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A space-time discontinuous Galerkin method for the solution of
the wave equation in the time-domain
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SUMMARY

In recent years, the focus of research in the field of computational acoustics has shifted to the medium
frequency regime and multiscale wave propagation. This has led to the development of new concepts
including the discontinuous enrichment method. Its basic principle is the incorporation of features of
the governing partial differential equation in the approximation. In this contribution, this concept is
adapted for the simulation of transient problems governed by the wave equation. We present a space—
time discontinuous Galerkin method with Lagrange multipliers, where the shape approximation in
space and time is based on solutions of the homogeneous wave equation. The use of hierarchical wave-
like basis functions is enabled by means of a variational formulation that allows for discontinuities
in both the spatial and the temporal discretizations. Numerical examples in one space dimension
demonstrate the outstanding performance of the proposed method compared to conventional space—
time finite element methods. Copyright (© 2000 John Wiley & Sons, Ltd.

KEY WORDS: wave equation; discontinuous Galerkin; Lagrange multipliers; medium frequency; wave
basis functions; space—time finite elements

1. INTRODUCTION

A major focus of current research in the field of computational acoustics pertains to the medium
frequency regime and multiscale wave propagation. In these cases, the finite element simulation
of transient wave propagation phenomena, governed by the wave equation, requires a high
resolution of the discretization in space and time. Using standard finite element approaches,
this may rapidly exceed the available computer resources, rendering the numerical simulations
unfeasible. Hence, high order methods have to be employed in order to efficiently solve wave
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2 S. PETERSEN, C. FARHAT AND R. TEZAUR

propagation problems in the time domain. The most promising of such methods may be either
found in the field of spectral element methods (see e.g. [1]) or among different variants of the
discontinuous Galerkin method (DGM) (see e.g. [2] for a recent approach including higher
order approximations in space and time). Based on the latter approach, we present a high
order method for the simulation of wave propagation in the time domain.

Regarding the investigation of wave propagation phenomena the DGM has gained
considerable popularity in recent years and has meanwhile become an effective approach for
solving a wide range of hyperbolic as well as elliptic problems [3, 4, 5]. A comprehensive survey
of developments in discontinuous Galerkin methods in the past decades is given in [6]. The most
relevant advantages of discontinuous Galerkin formulations include a mechanism for the design
of stable and high-order accurate methods (see e.g. [7, 8]), the possibility for using a broad
range of approximation functions including solutions of the governing differential equation [9],
the formulation of efficient explicit solution schemes [10], and a convenient framework for the
application of adaptive mesh refinement techniques [11].

Up to now, various flavors of the discontinuous Galerkin method for the second order
wave equation have been developed, where discontinuities may be considered in the spatial
discretization [10, 12], in the temporal discretization (which is also sometimes referred to as
time discontinuous Galerkin method) [13] or in both [14]. The formulations that consider spatial
discontinuities mostly follow the concept of semi-discrete approaches. Hence, a discontinuous
Galerkin scheme is used to discretize the problem in space and appropriate time stepping
schemes are then used to solve the resulting system of ordinary differential equations [10, 12].
A major advantage of these methods is the fact that the discontinuous approximation leads
to block diagonal form of the mass matrix, rendering explicit time integration attractive. In
[15] an extensive analysis of the dispersion and dissipation of commonly used discontinuous
Galerkin schemes including higher order approximations is given. Quite recently, a method
that uses a mixture of standard finite element and discontinuous Galerkin approximations has
been proposed in [16].

An effective framework for high-order accurate methods is given by space—time finite element
approaches that use standard finite element shape functions to discretize the problem in space
and time, while allowing for discontinuities in the temporal discretization [13, 17, 18, 19, 20, 21].
Regarding the wave equation, there are two basic solution concepts. One approach is to deal
directly with the second order problem in the sense of a single field formulation [13, 17, 18].
Another approach is to transform the original problem into a system of first order equations,
rendering a two field formulation [13, 18, 19, 20, 21]. Clearly, the latter one comes with the
disadvantage that the number of unknowns in the resulting system is significantly increased.
In order to prove convergence, the space-time element formulation in [13] was derived in the
framework of a Galerkin least-squares method. The additional least-squares terms physically
include additional dissipation and increase the stability of the time discontinuous Galerkin
formulation [13]. Results of a dispersion and dissipation analysis are given in [18]. The
formulation has also been adopted and extended for the investigation of acoustic problems
[22, 23, 24]. Space—time finite elements in the context of variational multiscale formulations
have been presented in [25].

A space-time discontinuous Galerkin method (i.e. allowing for discontinuities in space and
time) suitable for solving the wave equation was developed in [26, 27] and has recently been
extended in [14]. While standard space—time finite elements generally require an implicit time
integration, the space—time DGM presented in [14] leads to a system that can be solved in an
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SPACE-TIME DISCONTINUOUS GALERKIN FOR THE WAVE EQUATION 3

explicit way for certain configurations of the space—time discretization.

With respect to problems of time harmonic wave propagation, the need for computations
in the mid-frequency regime has led to the development of higher order methods such as
the partition of unity method [28], the ultraweak variational method [29], the flexible local
approximation method [30], and the discontinuous enrichment method (DEM) [9]. The basic
principle of these methods is to include features of the governing differential equation in
the approximation. In the formulation of the DEM, this is accomplished by enriching the
polynomial finite element space with solutions of the homogeneous differential equation. For
many problems in the frequency domain, the polynomial field may contribute only little to the
approximation solution, which motivates a removal of the polynomial field. This transforms
the DEM into a discontinuous Galerkin method (DGM) in which the solution is approximated
by plane waves and continuity is weakly enforced by means of a Lagrange multiplier field
[31]. The DEM and the DGM with Lagrange multipliers have recently proven their efficiency
for the simulation of various two-scale wave propagation phenomena in the mid-frequency
regime [32, 33, 34] (see also [35] for a derivation of the DEM for multiscale analysis). In the
current work, this concept is extended to analyze wave propagation phenomena in the time
domain. The use of free space solutions of the wave equation in the shape approximation is
enabled by means of a space—time variational formulation that allows for discontinuities in the
spatial and temporal discretization. Here, we focus on the flexibility and improvement of the
approximation while solving the transient problem implicitly. However, the method may be
extended to explicit time integration following the concept of appropriately discretizing the
computational domain as explained in [14].

First, the boundary/initial value problem under consideration is briefly stated. The weak
formulation presented in section 2.2 is based on the time discontinuous Galerkin method for
second order hyperbolic problems given in [17]. However, the formulation is modified in the
sense that we also allow for discontinuities in the spatial discretization. This enables the use of
basis functions that are solutions of the homogeneous wave equation. The approximation of the
field variable and the Lagrange multipliers is addressed in section 3. The proposed simulation
procedure includes a static condensation as well as a simplified evaluation of integral terms,
which is described in a subsequent section. The outstanding performance of the space—time
DGM developed here is then demonstrated for various one-dimensional example problems.
Final remarks are given in the conclusions.

2. A SPACE-TIME DISCONTINUOUS GALERKIN METHOD WITH TRANSPORT
POLYNOMIALS

A fundamental idea of the DEM is the use of free space solutions in the element approximations.
For the acoustic wave equation in one space dimension (1), a free space solution is represented
by any function of the form f(xz=+ct), which also represent solutions of the well-known transport
equation. An evident choice for the element basis functions are polynomials in terms of x =+ ct,
representing approximations in both space and time. A similar concept in a continuous setting
has been used in the Trefftz type flexible local approximation method (FLAME) [30]. Here,
such polynomials are used in a discontinuous setting, which requires an appropriate variational
framework that can be found in the formulation of space-time finite elements.

For simplicity, the proposed method is discussed in one space dimension. However, its
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4 S. PETERSEN, C. FARHAT AND R. TEZAUR

expansion to multiple space dimensions is straightforward and follows the work proposed in
(31, 33].

2.1. Problem statement

Consider the wave equation in a one dimensional domain {2, a time interval I =]0,7T[, and
homogeneous Dirichlet boundary conditions on 92 x I. Initial conditions at ¢ = 0 for the field
variable u(x,t) and its time derivative are prescribed. Hence, the problem statement reads

1. .
—uxx—l—c—zu:O in QxI, (1)
u=0 on 0 xI, (2)
u=Uy and w=0U, at t=0, (3)

where we have used the subscript , and the symbol " to indicate the derivatives with respect
to x and t, respectively.

Using a sequence of discrete time levels 0 = tg < t; < ... <ty =T, the space—time domain
is partitioned in N slabs Q x I,, with I,, =|t,,, t,,+1]. Each slab is then discretized with elements
that include approximations in space and time. For simplicity, only structured discretizations
in space and time are considered here. The geometry of the problem is depicted in Figure 1.

The trial functions and the weighting functions are allowed to be discontinuous across the
slabs. This leads to temporal jump terms

[u(tn)] = u(e, b)) —u(z,t,), (4)
where
u(tt) = Elirgl u(ty £ €). (5)

Similarly, jump terms corresponding to discontinuities in the spatial direction may be defined
by
[u(Te,er)] = U(CEJF (Leyer),t) —u(z™ (Le,er), 1), (6)

where T'. o+ denotes the edge of two neighboring elements e and ¢’ that is fixed in space. This
situation is depicted in Figure 2.

2.2. Variational formulation

Our treatment of the temporal discontinuities follows the single-field formulation of the time
discontinuous Galerkin method introduced in [13]. The governing differential equation is
multiplied by time derivatives of the weighting functions w and integrated over each space—
time slab. Essentially, the continuity of v and u is weakly enforced by means of energy inner
products (cf. [13] and [22] for details). Hence, the variational form of the the problem given in
equations (1)—(3) may be written as

bnt1 1., . 1. .
/tn /Q(—um + c_2u) w dx dt + /Q c—gﬂu(tn)]] w(th) do + /Q[[uz(tn)]] we(tF) de =0. (7)
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Figure 1. Illustration of space—time finite elements in one space dimension.
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Figure 2. Two neighboring elements within one space—time slab.

Considering a single element that does not share a boundary with 0€2. Integration by parts
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6 S. PETERSEN, C. FARHAT AND R. TEZAUR

of the first term in the integral over ) x I, yields

tnt1 tnt1 tn+1
—/ / UpzpW dz dt = —/ [y W]r, dt +/ / Uz Wy dx di. (8)
tn Q tn tn Q

Next, the test and trial functions are allowed to be discontinuous in space. Continuity of u
is then weakly enforced by means of Lagrange multipliers A and p on I'¢ o/, which leads to the
hybrid variational formulation

tn41
/ / (Uy Wy + U W) dedt
tn

Q 02
tnil
Y / [T )] A dt =0, 9)
e e<e! Vln

ZZ/;H (Ce,e)] pe dt = 0. (10)

Note that the values of u(t,, ) and u,(¢;,) that appear in the jump terms of equation (9) are
known from the previous time step, and the corresponding terms may be shifted to the right
hand side. Then

tnt1
/ /ugcwgg — i w) dxdt
tn

+/Q a(ty) (t+)da:+/ur(t+)wz (29 dm+22/n+l [ X dt

e e<e! Vln

:/ 012-(75 ) (t+)d;v+/ 2(t,) we(t)) da. (1)
Q Q

In the first time step, () is replaced by Up, and u,(t,) can be computed from the initial
condition Uj.

3. DISCRETIZATION

In order to obtain a discrete version of the variational form (11) the test and trial functions u
and w are replaced by appropriate approximations «” and w”. Similarly, the approximations
A and p” replace X and p.

8.1. Transport polynomial approximation of the solution

Following the main concept described in [9], we choose basis functions that are solutions of
the homogeneous wave equation. Note that in one space dimension any function of the form

u(z,t) = f(z +ct) (12)
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SPACE-TIME DISCONTINUOUS GALERKIN FOR THE WAVE EQUATION 7

is a solution of the wave equation (1), where + defines the direction of the propagating wave.
Hence, a polynomial in terms of (x &+ ct) seems to be a natural choice for the approximation
u™. On a reference space-time element of size h and At in spatial and temporal direction,
respectively, we choose polynomials in (x — c¢t) and (x 4 ct) for the shape functions. The
approximation u” may then be written as

1 1 1
ul(z,t) = wuo+ E(x —ct)uy + ﬁ(x —ct)?ug + ... + ﬁ(x —ct)Puyp
1 1 1
+ E(x + ct)upy1 + ﬁ(m +ct) upyo + o+ ﬁ(x + ct)P ug,
2p
= ZNi(xvt) ui (13)
i=0
where
No = 1,
1 !
N, = m(a:—ct) , I=1,..p,
L m—p _
N,, = R (x —ct) , m=p+1,...2p.

The terms (x + ct)* are scaled with 1/h* in order to obtain non-dimensional basis functions
and to improve conditioning of the resulting system. The nine element basis functions up to
order p = 4 are depicted on a reference element in Figure 3.

It should be emphasized here that the governing variational form allows for a variety of other
basis functions. Particularly, if the system excitation includes a distinct content at or around
a specific wave number k, basis functions of type sin(kz =+ c¢t) and cos(kx + ct) appear to be
attractive. However, without the knowledge of a particular frequency content in the system
excitation and response, the basis functions in equation (13) seem most appropriate.

3.2. Approzimation of the Lagrange multipliers

Considering two neighboring elements within a space—time slab, the Lagrange multiplier A in
the variational form can be identified as the normal derivative of u. This motivates to chose
A as a good approximation of du”/dx (cf. [31]).

With the previously chosen basis functions for u" of order p (cf. (13)), the derivative
Ou”/dx is a polynomial of order p — 1 in ¢ at the element edges I'c .. This suggests that
the appropriate Lagrange multiplier approximation is at most of order (p — 1). However,
further considerations regarding the stability and efficiency generally limit the choice of A"
and the corresponding number of Lagrange multiplier degrees of freedom. The key stability
issues for hybrid formulations such as (11) are described by the inf-sup condition [36, 37]. The
outcome of this condition can be expected to relate the number of Lagrange multiplier degrees
of freedom and the number of wave basis approximations. An extensive survey of techniques
for approximating Lagrange multipliers, including theoretical results pertaining to the inf-sup
condition, can be found in [38]. The fact that the discrete problem becomes overconstrained
if the number of Lagrange multipliers exceeds the number of wave basis functions may be
seen as a global condition. Given that an edge I'¢ o/ is shared by two elements except at the
boundaries of the computational domain, this global condition implies n) < 2ng, where ny
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Figure 3. Basis functions up to order p = 4 for ¢ = 1 on a reference element Q. x I= [—1,1] x [-1,1].
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SPACE-TIME DISCONTINUOUS GALERKIN FOR THE WAVE EQUATION 9

and ng are the restrictions of the corresponding function spaces to one element. However, in
order to increase efficiency one may tend to further reduce the number of Lagrange multipliers.

Thus, the Lagrange multipliers along an element edge I'¢ s to be used in conjunction with
the element basis functions in equation (13) can be written in terms of standard finite element
shape functions ®,(t), i.e.

Px
N () =D @ilt) A (14)
i=0
where p) is the order of the Lagrange multiplier approximation.

3.8. Algebraic formulation

Using the approximations described above and choosing identical trial and test functions leads
to discrete versions of equations (11) and (10), that can be written in matrix form as

Ka Kb u o f
L) )
The contribution from an element e with degrees of freedom [u® A¢]” to the resulting system
matrix and right hand side vector are given by

ki ki fe
e o o] o
where the corresponding entries of the matrices k¢ and ki and the vector f¢ are given by
tnt1 1
Zij = / / (u%j Wy i + —Q’iij w;) dx dt
' tn Q. ¢
1
[ ) i) dot [ uws(e) wateh) do (17)
Qe Qe
tnit
b = X [ el d, (13)
e<8l tn
1
foo= [ g i ot [ ualty) weattd) d. (19)
Q. ¢ Qe

3.4. Regularization and reduced approximation

Since both trial and test functions only appear in form of spatial and/or temporal derivatives
in the variational form (11), all constant terms in the approximations vanish in the weak form,
rendering a singular matrix k, and subsequently a singular system of equations (15). There
are several ways to regularize either the element matrices k, or the global system in equation
(15). Here, the following approach is proposed. In order to obtain a non-singular matrix k,, the
constant terms of the approximation wu; are dropped when assembling the element matrices,
leading to the reduced approximation

a(x,t) = Z Ny(x,t) us (20)

Copyright © 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1-6
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10 S. PETERSEN, C. FARHAT AND R. TEZAUR

where the shape functions N;, i = 1, .., 2p, remain unaltered.

The constant term ug of the full approximation on each element may be computed from an
additional constraint that enforces continuity of the numerical solution for one point 7 = (z,t)
on an edge I'¢ o/, i.e.

2p 2p
Z Ni(T)ui = Z Ni(T)ui 7€ TDeer. (21)
i=0 i=0

Once %" is known, the constant terms ug can be evaluated starting from the Dirichlet
boundary condition on one side of a space-time slab on element level by rearranging (21). For
two neighboring elements e and €', this condition yields

2p 2p
ug, = ZNl(T)uf - Z Ni(rul, 1€ e (22)
i=0 i=1

For the computations presented here, we have chosen 7 to be located at the end of a time step,
Le.t=t,,,.

As an example, Figure 4 shows the numerical solutions at the end of a time step obtained
using the approximation in (20) and after computing and adding the constant terms wg.

1 1
0.8 1 0.8
0.6 1 0.6
5 04 5 04
0.2 1 0.2
0 0
-0.2 -0.2

0 L 0 L

X x

Figure 4. Numerical solution at the end of a time step excluding (a) and including (b) the constant
terms in the element basis functions

Note that the consideration of the constraint (21) by means of additional Lagrange
multipliers within the weak formulation corresponds to another way to regularize the resulting
system of equations in a general case of non-homogeneous Dirichlet boundary conditions.
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SPACE-TIME DISCONTINUOUS GALERKIN FOR THE WAVE EQUATION 11

4. IMPLEMENTATION

4.1. Static condensation

Since the element approximation is based on discontinuous functional spaces, the element
degrees of freedom associated with wj, can be statically condensed. This simplifies the
formulation, reduces its computational costs, and improves its conditioning.

Since the field uj, for an element e can be written as

u’ = (k) (F =k X, (23)
only the following matrices
- T 1
k= —ki (ki) ki (24)
and vectors
B =k (k) (25)

are build and assembled into the global system
K\=Tf. (26)

Hence, equation (26) is first solved for the Lagrange multipliers. The solution for the
eliminated field is then obtained from equation (23) and the condition (21) as a postprocessing
step within each element.

4.2. Fvaluation of the integral quantities

The conventional space—time finite element methods require the evaluation of integral terms
that are defined over space and time. The integration is generally carried out numerically by
means of quadrature rules. At low approximation orders the matrix assembly usually represents
only a marginal part of the computational costs, which are mostly governed by the solution
of the resulting system of equations. With increasing orders of the element shape functions,
the numerical integration becomes increasingly expensive and may represent a considerable
portion of the overall costs. With our specific choice of the element shape functions, the
integrals over the space—time elements can be reduced to boundary integrals that may be
evaluated analytically (see e.g. [32]). This simplification leads to a significant reduction of the
computational costs in the matrix assembly process.

Consider the computation of the element matrices k¢ as given in equation (17). This includes
the term

tnt1 1 -
/ / (ul wh + c—2uh w") dx dt. (27)
tn Q.

Using integration by parts yields

tnt1 1 - tnt1 1 -
/ / (ult Wl + S uh ") dodt = / / (—ult, + —uh) " drdt
tn Qe c tn Q c

T
+ t [ul }Fel dt, (28)

n
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12 S. PETERSEN, C. FARHAT AND R. TEZAUR

where I'e, and I'., refer to the spatial boundaries of element e. A crucial point of our method
is to intentionally chose basis functions that are solutions of the homogeneous wave equation.
Hence, the first integral term on the right hand side of equation (28) vanishes, i.e.

tnt1 1 - tnt1 r
/ /Q (ul wh + C—Quh W) do dt = / [ul "] r dt, (29)
tn e t B

n

which transforms the integral over the space-time element into a boundary integral.

5. NUMERICAL RESULTS

To assess the performance of the newly developed method, we consider here two instances
of the initial/boundary value problem given in (1)—(3). The first one is a standing wave
problem in a one dimensional acoustic domain of length L, where the dispersion and dissipation
characteristics of the numerical solution may be inferred from the results. The second test
problem corresponds to propagating waves of the form sech(zx + ct), i.e. representing a rather
broad band excitation, which may give rise to spurious oscillations in the numerical solution
(39, 40]. For all computations, the speed of sound ¢ is of unit value.

In order to highlight the superior performance of the space—time DGM formulation presented
here, numerical results are compared with those obtained using conventional space—time
elements based on time discontinuous formulations (cf. [13, 17, 18]). The conventional elements
are denoted here by @2 and @3 for second and third order approximations in space and time,
respectively. However, some considerations should be made when comparing the complexity
of the different elements for assembling and solving the global system. Employing the static
condensation as described in section 4.1, the size of the resulting system is significantly reduced.
It is noted here, that a static condensation may to some extent also be employed when using
the conventional space-time elements (J2 and @)3. Since coupling of the degrees of freedom only
occurs along element edges I'c . the remaining degrees of freedom may be statically condensed.
The space—time discontinuous elements are associated with high approximation orders p which
lead to a rather large number of element degrees of freedom and consequently increases costs
for the static condensation. Furthermore high approximation orders generally increase the
costs for the evaluation of integral expressions during the system assembly. However, using the
transformation described in section 4.2, the costs for the integration are considerably reduced.
Assuming that the solution of the resulting system dominates the overall computational costs,
the space—time element denoted Q2 may be compared with discontinuous space—time elements
that include second order approximations of the Lagrange multipliers, i.e. py = 2, since both
element types lead to the same number of degrees of freedom when used with identical mesh
resolutions. Similarly, the cubic element Q3 may be compared with discontinuous space—time
elements with approximations of the Lagrange multiplier up to cubic order, i.e. py = 3.

In the remainder of this paper, we will refer to the quadratic and cubic space—time elements
based on the time discontinuous Galerkin method as Q2 and @3 elements, respectively, and
we will refer to the newly developed elements as st DGM-p,,-py elements (or space-time DGM
elements) with orders p,, for the approximation of the solution and py the Lagrange multiplier
approximation. The number of element basis functions and the total number of degrees of
freedom (dof) in the condensed system for the different element types that were used in the
one dimensional example problems of this section are given in Table I.

Copyright © 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1-6
Prepared using nmeauth.cls



SPACE-TIME DISCONTINUOUS GALERKIN FOR THE WAVE EQUATION 13

Table I. Number of element basis functions and total number of dof in a space—time slab with n
elements in one space dimension

Element Number of element basis Number of dof in the condensed

functions system
stDGM —3—1 7 2(n+1)
stDGM — 5 — 2 11 3(n+1)
stDGM —7—3 15 4(n+1)
Q2 9 3(n+1)
Qs 16 4(n+1)

The comparison of the results in all example problems is based on a relative nodal L'-error
defined by |u®® — u"|; /|u®|;.

5.1. Standing wave problem

The standing wave problem considered in this section has the initial conditions

Up = sin(nma/L), neN,
Uy = 0, (30)

where n is the number of half sin waves in the domain. The exact solution «* is then given
by

e — % (sin (n7 (z — ct) /L) + sin (n7 (z + ct) /L)). (31)

Analytical solutions of the governing PDE for n = 2 are depicted in Figure 5 at four
consecutive time steps.

Figure 6 depicts the relative error and the number of degrees of freedom for various element
types, where the number of degrees of freedoms corresponds to the size of the resulting statically
condensed system. The results in Figure 6 were obtained for the standing wave problem with
L =2 and n = 20, i.e. 10 wave lengths in the computational domain (cf. (31)). The relative
error was computed at a simulation time ¢ = 50, which represents 250 periods of the system
and element lengths in temporal direction, i.e. time step sizes, of At = h/(2c) and At = h/c
were chosen. Note that the system responds at a single frequency, where the non-dimensional
wavenumber corresponds to kL =~ 60.

The results depicted in Figure 6 show the outstanding performance of the space-time DGM
elements. Comparing the number of degrees of freedom needed to reach the relative error level
of 1072, the space-time DGM with p,, = 7 and p) = 3 requires roughly four times fewer degrees
of freedom than the comparable cubic element Q3. In the depicted range for the number of
degrees of freedom, the second order element ()2 does not provide reasonably accurate results.

A comparison of the st DG M —7—3 element and the cubic element Q3 for different vibrational
modes with n = 20, n = 30, and n = 40 is given in Figure 7. The vibrational modes correspond
to non-dimensional wave numbers of kL = 60, kL ~ 90, and kL ~ 120. From the slope of the
graphs in Figure 7 it can be seen that the st DGM — 7 — 3 element exhibits higher convergence
rates than the cubic space—time element Q3. Comparing the number of degrees of freedom at

Copyright © 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1-6
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14 S. PETERSEN, C. FARHAT AND R. TEZAUR

X

Figure 5. The solution v at four consecutive time steps with to < t1 < t2 < t3 of the standing wave
problem with n = 2. The solid line corresponds to to = 0.

a relative error level of 1072, the stDGM — 7 — 3 element requires roughly 3.5 times fewer
degrees of freedom for At = h/(2¢) and 3 times fewer degrees of freedom for At = h/c than
the @3 element. The advantage of the st DGM — 7 — 3 element appears to slightly increase for
higher vibrational modes, i.e. with increasing non-dimensional wave number.

For a discretization with n = 40 elements and At = h/(2c¢) the system response was
monitored at = L/40. In the vicinity of ¢ = 100 (which corresponds to 4000 time steps for
500 periods) results for the cubic element Q3 and the space-time DGM element with p,, = 5
and p) = 2 are depicted in Figure 8 together with the exact solution as given by equation (31).

Clearly the result for the Q3 elements imply numerical dispersion as well as dissipation,
whereas the space—time DGM exhibits excellent quality of the numerical results. The numerical
results obtained with the space—time DGM and the exact solution are almost perfectly aligned.
It is pointed out here that the space-time DGM element with py = 2 that has been employed
leads to a resulting system with fewer degrees of freedom than the Q3 element, yet it improves
the accuracy of results significantly.

5.2. Propagating wave problem

The example problem investigated here is a propagating wave with initial conditions

Up = sech(20(x—L/2)),
Up = 0. o

These lead to the exact solution

u = % (sech(ZO( (x —L/2) — ct)) + sech(ZO( (x — L/2) + ct))). (33)

While the first example problem includes a system response with a single frequency, the
initial conditions in (32) represent a broad band excitation of the system. Note that the Fourier
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Figure 6. Relative error in nodal L'-norm at time ¢ = 50 and number of degrees of freedom for different
elements based on spatially continuous and discontinuous approximations for two different time step
sizes: (a) At = h/(2c) and (b) At =h/c
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Figure 8. Exact solution and numerical results at * = L/40 for the standing wave problem. The
Numerical results are obtained using space—time elements Q3 (a) and the space—time DGM elements
with pw = 5 and py = 2 (b).

transform of a function sech(at) is given by 1/a\/7/2 sech(mw/(2a)), where w is the circular
frequency. Hence, the Fourier transform of the initial wave form represents a sech function
centered at the origin. Assuming that the signal contains significant content in the frequency
range from 0 to 5 Hz, the minimum wave length is given by 1/5. The analytical solution for
the propagating wave problem at four consecutive time steps are depicted in Figure 9.

Convergence results for the propagating wave problem with L = 12 are given in Figure
10, where the relative error was evaluated at ¢ = 4 for time steps sizes of At = h/(2¢) and
At =h/c.

For this example problem, all three types of space—time DGM elements perform better than
the conventional space—time elements (3 and 3. Comparing the st DGM-7-3 element and the
Q3 element at an error level of 1072, the latter one requires roughly three times more degrees
of freedom for a time step size of At = h/(2¢) and twice more degrees of freedom for At = h/c.
Similarly, the comparison of the st DGM-5-2 element and the ()2 element indicates a 3.5-fold
reduction of the degrees of freedom for the two time step sizes of h/(2¢) and h/c, when using
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Figure 9. The solution u at four consecutive time steps with top < t1 < t2 < t3 for the propagating
wave problem. The solid line corresponds to the initial time step at ¢t = 0.

the space-time DGM element .

The field u(x,4) is depicted in Figure 11 together with the exact solution for a rather coarse
discretization with n. = 108 elements. The exact solution over the whole domain at ¢t = 4
is depicted in the upper left part of Figure 11. Comparisons with the numerical solutions are
shown in the lower part of the figure.

The solution obtained with the space—time DGM elements is almost perfectly aligned
with the exact solution, whereas the Q3 element fails to provide reasonably accurate results.
Furthermore, the spurious oscillations that generally occur in the numerical solution are about
two orders of magnitude less for the space—time discontinuous element with p,, = 7 and p) = 3.

To further highlight the potential of the space—time DGM method developed here, the
exact solution and the numerical solution for the wave propagation problem with L = 200,
h = L/2000 and At = h/(2¢) are shown at time 7" = 95 in Figure 12. The length of the
computational domain corresponds to 1000 times the assumed minimum wave length of 1/5.
While the cubic space—time element @3 yields inadequate results at the given mesh resolution,
the numerical solution for the st DGM — 7 — 3 element is in very good agreement with the
analytical solution, where the nodal L'-error is less than 3%.

6. CONCLUSION

A new space—time discontinuous Galerkin method for the solution of the acoustic wave equation
in the time domain has been presented. The method may be interpreted as a space—time variant
of the discontinuous enrichment method [9], where a key feature is the use of solutions of the
wave equation as element shape functions. The specific choice of element basis functions is
enabled by means of a variational formulation that allows for discontinuities in the temporal
as well as the spatial direction. Continuity of the numerical solution in space is weakly
enforced by means of Lagrange multipliers. The discontinuous definition of the element shape
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Figure 10. Relative error in nodal L'-norm at time ¢ = 4 and number of degrees of freedom for the
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Figure 11. Exact solution and numerical solution at ¢ = 4 for the propagating wave problem with
L=12.

approximations allows for a static condensation, which significantly reduces the computational
costs. Furthermore, the choice of free space solutions of the governing differential equation
enables an efficient and analytically exact evaluation of integral terms, when computing the
contributions from an element to the global system.

The numerical examples in one space dimension show a great potential for the efficient
solution of wave propagation phenomena in the time domain. In comparisons with conventional
space—time elements based on the time discontinuous Galerkin method, the newly developed
elements give superior performance. Comparing the number of degrees of freedom at
engineering accuracy level, our space—time discontinuous elements require up to 4 times fewer
degrees of freedom than the conventional space—time elements of comparable order. It is further
emphasized here, that comparisons of the different element types have been carried out for
a fixed ratio of At/h. Hence, a larger spatial element size h also results in larger time step
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Figure 12. Exact solution and numerical solution at ¢ = 95 for the propagating wave problem with
L = 200.

sizes At. As a consequence, the space—time discontinuous elements developed here do not only
reduce the cost for solving the resulting system in each space—time slab, but also reduces the
number of time steps (i.e. the necessary total number of linear solves) when simulating over a
certain time period.

Future work will primarily focus on the extension of the approach for problems in two and
three space dimensions, further investigations regarding the approximations with other wave
basis functions, and the adaption of the method for explicit time integration schemes.
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