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Abstract

We analyze the convergence of a discontinuous Galerkin method (DGM) with plane waves
and Lagrange multipliers that was recently proposed by Farhat et al. [3] for solving two-
dimensional Helmholtz problems at relatively high wave numbers. We prove that the underlying
hybrid variational formulation is well-posed. We also present various a priori error estimates
that establish the convergence and order of accuracy of the simplest element associated with
this method. We prove that, for & (k h)% sufficiently small, the relative error in the L2-norm
(resp. in the H! semi-norm) is of order k (kh)3 (resp. of order (kh)3) for a solution being in
H3 (©). In addition, we establish an a posteriori error estimate that can be used as a practical
error indicator when refining the partition of the computational domain.
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Introduction

The discontinuous enrichment method (DEM) was developed in [1, 2] for the solution of multi-
scale boundary value problems with sharp gradients and rapid oscillations. These are problems for
which the standard finite element method (FEM) can become prohibitively expensive. DEM can be
described as a discontinuous Galerkin method (DGM) with Lagrange multiplier degrees of freedom
(dofs), in which the standard finite element polynomial field is enriched within each element by
free-space solutions of the homogeneous partial differential equation to be solved. Usually, these
are easily obtained in analytical form and are discontinuous across the element interfaces. The
Lagrange multiplier dofs are introduced at these interfaces to enforce a weak continuity of the
solution. For the Helmholtz equation, the enrichment field can be constructed with plane waves as
these are free-space solutions of this equation. In [3], it was shown that for a large class of Helmholtz
problems, the polynomial field is not necessary for capturing efficiently the solution. Hence, for
these applications, the polynomial field was dropped and DEM was transformed into a DGM with
plane wave basis functions. Similar exponential functions were previously introduced in the weak
element method (WEM) [4], the partition of unity method (PUM) [5], the ultra weak variational
method (UWM) [7], and the least-squares method (LSM) presented in [8], for the solution of the
Helmholtz equation. However, unlike WEM, the DGM proposed in [3] is based on a variational
framework, and unlike PUM, it is discontinuous. Furthermore, in contrast to LSM, the continuity
of the solution at the inter-element boundaries is enforced in DEM by Lagrange multipliers rather
than penalty parameters, which increases the robustness and accuracy of the underlying framework
of approximation.

In [3], two lower-order rectangular DGM elements with four and eight plane waves, respectively,
were constructed and applied to the solution of two-dimensional waveguide problems with 10 <
kl <100, where k denotes the wavenumber and [ is a characteristic length of the waveguide. The
discretization by these elements of such Helmholtz problems was found to require five to seven
times fewer dofs than their discretization by the standard @2 element, depending on the desired
level of accuracy. In [9], this DGM was extended to exterior Helmholtz problems and was coupled
with a second-order absorbing boundary condition. A lower-order quadrilateral element with eight
Lagrange multiplier dofs was designed and highlighted with the solution on unstructured meshes of
sample acoustic scattering problems with 20 < kI < 40, where [ denotes a characteristic length of
the scatterer. This element was shown to deliver significant improvement over the performance of
the standard and comparable Q2 element. In [10], two higher-order quadrilateral DGM elements
with 16 and 32 plane waves, respectively, were presented. The DGM element with 16 plane waves
has a computational complexity that is comparable to that of the standard Q4 element and was
shown numerically to have the same convergence rate with respect to the mesh size. However, this
DGM element was also shown numerically in [9] to deliver the same level of accuracy as Q4 using
6 times fewer dofs. All of these performance results highlight the potential of the DGM introduced
in [3] and expanded in [9] and [10].

However, no mathematical analysis of this method has been performed yet. The objective of this
paper is to fill this gap in the specific context of the two-dimensional low-order element with four
plane waves in order to set this DGM method on a firm theoretical basis. The proposed study
assumes that the computational domain € is a polygonal-shaped domain that can be partitioned
into rectangular elements. Note that the computational 5domain ) may have reentrant corners, and
therefore the considered acoustic scattered field is in H3(€2) only. We partition the computational
domain into rectangular-shaped elements and consider the case of the so-called R-4-1 element, that
is we approximate locally the primal variable by four plane waves and the dual variable by constants



on the edges of interior elements. We must point out that this study cannot be extended—at this
time— to higher order elements because it assumes that the normal derivative of the primal variable
is constant along the interior edges. This crucial property is valid only in the case of R-4-1 element.

2
We prove that for k (k)3 small enough, the relative error in the L?-norm (resp. in the H' semi-

norm) is of order k (k h)% (resp. (k h)g) We recall that in the case of the standard finite element
method using P; element (see [11, 12]), it has been established that for k2h small enough, the
relative error in the L? -norm (resp. in the H' semi-norm) is of order k® h? (resp. kh). Moreover,
if we assume that kh is small enough, it has been established in Reference [12], that the relative
error for both the L? -norm and the H' semi-norm are bounded by k (k h)2. However, all these error
estimates have been established assuming that the scattered field is in H2(€2) which is not a realistic
assumption for most applications. We must also point out that, to the best of our knowledge, no
error estimates have been derived yet in the particular case of Q4 finite element when applied to
Helmholtz problems.

We also derive a posteriori error estimate that can be used as a practical error indicator when
refining the partition of the computational domain. This error estimate reveals that the relative
error in the L? norm depends on the errors in the approximation of the interior and exterior
boundary conditions as well as on the jump across the elements of the partition.

The remainder of this paper is organized as follows. In Section 1, we specify the notations and
assumptions used in this paper, state the formulation of a two-dimensional acoustic scattering
problem in a bounded domain, and prove that the hybrid problem obtained by applying the DGM
introduced above to the solution of the focus Helmholtz problem is well posed in the sense of
Hadamard [13]. More specifically, we introduce Theorem 1 to address the issues of existence,
uniqueness, and stability of the DGM formulation. Next, we devote Section 3 to the analysis of the
discrete solution obtained with a DGM element with four plane waves. More specifically, we recall
in Section 3.2 the discrete DGM formulation and announce the main results of this paper. These
are existence and uniqueness results, a priori error estimates that are stated in Theorem 2, and
a posteriori estimate that is stated in Theorem 3. The proofs of these three sets of fundamental
results are detailed in Section 3.3 and Section 3.4. Finally, Section 4 concludes this paper.

1 Preliminaries

We consider throughout this paper the acoustic scattering problem by a sound-hard scatterer [14]
formulated in a bounded domain as follows

(Find v € H'(Q) such that
Au+ku = 0 in Q,
(BVP) (1)
Opu = —0pelhxd on I,
Opu = iku on X,

where u is the scattered field and €2 is the computational domain. €2 is a bounded polygonal-shaped
domain that can be partitioned into rectangular elements. IT' is its interior boundary and ¥ is the
exterior boundary. n is the unitary outward normal vector to the boundaries I' and ¥ and 9, is
the normal derivative. k is a positive number representing the wavenumber. d is a unit vector



representing the direction of the incident plane wave. The equation on I' is the Neumann boundary
condition that characterizes the sound-hard property of the scatterer. We must point out that
the interior Neumann boundary condition on I'" and the exterior condition on ¥ are used only for
simplicity. The results presented herein apply to all types of admissible boundary conditions. In
addition, as it is well-known, one should use higher order local absorbing boundary conditions for
solving practical problems.

2 The continuous hybrid variational formulation

2.1 Nomenclature and properties

We use throughout this paper the following notations and properties.

4
e K is a rectangular-shaped element of 2 and 0K is its boundary. 0K = U T}, where T7. is
j=1
the jth edge of K with vertices (SJK , sﬁl), and nJK its outward unitary normal vector.

K J — K
e h; is the length of the edge Ty and hx = 11;1;2{4 hi.

e (73)n is a regular triangulation of the computational domain (2 into elements K i.e.
3é>0/Vh, VK €Ty, ; h3 <élK|

where |K |denotes the area of the element K [15]. Note that (7)p is a quasi-uniform trian-
gulation since its elements K are rectangles.

e h = Ir(na;_( hr. We also assume that kh < w. This condition means that there is at least two
€lp

elements per wavelength.

e X is the space of the primal variable. X is given by:

X ={veL*Q); VK € Th,vx = v, € H(K)} = [[ H'(K)

KeT,
and is equipped with the following norm:
2
lollx = | D lloxlkw | » VeeX,
KeTy,
where
. 1
ol = (JowlE s+ llonl )
|| - [lo.x (vesp. |- |1,x) is the L:-norm (resp. semi-nom) on the element K.



e |- |17, is the semi-norm in the space X defined by:

phrn = > lxlix| . VveX
KeTy,
. H%(OK) is the space of the traces of elements of H'(K) and H_%(OK) is the dual space of
H> (0K). H (0K) is equipped with the following norm:
Mz or = weiilvf(x) wllxxy = 1Al xx) (2)

where W(X) = {we HY(K) ; wgx = A} and A is the unique element in W (X) satisfying

1
—AA+ —A=0 ae in K.

K|
It follows from the definition of the norm || - ||x and Eq. (2) that
ol 0 < llollx) Vv e HY(K). 3)

e M is the space of the dual variable defined by:
M ={ue [[H:0K); waeT, Y <pk AK > 11 0k=0
KeTy, KeTy

where pf€ = o5 and the space T' is given by:

T = {xe [[ H20K); VK # K' € T, A= K" on 9K N oK’
KeTy,

The space M is equipped with the following norm:

=

| llar = ZHMKHQ_%ﬁK , YueM
KeTy,
where
1) L VP AR LT S R
PRk = sup — sup
0 NeH? (OK) IRYIFITR veH (K) Jvllx (k)

and <., . > 1,15k is the duality product between H_%(GK) and H%(GK) [16].

e M is a subspace of M defined by:

M = {pe ] L*0K); p=00ndQ and VK #K' €T,
KeT,
w5+ 5 =0 on 8KH8K’}.

Therefore, we have
M=Mn [] L*(9K).

KeT,



2.2 Formulation and mathematical results

We adopt the following hybrid-type variational formulation (VP) for solving the boundary value
problem (BVP). Note that the VP is equivalent to BVP as indicated in Remark 1.

Find (u, A\) € X x M such that
(VP) a(u, v) +bv,\) = F(v) Vo e X, (5)
b(u,p) = 0 Ve M,

where the bilinear forms a(-, ) and b(- , -) and the function F' are given by:

a(u,v):z (/ Vu~Vvdx—k2/uvdx—ik/ uvdt) Yu,v e X,
K K OKNY

KeT,

b(v, ) = Z < uf @>_%X%78K V(v,p) € X x M,
KeTy,

F(v)=— Z / O ddt Vo e X.

Note that the bilinear form b(- , -) also satisfies

b(v, u) = Z/ p5Tdt Y (v,p) € X x M.
KeTy, 0K

In addition, the bilinear forms a(- , -) and b(- , -) satisfy the following important properties.

Property 1 The bilinear formsa(. , .) andb(- , -) are continuous on X x X and X x M respectively.
Furthermore, we have:

i. a(., .) satisfies the Gérding inequality in H'(Q)

Ra(v , v) +K|l[fq = v

iz YveX (6)
where N designates the real part.

ii. The null space N corresponding to the bilinear form b(. , .) is given
N={veX; bou=0 YucM}=H(Q) (7)

iii. The bilinear form b(. , .) satisfies the so-called inf-sup condition [22]:

b(v, b(o,
VueM, 3peX : Sup‘( N)|:‘(¢N)‘:HMHM (8)
vex ||v]lx ol x



Proof of Property 1. We prove only the third point since the proof of Eq. (6) and Eq. (7) is
straightforward. From the continuity of the bilinear form b(. , .) we deduce that

b
up 0.2

<|lullpr Vpe M. 9)
veX HUHX

Next, for a fixed u € M, we consider the function ¢ € X such that , for every K € 7p, ¢|x = ¢k
is the unique solution of the following variational problem:

1
Vog -Vide + — | ¢xvde =<p® | 5> 1,1, YveH(K). (10)
K K] Jx 2%

Hence, using Eq. (3) and Eq. (10), we have

K
-

K T K
oIk = <", oK > 11 or < 1 orllorllL o < Ml 11 grllOr|x i)

1

Thus, we deduce that [[¢x[|xx) < |71 o> and then [[of[x < |ul[n-

Moreover, from Eq. (4) and Eq. (10), we have H,UKH_l,aK < lloxllxx)-

2

Therefore, it follows that ||¢||x = ||u||am-
On the other hand, from Eq. (10) and the definition of the bilinear form b(- , -), we also have

b(d,u) = Y lloxlx) = 16l& = llollxllulln

KeTy,

which concludes the proof of the inf-sup condition given by Eq. (8). O

Remark 1 The problems BVP and VP are equivalent in the following sense:

i. If the pair (u, \) is a solution of VP, then it follows from the second equation of VP that u is
in H'(Q). Moreover, using the first equation of VP with test functions v € D(Q), we deduce
that u is the solution of the first equation of BVP. Last, the use of test functions v € H'(£2)
allows to verify that u is satisfies the boundary conditions on I' and X.

1. If u is the solution of BVP, then from the standard reqularity results for Laplace’s operator
[28] and due to the possible reentrant corners (with a measure angle of 37”), it follows that

u € Hg(Q) Thus, O,u* € L2(0K) for all K € T;, (0,u’ is even in H%((?K)) . Then we set

—Onu on 0K\ 09,
0 on 0K N oS

Therefore, the dual variable \ satisfies (11) in the L*(OK) sense, which is the classical sense.
Having that in mind, one can multiply BPV by test functions v € X and deduce that the pair
(u, \) satisfies VP.



Next, we prove that the variational problem (VP) is well-posed in the sense of Hadamard [13] .
This is main result of this section. It is stated in the following theorem.

Theorem 1 The variational problem (VP) admits a unique solution (u,\) € X x M. In addition,

u belongs to H%(Q), and for all § € [0, 3] there is a positive constant C' (C depends on Q and 0
only) such that
lulgo < C(1+k)°.

The proof of this theorem is based on the following intermediate stability result:

Lemma 1 Let f be in L*(Q)). Then, the following boundary value problem

AU+ KU = f in Q,
U = 0 on T, (12)
o,U = 1kU on X

has one and only one solution U in Hg(Q) Moreover, for all § € [0, 3] there is a positive constant
C (C depends on 2 and 0 only) such that

Ul <C(A+R)"HIfllog: (13)

Proof of Lemma 1. First , observe that the variational formulation corresponding to the boundary
value problem (12) is given by

Find U € HY(Q) such that

(14)
a(U , v) =— /ﬂfvdm Yo e HY(Q).

From Eq. (6), it follows that the bilinear form a(. , .) satisfies the Fredholm alternative on H'().
Hence, the uniqueness ensures the existence of the solution U in H!().
Therefore, we need only to prove the uniqueness of the solution of the boundary value problem (12).
Let w be the solution of the corresponding homogeneous boundary value problem. The function w
satisfies

a(w,w)=0 then w=0 on X

and we deduce that
Opow=0 on T and w=0,w=0 on X.

Therefore, using the continuation theorem [17, 18], we obtain that w = 0 in .

From the standard regularity results for second-order elliptic boundary value problems [23] and
due to the possible reentrant corners ( with a measure angle of 37“), it follows that the solution of



problem (12) satisfies U € H %(Q), and there is a positive constant C' (C' depends on 2 only) such
that:
WUlls.0 < € (IIAUII_1 g+ 10U111 5g) - (15)

Moreover, using the results established in References [19] and [20], we deduce the existence of a
positive constant C' (C' depends on {2 only) such that:

c
<~

1w T 1+k

0.2 [flloe  and |Ulia < Cl|flloq- (16)

Next, we establish the estimate (13). To do this, we will use the space interpolation results in
Reference [21]. First, using boundary conditions in the boundary value problem (12), we deduce
that there is a positive constant C' (C' depends on € only) such that:

18,U112 gy = 118U [s 5 = k[[U]]1 5 < CRIU]]2 .

Therefore, it follows from the space interpolation results in [21] that there is a positive constant C
(C depends on € only) such that:

1 2
10nUl[1 00 < CE[Ul5o U} o

Finally, it follows from Eq. (16) that there exists a positive constant C' (C' depends on 2 only) such
that: ,
10,U1[1 g0 < C (14 K)3 [[fllo,0 (17)

Furthermore, from the first equation of the boundary value problem (12), we deduce that

1AUlloe < K*[[Ullo.q + [ fllo.0-

Hence, it follows from Eq. (16) that there is a positive C' (C' depends on 2 only) such that

1AUJo.0 < C(1+E)||fllo

In addition, from the norms properties and Eq. (16), there is a positive C' (C' depends on {2 only)
such that

1AU][-10 < [Uha < |lUlhe < Cllflloe-

Consequently, it follows from these equations and the interpolation space results theorem (see [21])
that there is a positive constant C' (C' depends on the domain € only) such that

2
IAU]_1 o < C(+E)3|[fllog (18)
Estimate (13) is then a direct consequence of Eq. (15), Eq. (17), and Eq. (18). O

Proof of Theorem 1. Since H'() is the null space of the bilinear form b(. , .) (see Eq. (7)), the
VP is reduced to the variational problem

a(u, v) = Fv) Yve HY(Q)

From Eq. (6), it follows that the bilinear form a(. , .) satisfies the Fredholm alternative on H'((2).
Hence, the uniqueness ensures the existence of the solution u in H'(2). On the other hand, the
uniqueness results readily from the solution of the boundary value problem (12). Therefore, the



solution u of the reduced variational problem in the null space H'(Q) of the bilinear form b(. , .)
exists and is unique. Therefore, both existence and uniqueness of the solution of the complete
variational problem VP are standard consequences (For example, see Reference [22]) of the inf-sup
condition given by Eq. (8).

To prove the stability estimates, we first observe that the pair (u,\) solution of the variational
formulation (VP) satisfies the following mized boundary value problem:

Au+ku = 0 in €,
Opu = —0,eikxd on I
Opu = iku on X.
and V K € 7p,, we have
—Onhu on 0K \ 09,
M=
0 on 0K NoS2.
Consequently, if we set .
U= u+et*dg (19)

where ¢ € D(Q) satisfies
¢=1onT, On®=0o0nT, ¢ = Opp=0o0n%,

then, it is easy to verify that U is the unique solution of boundary value problem (12) with the
right hand-side f given by '

f = (2ikd- Vo + Ag)et*d

(

and there is a positive constant C' (C depends on 2 only) such that
[flloo < C(1+k).

Therefore, the proof of Theorem 1’s estimate is an immediate consequence of estimate (13) in
Lemma 1 which concludes the proof of Theorem 1.0]

3 The discrete formulation

3.1 Assumptions, notations, and properties

We adopt throughout this section the following notations and properties.

e VK €T, ¢f = 60 1<j<a

e X, is the discrete space for the primal variable. X}, is given by:

Xp = {vn e X; VK €Tp,, vy, € Xn(K)}

10



where
4
Xp(K) = ol e HY(K) ; of = Zafgﬁf where ozjK eC
j=1
Note that X; C X, and therefore X}, is also equipped with the norm ||.||x.

e My, is the discrete space of the dual variable. M), is defined as follows:

Mh:{,uhE/\/l;VKG'E1 and VT]-KCaK: u]K:MTK e C, 1§j§4}
J

e For every K € 777,7 The matrix BK - (Bllj{) <l.i<4
17 7j7

sponding to the bilinear form b(- , -). Hence, the entries of the matrix BX are given by:

represents the elementary matrix corre-

1
BK—/ oK dt, 1<1,j <A4. 20
lj th TLK J ( )

e C designates a generic positive constant. C is independent of k, €2, and the triangulation 7.
e For a given K € 7, and Vv € H'(K), we have the following two classical inequalities [15]:

A1

1
0" o.0x < C(EHvKHg,K+hK|UK’%,K)27 (21)
1 R
||UK—® v¥dallox < Chilv™ |1 k. (22)
K

In addition, it follows from combining Eq. (21) (when applied to v& — ﬁ Jx v¥dr) and

Eq. (22) that:
1

K
w1
™= 1w

A L
'UdeHO,OK < Ch;AUK’LK. (23)

3.2 Discrete formulation and announcement of the main results

The discrete variational problem (DVP) corresponding to the variational formulation (VP) can be
formulated as follows:

Find (uh, >\h) € X}, X Mjp, such that
(DVP) a(uh, Uh) + b(vh, )\h) = F(vh) Y, € Xy, (24)

b(up, pn) = 0 Y pp € My,

The next two theorems summarize the main results of this section.

11



Theorem 2 The discrete variational problem (DVP) admits a unique solution (up, A\p,) € Xp X Mj,.
2
Moreover, for hg > 0 such that k (1+ k)% hg is “sufficiently small” and kho < 7, there is a positive
constant C (C depends on Q only) such that for all h < hy, we have
lu —unlloo < C(1+k)
lu—unhz, + A=l < C(A+F)

wlot Wi~
Wi Wik

! (25)

where (u, A) is the solution of the continuous variational problem VP(5).

Theorem 3 Let u be the solution of the continuous variational problem VP(5) and uy be the
solution of the discrete variational problem (DVP). We assume that kh < w, then there exists a
constant C' > 0 (C' depends on Q2 only) such that

~ . 1
lu —uplloo < C ((Z hel|Onun — ikup[5.)?

eCX

(26)
ikx- 1 — 1
+ O hellOnun + 0™ B2+ (D kg 1|Huh]|!(2),e)2>

ecl’ e interior

where e is an edge of Tp, [up] is the jump of up, across the edge e and he is the lenght of e.

Remark 2 We must point out that it has been reported in [11, 12] that for high frequency regime,
the use of Py finite element method leads to the following estimates: |u — up|l10 < Ck?h and
llu — uplloe < Ck3h* when k*h is small enough. These estimates were derived assuming that
u € H%(Q) which is not however valid for most problems.

The a posteriori estimate given by Eq. (26) is a practical tool for a mesh adaptive strategy. This
estimate reveals that the L? error depends on how well the jump of the primal variable as well as
the interior and exterior boundary conditions are approrimated at the element level.

In order to prove Theorem 2 and Theorem 3, we need first to establish intermediate interpolation
results. This is accomplished in Section 3.3. Then, we prove in Section 3.4.1 the existence and
the uniqueness of the solution of the discrete variational problem. This result is established as a
direct consequence of Proposition 1 and Proposition 2. Section 3.4.2 is devoted to the proof of (25)
and (26). The error estimate given by Eq. (25) is established in four steps, each step is formulated
as a lemma (see Lemma 7 to Lemma 10). The a posteriori error estimate given by Eq. (26) is
established at the end of Section 3.4.2.

The next result, that can be easily established, shows why the existence and the uniqueness of the
solution of (DVP) is not a direct consequence of the existence and the uniqueness of the solution
of (VP).

Lemma 2 The null space N, corresponding to the bilinear form b(- , -) defined by
Ny ={vn € Xpp o b(vp, ) =05 Vo, € My}

satisfies

Nh:{thXh; / vszdt:/ U}If/dt, VK#K/ETh} (27)
OKNOK’ OKNOK’

12



Remark 3 Lemma 2 states that Nj, is not a subspace of N' = H'(Q) which is the null space of the
bilinear form b(. , .). Indeed, the trace of an element of Ny, on an edge of an element K is weakly
continuous in the sense given by (27), while the trace of an element of N on an edge of an element
K is "continuous” almost everywhere. Therefore, the inf-sup condition given by Eq. (8) and then
Theorem 1 are no longer valid if we simply replace X and M by X, and My, respectively.

3.3 Mathematical analysis of the interpolation operators

We establish in this section intermediate interpolation results that summarize the main properties
of the projection operator Il from X onto Xj and the projection operator P, from M onto Mjy,.
These results are obtained in the case of a rectangular-shaped partition of the computational domain

Q.

3.3.1 Interpolation operator in X,

Lemma 3 For a fizred K € Ty, we have the following two properties:

i. The normal derivative 0,1(;5][-{ is constant on every edge T (1 < 1,5 <4).

i. If khi < 7 then the matriz BX is invertible and there is a positive constant C such that

¢
k2h2,

1(B*)7H|2 < (28)

Proof of Lemma 3. It follows from the definition of gb]K (See Section 3.1) that
o) = iknf nff e on T (11,5 <4).

Therefore, since K is a rectangular-shaped element, a simple calculation shows that

8"(2531'( = ik on TjK’ a”¢§( = —ikon Tfiz and 8n¢5]K = Oon TJ{(H UTing.

In addition, it follows from the definition of the elementary matrix BX (See Eq. (20)) that

1 b1 ag b1

bo 1 by «a

K _ 2 2 1

B - a9 b1 1 bl

bg al bg 1

. 1— —ikhE
where a; = e 5 and b = #KJ , 1< <4,
I

We set A = (14 a1)(1+az) —4b1ba. Then, it is easy to verify that A # 0 for khx < 7 (which is in

13



fact a sufficient but not necessary condition). This ensures that the matrix BX is invertible, and
we have

R o
[BK]_I - 212 12&2 * 171&1 2% R 1*1(11
: 1—‘2% 1—1(12 _212 % + 1—1a2 _2%

Finally, one can verify that there is a positive constant C' and k such that

A~

C

1B Iz < :
k2h2,

g

Next, we introduce the sequence of linear operators (7x)xer, defined as follows:

nx: HY(K) — C*

v ok
where )
(TrKvK)j:hf/TKdet, 1<j<4 (29)
Then, it follows from Eq.(21) that, for any hx independent vectorial norm ||[.[|| in C4, there is a
positive constant C' such that
o Il < Cllo" ey, WK € HY(K). (30)
In addition, we have
4
Vo € Xp(K), of =) af ¢l where of = ([BX]'ngof);, 1<j<4. (31
j=1

The next results states that, for a given K € 7}, the set of degrees of freedom associated to the
planar waves (qﬁJK )?:1 is unisolvent .

Lemma 4 For a given K € Ty and for any v{f € X,(K), we have the following equivalence:

</ o dt = 0, 1§zg4> <« (vff =0 on K)
TK

Proof of Lemma 4. Using Eq. (29) and Eq. (31), it follows that for a given K € 7}, we have

/ vEdt = 0, 1<1<4 <= 7ol = 0 <= ol =0
TE
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which proves Lemma 4. [

Consequently, one can construct a sequence of local linear operator (Ilx)ge7;, as follows:
Hi: HYK) — X,(K)
K

v — Mo

with
/ o dt :/ Mgo®dt, 1<j<4. (32)
TJK T],K

Next, we state three properties of the operator IIx. These properties are immediate consequences
of the definition of Ilg, the inequalities (21)-(22), property (32) of the operator IIx, and the
characterization of elements of X, (K) with the elementary matrix BX (see Eq. (31)). Note that
The second identity of (33) is obtained by Green’s formula using the rectangular shape of K.

Property 2 The operator Il satisfies the following three properties:

i. VK €Ty, and Vv € H'(K), we have
/ WK —TeS)dt = 0 / V(K — ToF)dz = 0. (33)
oK K
11. There is a positive constant C such that
VEeT,, |0f —Txof|lbox < Chi[of —TxoK|ix, Vo e HY(K).  (34)

it. For a given v® € H'(K), we have

4
vl = 7 o Mgv® and g = ZaJKgZ)JK with af:([BK]_lﬂ'KvK)j. (35)
j=1

Proof of Property 2. We prove only the second property since the two others are immediate.
Using Eq. (33) and the definition of the norm ||.||o ok, we have

|05 — T

ook = [[vf —Tgv® - BlKl/a (" = Tgo™) dt|loox
K

< inf [[of — g™ —

< nf 0" — T = Blloox

< R = Hgo® — g [ (0= Tgo™) dt|loox-
K

We then conclude using Eq. (23).

In the next two lemmas, we establish a priori estimates on the operator Ilx.
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Lemma 5 Assume kh < w. Then, there is a positive constant C such that VK € T;, and Vv €
HY(K), we have

[of — ook < Chy |of — TTgo™]) i (36)

k[T gv™ (o + [Tev™ | xx) < C 0% x i) (37)

Proof of Lemma 5. We establish the estimate given by Eq. (36) using Aubin-Nitsche argu-
ment [24, 25, 26].
More specifically, consider the following auxiliary boundary value problem

Find ¢ € H}(K) such that
~Ap = vf —TIgv® on K.
Since K is a rectangular-shaped element, then ¢ is in fact in H%(K) () Hg(K) and we have

o = [ = o™ ||ox.

lplax = [|Ap

It follows that

|[of _HKUKH%,K :/ V(UK —HKUK) -V(pd:r—/ (UK —HKUK) Oppdt
K 0K

Using Eq. (33), we deduce that

‘/ \Y% (vK —HKUK) -Vodx
K

Then,

‘/ \Y% (vK — HKUK) -Vodx
K

1
< ¥ — I’ |V — / Vedz||o k.
‘ ‘1,K |K’ K
It follows from Eq. (22), that there is a positive constant C' such that

’/ V (v —Tgo®)  Vede| < Chi [o% =T o ol
. ,

Moreover, using Eq. (32) we obtain that

1
/ (UK —HK’UK) <V<p— \K]/ V(pd%’) -ant‘
0K K

/ (vK—HKvK) 8n<pdt‘ =
oK

Hence, we have

1
0,0K Vw—/ Ve dz|loorx
\ | & I

/ (UK—HKUK)aandt‘ < H'UK—HKUK
oK

Finally, using the inequality (23) and Eq. (34), it follows that there is positive constant C' such that

[ ) apat] < Chudo = oK ol
0K

16



Therefore, Eq. (36) results from :
W — T ™ [§ e < Chic|v™ = TTv™ |1k [lo.c = Chcp™ — TTv™ [ [0 = oo,k

Next, we establish the estimate given by Eq. (37). To do this, we first note that it follows from
Eq. (35) that

4
Vot € HY(K) , [[[xo” (]| < Dl g5
j=1
where |||.||| is any norm in X} (K). Hence, using Eq. (31), Eq. (30), and Eq. (28), there is a positive
constant C' such that

~

Vol e HY(K), |||[lgo]|| < Ll

K
o™ | x () gj@!llaﬁ

2
k2hi.
On the other hand, it is easy to verify that

oK lloe < b and  [¢f |1 < khi.

Consequently, there is a positive constant C such that

HHKUK

C
0K < HUKHX(K) and Hgo™ |1k < %H’UKHX(K)'

C
k2hg
Furtheremore, using Eq. (36), we deduce that

. . C
[0f —Tgo®|jox < Clhk V)1 k + hic [Trv™|1,K) < Clhk v |1k + EHUKHX(K))

Thus, )
k‘H’UK — HKUKHO,K S C (th |UK

i+ 05| xx))

and therefore, using the definition of the norm || - || x(x), it follows that
kI o™ o < C o] x )

which concludes the proof of the first part of Eq. (37).

Finally, we establish the second part of the estimate given by Eq. (37). To do this, we observe that
Vo € HY(K), we have

[of —Tgok? . = / V@l — go®). Vo de +/ (v — T v™) AL T de,
’ K K

/ V(¥ — o). Vol dx —k2/ (¥ — T de,
K K

IN

WE —Tgv® | ko e K20 = oo k| TTev™ [|o k-

Note that there is no boundary terms in the previous equalities because of Lemma 3 and Eq. (32).
Using again Eq. (36), we deduce the existence of a positive constant C' such that

W — o™ |1k < W81k + CR2 R | TLgo® o, i

17



Therefore, using the first part of Eq. (37), we deduce that
0 = Tgo™ |1k < [0 |1k + Chbe| 0™ x k)
Consequently, there is a positive constant ¢ such that
g1 i < 20051k + Chhre] |05 x50y < €105 x )
Moreover, using Eq. (36), we deduce that there is a positive constant C such that
o™ o < (10 |lo,x + Chrelo™ — o™i 5

and thus,
o™ [0, < Chicllo™ | x(x0)

which concludes the proof of Eq. (37) . O

Lemma 6 Assume kh < w. Then for every s € [0,1], there is a positive constant C such that for
all K € Ty, we have

ox + k2 hk|vklik), Vux € HTS(K). (38)

i — Ogvglix < Co(hiclvlits i + k2hi|[vk]

Proof of Lemma 6. First, let ¢ be in P;(K) where P;(K) is the space of the affine polynomial
functions. Then, using first Eq. (33) and the fact that V¢ is constant in each triangle, next that
functions in X} satisfy the homogeneous Helmholtz equation in each triangle, we can write:

o —Trelix = /K V(e —1Ilgp). V(g — 1lxp) dx = — /K V(e — k). VIIgpdx

= / (o —Ilge). Allgpdx — / (o —Ige).0pllxpdt
K oK

= / (o —Ilgp).Allgpdx = k:2/ (o — ko). Kpdx
K K

< k|l — oo,k [T pllo,x-
From relation (36), we obtain
e = Txello,x < Chicle — Mol i
Moreover, equation (37) gives
ITxeellore < Clllllo,x + hicleli, i)

Hence,
o = Tkel,x < CRhi(llellox + hrleli).

On the other hand, it follows from equation (37) that for v € H'(K) and ¢ € P;(K), we have

1

k(¢ —vi)|1,x < O(QHUK = ¢llo,x + [vk — »l1,K)
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and then

vk —kvilixk < vk —¢lik + ¢ — kel k + k(e —vi)|x

< Clrellor — ellox + lvr — ¢lix + khx(llello.x + hilel.k))-

Furthermore, since khyx < 7, we deduce that

1
1Lk < C(hK 1Lk + K hillviello.x + K hiclve |1, k).

Since v € H'T(K) with s € [0,1], we chose ¢ to be the Pj-polynomial approximation (the
Lagrange polynomial interpolation) of v on K if s # 0, and ¢ = ﬁ i} r vdz if s = 0. Therefore, it
follows from the standard Pj interpolation results on K (see [15]) that

i — gkl < Chie|vr sk + B2 hil|villox + k2h% vk x).0

Next, we introduce the global interpolation linear operator II;, as follows

m, : X — X,

v — Il

with
(Hh’l))|K = HK(U\K) S Xh(K) , VK e 7.

Property 3 The global interpolation operator 1l : X — Xy, satisfies the following four properties:

i. Yo € H3(Q) with s € [0, 1], we have
o~ Myellog < COM*loluren + RHol0 + ER2lflog) (39)
0~ Mooz, < O™ lolrgan + KR Iolug + K2hollog) (10)
i. Yo € HY(Q), Mpv €N}, where Ny, is the null space of b(. , .).

1. Yo € X and Vv, € X}, we have

a(v —pv,vp) = —ik Z/ (v —IIxv) Ty dt

OKNXY
a(vp,v —Iw) = —ik Z (v—1I,v) dt
= 6Km2
w. Yv e X and ¥ up € My, we have
b(v, pp) = b(ILv, pn) (42)

Note that Egs. (39)—(40) are immediate consequences of Lemma 6, while the two equalities given
by Eq. (41) are obtained by Green’s formula and using the fact that the plane waves are solutions
of the Helmholtz equation.
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3.3.2 Interpolation operator in M}

We introduce here the projection operator Py, for the dual variable A. P} is defined as follows:

Pht M —>Mh

po o Pyp

where
1

VE €T, Ph'LL'T],K - th
J

/ pdt, 1<j<4.
TjK

Then, the operator P, satisfies

VK eT,, VueM, /udt: Pypdt . (43)
oK 0K

3.4 Proof of Theorem 2

We first prove that the discrete variational problem (DVP) admits a unique solution (up, Ap) in
X}p, X Mp, and then we establish the error estimate given by Eq. (25).

3.4.1 Existence and uniqueness

First, we prove that the bilinear form b(- , -) satisfies the inf-sup condition [22]. This result
is stated in Proposition 1. Then, we prove in Proposition 2 the uniqueness of the solution of
the homogeneous problem corresponding to the variational problem (DVP). The existence and
uniqueness of the discrete variational problem (DVP) is then a direct consequence of Proposition 1
and Proposition 2.

Proposition 1 Assume kh < w. Then, there is a positive constant v independent of k and h such
that
[b(vh, pun)|

Yunllar < sup <|lpnllar ¥ pn € My,

vpEXY, ”UhHX

Proof of Proposition 1. From Eq. (9), we deduce that

b
W€ My, . sup [6(vn, p)|

< lunllns
v €Xp HUhHX

In addition, it follows from Eq. (8) that

b(v, b(¢,
et Aeex . sl PO
vex lvllx ol x
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Therefore, it follows from Eq. (42) that

il g = P n)| 11T x
Madllx Nlollx

Since kh < 7, it follows from Eq. (37) that there is a positive constant C such that

. b
Ul < G sup [P0l
v EXp HU’ZHX

which concludes the proof of Proposition 1.0]

Proposition 2 Assume kh < w. Then, the only solution of the following homogeneous discrete

vartational problem
Find uj, € N}, such that

a(up , vp) = 0, Yo, €Ny

1s the trivial one.

Proof of Proposition 2. Let up € N, such that a(up,vy) = 0 Vo, € Ny, then a(up,up) = 0
which implies:

upb = 0 on ¥ and klluplloe = |unliz,-

In addition, since up, € X}, then Auy, + k?up, = 0 in every K € 7j,. Therefore, using the integration
by parts, it follows that:

a(up,vp) = Z / VR0updt = 0 Yo, € Ny,
KeT,, 9K

then, we also have d,u;, = 0OonI'UX and [O,up] = 0 on IOK N 0K VK #+ K' € T, where

[Onun] = nu;[f + (9nuhK is the jump of the normal derivative of uj across 0K NIK "

To conclude the proof of this proposition, we use a discrete continuation result. We consider first
the following property (P):

Let K € 7j, and TZK and TX two adjacent edges of K such that
Oul |px = Opul |px = / updt = / updt = 0 then up, =0 in K.
l m ,IVlK Tr,rlrf

Note that property (P) is easy to establish since up, € X}, (a sum of four plane waves), and therefore
uy, satisfies the Helmholtz equation at the element level K.

Now since, there is at least one element K € 7, with two adjacent edges belonging to the boundary
Y, then using property (P) leads to up, = 0 in K. Then, we obtain sequentially that up = 0
in all the quadrilaterals belonging to the first layer adjacent to the boundary Y. We repeat this
process on the second layer of the quadrilaterals and so on, until the boundary I' is reached, which
proves the uniqueness of the solution wuy.[]
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3.4.2 A priori error estimates

In the next lemmas, we establish a priori estimates in order to prove the error estimate (25) given
in Theorem 2 between the exact solution (u, \) and the discrete solution (up, Ap).
We consider the following notations:

kn = h(1+ k) and  zp, = up — [u. (44)

Lemma 7 There is a positive constant C independent of k and h such that the solution \ of the
variational problem VP(5) satisfies

L2
A= Pl < Crj (14 k).

Proof of Lemma 7. First, recall that
—Onhu on 0K \ 09,
=
0 on 0K NoN.

Therefore, using the definition of the operator P, along with the fact the normal unit vector n® is

constant on each edge e of K, we deduce that V K € 75, we have

H)‘_PhAH(Z),aK = Z HVUIIK | ’ V. n’ dt”Oe

eC K e interior

1 .
S SN TR N A D DT ¥

eC K e interior eC K e interior

< Z HVU’_|K’/ VUd.’L'|Oe_HVU—|K|/ VdeHOGK

eC K e interior

Finally, using the classical interpolation results [15], there is a positive constant C such that
L1
VK eT,, |IA=PMloox < Chy ]u|gK (45)

In addition, we have from equation (4) that

/ (= Ph)\)vdt‘
sup  LJ0K

A = Pl
veH(K) ol x(x)

H 3(0K)

On the other hand, from equation (43), we deduce that

A— P (v /vdm ) dt
L K]
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Hence,

1
/ (A—Phx)vdt‘gHA—PhAHO,aKHv—/vdxuo,aK, Yo e HY(K).
oK K| Jk

Using the following classical interpolation results [15], it follows that there is a positive constant C

Such that 1 1 1
o= |K| dexHO,BK < Chiclvh ik < Chillvllx (k).

We then deduce the existence of a positive constant C such that

A 1
VK eT,, []A— B < ChZ|IN = PiMlook » Ve M. (46)

H™ 3 (9K)

Lemma 7 is the consequence of equations (45)-(46) and Theorem 1. [

The next lemma can be viewed as a consistency result.

Lemma 8 Assume kh < w. Then, there is a positive constant C independent of k and h such that
Yoy € Xy, and Vv € HY():

~ 2
|a(zh,vh) + b(vh, A — Ph)\)| <C (1 + ]{J)I{}; [Iih |Uh|1,']'h + |U — Uh|1,’2'h] .

Proof of Lemma 8. We have
a(zp,vp) = alup —Hpu , vp) = alu —pu, vy) —alu —up , vy).
Moreover, since u satisfies VP, we have
a(u,vp) + b(vp, ) = F(vp)
and since uy, satisfies DVP, we have
a(up,vp) + b(vp, Ap) = F(vp)

Consequently, we obtain
CL(U — Up , Uh) = - b(’l)h, A— )\h)

which leads to
a(zh, vh) + b(vh, /\h — Ph/\) = a(u — Hhu N Q)h) + b(vh, A — Ph)\)

Hence, it follows from equation (41) that

a(uh — Iju Uh) + b(vh, An — Ph/\) = —ik / (’LL — Hhu)ﬂh dt + b(vh, A — Ph)\) Yo, € Xp,. (47)
P
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Next, using (32) and following the same proof of Eq. (45) in Lemma 7, we obtain

/(U—Hhu)vh dt’ < /|u—Hhu| |7)h— | /Uhdt|dt
P e

eCx

< 3w oo [fon — |K|/vhd:n||03K
OKCY

Hence, using Eq. (23), it follows that there is a positive constant C such that

’/(u—l‘[hu)vhdt’ < C’ Z hK\u—Hhu|17K "Uh|1,K
> KEeT;
h

Then, it follows from using Theorem 1 and Lemma 6, that there is a positive constant C such that

N 5
/Z(u — Hhu)ﬂh dt‘ <C (/ﬂ?i + /ﬁ?% + /‘dz) ’Uh|1,Th

which implies (assuming kh < ) that

.5
/E(u — Ipu)vy, dt’ < Ckp oz, (48)

On the other hand, we have Vv € H!():

bon, A= PN = | > /vh A=DP) dt| =] > /v—vh (A — Py)\) dt
e interior e interior ¥ €
= Z /)\ Ph)\ U—Uh /U_Uh dt
e interior €|
< S IA=PMloore w0 =) = 7 [ (0= wn) dolloon
K

Therefore, it follows from using using Eq. (23), that there is a positive constant C such that

~ 1
b(on, A= PuA)| < C > b v —vnluk [N — Palllo.ax
KETh

Hence, from Eq. (45) and Theorem 1, we obtain that there is a positive constant C such that

A 2
(v, A — PoA)| < Cwp (1+k) o — i, (49)

We conclude the proof of Lemma 8 by substituting Eq. (48) and Eq. (49) into Eq. (47). O
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Remark 4 We deduce from Lemma 8 that, when kh < 7, there is a positive constant C such that
Yo, € N}, and Vv € HY(Q),

~ 2
|a(zn, vn)| < C(1+ k) &j [Kplvalig, + v — vz, ]- (50)

Lemma 9 Assume kh < w. Then, there is a positive constant C' (C depends on Q only) such that,

2 2
lznllo < Crp[(L+EK)k; + |zn

1.7;] (51)

Proof of Lemma 9. First observe that z, belongs to NV}, and let ¢ be the solution of the following
boundary value problem (see Lemma 1):

—Aa - k2$ =Zn in €,
and
Ond =0 on T, On¢=1iké on X.

Hence, it follows from Lemma 1 that ¢ € H%(Q) and (see Eq. (13)) there is constant C' > 0 (C
depends on 2 only) such that, for every s € |0, %], we have

Bls0 < C 1+ k)" |znl0,0- (52)
In addition, we have
lalba = atno)- Y [lalosar (53)
e interior ¥ €

Eq. (53) results from multiplying the boundary value problem introduced in Lemma 9, integrating
by parts on {2, and using the definition of the bilinear form a. The second term of this equality is
due to the discontinuity of z, along the interior edges. Recall that the jump [¢] along e € K NOK’

is given by [¢] = ¢ — ¢X".
On the other hand, we have

|a(zn, @) < la(zn, Tad)| + a(zn, ¢ — 11n9)| .

It follows from Eq. (41) that

la(zn, @) < la(zn, Hpd)| + K

/EZh(¢ —1,0) dt‘ : (54)

Since II¢ € N}, (see property i in Property 3), then it follows from Remark 4 that there is a

positive constant C' such that

(e, o) < C(1+E) sy [nl T

1,7, + |0 — Hpdi7,] -

Moreover, it follows from Lemma 6, that there is a positive constant C such that

¢ — Mol < C {hg |6]5 0 + k>R8]0, + k2h2|¢|m}

then using relation (52) and the assumption kh < 7, we obtain
A 2 .
|6 = nodh7, < Crjllzalloe  and  [nohz, < Cllzalloo-
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We obtain then:

A~

4
la(zn, 1po)| < C (14 Ek)rg||znllo0-

For the second part of Eq. (54), we have

N 2
175 |2nl 3, < Cheg|zn)1,3, (|21 ]o,0-

[ -1 dt] < Chlo— o

Note that the previous inequality was obtained using the same methodology to prove Lemma 5.
Hence, we first, we use Eq. (32) when we add the constant (_Illf/ zp dt) to zp. Then, we apply
K

Cauchy-Schwartz along with inequalities (21) and ( 23).
Finally, it follows that there is a positive constant C' (C' depends on 2 only) such that

4 5
laCzn, 9)] < CLA+K)wy + w5 l2n1,7, ]l 20]00- (55)

Next, we estimate the term in Eq. (53). First, observe that

3 / 21]0nd dt

e interior

/z,{fdt = /z,{f’dt, Vee K NOK' and K # K' € Ty,
and
Jecorow G = 006t = [, (oK =y .28 dt) (Vo — g [ Voda) -n¥ at
L (o = L ) (Vo — by fio Voda) -nk dt

Therefore,

dt.

< 22

KeT,eCKVE®

> / (2] 0 dt

e interior ¥ €

1 1
2 at| Ve - —— d
& |e|/fh HW |K|/KVM

Hence, it follows that

> / (2] 00 dt

e interior ¥ €

A2 2
< Ohd [znhg, 1915 o < Ok lznli, [12nllo.g- (56)

We conclude the proof of Lemma 9 by substituting Eq. (55) and Eq.(56) into Eq.(53). O
2
Lemma 10 Let hg be a positive number such that k hj (1 —i—k)% is “sufficiently small”. Then, there

is a positive constant C' (C' depends on Q0 only) such that for all h < hg, we have

. 4 R 2
llup, — Ipulloo < C(1 4+ k)k;  and  |up — Hpuli g, < C(1+ kK.
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Proof of Lemma 10. It follows from the definition of the bilinear form a(.,.) that

2
+E?||znllo,r

ja(zn, z0)[* = [I2nf3 7, — *° [|2l13 0

Moreover, using Remark 4 with v, = z; and v = 0 along with the fact that kh < 7 we obtain
. 2
|a(zn, 2n)| < C (1 + k)kj |2p]1,7;,-
Therefore, we deduce that
. 2
lonlt g < K lanllbe + C L+ k)kj 2nh,,-

Then, using Eq. (51) along with Young’s inequality, we obtain

2 2 2 5 2. 5. 12 3

lznlig, < ClE“(L+k)°kj + Kk |znl1 g, + (L +k)kp|znliz, )
Consequently, we have
2 2 2 5 2 5. 12 2 3
20|t 7, < CIE*(1+k)"kp + kkj 2nli 7, + (1+ k) "k ]

4 4
Let us consider hg such that Ck?(1 + k)ghg < % then for every h < hg, we have C’k2/<;f; < % We
deduce that

A 2
17, < C (1 + k‘)li}i

8 4
lznliz, < CI*(1+k)%k} + (14+k)%k}] then |z
In addition, we obtain from using Eq. (51), that
. 4
[znllo.0 < C(1 +k)xj, -
which concludes the proof of Lemma 10. [

Proof of the a priori error estimate of Theorem 2. We are now ready to prove the estimate
given by Eq. (25).

e From Lemma 6 and Lemma 10, it follows that there is a positive constant C' (C' depends on 2
only) such that

4 4
lu = unllo,o < [lu—Hpulloo + [[un — Hpulloe < Clsy + (14 k)sj;]

and
2 2
lu—upl,5 < lu—Thulg, + |lup —Hyulyg, < Clkp + ke + (14 k).

Hence, we deduce that
4 2
llu —upllog < C(A+k)kj and |u—uphz; < C(+k)k;.

e Moreover, we deduce from Lemma 8 that there is a positive constant C' such that

~

2
b(vn, A — PN < C(L+k)j loplg, + lalzn,on)| Vop € X,
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On the other hand, it follows from the definition of the bilinear form a(. , .) that

a(emon)| < el lonls, + &2 /Q

Therefore, using the definition of the norm || - |[x and inverse inequality results, we deduce that
there is a positive constant C' such that

1 N 1
laCzn, o)l < (Izalg, + K2 B2zl [5,0) 2 llonllx + CE|lzallos h2 [Jonllx  Vop, € X

In addition, it follows from the definition of the bilinear form a(. , .) and from using Eq. (50) with
vp, = 2z, and v = 0 (see Remark 4) that there is a positive constant C' such that

A 2
kllznllds < laCen, 2n)| < C (1 +k)Aj lanl,

Therefore, using Lemma 10, we deduce that there is a positive constant C' (C depends on € only)
such that

2

s znllos < (1+k)s}.
Hence, we deduce that there is a positive constant C' (C' depends on €2 only) such that

2
a(zn,vn)| < C(L+ k) [lvpllx  Von € X

Consequently, it follows Proposition 1 that there is a positive constant C' (C' depends on € only)
such that

2
A — Pudllv < C(1+EK)kj,

Finally, we deduce from Lemma 7 that there is a positive constant C' (C' depends on €2 only) such
that

2
IA=Xnllar < C(AL+ kK.

which concludes the proof of the error estimate of Theorem 2. [J

Proof of the a posteriori error estimate (26) in Theorem 3. Let ¢ be the solution of the
boundary value problem (12) (see Lemma 1) with f = u — uy. Then this solution ¢ belongs to
Hs (©) and for every s € [0, %], there exists a constant C' > 0 depending only on s and 2 such that

|¢’s,ﬂ < 0(1 + k) a

Using integration by parts, one can easily verify that

l|lu — “h”o q = Z / G(Onup, — ikuy) dt + Z / A(Opup, + O™y dt
OKNI'

KeT, Y OKNE KeT,
+ > /a uplgdt — > /[uh]8n¢dt
e interior ¥ € e interior ¥ €

On the other hand, we also have

a(up, Ipp) = — / e AT, 6 dt
ol 2 e

KeT,
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Therefore, using integration by parts along with the fact that uj, satisfies the Helmholtz equation
at the element level, we have

Z /@K - Opup, Hhadt + Z /3 (Bnuh — ikuh) Hhadt + Z /[8nuh] Hhadt
n e

KeTy, KeTy, KNX e interior
= - § : / D, ** A1, 6 dt
KeT, OKNI

Consequently, using the fact that for every interior edge e, we have [ [O,up] ¢ dt = [ [Onup] L6 dt,
we deduce that

_ 2 - .7 .
|lu —unll5 o > /mmz(gb 11,0) (Dpun — ik up) dt

KeT, (57)
Y [ 6 108) @uun + 0N~ Y [wond
KeTy, KN e interior ¥ €

Next, we estimate each integral in the right-hand side of Eq. (57) to deduce the a posteriori estimate
given by Eq. (26) in Theorem 3.

e First, we estimate: I = Z / (5 - Hha) (Onup — ik up) dt|.
OKNXY

KETh
We have
1 1 1
2 2 . 2
I < <Z he||Onup, — ik uh”%,e) (Z he_lHQb - Hh(ﬁ”(%,e) <C (Z he||Onup, — ik uh”%,e) |o—11nl1,T,-
eCX eCX eCX

Therefore, assuming that kh < m, it follows from the properties of the operator II (see Eq. (40) in
Property 3) that there is a positive constant C' such that:

1
2
~ . 2
n<é (Z helBnun, — ik uhuae) (h31613 0 + 6110 + Kllgllo0) -

eCX:

We deduce from the a priori estimate on |¢|s o that there is a positive constant Cy such that:

1
3
I <Oy (Z he|Opup, — ik uh\|§,€> l|u — unl|o,0-

eCX:

e Similarly, there is also a positive constant Cy such that:

1
2
I, = Z /aKﬂF (¢ - Hh¢) (Onup + 8nelkx‘d) dt| < C <Z hel|Onun + 8nelkx.d”g,e> ‘¢_Hh¢’177h

KeTy, eCl’

Then, there is there is a positive constant denoted again by Cy such that

0,Q-

1
2
1< G (Z el@nun + anel'f*dné,e) u—

eCl’
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e Last, we estimate: I3 =

3 / ()0 dt

e

e interior

Consider an interior edge e = 9K (e) (0K’ (e), then

/[uh]anqﬁdt _ /[uh]w.ndt— /[uh] (Vé—B)ndt VB eC2

We then obtain
| / [u)0nd dt] < ||[unllloe 10f [V — B]lo.
e BeC2

On the other hand, since there is a positive constant C such that
.1
: _ 6
ﬁlél(é HV¢ B HO,e < Ché |¢’%7K(e)a

it follows that

1

A 1 A -1 2 * s
L<C he lunllloeldls ey <C | Do he'lllunlllfe | h3l6ls o

e interior e interior

Then, there is a positive constant Cs such that

2
Is§03< > he_lll[Uh]H%,e> [lu = unllo.q-

e interior

Jun

4 Conclusion

A discontinuous Galerkin method (DGM) with plane waves and Lagrange multipliers was recently
proposed by Farhat et al. [3] for solving two-dimensional Helmholtz problems at relatively high
wave numbers. In many previous papers, this method was shown numerically to offer a significant
potential for wave propagation problems including acoustic scattering. However, it lacked a formal
convergence theory. This paper is a first step toward filling this gap. Indeed, it is proved that
the hybrid variational formulation underlying this DGM is well-posed in the sense of Hadamard.
In addition, a priori error estimates proved for the so-called R-4-1 element, that is the simplest
two-dimensional element associated with this discretization method, establish the convergence of
this element and reveal its formal order of accuracy. Furthermore, a posteriori error estimate
was derived and that can be used as a practical error indicator when refining the partition of the
computational domain. Higher order elements will be analyzed in future research.
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