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AA242B: MECHANICAL VIBRATIONS

Direct Time Integration Methods

These slides are based on the recommended textbook: M. Géradin and D. Rixen, “Mechanical
Vibrations: Theory and Applications to Structural Dynamics,” Second Edition, Wiley, John &
Sons, Incorporated, ISBN-13:9780471975465
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Outline

Stability and Accuracy of Time Integration Operators

Newmark's Family of Methods

Explicit Time Integration Using the Central Difference Algorithm
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|—Stability and Accuracy of Time Integration Operators
LMultistep Time Integration Methods

m Lagrange's equations of dynamic equilibrium (p(t) = 0)

Mg+Cq+Kg = 0
qa0) = qo (1)
q(0) = o

m First-order form

BIBICHIBNE

—[o=Au| where A=A3!A,

m Direct time integration A ,,é._/
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|—Stability and Accuracy of Time Integration Operators
L Multistep Time Integration Methods

m General multistep time integration method for 4 = Au

m m
Upy1 = E ojupy1—j—h E Bilny1—j
J=1 Jj=0

where h = t,1 — t, is the computational time step, u, = u(t,), and

éIn+1 ]

Upp1 = |: Anit
n

is the state-vector calculated at t,,; from the m preceding state
vectors and their derivatives as well as the derivative of the
state-vector at t,41
m (o # 0 leads to an implicit scheme — that is, a scheme where the
evaluation of u,11 requires the solution of a system of equations
m (B = 0 corresponds to an explicit scheme — that is, a scheme where
the evaluation of u,41 does not require the solution of any system ofsa -
equations and instead can be deduced directly from the results at the
previous time steps

4/41



AA242B: MECHANICAL VIBRATIONS 5/41
|—Stability and Accuracy of Time Integration Operators
L Multistep Time Integration Methods

m General multistep integration method for first-order systems

(continue)

m m

Upy1 = g ojupy1—j—h E Bilny1—j
Jj=1 Jj=0

m trapezoidal rule (implicit)

Upi1 = Uy + g(l:ln + Upg1) = (gA —Dupy1 = —u, — gl]n
m backward Euler formula (implicit)
Uny1 = Up + hipyr = (hA — Dupy = —u,
m forward Euler formula (explicit)
Upi1 = Up + by = uppr = (1 + hA)u, i ,,éw/
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|—Stability and Accuracy of Time Integration Operators

L Numerical Example: the One-Degree-of-Freedom Oscillator
m Consider an undamped one-degree-of-freedom oscillator
§+w’qg=0
with w = 7 rad/s, and the initial displacement and velocity

q(0) =1, ¢(0) =0

m exact solution
q(t) = coswt
m associated first-order system

u=Au

where
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|—Stability and Accuracy of Time Integration Operators

L Numerical Example: the One-Degree-of-Freedom Oscillator

m Numerical solution

— _ T
T=3s, h 5
3-
= Exact solution
-- = = =Trapezoidal rule|
RSN Euler backward
2 4 ‘. |-~ -Euler forward
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|—Stability and Accuracy of Time Integration Operators
LStability Behavior of Numerical Solutions

m Analysis of the characteristic equation of a time integration method

m consider the first-order system 0 = Au )
m for this problem, the general multistep method can be written as

m m m
Upp1 = Z QjUnpp1—j — hZﬂ/ﬁn+1—j = Z (ajl = hBjA)up1—j =0, a=-1
Jj=1 Jj=0 Jj=0

m let {pur};=7 be the eigenvalues of A and X be the matrix of
associated eigenvectors (X" 'AX = diag(p1, -, fir, "+, [in))
m the characteristic equation associated with

m
> (ajl — hBjA) upy1—j = 0 is obtained by searching for a solution of

j=0
the form
Unii—m = Xa (decomposition on an eigen basis)
Unii—my+1 = AUnri-m = AXa (solution form)
U1 = Mp=-=Xup1=--=2"Xa - "éw/

where A € C is called the solution amplification factor
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|—Stability and Accuracy of Time Integration Operators

LStability Behavior of Numerical Solutions

m Analysis of the characteristic equation of a time integration method
(continue)

m hence

J

(el — hBA) A" Xa =0
=0

m since X 'AX = diag(pa, -+ , fbr, - -+ , iin), premultiplying the above
result by X! leads to

(Z (oyl — hpjdiag(pa, -+, prr, - 7un))Amj> o0
j=0

- Z(aj—hﬁmr))\m—j:o’ r=1,2,---.n

Jj=0

m hence, the numerical response u,+1 = A" Xa remains bounded if each
solution of the above characteristic equation of degree m satisfies "é“'/
M| <1, k=1,---,m
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|—Stability and Accuracy of Time Integration Operators

LStability Behavior of Numerical Solutions

m Analysis of the characteristic equation of a time integration method
(continue)

m the stability limit is a circle of unit radius

m in the complex plane of p,h, the stability limit is therefore given by
writing A = €%, 0 < 0 < 2x

m . .
Z ajel(m—j)@
— urh =2
Zﬂjei(m—j)Q
j=0
m one-step schemes (m = 1)

ae + —e + oy

prh = Bel® + By = Bei® + f ) ,,éw/
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|—Stability and Accuracy of Time Integration Operators

LStability Behavior of Numerical Solutions

m Analysis of the characteristic equation of a time integration method
(continue)

m one-step schemes (m = 1) (continue)

Oéoelg + aq —e’9 + aq

rh = n = n
a Boe® + b1 Boe™® + b1

m forward Euler: oy =1, Bo=0,p3=-1
= prh=e% —1(= XA =14 p,h) the solution is unstable in the
entire plane except inside the circle of unit radius and center —1

m backward Euler: a3 =1, Bo=-1, 81 =0
= puh=1-e"%(=X=1/(1— puh))
the solution is stable in the entire plane except inside the circle of
unit radius and center 1

1 1
B trapezoidal rule: oy =1, o = —5 51 = 5

2isin ¢
= prh = To02 (5 = (14 prh/2)/(1 - prh/2)) o
cos %
the solution is stable in the entire left-hand plane

1/
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|—Stability and Accuracy of Time Integration Operators

LStability Behavior of Numerical Solutions

m Analysis of the characteristic equation of a time integration method

(continue)
m application to the single degree-of-freedom oscillator
2
.. 2 _ 0 —W
G+w'q=0, A—[l 0 }

B the eigenvalues are p, = ftiw

B the roots u,h are located in the unstable region of the forward Euler
scheme = amplification of the numerical solution

B the roots pu,h are located in the stable region of the backward Euler
scheme = decay of the numerical solution

B the roots p,h are located on the stable boundary of the trapezoidal
rule scheme = the amplitude of the oscillations is preserved é
— —
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I—Newmark’s Family of Methods
L The Newmark Method
m Taylor's expansion of a function f

p _ ' K e 1 ftnth (o s
(tn + h) = f(ta) + hf (t,,)+?f (t,,)+-<-+;f (t,,)+§ f (T)(th + h—7)°dT
! .

m Application to the velocities and displacements

. . . ot
f=4s=0 = an +/ a(r)dr

tn

. thtl . (2)
qn + hq, + / q(T)(tN+1 - T)dT
t

n

f=q,s=1 = dn

m Given
= any approximation q(7) of §(7) in the time interval [t,, t,y1] and
any pair of quadrature rules for approximating the resulting integrals

th1 _ tht1 _
/ q(7)d7 and / q(7)(tny1 — T)dT
t)

n th

m or any pair of direct approximations of the time integrals

tht1 thil
/ d(7)dr and / a(7)(toy1 — 7)dT . é,
t) tn

n

(2) leads to a numerical time integration scheme for solving (1)
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I—Newmark’s Family of Methods
L The Newmark Method

m Taylor expansions of q, and §,1 around 7 € [t,, th41]

) + a0 (e, ) + @) TS

qn
dnir = A(7) +aV (1)t — 1) +aO () (8)
m Consider (1 — ) (3) + v (4) and extract q(7)
— @(r) = (1= ) + Y1 +aO(7) (7 = hy = ) + O (h2q®)
m Consider (1 —203) (3) + 23 (4) and extract g(7)

— §(7) = (1-28)dn+2B8n11 +9(7) (1 — 203 — t,) + O (h2q<4>)

L
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I—Newmark’s Family of Methods
L The Newmark Method

thi1
m Substitute the 1°* expression of ¢(7) in / q(r)dr
t

thtl
= / q(r)dr
th

/rt"“ (= in + 71 + a2 (7)(r = by = £) + O (Fa®) ) ar

n

= (1_"/)hﬁn+’)’hfln+1+/

th

tht1
a¥(7)(r = by = ta)dr + O (Kq™)

m Apply the mean value theorem (MVT)

thil = hy —t,)2] 1
— ["Timdr = (= hin + i + () {%} +0 (#a)
th t
1
= (1 =)hdn+vhin + (f - 7) V(#) + 0 (ha)

tht1
m Substitute the 2" expression of g(7) in / Aq(7)(tns1 — 7)dT
t

n

fntl 1 2. 2. 3 (3) 4@
— [T a e = nar = (5= 8) Bt o+ (§ - 5) () 0 [Ha®)

n
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I—Newmark’s Family of Methods
L The Newmark Method

® In summary
m Vv and V3, the following holds true

ntl n .
/ 4(1)dT = (1 — y)h@n + vhtn1 + 1a
t

n

thil 1 .. .
/ Aq(7)(tnr1 — T)dT = <§ - B) B + Bhdnr1 + r
t,

n

where
1 1
th = (5 - v) #a®(7)+ 0 (Ka®); v = (6 - 5) #*a®(7) + 0 (r'q™)

and t, < 7 < tp1

m neglecting each of r, and r/, on the ground that they are higher-order
functions of the time step h leads to the following family of time
integration schemes (Newmark’s family) for solving (1)

Qi1 = Qo+ (1 =7)hds +7hqnis (5)
. 1 .. ..
Qi1 = Qo+ han+h (5 - ﬂ) tn + h*Bni1 _(6)8—

where v and (3 are quadrature parameters
16 /41
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I—Newmark’s Family of Methods
L The Newmark Method

m Particular values of the parameters v and 3

Y= 5 and = % corresponds to linearly interpolating q(7) in
[tn, tnsa] i i
o) =i+ (7 1) (B2
my= % and 8 = % corresponds to averaging q(7) in [tn, tr+1]
Go(7) = fln+12+ An

a()

a,
/ N
Z Glt)= —
. dn(0)
q,

e
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I—Newmark’s Family of Methods
L The Newmark Method

m Application to the direct time integration of Mg + Cq + Kq = p(t)

m write the equilibrium equation at t,+1 and substitute the expressions
(5) and (6) into it

= [M + vhC + Bh’Kldnt1 = pas1 — C[dn + (1 — 7)hdn]
. 1 ..
—K [qn + han + (5 - B) hZQn:|
m if the time step h is uniform, M + vhC + Bh*K can be factored once

m solve the above system of equations for qn+1

m substitute the result into the expressions (5) and (6) to obtain qn41

and qnt1
4
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I—Newmark’s Family of Methods

LConsistency of a Time Integration Method

m A time integration scheme is said to be consistent if

. Upyr1 —u
lim =+ —n
h—0

= l.’(tn)

m The Newmark time integration method is consistent as from (5) and
(6), it follows that

—u, (1 =7)én +78n 11 - [ i, ]

_ . 1 . . )
h—0 h h—0 | qn+ <2 — 5) ha, + fhqne1 dn

m Consistency is one necessary condition for convergence

e
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I—Newmark’s Family of Methods
L Stability of a Time Integration Method

m A time integration scheme is said to be stable if there exists an
integration time step hg > 0 so that for any h € [0, hg], a finite
variation of the state vector at time t, induces only a non-increasing
variation of the state-vector u,,; calculated at a subsequent time

thtj

m Stability is the other necessary condition for convergence

e
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I—Newmark’s Family of Methods

L Stability of a Time Integration Method

m Premultiplying (5) and (6) by M and taking into account the
equations of equilibrium (1) at t, and t,,; leads after some
algebraic manipulations to

qu+1 =

+

Maq,1

Yh[=Cdnt1 — Kani1 + Prs1] (7)
. 1 .

qu + thn + (5 - 6)h2[7cqn - an + pn]

Bh2[_cqn+1 - an+1 + pn+1] (8)
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I—Newmark’s Family of Methods
L Stability of a Time Integration Method

m Equation (7) can be re-written in matrix form as
Upt1 = A(h)un + gn+1(h)

where A is the amplification matrix associated with the integration
operator

A(h) = HT (h)Ho(h), a1 = HT(h)bnya(h)
(1 =)hpn + vhpnta M + ~hC ~hK
bpi1 = (% _ ﬁ) thn +/3h2pn+1 , A = [ Bh2C M + Bh2K }

—M + (1 — ~4)hC (1 —~)hK
HO__{ (%—ﬁ)hZC—hM —M+(%—ﬁ>h2K }

e
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I—Newmark’s Family of Methods
L Stability of a Time Integration Method

m Effect of an initial disturbance
m Sup = uj — ug
—> Suns1 = A(h)du, = A%(h)du,—1 = --- = A(h)" " Suo
m consider the eigenpairs of A(h)
(Ar, x)
m then

2N 2N
n+1 n+1
dunp1 = A" (h) E asXs = E asAs’ Xs
s=1 s=1

where N is the dimension of the semi-discrete second-order

dynamical system

—> dup41 will be amplified by the time integration operator only if

the modulus of an eigenvalue of A(h) is greater than unity

= dun41 will not be amplified by the time integration operator if alls, —
moduli of all eigenvalues of A(h) are less than unity

23/41
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I—Newmark’s Family of Methods
L Stability of a Time Integration Method

m Undamped case
m decouple the equations of equilibrium by writing them (for the purpose of
analysis) in the modal basis
N
q=Qy= Zy,‘Qa,- = Ji + wly; = pi(t)
i=1
m apply the Newmark scheme to the i-th modal equation recalled above to
obtain the amplification matrix

wih? 2p2 v _wik?
1- VHﬁw?hz —wih (1 T 214Bw?m
A(h) = 2,2
h 1 1_wif
1+Bw2h? 2 1+pw;h?
m characteristic equation is A2 — X (2 — (’y + %) 772) +1-— (’Y - %) ”=0
where
2 wik?
T T B

B characteristic equation has:
W a pair of complex conjugate roots A\; and Ay if

n? (('y+%)2n274) <0& ('y+%)2772 <4, i=1,---,N(casel) & —
B two identical real roots if (v + %)2 n? = 4 (case 2)
B two distinct real roots if (v + 3)? 7% > 4 (case 3)

24/41
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I—Newmark’s Family of Methods
L Stability of a Time Integration Method

m Undamped case (continue)
m it can be shown that case 1 is the limiting case, in which case

A2 = pe:l:ida
where
1
- 1-— — ) n2
4 (7 2)77
m/1—1(v+13)°n
¢ = arctan I N 5
1-3(v+3)n

and 1—%(74—%)2772 > 0 — that is,

1\? 4 :
(7+§) —‘WSW’ i=1 - ,N . "é"/

—> limitation on the maximum time step
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I—Newmark’s Family of Methods
L Stability of a Time Integration Method

m Undamped case (continue)
m the algorithm is conditionally stable if

Y2

N =

D=

1\2
m it is unconditionally stable if furthermore g > (’y + 5) — that

1 1\°
> —
and 574(7-&-2)

is,

=

N =

. 1 1 .. .
m the choice v = = and 8 = y leads to an unconditionally stable time

integration operator of maximum accuracy

: 1 1 1\? .
m the choice v > 5 and 8 > 1 (7+ 5) leads to a numerically . —&——
damped integration algorithm

26 /41
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I—Newmark’s Family of Methods

L Stability of a Time Integration Method

m Undamped case (continue)

— |
B 1]
~
~N
1 unconditionally IW
stable S
@ &
3
172 e
=)
1/4 conditionally stable
/ (y + %)’ - 4B < 4/0’h?

1/2 1 3/2 2

Stability of the Newmark scheme

27 /41
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I—Newmark’s Family of Methods
L Stability of a Time Integration Method

m Damped case (C # 0)

m consider the case of modal damping
m then, the uncoupled equations of motion are
Vi + 2&iwiyi + w;2yi = pi(t)
where &; is the modal damping coefficient

. 1 1
m consider the case v = > 8= 1

® an analysis similar to that performed in the undamped case reveals
that in this case, the Newmark scheme remains stable as long as
&<l

m in general, damping has a stabilizing effect for moderate values of §,~é .

28 /41
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I—Newmark’s Family of Methods

L Amplitude and Periodicity Errors

m Free-vibration of an undamped linear oscillator

0 —w

2
y+w’y=0 and  y(0) =y, y(0)=0 A—[l 0}

the exact solution y(t) = yp coswt can be written in complex discrete
form as Vo1 = elwt,,+1y0 _ elw(tn+h)y0 — elwt,,yo elwh — ynelwh = the
exact amplification factor is pex = 1 and the exact phase is ¢ex = wh

the numerical solution satisfies

Upi1 = |: Yn+1 :| _ A(h)u,,
_yn+1

m let A12(53,7) be the eigenvalues of A(h, 3,7)
= when (v + %)2 — 48 < >, A1 and X, are complex-conjugate

A2(B,7) = p(B,7)e=

p= 1—(7_1> 2 ¢ = arctan —77 1*%(7*%)2772 2—4%2 —
2) " 1-3(v+3)n? T 1+ Bw?h?
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I—Newmark’s Family of Methods
L Amplitude and Periodicity Errors

m Free-vibration of an undamped linear oscillator (continue)

m amplitude error

p—peX:p—lz—% (’y—%>w2h2+(/)(h4>

m relative periodicity error

=

1
AT _ A5
T

“ge  wh 1
= = — =
3 Fer o 2

(5+ — 4= ( - 3)) w?h? + O (w*h?)

e
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I—Newmark’s Family of Methods

L Amplitude and Periodicity Errors

Stability | Amplitude Periodicity
Algorithm ¥ B limit error error
wh p—1 AT
- 7.2
Purely explicit 0 0 0 — % —
2,2
Central difference 1 0 2 0 —wsht
Fox & Goodwin % ﬁ 2.45 0 @] (w4h4)
Linear acceleration 1 L 3.46 0 w?i?
2 6 : 2
1 1 2p2
Average cor]stant 3 i oo 0 -
acceleration
2 2
Average constant % + a @ [e%S) %wzh2 (%2 + "‘T) Ww2h?

acceleration
(with damping)

The purely explicit scheme (v = 0, 3 = 0) is useless

Time integration schemes of the Newmark family

The Fox & Godwin scheme has asymptotically the smallest phase error but is only

conditionally stable

1 1
The average constant acceleration scheme (’y = B = Z)

scheme with asymptotically the highest accuracy

31/41
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is the unconditionally stable
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I—Newmark’s Family of Methods
LTotal Energy Conservation

m Conservation of total energy
m dynamic system with scleronomic (time-independent) constraints

d >
S (TH+V)=-mD+3% Qs

s=1

T = %quq and V = %qTKq

m the dissipation function D is a quadratic function of the velocities
(m=2)
1.7 ..
D=2q C
54 Cq

m external force component of the power balance
Ns
. . T
Z qus =q p
s=1

m integration over a time step [tn, tnt1]

thiyl i1 T e T _ thil thyr "éw/
[T+ V] = (—a' Ca+q p)dt =[T]," + V],

th

32/41
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I—Newmark’s Family of Methods

LTotal Energy Conservation

m Conservation of total energy (continue)
B note that because M and K are symmetric (M” = M and KT = K)
t, 1. T ap/e . 1 T
[T+ Vo = 5(qn+1 — Qn) M(@n41 + @n) + E(q,,ﬂ — qn) K(Qnt1 + qn)
B when time integration is performed using the Newmark algorithm with

v=5 B8 = 7 the above variation becomes (see (5) and (6))

! hoo e
[T+ V]tn+1 = E(anrl - Qn)T(pn + Pn+1) - Z(qn+1 + qn)Tc(qn+1 + qn)

W conservative systems (C = 0 and p = 0) = total energy is preserved

B nonconservative systems = [T + V]:Jr1 = ft:”ﬂ(—i]ch + q"p)dt results
from the MVT, a numerical quadrature consistent with the time integrator, and
the relation (qn41 — Gn) = 4(@n+1 + @a) which results from (5) and (6)

thil . "thil . Pn + Ppt1 1
/,7+ qTpdt  ~ / L g7 g (7") = —(app1 — an)" (Pn +Ppt1)
tn tn 2 2
bl T, iyl an +dny1 1 L
[rraTeade ~ ([ aTa) o () < ~(@ngn — an) € (an + dnga)
tn tn 2 2
h o
N . T . N B . S
= ;(Qn+1 +4dn)’ C(apq1 + dn) -

33/41
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|—Explicit Time Integration Using the Central Difference Algorithm
L Algorithm in Terms of Velocities

m Central Difference (CD) scheme (Newmark's with v = % and 3 = 0) using hp1 = thp1 — ty

. . G, +4q
dn+1 = AQn + hnt1 (%) (9)
2
Unii = Qp+ hpprdn + "2“ dn (10)
m Equivalent three-step form
W start with
. h . . ho .
Qn =41+ hn@n_1 + -1 =dn1 + ho { Q-1 + - -1 (11)
—_— —mm———
fln7%

W next, divide (10) by h,;1 and the first part of (11) by h,, subtract the two resulting

expressions, and define h 1 = (h, + hn41)/2 before taking into account (9) to
2

btai
obtain hp(An+1 — an) — hot1(an — dn—1)

Gy =
hn+% hphni1

(12)

B then, from the second part of (11) expressed at n — % and then at n + %, and from

(9), it follows that
——

qn+% - qn—% = hn+%d" = qn+% = qn—% + hn+%ﬁ" (13

34/41



AA242B: MECHANICAL VIBRATIONS 35/41
|—Explicit Time Integration Using the Central Difference Algorithm

L Algorithm in Terms of Velocities

m Particular case of a constant time step h

_ On+1 —24n +Qp—1

Gn 2

m Efficient implementation (general case of a nonconstant time step)

B use a lumped mass matrix M

h
m initialize: o = M~1(po — Kaqo) and g1 = o + ;do (see (13))
2
m increment the displacement: q, = q,—1 + hnQ._ 1 (see (11))

n—3
m compute the acceleration: d, = M™!(p, — Kqn) (enforce equilibrium at t,)
B increment the velocity at half time step (see (13))

qn+% - qn—%

qn+%=fln,%+hn+%ﬁn©ﬁn= P

n+3
m Stability condition: for v =1/2 and 8 =0, (’y + %)2 —45 < ﬁ = werh <2
cr
where wer is the highest frequency contained in the model — this condition is also
known as the Courant condition -

2 . . e
m ho = — is referred to as the maximum Courant stability time step

cr
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|—Explicit Time Integration Using the Central Difference Algorithm
LApplicatitm Example: the Clamped-Free Bar Excited by an End Load

m Clamped bar initially at rest subjected to a step load at its free end

L
m Model made of N = 20 finite elements with equal length ¢ =

EA N
— =1 i =1
ml? EA
b 1 62639 ) ® 0196 04—
1 2 3 17 18 19 20
> T >
m lumped mass matrix
m Eigenfrequencies of the continuous system
m | EA 2r—1 EA
von =03\ = (U ) e @9

in this case - "é“‘/

NIR NS

- (%)
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|—Explicit Time Integration Using the Central Difference Algorithm
LApplication Example: the Clamped-Free Bar Excited by an End Load

m Finite element stiffness matrix and lumped mass matrix

2

|
-
N

|
-
o

. L1
0 —1 2 —1
-1 1

(15)

m Analytical frequencies of the discrete system

EA . 2r—1\ 7w . 2r—1\ 7\ . .
wr = 24/ —=sin — 2sin — ) in this case,
me2 2N 2 2N 2
r = 1,2, ---N
= Wcr<wcr(f:N,N—>OO):2

m Critical time step for the CD algorithm

e

Werhey =2 = he =1
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m h=1, h=0.707

Node 1 Node 10

N
S

Displacement
s @

a

0 50 100 150 0 50 100 150
Time Time

Node 20 Node 10

Displacement
Velocity

0 50 100 150
Time

Time

— exact solution is restituted when h = 1!
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m h=1.0012

Node 10 Node 20

—h = 1.0012 sl [—h=1.0012

Displacement
o
Displacement

0 50 100 150 0 50 100 150
Time Time
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m For the clamped-free bar example, the CD method computes the
exact solution when h = he: Why?
m Comparison of the exact solution of the continuous free-vibration bar
problem and the analytical expression of the numerical solution
m denote by gj , the value of the j-th d.o.f. at time t,
m if gj,n is not located at the boundary, it satisfies (see (15))

ml EA
p(qj,nﬂ —2Gj,n + Gj,n-1) + 7(—%‘—1,n +2gj,0 — Gj+1,n) =0

m a general solution of the above problem is

Gj,n = sin(ju+ ¢) [acosnd + bsin nf] (16)

spatial component  temporal component

m comparing the above expression to the exact harmonic solution of
the continuous form of this free-vibration problem (which can be
derived analytically)
e
0 -
= nf = wt = wnh = 5 = Wnum
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m Comparison of the exact solution of the free-vibration bar problem and the analytical
expression of the numerical solution (continue)
B introduce the exact expression for g; , in the CD scheme and recall
cos(a+ b) = cosacos b — sinasin b and sin(a + b) = sin acos b + sin bcos a

=2 ((1 —cos ) — A*(1 — cosﬁ)) qi,n=0

EA | 2
B make use of the boundary conditions in space (qo,, = 0, and plug (16) in the first
and last equations in (15)) = ¢ = 0 and u, = (%) T reN*

2\ 1 1
where A? = <m ) — = 1—cosf = F(lfcoslt)

2

1
—1—cosf, = ﬁ(l — cos pur)

\/ ”’E—‘:) = 0, = p, and from (14)
0, Lr 2r—1\ = EA
Whum, = E = Fer = N 5 Tp = Wecont,

B special case A2=1 (h = her

= the r-th numerical frequency coincides with the r-th eigenfrequency of the & —
continuous system, and since CD has zero ampliture error, then CD restitutes in this
case the exact solution
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