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Off-axis parabolic mirrors (OAPs) are occasionally desirable for specialized applications, but are known to
introduce field-dependent astigmatic aberrations. In an experiment where optical tweezers are formed
by OAPs, another OAP is added to form a relay configuration with an optional microscope, resulting
in near diffraction-limited performance, with a resolution of 2.19 µm. The severe radially non-uniform
distortion incurred by this configuration, with a long path length and a large field of view, requires
software corrections for the microscopic image. To avoid overfitting given the limited features available for
calibration at the tweezers focal plane, a distortion model with a reduced set of parameters is selected based
on simulation data. Applying the model to experimental data, an average residual error of 3.60 µm (1.33 µm)
is achieved in object space after the simple relay (adding a 5× microscope) over a field of ∼ 1 mm × 1 mm
(∼ 200 µm × 200 µm). The residual errors are likely dominated by diffraction artifacts in the features used
for correction.
http://dx.doi.org/10.1364/ao.XX.XXXXXX

1. INTRODUCTION

Off-axis parabolic mirrors (OAPs) are desirable elements that
provide a diffraction-limited focus from a collimated beam,
while avoiding beam obscuration and chromatic aberrations
and minimizing stray-light effects from reflections off surfaces
of refractive elements. An important application is in the area of
optical tweezers. At the same time, the axially non-symmetric
OAPs introduce large geometrical field-dependent aberrations,
primarily astigmatism, making the imaging of extended objects
challenging.

Two identical OAPs, oriented such that the axes of their par-
ent parabolas coincide, form an optical relay, with the second
OAP correcting the field-dependent astigmatic aberrations of the
first [1]. This design was first reported in [2] for thermal imag-
ing and adapted in [3] as a microscope. The optical relay does
not cancel distortion, in fact adding the distortion from the two
mirrors [1]. However, this does not affect the spatial resolution,
which is limited by the aberrated point spread function size, and
can be removed by an appropriate calibration and a mathemati-
cal transformation in software during post-processing.

Previous works [2] noted that the magnitude of the distor-
tion is proportional to the focal length of the OAPs, and the
OAPs’ diameters can be chosen [3] so that there would be no

significant distortion in the desired field of view. In the case con-
sidered here, the optical arrangement is set due to experimental
constraints, so microscopic distortion needs to be mapped and
removed in software. To the best of our knowledge, this has not
previously been applied to this optical design with micrometer-
scale resolution and near the diffraction limit. The correction
is non-trivial because the higher order distortion is severe and
radially non-uniform, with limited calibration data available; so
overfitting is a major concern.

In this paper we perform distortion correction for the OAP re-
lay microscope. We obtain a simple, readily-adaptable distortion
model through model selection based on simulation data and
test the model on experimental data from two distinct setups.

2. EXPERIMENTAL CONSTRAINTS

The ability to provide the best possible Gaussian mode, with a
diffraction-limited spot enabling high spatial resolution, is par-
ticularly important in an experiment using optical tweezers to
support a dielectric microsphere (MS), whose position readout
results in an exceedingly sensitive force sensor used to investi-
gate new types of interactions at micrometer distance [4–6]. For
these measurements, a density-patterned "attractor" is scanned
behind a stationary electrostatic shield ∼ 3 µm from the sur-
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face of MS. Light scattered by the MS in the forward direction
is recollimated and used to measure its position with a radial
displacement noise of the order of ∼ pm/

√
Hz [7].

Two 90◦ off-axis parabolic mirrors (OAP 1 and OAP 2) in
vacuum, with diameters and focal lengths of 50.8 mm, are used
to focus and recollimate the 1064 nm trapping beam of the opti-
cal tweezers [6]. OAPs are chosen to minimize halos that may
scatter off the nearby attractor and shield and produce back-
grounds. Good quality metrology is required to align attractor
and shield relatively to each other, and to the position of the MS,
with ∼ 1 µm accuracy in the focal plane of the OAPs. While a
commercial microscope objective is used in one view orthogonal
to the trapping beam, the view along the trapping beam is partic-
ularly important for alignment and has to be obtained through
OAP 2. This, uncorrected, introduces unacceptable aberrations
over the required field of view of ∼ 500 µm× ∼ 500 µm. For
aberration correction, OAP 3 is added outside the chamber; the
diameter of the OAPs and the path length are set by the existing
optical tweezers system, so that distortion has to be corrected in
software.

3. OFF-AXIS IMAGING OPTICS SETUPS

Fig. 1. Layout of test setups produced using Zemax OpticStu-
dio. Distance between the OAPs (d1) is ∼ 86 cm for setup 1
and ∼ 66 cm for setup 2. Folding mirrors, used for alignment
and for orienting OAP 3 under physical constraints, are not de-
picted. Components are not drawn to scale. OAP 1 is located
101.6 mm below OAP 2 in the optical tweezers system.

Two test setups have been built with the layout in Figure 1
to test the OAP relay microscope separately from the optical
tweezers system. Setup 1 (setup 2) has the distance d1 between
OAP 2 and OAP 3 set to ∼ 86 cm (∼ 66 cm). Having data from
the two distinct setups is beneficial as they are unlikely to share
alignment errors. Light from a 850 nm LED reflects off OAP 2
and front-illuminates a 1951 USAF resolution target placed at its
focal plane. The reflected light travels through the relay, where
OAP 2 introduces and OAP 3 balances out the field-dependent
astigmatic aberration. A camera is placed at the focal plane of
OAP 3 and its image shown in Figure 2(a). Resolution across
the field deteriorates rapidly with slight alignment errors in
this setup [3], so the minimization of such errors across the
∼ 1 mm × 1 mm field serves as a check that the system is close
to optimal alignment.

Assuming an aperture stop diameter of 10 mm, Zemax sim-
ulations give an image space NA of 0.193, so the diffraction-
limited resolution of the system under the Sparrow criterion [8]
is 2.07 µm. However, since the relay gives no magnification [2],
the resolution is limited by the 4.8 µm × 4.8 µm pixel size. A 5×
microscope, built from a 20x objective and a f = 50 mm aspheric
lens, can be added between OAP 3 and the camera to address
this, while reducing the field of view to ∼ 200 µm× 200 µm. The
resultant image (Figure 2(b)) has a resolution of 2.19 µm, similar
to what is reported in [3].

4. DISTORTION CORRECTION

A. Radially non-uniform distortion
Zemax simulations of the relay (Figure 3) show that significant
distortion is expected even if the system is optimally aligned,
due to the long path length and the large field of view. Over
a field of 1 mm × 1 mm in object space (approximately the ex-
tent of groups 4 and 5), the maximum distance between a dis-
torted point and the corresponding paraxial point is 193 µm, or
40.2 pixels. The average distance is 58.3 µm, or 12.1 pixels, sig-
nificantly larger than the 3 to 4 pixel perturbation assumed by
[9].

Simulations also show more distortion in y, which is along
the off-axis portion of the OAP, than in x. A fit with a second-
order radial model and a free distortion center leaves a large
residual, with an average error of 33.6 µm (6.99 pixels). Radially
non-uniform distortion has been reported and corrected in off-
axis systems including Schwarzschild two-mirror hyperspectral
imagers [10] and wide angle cameras for astronomy [11]. Such
distortion limits the correction methods available, since many
of them, including some plumb line [12] and some parameter-
free methods [13], account for radially uniform distortion only
[14]. In addition, many methods for detecting distortion centers
assume radially uniform distortion [14] [13].

B. Model selection based on Zemax data
Distortion in the OAP relay microscope can be corrected by
selecting a distortion model with radially non-uniform compo-
nents, calculating its coefficients based on a calibration image,
and applying the transformation to new images.

Since the resolution target cannot be installed in the optical
tweezers system, only a few features are available in the focal
plane for calibration. Hence, it is important that the distortion
correction can be calculated with a reduced parameter set to
avoid overfitting and allow good performance on new images
without additional calibration. A model selection step is per-
formed using simulated data to eliminate some parameters from
the original distortion model. Those parameters will be set to 0
for subsequent corrections. The bias-corrected Akaike Informa-
tion Criterion (AICc) [15] is used to quantify the goodness of the
nonlinear fit during this selection step.

The Brown-Conrady model is chosen as the original model
because it is commonly used and implemented in the open-
source software OpenCV [16]. It considers radial, decentering,
and thin-prism distortion, interpreted physically as accounting
for imperfect lens curvature, decentering of optical components,
and tilt of lens with respect to the sensor, respectively [9] [17].

Let {(xu, yu)} be the ideal distortion-free image coordinates
and {(xd, yd)} be the observed distorted coordinates. We then in-
troduce x̄u = m(xu + xoffset) and ȳu = m(yu + yoffset) to account
for magnification and relative position shift between the calibra-
tion image and the observed image, which cannot be calculated
directly without knowing the distortion center. Similar to the pa-
rameterization in [14], this allows the distortion center to be var-
ied during the fit. We introduce xd = x̄d + cx and yd = ȳd + cy to
enable a shift back to the original position in undistorted space.

Defining r̄u =
√

x̄2
u + ȳ2

u, the Brown-Conrady model gives

x̄d = x̄u + k1 x̄u r̄2
u + k2 x̄u r̄4

u

+ p1(r̄2
u + 2x̄2

u) + 2p2 x̄u ȳu + s1r̄2
u + s2r̄4

u,

ȳd = ȳu + k1ȳu r̄2
u + k2ȳu r̄4

u

+ p2(r̄2
u + 2ȳ2

u) + 2p1 x̄u ȳu + s3r̄2
u + s4r̄4

u.

(1)
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Observed distorted points
Distortion-free calibration points

(a) (b)

Fig. 2. (a) Image (flipped vertically) of the resolution target after the relay in setup 1, with groups 4 and 5 in the field of view. The
camera has 640 × 480 pixels and a pixel size of 4.8 µm × 4.8 µm. The two sets of points used for the correction, normalized so that
they are aligned along the top and the left, are labeled in red and yellow. (b) Similarly labeled image of the same target after the 5×
microscope. Only the smaller groups 6 and 7, at the center in (a), are in the field of view. A scale bar for both images is provided in
the distortion-corrected Figure 4.

The 289 pairs of paraxial and real points from the Zemax sim-
ulation shown in Figure 3(a) are used as data points for model
selection. Denser points have been tried with no effect on the
final selected model. The simulated points have no noise, a
known distortion center at (0, 0), and a magnification of 1. To
mimic the experimental situation, where the distortion center
is not known, the points are re-normalized so that their coor-
dinates have values between ±0.5 along the y direction while
maintaining the aspect ratio. Because of the small initial distor-
tion in x direction, the distortion centers of the two sets of points
are still close after re-normalization, so the parameter xoffset has
to be added to the final model.

The original model in Equation 1 has 13 free parameters
(k1, k2, p1, p2, s1, s2, s3, s4, xoffset, xoffset, cx, cy, m). The magnifica-
tion cannot be zero, but each of the other 12 parameters can be
included or excluded in a possible model, resulting in 212 = 4096
models if stepwise model selection [20] is avoided. For each
model, the initial value of every parameter is set to 0, except for
the magnification, which is set to 1. Distortion coefficients are
calculated with a nonlinear fit and used to numerically undo the
distortion. The AICc of the distorted-corrected points compared
to the corresponding calibration points are calculated, and the
model with the lowest AICc is selected. This model has finite
values for the parameters k1, p1, s3, yoffset, cx, cy, m, while the rest
are set to 0. Adding in the xoffset mentioned above, the simplified
model is

x̄d = x̄u + k1 x̄u r̄2
u + p1(r̄2

u + 2x̄2
u)

ȳd = ȳu + k1ȳu r̄2
u + 2p1 x̄u ȳu + s3r̄2

u.
(2)

C. Distortion correction on experimental data
The model selected based on Zemax data should apply to all
points from both setups, with or without the 5× microscope,
since a well-corrected microscope adds negligible radial distor-
tion.

To verify this, the corners of line pairs on the resolution target

are labeled for images taken on each test setup, yielding sets of
observed distorted points. The corresponding sets of calibration
points are found by imaging the same resolution target under a
commercial optical microscope. Since the calibration points are
from a different imaging system, their coordinates are normal-
ized so that their range in the y direction is comparable to that
of the distorted points, and the origins of the two sets of points
are overlapped. The normalized points are shown in Figure 2.
Note that because the images are severely distorted and near the
diffraction limit, automatic corner detection is difficult and the
corners are labeled manually using [21], which is viable because
the optical tweezers system is fixed and rarely needs to be cali-
brated. This yields 238 pairs of points for setup 1 and 288 pairs
of points for setup 1 after the 5× microscope and setup 2.

The distortion coefficients for each setup are then calculated,
with the initial guesses adjusted to be of the correct magnitude in
pixels (k1 = 10−6, p1 = 10−4, s3 = 10−4, xoffset = −320, yoffset =
−240, cx = 320, cy = 240, m = 1) since coordinates are now
on the order of 102 pixels. After obtaining the coefficients, we
use OpenCV to perform the distortion correction, producing
the corrected images shown in Figure 4. Future images can be
simply corrected by applying the same transformation.

Table 1. RMS residual distortion, after corrections, for the
various optical setups discussed

setup max error
[px]

average
error [px]

average error in
object space [µm]

setup 1, after relay 2.05 0.93 3.60

setup 2, after relay 3.69 1.24 4.11

setup 1, after 5×
microscope 4.49 1.84 1.33

To quantify the quality of the corrections, the RMS resid-
ual error of the points is reported in Table 1. Following [14],
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Fig. 3. Zemax simulations of setup 1 after the relay (both flipped vertically). (a) A 17 × 17 grid of paraxial image points are plot-
ted using the Grid Distortion function, with quivers pointing to the corresponding real points. The color represents the distance
between the two, normalized by field radius [18]. The goal of the distortion correction is to undistort the real points so that they
overlap the paraxial points. (b) A digital image of the resolution target from [19] is propagated using the Image Simulation function
and projected onto a 640 × 480 pixel grid to be compared to Figure 2(a).

given M pairs of distorted and distortion-corrected points
{(xdi

, ydi
)}, {(xui , yui )} and letting {( fx(xdi

, ydi
), fy(xdi

, ydi
))}

represent the corrected points, we define total residual error as√
∑M (( fx(xdi

, ydi
)− xui )

2 + ( fy(xdi
, ydi

)− yui )
2), and convert

the error to object space based on the known sizes of features on
the target. With the 5× microscope, the residual error in object
space decreases significantly with the tradeoff of a smaller field
of view.

One contribution to the residual error derives from diffraction
at the edges of each line pair in the image, which adds uncer-
tainty to the observed locations of the distorted points. This can
be quantified in the distortion-corrected image by assuming a
Gaussian PSF and fitting the edge spread functions [22] to the
error function. In setup 1, the error function has a maximum
σ of 1.57 pixels and an average of 0.76 pixels. After the 5× mi-
croscope, it has a maximum σ of 3.73 pixels and an average of
1.55 pixels, which likely contributes significantly to the residual
error.

The performance of the reduced-parameter model is also
tested against the full model described in Equation 1 through
simulations. Because the goal is to reduce numerical risk such
that the model successfully converges with fewer data points,
as is necessary for the optical tweezers system, 90% of available
experimental data points are randomly selected in each trial for
the fit. In 10,000 trials, the fit with the reduced-parameter model
does not converge 0 times (9 times) for setup 1 (setup 1 with
the 5× microscope). The full model with 13 parameters does
not converge 4130 times (1186 times), presumably because of
overfitting. For setup 2, both models perform well.

5. CONCLUSION

In this paper we correct for the higher-order distortion of an OAP
relay microscope with 850 nm illumination. To prevent overfit-
ting, we select a simple distortion model using AICc based on
simulated data. Depending on whether an additional 5× micro-

scope is used, corrected images from two test setups achieved
a field of view of ∼ 1 × 1 mm with a mean residual error of
3.60 µm or a field of view of ∼ 200 × 200 µm with a mean resid-
ual error of 1.33 µm, respectively. Part of these distortion errors
are likely due to diffraction artifacts in the features used for the
correction, since the system is near diffraction-limited.
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250 µm
(a)

50 µm
(b)

Fig. 4. Distortion-corrected images. (a) Image after the relay (corrected Figure 2(a)). The yellow rectangles are overlaid on the edge
of the groups to check that the distortion-corrected edges are straight. The squares with cross bars are overlaid on squares on the
resolution target to check that the aspect ratio is as expected. (b) Image after the 5× microscope (corrected Figure 2(b)), with the
green rectangles and the squares similarly overlaid.
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