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SUMMARY

A higher-order discontinuous enrichment method (DEM) with Lagrange multipliers is proposed for the efficient
finite element solution on unstructured meshes of the advection-diffusion equation in theé&gigh rumber

regime. Following the basic DEM methodology, the usual Galerkin polynomial approximation is enriched with
free-space solutions of the governing homogeneous partial differential equation (PDE). In this case, these are
exponential functions that exhibit a steep gradient in a specific flow direction. Exponential Lagrange multipliers
are introduced at the element interfaces to weakly enforce the continuity of the solution. The construction of
several higher-order DEM elements fitting this paradigm is discussed in details. Numerical tests performed
for several two-dimensional benchmark problems demonstrate their computational superiority over stabilized
Galerkin counterparts, especially for highdket numbers. Copyrighi€) 2009 John Wiley & Sons, Ltd.

KEY WORDS: Advection-diffusion; discontinuous Galerkin method; discontinuous enrichment method; high
Péclet number; Lagrange multipliers; high-order.

1. INTRODUCTION

The discontinuous enrichment method (DEM) was first proposed and developed in the context of
the Helmholtz equation [16, 18, 33]. It was subsequently extended in [37, 34, 30] to the more
general context of elastic wave propagation in fluid, solid, and fluid-solid multi-media. Discontinuous

enrichment methods for the finite element solution of the one-dimensional (1D) advection-diffusion

equation, two-dimensional (2D) advection-diffusion equation, and the Stokes equation were also
formulated in [16, 29, 32].
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2 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

DEM has shown tremendous potential for solving boundary value problems (BVPs) where the
solutions are characterized by rapid oscillations or large gradients. These are problems for which the
standard Galerkin finite element method (FEM) does not guarantee a reasonable performance at an
arbitrary mesh resolution. It is therefore inefficient and sometimes simply unfeasible. The advection-
diffusion equation, often adopted as the scalar model for the linearized Navier-Stokes equations,
belongs to this family of challenging problems. Indeed, in typical applications, the magnitude of the
diffusion coefficient in this equation is very small compared to that of the advection coefficient — that
is, the Feclet numberPRe), defined as the ratio of the advection and diffusion coefficients, is high. It

is well-known that in this case, the solution of an advection-diffusion BVP displays sharp boundary
layers. More specifically, the velocity profile rises rapidly within the thin, viscous boundary layer to the
essentially constant free-stream velocity away from the wall or surface boundary. For such problems,
spurious oscillations pollute the standard Galerkin FEM solutions, unless the boundary layer is resolved
using a very fine mesh.

DEM can be characterized as a discontinuous Galerkin method (DGM) with Lagrange multipliers.
Unlike the classical stabilized finite element methods that are often advocated for the finite element
solution of advection-diffusion problems in the higadket regime, e.g., the streamline upwind Petrov-
Galerkin (SUPG) method [11, 27], Galerkin least-squares (GLS) method [25, 28], and the unusual
stabilized finite element method (USFEM) [19, 20], the main idea of DEM is to enrich the standard
piecewise polynomial approximations by non-conforming aadpolynomial basis functions that are
related to the partial differential equation (PDE) to be solved. In DEM, these functions are chosen as the
free-space solutions of the homogeneous constant-coefficient counterpart of the governing PDE. For
many problems, they can be obtained in analytical form using standard techniques such as separation
of variables. Unlike in the original partition of unity method (PUM) [3, 31], and other partition-of-
unity-based methods such as those developed for modeling crack growth [6, 13, 24], the enrichment
in DEM is performed in an additive rather than multiplicative manner. Unlike in residual free bubbles
(RFB) [9, 10], this enrichment isot constrained to vanish at the element boundaries and therefore

is more effective at capturing an oscillatory or rapidly varying solution inehtre computational
domain. Unlike in both PUM and RFB, it leads to a discontinuous rather than continuous approximation
in which the enrichment degrees of freedom (dofs) can be eliminated at the element level by static
condensation. This reduces computational complexity and results in a system matrix that is better
conditioned than those arising from related methods such as PUM.

DEM has proven to be a very competitive method for acoustic scattering [18, 33], wave propagation in
elastic media [34], and fluid-structure interaction [37] problems governed by the Helmholtz equation,
Navier’'s equations, and the coupling of these equations, respectively. For example, it was shown in [33]
that the discretization by three-dimensional (3D) hexahedral DEM elements of acoustic scattering
problems in the medium frequency regime produces a solution of the same accuracy as that delivered
by a standard high-order polynomial Galerkin approximation of comparable convergence order using
four to eight times fewer dofs, and most importantlp, to 60 times les€PU time [33]. Similarly,
impressive results were reported for DEM in [37] and [34, 30] for the solution of medium-frequency
wave propagation problems in elastic media, and multi-scale wave propagation problems in multi-fluid
and fluid-solid media, respectively.

In [29], a DEM was developed for the finite element solution of the two-dimensional (2D) advection-
diffusion equation on domains discretized by uniform meshes. An enrichment basis consisting of
exponential functions, each exhibiting a sharp gradient in some flow dire@tiavas derived. Two
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A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 3

low-order rectangular elements, denotedy 4 —1 andR—5— 1", each with a single Lagrange
multiplier doff per edge, were proposed for uniform discretizations of the computational domain. The
approximation space of the enrichment-only DEM elenm@nrt4 — 1 (also referred to in this case

as a DGM element), contains four exponential enrichment functions and no polynomial field. The
approximation space of the genuine DEM elemBnt5— 1" contains five exponential enrichment
functions and the polynomial field of the standard Galerkin bilinear quadrilateral elépae®oth
elements were shown in [29] to outperform standard Galerkin and stabilized Galerkin finite elements
of comparable complexity and comparable order of convergence by a large margin. For non-trivial
benchmark problems, they were shown to deliver numerical solutions with relative errors that were at
least two, and in some cases many, orders of magnitude lower than those associated with the standard
Galerkin solutions.

In this paper, the focus is kept on the 2D case, and the discontinuous enrichment method presented
in [29] is extended to higher-order elements and unstructured meshes. This extension features a general
formulation of the Lagrange multiplier approximation that is applicable to any straight-edge element.
Also, a special class of variant DEM elements labeled “advection-limited” elements is presented for
handling problems wheree > 10°.

To this effect, the remainder of this paper is organized as follows. In Section 2, the hybrid variational
formulation of DEM is reviewed in the context of the 2D advection-diffusion equation. The exponential
enrichment functions constituting the approximation spa&eare derived in Section 3. Section 4
discusses the approximation of the Lagrange multiplier field on an arbitrarily-oriented edge in a mesh
with straight-edged elements. Section 5 outlines a general procedure for designing a DGM or DEM
element for 2D advection-diffusion problems. Several new, higher-order quadrilateral DGM and DEM
elements are described in Section 6. The computational properties of these elements are summarized
in Section 7, and their performance is assessed for several benchmark problems in Section 8. Finally,
conclusions are offered in Section 9.

2. FORMULATION OF DEM FOR A 2D ADVECTION-DIFFUSION BVP

Let Q ¢ R? be an open bounded domain with connected, Auschwitz continuous bouhd2opsider
the following all-Dirichlet boundary value problem (BVP) for the advection-diffusion equatiéhim
its strong form §)

Findu € H(Q) such that
(S): ZLu=a-Ou—Au=f, inQ, 1)
u=g, onrl.

Here,H(Q) is the usual Soboles spaag; I — R is a function of Dirichlet dataf : Q — R? is a
source term, and! = ( a; a ) is the vector of advection-coefficients, assumed in this paper to
be constant. The advection-coefficients define the advection direction whose angle withxibds
denoted in this paper by and which satisfies

a; = |a|cosp, ap=|alsing. )

Copyright(© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng009;00:1-33
Prepared usingqimeauth.cls



4 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

Associated with the advection-diffusion equation (1) is a dimensionless parameter known esl¢he P
number(Pe) defined by

__rate of advection

_ L |o/al = Re Pr  (thermal diffusior)
~ rate of diffusion 27

Sc (mass diffusion,

®)

where Re Pr and Sc are the Reynolds, Prandial and Schmidt numbers respectively|] ;aisl a
characteristic length scale of the dom&nWhenQ is a unit square or unit circle, this characteristic
length is naturally chosen &g = 1, so thaPe= |a|. PartitionQ into ng disjoint element domainQ¢,

Figure 1. Decomposition of domai® into element®

each with a boundarly® = 9Q® (Figure 1), so that
Q=uUg Q¢ with N¥, Q°=0. 4

The unions of element interiors and element boundaries are denot@damyl i respectively, and
denoted by

Q=UF 0% [=ugre (5)
The set of element interfaces (or interior element boundaries) is denoted by
Cine=F\T, (6)
and the intersection between two adjacent element bound&rasdr® is denoted by

re€ —renre. ©)

2.1. Hybrid variational formulation

Let
¥ = {ve l2(@) vlge € HY(Q®)},  # =MoMgoHY2(red) x H12(r). @®

¥ is a space of element approximations of the solution’hid a space of Lagrange multipliers. The
latter are introduced to enforce weakly the continuity of the solution across the element boundaries, as
the element approximations comprising the spéaee allowed to be discontinuous between elements.
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A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 5

Multiplying the first equation in (1) by a test functiere ¥ and integrating the diffusion term by parts
gives rise to the following weak variational foriw{

Find (u,A) € ¥ x # such that
(W) : avyu)+b(A,v)= r(v), We?, 9
b(u,u) = —ra(u), Yyuew.

Here,a(-,) andb(-,) are bilinear forms or¥’ x ¥ and# x ¥ respectively. They are given by

a(v,u) = (Ov+va,Ou) g :/ﬁ(Dv-Du+va-Du)dQ, (10)
b(A,v) = Ze«ze/reﬁ’ A (Ve —ve)dr+/r,xv dr, (11)

andr(v) andrgy(u) are the following linear forms
rv) = (f,v) :/ fvdQ,  ra(u) = /ugdr. (12)
Q Jr

In (10) and (12),(-,-) denotes the usual? inner product oveR; in (11), Ve = V|qe. Note that the
bilinear forma(-,-) in (10) is not symmetric(a(v,u) # a(u,v)) for the advection-diffusion operator
due to the presence of the first-order advection term.

2.2. Approximation spacg™

Let h denote the generic size of a typical elem&5§t Denote the finite dimensional versions of the
solution approximation and Lagrange multiplier spaces defined in (8) by

yhey, whcw. (13)

DEM [16, 17, 29] seeks an approximate soluti@f, A") € (¥, #M) of the variational problem (9).
The discussion of the space of Lagrange multiplier approximatiéfisis held off until Section 4.
Here, focus is set on the space of element approximatithsThe primal unknown € ¥ has one
of the two forms given in Table I¢'P is the usual space of polynomial interpolants characteristic of the

Table |. Approximation spaces for DGM and DEM elements

"//h uh
DGM VE uE
DEM || 7Po (#E\¥F) | U+ F

classical Galerkin FEM7E is the space of so-called “enrichment” functiasfs It is spanned by the
free-space solutions of the homogeneous form of the governing PDE that are not already represented
in 7P —that s,

¥E C {UF € L3(R?) : ZuF =a- Ouf -~ AUF =0} . (14)

Since the enrichment functions are employed at an element level, they are chosen as the free-
space solutions of the homogeneaasstantcoefficient version of the governing PDE, even in the
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6 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

more general variable coefficient scenaaie- a(x) (not specifically considered in this paper). These
solutions can be obtained with little difficulty using standard partial differential equation techniques —
for example, the method of separation of variables (Section 3).

Table | implies that two varieties of DEM can be defined: a genuine or “full” DEM, and an
enrichment-only DEM, referred to in the remainder of this paper as in previous literature as DGM
or “pure DGM” (for “discontinuous Galerkin method”). In the case of genuine DEM elements, the
solution space/" is constructed as a direct sum6f and#E. This splitting of the approximation

into polynomials and enrichment functions can be viewed as a decomposition of the numerical
solution into coarse (polynomial) and fine (enrichment) scales. It turns out that, as will be shown
in Section 8, the polynomial field is not required in certain, namely homogeneous, problems. Since
the enrichment field contains free-space solutions of the underlying equation to be solved, it may
entirely capture the homogeneous solutions rather than merely enhance the polynomial field. This
observation motivates the construction of enrichment-only DGM elements in which the contribution
of the standard polynomial field is dropped from the approximation entirely, resulting in improved
computational efficiency without any loss of accuracy [17, 29].

3. ENRICHMENT BASES

The basis functions defining the spa#é are derived by solving the homogeneous, free-space,
constant coefficient advection-diffusion equatigfiu® = 0. This can be done using the standard
technique of separation of variables, that is, assumir€?@) solution of the formuf(x,y) =

Sk Fk(X)Gk(y) and determining the function&(x),Gk(y) : R — R such that#uf = 0. This leads

to

et Aexp(@x) +Bexp(—@xﬂ , ks %%’
Fk X) = ax (15)
) es Acos(‘/?x) +Bsin<\/?x>} , k> %%’

e? Cexp(\/zﬁy)JrDexp(—\/zey , isz—%z,

Gy) =14 . — — (16)
e% Ccos( 2ﬁ2y> +Dsin<zﬁzy , Ifk< f%g,
whereA, B,C,D andk are real constants and
a?=a—4k, PB?=ad+4k (17)

The form of the solution depends on the value of the separation of variables cdostéative to the
given advection velocitiea; anday. More specifically:

2
M Whenf% <k< %, bothFR, andGy are exponential functions.
2
(i) Whenk < —%, F is an exponential function where@s is a trigonometric function.
2
(iii) Whenk > %, F is a trigonometric function an@y is an exponential function.

Copyright(© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng009;00:1-33
Prepared usingqimeauth.cls



A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 7

In the first caseyF is a rapidly rising or decaying exponential in both #reandy—directions, whereas
in the second two cases, the enrichment is oscillatory in eitheetloey—direction.

At this point, it is helpful to remark that, unless there is a trigonometric source in (1), the solutions of
this BVP donot exhibit an oscillatory behavior. They are known to exhibit, however, skgopnential
boundary layers in which the velocity profile rises or falls sharply, much like the functions in case ().
Motivated by this observation, only enrichment functions that are exponential irxlawithy variables

are considered in this paper — that is,

uE(x7y) = e(%i%)xe(i}ig>y. (18)

Different enrichment functions of the form (18) can be generated by varying the signs in (18) and the
values of the constathtin (17).

The fact that the parametér can takeany real value from— to co complicates the systematic
construction of enrichment basis functions. For this reason, and inspired by DEM for the Helmholtz
equation [16] where the enrichment functions are plane waves propagating in dire@tjoas
parameterizations in which the constédnis replaced by an angle parametgre [0,2r) is sought-

after here. To this effect, it is first noted that

o’ + 7 = a3+ a3, (19)
which suggests the following parametrization
o =|ajcosh, P =|alsing, (20)

where6; € [0,27) and|a] = \/af + a% Substituting this parametrization into (18) gives
UE(x; 6) = e (aa+1alcoshi)xg (ap+lalsing)y. 1)
Introducing the shorthand notation
aj=lal( cos® sine ), aj=lal( cosp sing ), (22)

the enrichment spacg¢® can then be written as the following superposition of the 2D exponential
enrichment functions (21)

vE = {uE eL?(Q): ulEe(x) = nZE uiexp{%(agi+a¢)-(x—xﬁi)},0§ 6 <27, u; ER}. (23)
i1 '

Herex®; € Q%is an arbitrary reference point for tite enrichment function® (x; 6;), introduced within
each element to alleviate the ill-conditioning of the resulting element matrices (Section 7.3). The scalar
nF denotes the number of enrichment functions (the dimension of the gpakeselecteda priori to
design a particular DEM element (Section 6). The set of anggsspecifying an enrichment basis is
denoted by

0" = {set of angleg 6} defining 7} . (24)

The natural interpretation of these angles is that they are flow directions. Not only does this
interpretation fit nicely with the problem at hand, it also facilitates the design and implementation of
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8 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

DGM/DEM elements of arbitrary orders. To design an element withydira= nf, one simply selects

nE anglesd; € [0, 2r), each specifying a function of the form (21). One strategy for constructing a space
#E is to select the se®" such that the enrichment functions implied by these angles exhibit sharp
gradients in as many directions as there are basis functions. Figure 2 shows plots of the enrichment
functions (21) for several angle. Of particular interest is the relationship betwe@nand the

(2)6 =0 (0)6 =%

©6=r o =%

Figure 2. Plots of enrichment functioﬁ(x; 6;) for several values ofl (a; = 25,a, =0)

advection directioy (2) implied by the advection coefficienég anday. Settingd; = ¢ in (21), one
finds thatuf (x; ¢) = e X)e(y-%) so thatJuE (x; ¢) = auE(x; ¢). It is a well-known fact that the
gradient of a function points in the direction in which that function changes most rapidly. It follows
that the enrichment function specified By= ¢ changes most rapidly in the advection directipn
This observation motivates includiry = ¢ in the set®" defining the enrichment basis of any DGM

or DEM element.
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A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 9

Another convenient property of the parametrization (21) of the enrichment functions is the straight-
forward inclusion of the constant basis functidh= const Indeed,

uE(x; 6= ¢ —nm) =1, (25)
for anyn € Z. That is, a constant basis function is generated by including the &negle) — nx in
the set®" defining a particular DEM eIemer(Figure 2(c). The constant basis function should be
included in the enrichment space of DGM elements, but omitted from the enrichment space of genuine
DEM elements. Indeed, a constama free-space solution of the advection-diffusion equation (1) and
may be present in the exact solution one hopes to capture even in the absence of a soufce &xm (
However, since the polynomial portion of the approximation spédte- & @ 7P of a genuine DEM
element already contains a constaht= ¢ — nx is not be included in the s@&" of such an element.

4. APPROXIMATION OF THE LAGRANGE MULTIPLIERS ON UNSTRUCTURED
QUADRILATERAL MESHES

Most, if not all, techniques and theoretical results established so far for approximating Lagrange
multipliers have been derived in the context of standard polynomial approximations of the primal
variableu". Extending these ideas to the case of exponential approximaffaesiot a straightforward

task.

Figure 3. Sample unstructured mesh of 100 quadrilateral elements

Given an approximation spacé”, the Lagrange multiplier approximations constituting the sp#®e
can be inferred from the weak form (9) and variational calculus. Applying the bilinear &9rm
defined in (10) tas,v, € ¥ and integrating by parts thgg, Ov- OudQ term gives

a(u,v) :/(a'DU*AU)VdQJr/Du-nvdr+22/ (Oue-n&e+ 0w -n®Ve)dr,  (26)
Q r =49 ree
wherene (or n€) is the outward unit normal t6¢ (or I'¢). Substituting (26) into the first equation in

the weak form (9) leads to
A=0us-n®=—Oug-n® onree, 27)
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10 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

and
A=-0u-n onrl, (28)

if a Dirichlet boundary condition is to be enforced BnThe result (27) suggests choosing
AP~ O -n®=—0u5-n®  onre, (29)

as a good approximation of the Lagrange multiplier on an eﬁfﬁ'e— that is, constructing the space
#" with the approximate normal derivativesdf on the element edges while paying attention to not
violating the Bab&ka-Brezzinf-supcondition [2, 7, 8]. On a mesh ok, quadrilateral elements, this
condition implies the following asymptotic bound on the number of Lagrange multipliers perrédge,

nE
77
almost everywhere in the mesh. The bound (30) is a necessary, but in gesteralfficient condition

for ensuring that a non-singular global interface problem arises in the application of DEM on a uniform
mesh of square elements. In practice, fewer tivar- n /2 Lagrange multipliers per edge are used.
Numerical tests [29] show that the general rule of thumb is to limit

nt < (30)

nt = “fJ , (31)

where, for any € R, |x] = max{n € Z|n < x} —that s, || is the floor (or greatest integer) function.

In [29], the Lagrange multiplier approximations were derived assuming a uniform mesh of rectangular
elements. In the present work, that simplified formulation is extended to problems discretized on
unstructured meshes of quadrilateral straight-edged elements (Figure 3).

Let [l =%*® be a straight edge separating two adjacent elem@§tsandQ®, viewed as an edge
belonging toQ®. Letxd = (x3,Yg) andx; = (x{,y}) be the coordinates of this edge, labeled with
respect to a right-handed coordinate system so that the outward notrt@® points to the right of
Q% (Figure 4).

Figure 4. Straight edge of eleme®f oriented at angler')

Leta'l € [0,7) be the anglé'l makes with thex—axis and let') be its length, defined by

AxI =11 cosall |
{ Ay =1 singll, (32)

Copyright(© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng009;00:1-33
Prepared usingqimeauth.cls



A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 11

A=y ay =y gl (33)
1= /(BX1)2 + (ayi)2. (34)

The unit tangent vector '/, t'}, is given by

N 1 . LT T i i\ T
t' :li—j( AXI Ayl ) = ( cosall sinall ) = ( ]t ) , (35)
so that
.. . .. T
= (4 -t ). (36)
Let 0< s< Il denote the arc length coordinaféi. can be parameterized as follows
. ijg .
i *= XOH , 0<s<IY. (37)
y=Yg +tys

As outlined in Section 3, the first step in designing a DGM or DEM element is to select tB¢ twit
defines the element’s enrichment basis. Given the parametrizatidh (¥7) and the se® (24), one
can begin by computing the corresponding Lagrange multiplier approximations according to (13)

nE

r.J—Z/lkexp{ [(ag +ag,)-t ] ng} 0<s<l, (38)

=A"(s:6)

wheretll is the unit tangent vector 11 defined in (35)g), is an arbitrary reference point and the

are the unknown multiplier dofs. Substituting the expressidfi ¢85) in the above result and applying
some trigonometric identities transforms (38) into

AN = zlkexp{||[cos(¢ o)) +cog 6 — o' ](s—érj)}, o<s<Ii. (39

=A"(s:6)

This shows thail"(s;6) | is a function ofPe, ¢ (the advection direction)z (the angle at which
the edgd™ is oriented) and € @. In a uniform mesh aligned with the- andy— coordinate axes,

a'l = 0,7 for the top/bottom edges of each element arid= 2.7 32 for the left/right edges of each
element. For these values, (39) recovers the formulas derlved in [29] for the approximation of the

Lagrange multiplier on the edges of a square element in a uniform mesh

E
AL = nz A—tbexp{@(co&p +cos€i’l)(x—xr,i)}, Xj <X < Xj41,
(40)
)yIr

zl”eXp{ (sing +sing)(y - le)} Yi <Y <VYj,

for an elemenQ® = (Xj,Xj11) x (¥j,Yj+1) C R2. Here, A" and A" denote the Lagrange multiplier
approximations on the top/bottom and left/right edges in the mesh, respectively.
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12 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

The set@" (24) typically leads to too many Lagrange multiplier dofs (38) in the sense that condition
(30) fails. For this reason, the space of approximation of the Lagrange multiplier field is constructed as

y n* N .
"= {A“ L) ANl = 3 exp(5 (@ tag) U] (5-sh)).
0<s<I1,0< 6} <2m, 2 eR}.

Here,{ekﬂ‘}ﬂ)l=1 = @ is another set of angles that is defiregriori and independently fror®", and
n* is the number of Lagrange multiplier dgéer edge

Next, it is noted that a “rige” selection of the se®* defining #" is likely to cause a Lagrange
multiplier redundancy on some edge in the mesh. This is not desirable as it leads to a singularity
in the algebraic system of equations associated with a discretization by DEM. For example, suppose
©* = {6} =0,6 =} anda'! = % for a particular edg€'!. Furthermore, suppose that the flow is
advected from left to right so that= 0. Then, from (39) it follows that

A"ri (6 =0) =A"|ri (s 6 =7) = 1. (42)
Hence, both angle&fL =0 andez’l = 7 define the same constant Lagrange multiplier.
The following lemma defines a set of necessary conditions for th®%eib generate redundant
Lagrange multiplier approximations. When > 2, one must check thatach pairof angles in the

proposed se®”* does not verify any of these conditions before finalizing the design of a DGM or
DEM element.

Lemma 4.1.Two Lagrange multiplierst."(s;67) and A"(s; 62) given by(38) (or equivalently(39))
on a straight edgé') parameterized by37) are redundant (that isA"(s; 6}') = CA"(s; 64) for some
real constant C) if

Bl_ A
9% o, (43)
2
or L
0 0. .
L ; 2 — o) 4-nr, (44)

for any ne Z, wherea!l is the angle at which'l is oriented(32).

Proof. From (39),A"(s, 6}') = A"(s,02) if
005(91}” —al) = COS.(Gél —a'h). (45)

Clearly (45) holds if6} = 85 + 2nx for anyn € Z, which proves (43). Since cp$ is even, (45) is
equivalent to

cos(ef — aij) = cos(oc” — 9%), (46)
: eod il i gk o603 i
which holds if6] —a' = ol — 65 +2nm or -25-= = a'! +nn forne Z.
([l
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A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 13
5. GENERAL AND MESH INDEPENDENT ELEMENT DESIGN PROCEDURE

A general procedure for designing a DGM or DEM element with an enrichment space contining
basis functions is summarized in Algorithm 1.

Condition (44) of Lemma 4.1 motivates choosi®j as a set of angles that are clustered aroufhd
—that is,

oI B (BN € [0.2m), (47)
in which case (39) simphfles to
WSl = 5 Akexp(' 5 [ooso - alh) + cosp?] (s-5u0). 48)
for 0 < s< 'l For the choice of angles (47), the necessary condition for redundancy (44) becomes
M—a”Jrnn & W:nn, (49)

for any two distinck,| € {1,2,...,n*}. Since condition (49) is independenta@/ , condition (44) is in

Algorithm 1 DGM/DEM element design

Fix nF € N, the desired number of angles defining the enrichment sp&ce3).
Selectase®" = ¢ +{6;}] 1 of nE distinct angles betwe€, 27) for which no pair of angles satisfy
any of the conditions stated in Lemma 4.1, and which:
if designing a pure DGM elemetiten
IncludesB; = ¢ — 7 in Y

else

Omits6; = ¢ — 7w from O,
end if
Letnt = | ].

Choose a set af* distinct <';1ngles{ﬁk}k 1 between0, 7).

for each edgé'l e 't havmg slopex'! do
Let@* = all + {ﬁk}kzl be the set of angles defining the Lagrange multiplier approximations (41)
onre¢.

end for

this case (quadrilateral) mesh independent.
A consequence of the element design approach outlined in Algorithm 1 is that, in general,
o' ¢ ou. (50)

Selecting®” independently ofoV is actually rather intuitive: since there are almost always more
normal derivatives of the enrichment functions’#ff than allowed by (31) and one does not know
a priori which of these Lagrange multipliers are more important and should be k&gt iand which

are less important and can be omitted, a reasonable compromise is to@fefisesome average of the
angles i@, Indeed, in practice, the angleﬁlf}'k‘il that define the s&@” (47) are selected uniformly
between the angld®, r) so as to “cover” th&®? space in some way (Table IlI).

Copyright(© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng009;00:1-33
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14 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR
6. HIGHER-ORDER 2D DGM AND DEM ELEMENTS FOR ADVECTION-DIFFUSION

Here, several higher-order quadrilateral DGM and DEM elements are proposed for the finite element
solution of 2D advection-diffusion problems on unstructured meshes. The notation used for describing
these elements is summarized in Table Il. The le@stands for ‘quadrilateral’. As beforaF denotes

Table 1. Notation

Element Pe< 10° Pe> 10°
DGM Q-nfF—n* | Q—nE—nt
DEM | Q—nE—n*t | Q—nE —nt+

the number of enrichment functions (number of angles in th©%pandn” the number of Lagrange
multiplier dofs per edge (number of angles in the ®1). Two cases are distinguisheBe < 10°

(small to moderate &let number regime), arfée > 10° (high Feclet number regime). In the latter

case, the DGM and DEM elements are designed slightly differently to address some numerical issues
and distinguished by the presence of a horizontal bar over their ném). The “+” superscript
designates a genuine DEM elemauit £ uP + uF) and distinguishes it from a DGM elementf' (= uF).

Since the approximation spadé€ is constructed independently fromi®, the polynomial component

of a DEM element can be set to that of any higher-order standard Galerkin el@méntiependently

from the value oin®. From a practical perspective, it is however unnecessary to do so because for
most advection-diffusion problems, the benefit of including a higher-order polynomial approximation

in a DEM element is already provided by the presence of the enrichment field in this element. For this
reason and in order to maximize computational efficiency, all DEM elements described in this section
share the same low-order polynomial component which is identical to that of the standard bilinear
elementQ;. Hence,

Q-nfF—n*" =[Q-nfF-n*U[Q], Q-nF-ntt=[Q-nfF-ntU[Q]. (51)

6.1. Element design for Pe 10°

Table Il describes three DGM elements and three DEM elements designed according to the general
procedure outlined in Section 5. For all these elements, the enrichment bases are defined by

E_ E_ 2me
o= {6m+1}rnn:ol =0+ {Bml}nm:olv Bm= TE (52)

Note in Table Il that for all DEM elements;® is chosen as an odd integer. This ensures that
6 =n¢ —m, ne Z, is notincluded in®" and therefore the constant approximation is not included
in this case in the enrichment field. Note also that all values'ddre specified according to (31), all
sets@” defining the Lagrange multiplier approximations have the form (47), and al{ﬁe}gil are
such that condition (49) is avoided by all pairs of angles in these sets.

As an example, the DGM eleme@t— 8 — 2 described in Table Il is graphically depicted in Figure 5.

Copyright(© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng009;00:1-33
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A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 15

Table Ill. Higher order DGM and DEM elements

Name nE Ok n* o
Q-8-2 | 8| ¢+{F:m=0,....7} [ 2 o' +{0,%}
DGMelement| Q—12—3 || 12| ¢+{™:m=0,..,11} | 3 | ol +{Z % 3}
Q-16-4 || 16 | ¢+{™:m=0,...,15} | 4 | o +{0,2 2 3
Q-9-2" [ 9] ¢+{FF:m=0,..8} [ 2 ol +{0,2
DEM element| Q—13-3* || 13 | ¢+ {ZZ:m=0,..,12} | 3 | ol +{Z, 2,3
Q-17-4+ || 17 | ¢+{Z= :m=0,..,16} || 4 | o/l +{0,2.%, 37}

/ \

(a) Enrichment basis (b) Lagrange multiplier dofs

Figure 5. lllustration of the se® and®” that define th&) — 8 — 2 element

6.2. Element design for Pe 10°

A difficulty arises in the implementation of the elements described in Section 6.1 wherethet P
number is very large, sae> 10°. Such a Bclet number can be encountered in high Reynolds number
flows. In this case, it is found that even with the use of a reference pﬁqirirnside each elemerf2®

(see Section 7.3), the local and global matrices arising from the DGM or DEM discretizations become
ill-conditioned. To address this issue, “advection-limited” variants of the DGM and DEM elements
described so far are designed to operate in the higheP number regime defined hereRes> 10°.

In these variant elements, the advection coefficients appearing in the arguments of the exponential
functions of the enrichment basis are limited to an experimentally-determined “safe” valu@ wf 10
obtain approximation

nE

UE(X:¢)|Qe‘ZEXP{;(%JF%)'(XX%)}? ap, =min{10° |al} ( cosé sin6 ), (53)

Copyright(© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng009;00:1-33
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16 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

where the bar notation is used to designate advection limitation. The resulting DGM and DEM elements
are denoted b@) — nE —n* (DGM) andQ — nE — A+ (DEM).

Itis noted that folPe > 103, functions of the form (53) are not free-space solutions of the homogeneous
advection-diffusion equation for the originaé8let number. Instead, they are free-space solutions of
the homogeneous advection-diffusion equationgiffierentand lower Rclet numbers. Nevertheless,
these functions are more pertinent to the problem of interest than mere polynomials.

7. IMPLEMENTATION AND COMPUTATIONAL PROPERTIES

The discretization of equations (9) by DEM as described in Section 3 gives rise to the following matrix
problem

kPP kPE kPC uP rP
kEP kEE kEC UE — I’E , (54)
kP KCE 0 A rC

whereuF, uP andA are vectors containing the daf§, u” andA", respectively. The superscript “C”
refers to the continuity constraints enforced weakly by the Lagrange multighfetskE" andk"P are
associated with the bilinear fornagv®, uf), a(vE,uP) anda(v®,uP) (10), respectivelykEC andkPC
are associated with(VE, A") andb(v®, A") (11), respectivelyr® andrP are associated with(vF) and
r(v°) (12), respectivelyr € is associated withg(A") (12).

Due to the discontinuous nature off, uF can be eliminated at the element level by a static
condensation. For a DEM element, forming the Schur complement of the second equation in (54) and
substituting this expression into the first and third equations leads to the following (local) statically-

condensed system
kPP kPC uP PP
(RCP RCC><A):<FC>’ (55)

where
EPP — kPP_ kPE(kEE)flkEP7
RPC — kPC_ kPE(kEE)flkEC’
RCP _ kCP_ kCE(kEE)_lkEP,
RCC _ _kCE(kEE)flkEC (56)
and
'I:P — rP—kPE(kEE)_lrE
FC rC _ kCE(kEE)flrE. (57)

In the case of a DGM element, there is no polynomial field and ther&dtdPC kP P = {0}, and
the statically-condensed system simplifies to

_kCE(kEE)flkECA _ rC _ kCE<kEE)7lrE' (58)
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A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 17

7.1. Computational complexity

One computational advantage of DEM is that its computational complexity is not directly determined
by the dimension of¢E. Instead, it depends on the total number of Lagrange multiplier dofs and
the sparsity pattern of the system matrix (55) (DEM) or (58) (DGM). This property is a result
of the element-level static condensation (55) which is enabled by the discontinuous nature of the
approximation of the solution.

The computational complexities of the DGM and DEM elements proposed in Section 6 are given in
Table IV for the case of a mesh nf; = n? quadrilateral elements. For reference, the table also includes
the computational complexity of each of the standard 2D Lagrangian biquadratic, bicubic and biquartic
guadrilateral Galerkin elements, denoted her&byQs; andQa, respectively. Roughly speaking, one

can say that two elements within the same following pairs or triplets have comparable computational
complexities: Q—8—-2,Q,), (Q—12—-3,Q—9-2"7,Q3),and Q—16—4,Q— 13— 3", Qy).

Table IV. Computational complexity of some DGM, DEM, and standard Galerkin elements

Element | Asymptotic # of dofs S-tencn widith for
uniformn x n mesh

Q2 3Nel 21

Qs SNel 33

Qq TNe| 45
Q-8-2 ang 14
Q-12-3 6Ne| 21
Q-16-4 8ne| 28
Q-9-2°7 BNe| 33
Q-13—3F 7Nel 45
Q-17-4" INg| 57

Also reported in Table 1V is the stencil width of each element fonam uniform mesh, a measure of

the sparsity pattern of the resulting system matrix. The reader can observe that the stencil of a DGM
discretization is smaller than that of the Galerkin element that leads to a comparable total number of
dofs for a given problem.

7.2. Analytical computation of element level arrays

A convenient property of the enrichment basis (23) is that (10)— (12) can be integrated analytically on
any mesh of quadrilateral straight-edged elements. Fo_r_examdké,ﬁlkﬁtj be the(k, m) component of
thekEC matrix on the edg€'! having slopex! and length'. Using the notation introduced in Section

31

KESIFi = o UE(0)ri A"(s; Om) ds (59)
ij .
= [ exp{ 5 (289 +ag, +ag,) - AXIs—ry(6) rl(em)} ds
where 1 1
ru(8) = 5(a +ag) (Xfk—Xg), 2 (6m) = o7 (80 +8ay) - AXIs]). (60)
Copyright(© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng009;00:1-33
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18 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

The integral (59) is a simple one-dimensional integral of an exponential function. Similarly, all other
integrations incurred by the element level matrices and vectors simplify to integrals of exponentials.
These can be evaluated analytically, thereby eliminating the need for any quadrature rule and avoiding
the associated numerical errors.

Another convenient property of the functions (23) is that they satiéff = 0. As a result, integration
by parts of (10) gives

a(Vve, uf) = /~(DVE-DuE+a-DuEvE)dQ:/~.DuE-nvEdF. (61)
Ja F

Thus, no volume integral involving the exponential enrichments needs be computed, which further
simplifies the implementation of a DGM or DEM element.

7.3. Reference point

As mentioned earlier, the enrichment functions (23) are scaled by the effect of an arbitrary reference
point x7; within each elemen® to avoid evaluating a very large floating point number on a finite
precision arithmetic processor. Numerical experiments demonstrate that overflow is inevitable if the
same reference point is used for each of the enrichment functions. The following algorithm for setting
the reference points produces good performance for the DGM and DEM elements proposed herein.

Algorithm 2 Selection of enrichment function reference point
for j =1tong do
for i =1tonf do
ifag(1) +ag (1) > O0then
x5 = max{X}x_;
else
XZ = min{§He_;
end if
if ag(2) +ag (2) > 0then
Vi = max{ygtey
else
¥e = min{yg e,
end if
end for
end for

In Algorithm 2,a, andag, are defined in (22)8,(j) (a9(j)), j = 1,2, is thej™ component o8y (ay),
and {(x¢,y8)}x_; are the coordinates of the nodes of elem@fit An analogous algorithm is used to

determine the Lagrange multiplier reference poiij;(sNhich are set either to 0 or 1 depending on
the sign of the argument of the exponential in (41).
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A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 19
8. NUMERICAL RESULTS

Here, the higher-order DGM and DEM advection-diffusion elements described in Section 6 are tested
on four benchmark problems:

(i) A homogeneous boundary layer problem on the unit square whose exact solution is spanned by
the DGM basis (23) [Section 8.1].

(i) A homogeneous boundary layer problem on the unit square whose exact soluispsanned
by the DGM basis (23) [Section 8.2].

(iif) A two-scale inhomogeneous BVP on the unit square [Section 8.3].
(iv) A “double ramp” problem on ah-shaped domain [Section 8.4].

In each case, the performance of the DGM and/or DEM elements of Section 6 is contrasted with that
of standard Galerkin elements. For the first benchmark problem (Section 8.1), it is also compared to
that of several stabilized finite elements developed in [26], as these elements were also tested by their
developers on this problem. It is emphasized that all elements denot@g, loy= 1,2, 3,4, arenon-
stabilizedGalerkin elements. All reported errors are relative errors measured I’ {68 “broken”

norm. For a DGM element with® enrichment functions, the absolute counterpart of this efris
computed as follows

2

E 2
L2(Qe) = Z /g;e <izldi uE (X; 6I) - Uref(x)> dQ (62)

whereut(X) is a reference (or the exact) solutioﬁ,(x; 6;) are the enrichment functions given by
(21), andd; are the enrichment dofs. The errors are measured either with respect to the exact solution
(when available, as in the case of problems (i) —)(jibr a reference solution computed using a
sufficiently refined mesl(lproblem (iv)). All comparisons are performed between elements of similar
computational complexita priori, either for a specified level of accuracy or for a fixed total number

of degrees of freedom. It turns out that all compared elements have also a similar convergeace rate
posteriori

nE
ditB (x; 6)|qe — Uref (X)|ae
3 A= 0)lae —ter (9o

gz:g

All unstructured meshes are generated by perturbing the nodesrokanuniform mesh (see e.g.,
Figure 3). All integrals (10)—(12) and therefore all matrices and right hand sides (54) are computed
exactly.

8.1. Homogeneous boundary layer problem with a flow aligned with the advection direction

Let Q = (0,1) x (0,1). Consider the BVP (1) witf = 0 and Dirichlet boundary conditions dn
designed so that the exact solution of this problem is

g _1

Uex(X; 9) = ewml 1 (63)
wherel’ = ( 11 ) anday is defined in (22). Since the length of the domain is equal to one, the

global Feclet number 0@ is given byPe= |a|. For a specified advection directigrand Feclet number
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20 C. FARHAT, I. KALASHNIKOVA, AND R. TEZAUR

Pe, the solution of this BVP exhibits a boundary layer in the directhowhose gradient is a function
of Pe The higher idPe the steeper is the solution.

Among all elements developed in Section 6, only the pure DGM elen@rtst — 1, Q — 8 — 2,
Q—-12—-3 andQ — 16— 4 are considered for the solution of this benchmark problem, because it
is a homogeneous one. In addition, the lower-order DGM ele@en#d — 1, which is an extension

to unstructured quadrilaterals based on the approach outlined in Section 4 of the rectangular DGM
elemenR—4—1 previously developed in [29], is applied to the solution of this BVP. Eler@entt — 1

is characterized by the sets of angles

O as=¢+{5 m=0..3}, ©h.,={9) (64)

The performance results obtained for these DGM elements are compared to those of several standard
Galerkin and stabilized finite elements when the size of the problem is kept fixed at approximately 400
dofs. Before commenting on these results, it is noted that:

e For this BVP,uex € #E for all DGM elements considered herein and all advection directjons
However, this does not mean that each of these DGM elements should be expected to recover
the exact solution (63)nlessuex- N € #" of this element.

e For a uniform discretizationg'! (Figure 4) takes the values of or & for all edges
i e rnt of the mesh. From Table Ill and the information given in (64), it follows that in this
case, for each considered DGM elemdniti,- n € #" for the advection directions given in
Table V.

e Therefore forgp = 0, all four DGM elements considered herein should capture the solution of
the BVP defined above to machine precision. ot %, only theQ —4 — 1 element should do
so. Forg = %, all four DGM elements considered herein liut- 8 — 2 should capture the exact
solution to machine precision.

Table V. Advection directiong /z € {0,1/6,1/4} for which uex-n € #" for uniform discretizations of2

OUex-n € # 12
DGM element 9/m 0 1/6 1/4
Q-4-1 v v v
Q-8-2 v
Q-12-3 v v
Q-16-4 v v

Table VI reports folPe= 107 andPe= 10° and three different advection directions the relative errors
associated with the solutions computed on uniform meshes using the standard Galerkin €gment
three different stabilized versions of this bilinear element developed in [26] under the labels STR, EST
and FFH, and the lower-order DGM elemépt- 4 — 1 which has a comparable complexity. In all
cases, the number of dofs is kept fixed at about 400. The reader can observe that, consistently with
the remarks formulated above, the DGM elem@nt 4 — 1 reproduces the exact solution to almost
machine precision for all three advection directigns 0, ¢ = %, and¢ = Z. As such, it outperforms

in these cases — by a large margin — the standard Galerkin eleheand all of its considered
stabilized counterparts.

Copyright(© 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng009;00:1-33
Prepared usingqimeauth.cls



A HIGHER-ORDER DEM FOR HIGH ECLET ADVECTION-DIFFUSION PROBLEMS 21

Similarly, Table VII reports the relative errors associated with the numerical solutions provided by
the element);, STR, EST, FFH, and the advection-limited DGM elemént 4— 1, for the case

of the very large Bclet number of 10 The solutions provided by the considered stabilized finite
elements are shown to be on average about four orders of magnitude more accyratéfand three
orders of magnitude more accurate {ipe£ O than that generated by the standard elen@antSince

by construction, the basis functions of advection-limited DGM elements are not free-space solutions
of the homogeneous advection-diffusion equation for the origigale® number, the DGM element
Q—4—1 cannot capture the exact solution to almost machine precision. However, at least for this
benchmark problem, this element is found to deliver a numerical solution that is about one order of
magnitude more accurate than that delivered by any of the considered stabilized finite element.

Table VI. Homogeneous boundary layer problem of Section 8.1 Réth 10°: relative errors in th&2(Q) broken
norm for uniform discretizations with approximately 400 dofs (non-stabilized and stabilized Galgrklements
vs. DGMQ—4—1 element)

Pe [[ ¢/n Q1 STR EST FFH Q-4-1
0 [[897x10 2] 762x102 ] 7.62x10 7| 859x10 2 | 3.06x 10 I°

107 || 1/6 || 1.31x 102 || 1.14x 102 | 1.15x 102 | 1.25x 102 || 1.18x 10716
1/4 || 1.31x102 || 1.14x10°2 | 1.15x 102 | 1.26x 102 || 2.66x 10 1°
0 577x10 1] 1.28x10T | 1.28x101 | 1.29x 102 || 3.43x 1014

10° || 1/6 || 253x 102 || 1.67x102 | 1.67x 102 | 1.75x 1072 || 1.24x 10715
1/4 || 262x102 || 1.67x102 | 1.67x102 | 1.77x 102 || 3.19x 10 14

Table VII. Homogeneous boundary layer problem of Section 8.1Réth 10P: relative errors in th&2(Q) broken
norm for uniform discretizations with approximately 400 dofs (non-stabilized and stabilized Galgr&lements

vs. advection-limited DGMQ — 4 — 1 element)

Pe || ¢/n Q1 STR EST FFH Q-4-1
0 [[844x10° || 1.29x10 1 [ 129x10 1 [ 129x101 [ 224x10°72
100 | 1/6 9.75 1.67x102 | 1.67x102 | 1.75x 1072 || 1.11x 1073
1/4 9.97 1.67x102 | 1.67x102 | 1.67x10°2 || 1.29x 103

Table VIII reports forPe= 10? and Pe= 10° and the same three different advection directions as
before the relative errors associated with the solutions computed on uniform meshes using the standard
Galerkin element®),, Qs and Q4, and the higher-order DGM elemenfs—8—-2, Q— 12— 3 and
Q—16—4. In all cases, the number of dofs is kept fixed at 400.¢Fer0, the DGM elemen —8—2

performs as expected and captures the exact solution of the BVP considered herein to almost machine
precision. In the other two cases, this element whose computational complexity is similar to that of
the standard Galerkin eleme@} produces numerical solutions that are one order of magnitude more
accurate than those delivered by tBgelement wherPe= 107, and one to four orders of magnitude

more accurate wheRe = 10%. Similarly, the DGM elemenQ — 12— 3 captures as expected the
exact solution to almost machine precision for= 0 and¢ = %. For ¢ = %, this element whose
computational complexity is comparable to that of elem@gsiproduces a numerical solution that is

two orders of magnitude more accurate than that delivered by the elégamhenPe= 10?, and

almost four orders of magnitude more accurate wkes 10°. Similar conclusions can be drawn from
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the comparison of the performances of the DGM elen@ntl6— 4 and the standard Galerkin element
Qg4 for the solution of this BVP problem on structured meshes using 400 dofs.

Table VIII. Homogeneous boundary layer problem of Section 8.1 Wik 10%: relative errors in the.?(Q)
broken norm for uniform discretizations with approximately 400 dofs (non-stabilized Galerkin vs. DGM elements)

Pe [ ¢/ Q> Q-8-2 Q3 Q-12-3 Q4 Q-16—-4
0 | 577x10° | 477x10 1> || 406x10“ | 8.03x10 1* || 2.39x 10 | 9.22x 10 13

107 | 1/6 || 6.52x 103 | 2.40x10°% || 3.95x 103 | 6.61x10°° | 2.02x10°3 | 1.03x 10>
1/4 || 6.51x10°3 | 2.67x10% || 3.83x103 | 1.22x 1014 || 1.87x 103 | 456x 1013
0 433x10 1] 222x10 0| 368x101 | 578x10 13 || 244x 101 | 9.75x 10710

10° || 1/6 || 1.49x 102 | 838x10°% || 1.21x102 | 550x10°° || 947x103 | 3.31x10°°
1/4 || 1.53x 102 | 562x106 || 1.24x10°2 | 436x 10714 || 9.81x 103 | 1.27x 10712

On unstructured meshes, a DEM or DGM element whose enrichment field happens to include the
exact solution of the problem of interest cannot be expected to capture that exact solution to machine
precision at low mesh resolution because even in this casg, n ¢ #" in general. However, the
performance results reported in Table IX show that in this case, the DGM methodology outperforms the
standard Galerkin methodology by a large margin. More specifically, for the solution on unstructured
meshes using a fixed number of 400 dofs of the BVP considered hereiRevitl 0? andPe= 103, the

DGM elementQ — 8 — 2 is found to deliver numerical results that are one to three orders of magnitude
more accurate than those delivered by the eler@enThe relative errors associated with the solutions
produced by th€ — 12— 3 element are shown to be two to five orders of magnitude smaller than those
associated with the numerical solutions computed with the ele@grdand those associated with the
solutions computed using the elem&ht- 16— 4 are two to almost six orders of magnitude smaller
than the relative errors associated with the numerical solutions computed with the e@@malso as
expected, the higher-order is the DGM element, the lower is the obtained relative error. For the case
of the very high Rclet number of 19) Table X shows that all of the standard Galerkin eleméhts

Q3 andQq fail to deliver acceptable solutions, particularly fpe= 0. On the other hand, the proposed
higher-order advection-limited DGM elements deliver solutions with relative errors ranging between
10~*and 1072

Table IX. Homogeneous boundary layer problem of Section 8.1 Rtk 10°: relative errors in theZ(Q) broken
norm for unstructured discretizations with approximately 400 dofs (non-stabilized Galerkin vs. DGM elements)

Pe | /7 Q2 Q—8-2 Qs Q—-12-3 Q4 Q—-16-4
0 566x10° [ 9.11x10° || 390x 102 | 1.35x 10> || 2.36x 10 | 2.23x 10°°

107 || 1/6 || 6.45x 103 | 230x 104 || 3.90x 103 | 6.32x10°° || 205x 103 | 1.04x 10°°
14 || 6.44x 103 | 1.78x10°% || 3.79x 103 | 247x10°° || 1.89x 1073 | 242x 1078

0 | 432x101[169x10% [ 364x10 T |258x10° | 243x10 1| 7.84x10'

10° || 1/6 || 1.49x 102 | 3.71x 104 || 1.21x102 | 551x10°° || 9.48x 103 | 3.24x 107
1/4 || 1.49x102 | 9.62x10°° || 1.23x 102 | 3.21x 106 || 9.83x 103 | 3.22x 107/

Finally, Figure 6 compares the nodal values of the solutions computed wit th#2— 3 andQ3
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Table X. Homogeneous boundary layer problem of Section 8.1Reth 1CP: relative errors in th&2(Q) broken
norm for unstructured discretizations with approximately 400 dofs (non-stabilized Galerkin vs. advection-limited
DGM elements)

Pe | ¢/x Q2 Q-8-2 Qs Q-12-3 Q4 Q—16-4

0 [[707x107 || 223x10 7 [ 6.64x 107 || 223x 107 | 5.14x 1(? || 2.22x 10 2
100 || 1/6 3.20 8.47x 104 5.15 7.58x 104 3.45 7.57x 104
1/4 5.23 7.07x 104 7.47 7.06x 104 6.89 7.05x 104

elements when the advection direction is sep te 0 and the Bclet number tdPe= 103. The reader
can observe that the DGM solution does not exhibit the spurious oscillations that pollute the Galerkin
solution.

(2) Qs (b)Q—-12-3 (c) Exact

Figure 6. Nodal values of approximated and exact solutions of the homogeneous boundary layer problem of
Section 8.1 withp = 0, 1,600 dofs an®e= 10°

8.2. Homogeneous boundary layer problem with a flow not aligned with the advection direction

Here, attention is focused on the solution of a homogeneous boundary layer problem with a flow that
is not aligned with the advection direction. To this effect, the BVP (1) is considered with Dirichlet
boundary conditions designed so that the exact solution is

e3(@+ay)-(x-1) _ 1

e 3(@+ay)l_q

Uex(X; ¢, ¥) = (65)
where¢ € [0,2r) is the advection-direction ang € [0,2x) is an arbitrary flow direction. Again, the
domainQ is taken to be the unit square. It is discretized by unstructured meshes. In all cases, the
number of dofs is kept fixed at 1,600.

In general, solutions of the form given in (65) aretin the span of the enrichment spat€ described
in (23), except for certain values ¢fandy. Here, the advection direction is fixed ¢o= 7 /7 and the
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directiony is varied by angles of /4 so that the exact solution (65) is not contained in the space of
approximation of any of the DGM element considered herein.

Table XI reports folPe= 107 andPe= 10° the relative errors associated with the solutions computed
on unstructured meshes using the standard Galerkin eler@ent3; and Q4, and the higher-order
DGM elementQ —-8—-2,Q— 12— 3 andQ— 16—4. In all cases, the DGM elements are reported to
outperform their standard Galerkin counterparts (from the computational complexity viewpoint) by a
very large margin. The performance results reported in Table XPées 10° show that the advection-
limited DGM elements outperform their standard Galerkin counterparts by even a larger margin of
three orders of magnitude in accuracy.

Table XI. Homogeneous boundary layer problem of Section 8.2 gvithrr /7 andPe < 10°: relative errors in the
L2(Q) broken norm for unstructured discretizations with approximately 1,600 dofs (non-stabilized Galerkin vs.
DGM elements)

Pe | y/m Q2 Q-8-2 Qs Q-12-3 Q4 Q—-16-4
0 232x10° [ 579x10° || 955x10 % | 426x10° [ 3.79x 10 % | 494x 10’

107 | 1/4 || 1.40x10°3 | 8.10x 105 || 493x10% | 9.53x 107 || 1.64x 104 | 1.30x 108
1/2 || 1.18x10°3 | 418x10°° || 3.77x10* | 1.01x10°° || 1.19x 104 | 2.24x 108

0 592x10° [ 1.79x 103 || 434x 103 | 1.10x 104 || 3.23x 103 | 230x 10°°

10° || 1/4 || 6.06x10°3 | 254x 104 || 446x 103 | 1.23x10°° || 3.29x 103 | 882x 10/
1/2 || 5.97x10°° | 212x10% || 436x103 | 1.11x10°° || 3.18x 103 | 1.59x 10°©

Table XIl. Homogeneous boundary layer problem of Section 8.2 githr /7 andPe= 10P: relative errors in the

LZ(Q) broken norm for unstructured discretizations with approximately 1,600 dofs (non-stabilized Galerkin vs.

advection-limited DGM elements)

Pe | y/m Q2 Q-8-2 Qs Q-12-3 Q4 Q-16-4
0 [[287x10T1[207x10° | 1.85x10 1| 856x10 % | 9.84x10 < | 6.88x10 %

100 || 1/4 || 287x10°1 | 7.87x10* || 1.85x 101 | 5.68x10°% | 9.84x 102 | 461x10°*
1/2 || 287x101 | 9.01x104 || 1.85x 101 | 6.77x10* || 9.84x 102 | 550x 104

Table XIII reports for the BVP considered herein the convergence rates measured on unstructured
meshes for the standard Galerkin and DGM elemenfeat 10°. The DGM element®) — 8 — 2,

Q- 12— 3 andQ — 16— 4 deliver roughly cubic, quartic, and quintic convergence rates, respectively.
Hence from this viewpoint too, these elements are “comparable” to the standard Galerkin ef@gents

Qs, andQq, respectively. The performance results reported in Table XIll also show that to achieve a
relative error of 0.1% foPe= 10%, the DGM element§ —8—2, Q — 12— 3 andQ — 16— 4 require

4.5, 14.7, and 15.1 times fewer dofs than the standard Galerkin ele@gri@s, andQ,, respectively,
thereby demonstrating the computational superiority of the DGM methodology.

The aforementioned convergence rates are also graphically depicted in Figure 7. The oscillations in the
tail end of the curve for the DGM eleme@t— 16— 4 is due to the ill-conditioning of this element.
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Figure 7. Convergence rates on unstructured meshes (Sectign-8.2/7, v = 0, andPe= 10?)

Table XIll. Convergence rates on unstructured meshes (Sectiot 82 /7, andy = 0)

Element Convergence rate Required # dofs to achieve
(Pe=107) a relative error of 10° (Pe= 10°)

Q2 2.38 24,300

Q-8-2 3.27 5,400
Qs 3.48 12,500

Q-12-3 3.88 850
Q4 4.41 8,600

Q-16-4 5.19 570

8.3. Two-scale inhomogeneous problem

To highlight the role of the polynomial field” in DEM, a non-homogeneous variant of the boundary
layer problem defined in Section 8.1 is considered here. More specifically, the source term

f(x;¢) =ay-1+|al(ycosp +xsing) (66)
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is added and the Dirichlet boundary conditions are designed so that the exact solution to problem (1) is

ea¢-(x—1) _e ¥l
el 1

rapidly varying

Uex(X; @) = X-1+Xy +< (67)

slowly varying

This exact solution contains two scales: a rapidly-varying exponemtia a slowly-varying
polynomial. Because of this multi-scale behavior, a true DEM element whose approximation basis
includes the enrichment as well as the polynomial fieléls<{ u” + uF) is used to solve this problem.

The performance results obtained for this problem and summarized in Table XIV demonstrate once
again the superior accuracy and computational efficiency of the DEM methodology for the solution
of inhomogeneous advection-diffusion problems. In particular, Table XV shows thBeferl(°, the
advection-limited DEM elements outperform their standard Galerkin counterparts by an impressive
margin.

Table XIV. Inhomogeneous boundary layer problem of Section 8.3 Rétk 10°: relative errors in thé.2(Q)
broken norm for uniform discretizations with approximately 1,600 dofs (non-stabilized Galerkin vs. DEM

elements)

Pe | ¢/ Q2 Q—9-2" Qs Q—-13-3" Qs Q—-17-4"
0 [[114x1072[252x10° [ 6.02x10°3 | 1.11x10° || 236x 103 | 1.09x 10/

107 || 1/4 || 9.23x10% | 1.26x 104 || 3.75x 104 | 1.51x10°° || 1.11x 10* | 450%x 108
1/2 || 1.14x 102 | 240x10°° || 6.02x 103 | 1.11x10°% || 236x 103 | 4.33x 107/

0 872x10° | 1.39x10% || 6.92x 102 | 1.01x 10> || 5.22x 102 | 3.79x 10°°

10° || 1/4 || 4.38x 103 | 587x10°5 || 3.36x 103 | 1.90x 10> || 247x 103 | 2.00x 10°©
1/2 || 872x10°2 | 1.07x10% || 6.92x 102 | 1.01x10°° || 5.22x 102 | 7.95x 107

Table XV. Inhomogeneous boundary layer problem of Section 8.3 Rétk 10°: relative errors in thé.?(Q)

broken norm for uniform discretizations with approximately 1,600 dofs (non-stabilized Galerkin vs. advection-

limited DEM elements)

Pe | ¢/ || Q | Q—9-2F Qs Q—-13-3" Q4 Q—17-4*
0 1.20 [ 312x10% || 381x101 | 8.12x 10" | 3.72x101 | 5.12x10°*
100 || 1/4 || 1.52 | 462x10°° 1.49 1.05x10°° || 7.05x 101 | 1.36x 1076
1/2 || 1.20 | 1.87x10°° | 3.81x 101 | 1.45x10°° || 3.72x 101 | 1.03x 10*

Table XVI shows that for this two-scale problem, the DEM eleménts9— 2", Q— 13— 3", and

Q- 17— 4" exhibit convergence rates of approximately 3, 4 and 5, respectively. Therefore, they are
comparable from this viewpoint to the standard Gale®jn Qs, andQ, elements except that they
possess dramatically smaller error constants Feet 10%, the DEM elemen@ — 17— 4 delivers the

same accuracy & — 13— 3" andQ — 9 2" but using 2.5 and 13.8 times fewer dofs, respectively.
This illustrates the higher-order behavior of a DEM element with an increasing vahfe #iso for

Pe= 10, arelative error equal to. 0% can be achieved by the DEM eleme@ts 9— 2, Q— 13— 3+,
andQ — 17— 4" using approximately 4.75, 14, and 15.1 times fewer dofs than by the Gal@skin
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Qs, and Q4 elements, respectively. More illustrative than the relative errors reported in Tables XIV
and XV are the plots of nodal values of the computed solutions displayed in Figure 9. Whereas even
the relatively high-orde@s solution is shown to exhibit spurious oscillations, the DEM- 13— 3%
solution is shown to be virtually indistinguishable from the exact solution in the entire computational
domain.

Figure 8. Convergence rates (Section $.3; /4, andPe= 10%)

Table XVI. Convergence rates (Section 83 7/4)

Element Convergence rate Required # dofs to achieve
(Pe=10%) a relative error of 10° (Pe= 10%)

Q2 2.79 14,700

Q-9-2F 2.91 3,100
Qs 3.66 8,000

Q-13-3" 3.97 570
Qs 4.65 3,400

Q—-17—4t 4.95 225

8.4. Double ramp problem on an L-shaped domain

Finally, a variant of the double ramp problem used in [22] for testing stabilized finite elements with
mesh refinement is considered here. The domain isstmped regio® = [(0,1) x (0,1)]\[(0,0.5) x
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(2) Qs (b)Q—13-3* (c) Exact

Figure 9. Nodal values of approximated and exact solutions of the non-homogeneous boundary layer problem of
Section 8.3 withp = 0, 1,600 dofs an®e= 10°

(0.5,1)] (Figure 10). The Bclet number is set tBe= 10° and the source term of the BVP (1) is set to

f = 1. Homogeneous Dirichlet boundary conditions are prescribed on all six sidesltie advection
direction is set tay = 0 and therefore the flow moves from left to right. The solution of this problem,
which is not known analytically, is known however to exhibit a strong outflow boundary layer along the
line x= 0.5, two crosswind boundary layers alopg 0 andy = 1, and a crosswind internal layer along

y = 0.5 (Figure 11). The nature of this solution is therefore different from that of the BVPs considered
in the three previous sections. Indeed, this problem is one of the most stringent benchmark problems
for advection-diffusion.

u=0 1
Figure 10.L-shaped domain (Section 8.4)

A reference solution for this problem that is free from any spurious oscillation is computed on a uniform
mesh with 43,200 elements.
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The performance results of computations on unstructured meshes are reported in Table XVII. They
reveal that for this problem, the DGM elements provide only a moderate improvement over the
Galerkin elements. However, the DEM elements provide a dramatic improvement of orders of
magnitude in both accuracy and computational efficiency.

(@) Qs (b)Q—-12-3 (©)Q—13-3*

Figure 11. Nodal values of approximated and exact solutions of the homogeneous boundary layer problem of
Section 8.4 wittPe= 10° and 1,200 elements

Table XVII. Double ramp problem of Section 8.4: relative errors inltREQ) broken norm Pe= 10%, uniform
discretizations, non-stabilized Galerkin vs. DGM and DEM elements))

Number of elements Q Q-8-2 | Q—9-2*
300 272x10 1 [ 119x10 T | 411x10°2

1,200 1.23x10°1 | 6.07x102 | 847x10°3

4,800 5.26x 102 | 281x102 | 1.65x 102
10,800 292x10°2 | 1.54x 102 | 7.43x10*
Number of elements Qs Q-12-3 | Q-13-3"
300 149%x 10T | 1.11x10 T | 280x 102

1,200 6.57x102 | 5,00x10°2 | 4.71x 103

4,800 2.36x10°2 | 1.02x102 | 8.24x 104
10,800 1.08x 102 | 454x10°2 | 9.75x10°°
Number of elements Qs Q-16—-4 | Q-17-4"
300 9.58x10 7 [ 832x10 72 | 216x10 2

1,200 378x102 | 1.33x102 | 294x 103

4,800 1.03x102 | 917x10°3 | 1.26x 104
10,800 3.70x10°3 | 492x 104 | 212x10°°

Figs. 12—-15 show four cross-sections of the nodal values of the numerical solutions computed using
the DGM and DEM elements and their standard Galerkin counterparts. The Galerkin solutions exhibit
noticeable oscillations in thg= constplane near the outflow boundary. These are even present in the
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higher-orderQ, solution. On the other hand, no oscillation is seen in the computed DGM and DEM
solutions. The DGM elements appear to experience a small numerical difficulty but only along the
location of the crosswind internal layer (liye= 0.5) (Figure 13(b). The polynomial component of

the DEM elements appears to resolve this issue complélféa@ure 13(0).

Nodal values of the compute@s, Q — 12— 3 andQ — 13— 3" solutions are plotted on the entire
domain in Figure 11. Again, oscillations are evident in the Galerkin solutions. On the other hand, the
DGM and DEM solutions are free from any spurious oscillation.

(a) Galerkin (b) DGM (c) DEM

Figure 12. Nodal values of approximated solutions ofltfehaped domain problem of Section 8.4 along the line
y = 0.25 with 1,200 elements

(a) Galerkin (b) DGM (c) DEM

Figure 13. Nodal values of approximated solutions ofltfehaped domain problem of Section 8.4 along the line
y = 0.5 with 1,200 elements

9. CONCLUSIONS

In this paper, the discontinuous enrichment method (DEM) proposed in [29] for the solution of
the two-dimensional advection-diffusion equation is extended to higher-order quadrilateral elements
and problems discretized on unstructured meshes. Appropriate Lagrange multiplier approximations
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(a) Galerkin (b) DGM (c) DEM

Figure 14. Nodal values of approximated solutions ofltkghaped domain problem of Section 8.4 along the line
x= 0.5 using 1,200 elements

(a) Galerkin (b) DGM (c) DEM

Figure 15. Nodal values of approximated solutions ofltbehaped domain problem of Section 8.4 along the line
x = 0.95 using 1,200 elements

on a mesh of quadrilateral elements are designed and the issue of potential redundancy in these
approximations in the context of higher-order elements is illuminated and addressed. Three new
higher-order pure discontinuous Galerkin method (DGM) quadrilateral elements are constructed and
denoted byQ —8—2, Q— 12— 3 andQ — 16— 4. The approximation spacé" of these elements
contains only the exponential enrichment fietF, intended to capture the rapidly-varying “fine”
scale that is typically present in the exact solution of advection-diffusion boundary value problems
(BVPs). For the finite element solution of inhomogeneous problems, higher-order true DEM elements
Q-9-2",Q0-13-3" andQ— 17— 4" are proposed. The approximation spaces of these elements
is the direct sum of/'E and#®, where# P is the polynomial field of the standard Galerkin bilinear
quadrilateral elemer@;. Special advection-limited variants of these elements, denot@d-bye — nt
andQ—nE —nt+, are proposed for the solution of problems in the particularly higblé® number
regime Pe> 10°).

The discontinuous nature of the DGM and DEM approximations enables the static condensation of the
enrichment degrees of freedom (dofs) prior to the assembly of the finite element matrices, making the
Q—-8-2,Q0-12-3,andQ— 16— 4 pure DGM elements (and similarly tiigz— 9—2", Q— 13— 3",
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andQ—17—4" true DEM elements) of comparable computational complexity to the standard Galerkin
Qo, Q3, andQ4 elements. It is also found that the aforementioned DGM and DEM elements exhibit
quadratic, quartic and quintic convergence rates, respectively, on both structured and unstructured
grids; therefore, they are also comparable to the aforementioned standard Galerkin counterparts from
the convergence order viewpoint.

The proposed DGM and DEM elements are tested on four benchmark problems: a homogeneous
boundary layer problem whose exact solution is contained in the approximation $faca
homogeneous boundary layer problem whose exact solutiwt ntained in# &, an inhomogeneous
two-scale BVP, and a double ramp problem onLashaped domain that exhibits outflow as well as
internal boundary layers. For all of these problems, it is found that the DEM elements outperform
their standard Galerkin and stabilized Galerkin counterparts of comparable computational complexity
by at least one, and sometimes many orders of magnitude in relative error, on both structured and
unstructured meshes. For example, it is found thatPl= 10°, a constant relative error of TV

can be achieved using discretizations by e 8 — 2 andQ — 9 — 2" elements using 4 to 5 times

less dofs than by the standa@d element. Similarly, it is found that th® — 12— 3 andQ — 13— 37
elements deliver the same accuracy as@aeelement but using 14 to 15 times fewer dofs. Most
importantly, it is also found that for all considered benchmark problems, the DGM and DEM solutions
are almost completely oscillation-free, even in the very higbl€ number regime where the standard
higher-order Galerkin solutions are polluted by spurious oscillations. All these results demonstrate the
potential of DEM for realistic advection-dominated transport problems in fluid mechanics.
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