SIT). For such transitions, quantum fluctuations presumably play a
very important role.
Superconductor-insulator transitions have been widely observed in a variety of 2dimensional systems (and a limited number of 3d systems [93–95]), which involve amorphous materials, disordered metals, or Josephson-junction arrays [96, 97]. For many of
these systems, scaling of the form presented in equation 2.1b has been observed, using
tuning parameters such as magnetic field [37, 90, 98–101], electrostatic voltage to tune the
chemical potential [91,92], and disorder (by tuning thin-film thickness) [102]. A variety of
critical exponents zν have been reported for these transitions, and we will present some
examples below.
Fig. 2.2 shows the results of the work in ref. 90, studying the magnetic-field tuned SIT
of indium oxide (InOx) films for different degrees of disorder. In this work, magnetoresistance curves for different temperatures below the superconducting critical temperature
were taken. All the isotherms cross in a unique field, labeled Hc , which defines the critical
field of the SIT. Additionally, the magnetoresistance curves follow the scaling of equation
2.1b, with d=2 (given that the thickness of the films is below the superconducting coherence length). However, the critical exponents found for samples in different regimes
of disorder are different, meaning that their universality classes are different. This phenomena has been explained under the picture shown in the three-axis phase diagram of
fig. 2.2(c). For samples in the low-disorder regime, the critical exponents of the SIT are
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Figure 2.2: Superconductor-insulator transition for InOx thin films, as studied and presented
by the authors in ref. 90. (a) Magnetoresistance curves for different temperatures, for a weakly
disordered InOx film, showing a temperature independent crossing point at field Hc . This sample
is the one labeled as a in the phase diagram in (c). (b) Plot of resistance vs. |H − Hc |/T 1/zν ,
for a strongly disordered sample labeled as b in the phase diagram in (c). zν are the values that
generate the best scaling of the data. (c) Phase diagram summarizing results for the SIT seen
for the thin films studied in ref. 90, plus a variety of thin-films from other compounds. All the
figures were taken from ref. 90.

Figure 2.3: Superconductor-insulator transition for thin films of La2−x Srx CuO4 as studied and
presented by the authors in ref. 91. The tuning parameter is carrier concentration, controlled by
electrostatic gating. (a) Normalized resistance vs. temperature curves for different gate voltages,
VG . The inset is a detailed view in the 4K-10K temperature window, in which the dashed
line separated the metallic-like resistivity from the insulating-like resistivity. (b) Normalized
resistance vs. number of mobile holes, x (controlled by VG ). The curves cross at a temperature
independent point, xc , at which the resistance is equal to the quantum of resistance, RQ . (b)
Scaling plot of the data in (b), from which they find zν = 1.5.

close to the ones of classical percolation, zν = 4/3. However, samples in the strong disorder regime show critical exponents closer to the ones expected for quantum percolation,
zν = 7/3, with a resistance at the critical field Hc equal to the quantum of resistance,
RQ = 4e2 /h ≈ 6.5kΩ. The authors showed that the nature of the SIT transition can

be revealed by the position of each material/sample in a curve of resistance at Hc , vs
Hc /Hc2(0) , where Hc2(0) is the superconducting upper critical field. This curve is shown
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in fig. 2.2(c) for samples of different materials and with different degrees of disorder. The
resistive state, close to the transition, of samples with Hc ∼ Hc2(0) and R > RQ (and

zν ∼ 4/3) was described to be dominated by Fermionic physics, in which cooper pairs are
broken, and the weakly insulating states comes from electronic localization. The resistive

state, close to the transition, of samples with Hc << Hc2(0) and R ∼ RQ (and zν ∼ 7/3)
is proposed to be described by bosonic physics, and formed by phase incoherent cooper
pairs, strongly localized in space.
The scenario presented above summarizes some part of the discussion and theories
proposed to explain the SIT. However the field of study of superconductor-insulator transition is an active field of study, and many of the theories are highly debated. An example of this situation can be seen seen in the SIT in La2−x Srx CuO4 , for which a value of
R = RQ is found at xc (x being the carrier concentration, tuned by electrostatic gating),
but the value of the critical exponents, zν = 1.5, does not seem to be consistent with a
quantum percolation universality class [91] (see fig. 2.3). The understanding of this phenomenology is important and its study is gaining more attention as many other materials
are discovered to present similar physics. Superconductor-insulator transitions (SITs)
with temperature-independent crossing points have been also observed in disordered 2D
thin films of MoGe (with zν = 1.3) [98]; La2−x Srx CuO4 (with zν = 1.5), as shown in fig.
2.3 [91]; YBa2 Cu3 O7−x (with zν = 2.2) [92]; a-Bi and a-Nbx Si1−x (with zν = 0.7) [99–101],
these last two cases being similar to our observation for BaPb1−x Bix O3 .

2.2

Lifshitz-Kosevich Formalism of Quantum Oscillations

In this section I will review some basic concepts of the quantization of the electronic
orbits in a magnetic field, which originates the oscillatory resistivity signals that we have
measured in PbTe, and that that we will present and analyze in chapter 6. We will
present some of the steps to arrive to an expression for the oscillatory component of the
thermodynamic potential for a metal in a magnetic field, known as the Lifshitz-Kosevich
(LK) formula, from which all the thermodynamic quantities of a material are derived.
Finally, we will present the expression for the oscillatory component of the resistivity, in
which our data analysis for the magnetoresistance of PbTe is based. The presentation of
these concepts in this chapter are based on the presentation in D. Shoenberg’s book [103].
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Electron motion in a magnetic field

The Shrödinger equation of an electron in a magnetic field is:
1 
e ~ 2
~p − A(~r) ψ(~r) = Eψ(~r)
2m0
c

(2.2)

~ r ) is the vector potential, ψ(~r) is the electron wavefunction, and E is the
where A(~
~ in the z direction, the vector potential
electron total energy. For a magnetic field H
components, in the Landau gauge, are Ax = Az = 0, and Ay = Hx. With this,
2
1
1
p2x + p2x ψ(~r) +
2m0
2m0


2
eHx
py −
ψ(~r) = Eψ(~r)
c

(2.3)

Given that the equation of motion is independent of y and z, by Hamilton equations,
dpj /dt = −∂H/∂rj = 0, for both, j = ŷ, ẑ; therefore −i~∂ψ(~r)/∂rj = cj , where cj is

a constant. This means that the electron wavefunction in y and z can be expressed as
plane waves, such that ψ(~r) = φ(x) exp (−iky y) exp (−ikz z). With this, the Shrödinger
equation can be expressed as:
(eH/c)2
~2 d 2
−
φ(x)
+
2m0 dx2
2m0



~ky
x+
eH/c

2



~2 kz2
φ(x) = E −
φ(x)
2m0

(2.4)

The equation is the equation of motion of a harmonic oscillator in x, with the x
coordinate corrected by ~ky /(eH/c). The energy term for this harmonic oscillator is
Eφ = E − ~2 kz2 /2m0 which, as we know, is quantized as Eφ = (n + 12 )~ωc . With this, the
total energy and wavefunction of this free electron system in a magnetic field are given
by:


1
~2 kz2
E = n+
~ωc +
2
2m0
"r

#
eH 2
eH
~k
y
ψ(~r) = [e−i(ky y+kz z) ]cn e− 2~c x Hn
x−
e~c
(eH/c)

(2.5a)
(2.5b)

where n = 0, 1, 2, ...; cn is a normalization constant; Hn is the nth Hermite polynomial,
and ωc = eH/m0 c is the cyclotron frequency. For a free electron gas, the dispersion
relation is given by E = ~2 k 2 /2m0 . By comparing with the solution of the energies of
electrons in a magnetic field, in equation 2.5a, we can calculate the electron orbits in k
space:

38

CHAPTER 2. OVERVIEW OF RELEVANT FORMALISMS


~2
kx2 + ky2 =
2m0



1 e~
n+
H
2 m0 c

(2.6)

q This equation corresponds to the equation of circular cylinders, with radius rk (n, H) =
(n + 12 )2eH/~c, centered at k = 0. Such collection of concentric cylinders are called

Landau tubes, and are illustrated in figure 2.4. For H = 0, the radius of Landau tubes

is zero, and there will be an infinite number or Landau tubes contained inside the Fermi
surface (FS) shown in this figure. However, when the magnetic field is increased, the
tubes will acquire a radius, and a fine number of them will be contained inside the Fermi
surface. As magnetic field is increased further, Landau tubes will start to emerge from
inside of the Fermi surface, and the nth tube will be completely out whenever its radius
is equal to the Fermi wave-vector, kF , or equivalently, when the in-plane area or the tube,
given by
ak (n, H) =



1
n+
2



2πeH
~c

(2.7)

is equal to the cross-sectional area of the FS, AF S = πkF2 . If two tubes with successive
quantum numbers n and n + 1 go through the Fermi surface at fields Hn and Hn+1 , then
ak (n, H1 ) = ak (n + 1, H2 ) = AF S , and:




2πeHn
1 2πeHn+1
= (n + 1) +
~c
2
~c
 
1
1
1
2πe
∆
−
=
=
H
Hn+1 Hn
~cAF S

1
n+
2



(2.8a)
(2.8b)

Therefore, the rate at which Landau tubes will cross through the Fermi surface out is
periodic in 1/H. The frequency of this passing through the Fermi surface is given by
F1/H =

c~
AF S
2πe

(2.9)

which is proportional to the cross-sectional area of the Fermi surface.
In a semi-classical treatment of this problem, we can consider the Bohr-Sommerfeld
quantization rule for a periodic motion (which restricts the allowed orbits for the electron
motion), in addition to the Lorentz-force equation,
I

~p · d~q =



1
n+
2



2π~

(2.10a)
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Figure 2.4: Cartoon showing a collection of four Landau Tubes, contained in a spherical Fermi
surface, as the magnetic field is increased. The circular area of the tubes grows proportional to
the field, and as this is increased, the tubes cross-out the Fermi surface, generating the oscillation
in the different thermodynamic quantities of the system.


−e 
d~k
~
=
~v × H
~
dt
c

(2.10b)

to demonstrate that the magnetic flux passing trough an electron orbit is Φ = (n +
1/2)2π~c/e = (n + 1/2)φ0, where φ0 is the universal quantum of flux, and that the area
of the electron orbits in k space, is given by ak = (n + 1/2)2πeH/~c. This last result is
is the same result that was presented above for the free electron gas case, but where we
have not assumed any dispersion relation. In fact, if we express the energy in equation
2.5a in terms of this general area, we can redefine ωc as ωc = eH/mc, where we have used
m instead of m0 , and m, defined as m = (~2 /2π)(∂ak /∂E)|kz , is known as the cyclotron
mass. This definition makes the results presented above independent of the dispersion
relation (which is contained only in the effective cyclotron mass), and it makes equation
2.9 a general expression for any type of Fermi surface.
Equation 2.9, called the Onsager relation, is the corner-stone of the field of Fermiology,
given than in general, for any morphology of Fermi surface, if we are able to determine
the frequency of passing of Landau tubes though the Fermi surface, we will be able to
directly determine the areas of the Fermi surface itself.

2.2.2

The oscillating component of the free energy

In the presence of a magnetic field, the allowed states of the electrons are restricted to
be in Landau tubes. At zero field, the number of states per unit volume in k-space is
2/(2π/L)3 = V /4π 3. At finite magnetic field the area between successive Landau tubes,
determined through eq. 2.7, is ∆a = 2πeH/c~, and then, the number of states between
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kz and kz + dkz (along the length of the tube) is
D = ∆adkz ×

V
eHV
= 2 dkz
3
4π
2π c~

(2.11)

This quantization on the electron energy, plus the degeneracy described by the equation above, has important consequences for the system free energy, and consequently, for
all the different thermodynamic quantities describing the system. For a system obeying
Fermi-Dirac statistics, the thermodynamic potential (taken to be the grand-canonical potential, with T and the chemical potential, ζ, as free parameters, given that it simplifies
the calculations (see Appendix 2 in [103])) will be given by
Ω = −kB T

Z

dkz


eHV X
(ζ−En )/kB T
ln
1
+
e
2π 2 c~ n

(2.12)

The integration of this equation, for the energy function En in eq. 2.5a, is given by

Ω=



eH
c

5/2 r





∞

1
V X 1
F
1
π
2
cos
2πn
−
±
+
O
H
′′
8π 7 ~A m n=1 n5/2
H 2
4

(2.13)

where A = (2πeH/c~)X , X = |(∂X/∂kz )|kz =0 , X = (n + 12 )|E=ζ ; and F is given
′′

′′

′′

by the Onsager relation in eq. 2.9. O (H 2 ) is the non-oscillating contribution to the
thermodynamic potential, which generally depends on the square of the field. This last

term will be irrelevant for the subsequent analysis, for which we will only consider the
oscillating first term, named Ω̃ from now on. For a parabolic band, free electron gas, the
′′

energy is given by eq. 2.5a, and X = (ζ − ~2 kz2 /2m)mc/e~H, therefore X = ~c/eH,
′′

or A = 2π. With this, the oscillating component of the thermodynamic potential for a
free-electron gas is given by the expression:
Ω̃ =

2.2.3



eH
c

5/2 

V
4
4π m~1/2

X
∞
n=1

1
n5/2





F
1
π
cos 2πn
−
±
H 2
4

(2.14)

Phase smearing effects

As presented in the previous sections, the oscillations in the thermodynamic potential as
the magnetic field is tuned, and therefore, on all the quantities that are derived from it,
come from the crossing of the Landau tubes through the Fermi surface. At T = 0, for a
perfect crystal, the width of the landau levels is infinitesimally small, and the edge of the

CHAPTER 2. OVERVIEW OF RELEVANT FORMALISMS

41

Fermi surface is perfectly defined; however, several effects can broaden such levels, like
temperature or finite relaxation time effects. Such effects reduce the “abruptness” of the
crossing of the Landau tubes through the, now fuzzier, Fermi surface, therefore reducing
the amplitude of the oscillating response of the thermodynamic potential. As shown by
D. Shoenberg, most of the effects that cause Landau level broadening are equivalent to
have a distribution of frequencies F in equation 2.13, or equivalently, to have a “phase
smearing” term [103], in which an additional phase, φn , is added to the original 2π(F/H)
term. The phase φn has a distribution probability, D(φn /λn ), associated with it, where
λn is a scaling parameter, characteristic to each phase smearing process, and representing
the width of the distribution function. In order to find the thermodynamic potential that
include such effects, the phase has to be integrated for all its possible values,

In =

R

cos 2πn

F
H

which can also be written as:



  
− 12 ± π4 + φn D φλnn dφn
R  φn 
D λn dφn

iψn

In = ℜ e

R

eiλn zn D (zn ) dzn
R
D (zn ) dzn



(2.15)

(2.16)

F
where ψn = 2πn( H
− 21 ) ± π4 and zn = φn /λn . It is interesting to note that the integral

in the numerator is the Fourier transform of the phase probability distribution function,
R
f (λn ) = exp (iλn zn ) D(zn )dzn , and




|f (λn )|
F
1
π
In =
cos 2πn
−
±
f (0)
H 2
4

(2.17)

meaning that the amplitude of each harmonic of the oscillating thermodynamic potential gets multiplied by a reduction factor Rn = |f (λn )| /f (0).
2.2.3.1

Amplitude reduction by temperature effects

The probability distribution for finite-temperature effects is given by the first derivative of
the Fermi-Dirac distribution, fF D (E). With no rigorous calculations, we can actually intuitively say that φn /λn = (µ−ζ)/kB T , and that the width of the distribution is given by the
ratio of thermal to cyclotron energy, 2πn(kB T /~ωc ), which is λn = 2πnkB T /(~eH/mc).
Therefore:
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D



µ−ζ
kB T



=−

dfF D (µ)
1
=
dµ
2kB T [1 + cosh (µ − ζ) /kB T ]
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(2.18)

The reduction factor is given by the Fourier transform of such distribution function:
(n)

RT =

πλ
2π 2 nmckB T /e~H
=
sinh (πλ)
sinh (2π 2 nmckB T /e~H)

(2.19a)

14.7n(m/m0 )T /H
sinh [14.7n(m/m0 )T /H]

(2.19b)

(n)

RT =

For eq. 2.19b, the number 14.7 is used for SI units (temperature in Kelvin and field
in Tesla). The same answer than the one obtained for the equations above, can be obtain
from a more rigorous treatment, as presented in section 2.5 of ref. 103.
2.2.3.2

Amplitude reduction by scattering: Dingle term

Scattering effects translate into finite electron relaxation time, τ , which consequently, by
the uncertainty principle, make the energy of the Landau levels less well defined. This
life-time broadening of the energy levels can be described by a Lorentzian function, which
width λ is proportional to (ωc τ )−1 :
D



φn
λn



=

1
1 + (φn /λn )2

(2.20)

with λn = π/(ωc τ /n) = nπmc/eHτ . The Fourier transform of a Lorentzian is an
exponential function, therefore the amplitude reduction factor for finite relaxation time
effects, or better known as Dingle term [104], is given by


 nπmc 
nπ
= exp −
= exp −
ωc τ
eHτ


14.7n(m/m0 )ΘD )
(n)
RD = exp −
H

(n)
RD

(2.21a)
(2.21b)

where ΘD = ~/2πkB τ is called the “Dingle temperature”, and the number 14.7 is used
for SI units (temperature in Kelvin and field in Tesla). Given that this reduction factor
(n)

is similar to RT when 2π 2 nmckB T /e~H ≪ 1, for which y/ sinh(y) ≈ exp(−y), with the

correspondence ΘD → T , then the Dingle reduction factor is similar to the one of an
increase in temperature ΘD in the system.
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2.2.3.3

Amplitude reduction due to Zeeman effect: Spin-splitting term

For a system of electrons in a magnetic field, the energy of each level is split by the Zeeman
energy, associated with the electron spin, so that En → En ± 12 ∆EZ , with∆EZ = gµB mS H,

where g is the magnetic g-factor, which is equal to 2 for free-electrons, µB = e~/2m0 c is
the Bohr magneton,
  and mS = 1/2 is the electron spin moment. ∆EZ can be rewritten
as ∆EZ = 12 g mm0 ~ωc . This means that, when including spin degrees of freedom, each

Landau level will split into two (for mS = 1/2 systems), and a full crossing of a Landau
level through the Fermi surface implies the passing of two sub-tubes corresponding to spindown and spin-up electrons. This can be thought as a phase difference for each spinterm,

1
with respect to the original F/H term, given by φ±
n = ± 2 (2πn)∆EZ /~ωc = nπg

m
m0

.

With this, the oscillating component of the thermodynamic potential is rewritten as:



cos 2πn







 


1
π
F
1
m
1
π
−
±
+ cos 2πn
+ g
−
±
2
4
H 4
m0
2
4
 





m
F
1
π
π
cos 2πn
−
±
= 2 cos n g
2
m0
H 2
4

F
1
− g
H 4



m
m0



which is equal to the original oscillating term, multiplied by a pre-factor, which is the
spin-splitting reduction factor:
(n)
RS


 
π
m
= cos n g
2
m0

(2.22)

It is interesting to note that this term is independent of magnetic field. This means that
the spin-splitting effects is not resolved as an splitting in the oscillations as a function of
field, but as an overall amplitude reduction for each frequency (it depends on the effective
mass associated with that frequency or portion of the Fermi surface). If, as in the case of
PbTe, the Fermi surface is anisotropic (and consequently, the carrier effective mass), this
pre-factor will modulate the angle dependent amplitude for each branch of cross-sectional
areas of the pockets.
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Lifshitz-Kosevich formula for the thermodynamic potential

The formula for the thermodynamic potential, after including all the different phase
smearing effects discussed in the previous section, was obtained by Lifshitz and Kosevich [105, 106] (with exception to the Dingle term). The “LK-formula” for the oscillating
component of the thermodynamic potential is

Ω̃ =

Ω̃ =





eH
c

eH
2πc~

5/2 r

3/2 





∞
V X (n) (n) (n) 1
F
1
π
1
R R R
cos 2πn
−
±
8π 7 ~A′′ m n=1 T D S n5/2
H 2
4

(2.23a)



h
 i
m
X
∞ exp − 14.7n(m/m0 )ΘD ) cos n π g
H
2
m0
2V kB T
√ ′′
×
3/2 sinh [14.7n(m/m )T /H]
n
0
A
n=1




1
π
F
−
±
(2.23b)
cos 2πn
H 2
4

The oscillating components of different physical observables in the system can be
deduced from the derivatives of the thermodynamic potential presented in the equation
above. For example, the oscillating component of the magnetization is given by M̃ =
(∂ Ω̃/∂H)|ζ . The observation of oscillations in the magnetization of a material, or a
quantity that depends directly on it, as the field is increased is known as the de Haas-vanAlphen (dHvA) effect, first observed by the physicist of the same name, in the magnetic
susceptibility of bismuth [107].

2.2.5

Shubnikov-de Haas effect

The observation of oscillations in the electrical resistance of a material as the field is
increased is known as the Shubnikov-de Haas (SdH) effect, and it was observed for the
first time by these scientists, also in bismuth [108]. The problem of quantum mechanical
electron scattering in a magnetic field, which description is necessary in the solution of the
SdH effect, makes this problem a challenging one. However, as proposed by Pippard [109],
we can intuitively relate the resistivity of a material with the density of states at the Fermi
level, D(ζ). The conductivity of a material, σ, is directly proportional to the relaxation
time, τ , and at the same time, the relaxation time is determined by the number of states
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that the electron can scatter into. Therefore, an oscillation in the density of states at the
Fermi energy, which is a consequence of the oscillation of the thermodynamic potential
in eq. 2.23a, directly generates oscillations in the conductivity of the material. In this
way, we would expect that the order of magnitude of the oscillations in conductivity is
given by σ̃/σ0 = RT (D̃(ζ)/D0(ζ)), where D0 (ζ)) is the density of states at zero field,
and RT is the amplitude reduction term due to finite temperature, and it is introduced
given that D̃(ζ) is evaluated at T = 0. A formal quantum mechanical calculation for
an spherical Fermi surface
byAdams and Holstein [110], in which they
 was performed

2
5
3
found that σ̃/σ0 = 2 RT D̃(ζ)/D0 (ζ) + 2 RT D̃(ζ)/D0 (ζ) , where the first term comes

from scattering of electrons in the highest occupied Landau tube into other tubes, and
the squared term comes from intra-tube scattering. However, as we will present below,
D̃(ζ)/D0 (ζ) is a small number, therefore the last term can be generally ignored.
In order to estimate the oscillating component of the conductivity, we need to calculate
the oscillating
component of the density of states. This is given by D̃(ζ) =


2
2
− ∂ Ω̃(ζ)/∂ζ ) |T =0 . Therefore, from the thermodynamic potential in eq. 2.23a,





∞
2eH mV X (n) (n) 1
F
1
π
√
R R
cos 2πn
−
±
(2.24)
D̃(ζ) =
πc~ π~2 A′′ n=1 D S n1/2
H 2
4
√
For a Fermi gas, D0 (ζ) = V mkF /π 2 ~2 = V m AF S /π 5/2 ~2 , where AF S is the Fermi
p
surface extremal area; and for the fundamental harmonic, |D̃(ζ)| = RD RS (mV /π 2 ~2 ) eH/c~,
r

then:

σ̃
≈ RT RD RS
σ0

r

πeH
= RT RD RS
c~AF S

s

H
2F1/H

(2.25)

For example, for a good metal like Cu, in which kF = 1.36 × 108 cm−1 , F1/H ≈ 61kT,

and for a typical experimental field of 10 T, σ̃/σ0 ≈ 10−4 . Variations of 0.01% in the

conductivity are hard to detect, specially for a good metal, and this is the reason why the
SdH effect is very rarely observed. In fact, this effects is only observable in semiconductors
or materials with very small Fermi surfaces, like in the case pertaining this thesis (PbTe),
for which the typical main frequency of oscillation is of the order of 10 T to 100 T,
therefore, at σ̃/σ0 ≈1 to 0.1, which is easily detectable.

For the SdH experiments presented in chapter 6 we have measured resistivity, not

conductivity. We can approximately say that ρ ≈ 1/σ, where the total conductivity is
the sum of the non-oscillatory and oscillatory component, σ = σ0 + σ̃ = σ0 (1 + σ̃/σ0 ).
Therefore:
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(2.26)

Ignoring the higher order terms in σ̃/σ0 , we can approximately say that [111]:


ρ(H) − ρ0
σ̃
≈−
σ0
ρ0

(2.27)

where ρ0 is the non-oscillatory component of the magnetoresistance, and ρ(H) is the
total magnetoresistance, measured in the experiment. Therefore,




∞
F
1
π
ρ(H) − ρ0 X (n) (n) (n) 1
RT RD RS 1/2 cos 2πn
∝
−
±
ρ0
n
H 2
4
n=1

(2.28)

which is the meaningful equation that we will use to directly obtain different physical
parameters from our measurements in PbTe. In this case, ρ0 is the background of the
magnetoresistance data (non-oscillatory part), which will be found through different fitting procedures, an operated with the total magnetoresistance measurement in order to
obtain the oscillatory part of the conductivity, as presented in the equation above.

Chapter 3
Experimental Methods
3.1
3.1.1

Crystal growth
BaPb1−xBix O3

Single crystals of BaPb1−x Bix O3 were grown using a self-flux technique (see ref. [114] for
general information about this method), similar to that described in ref. 115, where the
flux is a combination of lead oxide (PbO, 99.99% purity, from Alfa Aesar) and bismuth
oxide (Bi2 O3 , 99.999% purity, from Alfa Aesar). The barium compound can either be
barium carbonate (BaCO3 , 99.95% purity, from Alfa Aesar) or barium oxide (BaO, 99.5%
purity, from Alfa Aesar), the first being the one used in most of our growths given that
it is less toxic than BaO, and given that BaO absorbs water from the environment very
fast, making it difficult to obtain an accurate weight. With this, we can say that the most
general initial composition for this growth is:


1
[BaCO3 ]y + (P bO)1−z + ( Bi2 O3 )z
2
1−y

(3.1)

Considering the phase diagrams of BaO-Bi2 O3 (assuming it to be equivalent to the
system BaCO3 -Bi2 O3 ) and BaCO3 -PbO, shown in Fig. 3.1, we calculated the optimal
conditions in order to obtain large-homogeneous crystals separated from the flux. For

formation of BaBiO3 with Bi2 O3 excess, the molar % of BaCO3 with respect to 21 (Bi2 O3 )
(which we call B) has to be in the range of approximately 30% to 50%. For formation of

BaPbO3 with PbO excess, the molar % of PbO with respect to BaCO3 (which we call P )
has to be in the range of approximately 65% to 90%. The values of y and z (in equation
3.1) are calculated based on the optimum range for B and P as,
47
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Figure 3.1: (a) Binary phase Diagram of 1/2Bi2 O3 -BaO/BaCO3 . Taken from ref. 112. (b)
Binary phase Diagram of BaO/BaCO3 -PbO. Taken from ref. 113.
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Figure
3.2: (a) Contour plots of the values of B (molar % of BaCO3 with respect to

1
2 (Bi2 O3 )) and P (molar % of PbO with respect to BaCO3 ) for different values of x and
y, as defined by equation 3.1. The red curves show the limit for the optimum values of B (0.3 to
0.5), and the blue curves, the ones for P (0.65 to 0.9). The intersection between the four colored
curves represent the optimum values of x and y in order to grow crystals of BaPb1−x Bix O3 . (b)
Picture of a collection of representative superconducting single crystals of BaPb1−x Bix O3 .

y=
z=





P
1
+
1−P
B

−1

B×P
1+
(1 − B) (1 − P )

(3.2a)
−1

(3.2b)

Figure 3.2(a) shows the range of values of y and z that optimize the values of B and P
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(region inside the intersection of the red and blue curves). After determining the values of
y and z for each growth (these values were varied for different growths in order to obtain
different Bi-dopings), the starting materials were weighed, roughly mixed and placed in
platinum crucibles. The crucibles were covered with a platinum lid, and then placed in a
box furnace. The mixture was heated up to 1050 ◦ C in a period of 8 hours, and kept at this
temperature for 24 hours. Then, the mixture was slowly cooled to 900 ◦ C, in a period of
120 to 130 hours, and then decanted at this last temperature by dropping the crucible on
a side, in order to help the separation of crystals from the flux. Then the formed crystals
were mechanically removed from the flux and the crucible with a scalpel. Representative
crystals for superconducting compositions are shown in fig. 3.2(b). Typical sizes of the
single crystals grown are 1-2mm. Different morphologies can be recognized. Some crystals
have the morphology expected for a cubic crystal, with easily recognizable (100)P C (with
respect to the cubic, i.e., pseudocubic (PC)) faces, as shown for the top row pictures in
the figure. Some fraction of the crystals show morphologies more difficult to index, with
an pyramid-like shape, as shown in the pictures in the bottom row. Additionally, it was
common to find a large thin flat crystal (several centimeters) on the top of the melt in
the crucible, with a exposed (100)P C face.
The cation composition (Pb-to-Bi ratio) was determined by electron microprobe analysis (EMPA), performed by R. Jones at the Stanford Nanocharacterization Lab, in different
samples of the same batch, and in at least five different points of the same sample, to
check for gross compositional inhomogeneities. These measurements revealed a uniform Bi
composition, x, across each sample of BaPb1−x Bix O3 , within the experimental uncertainty
(∆x ± 0.02). The standard deviation from sample-to-sample compositional variation is
also within the experimental uncertainty.

3.1.2

PbTe

Crystals of Na-doped and Tl-doped PbTe were grown by an unseeded physical vapor
transport (VT) method, by sealing in vacuum polycrystalline pieces of the already doped
compound, with (or close to) the desired final stoichiometry, in quartz tubes. The synthesis of the polycrystalline doped compound, used in the VT stage, varied slightly depending
on the dopant (Na or Tl). These growths were guided by the binary phase diagram shown
in fig. 3.3(a).
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Figure 3.3: (a) Binary phase Diagram of Pb-Te. Taken from ref. 8. (b) Configuration for the
first stage in the Na-doped PbTe growth process.

3.1.2.1

Na-doped PbTe

High purity metallic lead (Pb, 99.999% purity, from Alfa Aesar), tellurium (Te, 99.999+%
purity, from Alfa Aesar) and sodium (Na, 99.9% purity, from Sigma Aldrich) pieces were
weighed in stoichiometric ratios, and placed in alumina crucibles. Given that sodium is
highly reactive in air, special care is need in order to prevent oxidation. The sodium pieces
used are storage in mineral oil. A piece is cut and weighed in air (while still protected
by a small amount of oil), and immediately transferred inside a nitrogen-filled glove box,
where cleaning of the oil is performed by immersing the piece in heptane. The piece of
sodium is then placed inside an alumina crucible, together with the weighed Pb and Te,
and then inside a quartz tube, as shown in the picture in fig. 3.3(b). In order to prevent
contact of Na with air, a valve is placed on top of the quartz tube and closed before
removing the tube plus materials from the glove box. The top of the tube plus valve are
then connected to a vacuum pump, and the bottom part of the quartz tube is separated
from the rest of the tube by melting the quartz around a quartz disc placed above the
crucibles, as shown in the picture in fig. 3.3(b). This way, the starting materials will be
sealed in vacuum, and the Na ideally never had direct contact with air.
Given that Na reacts strongly with quartz, the quartz tube containing the starting
materials was sealed in a secondary quartz tube with a larger diameter. This set was then
taken to a box furnace, and heated up to 1000 ◦ C in a period of 4-6 hours, and held at
this temperature for 7 hours. The tube was then removed from the furnace and rapidly
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Figure 3.4: Pictures of representative crystals of Na-doped and Tl-doped PbTe. Typical sizes
are of the order of 1mm.

quenched in water by dropping it inside a water container, to prevent slow diffusion of
Na out of the material. A subsequent sinter at 700 ◦ C for 48 hours was performed. The
process described above is similar to the one used in ref. 116. After this process, the
material was removed from the crucible, ground into fine powders (in air), and then coldpressed into a 1 cm diameter pellet. The pellet was sealed in quartz, not in vacuum but
in an argon environment to prevent mass transport. The pellet was then sintered again
at 500 ◦ C for 24 hours. After this, the pellet was broken into small pieces (0.5-3mm), and
placed in an fully evacuated quartz tube, with a length of 10 cm, which has been optimized
for the natural gradient of the furnace to be used in the VT (by Y. Matsushita [117] and A.
Erickson [118]). The tube was placed in a horizontal furnace, which has a natural typical
temperature gradient of 1-2◦/cm, measured from the center of the furnace [117]. The
material is placed in the center of the tube, and then heated up to 700-750 ◦ C and held
at this temperature for 10 days. Mass transport occurs from the hottest part of the tube
(center, where the material is initially placed) to the cooler ends, at which high quality
single crystals will nucleate thanks to the slow mass transport. Additionally, depending
on slight variations in the furnace temperature gradient, some single crystals are observed
to form at the top of the initial polycrystalline pile at the center of the tube, which is
possibly due to a slight vertical temperature gradient due to contact of the quartz tube
with the furnace central-thermocouple. These crystals had a reduced quality and the
good pieces were smaller in size. Figure 3.4 shows pictures of typical crystals of Na-doped
(and Tl-doped) PbTe obtained through the method described above.
The amount of Na lost in each of the stages is large, given the low melting point of
this material. The lost Na was seen to attack the inner walls of the quartz tube. For
the growths in which a larger amount of Na was used, this effects were more pronounced,
especially in the VT-crystal growth state, even making the tube porous (to prevent this,
thicker quartz tubes, or carbon-coated tubes could be used). For this thesis, successful
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growth of single crystals with Na concentration up to 0.6% was obtained.
The Na content determination was found to be challenging. The values of Na doping
studied in this thesis were below the weight % resolution of the available Electron microprobe analysis tools. Additionally, Inductively Coupled Plasma (ICP) mass spectrometry
yielded contradictory results. Therefore, the estimations on the Na content of the samples
quoted in the different sections in chapter 6 were made through the determination of the
carrier concentration via Hall coefficient measurements, assuming one hole per Na dopant.
3.1.2.2

Tl-doped PbTe

High purity Lead Telluride (PbTe, 99.999% purity, from Alfa Aesar), Thallium telluride
(Tl2 Te, 99.9% purity, from Alfa Aesar) and metallic tellurium (Te, 99.999+% purity,
from Alfa Aesar) were weighed in stoichiometric ratios, and then mixed by grinding to
fine powders, in air. The powders were cold-pressed into a compact pellet, and then
sealed in quartz tubes with a small argon pressure. The pellet was then sintered at 600
◦

C for 24 hours, and the grind-press-sinter process was repeated once more [117, 118].

After this, the pellet was broken into small pieces (0.5-3mm), placed in a quartz tube,
with a length of 10 cm and fully evacuated, just as for the VT-stage for the Na-doped
compound. The tube was placed in a horizontal furnace, heated up to 700-750 ◦ C and
held at this temperature for 10 days. Crystals with similar characteristics to the ones
found for Na-doped PbTe were obtained.
Determination of the Tl concentration was performed by comparing the samples Hall
number with the Hall numbers obtained for samples in a previous Ph.D thesis study
in our group, in which the same crystal growth procedure was followed [117]. In this
previous work, a careful determination of the Tl-concentration was performed by electron
microprobe analysis, with a good statistic in order to minimize error associated to the
low Tl-doping.

3.2
3.2.1

Transport measurements
Resistivity Measurements

Electrical resistance measurements of the different samples of BaPb1−x Bix O3 and dopedPbTe were performed by using a four point method. Resistivity was calculated from
resistance by multiplying by the corresponding geometrical factor of the samples, by
measuring their rectangular-shape dimensions in a Leica microscope with an attached
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Figure 3.5: Configurations used for four-point resistivity measurements, in crystals of (a) Superconducting BaPb1−x Bix O3 and (b) Tl- and Na-doped-PbTe. (c) Picture of the connections
of the PbTe samples to the 8-pin dip connector used for the high-field measurements in the
Magnet Lab - DC facility (Tallahassee).

camera, connected to a computer in which a software is calibrated to perform these
measurements. For both type of samples (BaPb1−x Bix O3 and doped-PbTe), gold was
evaporated and patterned in the form of four strips on the top surface of the crystals (for
some samples the middle strips were broken in two, to pattern a Hall bridge/six point
configuration). Then, gold wires were attached to the gold-pads by using 4929N-Dupont
air-dry silver epoxy. The other end of the gold wire was attached to a thin glass slide in
which the crystals are mounted, and then the slide is mounted in the measurement-probe,
from which probe wires are attached to the connections in the glass slide, as shown in
fig. 3.5(a,b). For the high-field resistance measurements of the doped-PbTe samples,
additional care is needed in the configuration of wire connections. In order to minimize
the emf voltages due to time derivatives of the magnetic field, the loop-areas formed by
current and voltage leads need to be minimized. This is done by minimizing the length
of the gold wires attached directly to the sample, and by twisting the voltage-pairs and
current-pairs of wires wherever possible, particularly the wires that connect the probe to
the glass-slide in which the sample is mounted. This configuration is shown in fig. 3.5(c).
Most of the zero-field and low-field resistance measurements (up to 14T) were performed in a Quantum Design Physical property measurements system (QD-PPMS), in
which temperature can be varied from 1.8K to 400K. The resistance was measured by
using either the PPMS AC-transport option (with a low frequency current signal), or by
using a Keithley 6221 AC current source, synchronized with a Stanford Research SR-830
lockin amplifier to measure the resulting voltage signal. The sample voltage signal was
amplified and filtered using a Stanford Research SR-560 low-noise preamplifier. This last
configuration was used mostly for the quantum oscillation measurements.
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High-field resistance measurements in doped-PbTe were performed in three different
high field laboratories: The National High Magnetic Field Lab (NHMFL), DC-field (Tallahassee) and Pulsed-field (Los Alamos) facilities; and The High Field Magnet Laboratory,
in Nijmegen, The Netherlands. For these high field measurements, resistance was measured by using the Keithley 6221 AC current source, synchronized with a SR-830 lockin
amplifier, and a SR-560 low noise preamplifier. For the Nijmegen measurements, the
current source used was the output of the lockin amplifier, with a load resistance connected in series with the sample, in order to fix the output-current. For these experiments
the samples were mounted in a 4 He variable temperature insert (VTI) probe, in which
temperature can be varied from 1.4K to 325K. For the angle dependence measurements,
samples were mounted in a one-axis rotator, and measurements were taken by sweeping
magnetic field between minus and plus maximum field at a fixed angle and temperature,
and then rotating at full field to the next angle.

3.2.2

Hall measurements

Hall measurements were performed for doped-PbTe samples in order to determine their
Hall number pH . For each sample, Hall voltage was measured by connecting two current
leads on two opposite sides of a rectangular-shaped sample, and two voltage leads in
the other two opposite faces (to measure the transverse voltage) by using 4929N-Dupont
silver epoxy. For these measurements, gold was not evaporated on the faces. Under
these conditions, the contact resistance is larger than with evaporated gold (10Ω range
compared to 1Ω range), and increases rapidly with time. However, measurements were
performed shortly after attaching the leads, which was sufficient for obtaining good data.
Hall voltage as a function of magnetic was measured in the QD-PPMS system (up to 14T),
for +H and −H field sweeps, using the same instrumentation and equipment described

in the previous section. The data was then anti-symmetrized with respect to magnetic
field, and the slope of the linear Hall voltage was used to determine the Hall number for
each sample.

3.2.3

Magnetoresistance background subtraction techniques

The high-field Shubnikov-de Haas (SdH) measurements in doped-PbTe required the subtraction of the non-oscillating magnetoresistance component, in order to be able to access
the information of the frequency components of the oscillating magnetoresistance, from
which the Fermi surface cross-sectional areas can be extracted. Background subtraction
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can introduce low-frequency artifacts in the Fourier transform of the data, which is particularly inconvenient for the analysis of SdH data of low carrier density materials, given that
the intrinsic frequencies of oscillations are in the low-frequency regime as well, overlapping with those artificial frequencies introduced by the background subtraction. Different
techniques were tested and applied in order to reduce the number of artificial frequencies,
or to drive the frequency of those artifacts as close to zero frequency, and zero amplitude,
as possible. Each technique has its pros and cons, as we explain below. All background
subtraction procedures were performed by using Matlab programs written as part of this
thesis work.
• Derivative: This technique is useful for measurements that show an almost-linear
background. If the background is well described by higher order polynomials, higher
order derivatives can be performed in order to eliminate the non-oscillating components of the signal. However, performing numerical derivatives can also amplify
noise if a dense enough data interpolation is not made, or if the data is not smooth
enough. This can be fixed by smoothing the data by adjacent averaging or other
technique (or by applying a filter with a low frequency cutoff), however the high
frequency components of the oscillations are strongly affected this way. Therefore,
we only tried a first order derivative for samples that showed an almost linear background for all the angles. This was the case of the self-doped PbTe sample studied,
and this technique was the only one through which we could resolve the fundamental
frequency, which is very low frequency.
• Polynomial fit: The most general polynomial fit, that reduces the introduction
of oscillating components in the background, is a third degree polynomial. This

technique worked for slowly varying backgrounds, with no inflection points or large
shoulders, and in which the amplitude of the oscillating component of the data
is not very large. However, this background fitting was found to be the one that
introduced the largest amplitude artifacts, and in a frequency range that overlapped
with the low frequency components of the signal for many of the samples studied.
• Wide-range smoothing: A wide-window adjacent-averaging smoothing of the

data can be performed, in order to average-out the oscillating component of the
signal. This method works well for the intermediate field range; however, the shape
of the background-subtracted oscillation at the end-points of the signal, particularly
the high field one, in which the oscillations have a large amplitude, are strongly
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affected by this method.
• Manual spline fit: A Spline interpolation of a collection of points is a function
defined by sections (separated by the points), by polynomials of degree n (which
defines the degree of the spline), in which the polynomials and their n-1 derivatives
at the points and in between them, are continuous. This function maximizes the
smoothness of the interpolating curve. This method was the one that worked the
best in general, given that by looking at the whole range data you can have a good
idea of how the background evolves with magnetic field. Given this, points can be
manually plotted on top of the data, in such a way that they follow the background,
and then the spline interpolation of these points is made. This fit is particularly
useful for data that shows very different backgrounds for different angles, and to
which applying the same functional form fit for all the angles is not reasonable
(which happened to be the case for most of the Na-doped samples). Additionally,
this is the only way of getting a good background subtraction to samples that showed
inflection points or large shoulders.

3.3

Magnetic Susceptibility measurements

DC magnetization and magnetic susceptibility measurements of BaPb1−x Bix O3 were performed in a Quantum Design Magnetic Property Measurement System (MPMS), in which
a SQUID magnetometer is installed. This system uses a second order gradiometer to measure the magnitude of the magnetic moment of the sample. In this technique, the sample
is displaced with respect to the position of two SQUID pickup-coils, while the voltage
response of the coils (generated by the moving dipole moment) is detected. These measurements were performed in order to determine superconducting volume fractions, superconducting critical temperatures and critical fields of BaPb1−x Bix O3 . The temperature
range of the instrument is 1.8K to 400K. Magnetic fields up to 5T can be applied.
Samples were mounted in between two plastic straws, for individual samples measurements, or inside a gel-capsule placed inside an straw, for measurements of a collection of
samples, or powders. A demagnetization procedure of the MPMS superconducting magnet
was done, in order to minimize the remnant magnetic field of the superconducting coil at
zero current, that can occur naturally in this type of magnets, and which can be as big as
50 Oe. Alignment of the sample to place it in the geometrical center of the susceptometer
was done at 2K, for which the diamagnetic signal is large due to superconductivity of the
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samples. After alignment, zero field cooled and field cooled susceptibility measurements
were taken, as a function of increasing temperature, by stabilizing at each temperature
point. Magnetization curves as a function of magnetic field were performed at base temperature after entering the superconducting state at zero field, and then sweeping from
H = 0 to +H.

3.4

Heat Capacity measurements

Heat capacity (HC) measurements were performed in the QD-PPMS system, using the
heat capacity option and stage of this commercial system. The method used to determine
the heat capacity of the samples in this QD system is the relaxation method, in which a
heat pulse is applied to the sample, which is weakly connected to the environment through
thin wires attached to a sample platform. The system measures the time response of the
sample temperature, and finds the characteristic time τ of the exponential temperature
relaxation, which is directly related to the sample HC. In order to subtract the contributions to heat capacity not coming from the sample itself, an “addenda” measurement
is taken previous to mounting the sample in the HC stage, this is, a measurement of an
empty platform, which will be subtracted from the measurement in which the sample is
mounted in the platform. HC measurements for BaPb1−x Bix O3 samples were taken at a
fixed field (of zero or for H > Hc2 ), as temperature is varied, and stabilized at each data
point in order to record the HC data.

3.5

High Resolution Transmission Electron Microscopy
measurements

High Resolution Transmission Electron Microscopy (HRTEM) measurements were performed by Ying Zhang and Mathew Kramer, at Iowa State University. In order to obtain
HRTEM measurements of BaPb1−x Bix O3 , samples of each concentration studied were
crushed in liquid-nitrogen-cooled ethyl alcohol, and the liquid was allowed to warm to
room temperature. The slurry was stirred and a small droplet was placed on a holey
carbon grid and dried in air. Measurements were taken at room temperature. The samples were analyzed using a FEI G2 F20TEM Tecnai STEM operated at 200 keV. Thin
areas were analyzed with selected area diffraction, energy dispersive spectroscopy, and
high-resolution imaging. Thin areas were aligned with either the [010] or the [001] zone
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axis based on indexing to the Ibmm structure (space group No. 74), showing clear lattice
fringes in the HRTEM. All the HRTEM images taken reveal a well-ordered structure,
from which the information about the structural phase separation can be obtained in the
way described in chapter 5.
Analysis of the resulting HRTEM images was performed by using a combination of
two kinds of software: Gatam Digital Micrograph, for reading of the images obtained by
the instrument, for performing the Fourier transform, and for applying the different masks
used to extract information of each individual structural polymorph; and Matlab, for the
subsequent statistical analysis of the filtered images, and calculation of the correlation
functions, as presented in chapter 5. All the Matlab code used for this last analysis was
developed as part of this thesis work.
The following two sections introduce tools and definitions that are important in the
data analysis of the HRTEM images presented in chapter 5.

3.5.1

Electron diffraction patterns

Simulated electron diffraction patterns for tetragonal I4/mcm and orthorhombic Ibmm
polymorphs of BaPb1−x Bix O3 along the [001]T and [010]T zone axis were obtained through
the University of Illinois web-based electron microscopy application software (WEBEMAPS) [119], using the atomic parameters shown in tables 3.1 and 3.2. Along both
of these zone axis, the (hkl) set of reflections with hlk even, are common to both, orthorhombic and tetragonal phases. However, for both zone axes, the (hkl) set of reflections
with hlk odd, appears only in the orthorhombic phase and not in the tetragonal.
Atom
Ba
Pb/Bi
O1
O2

Wyck.
4b
4c
8h
4a

Site
-42m
4/m
m.2m
422

x/a
0
0
0.2179(14)
0

y/b
0.5
0
0.7179(14)
0

z/c
0.25
0
0
0.25

Table 3.1: Atomic parameters for tetragonal BaPb1−x Bix O3 (space group I4/mcm, No. 140),
with x ≈ 0.28, as reported in ref. 28. The site 4c is fully occupied by Pb/Bi, and the Pb to Bi
ratio is determined by x.

3.5.2

Auto-correlation Function

The spatial autocorrelation function G(~r) of an image is defined as the statistical correlation of two points separated by a vector ~r = ~ri − ~rj , where ~ri and ~rj are the positions
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Atom
Ba
Pb/Bi
O1
O2

Wyck.
4e
4a
4e
8g

Site
mm2
2/m
mm2
.2.

x/a
0.496
0
0.0496
0.25

y/b
0
0
0
0.25

z/c
0.25
0
0.25
0.9741

Table 3.2: Atomic parameters for orthorhombic BaPb1−x Bix O3 (space group Ibmm, No. 74),
with x ≈ 0.28, as reported in ref. 28. The site 4a is fully occupied by Pb/Bi, and the Pb to Bi
ratio is determined by x.

of those two points in the image [120].
G(~r) =

1 X (Ii − hIi1 )(Ij − hIi2 )
N(~r) i,j
σ1 σ2

(3.3)

where

N(~r) =

X

δ~r,(R~ i −R~ j )

(3.4a)

i,j

1 X
δ ~ ~ Ii
N(~r) i,j ~r,(Ri −Rj )
1 X
hIi2 =
δ ~ ~ Ij
N(~r) i,j ~r,(Ri −Rj )

(3.4b)

hIi1 =

σ12 =
σ22 =

1 X
δ ~ ~ I2
N(~r) i,j ~r,(Ri −Rj ) i
1 X
δ ~ ~ I2
N(~r) i,j ~r,(Ri −Rj ) j

(3.4c)
!

− (hIi1 )2

(3.4d)

!

− (hIi2 )2

(3.4e)

The average spatial autocorrelation function hG(~r)i is the result of averaging the

correlation function of all vectors with the same magnitude |~r|. The angle-dependent

autocorrelation function hGθ (~r)i is the result of averaging the correlation function of all
vectors with orientation θ with respect to the horizontal axis, and magnitude |~r|. The
computation of these quantities was performed by using a Matlab code that implemented

such functions, for images in which each pixel was treated as the position in a 2D matrix,
and in which the intensities of the images at each pixel were the corresponding matrix
elements.

Chapter 4
Physical Properties Characterization
of BaPb1−xBixO3
In this chapter I will present measurements performed in order to characterize the transport and thermodynamic properties of BaPb1−x Bix O3 for a concentration range spanning
the superconducting dome, that is, from x = 0 to x ≈ 0.3. I will discuss how the set of

these measurements suggests that inhomogeneities play a key role in the determination of
the observed superconducting properties for this material, which, as we will discuss further in chapter 5, are possibly associated with the structural phase separation observed
for this range of Bi concentrations. Several of the results presented in this chapter were
published in refs. 29 and 30.

4.1

Normal state properties

BaPbO3 is metallic whereas BaBiO3 is insulating. In this section I describe how the
normal state properties of the solid solution BaPb1−x Bix O3 evolve with increasing x.
Optical reflectivity measurements have previously shown the opening of an optical gap at
a composition of x ≈ 0.35 [25, 27], beyond which an activated temperature dependence

of the resitivity is observed [27]. This gap is associated with the CDW instability. Below
this Bi concentration, this compound shows an evolution of its electrical properties, from
a bad-metal (BaPbO3 ) to a progressively-worse metal (for 0 < x < 0.35), as we will show
below.
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Figure 4.1: (a) Temperature dependence of the absolute value of the resistivity for representative samples of BaPb1−x Bix O3 with Bi composition x spanning the superconducting phase
diagram. (a) Same curves as in (a), but normalized by the room temperature resistivity, and
shown on a linear scale.
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Figure 4.2: (a) The black curve shows a measurement of resistivity vs temperature for a
representative sample of the metallic parent compound, BaPbO3 . The red curve is a fit to a
power law of the form ρ(T ) = ρ0 + ρ1 T α , for the temperature range of 70K to 300K, for which
α = 1.72. (b) The color scale represents the instantaneous power law exponent, α = d(log(ρ(T )−
ρ0 ))/d(log(T )), as a function of temperature and Bi concentration, x, for representative samples
showning a “metallic-like” resistivity.

4.1.1

Normal state resistivity

Resistivity measurements were obtained using a four probe technique, as described in
section 3.2. As a result of the irregular shape of the cleaved crystals, given the 3D crystal
structure of this material, a large uncertainty in the geometrical factor needed to calculate the absolute resistivity from these resistance measurements is introduced. In order
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to minimize this uncertainty, five samples of each composition were measured, and the
room temperature resistivities, calculated with the individual geometrical factors, were
averaged in order to scale the resistivity of a representative sample of each batch. The
resulting curves are shown in Fig. 4.1(a), for compositions ranging from x = 0 (metallic
parent compound) up to x = 0.29 (near the boundary of the CDW transition). Low
Bi concentrations show “metallic-like” behavior, with a positive temperature coefficient,
whereas compositions above x = 0.24 show “insulating-like” behavior, with a negative
temperature coefficient (but not an activated temperature dependence). Fig. 4.1(b)
shows the same curves, but normalized by the room temperature resistance. The metallic
parent compound is a bad metal, as reflected by the absolute value of resistivity, which is
approximately 0.5 mΩcm at room temperature, and in the RRR ratio of approximately
1.5. These values are far from the typical µΩcm range and RRR>100 of typical good
metals like copper or gold. The temperature dependence of the metallic parent compound BaPbO3 (figure 4.2(a)) approximately follows a T 1.7 dependence for most of the
temperature range studied (300K down to 70K), saturating at low temperature due to
disorder scattering. It is not clear whether this apparent power law is simply the result of a cross-over between low and high temperature regimes, or if it signifies a more
fundamental departure from typical metallic behavior. As Bi is doped into the system,
there is a gradual evolution on the temperature dependence of resistivity. This evolution
can be represented by the local power law exponent, α. Assuming that over a limited
temperature range ρ(T ) = ρ0 + ρ1 T α , then α at each temperature can be found from
α = d(log(ρ(T ) − ρ0 ))/d(log(T )). Figure 4.2 shows a contour plot of α as a function
of temperature and Bi concentration, x, for representative samples with compositions
that show “metallic-like” behavior (i.e., positive temperature coefficient). For all these
compositions, α evolves from α < 2 at high enough temperatures, to α > 2 at lower
temperatures. This evolution suggest a gradual increase in disorder as x increases, as
it resembles the phenomenology observed in disordered films of a metal embedded in an
insulating or badly conducting matrix.
The turning point between insulating and metallic behavior appears to occur very close
to optimal doping and much before the composition where the gap associated with the
CDW opens (x ≈ 0.35, according to optical conductivity studies [25, 27]). Nevertheless,

sample-to-sample variation in both the temperature dependence of the resistivity and superconducting transition temperatures for samples with the same nominal Bi composition
is evident and reveals the inhomogeneous nature of this material. Normalized resistivity
curves for five different samples of each of the compositions studied are shown in Fig.
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Figure 4.3: Sample-to-sample variation of the normalized resistivity, as a function of temperature, for samples of Bi composition (a) x =0 (BaPbO3 ), (b) x =0.11, (c) x =0.18, (d) x =0.19,
(e) x =0.24, (f ) x =0.25, (g) x =0.28, (h) x =0.29. Inset to all the figures show a detailed
view of the superconducting transition. Data for x = 0.29 appears to indicate the presence of a
phase transition at approximately 160 K. The nature of this putative phase transition was not
investigated, but it possibly corresponds to a structural phase transition associated with one of
the polymorphs.
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4.3. Samples around optimal doping show the least variation both in the temperature
dependence of the normal-state resistivity and in Tc .
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Figure 4.4: (a) Heat capacity measurements, plotted as Cp /T vs. T 2 , for BaPb1−x Bix O3
samples with Bi concentrations x of 0.19, 0.24, 0.25 and 0.28, at a fixed magnetic field of
5T for the lowest concentration, and 6T for all the others. The field is close but above the
superconducting upper critical field Hc2 , and it is applied in order to suppress superconductivity,
and therefore allow determination of the electronic contribution to the heat capacity in the
normal state. (b) Same curves as in (a), but in the lower temperature range. A Schottky
anomaly is observed for temperatures below 0.8K (T 2 <0.66K2 ). The gray line shows a linear
fit of the optimally doped sample (x =0.25), from which a value of γ = (1.11 ± 0.02)mJ/K 2 mol
can be extracted.

x
0.19
0.24
0.25
0.28

γ (mJ/K2 mol)
3.0 ± 0.1
1.6 ± 0.2
1.40 ± 0.04
1.15 ± 0.07

β (mJ/K3 mol)
0.161 ± 0.003
0.235 ± 0.006
0.245 ± 0.001
0.237 ± 0.004

ΘD (K)
230 ± 2
202 ± 2
200 ± 0.4
202 ± 1

γlowT (mJ/K2 mol)
1.11 ± 0.02
1.11 ± 0.02
1.11 ± 0.02
1.11 ± 0.02

Table 4.1: Heat capacity parameters extracted from the curves presented in fig. 4.4(a), by
using a parabolic fit (Cp /T = γ + β(T 2 ) + α(T 2 )2 ) in the temperature range of 0.8K to 12K
(avoiding the Schottky anomaly). γ is the electronic contribution to the heat capacity, β is the
phononic contribution to the heat capacity, and ΘD is the Debye temperature, which is extracted
from the parameter β = (12π 4 /5)nR/Θ3D . From this fit, the determination of the values of γ is
not as accurate as a low-temperature fit, given the wide temperature range used for the fit. A
better estimation of the electronic contribution to the heat capacity is presented in fig. 4.4(b),
by doing a linear fit to the low-temperature range. From this fit a value of γlowT = 1.11 ± 0.02
is extracted, with no apparent variation of this value for the different compositions studied.
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Heat capacity measurements for compositions around optimal doping are shown in
Fig. 4.4(a), for fields of 5T for the lowest Bi concentration (x =0.19), and 6T for the rest
of the compositions measured (in order to suppress superconductivity), and temperatures
down to 0.4K. The Debye temperatures and electronic contributions to the heat capacity,
obtained through a fit in wide temperature range (0.8K to 12K), are summarized in table
4.1. A detailed view of the low-temperature heat capacity can be observed in fig. 4.4(b).
Differences in the heat capacity magnitude and temperature dependence are negligible in
this range of temperatures, and within the error bar of the measurements. For all the
samples, a Schottky anomaly is observed for temperatures below 0.8K (T 2 <0.66K2). A
linear fit for the optimally doped sample (x =0.25) in a limited low temperature range
(0.8K to 3.4K), excluding the Schottky anomaly, is shown in this Cv /T vs. T 2 plot, from
which the electronic contribution to the heat capacity can be determined more precisely.
The value obtained is γ = (1.11 ± 0.02)mJ/K 2 mol.

4.2
4.2.1

Superconducting Properties
Magnetic susceptibility measurements

Magnetization and DC magnetic susceptibility measurements were taken using a commercial Quantum Design SQUID magnetometer. For each composition, measurements
were made for mosaics of approximately ten crystals, held in a gelatin capsule. Curves
of magnetization vs. applied magnetic field for these samples, at a temperature of 2K,
are shown in figure 4.5(a). From these, approximate values of Hc1 are obtained in two
different ways. A crude estimate of Hc1 (see fig. 4.5(b)) can be obtained from the peak
magnetization, this value slightly overestimating the field at which flux first penetrates
the samples. Additionally, Hc1 can be estimated from the field at which the magnetization
curves deviate from a linear behavior, this value being closer to the field at which flux
penetration starts. Values of Hc1 determined in both manners show a clear compositional
variation (fig. 4.5(b)), being largest for compositions near optimal doping (x ≈ 0.25).
Curves of field-cooled and zero-field-cooled magnetic susceptibility as a function of temperature are shown in Fig. 4.6(a). Data were taken using a field below Hc1 (x) for each
of the compositions studied. An estimation of the upper bound to the superconducting
volume fraction can be obtained from these measurements in two different ways: from the
slope of the low field magnetization curves (for H<<Hc1 ); and from the value of the zerofield-cooled magnetic susceptibility at 2K, obtaining similar values from both methods.
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Figure 4.5: (a) Zero-field-cooled magnetization vs. applied magnetic field at T = 2K for
Bi concentrations x of 0.18, 0.19, 0.24, 0.25, 0.28 and 0.29 (b) Critical magnetic field Hc1 for
samples with different Bi concentrations, estimated from the curves shown in (a), as the peak
magnetization (open symbols) and deviation from linear behavior (solid symbols).
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Figure 4.6: (a) Field-cooled (FC) and zero field-cooled (ZFC) magnetic susceptibility vs.
temperature for samples with Bi concentrations x of 0.18, 0.19, 0.24, 0.25, 0.28 and 0.29 (b)
Black squares (left scale) show the superconducting volume fraction estimated from the value
of susceptibility at 2K (open black squares) and the slope of the M vs. H curves, below Hc1
(solid black squares). The superconducting critical temperature, estimated using a 1% drop in
the susceptibility, with respect to the 2K-ZFC value, is shown in the red circles, and right scale.

Demagnetization factors were not taken into account, which can only reduce the values
obtained from the measurements. The average of this upper bound of the superconducting volume fraction obtained by both methods, as a function of Bi composition, is shown
in Fig. 4.6(b) (right axis, red triangles), showing a maximum of 47% for optimal doping
(x ≈ 0.25), and decreasing for lower and higher x values. This behavior is consistent with
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results previously found for polycrystalline samples [28], though with a reduced maximum
volume fraction, possibly due to the different conditions and cooling rates used to grow
single-crystal samples.
Figure 4.6(b) also shows the values of superconducting critical temperature seen in
magnetic susceptibility, using a 99% criteria (with respect to the value of susceptibility
at 2K). Interestingly both, the superconducting volume fraction and Tc peak at the same
composition, i.e., optimal doping. As it has been suggested in previous works [28], and, as
we will also discuss in chapter 5, this fact is presumably a consequence of the structural
phase separation seen around optimal doping.

4.2.2

Superconducting transition as seen in specific heat

Fig. 4.7 shows the superconducting heat capacity anomaly for a collection of samples with
two Bi compositions, determined through the subtraction of the zero-field heat capacity
and the in-field heat capacity, for a magnetic field close to the upper critical field (5T,
for both samples). For the sample with x =0.19, the observation of this anomaly is
challenging, given the low-superconducting volume fraction and critical temperature, and
its value is close to the experimental resolution. However, it is shown for illustrative
purposes. For the sample with x =0.25, the anomaly is robust. An estimation of its
magnitude can be obtained by comparing the curve formed by the data points with the
shape of the curve expected by a perfect second order phase transition, as shown in the
red lines of the corresponding figure. The obtained value is ∆Cp = (12.3 ± 1.2)mJ/Kmol,
with the error bar estimated from the value of ∆Cp of the data points. A superconducting

critical temperature of Tc = (10.4 ± 0.3)K is observed. Previous studies of heat capacity

in BaPb1−x Bix O3 reported the lack of observation of a superconducting heat capacity

anomaly, and for a long time there was a discussion on whether or not this system was a
bulk superconductor [121–124]. Only two studies reported the observation of very weak
anomalies [125, 126]. With this work, the observation of the heat capacity anomaly is
well established for the optimally doped samples, implying that this material is a bulk
superconductor, though with a reduced superconducting volume fraction.
From the value of ∆Cp for the optimally doped sample, we can estimate the value of
∆C/γTc , and compare it with the value predicted by BCS theory (∆C/γTc = 1.43) for a
weak electron-phonon coupling mechanism. We obtain a value of ∆C/γTc = 1.06 ± 0.11,

using the value of γ = (1.11 ± 0.02)mJ/K2 mol obtained from our low-temperature normal
state heat capacity measurements. However, from magnetic susceptibility measurements
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Figure 4.7: (a) In-field and zero-field heat capacity measurements, in a temperature range
around the superconducting critical temperature, for BaPb1−x Bix O3 samples with Bi concentration of x =0.19. (b) Heat capacity anomaly at the superconducting transition, obtained
by subtracting the zero-field curve and the 5T-magnetic field curve (therefore suppressing the
superconducting transition), for the x =0.19 sample shown in (a). The red curve represents a
smoothing of the data. (c) In-field and zero-field heat capacity measurements, in a temperature range around the superconducting critical temperature, for BaPb1−x Bix O3 samples with
Bi concentration of x =0.25. (d) Heat capacity anomaly at the superconducting transition for
the x =0.25 sample shown in (c). The red lines are a simplification to a fully discontinuous
transition, from which a value of ∆Cp = (12.3 ± 1.2)mJ/Kmol is extracted.

we know that the superconducting volume fraction (SVF) of this material is below 100%.
The estimated value of superconducting volume fraction for this optimally doped sample
if 47%. If we correct the value of ∆C/γTc by the SVF (not all the material is contributing
to the heat capacity anomaly), we obtain a value of ∆C/γTc = 2.25 ± 0.23, larger than

the one expected for a weak electron-phonon coupling mechanism of superconductivity,
suggesting that this material is in the strong electron-phonon coupling limit.
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4.2.3

Superconducting transition as seen in resistivity, at H = 0
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Figure 4.8: Left scale: Superconducting dome of BaPb1−x Bix O3 , with Tc defined by several
criteria and measurements. Black squares are determined from resistivity measurements of five
samples for each composition. Open black squares are the determined through a 90% criteria of
the resistive transition, and filled-black squares are determined through a 50% criteria. Blackfilled circles are the transition temperatures determined through a 99% criteria of the transition
seen in susceptibility measurements. Right scale: Red-filled circles represent the superconducting
volume fraction estimated from the zero-field-cooled magnetic susceptibility value at 2K. This
value peaks at optimal doping.

Insets to figure 4.3 shows a detailed view of the resistive superconducting transition
for up to five different samples of all the compositions studied. For compositions below
and above optimal doping, the superconducting transition for all samples is quite broad,
and often exhibits double-stepped transitions. The dispersion in the superconducting
transition, both due to sample-to-sample variation and to the width of the transition for
each sample, is summarized in the phase diagram in Fig. 4.8, where Tc obtained from
resistivity measurements has been determined by two criteria: 90% and 50% drop on the
normal state resistivity, calculated from a low temperature fit before superconducting contributions to the resistivity appear. This figure shows this determination for five different
samples of each composition, as well as Tc obtained through magnetic susceptibility, as
described in section 4.2.1.
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Figure 4.9: Isotherms of resistivity vs. magnetic field for bismuth concentrations of (a) x=0.18
(2 K to 7 K in 1 K steps), (b) x=0.19 (2 K to 8 K in 1 K steps), (c) x=0.24 (2 K to 10 K in 1 K
steps), (d) x=0.25 (2 K to 10 K in 1 K steps), (e) x=0.28 (1.5 K to 4 K in 0.5 K steps, plus 5 K
and 6 K), (f ) x=0.29 (1.5 K to 4 K in 0.5 K steps). For the nearly optimally doped compositions
x = 0.24 and 0.25 a temperature-independent crossing point is evident for temperatures below
approximately 8 K.
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Figure 4.10: Temperature dependence of the crossing field Hcrossing for adjacent isotherms,
obtained from magnetoresistance measurements. Tave is the average temperature. Compositions
that exhibit a temperature independent crossing point Hc (x = 0.24 and 0.25) are shown by
black solid squares and blue solid circles respectively. Open symbols show low temperature
deviation from Hc for some samples measured. For higher Bi concentrations (x = 0.28 and 0.29;
triangles and stars respectively) the crossing field does not converge to a single value over any
range of temperature.

4.2.4

Superconducting transition as seen in magnetoresistance

Magnetoresistance measurements were made for fields up to 14 T oriented perpendicular to
the current. Curves of resistivity as a function of magnetic field for different temperatures
were taken for multiple samples from each of the compositions studied, and are shown in
fig. 4.9. The data were symmetrized from positive and negative field sweeps, although the
Hall component was very small for all insulating compositions. For metallic-like samples
(x ≤ 0.19, shown in fig. 4.9(a,b)), the resistive transition is uniformly suppressed for

increasing field or temperature, as anticipated. Results for the insulating-like samples

(x ≥ 0.24) are qualitatively different. Representative data for four different insulating-

like compositions with progressively larger Bi concentrations are shown in Fig. 4.9(c-f).
In the presence of a finite magnetic field, these samples show a clear crossover from a
superconducting-like resistivity (decreasing resistivity with decreasing temperature) to
an insulating-like one (increasing resistivity with decreasing temperature). Remarkably,
the samples closest to optimal doping (x ≈ 0.24 - 0.25, shown in fig. 4.9(c,d)) show a

temperature-independent crossing point. Plotting the crossing field Hcrossing for adjacent
isotherms as a function of the average temperature (Tave ) reveals the convergence to a
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“critical” magnetic field Hc (Fig. 4.10) within the resolution set by the signal-to-noise
ratio of individual field sweeps. The range of temperatures over which this crossing
point is observed to be temperature independent varies slightly from sample to sample.
For the examples shown in Figs. 4.9(c) and 4.9(d) it is found for temperatures from
approximately 8 K down to 2 K, the lowest temperature to which these samples were
measured (solid symbols in Fig. 4.10). Other samples with the same nominal composition
reveal a similar crossing point from 8 K down to just 3 or 4 K (open symbols in Fig. 4.10),
below which Hcrossing deviates from Hc . In contrast, for samples with a somewhat higher
bismuth concentration of x = 0.28 and 0.29 (Fig. 4.9(e) and (f)), the crossover from the
superconducting to the insulating state is not demarcated by a temperature-independent
crossing point over any range of temperatures, and Hcrossing in Fig. 4.10 does not converge
to a single value. The significance of this crossing point, and the field and temperature
dependence of these magnetoresistance curves is discussed in section 4.3.

4.2.5

Determination of Hc2 through magnetoresistance curves

The upper critical magnetic field at zero temperature, Hc2 (0), can be determined by using
the Werthamer-Helfand-Hohenberg (WHH) approximation [127], by determining the slope
of the Hc2(T ) vs T curves close to Tc (H = 0). We employed both 50% and 90% criteria to
extract Hc2(T ) from the magnetoresistance transitions shown in fig. 4.9, and the results
are shown in fig. 4.11(a). The WHH approximation establishes that the value of Hc2 (0)
can be determined through the tangent of Hc2 (T ) at T /Tc = 1, or:



dHc2 (T )
Hc2 (0) = 0.693Tc
|T =Tc
(4.1)
dT


c2 (T )
We have determined the value of dHdT
|T =Tc from the slope of a linear fit to the

Hc2(T ) vs. T curve close to the transition, for the two criteria of the resistive transition
(50% and 90% of the normal state resistivity). The Tc value used was the one obtained
by the linear fit as well, as the T value for which Hc2(T ) = 0. The results are shown in
fig. 4.11(b), as a function of Bi concentration. Interestingly, the value of Hc2 (0) varies
very little for compositions above optimal doping, in spite of the rapid variation of Tc .
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Figure 4.11: (a) Upper critical magnetic field, Hc2 , vs. temperature for different compositions
of BaPb1−x Bix O3 (with x indicated next to each curve), as extracted from the superconducting
transition in magnetoresistance. Points were obtained using two criteria for the transition:
50% (stars) and 90% (circles) of the normalized resistivity. (b)Upper critical magnetic field at
zero-temperature, Hc2 (0), for superconducting compositions of BaPb1−x Bix O3 , calculated from
the curves in (a) through the Werthamer-Helfand-Hohenberg approximation. Open-symbols
represent the values calculated using the curves for the 50% criteria, and closed-symbols for the
curves of the 90% criteria.
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Figure 4.12: (a) Zero-temperature Ginzburg-Landau coherence length, ξGL (0). Points were
obtained by using the values of Hc2 obtained using two criteria for the transition: 50% (filledsymbols) and 90% (open-symbols) of the normalized resistivity. Black squares were extracted
from the values of Hc2 (0), by equation 4.2. Blue circles were obtained from a linear fit to the
curves of ξGL (T ) vs. (1 − T /Tc )−1/2 . (b) ξGL (T ) vs. (1 − T /Tc )−1/2 for an optimally doped
sample (x = 0.25), in which ξGL (T ) is calculated from Hc2 (T ), for both criteria of the resistive
transitions (closed symbols for 50% and open symbols for 90%). Red lines represent linear fits
to the data, from which the value of ξGL (0) is determined.

CHAPTER 4. PHYSICAL PROPERTIES CHARACTERIZATION OF BaPb1−X BiX O3 74

4.2.6

Determination of the Ginzburg-Landau coherence length
through magnetoresistance curves

We can estimate the Ginzburg-Landau coherence length ξGL (0) in two ways. The first
one, is by using the values of Hc2(0) calculated in the previous section by using the WHH
approximation, given that:
ξGL (T ) =
therefore, ξGL (0) =

p

s

Φ0
2πHc2 (T )

(4.2)

Φ0 /2πHc2(0). Results are presented in fig. 4.12, as the black

open and closed squares, for the two criteria used to extract Hc2 (0) from the resistive
transitions. The second way, is directly from the Hc2 (T ) curves, by calculating ξGL (T ) at
each temperature by eq. 4.2, and by fitting to the temperature dependence predicted by
the Ginzburg-Landau theory,
√
0.855 ξ0 ℓ
ξGL (T ) = p
1 − T /Tc

(4.3)

for a superconductor in the dirty limit. In this equation ξ0 is the BCS coherence
length and ℓ is the electrons mean-free path. Fig. 4.12(b) shows ξGL (T ) as a function
√
of (1 − T /Tc )−1/2 , for optimally doped samples. The value of ξGL (0) = 0.855 ξ0 ℓ can

be obtained form the slope of the linear fit to this curve, as shown in fig. 4.12(b) for
an optimally doped sample. The values obtained through this procedure for all the Bi
concentrations studied are also shown in fig. 4.12(a).

4.3

Discussion of the magnetoresistance curves

The apparent temperature-independent crossing point observed for nearly optimally doped
compositions is remarkable and requires explanation. The granular nanostructure revealed
by high resolution electron microscopy (HRTEM) measurements, shown and characterized
in chapter 5, indicates that there is a mixture of two different structural phases, which,
given the evolution of the electronic and superconducting properties of this material presented in the previous sections, suggests that the two phases have different electronic
properties. These observations suggest two initial avenues to understand the experimental results, based first on a classical effective medium theory, and second on a field-tuned
quantum phase transition. We discuss each of these approaches below.
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4.3.1

Magnetoresistance from a classical effective medium theory perspective

One possible scenario giving rise to critical phenomena and a possible temperature independent crossing point in magnetoresistance curves is percolation in a superconductornon-superconductor composite. From a Symmetrical Effective Medium Theory [128,129],
the resultant resistivity ρm of a composite where one of the components has ρ1 = 0 (superconductor) and fills a fraction p of the space, and the other has resistivity ρ2 and fills
a fraction 1 − p is

ρm =

pc − p
ρ2
pc

f or p < pc

(4.4a)

ρm = 0

f or p > pc

(4.4b)

where pc is the percolation threshold (which depends on the geometry of the space).
In the case of BaPb1−x Bix O3 , ρ2 would represent the effective resistivity of the material
in the normal state, given that the superconducting part associated with ρ1 can become
normal above a certain field or temperature. Therefore, if we assume that both ρ2 and
the superconducting fraction p depend on temperature and field (to account for the effect
mentioned before, as well as effects such as variations in Tc and/or Josephson coupling
between different superconducting regions), we can write
ρm (T, H) =

pc − p(T, H)
ρ2 (T, H) ,
pc

p < pc

(4.5)

With this, the condition to have a temperature-independent crossing point at the
critical field Hc is ∂ρm (T, H)/∂T |H=Hc = 0, or
∂p(T, H)
∂T

Hc

ρ2 (T, Hc ) − [pc − p(T, Hc )]

∂ρ2 (T, H)
∂T

=0

(4.6)

Hc

For this condition to be true over a range of temperatures requires fine tuning of
the different parameters involved. From Fig. 4.1, we see that for samples near optimal
doping, where a temperature-independent crossing point is observed, we have that both:
the temperature dependence of ρ is very weak, so we can possibly fulfill the condition
∂ρ2 (T, H)/∂T |H=Hc ≈ 0, and, if the superconducting transition is driven by percolation,
pc − p(T, Hc ) << 1. Therefore, the second term of Eqn. 4.6 is expected to be small

for optimally doped samples. Hence, to get a temperature-independent crossing point
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requires that the first term in Eqn. 4.6 be very small, and that the two terms are finely
tuned to give zero difference over an appreciable range of temperatures. The first requirement is possibly unphysical since it is hard to conceive a mechanism that would give
rise to ∂p(T, H)/∂T |H=Hc = 0, and the second requirement is at best rather unsatisfying.

In particular, why should this fine tuning occur precisely at the composition that also
happens to yield the maximum Tc ?.
In addition, as we show below, the resistivity for fields on both sides of Hc scales in
a very specific way. Hence, not only is fine-tuning required to achieve a temperatureindependent crossing point within a classical model, but this same level of fine-tuning
is also required for all fields and temperatures close to Hc . As such, a purely classical
model based on an effective medium theory appears to be inadequate to account for the
observed phenomenology.

4.3.2

Magnetoresistance from a quantum phase transition perspective

The temperature-independent crossing point found for compositions close to optimal doping implies the possibility of critical scaling. Indeed, quite remarkably, over the whole
range of temperatures where Hcrossing shows convergence for these compositions, the magnetoresistance curves exhibit scaling of the form
ρ(T, H) = ρc F



|H − Hc |
T 1/zν



(4.7)

where ρc is temperature and field independent and varies from sample to sample and
F (y) is a universal function. Values of the critical exponents product zν were obtained
for each sample by two methods. Initial estimates were obtained from a linear fit to
log10 (dρ/dH)|Hc vs log10 T (insets to Figs. 4.13(a) and 4.13(b)). Further refinement to
these values was obtained by an iterative maximization (in Hc and zν) of the correlation
coefficient (R2 ) calculated from a fitting of each part of the scaling function (for H > Hc
and H < Hc ) to a generic function (ninth order polynomial). Initially Hc was varied for
values of zν obtained by a best visual collapse of the data. With the optimal value of Hc ,
zν was then varied to obtain the best R2 . The results of this procedure are summarized
in the insets of Fig. 4.13(a) and 4.13(b) for two specific samples. For the upper branch
(H > Hc ), the correlation coefficient does not show a local maximum, whereas for the
lower branch (H < Hc ), it clearly shows one. The zν value obtained by this method
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Figure 4.13: Scaling analysis of the magnetoresistance curves (ρ vs. |H − Hc |/T 1/zν ) of
representative samples with bismuth composition of (a) x=0.24, (b) x=0.25. zν was initially
calculated from a fit to (dρ/dH)|Hc vs T (lower left inset to each panel), and refined based on
regression of the entire data set (upper right inset) as described in the main text. Best fit values
for the samples shown are 0.67 ± 0.01 and 0.72 ± 0.01 for x=0.24 and 0.25, respectively.
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is the one that maximizes R2 for the lower branch, and was confirmed to give the best
visual collapse of the data. For the specific data sets shown in Fig. 4.13, scaling of the full
curves gave exponents zν = 0.67 ± 0.01 and 0.72 ± 0.01 for x = 0.24 and 0.25 respectively.

Measurements were made for several crystals with the same nominal compositions. For
all the samples analyzed, zν takes values between 0.65 and 0.72, and the average value

obtained is 0.69 ± 0.03.

Magnetic-field-tuned superconductor-insulator transitions (SITs) with temperature-

independent crossing points have been widely studied in disordered 2D thin films of several
different materials. As we presented in section 2.1.1, a variety of critical exponent products
have been reported for such magnetic-field-tuned transitions: zν = 1.3 for InOx [37, 90]
and MoGe [98]; zν = 1.5 for La2−x Srx CuO4 [91]; zν = 2.3 for highly disordered InOx [90];
and zν = 0.7 for a-Bi [99, 100] and a-Nbx Si1−x [101], these last two cases being similar
to our observation for BaPb1−x Bix O3 . As we summarized in section 2.1, in general,
for a d-dimensional system undergoing a quantum phase transition, the expression for
resistivity inside the quantum-critical region obtained by finite-size scaling has the form
ρ(T, y) ∝ ξ d−2 Fρ (Lτ /ξ), where ξ is the diverging order parameter correlation length, and

Lτ is a real length associated with the correlation length ξτ ∝ ξ z in the imaginary time
axis, introduced in the quantum-classical mapping of the transition by the relation it/~ =
1/kB T . Consequently, Lτ ∝ (~/kB T )1/z , where z is the dynamical critical exponent,

introduces the temperature dependence of the scaling function, and ξ ∝ |y − yc |−ν , where

ν is the correlation length critical exponent, introduces the dependence with the tuning
parameter y. With this, ρ(T, y) ∝ T −(d−2)/z F (|y − yc |T −1/zν ) [86]. This expression has
the same form as Eqn 4.7. for d = 2, and a crossing point of different isotherms at the
critical value yc is expected only for 2D systems. Such behavior has been extensively
corroborated for the systems mentioned before.
Of course the principle objection to such a scaling in BaPb1−x Bix O3 is that our measurements are of bulk, 3-dimensional single crystals. The data could not be fitted to a
3D quantum phase transition (ie. with a temperature-dependent prefactor proportional
to T −1/z ) with physically reasonable values of z for any of the compositions studied. The
apparent 2D scaling found for optimally doped samples might be a consequence of a
“hidden 2-dimensionality” due to the nanostructure, perhaps in the form of a percolating
network of superconducting sheets. Within such a scenario, subtle variation in the nanostructure of different samples might account for the low-temperature deviation from 2D
scaling seen for some samples with x = 0.24 and 0.25 (open symbols in Fig. 4.10), which
presumably reflects the presence of a finite 3D coupling below some energy scale. The
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absence of a well-defined crossing point for samples with x ≥ 0.28 would imply a deviation from 2D behavior, and could be related to the progressive reduction in the volume

fraction of the tetragonal polymorph with increasing Bi concentration [28]. However, to
obtain a temperature-independent crossing point in such a scenario would require all of
the intergrowths to be aligned in a parallel fashion, so that the projection of the field onto
each “sheet” is identical, which seems unlikely based on the pattern seen in the HRTEM
images presented in chapter 5. Such a description is therefore equally unsatisfactory as
the analysis based on the symmetrical effective medium theory, although the empirical
observation of a temperature-independent crossing point and the associated scaling remain highly suggestive of a manifestation of some kind of quantum phase transition that
mimics the behavior of a 2D system over a wide range of temperatures.
It remains to be seen whether the phenomenology of the field-tuned superconductorinsulator transition in optimally doped BaPb1−x Bix O3 is truly driven by quantum critical
behavior. However, such a scenario could naturally account for several specific features
of this material, and the closely related case of Ba1−x Kx BiO3 . Specifically, critical scaling following the form of Eq. (4.7) implies the presence of quantum fluctuations of the
superconducting order parameter over a wide range of temperatures. Although quantum
fluctuations have a negligibly small effect for clean superconductors with a moderate carrier density, reduction of the phase stiffness due to reduced superfluid density and poor
screening in bad metals can lead to significant suppression of Tc relative to the meanfield value [130, 131]. Such a scenario is consistent with the large and “insulating”-like
resistivity of BaPb1−x Bix O3 . It is also consistent with the observation that the optimal
Tc occurs at the composition at which strong localization effects become significant and
the resistivity begins to develop an insulating temperature dependence. Finally, this scenario could also provide a natural explanation for the long-standing question as to why
BaPb1−x Bix O3 has a lower maximum Tc (≈ 12 K) than Ba1−x Kx BiO3 (≈ 30 K), since,
first, substitution on the Bi sites (which are responsible for the bands at the Fermi energy [14, 132]) will effectively lead to a more disordered state than substitution on the
Ba site, and second, the polymorphism in BaPb1−x Bix O3 also introduces disorder and
localization effects, enhancing the effect of quantum fluctuations in the phase of the order
parameter [133]. Further discussion following this same line of ideas will be presented in
section 5.5.2 of chapter 5, together with a summarizing cartoon that describes a great
portion of the properties observed for superconducting compositions of BaPb1−x Bix O3 .

Chapter 5
Structural phase separation of
BaPb1−xBixO3
In order to gain insight into the origin of the unusual magnetoresistance for optimally
doped samples, and the evolution with doping of the transport and thermodynamic properties of BaPb1−x Bix O3 discussed in the previous chapter, and given the known polymorphic nature of the crystal structure for the superconducting compositions (as presented
in section 1.2.1.2), we decided to perform a thorough structural characterization of the
accommodation of the two polymorphs in single crystals of this material, for compositions
spanning the superconducting dome. The results of this characterization, which appear
in ref. 134, are the scope of this chapter.

5.1

High-Resolution Transmission Electron Microscopy
results

In the interest of investigating how the structural polymorphism, studied by other groups
in polycrystalline samples, is accommodated microscopically in a “single crystal” of
BaPb1−x Bix O3 , and its possible consequences for the observed transport and, more interestingly, superconducting properties, high-resolution transmission electron microscopy
(HRTEM) measurements were taken for samples with bismuth compositions below, at
and above optimal doping. These measurements were performed in collaboration with the
group of professor Mathew Kramer, at Iowa State University. Fig. 5.1 shows representative HRTEM images for the three different Bi concentrations studied in this structural
charaterization. All the HRTEM images taken for all the different compositions reveal a
80
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Figure 5.1: Representative HRTEM images for BaPb1−x Bix O3 of different Bi compositions
around the superconducting dome: (a) x=0.18, looking down the [001] zone axis, (b) x=0.24,
looking down the [010] zone axis, and (c) x=0.28, looking down the [001] zone axis. All the
figures reveal a well-ordered structure with coherent planes of atoms. The broad variations in
color intensity are a result of variations in the sample thickness.

Figure 5.2: (a) Detail of a HRTEM image for a sample with x=0.24, looking down the [010]
zone axis, revealing a well-ordered structure with coherent planes of atoms. An expanded view
of a region of 3.3×3.3nm2 is shown. (c) FFT of the image in (a), showing peaks corresponding
to the {200} (blue-solid circles), {101} (red-dashed squares) and {202} (green-solid squares) set
of reflections. Symbols with solid edges correspond to reflections allowed in both Ibmm and
I4/mcm space groups, while those with dashed edges correspond to reflections forbidden in the
I4/mcm space group, but allowed in the Ibmm.

well-ordered structure, as can be better observed in the detailed 24.1×24.1nm2 view of a
HRTEM image of a sample with Bi composition of x = 0.24, shown in fig. 5.2(a), and
better appreciated in the 3×3nm2 expanded view in the inset to this figure. Fig. 5.2(b)
shows its corresponding fast Fourier transform (FFT). All of the images taken in this
study were taken along either the [010] or the [001] zone axis. As discussed in section
3.5.1, along both of these zone axis, the (hkl) set of reflections with hlk even, are common to both, orthorhombic and tetragonal phases. However, for both zone axes, the (hkl)
set of reflections with hlk odd, appears only in the orthorhombic phase and not in the
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Figure 5.3: 19×19nm2 portion of a HRTEM image for a sample with bismuth concentration
of x=0.24, after Fourier filtering via masks applied to the (a) {200}T main reflections (allowed
both in the orthorhombic and tetragonal phases), and (b) {101}T weaker reflections (allowed
only in the orthorhombic phase). This last mask reveals a spatial variation in orthorhombicity
throughout the area of the sample, implying the presence of a densely intergrown nanostructure.
(c) Same image than in (b), but in a false color, which reveals more clearly the spatial variation
in orthorhombicity throughout the area of the sample. In this figure blue regions are more
strongly orthorhombic, and red regions are more strongly tetragonal. (d) Same image as in (c),
after a 7.5Å×7.5Å averaging, eliminating the atomic resolution information while maintaining
the broader orthorhombic structural variation. Blue regions are more strongly orthorhombic,
and red regions are more strongly tetragonal.

tetragonal. The diffraction pattern obtained in fig. 5.2(b), through the FFT, reveal peaks
from both tetragonal (hkl even) and orthorhombic (hkl even and odd, in the tetragonal
notation) phases.
By systematically masking these diffraction peaks and performing an inverse Fourier
transform it is possible to recreate the spatial separation of these two distinct polymorphs,
as shown in fig. 5.3. The result of applying a mask such that only the (200)T and (002)T
peaks common to both the tetragonal and orthorhombic phases are considered is shown
in Fig. 5.3(a). An ordered array of planes of atoms is evident, indicating that the
two structural phases are highly coherent through the crystal lattice. In contrast, the
result of applying a mask to the (101)T peaks attributed only to the Ibmm orthorhombic
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Figure 5.4: (a) {110}T filtered-and-reconstructed HRTEM image for a sample with bismuth
concentration of x=0.18, and its corresponding correlation function below it, showing the atomic
resolution detail. Color scale shows relative intensities: blue regions are more strongly orthorhombic, and red regions are more strongly tetragonal. (b) Same image as in (a), and its
corresponding correlation function, after a 7.5Å×7.5Å averaging, eliminating the atomic resolution information while maintaining the broader orthorhombic structural variation. The red
curves in the correlation functions are 3nm smoothing of the original black curves. The average and smoothing procedures do not affect the identification of maxima and minima in the
correlation function.

phase, shown in Fig. 5.3(b), reveals a spatial variation due to the densely intergrown
nanostructure, which can be better appreciated in the equivalent false-color plot, in 5.3(c).
In this figure, clusters of approximately 5-10 nm in size can be appreciated, additional
to the atomic-scale variation information. The image in figure 5.3(d) is the result of a
resolution reduction by adjacent averaging, of the image in fig. 5.4(a), from 0.47Å per
pixel to 7.5Å per pixel, therefore eliminating the atomic resolution information while
keeping the longer-range variation in “orthorhombicity” (which is the information that
we are interested in).
The length scales associated to the orthorhombicity variation across the cross-sectional
areas of the samples studied are equivalent for both, the original {101}T filtered-andreconstructed image, and the reduced-resolution one after the adjacent averaging to elim-

inate the atomic scale information. An example of this is shown in Fig. 5.4, for which the
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spatial average autocorrelation function, hG(~r)i, defined by equation 3.3 in section 3.5.2,

is calculated for both, an original-resolution image (fig. 5.4(a)) and its corresponding

reduced-resolution image (fig. 5.4(b)). hG(~r)i is shown below their respective images.
The vertical lines in hG(~r)i label local minima and maxima positions |~r|, being equivalent

for both, the original resolution image in fig. 5.4(a), and the reduced resolution image
in fig. 5.4(b). For the purpose of our analysis, we consider only the reduced resolution
images, given that these conserve the information of the longer-scale structural variation
while reducing the computational requirements.

5.2

HRTEM images autocorrelation function analysis

In order to quantify the length scales associated with the orthorhombic variation, the
average spatial correlation function hG(~r)i, and the angle-dependent spatial correlation
function hGθ (~r)i were computed for each {110}T /{101}T filtered IFFT image (see section

3.5.2 for definitions). Figures 5.5, 5.6 and 5.7 shows filtered-and-reconstructed HRTEM
images (left panels) for samples of Bi compositions of x = 0.18, x = 0.24 and x =
0.28, after a resolution reduction from 0.47Å per pixel, to 4.1Å per pixel, plus their
respective correlation functions. Both, the average correlation function, hG(~r)i (central

panels of figures 5.5, 5.6 and 5.7), and the angle-dependent correlation function, hGθ (~r)i,

(right panels of figures 5.5, 5.6 and 5.7) of all the images shown, reveal local minima and
maxima, implying the presence of characteristic length scales for the phase separation.
Furthermore, the angular dependent correlation function hGθ (~r)i clearly reveals that there

is a particular spatial pattern associated with the phase separation. Inspection of these
quantities, in the right-hand panels of figures 5.5, 5.6 and 5.7, reveals arcs of intensity with
an approximately two-fold rotational symmetry (these are particularly clear for figures
5.5(a) and 5.6(a)). The arcs are imperfect, but repeat with a fixed periodicity, implying
a self-organized pattern of phase separation over remarkably large length scales. Such a
pattern of intensity in hGθ (~r)i is consistent with a real space phase separation comprising
partially disordered stripes.

With the spirit of guiding our analysis of the angle dependent correlation functions
of the BaPb1−x Bix O3 images studied, we computed the angular dependent correlation
function hGθ (~r)i for an artificial image of size 128×128 pixels, showing perfect stripes

formation, with stripes of width w =14.1 pixels and periodicity d =28.3 pixels, running
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Figure 5.5: {110}T filtered-and-reconstructed HRTEM images (first-column figures), for different samples with bismuth concentration of x=0.18. For each horizontal panel, the center column
shows the corresponding average spatial correlation function, hG(~r)i. Solid blue vertical lines
indicate the local maxima in hG(~r)i, while dashed-black vertical lines indicate local minima. The
third column in each horizontal panel shows the angle-dependent spatial correlation function,
hGθ (~r)i on a color scale, as a function of |~r| (vertical axis) and the angle θ with the horizontal
(bottom-axis) or the [200]T crystalline axis (top-axis). Solid and dashed lines represent the best
fits to N × d/ cos((α − 90◦ ) − θ) and (2N − 1) × w/ cos((α − 90◦ ) − θ) for the local maxima and
minima respectively.
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Figure 5.6: {101}T filtered-and-reconstructed HRTEM images (first-column figures), for different samples with bismuth concentration of x=0.24. For each horizontal panel, the center column
shows the corresponding average spatial correlation function, hG(~r)i. Solid blue vertical lines
indicate the local maxima in hG(~r)i, while dashed-black vertical lines indicate local minima. The
third column in each horizontal panel shows the angle-dependent spatial correlation function,
hGθ (~r)i on a color scale, as a function of |~r| (vertical axis) and the angle θ with the horizontal
(bottom-axis) or the [200]T crystalline axis (top-axis). Solid and dashed lines represent the best
fits to N × d/ cos((α − 90◦ ) − θ) and (2N − 1) × w/ cos((α − 90◦ ) − θ) for the local maxima and
minima respectively.
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Figure 5.7: {110}T filtered-and-reconstructed HRTEM images (first-column figures), for different samples with bismuth concentration of x=0.28. These images were taken for a smaller area
than the ones for the x =0.18 and x =0.24 samples. To preserve a direct comparison with those
data, the images are shown on the same scale as for figs. 5.5 and 5.6. For each horizontal panel,
the center column shows the corresponding average spatial correlation function, hG(~r)i. Solid
blue vertical lines indicate the local maxima in hG(~r)i, while dashed-black vertical lines indicate
local minima. The third column in each horizontal panel shows the angle-dependent spatial
correlation function, hGθ (~r)i on a color scale, as a function of |~r| (vertical axis) and the angle
θ with the horizontal (bottom-axis) or the [200]T crystalline axis (top-axis). Solid and dashed
lines represent the best fits to N × d/ cos((α − 90◦ ) − θ) and (2N − 1) × w/ cos((α − 90◦ ) − θ)
for the local maxima and minima respectively.
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Figure 5.8: Simulation showing the angle-dependent correlation function hGθ (~
r )i for a system
with partially disordered stripes. The simulated images have a size of 128×128 pixels, with
stripes of width w =14.1 pixels, separated between them by d =28.3 pixels, and running along
135◦ from the horizontal. For the different images, a broken-up character of a different level
was introduced, as a number of islands of size 3×3 pixels, placed at random positions within
the red stripes. Each image is characterized by a filling fraction f , from 0 (empty stripe) to
1 (full stripe). The filling fraction f for each image is: (a) f = 1 (perfect stripe formation),
(b) f = 0.5, (c) f = 0.1, (d) f = 0.05. For each image, the angle-dependent correlation
function hGθ (~r)i is shown in the right-hand panel, and its value is represented in the color scale,
which has different limits for each image. Black lines in these plots follow the functional form
N ∗d/ cos((α−90◦ )−θ), where N = 1, 2, 3, ..., d =28.3 and α =135◦ . These simulations illustrate
how powerful this statistical technique is in revealing weak- or imperfect-stripes formation. As
observed in panel (d), the stripe formation can be missed at first glance; however, hGθ (~r)i clearly
reveals the two-fold symmetry of this image, as well as the periodicity associated with it.
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Figure 5.9: Orientation of stripes with respect to the [200]T crystalline axis as a function of Bi
concentration, for all the samples studied. Open blue symbols show the orientation for samples
with images taken along the [001]T zone axis; full blue symbols show the orientation for samples
with images taken along the [010]T zone axis. Star-shape full red symbols show the average
orientation for each composition.

along an angle α =135◦ with respect to the horizontal axis, as shown in figure 5.8(a). The
color scale of the right hand side plot of this figure represents the value of hGθ (~r)i, as a

function of the angle θ with the horizontal axis and the magnitude of ~r. Maxima of hGθ (~r)i
for this image appear along arcs following the functional form N ∗ d/ cos((α − 90◦ ) − θ)
(shown by the black solid lines), where N = 1, 2, 3, .... Figures 5.8(b)-(d) show images

of the same size and with stripes of the same width and periodicity as in 5.8(a), but
where a progressively broken-up character has been introduced for each image through a
decreasing filling fraction f , from 1 (full stripe) to 0.05 (almost-empty stripe). For these
images, the maxima of hGθ (~r)i follow in average the same functional form as the original
zero-disorder stripe model, but the local maximum value of hGθ (~r)i progressively decreases

in value, from 1 for the perfect-stripes image in fig. 5.8(a), to about 0.1 for the most
broken-up image in fig. 5.8(d). At the same time, the arcs where the maximum values of
hGθ (~r)i appear to get progressively more broken-up, although its average functional form

is preserved, and its periodicity can be well identified. As can be appreciated from the
aforementioned figure, this technique proves to be extremely powerful at identifying twofold rotational symmetries. The angle dependent correlation functions hGθ (~r)i observed

in the {110}T /{101}T filtered-and-reconstructed images analyzed throughout this chapter
show very similar features to the ones observed in this model of broken-up stripes.
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Figure 5.10: Derivative of the average correlation function hG(~r)i (for the low-r tail region)
of different filtered-and-reconstructed images of samples with Bi concentrations of (a) x =0.18
(x < xopt ), (b) x =0.24 (x ≈ xopt ) and (c) x =0.28 (x > xopt ). Dashed horizontal lines mark
the dhG(~r)i/dr = 0 zone for each curve. Arrows mark the points determining the disorder
length-scale within a stripe, ζ. Average values of ζ are shown in fig. , as a function of x.

With this we see that for a system with stripes separated by a distance d and running
along an angle α with respect to the horizontal, the distance between stripes as measured
at an angle θ is given by N × d/ cos((α − 90◦ ) − θ) (with N = 1, 2, 3, ...), which diverges at

θ = α. As can be observed in figures 5.5, 5.6 and 5.7, most of the samples studied exhibit

this characteristic dependence, with periodic maxima (shown by solid lines in the right
column plots to these figures) and minima (dashed lines) that approximately follow such
an inverse cosine function. These stripes are clearly evident in the larger area real space
images shown in the left hand panels of figures 5.5(a) and 5.6(a), running approximately
top-left to bottom-right. The orientation of the stripes with respect to the crystal axes is
not identical for all images studied, but on average it is close to 29◦ ±22◦ from the [100]T

orientation, as shown in fig. 5.9.

In addition to the separation of stripes, inspection of the images in figs. 5.5, 5.6 and
5.7 reveals that there is a shorter (and more isotropic) length scale of structural variation,
which describes the broken-up character of the stripes. This length scale can be seen
more clearly in the average correlation function as a kink in the low-r tail, which can be
better identified in the derivative of hG(~r)i, as shown in figure 5.10 for the different Bi
compositions and samples of each compositions studied. Black arrows in these plots show
the points determining the value of ζ for each sample.
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Average value of the length scales of phase separation

Although the stripe-like character of the structural phase separation is imperfect, nevertheless by identifying the morphology of the nanostructure we are able to define the
characteristic length scales of phase separation in terms of three simple parameters (see
inset to fig. 5.11): the stripe period, d, (i.e. the distance between stripes of similar “orthorhombicity”, determined from the maxima of hGθ (~r)i); the stripe width, w (estimated
from the regions of minimum values in hGθ (~r)i, i.e. stripes half-period, which can be used

as a measure of the upper bound to the width of individual stripes); and the length scale
associated with disorder within a stripe, ζ, (identified in the derivative of the low-r tail
of hG(~r)i). The analysis described above, was performed for a total of the five x = 0.18

samples, four x = 0.24 samples and four x = 0.28 samples shown in figs. 5.5, 5.6 and
5.7, and the average value of d, w and ζ for each Bi composition were calculated. The

results are summarized in Fig. 5.11, together with the error obtained by calculating the
standard deviation from the average value.
The significance of the structural modulation with respect to the superconducting
properties can be readily appreciated by comparing the associated length scales of the
disordered stripes, d, w and ζ (solid data points in fig. 5.11), with the Ginzburg-Landau
coherence length, ξGL (0) (blue curve in the same figure), for samples with x < xopt ,
x ≈ xopt (optimally doped), and x > xopt , with approximate Tc values of 7K, 10.5K and
7K respectively. We estimate ξGL (0) from Hc2 (0), having used the standard WerthamerHelfand-Hohenberg approximation to determine Hc2 (0) from Hc2(T ), as presented in section 4.2.5. We employed both 50% and 90% criteria to extract Hc2 (T ) from resistive
transitions, leading to a narrow band of estimated values for ξGL (0). Inspection of Fig.
5.11 reveals that the three length scales associated with the phase separation are of the
same order of magnitude as the superconducting coherence length, and largely independent of Bi concentration. The shortest length scale, ζ, which characterizes the size of
coherent regions within a given stripe, has a weak composition dependence, but does not
grow to be larger than the superconducting coherence length for any composition, and is
therefore expected to be less relevant than the larger length scales d and w associated with
the period and width of the stripes. For low Bi concentrations, x < xopt , the coherence
length is larger than the width of individual stripes. However, at optimal doping, the
width of individual stripes almost exactly matches the superconducting coherence length.
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Figure 5.11: Average characteristic lengths of phase separation for BaPb1−x Bix O3 as a function
of x. These data are contrasted with the Ginzburg-Landau coherence length ξGL (0), represented
in the blue curves.

Further increasing the Bi concentration appears to result in a saturation of ξGL (0) which
remains comparable to w. This behavior is highly suggestive of an important role for the
nanostructure in determining the shape of the superconducting dome.

5.4

Intensity probability distributions

We also computed the probability distribution of intensities of the {101}T /{110}T filteredand-reconstructed HRTEM images shown in figs. 5.5, 5.6 and 5.7 of this document.

For each image, the intensity in each pixel, which might be labelled the intensity of
“orthorhombicity”, was normalized by the maximum intensity in the image, so that for
all of the images this quantity goes from 0 to 1. Then, we computed the histogram of
intensity, dividing the range of intensity into 100 sections. The vertical scale (counts) of
each histogram is then normalized, so that for all the images this scale goes from 0 to 1.
These curves are proportional to the probability distribution of intensity. The results for
each image studied in this work are shown in fig. 5.12 for samples with Bi concentration
x =0.18, in fig. 5.13 for samples with x =0.24, and in fig. 5.14 for samples with x =0.28.
For each composition, all the normalized histograms were averaged, and the result of
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Figure 5.12: Probability distribution of orthorhombicity, P (IIbmm ), as a function of the orthorhombicity intensity, IIbmm , for their corresponding images in figure 5.5 (with Bi composition
of x =0.18).

Figure 5.13: Probability distribution of orthorhombicity, P (IIbmm ), as a function of the orthorhombicity intensity, IIbmm , for their corresponding images in figure 5.6 (with Bi composition
of x =0.24).

Figure 5.14: Probability distribution of orthorhombicity, P (IIbmm ), as a function of the orthorhombicity intensity, IIbmm , for their corresponding images in figure 5.7 (with Bi composition
of x =0.28).

this averaging is shown in fig. 5.15. From these averaged histograms we estimated the
orthorhombic filling fraction, fIbmm , as the normalized-integrated area above half the total
intensity (as shown in the blue-shadowed areas in fig. 5.15).
The evolution of the orthorhombic volume fraction as a function of Bi concentration
can be better visualized in fig. 5.16. The left axis of this figure shows an inverted scale
(from 1 to 0) of the orthorhombic intensity. The colors in the contour plot represent values
of the probability of “orthorhombicity”, i.e., the y scale in the averaged histograms shown
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Figure 5.16: Evolution of the probability distribution of orthorhombicity, the orthorhombic
fraction and the superconducting volume fraction with Bi doping in BaPb1−x Bix O3 . The color
scale represents the probability distribution of orthorhombicity, as a function of the orthorhombicity intensity (left scale) and Bi concentration (bottom scale). The red-open circles represent
the orthorhombic filling fraction fIbmm (left scale), calculated from integration of the probability
distributions, with a 0.5 criteria. Black squares represent the superconducting volume fraction
(right scale) determined from magnetic susceptibility measurements.

in fig. 5.15, as a function of orthorhombic intensity and Bi concentration. From this figure
we can observe that the maximum of the probability distribution of “orthorhombicity”
(red colors) is shifted toward lower values of orthorhombicity for optimal doping, compared
to samples with lower and higher Bi concentrations. As a consequence, if we represent
the orthorhombic volume fraction fIbmm as the normalized-integrated area above half
the total intensity, it is minimum at optimal doping, which means that the tetragonal
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fraction, fI4/mcm = 1 − fIbmm is maximum at this composition (optimal doping), with a

value of 0.82±0.08. The evolution of the inverse of the orthorhombic fraction, ie., the
tetragonal fraction, approximately tracks the evolution of the superconducting volume
fraction, shown in the right scale and as black squares, and both of these quantities peak
at optimal doping. These observations are consistent with results from x-ray and neutron
diffraction experiments by E. Climent-Pascual et al. [28] in polycrystalline samples, and
suggest a direct connection between the tetragonal distortion and superconductivity.

5.5
5.5.1

Discussion
Possible driving mechanism for the structural phase separation

The phase separation of tetragonal and orthorhombic polymorphs in BaPb1−x Bix O3 is
presumably driven by changes in the relative free energy of the two phases, both as a
function of temperature and composition [114]. Such a scenario is illustrated schematically in fig. 5.17. The resulting morphology is reminiscent of spinodal decomposition, but
the physical origin is somewhat different in this case, involving two competing phases. Significantly, in such a scenario, the composition xopt ∼ 0.24, at which the tetragonal volume

fraction is maximal, marks the separatrix between formation of two different orthorhombic phases, both with the same structure, but one with a lower Bi concentration (O(I), for
compositions x < xopt ), and one with a higher Bi concentration (O(II), for x > xopt ). It

has been previously shown for various metallic precipitates embedded in metallic matrices
(Cu-in-Al, Ag-in-Cu, Ag-in-Al, among others) that inhomogeneous strain can cause local
variations in the free-energy, modifying phase equilibria [135]. Therefore, it is reasonable
to anticipate that the sharp distinctions in composition between the O(I) and O(II) phases
will be blurred in practice (see panels (c) and (d) of figure 5.17). The resulting continuous variation in composition, and presumably lattice parameter, is consistent with results
of recent x-ray and neutron diffraction measurements [28]. Considering the temperature
dependence of the resistivity for compositions that have only an orthorhombic structure,
it is clear that Bi substitution leads to a progressive evolution of the electronic properties of the orthorhombic phase from a “bad metal” for x ≪ xopt (i.e. dρ/dT > 0, but

with a very large absolute value of the resistivity) to a “bad insulator” for x ≫ xopt (i.e.

dρ/dT < 0, but nevertheless extrapolating to a finite conductivity at T = 0) [11, 29, 30].
It is unclear whether this evolution of the electronic properties of the orthorhombic phase
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Figure 5.17: (a) Schematic diagram of the Gibbs free energy of orthorhombic (Gortho. ) and
tetragonal (Gtetrag. ) phases as a function of composition at a given low temperature T = TL .
(b) The corresponding phase diagram, showing regions of phase coexistence. At x = xopt the
tetragonal fraction is maximum. For x < xopt the orthorhombic phase is labeled as O(I), and
it is a low-Bi phase, presumably metallic. For x > xopt the orthorhombic phase is labeled
O(II), and it is a rich-Bi phase, presumably insulating. (c) Fraction of tetragonal (ftet , leftaxis) and orthorombic (fortho , right-axis) phases as a function of composition, at temperature
T = TL (marked by the red horizontal line in panel (b)). (d) Spatial average of orthorhombic
composition, x̄ortho , as a function of composition, for the same temperature T = TL . Solid
lines in panels (c) and (d) show the evolution of these quantities with composition for the ideal
case depicted in (a), whereas dashed-curves show the evolution for the case where the local
free energy is modified by local strain, giving rise to a distribution of free energies that smear
the otherwise sharp distinctions and features of the tetragonal and orthorhombic fractions, and
spatial average of orthorhombic composition.

CHAPTER 5. STRUCTURAL PHASE SEPARATION OF BaPb1−X BiX O3

97

is driven by disorder due to the increasing Bi concentration, or a progressive increase
in the CDW correlation length, or indeed a combination of both effects, but tunneling
data clearly indicates that the zero temperature conductivity decreases to zero linearly
in the entire range from x = 0 to x = 0.3, and that the associated zero bias tunneling
anomaly also varies smoothly over this range [35]. Of particular significance for the following discussion, if the Bi concentration deviates from xopt ∼ 0.24 in either direction, and
the tetragonal volume fraction correspondingly diminishes, the phase separation results

in small islands of superconducting tetragonal material with a characteristic length scale
embedded in a matrix of orthorhombic BaPb1−x Bix O3 that is either poorly conducting for
x < xopt or poorly insulating for x > xopt . This distinction has important consequences
for the evolution of the superconducting properties.

5.5.2

Effect of the phase separation on superconductivity

The significance of the structural modulation with respect to the superconducting properties can be readily appreciated by comparing the associated length scales of the disordered
stripes, d, w and ζ (solid data points in fig. 5.11), with the Ginzburg-Landau coherence
length, ξGL (0) (blue curve in the same figure), for samples with x < xopt , x ≈ xopt (optimally doped), and x > xopt , with approximate Tc values of 7K, 10.5K and 7K respectively.

Inspection of Fig. 5.11 reveals that the three length scales associated with the phase separation are of the same order of magnitude as the superconducting coherence length, and
largely independent of Bi concentration. The shortest length scale, ζ, which characterizes
the size of coherent regions within a given stripe, has a weak composition dependence,
but does not grow to be larger than the superconducting coherence length for any composition, and is therefore expected to be less relevant than the larger length scales d and w
associated with the period and width of the stripes. For low Bi concentrations, x < xopt ,
the coherence length is larger than the width of individual stripes. However, at optimal
doping, the width of individual stripes almost exactly matches the superconducting coherence length. Further increasing the Bi concentration appears to result in a saturation
of ξGL (0) which remains comparable to w. This behavior is highly suggestive of an important role for the nanostructure in determining the shape of the superconducting dome, as
we describe below.
In the context of an electronically-inhomogeneous system, where the coulomb potential seen by electrons varies spatially in a periodic way, with characteristic length λ, it
has been shown theoretically that Tc does not necessarily track the pairing scale ∆0 , i.e.
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Figure 5.18: Stylized cartoon illustrating the superconducting “dome” in the T -x plane of
BaPb1−x Bix O3 and the effect of the competing length scales associated with structural phase
separation and the superconducting coherence length. Red and blue regions correspond to
tetragonal and orthorhombic polymorphs respectively, arranged in partially disordered stripes
of width w. The pairing interaction is understood to originate in the tetragonal material [28].
In the cartoon, ξGL is the Ginzburg-Landau superconducting coherence length, and ∆0 /kB and
Tθ are the pairing amplitude and the phase condensation temperatures, respectively.

the superconducting gap magnitude [130, 136]. Rather, the evolution of Tc is bounded
above by two parameters: the pairing scale ∆0 and the phase ordering temperature Tθ .
In the limit where λ ≪ ξ (where ξ is the superconducting coherence length), Tθ ≫ ∆0 ,

and Tc will be determined by ∆0 . However, in the limit λ ≫ ξ, the phase ordering temperature Tθ is small compared to the pairing amplitude ∆0 , and Tc is entirely determined

by Tθ , meaning that Tc is suppressed with respect to ∆0 . In this regime the material
behaves as a granular superconductor, characterized by superconducting “islands” that
are only weakly coupled. For a system where the length scale of phase separation evolves
with respect to the superconducting coherence length (or vice-versa), the maximum Tc
value is obtained in the crossover regime of the curves of Tθ and ∆0 , which happens at
λ ∼ ξ. This regime has been dubbed “optimal inhomogeneity” [136, 137]. Although
this model was originally developed based on a single-band Hubbard Hamiltonian in an

uniform 2D lattice, for which phase segregation with characteristic length scales of the
order of the superconducting coherence length is spontaneous and originates from the
strong electronic correlations, the consequences of the phase segregation on the shaping
the superconducting dome in BaPb1−x Bix O3 still holds. For BaPb1−x Bix O3 , the phase
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separation is structural and quenched from high temperatures [138]; however, given the
large differences in electronic properties between both polymorphs, the modulation of the
pairing interaction in the nanoscale is present and mimics the physical landscape found in
the model presented above. Such a bounding of the superconducting dome by Tθ and ∆0
has been widely discussed in the field of granular superconductivity [139–142]. Similarly,
the optimization and enhancement of Tc in heterostructures formed by the alternation of
metallic stripes of width L ∼ λF , and superconducting stripes of width W ∼ ξ0 , as a con-

sequence of a possible shape resonance has been discussed by several authors [143, 144].
Such configurations have been observed to naturally occur in cuprate superconductors,
such as Bi2 Sr2 CaCu2 O8+y and La2 CuO4 [145, 146], and have been proposed to generate
an enhancement of Tc .
The phenomenology of BaPb1−x Bix O3 appears to be consistent with such a scenario, in
which the shape of the superconducting “dome” is determined by the relative evolution of
the pairing amplitude ∆0 and the phase ordering temperature Tθ , and in which tetragonal
and orthorhombic polymorphs correspond to regions of the bulk material with large and
small pairing interactions respectively. The evolution with doping of the relative length
scales characterized by ξGL and the phase separation is very suggestive of optimal doping
being a turning point from a macroscopic inhomogeneous superconductor (with ξGL bigger
than other characteristic length scales associated with disorder) for x < xopt to a phasefluctuation-dominated granular superconductor for x > xopt (illustrated schematically in
figure 5.18). Indeed, several signatures of granular superconductivity are observed in this
regime, as we showed in chapter 4, such as negative magnetoresistance for fields above
Hc2(T ), and scaling reminiscent of a superconductor-insulator quantum phase transition,
as shown in section 4.3.2. Additionally, scanning tunneling spectroscopy (STS) measurements for compositions beyond optimal doping show a large variation in gap values as
a function of position, with maximum values exceeding those found in the higher Tc optimally doped material [147], suggesting that samples with x > xopt have a larger local
pairing amplitude than expected for their macroscopic Tc , and even for an 11 K superconductor. This observation is consistent with a macroscopic Tc being bounded by the
phase ordering line, Tθ , i.e., with a granular superconductor picture (see figure 5.18).
Significantly, these observations imply that for x > xopt the superconducting phase of
this material (the tetragonal polymorph) is in fact a higher-temperature superconductor,
possibly even comparable to the other bismuthate superconductor Ba1−x Kx BiO3 [35].

CHAPTER 5. STRUCTURAL PHASE SEPARATION OF BaPb1−X BiX O3

100

In the above analysis, the only significance of the stripe-like character of the nanostructure of BaPb1−x Bix O3 has been that it has enabled us to establish the characteristic length-scales with a little more precision than if we had assumed a more isotropic
morphology. However, the stripe-like morphology possibly has a much deeper significance. In the context of BaPb1−x Bix O3 , this might provide a natural means to understand the unusual scaling behavior observed at the superconductor-insulator transition
close to optimal doping in this material (see section 4.3.2, and refs. 29 and 30), motivating theoretical investigation of percolation effects near the quantum phase transition
for a material with a “stripy” morphology [148–152]. More broadly, several families of
underdoped cuprates have been shown to exhibit stripe and/or unidirectional CDW formation [120, 145, 146, 153–158]. Complexity and phase separation in these systems is an
active field of study [120,144–146,157–160], and the role and importance of these phenomena in the cuprates is still a matter of discussion. Significantly, in both cases, cuprates
and bismuthates, the stripe-like phase separation and superconductivity are found to have
comparable length scales. In this broader context, BaPb1−x Bix O3 provides a model system to explore the effects of stripe-like phase separation on superconductivity, and in
particular on the associated phenomenology of optimal inhomogeneity.

Chapter 6
Fermiology of hole-doped PbTe
As we introduced in section 1.3, PbTe is a narrow band gap semiconductor, which can
be electronically doped by either vacancies of Pb (hole-doping) or Te (electron-doping),
or by the introduction of acceptor or donor impurities. For this system, thallium is
the only impurity known to drive it into the superconducting state. However, there are
several other dopant-impurities that can drive PbTe to have the same carrier concentration
as with Tl-doping. Furthermore, the maximum critical temperature of Pb1−x Tlx Te is
Tc = 1.5 K, almost an order or magnitude higher than that of other similar carrier density
semiconductors. These facts suggest that Tl is a special dopant in PbTe. In fact, Tl has
been predicted to introduce deep-resonant impurity states into the valence band of PbTe,
accompanied by a change in valence character around the same energy values [56, 74, 75].
Several reasons have been proposed to explain superconductivity in this system, such as
an increase on the density of states (DOS) due to the appearance of an additional band
in the Fermi surface [85], an increase in the DOS due to the appearance of an impurity
band [72], and increase in the DOS through an Abrikosov-Suhl resonance by a charge
Kondo mechanism associated with dynamic fluctuations between two degenerate valence
states of the Tl ions [73, 78, 82]. Tl-doping is not only special for creating conditions
for “high-temperature” superconductivity. This dopant also generates an increase in the
thermoelectric figure of merit, zT , from 0.8 to 1.5, higher than for any other dopant in pure
PbTe [43, 44, 161, 162]. In the same way, several mechanisms have been proposed for such
an increase, many of them invoking special features on the evolution of the Fermi surface
[53, 161], or the introduction of impurity bands [44, 72]. Interestingly, and relevant to the
case of superconductivity, as well as thermoelectric properties, several theoretical studies
of the band structure of doped PbTe have been published [41,51,53,56,72,74,75,163,164].
However, the number of works on the direct experimental determination of the Fermi
101
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surface is very reduced [59, 60, 71, 165]. Particularly, a direct observation on the evolution
of the Fermi surface (FS) for different types of dopants, has not yet been established.
In this chapter we will present the results of our detailed fermiology study of holedoped PbTe, through Pb substitution by two different types of acceptor impurities: Na,
an alkali-metal; and Tl, a group IIIA element. Although we are mainly interested in
characterizing the evolution of the Fermi surface for Tl-doped PbTe, the determination of
the evolution of the Fermi surface for Na-doped PbTe has proved to be very insightful. In
particular, Na-doping affects the scattering rate at the Fermi level to a much lower extent
than Tl-doping, and hence we are able to observe much cleaner quantum oscillations in
the Na-doped samples than in Tl-doped samples with similar dopant concentration, and
consequently, we can resolve much more information about the topology of the Fermi
surface for the Na-doped compound, as well as to determine the value of the effective
masses much more accurately.

6.1
6.1.1

Transport properties
Temperature dependence of resistivity

Figure 6.1 shows measurements of resistivity as a function of temperature for representative samples of Tl-doped and Na-doped PbTe, normalized by the room temperature
resistivity. The Na content of the samples shown here, and in the different sections of this
chapter was determined through the carrier concentration via Hall coefficient measurements, assuming one hole per Na dopant. Interestingly, the temperature dependence of
the resistivity for both types of dopants evolve away from the approximately T 2 behavior observed for the self-doped compound, to a more complicated functional dependence,
which in the case of the Tl-doped compound, develops an almost linear dependence for
a wide range of temperatures for the highest concentrations presented in the plot. The
Na-doped compound seems to show a similar tendency in the temperature dependence
evolution, suggesting that part of this functional form could come from band effects.
However, the evolution of the ratio of low-temperature-to-room-temperature resistivity,
which gives a sense of the evolution of scattering effects at the Fermi surface, shows big
differences between Na-doping and Tl-doping, as shown in fig. 6.2. This quantity increases rapidly for Tl concentrations above x ≈ 0.3%, in contrast to the evolution for
Na-doping, which evolves slower and more monotonically. Similar observations have been

presented previously by different authors [83], and they represent supporting evidence for
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Figure 6.1: Normalized resistivity, ρ(T )/ρ(300K) as a function of temperature, for different
(a) Tl- and (b) Na-doping levels, in PbTe
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Figure 6.2: ρ(2K)/ρ(300K) as a function of dopant concentration for Tl-doped and Na-doped
PbTe. xc represents the Tl concentration above which superconductivity is observed, and it is
indicated by the vertical dotted line. The Na content of the samples shown here, was determined
through the carrier concentration via Hall coefficient measurements, assuming one hole per Na
dopant.

the presence of deep-resonant Tl-impurity states into the valence band of PbTe.
Ultra low-temperature resistance measurements were taken for two Na-doped samples
with Na-concentrations of 0.26% and 0.62%. These measurements were taken in a dilution refrigerator in the D. Goldhaber-Gordon lab at Stanford, from a temperature of
approximately 40 mK to 4.7 K, in cool-down and warm-up cycles. The results are shown
in fig. 6.3. None of the samples measured showed superconductivity down to 40 mK. In
contrast, Tl-doped samples with Tl-concentrations of the order of 0.6% are superconducting below approximately 400 mK [82, 117], as shown in fig. 1.17(a). These measurements
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Figure 6.3: Ultra low-temperature resistance of two Na-doped samples, with Na-concentrations
of 0.26% and 0.62%. These measurements were taken in a dilution refrigerator, from a temperature of approximately 40 mK to 4.7 K, in cool-down (filled-symbols) and warm-up (opensymbols) cycles. None of these samples are superconducting down to 40mK. In contrast, Tldoped samples with Tl-concentrations of the order of 0.6% are superconducting below approximately 400 mK [82, 117].

confirm that Na-doping does not lead to superconductivity in this compound, whereas Tl
does.

6.1.2

Hall effect

Figure 6.4 shows measurements of transverse or Hall resistivity, Rxy ∗ d, as a function
of magnetic field, at a temperature of 2K, for different Na and Tl dopings. Data were

obtained by anti-symmetrizing measurements made for positive and negative field, as
described in section 3.2.2. The slope of these curves is the Hall coefficient RH , from,
which the carrier concentration can be directly calculated for a single band system as
nq = 1/qRH , where q is the total charge of the charge carrier. We can define in general
the Hall number, pH = 1/eRH , only equivalent to the carrier concentration for a single
band system. The evolution of the Hall number, pH , with Tl-impurity concentration is
shown in figure 6.5. A linear evolution of pH is expected for a dopant that continuously
adds carriers to a single band material, as shown in the dashed line in fig. 6.5. As we
will present further down in the chapter, this is in fact the case for Na-doped PbTe up to
the highest concentration measured. However, the Tl-doped samples do not follow this
trend, and a saturation, or at least, a slowing-down of the Hall number with Tl-doping
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Figure 6.4: Hall resistivity over magnetic field, Rxy ∗ d/µ0 H, as a function of magnetic field,
at a temperature of 2K, for different doping levels of (a) Tl-doped and (b) Na-doped PbTe.
Small deviations from linear Hall behavior can be observed for some samples at the lowest
fields. However, given that the trend for this behavior is not monotonic and that as we present
in the coming sections of this chapter, a single band picture provides a perfect description of
the Fermiology data, this effect is not attributed to multi-band effects.
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Figure 6.5: Evolution of the Hall number, pH , with dopant concentration, for Tl-doped PbTe.
pH represent the inverse of the slope of the Hall data shown in fig. 6.4. The dashed line
represents the Hall number expected for a single band picture, in which each dopant contributes
one hole to conduction. xc represents the Tl concentration above which superconductivity is
observed, and it is indicated by the vertical dotted line.

is observed, and the composition at which this happens coincides with the composition
that marks the onset of superconductivity in this compound. We will come back to this
plot in the discussion section, after presenting the results of the Femiology study.
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Shubnikov-de Haas (SdH) effect in doped-PbTe
- Fermi surface evolution from theory

Band structure calculations by several groups [47, 49–53] predict a particular evolution of
the valence band topology with increasing hole-doping in PbTe. As we have described
previously, some of the features observed in these calculations are attributed to specific
optimization of different quantities in this material, such as thermoelectric properties,
and superconductivity. However, the experimental studies aiming on determining the
evolution of the Fermi surface are limited, and restricted to the low-doping end [59–62];
particularly, there are no studies comparing different types of dopants in PbTe.
In these coming sections I will first introduce the expected evolution for the crosssectional areas of the Fermi surface predicted by theory, assuming perfect ellipsoidal
pockets, as magnetic field is rotated along high symmetry planes with respect to the
PbTe crystal structure. I will use the comparison between these curves and the data,
throughout the presentation of the data, in order to estimate the volume of the real Fermi
surface. After this, I will present the cross-sectional areas evolution calculated directly
from the band-structure, which takes into account deviations from perfect ellipsoidicity
of the pockets. Finally, I will present the results of the high field magnetoresistance
measurements, performed in three different high field laboratories: The National High
Magnetic Field Lab (NHMFL), DC-field (Tallahassee) and Pulsed-field (Los Alamos)
facilities; and The High Field Magnet Laboratory, in Nijmegen, The Netherlands. These
results reveal the evolution of the Fermi surface in Na-doped and Tl-doped PbTe, for
carrier concentrations up to 1 × 1020 cm−3 .

6.2.1

Angle-evolution of Fermi-surface cross-sectional areas from
perfect ellipsoidal model

In figure 1.11 (chapter 1.3) we presented the predicted Fermi surface of hole-doped PbTe,
which contains eight-half-ellipsoidal L-pockets with their main axis elongated along the
h111i directions, and twelve-ellipsoidal Σ-pockets, with their main axis elongated along
the h100i directions. Given the arrangement of L-pockets, the plane with the highest

symmetry in which the magnetic field can be rotated, and from which the topology and
volume of these pockets can be directly addressed, is the (110) plane, as shown in fig. 6.6.
In this plane, four of the L-pockets are within the plane, and the other four L-pockets are
contained in a plane perpendicular to it. Additionally, this plane cuts the cube formed
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Figure 6.6: (a) L-pockets and (b) Σ-pockets of the predicted Fermi surface of PbTe, and the
(110) high-symmetry plane (yellow color), along which the magnetic field is rotated for the plots
in fig. 6.7. The angle θ is the angle formed by the (001) direction and the magnetic field in the
(110) plane.

by the Σ-pockets through a secondary diagonal, as shown in fig. 6.6(b).
The angle-dependence of the cross-sectional areas of the L-pockets as magnetic field
is rotated along the (110) plane is shown in fig. 6.7. Three nonequivalent branches are
observed in the angle-evolution, and the corresponding ellipsoids associated with each
branch are properly labeled in the figure. Parts (b) and (c) of this figure represent the
angle-dependence as field is rotated in a plane off-but-close to the (110) plane, which can
happen in the experiment due to small misalignment in the sample mounting. The biggest
effect of such offsets is seen in the middle-blue branch (named e3), as the misalignment
breaks the equivalency of the four ellipsoids in the plane perpendicular to the plane of
rotation. As we will show when we present the real data, all the misalignments observed
can be described within the two presented in this figure.
The angle-evolution of the Σ-pockets cross-sectional areas as magnetic field is rotated
along the (110) plane is shown in fig. 6.8. Two nonequivalent branches are observed in
the angle-evolution, as described in the figure. The determination of this angle evolution
is important given that we will be looking for new features, additional to the L-pocket
features, which could indicate the contribution of this band to conduction. With this in
mind, we also performed measurements as rotating in a (100) plane, which is the highestsymmetry plane for the Σ-pockets. The angle evolution of the cross sectional areas for
both, L- and Σ-pockets along a (100) plane is presented in fig. 6.9.
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Figure 6.7: Angle dependence of the L-pockets cross-sectional areas, as field is rotated in-or
close to the (110) plane, for perfect ellipsoidal pockets with maximum cross-sectional area of
300T and minimum cross-sectional area of 60T. (a) Rotation along exactly the (110) plane.
Three nonequivalent branches are observed in the angle-evolution, and the corresponding ellipsoids associated with each branch are properly labeled and marked in corresponding colors.
(b,c) Rotation along a misaligned plane, resulting from rotations of the plane along the [110]
axis for (b) and [001] axis for (c), as shown in the corresponding cartoon. Black lines in the
plot correspond to the angle evolution for zero misalignment (as in (a)), and are shown for
comparative purposes.

CHAPTER 6. FERMIOLOGY OF HOLE-DOPED PbTe

109

Figure 6.8: Angle dependence of the Σ-pockets cross-sectional areas, as field is rotated along
the (110) plane, for perfect ellipsoidal pockets with maximum cross-sectional area of 250T and
minimum cross-sectional area of 50T. Two nonequivalent branches are observed in the angleevolution (red and blue curves), and the corresponding ellipsoids associated with each branch
are properly labeled and marked in corresponding colors. The gray curves are the branches
associated with the L-pockets shown in fig. 6.7, and are shown in this plot in order to contrast
them with the angle evolution of the Σ-pockets.

Figure 6.9: Angle dependence of the (a) L-pockets and (b) Σ-pockets cross-sectional areas,
as field is rotated along the (100) plane, for perfect ellipsoidal pockets with the maximum and
minimum cross-sectional areas used in the previous figures.

6.2.2

Angle-evolution of Fermi-surface cross-sectional areas from
band-structure calculations

Fig. 6.10 shows the Fermi surface of PbTe for different hole concentrations, obtained
directly from the band structure calculated through Density functional Theory (DFT), by
Boris Sangiorgio and Nicola Spaldin (ETH Zürich). This figure also shows the (110)-plane
angle dependence evolution of the cross-section areas of the different pockets predicted
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Figure 6.10: Calculated Fermi surface of hole-doped PbTe, and their corresponding (110)plane angle evolution of cross-sectional areas (in frequency units) of the different Fermi surface
pockets, for monovalent imputity concentrations of: (a) x = 0.02% (pL = 0.27 × 1019 cm−3 and
pΣ = 0); (b) x = 0.81% (pL = 3.5 × 1019 cm−3 and pΣ = 8.6 × 1019 cm−3 ); (c) x = 1.56%
(pL = 6.1 × 1019 cm−3 and pΣ = 17.4 × 1019 cm−3 ); and (c) x > 2%. L-pockets angle-dependence
is shown in blue curves, and these are compared with the angle-dependence expected for a
perfect ellipsoidal model, shown in black lines. Σ-pockets angle evolution is shown in the lightgray curves. These pockets appear at a dopant concentration of x = 0.11% (pL ≈ 1× 1019 cm−3 ).
For plot (d), Σ- and L-pockets have merged together, forming a cube-shape FS. Dark-blue circles
show the value of cross-sectional area of FS pieces not easily identified with Σ nor L, coming
from the merged-pieces. The angle-evolution curve is shown up to a frequency of 600 T; however,
there are points up to a frequency of 8 kT, corresponding to the large-square FS orbits. These
figures were provided by B. Sangiorgio and N. Spaldin, and were obtained from the calculated
band structure, with DFT.
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by the calculations, for four different impurity concentrations levels. For low impurity
concentrations, the FS is formed only by L-pockets, which approximately follows the angle
dependence expected for a perfect ellipsoidal model. For intermediate concentrations,
the Σ-pockets appear, and clear deviations from the prefect ellipsoidal model become
apparent for L-pockets (and Σ-pockets). For impurity concentrations above approximately
x = 2%, Σ- and L-pockets merge together to form the FS shown in Fig. 6.10(d)i. At
this point, very-high frequency (≈ 8 kT, corresponding to the large-square FS pieces)
and very-low frequency features are expected, and a whole new variety of cross-sectional
areas coming from different sections of the FS make the tracking of continuous angle
dependence curves more challenging. For the L-pockets, a progressive evolution to nonellipsoidicity is observed, and it is characterized by three main features in the angle
dependence plots: (i) an increasing splitting in the low frequency branch, indicative of
deformations of the L-pockets around the minor-semiaxis region; (ii) a shifting to lower
values of the angle at which the maximum cross-sectional area (maximum frequency)
is found (as indicated by the black-horizontal arrow in fig. 6.10(b,c)), indicative of Lpockets deformations around the major-semiaxis region, and due to the formation of the
tips that will eventually join with the Σ-pockets a high enough dopant concentration; (iii)
a reduction in the curvature of the dispersion branch that goes from the [100] frequency
value to the maximum frequency value at 90◦ (as indicated by the black-vertical arrows
in fig. 6.10(b,c)). These guidelines will be useful in order to determine deviations from
perfect ellipsoidal model in the data.

6.3

Shubnikov-de Haas (SdH) effect measurements
in self doped-PbTe

Natural Pb- or Te-vacancies can occur in PbTe during the growth process. For the
growth procedure followed in this thesis, we find that the occurrence of Pb-vacancies is the
common situation. This implies that the samples of PbTe studied in this thesis are holedoped samples, as determined by the sign of the Hall signal. The carrier concentration for
self-doped PbTe samples is of the order of 2 × 1018 cm−3 . Through the SdH measurements
shown below, we will be probing the topology of the valence band.

Longitudinal magnetoresistance measurements were taken for a sample of PbTe with
a carrier concentration of (1.88 ± 0.01) × 1018 cm−3 , in magnetic fields up to 35 T, in

positive and negative DC fields in Tallahassee. Symmetrized curves for different angles as
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Figure 6.11: (a) Longitudinal magnetoresistance for a self-doped PbTe sample with carrier
concentration of pH = 1.88 × 1018 cm−3 , for different directions of the applied magnetic field,
with respect to the crystalline axis [100], as the field is rotated in the [110] plane. (b) First
derivative of the curves in (a), dρ/dH, as a function of magnetic field. This procedure eliminates
the -close to linear- background, leaving the oscillatory components. (c) Same curves than in
(b), now as a function of inverse magnetic field.
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Figure 6.12: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.11(b), for self-doped PbTe, as a function of the angle from the [100] direction
(horizontal axis), and the frequency (vertical axis). For these measurements, the field is rotated
in the [110] plane. (b) Same plot as in (a), but where a perfect ellipsoidal model calculation
has been superimposed to the data, up to the second harmonic (gray solid- and dashed-lines).
For the model, the plane of rotation is offset by 12◦ (about the [001] axis) to account for the
splitting seen in the middle branch. The parameters used for the calculations are fmin = 7.9T
and fmax = 25T.

the magnetic field is rotated along a [110] plane, starting close to the [100] direction (all
the directions are with respect to the cubic PbTe axes) are shown in figure 6.11(a). For
such low carrier concentrations, a small Fermi surface exists, therefore, very low frequency
of oscillations are expected, and in fact this is the case for the measurements shown in
this figure. For such low frequency signals, the determination of the frequencies and
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the tracking of their evolution with angle is challenging, given that only a few periods of
oscillations are observed for the field range used, and additionally, several artifacts coming
from background subtractions have characteristic frequencies that are comparable to the
frequencies of interest.
Several methods for background subtraction were tested. Such methods were described
in section 3.2.3. The method that generated the best resolution in the Fourier transform,
and for which the characteristic frequencies evolution with angle could be tracked the best
for self-doped PbTe, was the method of the derivative. Fig. 6.11(b) and 6.11(c) show the
first derivative (dρ(H)/dH) of the data in fig. 6.11(a), as a function of field and inverse
field, respectively. From these plots, several frequencies of oscillations are evident, starting
at a field of approximately 1 T, and extending to maximum fields of 20-30 T, depending
on the direction of the field. Beyond these fields, the oscillations cease to exist, leaving
an almost flat derivative. This behavior is associated with the reaching of the quantum
limit for this material, at which the last Landau tube comes out the Fermi surface.
The evolution with angle of the frequencies of oscillation are shown in the contour plots
of fig. 6.12. The color scale for these plots represents the amplitude of the Fast Fourier
transform (FFT) of the curves shown in fig. 6.11(b,c), as a function of the angle from the
[100] direction, and frequency. The field range used for the FFT was 1 T to 20 T, which is
the one for which oscillations at all angles are observed. The fundamental frequency and
the second harmonic of the different branches are observed. It is interesting to note that
the second harmonic seems to be stronger than the fundamental, which could be associated
with the difficulty of resolving low frequency signals. Fig. 6.12(b) shows a comparison to
the expected frequency evolution for a Fermi surface with 8-half ellipsoids at the L point
(perfect ellipsoidal model), where the plane of rotation is offset by 12◦ (about the [100]
axis). The parameters used for the perfect ellipsoidal model calculation are fmin = 7.9T
and fmax = 25T (f[100] = 12.5T). The matching between data and model is very good.
With these parameters, the L-pockets anisotropy factor is K = (fmax /fmin )2 = 10 ± 3.8.

K, for a perfect parabolic band, is equivalent to the band mass anisotropy, K = mzz /mxx ,

where mxx is the effective band mass along the ellipsoidal L-pocket minor semi-axis, and
mzz is the effective band mass along the ellipsoidal L-pocket major semi-axis. We will
be referring to this quantity throughout the chapter. The carrier concentration from
Luttinger’s theorem, for self-doped PbTe, is pF S−vol = (1.59 ± 0.18) × 1018 cm−3 . The

error bars are calculated from error propagation of the fmin and fmax errors, estimated as
the FWHM of the FFT at the corresponding directions.
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Shubnikov-de Haas effect measurements in Nadoped PbTe

Clear quantum oscillations were observed for all the different Na-doped samples, up to
the highest Na concentration studied (x = 0.62%). Given that the Fermi surface is
growing in size with increasing Na concentration, the frequencies of oscillation are higher,
making the analysis easier as compared with the self-doped PbTe, and the resolution
of the stronger features less dependent of the method of background subtraction. For
all the Na-doped samples studied in this section, we found that the best background
subtraction technique was the spline interpolation, as described in section 3.2.3. All the
data presented in this section was taken at a temperature of (1.5±0.2)K. The magnetic
field was rotated in the [110] plane for all the samples, and additionally, for the samples
with concentration of x = 0.4%, data was taken as rotating the field in the [100] plane. All
the high field measurements for the Na-doped samples were performed in the DC facility
of the NHMFL, in Tallahassee, for DC fields up to 35T. The symmetric component of the
measured magnetoresistance is shown for all the samples, and analyzed as described in
each section. x values for each sample were estimated through the carrier concentration
via Hall coefficient measurements, assuming one hole per Na dopant.

6.4.1

Na concentration of x = 0.13%

Figure 6.13(a) shows longitudinal magnetoresistance measurements for a Na-doped sample
with Hall number pH = 2.1×1019cm−3 , as the magnetic field is rotated along a [110] plane,
starting close to the [100] direction (all the directions are with respect to the cubic PbTe
axes). Oscillations are observed from a field of approximately 4 T, and all the way up to
the highest field used.
The FFT was calculated for each of the curves presented, and the normalized values of
the FFT’s are represented by the color scale in figure 6.14, as a function of angle with the
[100] direction, and frequency. Fig. 6.14(b) shows a comparison to the expected frequency
evolution for a perfect ellipsoidal model of the L-pockets, where the plane of rotation is
offset by 3◦ (about the [110] axis). The parameters used for the perfect ellipsoidal model
calculation are fmin = 38.9T and fmax = 145T (f[100] = 63T). With these parameters,
the L-pockets anisotropy factor is K = 13.9 ± 3.3, and the carrier concentration from

Luttinger’s theorem is pF S−vol = (2.05 ± 0.15) × 1019 cm−3 . The matching between the

Hall coefficient and the carrier concentration from the L-pocket Fermi surface volume is
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Figure 6.13: (a) Longitudinal magnetoresistance for a Na-doped PbTe sample with Hall number pH = 2.1 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background by the techniques discussed in the text, therefore only
preserving the oscillatory part. (c) Same curves as in (b), now as a function of inverse magnetic
field.
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Figure 6.14: (a) The color scale represents the amplitude of the Fourier transform of the
plots shown in fig. 6.13(b), as a function of the angle from the [100] direction (horizontal axis),
and the frequency (vertical axis). For these plots, the field is rotated in the [110] plane. (b)
Same plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to
the data, up to the second harmonic (light-gray lines). For the model, the plane of rotation is
offset by 3◦ (about the [110] axis) to account for the splitting seen in the middle branch. The
parameters used for the calculations are fmin = 38.9T and fmax = 145T. The matching between
calculation and data is evident.

perfect, within the error bars. This suggests that up to this concentration, all the charges
contributing to transport come solely from the four L-pockets, and that the second valence
band maxima, which will form the heavy-sigma pockets, is below the Fermi energy for
this concentration, in contradiction with band structure calculations. Additionally, as
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observed from the comparison between data and the perfect ellipsoidal model, in figure
6.14(b), there are no resolvable deviations from perfect ellipsoidicity either, given that the
data and calculation match almost perfectly.

6.4.2

Na concentration of x = 0.26%
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Figure 6.15: (a) Longitudinal magnetoresistance for a Na-doped PbTe sample with Hall number pH = 4.1 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background by the techniques discussed in the text, therefore only
preserving the oscillatory part. (c) Same curves as in (b), now as a function of inverse magnetic
field.

Figure 6.15(a) shows longitudinal magnetoresistance measurements for a Na-doped
sample with Hall number pH = (4.1 ± 0.1) × 1019 cm−3 , as the magnetic field is rotated
along a [110] plane, starting close to the [100] direction. Oscillations are observed from a
field of approximately 3.5 T, and all the way up to the highest field used.
The FFT was calculated for each of the curves presented, and the normalized values
of the FFT’s are represented by the color scale in figure 6.16, as a function of angle with
the [100] direction, and frequency. The color scale of these plots are now in a logarithmic
scale, to help the observation of the higher frequency features, which are weaker than for
the lower hole concentration samples. Fig. 6.16(b) shows a comparison to the expected
frequency evolution for a perfect ellipsoidal model of the L-pockets. The parameters
used for the perfect ellipsoidal model calculation are fmin = 59.7T and fmax = 230T
(f[100] = 97T). With these parameters, the L-pockets anisotropy factor is K = 14.8 ± 3.8,

and the carrier concentration from Luttinger’s theorem is pF S−vol = (4.02 ± 0.28) ×
1019 cm−3 . Again, for this composition the matching between the Hall number and the
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Figure 6.16: (a) The color scale represents the amplitude of the Fourier transform, in logarithmic scale, of the plots shown in fig. 6.15(b), as a function of the angle from the [100] direction
(horizontal axis), and the frequency (vertical axis). For these plots, the field is rotated in the
[110] plane. (b) Same plot as in (a), but where a perfect ellipsoidal model calculation has been
superimposed to the data, up to the second harmonic (black lines). The parameters used for the
calculations are fmin = 59.7T and fmax = 230T. The matching between calculation and data is
evident.

carrier concentration from the L-pocket Fermi surface volume is perfect, within the error
bars. This suggests that up to this concentration, all the charges contributing to transport
come solely from the four L-pockets, and that no sigma pockets are present. Additionally,
as observed from the comparison between data and the perfect ellipsoidal model, in figure
6.16(b), there are no resolvable deviations from perfect ellipsoidicity either, given that the
data and calculation match almost perfectly.

6.4.3

Na concentration of x = 0.40%

Figure 6.17(a) shows longitudinal magnetoresistance measurements for a Na-doped sample
with Hall number pH = (6.3 ± 0.6) × 1019 cm−3 , as the magnetic field is rotated along a

[110] plane, starting close to the [100] direction. Oscillations are observed from a field of
approximately 3 T, and all the way up to the highest field used.
The FFT was calculated for each of the curves presented, and the normalized values
of the FFT’s (in logarithmic scale) are represented by the color scale in figure 6.18, as a
function of angle with the [100] direction, and frequency. Fig. 6.18(b) shows a comparison
with the expected frequency evolution for a perfect ellipsoidal model of the L-pockets.
The parameters used for the perfect ellipsoidal model calculation are fmin = 81.4T and
fmax = 307T (f[100] = 132T). With these parameters, the L-pockets anisotropy factor
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Figure 6.17: (a) Longitudinal magnetoresistance for a Na-doped PbTe sample with Hall number pH = 6.3 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.
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Figure 6.18: (a) The color scale represents the amplitude of the Fourier transform, in logarithmic scale, of the plots shown in fig. 6.13(b), as a function of the angle from the [100] direction
(horizontal axis), and the frequency (vertical axis). For these plots, the field is rotated in the
[110] plane. (b) Same plot as in (a), but where a perfect ellipsoidal model calculation has been
superimposed to the data, up to the third harmonic (black solid and dashed lines). For the
model, the plane of rotation is offset by 4◦ (about the [110] axis) to account for the splitting
seen in the middle branch. The parameters used for the calculations are fmin = 81.4T and
fmax = 307T.

is K = 14.2 ± 1.5, and the carrier concentration from Luttinger’s theorem is pF S−vol =
(6.27 ± 0.19) × 1019 cm−3 .

At this point it is worth mentioning that up to this carrier concentration, the data

allows us to completely map the Fermi surface topology and volume, given that there
is a direct observation of the minimum and maximum frequencies, i.e., minimum and
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Figure 6.19: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.17(b), as a function of the angle from the [100] direction (horizontal axis), and
the frequency (vertical axis). For these plots, the field is rotated in the [110] plane. (b) Same
plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to the
data, up to the second harmonic (black solid and dashed lines), using the same values as in
figure 6.18(b). Additionally, the sum (blue and green dashed lines) and difference (blue and
green dashed-dotted lines) of the fundamental frequencies (lower and middle branches only) are
shown, accounting for the additional features observed in the data.

maximum Fermi surface cross-sectional areas of the ellipsoidal L-pockets. However, the
resolution for the high frequency features has been progressively reduced as Na concentration increases. Particularly, for this concentration, the maximum frequency of the
ellipsoids is resolvable close to 90◦ , but gets blurry close to 35◦ . Given this, although the
value of the maximum frequency can be determine from the 90◦ area, possible deviations
from ellipsoidal model that could be identified around the 35◦ cannot be resolved. However, given the round shape of the upper-branch around 90◦ , we can say that the features
associated with possible departures from ellipsoidal model are not observed.
Nonetheless, additional features in the angle dependence plots are observed. All of
these features can be identified as the sum and difference of the fundamental frequencies of
the L pocket, as can be observed in fig. 6.19. The presence of such combination frequencies can be attributed to two possible effects: magnetic breakdown (MB), or magnetic
interaction (MI) effects. However, given the small size of the L pockets (less than 0.002%
of the Brillouin zone), the fact that they are in opposite corners of the Brillouin zone, and
the fact that there are difference terms in the oscillations, i.e., (fi − fj ), makes MB effects

unlikely. Therefore, the presence of such combination frequencies can be attributed to MI
effects.
In order to confirm the topology and volume of the Fermi surface for samples of this
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Figure 6.20: (a) Longitudinal magnetoresistance for a Na-doped PbTe sample with Hall number pH = 6.3 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [100] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.
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Figure 6.21: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.20(b), as a function of the angle from the [100] direction (horizontal axis), and
the frequency (vertical axis). For these plots, the field is rotated in the [100] plane. (b) Same
plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to the
data, up to the third harmonic (black lines). For the model, the plane of rotation is offset by
5.5◦ (about the [100] axis). The parameters used for the calculations are the same as the ones
used for the [110] plane of rotation data: fmin = 81.4T and fmax = 307T.

Na concentration, the evolution of the characteristic frequencies of oscillation, this time
as the field is rotated in a [100] plane, were measured for a different sample of the same
batch. Longitudinal magnetoresistance measurements for this sample are shown in figure
6.20(a), and the background-free data is shown in figs. 6.20(b,c). The normalized values
of the FFT of these curves (in logarithmic scale) are represented by the color scale in
figure 6.21, as a function of angle with the [100] direction, and frequency. Fig. 6.21(b)
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shows a comparison with the expected frequency evolution for a perfect ellipsoidal model
of the L-pockets. The parameters used for the perfect ellipsoidal model calculation are
the same as the ones used for the previous samples for which the magnetic field was
rotated in the [110] plane, that is, fmin = 81.4T and fmax = 307T (f[100] = 132T). The
matching between the data and the model confirms the values obtained previously, and
the matching with perfect ellipsoidal model. Additionally, and the carrier concentration
from Luttinger’s theorem (pF S−vol = (6.27 ± 0.19) × 1019 cm−3 ) matches the Hall number
perfectly, indicating that up to this hole concentration the material is single band.

6.4.4

Na concentration of x = 0.62%

Figure 6.22(a) shows longitudinal magnetoresistance measurements for a Na-doped sample
with Hall number pH = (9.4 ± 0.6) × 1019 cm−3 , as the magnetic field is rotated along a

[110] plane, starting close to the [100] direction. Oscillations are observed from a field of
approximately 4 T, and all the way up to the highest field used.
The FFT was calculated for each of the curves presented, and the normalized values
of the FFT’s (in logarithmic scale) are represented by the color scale in figure 6.23, as
a function of angle with the [100] direction, and frequency. For this sample the high
frequency components of the oscillations are blurred-out, and evolutions of some of the
different branches can be observed only up to 400 T. Fig. 6.23(b) shows a comparison
to the expected frequency evolution for a perfect ellipsoidal model of the L-pockets. The
parameters used for the perfect ellipsoidal model calculation are fmin = 97T and fmax =
370T (f[100] = 157.5T). The determination of fmin has a very low uncertainty, given that
we can observe up to the third-harmonic of the lower branch. Around the angle of 90◦
we can observe some weight (yellow color) around 350-370 T, which we could interpret
as an indication of the value of fmax . Using this value for the model, we can see that the
matching between data and perfect ellipsoidal model is not satisfactory, especially if we
look close to the 0◦ area of the plot. Interestingly, the 90◦ -370 T area overlaps with the
region at which the third harmonic of the lower branch passes. This could indicate that
the weight observed at this region belongs to this third harmonic, and not to the fmax .
Figure 6.24(b) shows a contrast between the data and a perfect ellipsoidal model using the
same fmin = 97T, but now using a larger value of fmax = 460T (and f[100] = 161T). This
values provide a better matching between data and perfect ellipsoidal model for the region
of 0◦ . However, the combination frequency terms, due to magnetic interaction effects,
suggest that this fit is not satisfactory, as the evolution of the combination frequency
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Figure 6.22: (a) Longitudinal magnetoresistance for a Na-doped PbTe sample with Hall number pH = 9.4 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.
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Figure 6.23: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.22(b), as a function of the angle from the [100] direction (horizontal axis), and
the frequency (vertical axis). For these plots, the field is rotated in the [110] plane. (b) Same
plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to the
data, up to the third harmonic (black lines). In order to guide better the comparison with the
perfect ellipsoidal model, the exact frequencies of the local maxima of the FFT for each angle
(labeling only FFT peaks which amplitude is 1% or more of the largest peak for each angle)
are indicated by black open dots in this plot. fmin = 97T is a quantity well established, given
that we can observe up to the third harmonic of the lowest branch. Additionally, for the model
we used a fmax = 370T (given that this fmax value matches the maximum frequency to the
same features seen at 90◦ for lower concentration samples), and a offset of 4o from the (110)
plane of rotation (about the [110] axis), to account for the splitting seen in the middle branch.
Deviations from the perfect ellipsoidal model, using these parameters, are clear around 0◦ .
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Figure 6.24: Same plots as in fig. 6.23, but where the parameters used for the perfect ellipsoidal
model calculations are (a) The same as in fig. 6.23(b), that is, fmin = 97T and fmax = 370T,
but now including the combination frequency terms due to MI effects; and (b) fmin = 97T
and fmax = 460T, and also including the corresponding combination frequency terms. For both
plots, the plane of rotation is offset by 4o (about the [110] axis) to account for the splitting seen
in the middle branch. For the combination frequency terms, the sum of the branches are shown
in blue and green dashed lines, and the difference in blue and green dashed-dotted lines (only
fundamental frequencies combinations of the lower and middle branches are shown). None of
the fits presented here give a satisfactory description of the data. This is interpreted as possible
deviations from perfect ellipsoidicity.

data points around 60◦ -350 T seems to be less steep, being better matched by the fit
using fmax = 370T, as shown in fig. 6.24(a). The lack of a satisfactory perfect ellipsoidal
model to describe the data can be interpreted as deviations from perfect ellipsoidicity of
the L-pockets for this Na-concentration. The mismatch of the data and perfect ellipsoidal
model is observed in the intermediate branch, which is consistent with the guidelines given
by the DFT calculations, presented in section 6.2.2.
In spite of the possible deviations from perfect ellipsoidicity observed, we can estimate
different parameters of the pocket, by using the values of fmin = 97T and fmax = 370T
(given that this fit matches the maximum frequency to the same features seen at 90◦ for
lower concentration samples). With these parameters, the L-pockets anisotropy factor is
K = 14.6 ± 7.9, which is close to the values obtained for the lower concentrations studied;

and the carrier concentration from Luttinger’s theorem is pF S−vol = (8.3±2.1)×1019 cm−3 .
The mismatch between this quantity and the Hall number is possibly attributed to the
deviations from perfect ellipsoidicity, given that we don’t observe any additional signatures
from other possible pockets in the quantum oscillation data.
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6.4.5

Summary of the experimental Fermi surface parameters
for Na-doped PbTe

x(at.%)

pH (×1019 cm−3 )

fmin (T)

f[100] (T)

fmax (T)

K

0
0.04
0.13
0.26
0.4
0.62

0.19 ± 0.0007
0.75 ± 0.007
2.09 ± 0.006
4.1 ± 0.06
6.25 ± 0.57
9.41 ± 0.58

8±1
17 ± 5
39 ± 4
60 ± 8
81 ± 4
97 ± 12

12.5 ± 2
34 ± 7
63 ± 5
97 ± 10
132 ± 13
157.5 ± 16

25 ± 2
145 ± 7
230 ± 7
307 ± 6
370 ± 90

10 ±
14 ±
15 ±
14 ±
15 ±

pF S−V ol (×1019 cm−3 )
4
3
4
2
8

0.16 ±
2.1 ±
4.0 ±
6.3 ±
8.3 ±

0.02
0.2
0.3
0.2
2.1

Table 6.1: Fermi surface parameters for Na-doped PbTe, obtained from comparison between
data and perfect ellipsoidal model.

Now that we have presented the data and the analysis done in order to obtain the
different parameters of the Fermi surface for different Na-doping levels, we can summarize
them and present their evolution as we go deeper into the valence band. All the different parameters obtained in the previous sections are summarized in table 6.1. We also
included information of an additional Na composition (x = 0.04%) for which we did lowfield measurements, particularly, temperature dependence of the amplitude of oscillations,
as it will be presented in the next section.
Figure 6.25 shows the L-pockets Luttinger volume as a function of Hall number for the
Na-doped PbTe samples studied, plus self-doped samples (by Pb-vacancies) measured in
previous SdH studies by other groups [59, 60]. For a single-parabolic-band model, these
two quantities are expected to exactly match with each other, and points are expected
to lie in the dashed line shown in this figure. This is in fact the case for all the samples
studied, including the self-doped ones. The deviations seen for the last Na-doping can be
attributed to deviations from perfect ellipsoidicity of the pockets. The matching between
L-pockets Luttinger volume and Hall number implies that this material, up to a carrier
concentration of pH = (9.4 ± 0.6) × 1019 cm−3 , is single band, this is, all the carriers

contributing to conduction belong to the L-band. This is in contradiction with all the
previously published band-structure calculations, which predict the appearance of the
Σ-band at a hole concentration of the order of pH = 1 × 1019 cm−3 .

The evolution of the three high symmetry L-pockets cross-sectional areas, in frequency

units (fmin , fmax and f[100] ), with Hall number is plotted in figure 6.26. For a perfect ellipsoidal model, all the cross-sectional areas are expected to scale with carrier concentration
2/3

as pH . This is in fact the functional form followed by all the different cross-sectional
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Figure 6.25: Carrier concentration calculated from Luttinger’s theorem and the volume of
the L-pockets extracted from the comparison between the data and a perfect ellipsoidal model,
as a function of the Hall number, for Na-doped PbTe (black squares), plus the one obtained
using ellipsoid parameters obtained in previous studies in refs. [59, 60] (blue stars). The curve
in dashed-line shows what is expected for a single-parabolic-band, for which the carrier density
enclosed by the Fermi surface, as determined through Luttinger’s theorem match the Hall number, i.e., the carrier density as measured through Hall. All the measured samples lie on this
line, and the deviations seen for the highest Na-doping are attributed to deviations from perfect
ellipsoidicity. The vertical dotted line marks the carrier concentration at xc , the concentration
above which superconductivity is observed for Tl-doped samples. None of the Na-doped samples
superconducts (see fig. 6.3).

areas in fig. 6.26, as shown by the dashed line. The last Na-doped sample deviates from
this line, confirming the departure from perfect ellipsoidicity of the pockets for this high
carrier concentration. However, for carrier concentrations below pH = 6.3 × 1019 cm−3 , we

can say that the L-pockets are well described by a perfect ellipsoidal model, within the
experimental resolution.
Additionally, the anisotropy of the pocket, K = (fmax /fmin )2 , which is equivalent to
the band mass anisotropy, K = mzz /mxx , for a perfect parabolic band, where mxx is the
effective band mass along the ellipsoidal L-pocket minor semi-axis, and mzz is the effective
band mass along the ellipsoidal L-pocket major semi-axis, is approximately constant with
carrier concentration (K = 14.3 ± 0.4), for the range of carrier concentrations of interest.
This evolution is shown in fig. 6.27.
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Figure 6.26: Evolution of the characteristic frequencies of the L-pockets with Hall number, for
Na-doping, as determined from this study, and for doped samples from the works in refs. [59,60]:
(a) Frequency associated with the L-pockets minimum cross-sectional area, fmin , (b) Frequency
associated with the L-pockets cross-sectional area in the [100] direction, f[100] , and (c) Frequency
associated with the L-pockets maximum cross-sectional area, fmax . The blue-star symbols are
data points obtained by previous quantum oscillations studies from other authors [59,60], in selfdoped PbTe with different levels of Pb-vacancies (the last star in fmin , in green, was obtained
by Na-doping). The curve in dashed-line in all the plots is the functional dependence of p2/3
expected for a perfect ellipsoidal model with fixed anisotropy. The vertical dotted line marks
the carrier concentration at xc , the Tl-concentration above which superconductivity is seen.
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Figure 6.27: Anisotropy parameter of the L-pockets, K = (fmax /fmin )2 , extracted from data,
as a function of the Hall number for Na-doped samples, as determined from this study, and for
self-doped samples from the works in refs. [59, 60]. The horizontal gray-line shows the average
value of K = 14.3 ± 0.4 for this range of concentrations. The vertical dotted line marks the
carrier concentration at xc , the Tl-concentration above which superconductivity is seen.

6.4.6

Determination of cyclotron effective mass for Na-doped
PbTe

Temperature dependence of the oscillations amplitude was measured for samples of different Na-concentrations, with the field oriented along the [100] direction. These measurements were performed in a QD-PPMS systems, for fields up to 14 T. The cyclotron
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Figure 6.28: Temperature dependence of the oscillation amplitude for Na-doped samples with
carrier concentrations (a) pH = 0.75 × 1019 cm−3 , (b) pH = 2.09 × 1019 cm−3 , and (c) pH =
4.1 × 1019 cm−3 . The left-column plots show the background-free data, for magnetic field along
or close to the [100] direction, and for different temperatures. The right-column plots show the
fits of the data to equation 6.1, using the two or three most dominant frequencies observed in
the FFT (shown in the corresponding top-central plot), and from which the values of cyclotron
effective mass and Dingle temperature for each frequency is obtained.
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Figure 6.29: Temperature dependence of the oscillation amplitude for Na-doped samples with
carrier concentrations (a) pH = 6.25 × 1019 cm−3 , (b) pH = 9.25 × 1019 cm−3 , and (c) pH =
9.41 × 1019 cm−3 . The left-column plots show the background-free data, for magnetic field along
or close to the [100] direction, and for different temperatures. The right-column plots show the
fits of the data to equation 6.1, using the two or three most dominant frequencies observed in
the FFT (shown in the corresponding top-central plot), and from which the values of cyclotron
effective mass and Dingle temperature for each frequency is obtained.
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effective mass was obtained by direct fitting of the curves for all temperatures to the
LK-formula presented in equation 2.28. With the explicit amplitude reduction factors,
the LK formula fitting used was:



 

ρ(H) − ρ0 X
−14.7(mcyc
T /H
i /m0 )ΘD,i )
=
Ci exp
ρ0
H
sinh (14.7(mcyc
i /m0 )T /H)
i


Fi
× cos 2π + φi (6.1)
H
for which the sum is over the frequencies observed in the data, and for which a separate
cyclotron effective mass, mcyc
i /m0 and Dingle temperature, ΘD,i can be obtained. The
successful convergence of the fitting of this formula to the data is strongly dependent
on the number of frequencies in the data. That is why the best determination of the
mass parameters is obtained for the field oriented close to the [100] direction, for which
the cross-sectional areas of all the L-pockets are equivalent, therefore, one frequency of
oscillation (and its harmonics) is expected.
The background-free data, and the fitting to equation 6.1 for each set of data, is
shown in figures 6.28 and 6.29. The parameters obtained by the fittings are summarized
in table 6.2, for the different frequency terms taken into account in the fitting. These
fittings were done taking into account the largest two (or three for the case of the largest
Na-concentration) frequency components, observed in the FFT of the data. At the [100]
direction we expect to observe one frequency, and its harmonics, to contribute to the
oscillations. However, small misalignment from this direction result in more than one
frequency, but all very close to each other (from the evolution of the three frequency
branches of the L-pockets that meet at [100], as field is rotated in the [110] plane). These
very small differences in frequency can generate the “beating”, observed very clearly in
fig. 6.28(c)and fig. 6.29(a). For these figures, the FFT does not resolve the splitting
in frequency, which for the case of fig. 6.28(a) is only of 2% of the average frequency.
However, the data can be successfully fitted by forcing the presence of split frequencies.
Overall, the cyclotron mass values obtained for close frequencies are very similar; however,
the values of Dingle temperatures differ considerably, and they are strongly dependent on
the range of field at which the fitting is performed. This fact suggests that for this system
showing various frequency contributions, the Dingle temperature is not a robust fitting
parameter, but the cyclotron mass is.
The hole effective cyclotron mass in the [100] direction, averaged for the frequencies
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x(at.%)

pH (×1019 cm−3 )

fi (T)

mcyc
i /m0

ΘD,i (K)

0.04

0.75 ± 0.007

0.13

2.09 ± 0.006

0.26

4.1 ± 0.06

0.4

6.25 ± 0.57

0.60

9.25 ± 2.2

0.62

9.41 ± 0.58

15.8
32.1
34.6
68.2
97.8
107.8
136.6
143.1
163.7
330.3
157.1
168.7
182.1

0.098
0.094
0.085
0.133
0.140
0.164
0.168
0.176
0.213
0.325
0.229
0.219
0.227

63.4
0
8.9
17.4
10.1
4.9
0
0
11.7
6.0
8.4
13.6
7.0

Table 6.2: Effective masses and Dingle temperatures close to the [100] direction, for samples of
Na-doped PbTe with different carrier concentrations. Values were obtained through the fittings
to eq. 6.1, as shown in figs. 6.28 and 6.29. The values of mi /m0 and ΘD,i correspond to each
of the frequencies, fi , observed in the data.

0.30

20

(a)

0.25

(b)

m

(K)

0.15

D

[100]

/m

0

15
0.20

10

0.10
5
0.05

0.00

0
0

2

4

p

H

6

(x10

19

8
-3

cm )

10

12

0

2

4

p

H

6

(x10

19

8

10

12

-3

cm )

Figure 6.30: (a) Evolution with carrier concentration of the hole effective cyclotron mass
in the [100] direction, mcyc
[100] /m0 , for Na-doped PbTe. Points are obtained by averaging the
cyclotron masses obtained from the temperature and field dependence of the amplitude of SdH
oscillations, for frequencies close to the fundamental. (b) Evolution with carrier concentration
of the Dingle temperature, ΘD , for Na-doped PbTe. The points shown are obtained from the
temperature and field dependence of the amplitude of SdH oscillations, corresponding to the
frequencies close to the fundamental.

around the fundamental, and its evolution with carrier concentration, is shown in fig.
6.30(a). A close to linearly increasing cyclotron mass with carrier concentration is observed, and in the carrier concentration range studied, the increase in cyclotron mass is
close to a factor of 2.5. This observation implies that the L-band is non-parabolic, even
when the pockets are apparently well described by perfect ellipsoids. This behavior has
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been previously predicted by band structure calculations [70,166]. We return to comment
on this in section 6.6.1.
The Dingle temperature as a function of carrier concentration, for the frequencies close
to the fundamental, is shown in fig. 6.30(b). As mentioned previously, and as it can be
observed in the plot, the dispersion in this quantity is large, and it is difficult to observed
any trend. However, for an average value of ΘD = (9.2 ± 2.9)K, an approximate value for
the carriers relaxation time can be estimated, as τ = ~/2πkB ΘD . The value obtained is
τ = (0.132 ± 0.04) ps. Armed with the complete determination of the FS parameters and
the quasiparticle relaxation rate, we can, at least in principle, calculate the conductivity

and compare with measured values. However, uncertainty in the absolute value of the
Dingle temperature for each composition make a quantitative comparison with the doping
dependence of the conductivity challenging and such results were inconclusive.

6.5

Shubnikov-de Haas effect measurements in Tldoped PbTe

As observed in figure 6.2, the residual resistance of the Tl-doped samples increases much
more rapidly with increasing Tl doping than with Na-doping, especially above x = 0.3%,
where a jump in ρ(2K)/ρ(300K) is seen. This fact has important consequences for the observation of quantum oscillations, given that the amplitude of such oscillations is strongly
influenced by finite carrier relaxation time due to an increase in scattering, which is equivalent to a broadening of the landau levels, therefore a less abrupt change in the resistivity
as the tubes cross the Fermi surface. Consequently, the amplitude of the oscillations is
significantly reduced for Tl compositions above x = 0.3%. Given these, the determination
of the topology and volume of the Fermi surface for Tl-doped samples, and its evolution
with Tl doping is less resolvable, and imply larger uncertainties, especially for the observation of the higher frequency features, associated with the major semiaxis region of the
ellipsoids.
All the data presented in this section was taken at a temperature of (1.5±0.2)K. The
magnetic field was rotated in the [110] plane for all the samples, and additionally, for the
samples with concentration of x = 0.15% and x = 0.4%, data was taken as rotating the
field in the [100] plane. The symmetric component of the measured magnetoresistance
is shown for all the samples, and analyzed as described in each section. For the samples
with Tl-concentrations of x = 0.15%, 0.3% and 0.4%, we found that the best background
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subtraction technique was the one of the spline fit. Given that the amplitude of the oscillations is very small for the last two concentrations (x = 0.8% and 1.3%), the background
subtraction that provided the most information for the angle evolution of the frequency
of oscillation was the third degree polynomial fit. For these last two composition, we were
only able to track the angle evolution of the low frequency ellipsoids branch.
The high field data presented in this section was taken at the DC-field facility of the
NHMFL, in Tallahassee, for samples with Tl concentrations of x = 0.15% and 0.4%, in
fields up to 35 T; and at the Magnet Lab in Nijmegen, The Netherlands, for samples with
Tl concentrations of x = 0.3%, 0.8% and 1.3%, in fields up to 32 T.

6.5.1

Tl concentration of x = 0.15%

Figure 6.31(a) shows longitudinal magnetoresistance measurements for a Tl-doped sample,
with Tl concentration of x = 0.15%, and Hall number pH = 1.67 × 1019 cm−3 , as the

magnetic field is rotated along a [110] plane. Oscillations are observed from a field of
approximately 5 T, and all the way up to the highest field used.
The FFT was calculated for each of the curves presented, and the normalized values
of the FFT’s are represented by the color scale in figure 6.32, as a function of angle with
the [100] direction, and frequency. Fig. 6.32(b) shows a comparison to the expected
frequency evolution for a perfect ellipsoidal model of the L-pockets. The parameters used
for the perfect ellipsoidal model calculation are fmin = 36.2T and fmax = 125T (f[100] =
58T). With these parameters, the L-pockets anisotropy factor is K = 11.9 ± 6.2, and

the carrier concentration from Luttinger’s theorem is pF S−vol = (1.70 ± 0.24) × 1019 cm−3 .

The matching between the Hall coefficient and the carrier concentration from the Lpocket Fermi surface volume is perfect, within the error bars. This suggests that up to
this concentration, all the charges contributing to transport come solely from the four
L-pockets, and that the second valence band maxima, which will form the heavy-sigma
pockets, is below the Fermi energy for this concentration, in contradiction with band
structure calculations.
In order to confirm the topology and volume of the Fermi surface for samples of this Tl
concentration, the evolution of the characteristic frequencies of oscillation, this time as the
field is rotated in a [100] plane, were measured for the same sample that was previously
measured as field was rotated in the [110] direction. Symmetrized magnetoresistance
measurements for this sample are shown in figure 6.33(a), and the background-free data is
shown in figs. 6.33(b,c). The normalized values of the FFT of these curves are represented
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Figure 6.31: (a) Longitudinal magnetoresistance for a Tl-doped PbTe sample with Hall number pH = 1.67 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.
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Figure 6.32: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.31(b), as a function of the angle from the [100] direction (horizontal axis), and
the frequency (vertical axis). For these plots, the field is rotated in the [110] plane. (b) Same
plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to the
data, up to the second harmonic (light-gray lines). The parameters used for the calculations are
fmin = 36.2T and fmax = 125T.

by the color scale in figure 6.34, as a function of angle with the [100] direction, and
frequency. Fig. 6.34(b) shows a comparison with the expected frequency evolution for a
perfect ellipsoidal model of the L-pockets. The parameters used for the perfect ellipsoidal
model calculation are the same as the ones used for the measurements in which the
magnetic field was rotated in the [110] plane, that is, fmin = 36.2T and fmax = 125T
(f[100] = 58T). The matching between the data and the model confirms the values obtained
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Figure 6.33: (a) Longitudinal magnetoresistance for a Tl-doped PbTe sample with Hall number pH = 1.67 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [100] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.
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Figure 6.34: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.33(b), as a function of the angle from the [100] direction (horizontal axis), and
the frequency (vertical axis). For these plots, the field is rotated in the [100] plane. (b) Same
plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to the
data, up to the second harmonic (light-gray lines). The parameters used for the calculations are
the same as the ones used for the [110] plane of rotation data: fmin = 36.2T and fmax = 125T.

previously, and the matching with perfect ellipsoidal model.

6.5.2

Tl concentration of x = 0.3%

Figure 6.35(a) shows longitudinal magnetoresistance measurements for a Tl-doped sample,
with Tl concentration of x = 0.3%, and Hall number pH = (4.8 ± 0.1) × 1019 cm−3 , as
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Figure 6.35: (a) Longitudinal magnetoresistance for a Tl-doped PbTe sample with Hall number pH = 4.8 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.
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Figure 6.36: (a) The color scale represents the amplitude of the Fourier transform of the
plots shown in fig. 6.35(b), as a function of the angle from the [100] direction (horizontal axis),
and the frequency (vertical axis). For these plots, the field is rotated in the [110] plane. (b)
Same plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed
to the data, up to the second harmonic (solid and dashed lines). The parameters used for the
calculations are fmin = 59.1T and fmax = 250T, and the maxima of the FFT are the peaks with
amplitude of at least 5% of the biggest peak.

the magnetic field is rotated along a [110] plane. Oscillations are observed from a field of
approximately 6.5 T, and all the way up to the highest field used.
The FFT was calculated for each of the curves presented, and the normalized values
of the FFT’s (in logarithmic scale, to highlight the high frequency components) are represented by the color scale in figure 6.36, as a function of angle with the [100] direction, and
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frequency. As can be observed in this figure, the high frequency components are blurredout, and the angle evolution of the different branches can be clearly observed only up to
150 T. However, there is a fuzzy indication of a continuation of the middle branch, dispersing from 150T and 50◦ , up to 250 T and 90◦ , where it becomes slightly stronger. This
feature can be used as an indication of fmax . Fig. 6.36(b) shows a comparison with the
expected frequency evolution for a perfect ellipsoidal model of the L-pockets. The parameters used for the perfect ellipsoidal model calculation are fmin = 59.1T and fmax = 250T
(f[100] = 97T). This figure also includes the positions of the FFT maxima (in black opencircles), which are helpful in guiding the comparison with the perfect ellipsoidal model,
given that at this point the Fourier peaks are significantly wider than for the samples studies above. With these parameters, the L-pockets anisotropy factor is K = 17.9 ± 5, and
the carrier concentration from Luttinger’s theorem is pF S−vol = (4.35 ± 0.41) × 1019 cm−3 .
This value is very close to the Hall number, and the significance, if any, of the small
difference will be discussed further in the section.

6.5.3

Tl concentration of x = 0.4%

Figure 6.37(a) shows longitudinal magnetoresistance measurements for a Tl-doped sample,
with Tl concentration of x = 0.4%, and Hall number pH = (5.88 ± 0.04) × 1019 cm−3 , as

the magnetic field is rotated along a [110] plane. Oscillations are observed from a field of
approximately 8 T, and all the way up to the highest field used.
The FFT was calculated for each of the curves presented, and the normalized values
of the FFT’s (in logarithmic scale, to highlight the high frequency components) are represented by the color scale in figure 6.38, as a function of angle with the [100] direction,
and frequency. Starting from this composition, the maximum frequency of the ellipsoid
cannot be directly observed from the data, given that the high frequency components
are blurred-out, and the angle evolution of the different branches can only be tracked up
to approximately 150 T. Fig. 6.38(b) shows a comparison with the expected frequency
evolution for a perfect ellipsoidal model of the L-pockets. The parameters used for the
perfect ellipsoidal model calculation are fmin = 62T and fmax = 185T (f[100] = 97T).
With these parameters, the L-pockets anisotropy factor is K = 8.9 ± 3.4, and the carrier
concentration from Luttinger’s theorem is pF S−vol = (3.30 ± 0.89) × 1019 cm−3 . However,

the uncertainty in the determination of fmax , from the comparison to the perfect ellipsoidal model, is large given the lack of a direct observation of the maximum L-pocket
frequency. Given that for the two previous Tl concentrations studied so far the L-pocket
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Figure 6.37: (a) Longitudinal magnetoresistance for a Tl-doped PbTe sample with Hall number pH = 5.88 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.

characteristics (topology and volume) match what was seen for the Na-doped compound,
we can fix the anisotropy of the pocket for this composition to the one seen for Na-doped
samples around the same carrier concentration, which is K = 14.3. With this anisotropy,
and given that we observe an fmin = 62T , the value of the maximum frequency would be
fmax = 235T. A comparison of the data and perfect ellipsoidal model using these values is
shown in fig. 6.39. For these values, the value of the carrier concentration from Luttinger’s
theorem would be pF S−vol = 4.19 × 1019 cm−3 . However, with these values the matching

between data and model, especially for middle branch data, is not as satisfactory as the
one shown in fig. 6.38, using fmax = 185T.
The mismatch between the Hall number and the volume of the L-pockets (estimated
by assuming a perfect ellipsoidal model), for any of the fittings discussed above, suggests
the existence of additional contributions to conduction, which could be coming from an
additional band. However, the angle dependence in the [110] plane does not show any
robust feature, with an angle dependence that resembles the one expected for the sigma
pockets, as predicted by band structure calculations. However, a more natural plane to
probe the existence of sigma pockets is the [100] plane. In order to test the existence of
such pockets, we performed measurements to the same sample measured in the [110] plane,
but now as the field is rotated in the [100] plane. Magnetoresistance measurements for this
sample as field is rotated along this plane are shown in figure 6.40(a), and the backgroundfree data is shown in figs. 6.40(b,c). The normalized values of the FFT of these curves
are represented by the color scale in figure 6.41, as a function of angle with the [100]
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Figure 6.38: (a) The color scale represents the amplitude of the Fourier transform of the
plots shown in fig. 6.37(b), as a function of the angle from the [100] direction (horizontal axis),
and the frequency (vertical axis). For these plots, the field is rotated in the [110] plane. (b)
Same plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed
to the data, up to the second harmonic (solid and dashed lines). The parameters used for the
calculations are fmin = 62T and fmax = 185T, and the maxima of the FFT are the peaks with
amplitude of at least 5% of the biggest peak. (c) Same plot as in (a), but in a logarithmic color
scale, in order to stand-out possible high frequency features. (d) Same plot as in (b), but in a
logarithmic color scale.

direction, and frequency. For this plane of rotation, the low frequency branch evolution
with angle can be tracked all the way from 0◦ to 90◦ , as well as the the second harmonic
of such branch (better seen in the logarithmic color scale plot shown in fig. 6.41(d-f)).
However, very-weak-to-no features are observed for the second branch of the L-pockets,
which would be expected to disperse upwards from 0◦ , and returns down to join the
lower branch at 90◦ . The only guidance for a comparison with a perfect ellipsoids model
with a determinate fmax value are the weak shadows seen in the logarithmic color scale
plots, close to 90◦ , between the first and second harmonic of the lower frequency branch.
This feature is quite broad, which could be associated with a possible plane of rotation
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Figure 6.39: (a) Comparison of the angle evolution of the magnetoresistance oscillation frequencies of Pb1−x Tlx Te, with x = 0.4%, with a perfect ellipsoidal model with an anisotropy
equivalent to the one observed for Na-doped samples (and lower Tl-doping), which is K =14.3.
The parameters used for the calculations are fmin = 62T and fmax = 235T (f[100] = 100.6T).
(c) Same as (a), but in a logarithmic color scale.
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Figure 6.40: (a) Longitudinal magnetoresistance for a Tl-doped PbTe sample with Hall number pH = 5.59 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [100] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.

misalignment, as suggested by the splitting seen in the lower frequency branch, and more
convincingly seen in the separate real imaginary and components of the FFT, shown in
fig. 6.42. Fig. 6.41(b,e) show the comparison of the data with a perfect ellipsoidal model
using the best-matched parameters obtained for the [110] plane of rotation (fmin = 62T
and fmax = 185T), and rotating in a plane misaligned by 13◦ from the [100] plane. Fig.
6.41(c,f) show the comparison of the data with a perfect ellipsoidal model, but using the
same parameters as for fig. 6.39 (fmin = 62T and fmax = 235T), with a pocket anisotropy
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Figure 6.41: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.40(b), as a function of the angle from the [100] direction (horizontal axis), and
the frequency (vertical axis). For these plots, the field is rotated in the [100] plane. (b) Same
plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to the
data, up to the second harmonic (solid and dashed lines). For the model, the plane of rotation
is offset by 13◦ (about the [110] axis) to account for the splitting seen in the lower frequency
branch. The parameters used for the calculations are the same used for for the model that gave
the best representation of the data for the [110] plane of rotation. This is, fmin = 62T and
fmax = 185T. White points represent the maxima of the FFT, with amplitude of at least 10%
of the biggest peak. (b) Same plot as in (a), but where a perfect ellipsoidal model calculation
has been superimposed to the data, using the parameters that generated the anisotropy of 14.3
for the [110] plane of rotation. This is, fmin = 62T and fmax = 235T. (d,e,f ) Same plots as in
(a,b,c), respectively, but in a logarithmic scale. Color scales for all the plots are equivalent to
the ones shown in all previous angle dependence plots.
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Figure 6.42: (a) Real and (b) imaginary parts of the Fourier transform of the plots shown
in fig. 6.40(b), as a function of the angle from the [100] direction (horizontal axis), and the
frequency (vertical axis), as the field is rotated in the [100] plane. From these, the splitting
seen in the absolute value of the FFT in fig. 6.41, can be identified as a sample missalignment,
consistent with an off-[100] plane rotation.

of K = 14.3.
From the [100]-plane angle dependence, the only feature that could be consistent
with a sigma-like feature is the split-like feature of the lower frequency branch, observed
from an angle of 30◦ to 60◦ , and frequency of approximately 84 T, given that for a
sigma-like band the angle evolution in the [100]plane is expected to have a flat branch
with a constant frequency corresponding to the maximum cross-section area of the Σellipsoids (plus two additional S-shape branches dispersing from this frequency down
to the frequency corresponding to the minumum cross-section area of the Σ-ellipsoids).
However, the feature observed in the angle dependence plot in fig. 6.41 is not flat, and its
characteristics can be better resolved in the contour plots showing the angle evolution of
the real and imaginary parts of the magnetoresistance FFT, in fig. 6.42. Both real and
imaginary parts show the splitting progressively increasing from 0◦ , where is almost zero,
to 90◦ , where is larger, and mixes with some more features, which is what generates the
loss of splitting resolution when plotting the absolute value of the complex FFT, in fig.
6.41. Therefore we conclude that no features corresponding to a Σ-pocket are observed
in the angle dependence plots for this plane of rotation, or the original [110] plane of
rotation.
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Figure 6.43: (a) Longitudinal magnetoresistance for a Tl-doped PbTe sample with Hall number pH = 7.96 × 1019 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.
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Figure 6.44: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.43(b), as a function of the angle from the [100] direction (horizontal axis), and
the frequency (vertical axis). For these plots, the field is rotated in the [110] plane. (b) Same
plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to the
data (light-gray lines). The model uses a fixed anisotropy of 14.3, found for Na-doped samples
of similar fmin values. The parameters used are fmin = 68.6T and fmax = 259.6T. The black
points represent the maxima of the FFT with amplitudes of at least 20% of the biggest peak.

6.5.4

Tl concentration of x = 0.8%

Figure 6.43(a) shows longitudinal magnetoresistance measurements for a Tl-doped sample,
with Tl concentration of x = 0.8%, and Hall number pH = (7.96 ± 0.14) × 1019 cm−3 , as

the magnetic field is rotated along a [110] plane. Oscillations are observed from a field of
approximately 13 T, and all the way up to the highest field used.

0.10
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The FFT was calculated for each of the curves presented, and the normalized values
of the FFT’s are represented by the color scale in figure 6.44, as a function of angle with
the [100] direction, and frequency. For this composition, the only branch that could be
tracked in the angle dependence plot was the low frequency one. We do not observe any
features for the other branches. However, if we fix the anisotropy of the pocket to be the
same of the one found for Na-doped samples, K = 14.3, and given the fmin observed from
the data, the comparison between perfect ellipsoidal model and data is satisfactory, as
shown in fig. 6.44(b). The parameters used are fmin = 68.6T and fmax = 259.6T (f[100] =
111.3T). With these parameters, the carrier concentration from Luttinger’s theorem is
pF S−vol = (4.87 ± 1.04) × 1019 cm−3 .

6.5.5

Tl concentration of x = 1.3%

Figure 6.45(a) shows longitudinal magnetoresistance measurements for a Tl-doped sample,
with Tl concentration of x = 1.3%, and Hall number pH = (1.03 ± 0.16) × 1020 cm−3 , as
the magnetic field is rotated along a [110] plane. Oscillations are observed only from a
field of approximately 15 T, and all the way up to the highest field used.
The FFT was calculated for each of the curves presented, and the normalized values
of the FFT’s are represented by the color scale in figure 6.46, as a function of angle with
the [100] direction, and frequency. For this composition, the only branch that could be
tracked in the angle dependence plot was the low frequency one. We do not observe any
features for the other branches. However, if we fix the anisotropy of the pocket to be the
same of the one found for Na-doped samples, K = 14.3, and given the fmin observed from
the data, the comparison between perfect ellipsoidal model and data is satisfactory, as
shown in fig. 6.46(b). The parameters used are fmin = 73.4T and fmax = 277.8T (f[100] =
119.1T). With these parameters, the carrier concentration from Luttinger’s theorem is
pF S−vol = (5.38 ± 2.52) × 1019 cm−3 .

6.5.6

Summary of the experimental Fermi surface parameters
for Tl-doped PbTe

Table 6.3 summarizes the Fermi surface parameters for Tl-doped PbTe, deduced in the
previous sections from the comparison with the perfect ellipsoidal model. Additionally,
fig. 6.47 shows the evolution of the L-pocket ellipsoid frequencies fmin , f[100] and fmax as
a function of Hall number, for both, Tl-doping and Na-doping, as found in this thesis,
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Figure 6.45: (a) Longitudinal magnetoresistance for a Tl-doped PbTe sample with Hall number pH = 1.03 × 1020 cm−3 , for different directions of the applied magnetic field, with respect
to the crystalline axis [100], as the field is rotated in the [110] plane. (b) Same curves as in
(a), after eliminating the background, therefore only preserving the oscillatory part. (c) Same
curves as in (b), now as a function of inverse magnetic field.
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Figure 6.46: (a) The color scale represents the amplitude of the Fourier transform of the plots
shown in fig. 6.45(b), as a function of the angle from the [100] direction (horizontal axis), and
the frequency (vertical axis). For these plots, the field is rotated in the [110] plane. (b) Same
plot as in (a), but where a perfect ellipsoidal model calculation has been superimposed to the
data, up to the second harmonic (light-gray lines). The parameters used for the calculations are
fmin = 73.4T and fmax = 277.8T, and the maxima of the FFT are the peaks with amplitude of
at least 15% of the biggest peak.

together with the ones found in the previous Fermiology studies in references [59, 60].
The first conclusion that we can obtain from these plots, is that for non-superconducting
compositions, at the left side of the vertical dotted line, the evolution of the Fermi surface
(formed solely by L-pockets) for Na-doped and Tl-doped PbTe is equivalent. This fact
can be observed more clearly in the plot of fig. 6.48(a), showing the L-pockets Luttinger
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x(%)

pH (×1019 cm−3 )

fmin (T)

f[100] (T)

fmax (T)

K

pF S−V ol (×1019 cm−3 )

0
0.15
0.2
0.3
0.4
0.8
1.1
1.3

0.19 ± 0.0007
1.67 ± 0.005
3.68 ± 0.07
4.84 ± 0.11
5.88 ± 0.04
7.96 ± 0.14
8.77 ± 0.15
10.3 ± 1.6

8±1
36 ± 9
59 ± 7
62 ± 8
69 ± 20
73 ± 23

12.5 ± 2
58 ± 10
78 ± 18
97 ± 14
97 ± 11
111 ± 23
107 ± 25
119 ± 27

25 ± 2
125 ± 8
250 ± 18
185 ± 50
260 ± 40 ∗
278 ± 122 ∗

10 ± 4
12 ± 6
18 ± 5
9±5
14
14

0.16 ± 0.02
1.7 ± 0.2
4.4 ± 0.4
3.3 ± 0.9
4.9 ± 1.0
5.4 ± 2.5

Table 6.3: Fermi surface parameters for Tl-doped PbTe, obtained from comparison between
data and perfect ellipsoidal model. The fmax vales marked with ∗ were deduced from fmin and
assuming the same K value (K = 14.3 ± 0.4) obtained for Na-doped samples in the same range
of carrier concentrations.
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Figure 6.47: Evolution of the characteristic frequencies of the L-pockets with Hall number, for
Na- and Tl-doping, as determined from this study, and for self-doped samples from the works in
refs. [59, 60]: (a) Frequency associated with the L-pockets minimum cross-sectional area, fmin ,
(b) Frequency associated with the L-pockets cross-sectional area in the [100] direction, f[100] ,
and (c) Frequency associated with the L-pockets maximum cross-sectional area, fmax . The
blue-star symbols are data points obtained by previous quantum oscillations studies from other
authors [59,60], in self-doped PbTe with different levels of Pb-vacancies (the last star in fmin , in
green, was obtained by Na-doping). Open red-symbols in f[100] were obtained for measurements
at a fixed magnetic field orientation, and not from a full angle dependence, as for the other
Tl compositions. The curve in dashed-line in all the plots is the functional dependence of p2/3
expected for a perfect ellipsoidal model with fixed anisotropy. The vertical dotted line marks
the carrier concentration at xc = 0.3%, the Tl-concentration above which superconductivity is
seen.

volume vs. Hall number. The second observation is that for Tl-doped samples, compared
to Na-doped samples, a saturation in the L-pockets cross sectional areas is seen for carrier
concentrations above the one for which superconductivity is observed (right side of the
vertical line on these plots), corresponding to a Tl-content of xc = 0.3%. This behavior
means that the carrier concentration is growing faster than the size of the L-pockets,
represented by the different cross-sectional areas. This phenomenology can be better
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Figure 6.48: (a) Carrier concentration calculated from Luttinger’s theorem and the volume of
the L-pockets extracted from the comparison between the data and a perfect ellipsoidal model, as
a function of the Hall number, for Na-doped (black squares) and Tl-doped (red circles) samples,
plus the one obtained using ellipsoid parameters obtained in previous studies in refs. [59, 60]
(blue stars). The dashed line shows what is expected for a single-parabolic-band, for which the
carrier density enclosed by the Fermi surface, as determined through Luttinger’s theorem match
the Hall number, i.e., the carrier density as measured through Hall. (b) Hall number (open
symbols) and L-pockets Luttinger volume (closed symbols), as a function of Tl-concentration,
for samples of Tl-doped PbTe. The mismatch between these two quantities suggests the presence
of additional carriers, not coming from the L-pockets, and presumably not associated with a
coherent band (not localized in k-space).

visualized in fig. 6.48(b), by plotting the Hall number and L-pocket Luttinger volume as
a function of Tl concentration. The mismatch observed between Hall number and L-pocket
Luttinger volume suggests the presence of additional carriers contributing to conduction,
which are not coming from from the L-pockets. Nevertheless, we do not observe any
feature in our Fermiology study consistent with an additional band. Additionally, as we
described in the previous section, the Na-doped compound is single band for this same
range of concentrations. From the figures presented in this section, we can observe that
the evolution of the Fermi surface of Tl-doped and Na-doped samples of compositions
below xc is identical. These two observations are robust, and they suggest that the shape
of the PbTe valence-band as doped by both type of impurities is not strongly modified.
Given that for PbTe, L-pockets and Σ-pockets are predicted to be originated from different
band-maxima of the same band, and that, as we discussed, the L-pockets of both type of
dopants show the same characteristics, at least below xc , we expect that the band offset
for both type of dopants is also equivalent, meaning that for an specific Fermi energy,
the Fermi surface of Na-doped PbTe and Tl-doped PbTe is equivalent. This implies that
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the additional carriers observed for Tl-doped PbTe above the critical concentration of
xc = 0.3% are not be associated with a coherent band, i.e., these carrier are not localized
in k-space, though they contribute to conduction, and can be accounted for through Hall
measurements.
As we mentioned in section 1.3, angle-resolved photoemission spectroscopy (ARPES)
studies in Tl-doped PbTe have only observed L-pockets at the Fermi level, for carrier
concentrations up to pH ≈ 1 × 1020 cm−3 (x = 1.4% Tl-concentration) [4, 71]. Although
these measurements probe only the surface of this material (they are not a thermodynamic

-bulk probe), they do provide supporting evidence for the lack of contribution of the Σpockets in Tl-doped PbTe, as we also conclude from our bulk-Fermi surface observations.

6.6

Discussion

6.6.1

Non-parabolicity of L-pockets

The observation of a Fermi surface consisting only of light L-pockets, in contrast to previous assumptions based on band structure calculations that suggested occupancy of the
heavier Σ-pocket, changes some of the quantitative statements about band-contributions
to different thermodynamic properties of Tl-doped PbTe. In order to calculate such contributions we need to consider a model that includes some of the main features observed
for the evolution of the band parameters, which are:
(i) For low and intermediate carrier concentrations the topology of the L-pockets are
well described by perfect ellipsoids.
(ii) The value of the Hall number, pH , matches the Luttinger volume of the L-pockets.
(iii) The anisotropy of the L-pocket, characterized by K = (Amax /Amin )2 = 14.3 ± 0.4,
is constant within uncertainty, for the carrier concentrations of interest.

(iv) However, two pieces of evidence suggest that the band is non-parabolic:
(a) The effective mass increases with carrier concentration.
(b) For the highest carrier concentrations studied, subtle deviations from perfect
ellipsoidicity are observed.
Some of these observations are incorporated in Kane’s model for non-parabolic bands,
initially proposed by Kane to describe the band structure of InSb close to the band
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edge [166]. For a system in which the carriers’ energy is comparable to the band gap,
additional contributions to the energy, non-quadratic in momentum, need to be considered. These additional contributions can be accounted for in a ~k ·~p perturbation theory, in

order to determine the corrections to the dispersion relation due to the interaction of the
conduction and valence band. For PbTe, the band non-parabolicity has been suggested
by high temperature transport studies, which have used this model to describe some of
their results [70, 167]. If perfect symmetry between hole and electrons bands is assumed,
the dispersion relation in Kane’s model, close to the gap, is given by [70]
~2 kx2
(0)

2mxx

+

~2 ky2
(0)

2mxx

+

~2 kz2
(0)

2mzz



E
=E 1+
Eg

(6.2)

in which (kx , ky , kz ) are the momentum coordinates with respect to the center of the
L-point, and in which the major semiaxis of the ellipsoidal L-pocket is elongated along
(0)

the kz direction. mxx and mzz (0) are the band-edge masses along (kx , ky ) and kz . In this
model, the band effective masses depend on the Fermi energy of the system as
mxx =

m(0)
xx



2E
1+
Eg



(6.3)

such that mxx increases as we go further down into the valence band, which is qualitatively equivalent to our observation. However, we need to point out that an almost
linearly-increasing mass with pH (and power-law dependence with energy) is observed
from the data, suggesting that this model could have a limited applicability. Nevertheless, it gives a more accurate estimation of the different physical parameters of interest
that if we had assumed a perfect parabolic model. In Kane’s model the pocket anisotropy
parameter K = (Amax /Amin )2 = mzz /mxx is constant (independent of the Fermi energy),
which is equivalent to our observation for Na-doped PbTe. The density of states, the
carrier concentration, and the Hall coefficient (at zero temperature) are given by [70, 167]

1/2 

2 (md )3/2 1/2
E
2E
g(E) = N ×
E
1+
1+
π 2 ~3
Eg
Eg

3/2
(2md )3/2 3/2
E
p=N×
E
1+
3π 2 ~3
Eg
RH =

3K (K + 2) 1
(2K + 1)2 pe

(6.4a)
(6.4b)
(6.4c)
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where N is the pocket degeneracy, which in this case is 8 (8-half ellipsoidal pockets,
h
i1/3
(0) 2 (0)
times 2 for the spin degeneracy), and md = (mxx ) mzz
is the DOS effective mass.

Form equation 6.4c we can see that the carrier concentration is related to the Hall coef

ficient pH = 1/eRH as p = 3K (K + 2) / (2K + 1)2 pH . In the case of Na-doped PbTe,
K ≈ 14.3, therefore p = 0.8pH . However, as we presented for the Na-doped samples, the
Luttinger volume of the L-pockets, which is a measure of the real carrier concentration,

matches perfectly the Hall number, i.e., p = pH . This could be an indication of the limitations of Kane’s model to fully account for the shape of the band, but it can also be
due to additional corrections to the Hall coefficient prefactor that come from the specific
energy dependence and anisotropy of the relaxation time, and are generally larger than
1 [70, 167], making p ≈ pH .
(i)

Estimated Fermi energy

Now, we are interested in calculating the Fermi energy as a function of carrier concentration, for our Na and Tl doped PbTe samples, and with this, the density of states
contributed by the L-band, and its evolution with Na and Tl-dopant concentration. The
Fermi energy for a Kane’s model non-parabolic band is

E=−



Eg 
1±
2

s

1+

2 (3π 2 ~3 )2/3
md Eg

 p 2/3
N




(6.5)

The Fermi energy (relative to the top of the valence band) for Na-doped and Tl-doped
PbTe samples, calculated by using the Kane’s non-parabolic model presented above, is
shown in fig. 6.49. This energy was calculated using Eg = 190meV [38, 54, 55], and
cyc
cyc
cyc
cyc
cyc
mxx = mcyc
the cyclotron effective masses
⊥ , mzz = (m|| /m⊥ )m|| , with m⊥ and m||

associated with the minimum and maximum cross-sectional areas of the ellipsoidal Lpockets, respectively. Cyclotron masses along these directions were obtained from the
experimental cyclotron mass along the [100] orientation, and the anisotropy of the pocket.
A saturation in the Fermi energy is observed for Tl-doped samples for compositions above
xc , as expected, and this happens at a value of the Fermi energy of approximately 70 meV,
with respect to the top of the valence band.
(ii)

Estimated density of states

The density of states contributed by the L-pockets for Na- and Tl-doped PbTe is shown
in fig. 6.50(b), calculated assuming a Kane’s non-parabolic model. Additionally, the DOS
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Figure 6.49: Fermi energy for Na-doped (black-squares) and Tl-doped (red-circles) PbTe,
calculated from a Kane’s non-parabolic model. For Na-doped samples, EF was calculated using
the Hall number determined via Hall measurements, pH , as the carrier concentration, p. For
Tl-doped samples, EF was calculated using the Luttinger volume determined with the values
of fmin (shown in table 6.3), and a fixed anisotropy of K = 14.3. The black-dashed curve
represents the expression in eq. 6.5. The dashed-dotted-blue curve is the Fermi energy expected
for a perfect parabolic band, with the mass associated with the band-edge.

curves expected for a perfect parabolic model, using the minimum and maximum masses
found for this system, are shown for comparison. These estimations are contrasted with
the real values of DOS found from the electronic contribution to heat capacity, by Y.
Matsushita et. al. [73, 117]. The difference between the real DOS and the DOS expected
from L-band filling effects is approximately of one order of magnitude, therefore implying
that band-effects are contributing just a minimum amount to the DOS, and that the
increase of DOS seen for the Tl concentrations close and above xc come from a different
source than the L-pockets.

6.6.2

Impurity states in Tl-doped PbTe

Figure 6.51 summarizes the experimental observations of our Fermiology work in Nadoped and Tl-doped PbTe. The evolution of the Fermi energy with Na-concentration
in PbTe confirms that each Na-atom contributes one hole to conduction, for the whole
range of concentrations studied. For this compound, holes form ellipsoidal pockets at the
L-points, which are well described by a perfect ellipsoidal model for carrier concentrations
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Figure 6.50: Density of states determined from measurements of the electronic contribution
to heat capacity by Y. Matsushita et. al [73, 117] (star-symbols), as well as the one estimated
from the Kane’s non-parabolic model expression and the band-parameters obtained through
our Fermiology study (black-squares for Na-doping and red-circles for Tl-doping). The black
curves represent the DOS for a perfect parabolic band with a fixed mass, as found for the
x = 0 compound (lower-black curve), and fixed high carrier mass, as found for the highest
carrier concentration measured (higher-black curve), and assuming one-hole per dopant. The
difference in the estimated DOS from band-filling effects, and the real DOS is around an order
of magnitude.

up to 6.3 × 1019 cm−3 . Subtle deviations from perfect ellipsoidicity of the L-pockets are
observed for the largest carrier concentration studied (9.4 × 1019 cm−3 ). Furthermore, no

evidence for occupation of the Σ-pockets, in Na-doped PbTe, is observed up to this largest
carrier concentration. For Tl-doped PbTe, the evolution of the Fermi energy, as well as
the topology of the Fermi surface, is identical to that of Na-doped PbTe for compositions
below the critical concentration of xc = 0.3%. This implies that for such Tl-concentrations
each Tl-impurity donates one hole to conduction, just as Na does. For Tl-compositions
above xc = 0.3%, the Fermi energy increases much less rapidly than for the Na-doped
compound, suggesting that the number of holes donated to the L-pocket is less than one
per Tl-impurity. However, for any given Fermi energy the Hall number for Tl-doped
samples is larger that the one for Na-doped samples (pH (Tl) > pH (Na)), implying that
there are additional carriers that contribute to conduction, besides the ones contained in
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Figure 6.51: Cartoon summarizing the experimental results of the band-filling and Fermi
surface characterization of hole-doped PbTe performed in this thesis work, by doping with (a)
Na, and (b) Tl.
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Figure 6.52: Cartoon Illustrating the evolution of the density of states of Tl-doped PbTe.
For x < 0.3% (shown in (i)), the only contribution to the DOS comes from the L-pockets.
For concentrations above xc = 0.3% (shown in (ii) and (iii)), Tl-impurity (incoherent) states
contribute a large DOS, pinning the Fermi energy. The magnitude of the DOS contributed by
the impurity states grows with the number of Tl-impurities. The expected effect of Σ-pockets
is shown. However, as the Σ-band is below the Fermi level for all compositions, and it does not
contribute to the DOS.

the L-pockets. For these carrier concentrations, no evidence of a Σ-pocket was observed,
meaning that such additional contributions come from incoherent carriers (not localized
in k-space). The absence of Σ-pockets has been confirmed by ARPES measurements,
which consistently show that the top of the secondary band maximum at the Σ-point in
the Brillouin zone lies below the Fermi energy [4, 71].
The presence of incoherent charges in Tl-doped PbTe is consistent with the presence of
Tl-states in the valence band of PbTe, as predicted by the band structure calculations discussed in section 1.3.3 [56,74,75]. Such impurity states are predicted to contribute a large
density of states, which grows proportional to the number of impurity atoms. Figure 6.52
illustrates the evolution of the density of states expected under this scenario, and summarizes our understanding of the phenomenology of Tl-doped PbTe. For Tl-compositions
x < 0.3%, the density of states at the Fermi energy is determined solely by the contribution from the L-pocket, and the evolution with Fermi energy can be understood
based on a rigid band filling with one hole per Tl impurity. However, for Tl-compositions
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x > 0.3%, the Fermi energy coincides with the energy associated with the resonant impurity states, and a large contribution to the density of states is observed. Significantly,
our work demonstrates that these impurity states also contribute additional incoherent
holes to conduction. The scenario illustrated in fig. 6.52 is also supported by core-level
photo-emission measurements, which reveal a mixture of Tl+ and Tl3+ states for x > 0.3%
(corresponding to filled and empty impurity states, as discussed in section 1.3.3).
In this scenario, the increase of the experimentally determined density of states, shown
in fig. 6.50, relative to the L-pockets contribution, can be qualitatively understood.
However, the exact determination of how much of this DOS is contributed by the impurity
states, without correlations, needs to be determined. In particular, additional effects, such
as the Kondo-like upturn in the low-temperature resistivity for Tl-concentrations above
xc = 0.3%, are observed and suggest the presence of strong correlations. In a chargeKondo scenario, a DOS increase is anticipated at low temperatures due to the Kondo
or Abrikosov-Suhl resonance. The relative contribution to the total density of states at
the Fermi level due to the presence of impurity states and the putative Kondo resonance
remains to be determined. However, the observation of a substantial enhancement to the
Hall number (i.e., mobile carriers which are not predicted in the single impurity Kondo
effect) implies that the presence of a Kondo resonance is likely not the predominant effect.
Within the scenario of resonant impurity states, the enhanced density of states at the
Fermi level provides a natural reason for the relatively “high” superconducting Tc observed
in Tl-doped PbTe. It remains to be seen, however, how much of the enhancement in Tc is
due to the increased density of states and how much, if any, is due to correlation effects
providing a pairing mechanism, as envisaged in the charge Kondo model [78].

Chapter 7
Conclusions and Perspectives
The direct connection between valence disproportionation and superconductivity has been
shown to be a challenging problem for the materials community. In theory, the connection
has been suggested by several works, and it is even intuitive to think on a superconducting
pairing enhancement due to the electron “attraction” implied in many valence disproportionated elements. However, real materials show a large variety of degrees of freedom that
can also be associated with the enhancement of correlations favorable for superconductivity, or that in the other hand, can mask or renormalize the intrinsic energy scales relevant
to an analytic solution of the problem. In order to be able to prove or disprove a direct
connection between valence disproportionation and high-temperature superconductivity
in these materials, the effects of such additional degrees of freedom in the critical temperature optimization need to be carefully addressed. In this thesis we have advanced in
the understanding of the role of those additional degrees of freedom in two model systems
that show both, valence disproportionation and superconductivity: BaPb1−x Bix O3 and
Pb1−x Tlx Te. The incorporation of the effects and parameters revealed in this thesis can
help in the development of models that describe more accurately the superconducting
properties of such compounds, and that can help understanding both the superconducting pairing mechanism, and its relation, if any, to the mechanism leading to the valence
disproportionation.
After the results obtained as part of this thesis, we can summarize our understanding
of BaPb1−x Bix O3 in the following list:
(i) BaPb1−x Bix O3 shows nano-scale structural phase separation between tetragonal and
orthorhombic polymorphs, for the superconducting compositions, as revealed by
our HRTEM measurements. The morphology of the structural phase separation
155
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is consistent with broken-up stripes with characteristic lengths of the order of the
superconducting coherence length, ξGL .
(ii) Superconductivity is likely originated only in the tetragonal polymorph, based on
the correlation of superconducting volume fraction with the volume fraction of the
tetragonal polymorph. This conclusion supports earlier claims based on X-ray and
neutron diffraction measurements [28].
(iii) The evolution with Bi-doping of the structural phase separation length scales, relative to the superconducting coherence length, ξGL , is very suggestive of optimal doping being a turning point from a macroscopic inhomogeneous superconductor (with
ξGL bigger than the characteristic length scales associated with the structural disorder) for Bi compositions below optimal doping, to a phase-fluctuation-dominated
granular superconductor for Bi compositions above optimal doping (for which ξGL
is comparable to the characteristic length scales associated with the structural disorder).
(iv) Several signatures of granular superconductivity are observed for Bi compositions
at and above optimal doping, such as negative magnetoresistance for fields above
Hc2 (T ), and scaling reminiscent of a 2D superconductor-insulator quantum phase
transition. The connection between the stripe-like phase separation morphology and
the apparent 2D scaling seen in magnetoresistance for optimal doping still needs to
be determined, although it is very suggestive.
(v) The scenario presented above implies that the shape of the superconducting “dome”
in BaPb1−x Bix O3 is determined by the relative evolution of the pairing amplitude ∆0
and the phase ordering temperature Tθ , and in which tetragonal and orthorhombic
polymorphs correspond to regions of the bulk material with large and small pairing
interactions respectively. The pairing amplitude ∆0 is maximum in the boundary
of the CDW phase (or at least, closer to it than it looks from the shape of the
macroscopic superconducting dome), and the superconducting critical temperature
associated to the maximum value of ∆0 is comparable to the one found for the singlephase bismuthate, Ba1−x Kx BiO3 , as suggested by local spectroscopic techniques,
which is close to 30 K.
(vi) A consequence of the line of reasoning described above is that the relevant and
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intrinsic energy scale that needs to be considered in order to determine the superconducting pairing mechanism of BaPb1−x Bix O3 is not 10 K, but is instead larger,
perhaps close to 30 K as in Ba1−x Kx BiO3 .
In the case of Pb1−x Tlx Te, after the Fermi surface characterization performed in this
thesis, we can summarize our understanding of this material in the following list:
(i) Hole-doped PbTe is a single band material, at low temperatures, and for carrier concentrations up to at least 9.4×1019 cm−3 , which was the largest carrier concentration
studied.
(ii) The Fermi surface of this material is formed by eight-half ellipsoids centered at the
L-point, and with their main axis axis elongated along the (111) direction. Those Lpockets are well described by a perfect ellipsoidal model up to a carrier concentration
of 6.3 × 1019 cm−3 . Subtle deviations from perfect ellipsoidicity of the L-pockets are

observed for the largest carrier concentration studied (9.4 × 1019 cm−3 ).

(iii) There is no evidence for occupation of the Σ-pockets, in hole-doped PbTe, up to this
largest carrier concentration studied (9.4 × 1019 cm−3 ).
(iv) The hole effective mass increases continuously with dopant concentration, implying
that the L-band is non-parabolic for all the carrier concentrations studied.
(v) The effect of Na-doping in PbTe is to continuously increase the Fermi energy deeper
into the valence band of PbTe, by doping one-hole per impurity. The Luttinger
volume of the Fermi surface (L-pockets) matches perfectly the Hall number, pH .
(vi) For Tl-doped PbTe, the evolution of the Fermi energy, as well as the topology of
the Fermi surface, is identical to that of Na-doped PbTe for compositions below the
critical concentration of xc = 0.3%. This implies that for such Tl-concentrations
each Tl-impurity donates one hole to conduction, just as Na does.
(vii) For Tl-compositions above xc = 0.3%, the Fermi energy increases much less rapidly
that for the Na-doped compound, suggesting that the number of holes donated to
the L-pocket is less than one per Tl-impurity.
(viii) However, for any given Fermi energy the Hall number for Tl-doped samples is larger
than that of Na-doped samples (pH (Tl) > pH (Na)), implying that there are additional carriers that contribute to conduction, besides the ones contained in the Lpockets. For these carrier concentrations, no evidence of a Σ-pocket was observed,
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meaning that such additional contributions come from incoherent carriers (not localized in k-space). The Hall number, though larger for Tl-doped samples relative
to Na-doped samples, is nevertheless less than that which would be anticipated if
each Tl impurity donated exactly one hole for these high Tl concentrations. This is
consistent with results of XPS measurements which reveal a mixture of +1 and +3
valences for Tl impurities in this regime.
(ix) The results obtained in this work are consistent with the presence of resonant Tl impurity states at the Fermi level, for Tl-compositions x > 0.3%. For compositions below this concentration, the density of states at the Fermi energy is determined solely
by the contribution from the L-pockets. However, for Tl-compositions x > 0.3%,
the Fermi energy coincides with the energy associated with the resonant impurity
states, and a large contribution to the density of states is observed.
(x) Our work demonstrates that these impurity states also contribute additional incoherent holes to conduction.
(xi) The exact determination of how much of the enhanced DOS is contributed by the
impurity states, without correlations, needs to be determined. In particular, additional effects, such as the Kondo-like upturn in the low-temperature resistivity for
Tl-concentrations above xc = 0.3%, are observed and suggest the presence of strong
correlations, which can also contribute to the enhancement of the DOS.
(xii) It remains to be seen how much of the enhancement in the superconducting critical
temperature, Tc , is due to the increased density of states and how much, if any, is
due to correlation effects providing a pairing mechanism, as envisaged in the charge
Kondo model.
Finally, I should comment that this work does not directly answer the question of
the mechanism of superconductivity in these compounds, or the direct connection of
superconductivity with the valence disproportionation. However, the results presented in
this thesis are a road map that can be used to find definite answers to those questions.
Overall, these results show that the superconducting properties of a compound, such as
its maximum critical temperature, can be strongly affected by subtle factors, such as
structural phase separation for the case of BaPb1−x Bix O3 , or the presence of resonant
impurity states, for the case of Tl-doped PbTe. Given that the understanding of the deep
questions in superconductivity in these materials have been shown to be a challenging

CHAPTER 7. CONCLUSIONS AND PERSPECTIVES

159

problem, studies likes this one, which yield detailed characterizations of the material
factors that can influence Tc , could help disentangling the knot, and finding the answers
that allow us to design better superconducting materials with higher Tc ’s.
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