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The electromagnetic theory of optical second-harmonic generation from small spherical particles comprised of
centrosymmetric material is presented. The interfacial region where the inversion symmetry is broken pro-
vides a source of the nonlinearity. This response is described by a general surface nonlinear susceptibility
tensor for an isotropic interface. In addition, the appropriate weak bulk terms for an isotropic centrosymmet-
ric medium are introduced. The linear optical response of the sphere and the surrounding region is assumed
to be isotropic, but otherwise arbitrary. The analysis is carried out to leading order in the ratio of (a/l), the
particle radius to the wavelength of the incident light, and can be considered as the Rayleigh limit for second-
harmonic generation from a sphere. Emission from the sphere arises from both induced electric dipole and
electric quadrupole moments at the second-harmonic frequency. The former requires a nonlocal excitation
mechanism in which the phase variation of the pump beam across the sphere is considered, while the latter is
present for a local-excitation mechanism. The locally excited electric dipole term, analogous to the source for
linear Rayleigh scattering, is absent for the nonlinear case because of the overall inversion symmetry of the
problem. The second-harmonic field is found to scale as (a/l)3 and to be completely determined by two effec-
tive nonlinear susceptibility coefficients formed as a prescribed combination of the surface and bulk nonlin-
earities. Characteristic angular and polarization selection rules resulting from the mechanism of the radia-
tion process are presented. Various experimental aspects of the problem are examined, including the expected
signal strengths and methods of determining the nonlinear susceptibilities. The spectral characteristics as-
sociated with the geometry of a small sphere are also discussed, and distinctive localized plasmon resonances
are identified. © 2004 Optical Society of America
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1. INTRODUCTION
Mie (1908) and Debye (1909) formulated the general
theory of light scattering from a sphere at the turn of the
past century.1,2 Since then, an extensive body of litera-
ture on the linear optical properties of spherical particles
has been produced, describing both theoretical and ex-
perimental extensions of the original work.3–5 The devel-
opment of lasers and nonlinear optics in the 1960s6 paved
the way for nonlinear light scattering from particles.
This approach constitutes a new probing technique, one
often capable of providing information not readily attain-
able through linear light scattering. Nonlinear optical
studies for small particles have, for the most part, ex-
ploited the third-order nonlinear response7–12 associated
with effects, such as the optical Kerr effect, stimulated
Brillouin and Raman scattering, and third-order sum-
frequency generation.

A. Second-Order Nonlinear Response
The problem that we address in this paper concerns the
second-order nonlinear response of a small sphere com-
0740-3224/2004/071328-20$15.00 ©
prised of a centrosymmetric medium. It may be consid-
ered as the second-harmonic (SH) analog of linear Ray-
leigh scattering (LRS), a phenomenon first examined in
1871.13 Within the electric dipole approximation, even-
order harmonic generation is forbidden in the bulk of a
centrosymmetric medium. The inversion symmetry,
however, is broken at the surface of the medium, thus
making even-order processes allowed in this region.
Even-order nonlinear processes, such as second-harmonic
generation (SHG), consequently exhibit a high degree of
surface sensitivity for centrosymmetric media.14–18

While this property has been developed and exploited for
probing planar interfaces, it is expected to apply for all in-
terfacial geometries. Indeed, recent experiments have
clearly demonstrated the sensitivity and utility of the
technique to probe the characteristics of surfaces of
particles.19–23

Despite its importance, the limiting case of SHG from a
small sphere of centrosymmetric and isotropic material
has received little attention until recently. In this paper,
we present such a detailed analysis, expanding upon our
2004 Optical Society of America
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earlier treatment in Ref. 24. The key feature of the
present treatment is a systematic leading-order expan-
sion beyond the electric dipole limit, for which the overall
centrosymmetry of the particle implies a vanishing SH re-
sponse. Before describing more completely the content of
this paper, we wish to review briefly the status of related
experimental and theoretical work.

B. Prior Investigations

1. Experimental
The number of experimental studies of SHG from spheri-
cal particles made of centrosymmetric media is growing.
The early investigations of SHG from particles were per-
formed on silver colloids during the 1980s.25,26 At that
time, however, the surface sensitivity of the technique
was not apparent because of other possible concomitant
effects, such as aggregation of particles27 or the formation
of a charge-transfer complex.28 The surface sensitivity of
SHG from spheres was unambiguously demonstrated in
1996.19 In that study, SHG was used to probe the ad-
sorption of dye molecules on micron-sized polystyrene
particles. Subsequent experiments exploited the surface
sensitivity of SHG to monitor molecular adsorption
on22,23,29 and transfer between30 particles, to observe mo-
lecular transport across the bilayer in liposomes,21,31,32 to
measure electric surface charge and potential,33,34 and to
observe the formation of a surface charge-transfer
complex.35 Other related experiments include SHG or
sum-frequency generation from nanoparticles in
solutions,36–49 from embedded50–60 and supported61–76

particles, from a crystalline lattice of dielectric
spheres,77,78 from an optically trapped particle,79 from
large (;50-mm to millimeter-sized) water droplets,20,80

and even from cells.81–84 Time-dependent measurements
have also been performed to examine rotational dynamics
of small asymmetric particles by SHG.85 In a recent
study, the frequency dependence of SHG from 32-nm-
diameter silver particles was investigated and revealed
the existence of both electric dipole and electric quadru-
pole localized plasmon resonances.47 This result con-
trasts sharply with the case of linear Rayleigh scattering,
where the electric dipole resonance contribution com-
pletely dominates the response.

2. Theoretical
The problem of the second-order nonlinear optical re-
sponse of spherical particles has been examined under
various approximations in previous theoretical studies.
Early investigations by Agarwal and Jha86 analyzed SHG
from small metallic spheres. The authors considered the
nonlinear response to arise entirely from the centrosym-
metric bulk of the material, which was modeled in terms
of a nonlocal nonlinear polarization.87 Researchers later
generalized this theory into a hydrodynamic formalism
for SHG from particles,88 as well as for sum- and
difference-frequency generation.89 Quantum-mechanical
treatments of the material response have also been un-
dertaken in explaining size effects of SHG in
nanoparticles50,90 and enhancement in two-dimensional
quantum-dot arrays.91 Recently, calculations of SHG
from small individual and arrays of spheres under the in-
fluence of an inhomogeneous field have been
presented.92–94 SHG for dilute and highly concentrated
suspensions of spherical particles has also been
examined.95

Several investigations have been based on a simplified
model of the surface nonlinear response in which the non-
linear susceptibility tensor has only a single element cor-
responding to all directions normal to the surface, xs,'''

(2) .
This situation prevails in the model of a surface nonlin-
earity based on induced charges, as incorporated in the
investigations of metal particles by Östling et al.96 and
Dewitz et al.97 These treatments were carried out using
the full Mie theory, as required outside of the limit of
spheres small compared with the optical wavelength.
SH emission from a dielectric sphere with a xs,'''

(2) re-
sponse has also been examined in the Rayleigh–Gans
approximation,78 which pertains when the refractive in-
dex of the sphere is close to that of its surroundings and
affords significant simplification by eliminating the com-
plexities of linear wave propagation. This approximation
has been successful in explaining the key features of ex-
perimental SH radiation patterns from micron-sized
particles.23 Very recently, the Rayleigh–Gans approxi-
mation was applied to derive the sum-frequency field
from spheres having a general isotropic nonlinear optical
response.48 The problem of SHG excited by whispering-
gallery modes that occur in much larger particles has also
been examined.98

A distinct, but related line of inquiry involves the de-
scription of surface roughness and surface-enhanced opti-
cal response. SHG from a hemispheroid, for example,
was considered in this context early on.99 In contrast to
a spheroid, this structure breaks the inversion symmetry
and exhibits a fully dipole-allowed SH response from the
surface, even in the limit of small dimensions. A similar
problem of SHG from a dense interfacial suspension of
metallic colloids has also been examined.100

C. This Work
In the current work, we extend our earlier treatment24 to
present the general electromagnetic theory of SH Ray-
leigh scattering (SHRS) for small spheres of centrosym-
metric material. We provide here, starting in Section 2,
a complete derivation of results for the SH radiation aris-
ing from the surface nonlinear response that were ini-
tially presented in Ref. 24. In the current analysis, we
also allow for an arbitrary bulk nonlinear response com-
patible with isotropic symmetry and obtain explicit ex-
pressions for the SH field in terms of the corresponding
nonlinear susceptibilities of the material. We examine,
in subsections 3.A–3.C, various features of this solution,
including the physical origin of the differing contributions
to the SH emission, the determination of the nonlinear
material response from experimental observables, and
the predicted frequency dependence of the process. We
also present, in subsection 3.D, a comparison of our work
with existing theories.

2. MODEL AND ITS SOLUTION
A. Model
A key aspect of our treatment of SHRS is the inclusion of
the most general form of the nonlinear response compat-
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ible with the assumed symmetry. Starting from this per-
spective, we describe the nonlinear optical response of the
system phenomenologically by a nonlinear source polar-
ization P(r) 5 P(2v)(r) appropriate for a centrosymmet-
ric medium and its interface.17 This response includes
both a dipole-allowed surface term and a nonlocal bulk
term:

P~2v!~r! 5 Psurface
~2v! 1 Pbulk

~2v!

5 xIs
~2 ! :E~v!~r!E~v!~r!d ~r 2 a !

1 xIb
~2 ! :E~v!~r!“E~v!~r!, (1)

where xIs
(2) and xIb

(2) are the corresponding second-order
surface and bulk nonlinear susceptibilities. Here,
P(2v)(r) and E(2v)(r) denote the complex amplitudes of
the oscillating real quantities. We employ the conven-
tion that P(2v)(r, t) 5 2 Re@P(2v)(r)exp(22ivt)# for the
nonlinear polarization, and correspondingly for E(v)(r)
and for other oscillating quantities introduced below.

We now describe the two nonlinear sources in more de-
tail. We make no assumptions about the nature of the
interface other than that it exhibits isotropic symmetry
with a mirror plane perpendicular to the interface. The
nonlinear susceptibility tensor xIs

(2) then has three nonva-
nishing and independent elements: xs,'''

(2) , xs,' i i
(2) , and

xs,i ' i
(2) 5 xs,i i '

(2) , where ' and i refer to the local spatial
components perpendicular and parallel to the surface.101

The susceptibility xIs
(2) can be written, in terms of the unit

vectors for the spherical coordinate system, as the triadic

xIs
~2 ! 5 xs,'''

~2 ! r̂r̂r̂ 1 xs,' i i
~2 ! r̂~ ûû 1 ŵŵ! 1 xs,i'i

~2 ! ~ ûr̂û

1 ŵr̂ŵ 1 ûûr̂ 1 ŵŵr̂!. (2)

The case of an isotropic interface lacking a mirror plane
is also of considerable interest. Such symmetry is
present in a chiral interface, as would result from the ad-
sorption of chiral molecules on an isotropic surface. In
this situation, an extra independent tensor element is
present, namely, xs,i8i9'

(2)
5 xs,i8'i9

(2)
5 2xs,i9i8'

(2)
5 2xs,i9'i8

(2) ,
where i8 and i9 are two distinct and orthogonal spatial
components parallel to the interface.17 Following the
procedures below in the relevant small-particle approxi-
mation, one can, however, show that the additional chiral
nonlinear response does not contribute to the radiated
fields. Thus the results of this paper also hold true for
small spheres with isotropic chiral surfaces.

With respect to the bulk of the sphere, the nonlinear re-
sponse of the centrosymmetric bulk shown to leading-
order in nonlocality in Eq. (1) can be simplified for an iso-
tropic medium. In this case, we have

Pbulk
~2v!~r! 5 g“~Ein

~v!
• Ein

~v!! 1 d8~Ein
~v!

• “ !Ein
~v! , (3)

where the two parameters, g and d8, define the bulk
response87 and we have written Ein

(v) to denote the driving
fundamental field within the sphere. We have omitted a
term proportional to Ein

(v)(“ • Ein
(v)), since it vanishes by

Maxwell’s equations in the homogeneous bulk of the
material.102

The linear optical response of the system also plays a
key role in the radiation problem. We describe it in
terms of three distinct regions: the ambient medium, the
interior of the sphere, and the interfacial region. These
regions are characterized, respectively, by the dielectric
functions «1 , «2 , and «8. All dielectric functions are as-
sumed to be isotropic, but are allowed to be dispersive.
In keeping with the assumption of a transparent ambient,
the quantity «1 is taken as real and positive, while «2 and
«8 may be complex. The corresponding magnetic perme-
abilities are denoted as m1 , m2 , and m8. These quanti-
ties can all be set to 1 without loss of generality for optical
frequencies.103 We do so below, except where their inclu-
sion is useful for elucidating the nature of the response.

Figure 1 illustrates the scattering geometry employed
in this analysis. The pump radiation at the fundamental
(angular) frequency of v is taken as a plane wave. It im-
pinges on a sphere of radius a comprised of isotropic and
centrosymmetric material (as described above) with a
wave vector of k1 5 k1k̂. The direction of propagation
defines the z axis of our coordinate system (ẑ 5 k̂). The
wave vector of the scattered SH radiation is given by K̂1

5 K1K̂, where K̂ 5 r̂ 5 sin u cos wx̂ 1 sin u sin wŷ
1 cos uẑ in terms of the unit vectors of the spherical or
Cartesian coordinate systems. We define an arbitrary
polarization state of the pump radiation as a unit vector
ê0 5 jx̂ 1 hŷ, with complex coefficients (j, h) satisfying
uju2 1 uhu2 5 1. For linearly polarized incident light, we
write the polarization state as ê0 5 cos cx̂ 1 sin cŷ,
where c is the angle of the electric field vector with re-
spect to the x̂ axis. The polarization of the scattered SH
radiation may be resolved by employing an analyzer
placed between the scatterer and the detector. We de-
scribe the detected polarization state by the unit vector ê.

In the analysis that follows, we assume that the sphere
radius a is much smaller than the wavelength l of the
pump radiation and that the detection point is in the far
field. Mathematically, we can express this set of condi-
tions as a/l ! 1 ! r/l, where r is the distance to the ob-
servation point.

B. Second-Harmonic Radiation

1. Derivation of Radiated Fields
For conceptual clarity, we first consider the case of a ho-
mogeneous system in which the dielectric functions are

Fig. 1. Scattering geometry and the linear and nonlinear re-
sponse of the small sphere for the SHRS problem. k̂ denotes the
direction of the incident plane wave of polarization ê0 ; K̂ denotes
the direction of the scattered light with polarization state ê. In-
set indicates the linear and nonlinear optical responses in the
three regions: ambient, interface, and the internal volume of
the sphere.



Dadap et al. Vol. 21, No. 7 /July 2004 /J. Opt. Soc. Am. B 1331
all identical, «1 5 «2 5 «8, and lossless. For the general
situation of three distinct dielectric constants, treated in
subsection 2.B.3 below, the results for the homogeneous
problem can still be applied, but with suitable corrections
to account for the effect of the linear optical response at
the fundamental and harmonic frequencies. Under the
neglect of a dielectric discontinuity, the SH radiation
problem can be solved directly by a calculation of the non-
linear source polarization and application of well-
established relations for the vector potential from a given
current distribution. In accordance with our interest in
the response from a small particle, the nonlinear source
and radiation patterns are expressed in terms of multi-
pole moments, and only the lowest-order nonvanishing
terms are retained.

Let us first briefly review some familiar electrodynam-
ics concepts necessary for the calculations.104 For a sys-
tem with a time variation described by a frequency V
5 Kc, we obtain the vector potential A(r), in the Lorentz
gauge, from a current density source J(r8) as

A~r! 5
1

c
E exp~iK1ur 2 r8u!J~r8!

ur 2 r8u
dr8, (4)

where K1 5 «1
1/2V/c is the magnitude of the scattered

wave vector K1 ; K is the magnitude of the vacuum wave
vector; and r and r8 denote the field and source points, re-
spectively. The response in the far-field region is then
given by

B~r! 5 “ 3 A~r! 5 iK1r̂ 3 A~r!, (5a)

E~r! 5
i

«1K
“ 3 B~r! 5

1

A«1

B~r! 3 r̂,

(5b)

where r̂ 5 r/r [ K̂ denotes the scattering direction. The
vector quantities J(r), P(r), A(r), B(r), and E(r) represent
complex spatial amplitudes for the oscillating physical
quantities according to the relation F(r, t)
5 2 Re@F(r)exp(2iVt)#, as above.

Imposing the small-particle limit of K1r8 ! 1, we can
express Eq. (4) to its two leading orders in (K1r8) as104

A~r! 5
2iK exp~iK1r !

r Fp 2 ~ r̂ 3 m! 2
iK1

6
Q~ r̂!G ,

(6)

where

p 5 E P~r8!dr8, (7a)

m 5 2
iK

2
E r8 3 P~r8!dr8, (7b)

Q~ r̂! 5 E $3@~ r̂–r8!P~r8! 1 r̂–P~r8!r8#

2 2r8 • P~r8!r̂%dr8 (7c)

are the electric dipole, magnetic dipole, and vector electric
quadrupole moments, respectively.105 The last quantity,
Q( r̂), which is related to the quadrupole moment tensor,
Qij , through Qi( r̂) 5 ( jQijr̂j , depends on the direction
of observation. To obtain these relations in terms of
the source polarization, we have employed the relation
J(r8) 5 2iVP(r8), which follows from J(r8, t)
5 ]P(r8, t)/]t.

Combining Eqs. (5)–(7), we can express the electric
field as

E~V! 5
K1

2 exp~iK1r !

«1~V!r
~K̂ 3 peff! 3 K̂, (8)

where

peff 5 p 2 ~K̂ 3 m! 2
iK1

6
Q~K̂!. (9)

We now apply this formalism to describe the SHG from
small spheres. To this end, we need to calculate the mo-
ments given by Eqs. (7a)–(7c) for the relevant nonlinear
source polarization P(r) 5 P(2v)(r) at the SH frequency
V 5 2v 5 Kc. We treat the incident fundamental field,
Einc

(v)(r), as a plane wave propagating along k̂ and having
a general (complex) polarization state ê0 :

Einc
~v!~r! 5 E0 exp~ik1 • r!ê0 , (10)

where k1 5 uk1u 5 «1
1/2(v)k 5 «1

1/2(v)(v/c). Since the
dielectric constants inside and outside the polarization
shell are assumed to be equal, the plane waveform of the
fundamental field is not disturbed by the presence of the
sphere, i.e., E(v)(r) 5 Einc

(v)(r) 5 Ein
(v)(r). Substituting

Eq. (10) into Eq. (1) and using Eqs. (2) and (3), we then
obtain for the nonlinear source polarization,

P~2v!~r! 5 ($xs,'''
~2 ! r̂~ r̂–ê0!2 1 xs,' i i

~2 ! r̂@~ û–ê0!2 1 ~ŵ–ê0!2#

1 2xs,i'i
~2 ! @ û~ r̂–ê0!~ û • ê0! 1 ŵ~ r̂–ê0!

3~ŵ–ê0!#%d ~r 2 a ! 1 ig2k1k̂~ ê0

• ê0!)E0
2 exp~2ik1 • r!. (11)

Inserting this polarization, P(2v), into Eqs. (7a)–(7c),
we deduce, to the lowest nonvanishing order of the prod-
uct (ka) in the SH fields, the multipole moments:

p 5 p0~ ê0 • ê0!k̂, (12a)

m 5 0, (12b)

Q~K̂! 5 q0F ~K̂–ê0!ê0 2
1

3
~ ê0 • ê0!K̂G . (12c)

Here p0 and q0 are complex quantities given by

p0 5
8pi

15
k1a3E0

2x1 , (13a)

q0 5
16p

5
a3E0

2x2 , (13b)

with effective nonlinear susceptibilities of
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x1 [ xs,'''
~2 ! 1 4xs,' i i

~2 ! 2 2xs,i'i
~2 ! 1 5g, (14a)

x2 [ xs,'''
~2 ! 2 xs,' i i

~2 ! 1 3xs,i'i
~2 ! . (14b)

The quantity x1 is thus associated with the strength of
the electric dipole emission, while x2 corresponds to the
electric quadrupole emission term. Magnetic dipole
emission is absent [Eq. (12b)], a consequence of the axial
symmetry of the problem. Note that the second term in
the expression for Q(K̂) in Eq. (12c) is directed along the
direction of observation (K̂). Although it would influence
the near-field response, this term does not contribute to
the radiated field and, henceforth, is neglected in what
follows. Substituting Eqs. (12a)–(12c) into Eq. (9), we
find that the SH radiation can be presented in terms of an
effective dipole moment of

peff 5 p0@~ ê0 • ê0!k̂ 2 k~K̂ • ê0!ê0#. (15)

The parameter k, a measure of the quadrupole contribu-
tion relative to the dipole contribution, is given by

k 5 iK1q0/6p0 5 K1x2 /k1x1 . (16)

Combining the results of Eqs. (8) and (15), we can write
the explicit expression for the SH radiation field from the
small sphere as106

E~2v!~r! 5
K2 exp~iK1r !p0

r
@~ ê0 • ê0!~K̂ 3 k̂! 3 K̂

2 k~K̂ • ê0!~K̂ 3 ê0! 3 K̂#, (17)

with a corresponding magnetic field of B(2v)(r)
5 «1

1/2(2v)K̂ 3 E(2v)(r). Importantly, these expressions
also hold true even for the general case of stratified media
(«1 Þ «2 Þ «8), provided the quantities x1 and x2 are re-
placed by the modified expressions of Eqs. (27a)–(27b), as
discussed below in subsection 2.B.3.

An alternative expression for the SH field may be given
using an expansion in vector spherical harmonics,
Xlm(u, w), (Appendix B):

E~2v!~r! 5
K2 exp~iK1r !p0

r (
l51

2

(
m52l
~even!

l

clmr̂ 3 Xlm~u, w!.

(18)

This form facilitates the identification of the different
multipole modes with the l 5 1 terms corresponding to
electric dipole contributions and the l 5 2 terms to elec-
tric quadrupole emission. The nonvanishing expansion
coefficients are c10 5 22i(2p/3)1/2(j2 1 h2), c20
5 2ki(2p/15)1/2 (j2 1 h2), and c2,62 5 ki(p/5)1/2 (j
7 ih)2 for a general input polarization state of ê0 5 j x̂
1 h ŷ. For linearly polarized excitation, contributions
arise from those terms with (l, m) 5 (1, 0), (2, 0), and (2,
62). For the case of circularly polarized excitation, i.e.,
(j, h) 5 221/2 (1, 6 i), the only possible contribution
arises from the term with (l, m) 5 (2, 6 2). This is
also readily seen from Eq. (12a), which shows that the
electric dipole moment vanishes for circularly polarized
excitation since ê0 • ê0 5 0.
2. Experimental Observables
The fundamental experimental observable is the radiated
SH power per unit solid angle. For detection through an
analyzer passing polarization state ê, this quantity is
given by dP2v /dV 5 cr2«1

1/2(2v)uê* • E(2v)(r)u2/(2p).
Writing this quantity in terms of the moments defined
above, we have

dP2v~ ê0 , k̂ → ê, K̂!

dV

5
cK1

4

2p@«1~2v!#3/2 H uê* • pu2 1 S K1

6 D 2

uê* • Q~K̂!u2

2
K1

3
Im@~ ê* • p!~ ê • Q~K̂!* !#J . (19a)

With respect to the parameters p0 and k, we can write al-
ternatively

dP2v~ ê0 , k̂ → ê, K̂!

dV
5

cK1
4u p0u2

2p@«1~2v!#3/2 u~ ê0 • ê0!~ ê* • k̂!

2 k~K̂ • ê0!~ ê* • ê0!u2. (19b)

Without output polarization analysis, we have24

dP2v~ ê0 , k̂ → K̂!

dV
5

cK1
4

2p@«1~2v!#3/2 H upu2@1 2 ~K̂ • k̂!2#

1 S K1

6 D 2

uQ~K̂!u2@1 2 uK̂ • ê0u2#

1
K1

3
Im@~K̂ • p!~K̂ • Q~K̂!* !#J ,

(20a)

where we have employed the relation p • Q(K̂)* 5 0.
Equivalently,

dP2v~ ê0 , k̂ → K̂!

dV
5

cK1
4u p0u2

2p@«1~2v!#3/2 u~ ê0 • ê0!

3 @k̂ 2 K̂~K̂ • k̂!# 2 k~K̂ • ê0!

3 @ ê0 2 K̂~K̂ • ê0!#u2. (20b)

We can simplify Eq. (20b) for cases of linearly and cir-
cularly polarized pump radiation to obtain, respectively,

dP 2v
lp ~ ê0 , k̂ → K̂!

dV
5

cK1
4u p0u2

2p@«1~2v!#3/2 @1 1 uku2~K̂ • ê0!2

2 u~K̂ • k̂! 2 k~K̂ • ê0!2u2#, (21a)

dP 2v
cp ~ ê0 , k̂ → K̂!

dV
5

cK1
6uq0u2

2532p@«1~2v!#3/2

3 @1 2 ~K̂ • k̂!4#. (21b)

Note that the handedness of the circularly polarized ra-
diation does not affect this result, as expected in view of
the lack of dependence on possible chiral surface re-
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sponse. Integrating Eqs. (21a) and (21b) over all solid
angles, we deduce the corresponding total radiated SH
power as

P 2v
lp 5

22cK1
4u p0u2

15@«1~2v!#3/2 ~5 1 uku2!, (22a)

P 2v
cp 5

cK1
6uq0u2

90@«1~2v!#3/2 . (22b)

Let us return to the case where we analyze the polar-
ization state of the SH radiation. Two natural choices ex-
ist: the analyzer parallel (along û) or perpendicular
(along ŵ) to the scattering plane defined by k̂ and K̂. We
denote these arrangements as i and ', respectively. For
fundamental radiation polarized along the x direction, we
then obtain the quantities

dP2v

dV
U

x→i

5
cK1

4u p0u2

2p@«1~2v!#3/2 Usin u 1
1

2
k sin 2u cos2 wU2

,

(23a)

dP2v

dV
U

x→'

5
cK1

6uq0u2

2532p@«1~2v!#3/2 sin2 u sin2 2w,

(23b)

for the power per unit solid angle for radiation along
these two principal directions.

From symmetry considerations, the case of a fixed in-
put (linear) polarization (along x̂) and a scattering direc-
tion specified by (u, w) is equivalent to a geometry in
which the scattering plane is fixed as (u, w 5 0) and an
input polarization angle of c 5 2w is chosen relative to
the x axis. In this alternative geometrical picture, Eqs.
(23a)–(23b) become

dP2v

dV
U

c→i

5
cK1

4u p0u2

2p@«1~2v!#3/2 Usin u 1
1

2
k sin 2u cos2 cU2

,

(24a)

dP2v

dV
U

c→'

5
cK1

6uq0u2

2532p@«1~2v!#3/2 sin2 u sin2 2c.

(24b)

We define a useful function that describes the (input)
polarization anisotropy as

m~u! [
dP2v /dVu i→i

dP2v /dVu'→i

5
dP2v /dVu i

dP2v /dVu'
. (25)

The second ratio in this equation refers to the radiated
power for the specified input polarization. It is equiva-
lent to the first ratio by virtue of Eq. (24b), which shows
that for either c 5 0 or p/2, the output is always
i-polarized. In terms of the notation used in Eqs. (23a)–
(23b), the numerator and denominator of Eq. (25) are
given, respectively, by dP2v /dVu i→i 5 dP2v( w
5 0)/dVux→i 5 dP2v( w 5 0)/dVux and dP2v /dVu'→i

5 dP2v( w 5 p/2)/dVux→i 5 dP2v( w 5 p/2)/dVux . We
may, consequently, also interpret the quantity m(u) as the
azimuthal scattering anisotropy. Using Eqs. (16) and
(23)–(25), we obtain for SHRS the simple expression

m~u! 5 u1 1 k cos uu2. (26)

Thus measurement of the quantity m(u) allows us to de-
termine the complex parameter k, from which we can de-
duce both the relative strength and phase of the effective
nonlinear susceptibilities x1 and x2 through Eq. (16).

3. Correction for Heterogeneous Media
While there are several important problems for which the
dielectric response of the sphere («2) matches or nearly
matches that of the ambient medium («1), we clearly
need to have a solution for «1 Þ «2 Þ «8 to address a
broader class of experiments. In this subsection, we con-
sider the general problem. Although the analytic ap-
proach needed to solve this problem differs significantly
from the vector potential treatment given above, the es-
sential characteristics of the SH scattering process are
unchanged. As we demonstrate, all of the earlier results
are valid once we introduce appropriate local-field correc-
tion factors to account for the linear optical response at
the fundamental and harmonic frequencies. We are able
to do this through an appropriate redefinition of the rela-
tion of coefficients x1 and x2 to the intrinsic nonlinear re-
sponse of the medium.

Our treatment of the problem for the heterogeneous
system may be regarded as the analog of Mie scattering
for the second-order nonlinear response. We briefly out-
line the method here, with the details presented in Ap-
pendix A. For the case of the interface nonlinear re-
sponse, we first solve for the pump field inside, outside,
and on the surface of the sphere in terms of an expansion
in partial waves, assuming excitation by an incident
plane wave. Second, we set up the nonlinear polariza-
tion sources in accordance with Eq. (1). Third, we ex-
press the SH fields as a linear combination of partial
waves. Finally, we apply the appropriate boundary con-
ditions in the presence of surface nonlinear source
polarizations17,107 to evaluate the coefficients in the ex-
pansion and, hence, to determine the total SH fields. For
the case of the bulk problem, the electric field in the pres-
ence of the bulk source (the so-called particular solution
of the Maxwell equations) must be taken into account.
Evaluation of the SH field is then performed in a similar
fashion to that of the surface problem. The technique de-
scribed here, it should be noted, is applicable for calculat-
ing the SH fields from arbitrary-sized spheres, provided
only that sufficiently many terms in the partial wave (or
multipole) expansion are retained. In the general case,
the solution becomes quite involved. However, in the
limit of small spheres, where a leading-order treatment is
appropriate, the solution remains simple.
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We find that all of the relations for SHG from a spheri-
cal particle presented above are still valid provided that
we redefine the nonlinear responses x1 and x2 [Eqs. (14a)
and (14b)] as

x1 [ xs,'''
~2 ! @L'

E1~2v!L'
E1~v!L'

E2~v!#

1 xs,' i i
~2 ! F3

2
L'

E1~2v!L i
E1~v!L i

E2~v!

1
5

2
L'

E1~2v!L i
E1~v!L i

M1~v!G
2 xs,i ' i

~2 ! FL i
E1~2v!L'

E1~v!L i
E2~v!

2
3

2
L i

E1~2v!L'
E2~v!L i

E1~v!

1
5

2
L i

E1~2v!L'
E1~v!L i

M1~v!G 1
5

2
L i

E1~2v!L i
E1~v!

3 FL i
M1~v!S g 2

d8

2 D 1 L i
E2~v!S g 1

d8

2 D G , (27a)

x2 [ xs,'''
~2 ! L'

E2~2v!L'
E1~v!L'

E1~v!

2 xs,' i i
~2 ! L'

E2~2v!L i
E1~v!L i

E1~v!

1 3xs,i ' i
~2 ! L i

E2~2v!L'
E1~v!L i

E1~v!. (27b)

Here the new quantities are local-field factors given (for
l 5 1, 2) by

L i
El 5

~2l 1 1 !«1

l«2 1 ~l 1 1 !«1
, (28a)

L'
El 5

«2

«8
L i

El , (28b)

L i
Ml 5

~2l 1 1 !m2

lm2 1 ~l 1 1 !m1
. (28c)

In these expressions, the notation of E1, E2, and M1 re-
fers respectively, to electric dipole, electric quadrupole,
and magnetic dipole effects, while the subscript denotes
the field direction relative to the local surface coordinates
of the sphere. In Eq. (28c), we have introduced the mag-
netic local-field factor L i

Ml . Since m1 5 m2 5 1 for the
optical response, L i

Ml 5 1, but its inclusion is useful for
identifying the origin of the different processes leading to
SH scattering. The local-field factors can be obtained
from the expression for the fundamental electric field in-
side the sphere [Eq. (A1)]. They represent enhancement
of the corresponding induced multipole moments. It
should be observed that the factors in Eqs. (27a)–(27b)
enter in the expressions for x1 and x2 for both the funda-
mental and SH frequencies. Note also that the bulk term
d8 now appears in the expression for x1 [Eq. (27a)], in con-
trast to the case of the homogeneous media [Eq. (14a)].
This reflects, as discussed below, the modified spatial
variation of the fundamental field in the presence of the
inhomogeneous dielectric media.
3. DISCUSSION

A. Physical Origin and Nature of SH Radiation

1. Origin
The two leading-order contributions to the SH field for a
small sphere of radius a are of O@(ka)2# and O@(ka)3#.
These terms yield five distinct excitation-radiation
mechanisms for SHRS, represented schematically as E1
1 E1 → E1, E1 1 E2 → E1, E1 1 M1 → E1, E1 1 E1
→ E2, and E11E1→M1. In this notation, the first two
symbols refer to the nature of the interaction with the
fundamental field, and the third symbol describes the SH
emission. The E1 1 E2 → E1 interaction represents,
for example, electric dipole (E1) emission that arises
through a channel of combined electric dipole (E1) and
electric quadrupole (E2) excitation. If all five contribu-
tions are present, the SH field associated with the local
E1 1 E1 → E1 interaction will be stronger than the
other processes by a factor of the order of (ka)21.

For the problem considered in this paper, electric dipole
emission (E1) has no local contributions from the E1
1 E1 → E1 excitation process because of the centrosym-
metry of the problem. The electric dipole radiation can
arise only from the nonlocal interactions of E1 1 E2
→ E1 and E1 1 M1 → E1. Physically, the SH electric
dipole moment is generated by the retardation of the fun-
damental field as it propagates through the sphere. The
electric quadrupole radiation (E2), on the other hand, is
not forbidden by centrosymmetry and can be generated
under local excitation through the E1 1 E1 → E2 pro-
cess. Magnetic dipole emission (M1), while of the same
order as the quadrupole emission, is absent because of the
axial symmetry of the problem. The total SH radiation
from a sphere in the Rayleigh limit thus arises from a
combination of emission by E1 and E2 processes, both of
which are of comparable order in (ka), with P2v

} (ka)6. The classification of the excitation and emis-
sion processes described here can be readily made using
the local-field factors present for stratified dielectric me-
dia, as embodied in Eqs. (27a)–(27b).

The effective susceptibility for E1 emission, x1 , is a lin-
ear combination of the surface susceptibilities, xs,ijk

(2) , and
the bulk susceptibilities, g and d8, according to Eq. (27a).
The effective susceptibility for E2 emission, x2 , is also a
linear combination of xs,ijk

(2) , but does not include any bulk
response [Eq. (27b)]. As a consequence of a radiation
process determined only by these two parameters, we
cannot extract all three symmetry-allowed surface xs,ijk

(2)

tensor elements independently of one another (even in the
absence of the bulk terms), regardless of what optical
measurements we perform. In contrast, the individual
elements of xs,ijk

(2) can be isolated from isotropic planar
surfaces by employing various input and output polariza-
tion configurations.17 It is also worth noting that these
different emission channels are not mediated by the same
set of surface susceptibility elements. For example,
xs,'''

(2) permits the E1 1 E2 → E1 and E1 1 E1 → E2
processes, but not E1 1 M1 → E1. The excitation
mechanisms and the nonlinear material response that
contribute to each interaction are summarized in Table 1.

Before we proceed to our discussion of the radiation
patterns, we make a brief comment about the bulk non-
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linear response d8. This term is absent for the case of ho-
mogeneous media [Eq. (14a)], a consequence of the fact
that (E(v)

• ¹)E(v) 5 0 for the assumed plane-wave exci-
tation. However, for heterogeneous media, this term does
not vanish since the field in the vicinity of the sphere be-
comes spatially inhomogeneous. In particular, the funda-
mental internal field is no longer purely transverse [Eq.
(A1)]. Thus we obtain contributions to the dipole emis-
sion from both the g and d8 terms, as indicated in Eq.
(27a), through the E1 1 E2 → E1 and E1 1 M1 → E1
interactions.

2. Radiation Patterns
The plots of Fig. 2 display the basic SH radiation patterns
dP2v /dV for electric dipole and electric quadrupole emis-
sion as a function of the scattering direction. Since there
is symmetry about the x –z plane, only half of each radia-
tion pattern is depicted. Figures 2(a) and 2(b) corre-
spond to an input field that is polarized along the x direc-
tion, while Fig. 2(c) corresponds to circularly polarized
input radiation. For comparison, radiation patterns for
linear optical scattering (conventional Rayleigh scatter-
ing) under linearly and circularly polarized excitation are
shown, respectively, in Figs. 2(d) and 2(e). Figure 2(a) il-

Fig. 2. Graphical representations of scattering patterns
dP2v /dV for SHRS [(a)–(c)] and for LRS [(d)–(e)]. Because of
symmetry with respect to the x –z plane, only half of each radia-
tion patterns is shown. Panels (a) and (b) are plots of pure E1
(with x1 Þ 0 and x2 5 0) and E2 (with x1 5 0 and x2 Þ 0)
modes, respectively, for linearly polarized excitation. Panel (c)
is a plot of pure E2 mode arising from circularly polarized exci-
tation. For comparison, the LRS radiation patterns are shown
for linearly polarized (d) and circularly polarized (e) input radia-
tion.

Table 1. Excitation-Radiation Interactions and
the Corresponding Nonlinear Material Responsea

Electromagnetic Process Nonlinear Optical Susceptibilities

E1 1 E2 → E1 xs,'''
(2) , xs,' i i

(2) , xs,i'i
(2) , g, d8

E1 1 M1 → E1 xs,' i i
(2) , xs,i'i

(2) , g, d8

E1 1 E1 → E2 xs,'''
(2) , xs,' i i

(2) , xs,i ' i
(2)

a Mechanisms of excitation and radiation that are operative for SHRS,
together with nonlinear optical susceptibilities that contribute to each pro-
cess.
lustrates the SH electric dipole radiation pattern. We
have obtained this result from Eq. (21a) with x1 Þ 0 and
x2 5 0. The plots for the SH electric quadrupole radia-
tion patterns are obtained conversely with x1 5 0 and
x2 Þ 0 for linearly polarized and circularly polarized ex-
citation [Figs. (2b) and (2c), respectively]. Note that the
E2 radiation patterns differ for linearly and circularly po-
larized excitation. This behavior arises from the exis-
tence of three possible quadrupole modes, corresponding
to (l, m) 5 (2, 0), (2, 2), and (2, 22). All these contribu-
tions are present for linearly polarized excitation, while
only the (l, m) 5 (2, 2) or (2, 22) term appears for circu-
larly polarized excitation. In addition, it should be noted
that the polarization of the radiated SH field is elliptical
in general. This is immediately evident, for example,
for the case of circularly polarized incident radiation,
which yields a SH field of E(2v) } K̂ 3 X2,62(u, w)
} 7i sin(2u)û 1 2 sin(u)ŵ.

Let us now consider the general case where both x1 and
x2 are nonvanishing. For a linear polarization state ê0 ,
the radiation pattern is fully determined by the param-
eter k. We illustrate several distinct cases in Fig. 3. We
show both radiation patterns dP2v /dV [(a)–(d)] and the
associated values of m(u) [(e)–(h)]. The four plots of Figs.
3(a)–3(d) correspond to k 5 2, 21/2, 23, and i, respec-
tively. The first three values were chosen to represent a

Fig. 3. SH radiation patterns dP2v /dV [(a)–(d)] and polariza-
tion anisotropy m(u) (e)–(h) corresponding to different values of
k [ K1x2 /k1x1 5 2, 21/2, 23, and i. The values k 5 2, 21/2,
and 23 correspond to a dominant nonlinear response from
xs,'''

(2) , xs,'i i
(2) , or xs,i ' i

(2) , respectively, for a homogeneous, nondis-
persive linear optical response. The value k 5 i illustrates the
absence of interference between E1 and E2 modes.
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Table 2. Directional and Polarization Selection Rulesa

Selection Rule Condition

dP2v

dV Description

Directional k̂iK̂ 0 Axial SR

Polarization ê0 5 ê' , ê arbitrary }u( ê0 • ê0)( ê* • k̂)u2 Pure E1 emission

ê0 5 ê' , ê 5 ê' 0 ' → ' forbidden
ê0 arbitrary, ê 5 ê' }u(K̂–ê0)( ê* • ê0)u2 Pure E2 emission

ê0 5 êi , ê 5 ê' 0 i → ' forbidden
ê0 circularly polarized }@1 2 (k̂–K̂)4# Pure E2 emission

a Directional and polarization selection rules for SHRS. Here, ê' } K̂ 3 k̂ and êi } (K̂ 3 k̂) 3 k̂ are vectors perpendicular and parallel to the scattering
plane, respectively.
dominant response from each of the symmetry-allowed
surface nonlinear susceptibility elements (xs,'''

(2) , xs,'i i
(2) ,

and xs,i'i
(2) , respectively). In these plots, the ambient is

treated as dispersionless, in accordance with the assump-
tions leading to Eqs. (14a) and (14b). The last case of k
5 i illustrates the effect of a relative phase difference be-
tween x1 and x2 . This situation may arise when the
wavelength of the fundamental or SH radiation lies near
dipolar or quadrupolar resonances.24 For the case of k
5 i, the dipole and quadrupole radiation fields are out of
phase and do not interfere with one another. Thus the
radiation pattern retains its symmetry about u 5 p/2.
For the general case where k has a real part, as for (a)–
(c), the fields from the dipole and quadrupole modes inter-
fere and an asymmetric pattern results, which reflects the
sign of Re@k#.

3. Selection Rules
The SHRS process obeys several distinctive selection
rules (SR). Table 2 summarizes the key relations. They
have been classified, for convenience, as relating either to
the directional emission characteristics or to the polariza-
tion properties. For the case of directional SR, we ob-
serve that SH radiation is strictly zero along the axial di-
rection of K̂ 5 6k̂, i.e., there is neither forward nor
backward scattering along the direction of the input
wave. The axial SR can be obtained, for example, from
the expression for dP2v /dV in Eq. (20b), which clearly
vanishes for k̂ 5 K̂ (K̂' ê0). From symmetry consider-
ations, one can in fact show that the axial SR holds true
for spheres of arbitrary radius, even outside the Rayleigh
limit.

For the case of the polarization properties, several SR
can be identified. First, we consider linearly polarized
excitation: (a) If the input polarization is perpendicular
to the scattering plane, one obtains purely dipolar SH
emission [Eq. (19b)]; (b) if the analyzer is set to measure
an output polarization that is perpendicular to the scat-
tering plane, one obtains purely quadrupolar SH emission
[Eq. (19b)]; and (c) the polarization configurations of i

→ ' and' → ' are forbidden [Eq. (24b)]. For circularly
polarized excitation, the SH emission is in a pure (l
5 2, m 5 62) quadrupolar mode [Eqs. (18) and (21b)].

4. Frequency Dependence
An important issue is the spectral response of the SHRS
process. In this discussion, we summarize the key re-
sults and extend some aspects of our earlier analysis.24

It is first worth noting that the SHRS process exhibits a
strong frequency dependence even in the absence of any
dispersion in the linear and nonlinear response of the ma-
terial. As discussed above, the basic scattering mecha-
nism leads to a frequency dependence of the scattered
power }v6. This dependence will, of course, be modified
by the inherent frequency dependence of the nonlinear
optical response of the surface (as manifested in xIs

(2)) and,
to the degree present, of the bulk (as manifested in xIb

(2)).
This feature is, of course, of critical importance, since it
permits new interface-specific spectroscopic measure-
ments to be carried out on small particles. The general
spectroscopic characteristics of such measurements will
reflect, as for the analogous measurements on planar in-
terfaces, the presence of resonances at either fundamen-
tal or SH frequency. Again in analogy with the case of
planar interfaces,17 the actual experimental measure-
ments of the frequency-dependent response also reflect
the dispersion of the linear optical response of the media,
as incorporated in the frequency dependence of the dielec-
tric functions «1 , «2 , and «8. Their influence is mani-
fested through what we have designated as the local-field
factors of Eqs. (28a)–(28c).

A particularly interesting issue concerns the influence
of the linear optical response for materials with Re@«2#
, 0. For such materials, the spheres may be able to sup-
port localized plasmon resonances (LPR). From the
local-field factors of Eqs. (28a)–(28c), we see that the reso-
nance occurs when the real part of the denominator of L i

El

vanishes, i.e., for

Re@l«2~V!# 1 ~l 1 1 !«1~V! 5 0. (29)

This condition actually specifies several distinct reso-
nances: Both the l 5 1 and l 5 2 modes may be excited,
each one either by single- (V 5 v) or two-photon excita-
tion (V 5 2v). This leads to four distinct resonant fre-
quencies. The presence of enhancement corresponding to
resonances at either the fundamental or SH frequency is
expected for such a nonlinear optical process. What is re-
markable about this situation is that the electric dipole
(l 5 1) LPR and the electric-quadrupole (l 5 2) LPR ap-
pear with comparable importance. Normally, one would
expect successive multipole orders to drop sharply with
respect to one another in the limit of small-particle size.
The present phenomenon is, of course, just a reflection of
the analogous effect in the excitation-radiation mecha-
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nism for SHRS, where E1 and E2 terms appear on equal
footing because of the symmetry property of the problem.

We now analyze explicitly the influence of LPRs in the
context of a small metal sphere treated within the Drude
model. For the dielectric function of the sphere, we write
«2 5 «0 2 vp

2/@v(v 1 igp)#, where «0 is the dielectric
function associated with bound charges, vp is the plasma
frequency, and gp is the damping factor. Equation (29)
then yields, for «1 5 1, dipole LPRs at frequencies of
$vp /A«0 1 2, vp /A4(«0 1 2)%, and quadrupole LPRs at
frequencies of $vpA2/(2«0 1 3), vp /A2(2«0 1 3)%. As a
specific example, we consider applying this model to treat
aluminum particles of various sizes. We assume that the
surface nonlinearity is dominated by xs,'''

(2) . For the
bulk Drude parameters, we use a plasma energy of \vp
' 15.55 eV and a damping of \gp ' 0.49 eV, as inferred
from experimental values of «2 .108 The parameter «0 is
set equal to 1 since interband transitions are of minor im-
portance for aluminum. The spectral dependence of the
enhancement in the total radiated power P2v for metal
spheres of radii a 5 2.5, 5, and 10 nm is shown in Fig. 4,
taking into account certain corrections described below.
The enhancement is calculated with respect to the SHRS
from a spherical shell with an equivalent nonlinear re-
sponse but of fixed 2.5-nm radius. Results are shown for
linearly polarized excitation (panel a) and for circularly
polarized excitation (panel b). The role of the polariza-

Fig. 4. Spectral dependence of the total SH power, P2v , for alu-
minum spheres of radii a 5 2.5, 5, and 10 nm relative to that
from a spherical shell of fixed 2.5-nm radius. Panel (a) shows
the results for linearly polarized excitation, and panel (b) shows
the corresponding behavior for circularly polarized radiation.
The nonlinear response is assumed to be dominated by xs,'''

(2) .
Note that all four localized plasmon resonances appear in (a), but
only two occur in (b).
tion of the excitation is also discussed below. With re-
spect to the size dependence of the response, the domi-
nant characteristic arises from the scaling P2v } a6.

Corrections to the simple analysis have been intro-
duced to make predictions more accurate as the particle
size is varied. One of these modifications accounts for
the change in the effective dielectric response of the ma-
terial as the size of the particle decreases and surface
scattering becomes more pronounced.9 This is described
by an enhanced scattering rate gp in the Drude model pa-
rametrization of the dielectric response through the ex-
pression gp 5 gbulk 1 AvF /a. Here gbulk denotes the
scattering rate for the bulk metal (0.49 eV/\ for Al108), vF
is the Fermi velocity (2 3 106 m/s for Al at room tem-
perature), and the coefficient A is a model-dependent pa-
rameter that is set equal to 1 for this calculation.9 The
consequence of this correction is a slight broadening of
the width of the LPR, which becomes more pronounced
with decreasing particle size. A modification that be-
comes more significant in the opposite limit of increasing
particle size is a finite-size correction for the LPR
condition.86,24 This correction leads to a shift to lower
LPR frequencies with increasing particle radius. While
these two corrections modify the detailed form of the re-
sults, they do not alter the basic characteristics of the
resonant features.

For the SH spectra shown in Fig. 4(a) for Al spheres,
single-photon E1 and E2 LPRs appear at energies near
9.0 and 9.8 eV, respectively, while the corresponding two-
photon features are present for photon energies near 4.5
and 4.9 eV. For circularly polarized pump radiation, for
which only the E1 1 E1 → E2 interaction is present,
only single-photon E1 and two-photon E2 LPRs can be
supported. The two-photon E1 and one-photon E2 plas-
mon resonances, hence, vanish, leaving only the two reso-
nant features shown in Fig. 4(b). The response for linear
Rayleigh scattering for the same system (not shown) dis-
plays just the single E1 resonance at 9.0 eV. In addition
to the possibility for spectroscopic studies of both dipole
and quadrupole localized plasmons that is afforded by
SHRS, it should be noted that exploitation of these pro-
nounced resonances will significantly enhance the detec-
tion sensitivity for suitable particles.

A recent experimental study examined the spectral re-
sponse of silver spheres of 16-nm radius.47 Distinct di-
pole and quadrupole LPRs were observed in a two-photon
resonance (2v). As predicted, the two types of resonance
are of comparable strength. By selecting appropriate po-
larization geometries, either a single or double resonance
was observed, in accordance with the predictions of this
analysis. In particular, that work made use of the con-
figuration ê0'K̂, which yielded a single dipole resonance
according to one of the selection rules described above,
and for the configuration ê0iK̂, which yielded both dipole
and quadrupole resonances according to Eq. (29).

5. Limitations of This Treatment
Although the present approach can be extended to par-
ticles of arbitrary size, we restrict ourselves in this work
to the investigation of small particles. In this limit,
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where only the leading-order multipole moments need to
be considered, we are able to obtain explicit analytic solu-
tions for the general problem of arbitrary linear and non-
linear responses of an isotropic system. The restrictions
of this analysis for particles of increasing size are clear:
Higher-order multipole moments will begin to become sig-
nificant. The current treatment becomes invalid and the
full nonlinear Mie scattering problem, including many
more partial waves, must be solved.

We would like to note, however, that the applicability of
the treatment is also restricted in the limit of very small
particle size. This constraint does not arise because of
inaccuracies in the solution of the stated nonlinear optics
problem. On the contrary, the solutions given herein be-
come increasingly accurate as the multipole expansion be-
comes more and more precise. The constraints arise
from two other factors. First, as the radius of the sphere
decreases, the predicted SH signal drops sharply because
of strong cancellation effects. This situation implies that
minor departures from the spherical geometry that lead
to a breaking of the inversion symmetry will have a dis-
proportionate effect. In this context, it should be noted
that only those distortions that break the overall inver-
sion symmetry are of special importance. Distortions of
the sphere into a slightly ellipsoidal shape, which retains
inversion symmetry, would not have a strong effect, while
a distortion toward, say, a pyramidal form, would strongly
influence the SHG.

The second correction arises from the increasing inac-
curacy of the continuum model in which the optical re-
sponse is described by spatially homogeneous linear and
nonlinear susceptibilities. As the dimension of the
sphere approaches the atomic length scale, fluctuations in
the local atomic and molecular structure obviously intro-
duce corrections to this picture. In the limit of random
fluctuations, these corrections can be viewed as producing
incoherent scattering by a hyper-Rayleigh process.109–111

Because of the significant cancellation effects in the ho-
mogeneous response, the relative importance of these
fluctuations will be increased. While this is an interest-
ing and important topic, it lies outside the scope of the
present paper. We should note, however, that several
other publications have described the surface response of
nanoparticles in terms of the superposition of incoherent
molecular emission, i.e., as a hyper-Rayleigh process,39–46

one in which the coherent contribution is entirely ne-
glected.

B. Experimental Considerations

1. Signal Strength
The strength of the SHRS process is of considerable im-
portance from the experimental viewpoint: Since the
nonlinear response arises from a surface layer in the pres-
ence of cancellation effects, one may expect relatively
weak SH signals. In view of this situation, we examine
the radiation efficiency for SHRS through a comparison
with the behavior for the much-studied planar interface.
We use this result to infer a typical range of experimen-
tally accessible particle sizes.

Consider a collection of N randomly distributed small
particles at high dilution. If the concentration is low
enough so that the average interparticle separation is
considerably larger than the particle radius, the total
scattered SH power is simply an incoherent sum of the
emission of the individual particles. For a linearly polar-
ized beam impinging on this system, we can write then,
according to Eq. (22a), the total radiated SH power for N
particles as

P 2v
sphere 5

212p3

153cA2
A«1~2v!~ka !4k2As~5 1 uku2!

3 ux1u2~Pv!2. (30)

Here, As 5 4pa2N represents the aggregate area of the
spheres, A the cross-sectional area of the fundamental
beam, and Pv the incident fundamental power. Experi-
mentally, one can collect the SH radiation using a large
solid angle ('1 sr), in which case Eq. (30) gives an esti-
mate of the experimental SH signal strength. More re-
fined angular resolution will, of course, cause the signal to
decrease correspondingly.

It is useful to compare this result with the total SH
power radiated from a planar interface,17,112

P 2v
plane 5

25p3k2 sec2 uP

A«1~2v!«1~v!cA
ue~2v!

• xIP
~2 ! : e~v!e~v!u~Pv!2,

(31)

where x6 P
(2) describes the susceptibility tensor in the pla-

nar coordinate system; e(v) and e(2v) represent the polar-
ization vectors of the pump and SH fields, respectively,
corrected for the Fresnel factors in the interfacial region;
and uP is the direction of the outgoing SH signal relative
to the surface normal.

For the same incident powers, the ratio of these two
signals, h [ P 2v

sphere/P 2v
plane , is then

h 5
27

153 ~5 1 uku2!«1~v!«1~2v!cos2 uP~ka !4
As

A
Ux1

xP
U2

,

(32)

where xP [ e(2v)
• x6 P

(2) : e(v)e(v). In addition to various
geometrical and numerical factors, one sees that the sig-
nals scale quadratically in the ratio of the relevant sus-
ceptibilities and linearly in the ratio of illuminated sur-
face areas. In addition, there is a factor of (ka)4. This
term is significant in the limit of small particles, since it
may appreciably diminish the signal. Its origin may be
understood as follows: The surface layer of the sphere
radiates coherently over its entire area of 4pa2, while full
coherence of radiation occurs for the planar geometry over
an area of ;l2 5 (2p/k)2, beyond which the radiation
adds coherently only in defined directions. This consid-
eration of coherence accounts for two factors of (ka) in the
comparison of radiated powers. The extra factor of (ka)2

in Eq. (32) arises from the need to have nonlocal excita-
tion or radiation in the SHG process for the case of a
small sphere. For a hemispherical geometry with lower
symmetry, this extra factor is absent,99 as mentioned be-
low in subsection 3.C.1.

To pursue our discussion further, we assume that x1
; xP and neglect factors of the order of unity. We can
then write Eq. (32) as
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h ' ~ka !4As /A. (33)

For typical experimental conditions, we expect to probe a
collection of particles with an aggregate area of As that
will easily exceed A. Hence we can assume conserva-
tively that h ' (ka)4. With current experimental tech-
niques, one might reasonably assume that SH signals as
small as 1024 from that of a planar surface can be mea-
sured, i.e., h ' 1024. This would imply (ka) ; 0.1 and
suggest that particle sizes down to a ; l/(20p) should be
accessible. For optical wavelengths, this corresponds to
particles with radii as small as 5–10 nm. The effect of
local fields or resonance enhancement may allow one to
observe SHRS in still smaller particles.

An interesting question arises concerning the degree to
which we can compensate for the decreased signal from
each small sphere by a simple increase in their number.
From the point of view of optics alone, we would be con-
strained only by the onset of multiple scattering in the
linear propagation of the fundamental and SH fields.
This phenomenon could be considered as restricting mea-
surements to a regime of low turbidity. Using a rough
analysis, one then would actually conclude that the signal
at the onset of turbidity will be constant, irrespective of
the particle radius. This observation follows from the
fact that the LRS (leading to turbidity) and the SHRS
producing the desired signal both scale as a6 in terms of
the scattered power. Practically speaking, however,
reaching this limit of constant turbidity may require a
very large number of particles. Moreover, to remain in
the limit of high dilution (as required to treat the process
as a sum of single-particle scattering events) will necessi-
tate a volume that increases rapidly with decreasing par-
ticle radius. For the case of an analysis of a concentrated
suspension of spherical particles, the reader is referred to
Ref. 95.

2. Determination of x1 and x2
As we have indicated, the complete nonlinear optical re-
sponse of a sphere in the Rayleigh limit is defined by the
two susceptibility coefficients x1 and x2 , which incorpo-
rate both the dipole-allowed surface response and the
nonlocal bulk response [Eqs. (27a)–(27b)]. In this sub-
section, we discuss briefly how these parameters may be
deduced from experimental measurements. There is, in
fact, no unique way of determining the magnitudes of the
two coefficients, x1 and x2 , and their relative phase. A
few simple geometrical configurations, based on the selec-
tion rules described above may, however, be identified to
address this problem in a convenient fashion. Let us
first consider the determination of the magnitudes ux1u
and ux2u. In accordance with the polarization selection
rules, one may employ the polarization configuration '

→ i to extract the magnitude of the dipole response (x1)
and employ a circularly polarized pump beam to extract
the magnitude of the pure quadrupole response (x2).

In addition to establishing values for ux1u and ux2u, the
relative phase of these two nonlinear responses is often of
importance. To examine this parameter, one obviously
must use a geometry that provides interference between
the two responses. One convenient way to accomplish
this is to measure the polarization anisotropy parameter
m(u) as discussed in subsection 2.B.2. To obtain m(u), one
takes the ratio of the signal polarized parallel to the scat-
tering plane for incident polarizations parallel and per-
pendicular to the scattering plane. From this measure-
ment, one can readily determine k through Eq. (26) and,
hence, the complex ratio of x2 /x1 . The full determina-
tion of x1 and x2 (up to an overall phase factor) then fol-
lows from knowledge of either ux1u or ux2u. This method,
however, is relatively cumbersome, since it involves ad-
justing the position of either the detector or the incident
laser beam. An experimentally simpler approach to the
determination of k is based on measuring the i-polarized
SH signal at a single scattering angle u, while the input
polarization angle c is varied. As can be seen from Eq.
(24a), this procedure also suffices to determine k. Appro-
priate scattering angle could be either u 5 p/4 or 3p/4.
These geometries maximize, according to Eq. (23a) or
(24a), the quadrupolar contribution, while maintaining
interference between the dipole and quadrupole terms.
Assuming a fixed scattering angle u 5 p/4 and normaliz-
ing Eq. (24a) with respect to the pure dipole contribution
(obtained for c 5 p/2), we can simplify this expression to
dP2v /dVc→i(norm.) 5 u1 1 221/2k cos2 cu2. Figure 5 il-
lustrates the dependence of this function on c for differ-
ent values of the parameter k.

From the experimental standpoint, it should be noted
that an absolute determination of the magnitudes ux1u
and ux2u, as opposed to a relative measurement, will be

Fig. 5. Normalized SH power dP2v /dVc→i polarized along the
scattering plane at a scattering angle of u 5 p/4 as a function of
the polarization orientation c of a linearly polarized pump beam
for several values of k 5 K1x2 /k1x1 . The top, middle, and bot-
tom panels indicate cases where k is real positive (k 5 1, 2),
imaginary (k 5 6i, 62i), and real negative (k
5 21/2, 22, 23), respectively. The case where k 5 0 is indi-
cated as a horizontal (i.e., no anisotropy) dash-dot line in all pan-
els. A measurement of the quantity dP2v /dVc→i permits the ex-
traction of the complex polarization anisotropy parameter k.
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quite challenging. In addition to the usual issues of a
precise calibration of the parameters of the incident beam
and the collection efficiency, one must consider for SHRS
the issue of the detected solid angle, the number of non-
linear scatterers, and, ultimately, their radii. Just as for
the planar geometry, one might consider the use of a suit-
ably calibrated nonlinear reference. In a simple imple-
mentation, this could be a planar nonlinear material with
known response that would assist in the calibration of the
incident beam and the detection efficiency. Alternatively,
one could introduce a reference nonlinear material con-
sisting of small spheres of a material with a known bulk
nonlinear response or, more practically, one could make
use of molecular hyper-Rayleigh scattering in a suitable
liquid.109,113 Even more challenging would be the experi-
mental determination of the absolute phase of x1 and x2 .
Such measurements can be carried out readily for the pla-
nar geometry by means of interference with a reference
signal.17 Their possible extension to an ensemble of
small spheres appears to be difficult, however, since it is
unclear how one could introduce a suitable coherent ref-
erence signal.

C. Comparison with Other Scattering Processes

1. Comparison with SHG from a Small Hemisphere
In order to understand the distinctive properties of the
spherical geometry, it is instructive to compare our find-
ings with a hemispherical geometry. This case, previ-
ously investigated in the context of local-field enhance-
ment at roughened metal surfaces,99 presents an
interesting contrast because the hemisphere obviously
lacks inversion symmetry.

For our discussion, let us consider a hemisphere with
its symmetry axis along z that is embedded in a homoge-
neous dielectric medium. We assume that only the
curved part of the hemisphere generates the SH, and we
can calculate the moments [Eqs. (7a)–(7c)] by evaluating
the integrals over the appropriate region. Since the over-
all geometry is clearly not centrosymmetric, the leading-
order response is simply the directly excited electric di-
pole emission, i.e., an E1 1 E1 → E1 process. For the
SH field, we find EHS

(2v) } (ka)2x1
HS sin uû and a total radi-

ated power of PHS } (ka)4ux1
HSu2, where x1

HS [ xs,'''
(2)

1 3xs,' i i
(2) 2 2xs,i'i

(2) . The effective susceptibility for the
stratified media is then modified according to x ijk

HS

→ Li
E1(2v)x ijk

HSLj
E1(v)Lk

E1(v). These results agree with
earlier calculations for xs,i'i

(2) .99 As expected here, only
the dipolar local-field factors come into play. With re-
spect to the size dependence, we see that the SH field
scales as (ka)2, as expected for dipole radiation from the
surface of a small object. The need to include a nonlocal
interaction for the SH response from the centrosymmetric
spherical structure leads to the extra factor of (ka) for the
strength of the SH field vis-à-vis the hemispherical geom-
etry, as already discussed above.

2. Comparison with Linear Rayleigh Scattering
It is also informative to compare the results of second-
harmonic Rayleigh scattering with the familiar case of
linear Rayleigh scattering (LRS). Using the notation
that we have introduced in this paper, the radiated elec-
tric field for LRS can be written as

Esc
~v! 5

k2exp~ik1r !

r
~k̂sc 3 peff

~v!! 3 k̂sc , (34)

where peff
(v) 5 p(v) 5 @(«2(v) 2 «1(v))/(3«1(v))#

3 L i
E1(v)a3E0ê0 is the induced electric dipole moment;

L i
E1(v) denotes the relevant local-field factor [Eq. (28a)];

and ê0 corresponds to the polarization of the incident ra-
diation and k̂sc the direction of the scattered light. The
principal differences between the LRS and SHRS can be
understood by noting that LRS is an electric dipole al-
lowed bulk process, while SHRS derives from a nonlocal
surface process. A summary of the overall features of the
two scattering processes is presented in Table 3.

The dependence of the radiated power on the frequency
and particle size are useful points of comparison. Ne-
glecting the frequency dependence of the material re-
sponse, we note that the power of LRS scales according to
the well-known v4 law [Eq. (34)]. This frequency depen-
dence is less sharp than the corresponding v6 behavior
for SHRS. The difference is attributable to the require-
ment of nonlocality in the SHRS process. The frequency
dependence of the material response enters through local-
field factors for both processes. For the nonlinear SHRS,
both the incoming and outgoing fields are subject to these
effects. As discussed in detail above, quadrupolar local-
field factors may appear for SHRS, while for the linear
case only the dipolar factor is present. With respect to
the dependence of the radiated power on particle radius,
however, both scattering processes scale as a6. For LRS,
this corresponds simply to the radiated electric field scal-
ing with particle volume. For SHRS, the same a6 depen-
dence on particle size is expected. Its origin, however, is
somewhat different. It emerges as a consequence of a
surface-emission process, with power scaling as the
square of the particle surface area (a4), but modified by
an additional factor of a2 imposed by the requirement of
nonlocality for SHRS.

Table 3. Comparison of LRS and SHRSa

Property LRS SHRS

Surface source terms – xs,'''
(2) , xs,' i i

(2) , xs,i'i
(2)

Bulk source terms «2(v) 2 «1(v) g, d8

Emission modes E1 E1, E2
Mechanism E1 → E1

(local excitation)
E1 1 E2 → E1
E1 1 M1 → E1 L

(nonlocal
excitation)

E1 1 E1 → E2
(local excitation)

Power scaling v4 a6 v6 a6

Signal along axial
direction

Maximal 0

Localized plasmon 1 4
resonances (E1) (single- and two-photon

excitation of E1 and E2)

a Comparison of the chief properties of SHRS and LRS for a sphere of
radius a at pump frequency v. E1, M1, and E2 denote, respectively, elec-
tric dipole, magnetic dipole, and electric quadrupole contributions.
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Under suitable conditions, as indicated above, SHRS
originates from an electric dipole moment. It is useful to
contrast this radiation process with LRS, which, of
course, always occurs by E1 emission. For both pro-
cesses, the radiation patterns for linearly polarized exci-
tation correspond to emission from an oriented electric di-
pole. In the case of LRS, the induced moment lies
parallel to polarization vector ê0 of the pump beam. This
gives rise to maximal scattering in the forward and back-
ward directions. For the case of SHRS, the dipole exists
only because of the presence of the nonlocality. Conse-
quently, it lies parallel to the direction of propagation k̂ of
the pump beam. The emission pattern is, correspond-
ingly, rotated, with the forward and backward scattering
directions now corresponding to minima in the radiation.

The general case of SHRS reflects increased complexity
in relation to the LRS process, since both electric dipole
and electric quadrupole emission channels are present for
the former. In particular, LRS always exhibits mirror
symmetry about the plane defined by u 5 p/2; SHRS does
not generally do so (Fig. 3), a consequence of the interfer-
ence of the two distinct emission modes.

D. Comparison with Previous Theory
A final issue that we would like to discuss concerns com-
parison of our results with other theories of SHG from
spherical particles. Here we restrict our discussion to
the aspects of earlier studies that relate to the electrody-
namics and nonlinear optics of the problem, as opposed to
microscopic models of the response.

Agarwal and Jha were the first to analyze SHG from
small spheres.86 They derived a significant result: the
scaling of the SH field with the size parameter ka as
E (2v) ; (ka)3. In their analysis, they employed a bulk
polarization consisting of the first term of Eq. (3) and a
term equal to bEin

(v)(¹ • Ein
(v)), where b is a coefficient de-

scribing the bulk nonlinear response. The d8 term and
the surface contributions were not included. Although
the b term vanishes in the bulk, it becomes an effective
interfacial response (a special case of the surface suscep-
tibilities xs,'''

(2) and xs,i'i
(2) ) for the case of heterogeneous

media. In the work of Agarwal and Jha, the g and b
terms yield dipolar and quadrupolar SH radiation
through the processes of E1 1 M1 → E1 and E1 1 E1
→ E2, respectively, consistent with our results. In con-
trast, however, the full solution presented here for a gen-
eral surface and bulk nonlinearities also leads to a contri-
bution arising from the quadrupole excitation in the
fundamental field [Eq. (A1)], the process that we have de-
noted as E1 1 E2 → E1.

More recent electromagnetic calculations examined the
surface contribution to SHG in the context of either metal
or dielectric particles. In these calculations, only a single
surface response, xs,'''

(2) , was considered. In our analy-
sis, this corresponds to a fixed ratio of x2 /x1 (e.g., of 1 for
a homogeneous dielectric). In a noteworthy develop-
ment, Östling et al. and Dewitz et al.96,97 presented a
theory of SHG and third-harmonic generation for this
case, but for spheres of arbitrary size. They showed that
SHG always vanishes along the axial direction. They
also demonstrated that for larger spheres, the contribu-
tion from higher-order multipoles gives rise to complex
angular radiation patterns and can strongly enhance for-
ward scattering. This last behavior is in qualitative
agreement with experiments on micron-sized polystyrene
spheres,19,23 where the SH emission is biased toward the
forward direction. A comparison between their calcula-
tions in the Rayleigh limit [Fig. 4(a) of Ref. 97] and ours
[Fig. 3(a) of this work, for the case of k 5 2] shows some
disagreement. The discrepancy seems to arise from the
boundary conditions employed. The required boundary
conditions for the polarization sheet,17,107 as used in our
analysis [Eqs. (A8a)–(A8d)], should be contrasted with
the conventional boundary conditions for the bulk polar-
ization problem.

Martorell et al. examined the SHG from dielectric
spheres.78 Assuming the Rayleigh–Gans approxi-
mation3–5 and a dispersionless ambient (K1 5 2k1), they
calculated the SH field from a sphere having a surface
nonlinear optical response of xs,'''

(2) .106 Although the
Rayleigh–Gans approximation is restricted to a class of
systems where the indices of refraction of the sphere and
ambient media are very close, it has the advantage of fa-
cilitating a solution for particles of arbitrary size.106

Within these restrictions, the calculations of Martorell
et al. agree with our results. A recent experimental
study confirms the validity of that approximation for ap-
propriate material systems.23 Our model, on the other
hand, allows for arbitrary real values of «1 and complex
values of «2 and «8, as is clearly required, for example, for
applications to metallic particles. In addition, the effect
of dispersion can significantly alter the SH emission prop-
erties.

Brudny et al.92 obtained the SH fields for small spheres
arising from an inhomogeneous longitudinal pump elec-
tric field. Assuming that the field gradient is sufficiently
large, they neglected a term arising from retardation ef-
fects, corresponding to a contribution of ¹@E(v)

• E(v)#
} kE(v) 3 B(v) to the nonlinear polarization. This con-
dition eliminates the E1 1 M1 → E1 interaction. As a
consequence of consideration of a strongly inhomogeneous
pump field, the dipolar SH field scales as (k2a3). The
quadrupolar SH field predicted by Brudny et al., on the
other hand, scales as (ka)3 and occurs through the E1
1 E1 → E2 process. It is described by an equivalent ef-
fective nonlinear susceptibility x2 as we have derived.

In a very recent work, Mochán et al.93 performed calcu-
lations similar to those in this paper, but for an arbitrary
inhomogeneous pump field with spatial variation over a
length scale large compared with the particle radius a.
The values obtained for the parameters x1 and x2 are
equivalent to those of this work. The agreement between
the two calculations is not surprising since the effect of
the heterogeneous media as discussed in our paper gives
rise to an inhomogeneous field even if the exciting radia-
tion is a plane wave.

4. SUMMARY
We have developed the electromagnetic theory of second-
harmonic scattering from the surface and bulk of spheres
treated in the Rayleigh limit. In this treatment, we have
considered the most general case of symmetry-allowed
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surface (xs,'''
(2) , xs,' i i

(2) , and xs,i'i
(2) ) and bulk (g and d8) sus-

ceptibilities for a centrosymmetric and isotropic medium.
We find that the surface SH polarization gives rise to two
radiation modes, electric dipole and electric quadrupole,
that are excited nonlocally and locally, respectively, by the
fundamental field. The bulk response, on the other
hand, gives rise only to dipolar radiation. These dipole
and quadrupole moments are characterized by two effec-
tive nonlinear responses, x1 and x2 , that are linear com-
binations of the surface and bulk susceptibilities and fully
define the SH radiation properties of the system. By em-
ploying appropriate geometries and polarization combina-
tions, one can extract the amplitudes and relative phase
of the two effective nonlinear responses, x1 and x2 .

The SH radiation pattern is characteristic of a combi-
nation of the electric dipole and electric quadrupole
modes. It obeys a rigorous selection rule against emis-
sion in the axial (forward or backward) scattering direc-
tion. Other distinctive polarization-selection rules also
follow from the nature of the emission process. For the
case of a nonresonant SHRS process, the total scattered
power P2v scales as ;(va)6, in contrast to the case of
LRS, where Pv } v4a6. In addition, for materials hav-
ing a dielectric response with Re@«2# , 0, SHRS may ex-
hibit localized plasmon resonance modes associated with
the influence of the linear optical response on the nonlin-
ear scattering process. In this case, four localized reso-
nances may arise from the single-photon and two-photon
excitation of dipole and quadrupole modes of the sphere.
In contrast, in LRS, only a dipole surface resonance is
possible. While this interesting prediction has recently
been verified experimentally, further measurements are
needed to verify fully the applicability of this analysis to
practical systems. In particular, the importance of de-
partures from a spherical (or even centrosymmetric) ge-
ometry needs further consideration, as does the role of
fluctuations associated with the atomic-scale features of
small structures.
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APPENDIX A: SHRS FROM
HETEROGENEOUS MEDIA
In this appendix, we calculate the electric field from both
surface and bulk polarizations for arbitrary values of the
three dielectric functions «1 , «2 , and «8. We assume
that «1 is real and that all three parameters correspond to
material with isotropic linear optical properties.

Let us first consider the pump field at the fundamental
frequency v. From Mie scattering theory,1 we can write
the fundamental electric field inside the sphere (r , a) to
zeroth and leading orders of (kr) as
Ein
~v! 5 L i

E1~v!E0 2
i

2
L i

M1~v!r 3 ~k1 3 E0!

1
i

2
L i

E2~v!@~r • k1!E0 1 ~r • E0!k1#. (A1)

Here E0 is the amplitude of the incident field [Eq. (10)],
and L i

$E,M%l are the multipolar field factors given by Eqs.
(28a)–(28c). The three terms of Eq. (A1) correspond to
an electric dipole (E1), magnetic dipole (M1), and electric
quadrupole (E2) excitations of the sphere. (Although
L i

M1 5 1 from m1 5 m2 5 1, this factor is retained in the
calculations to identify the nature of the excitation or ra-
diation.)

For analysis of the surface contribution, we must con-
sider the driving field E8(v) at the interface. We write
this quantity in terms of radial and tangential compo-
nents

E8~v! 5 Er8
~v! 1 Et8

~v! . (A2)

The latter are related to the electric fields just inside the
sphere, which are specified above in Eq. (A1) by the rel-
evant boundary conditions of

Er8
~v! 5

«2~v!

«8~v!
E in,r

~v! ur5a , Et8
~v! 5 Ein,t

~v! ur5a .

This extra factor from the «2 /«8 discontinuity is the origin
of the distinction between L i

$E,M%l and L'
$E,M%l for the local-

field factors of the interfacial region given in Eqs. (28a)–
(28c).

A. SH Radiation from Surface Contribution
The nonlinear source polarization for the surface is

Psurface
~2v! 5 Ps

~2v!~u, w!d ~r8 2 a !, (A3)

where

Ps
~2v!~u, w! 5 r̂~xs,'''

~2 ! Er8Er8 1 xs,' i i
~2 ! Et8 • Et8!

1 2xs,i'i
~2 ! Er8Et8 , (A4)

and, for simplicity, we have dropped the superscript (v) on
the electric field amplitudes. In this expression, we have
several quantities related to the driving fields at the sur-
face. All of these quantities depend only on the angular
coordinates (u, w). The vector Ps

(2v)(u, w) may be ex-
pressed as an expansion in the basis set of the vector
spherical harmonics114,115 $r̂Ylm(u, w), Xlm(u, w), r̂
3 Xlm(u, w)%, which, as described in Appendix B, are re-
lated to the spherical harmonics Ylm(u, w). Hence, the
radial components, Er8Er8 and Et8 • Et8 , can be expanded in
terms of the spherical harmonics Ylm(u, w). The last
term of Eq. (A4) possesses no radial component and,
hence, may be expanded in terms of the set of basis func-
tions $Xlm(u, w), r̂ 3 Xlm(u, w)%. Thus we write

Er8Er8 5 (
lm

b'''
lm Ylm~u, w!, (A5a)

Et8 • Et8 5 (
lm

b' i i
lm Ylm~u, w!, (A5b)
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Table 4. Coefficients bijk
lm for an Incident Field Polarized along x Directiona

(l, m) b'''
lm /E0

2 b' i i
lm /E0

2 b i'i,E
lm /E0

2 b i'i,M
lm /E0

2

(1, 0) 4ik1a

5
Ap

3
L'

E1~v!L'
E2~v!

2ik1a

5
Ap

3
L i

E1~v!

3 @5L i
M1~v! 1 3L i

E2~v!#

k1a

5
A2p

3
@25L'

E1~v!L i
M1~v!

13L'
E1~v!L i

E2~v!

2 2L'
E2~v!L i

E1~v!]

0

(2, 0)
2

2

3
Ap

5
@L'

E1~v!#2
2

3
Ap

5
@L i

E1~v!#2 2i A2p

15
@L'

E1~v!L i
E1~v!#

0

(2, 62) A2p

15
@L'

E1~v!#2 2A2p

15
@L i

E1~v!#2 22i Ap

5
@L'

E1~v!L i
E1~v!#

0

a Values of the coefficients bijk
lm , defined by Eqs. (A6a)–(A6d), that contribute to the leading-order SH response for an input field with linear polarization

along the x direction.
2Er8Et8 5 (
lm

@b i'i,M
lm Xlm~u, w! 1 b i'i,E

lm r̂ 3 Xlm~u, w!#.

(A5c)

The coefficients bijk
lm 5 $b'''

lm , b' i i
lm , b i'i,E

lm , b i'i,M
lm % are ob-

tained by applying the orthogonality properties of the sca-
lar and vector spherical harmonics:

b'''
lm 5 E Ylm* Er8Er8dV, (A6a)

b' i i
lm 5 E Ylm* Et8 • Et8dV, (A6b)

b i'i,M
lm 5 2E Xlm* • Er8Et8dV, (A6c)

b i'i,E
lm 5 2E r̂ 3 Xlm* • Er8Et8dV. (A6d)

Without loss of generality, we can assume that the fun-
damental radiation is polarized along the x̂ direction.
This yields, to leading-order terms, the coefficients bijk

lm for
l 5 1 and 2, given in Table 4.

Neglecting for the moment the bulk nonlinear source
polarization, we find that the SH fields inside (r , a) and
outside (r . a) the sphere obey the wave equation
¹ 3 ¹ 3 Esurface,i

(2v) 2 « i(2v)K2Esurface,i
(2v) 5 0. We may con-

sequently write the fields in terms of the well-known mul-
tipole expansion as104

Esurface,i
~2v! 5 (

l51

2

(
m52l

l H AM
~i !~l, m !f T

i ~Kir !Xlm

1 AE
~i !~l, m !

1

Ki
¹ 3 f l

i~Kir !XlmJ , (A7a)

Bsurface,i
~2v! 5

1

i (
l51

2

(
m52l

l H 1

K
AM

~i !~l, m !¹ 3 f l
i~Kir !Xlm

1 A« i~2v!AE
~i !~l, m !f l

i~Kir !XlmJ , (A7b)

where f l
i(Kir) 5 $hl

(1)(K1r), jl(K2r)% are the spherical
Hankel functions of the first kind and spherical Bessel
functions, corresponding to the scattered field (i 5 sc or
1) or the internal field (i 5 in or 2), respectively. In
keeping with our interest in the Rayleigh limit, we have
retained only the two leading-order (l 5 1, 2) terms in
the expansion. The electric @AE

(i)(l, m)# and magnetic
@AM

(i)(l, m)# multipole coefficients, also termed transverse
magnetic (TM) and transverse electric (TE) coefficients,
respectively, are obtained by applying the boundary con-
ditions below [Eqs. (A8a)–(A8d)] to the fields [Eqs. (A7a)–
(A8b)].

Having now decomposed the surface nonlinear source
polarization into a suitable set of basis functions, we can
find the SH radiation by applying the relevant boundary
conditions for a sheet of polarization17

DDr
~2v! 5 Dr

~2v!~r 5 a1! 2 Dr
~2v!~r 5 a2!

5 24p¹t • Ps
~2v! , (A8a)

DEt
~2v! 5 2

4p

«8~2v!
¹tPs,r

~2v! , (A8b)

DBr
~2v! 5 0, (A8c)

DHt
~2v! 5 4pi

2v

c
r̂ 3 Ps

~2v! . (A8d)

In applying the boundary conditions, we approximate
the spherical Hankel and Bessel functions for the limit of
small arguments, since we are searching for the leading-
order solution for a sphere of small radius. Using
hl

(1)(K1a) ' 2i(2l 2 1)!!/(K1a) l11 and jl(K2a)
' (K2a) l/(2l 1 1)!!, we obtain

AE
~1 !~l, m ! 5

4piK1~K1a !l11

«1~2v!~2l 1 1 !!!
@xs,i'i

~2 ! b i'i,E
lm ~l

1 1 !L i
El~2v! 2 i~xs,'''

~2 ! b'''
lm

1 xs,' i i
~2 ! b' i i

lm !Al~l 1 1 !L'
El~2v!#,

(A9a)

AM
~1 !~l, m ! 5

4piK1~K1a !l12

«1~2v!~2l 1 1 !!!
xs,i'i

~2 ! b i'i,M
lm L i

Ml~2v!.

(A9b)
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Before proceeding to the discussion of the bulk contri-
bution, it should be noted that the technique outlined
here to find the response to a surface nonlinearity is gen-
eral and can be extended to particles of arbitrary size.
Naturally, for larger particles, additional partial waves
need to be included in the formalism of the driving fields
E8(v) at the interface, as well as in the determination of
Eqs. (A2)–(A9).

B. SH Radiation from Bulk Contribution
Substituting Eq. (A1) into Eq. (3), we find that the bulk
nonlinear source polarization reduces to

Pbulk
~2v! 5 ik1L i

E1~v!FL i
M1~v!S g 2

d8

2 D
1 L i

E2~v!S g 1
d8

2 D GE0
2ẑ. (A10)

To obtain the field inside the sphere, we now solve the in-
homogeneous wave equation

¹ 3 ¹ 3 Ebulk,in
~2v! 2 «2~2v!K2Ebulk,in

~2v! 5 4pK2Pbulk
~2v! .

(A11)
Since Pbulk

(2v) 5 Pbulk
(2v)ẑ is spatially uniform to leading order,

according to Eq. (A10), a particular solution of Eq. (A11) is
simply

Ebulk,in
~2v!, p 5 2

4p

«2~2v!
Pbulk

~2v! . (A12)

Following Eqs. (A7a) and (A7b), we obtain the comple-
mentary or general solution to the homogeneous wave
equation of Eq. (A11) of

Ebulk,i
~2v!,c 5 (

l51

2

(
m52l

l H aM
~i !~l, m !f l

i~Kir !Xlm

1 aE
~i !~l, m !

1

Ki
¹ 3 f l

i~Kir !XlmJ ,

(A13a)

Bbulk,i
~2v!,c 5

1

i (
l51

2

(
m52l

l H 1

K
aM

~i !~l, m !¹ 3 f l
i~Kir !Xlm

1 A« i~2v!aE
~i !~l, m !f l

i~Kir !XlmJ .(A13b)

To obtain the coefficients a$M, E%
(i) , we apply the conven-

tional boundary matching conditions (DEt
(2v) 5 0 and

DDr
(2v) 5 0) for the net internal field, Ebulk,in

(2v) 5 Ebulk,in
(2v),c

1 Ebulk,in
(2v), p , and external field, Ebulk,sc

(2v) . This yields to
leading-order the only nonvanishing coefficient

aE
~1 !~1, 0 ! 5

8~K1a !3

3«1~2v!
A2p3

3
Pbulk

~2v!L i
E1~2v!. (A14)

The last step in the derivation is to apply a far-field ap-
proximation to the vector spherical harmonic expansion
to obtain the radiation fields. The large-argument ap-
proximation of hl

(1)(K1r) ' (2i) l11 exp(iK1r)/(K1r) yields
the results quoted above in subsection 2.B.1. Note that
in the expressions for the surface [Eq. (A7)] and bulk [Eq.
(A13)] SH fields, AM

(1)(l, m) 5 0 (since b i'i,M
lm 5 0 from
Table 4) and aM
(1)(l, m) 5 0, respectively, i.e., the emitted

fields are of transverse-magnetic character.

APPENDIX B: VECTOR SPHERICAL
HARMONICS
The solutions of the vector Laplace and Helmholtz equa-
tions in spherical coordinates involve the scalar functions
of the radial distance r (spherical Bessel functions) mul-
tiplied by three sets of the vector spherical harmonics
r̂Ylm(u, w), Xlm(u, w), and r̂ 3 Xlm(u, w). In terms of
the spherical harmonic Ylm(u, w), the vector spherical
harmonic Xlm(u, w) is defined as104

Xlm~u, w! 5
1

Al~l 1 1 !
LYlm~u, w!, (B1)

where L 5 2ir 3 ¹. Explicitly, in spherical coordinates
we have

Xlm~u, w! 5
21

Al~l 1 1 !
H 0,

mYlm~u, w!

sin u
, i

]Ylm~u, w!

]u
J ,

(B2)

and the bracket $ % denotes the vector components in the
( r̂, û, ŵ) basis. The three sets of vector spherical har-
monics satisfy a general orthogonality relation

E Alm* • Bl8m8dV 5 dABd ll8dmm8 . (B3)

Explicit forms of Xlm(u, w) for l 5 1, 2 and m > 0 are
listed below:

X1,0 5
i

2
A 3

2p
$0, 0, sin u%, (B4a)

X1,1 5
1

4
A3

p
$0, 1, i cos u%exp~iw!, (B4b)

X2,0 5
i

4
A15

2p
$0, 0, sin 2u%, (B4c)

X2,1 5
1

4
A5

p
$0, cos u, i cos 2u%exp~iw!, (B4d)

X2,2 5
21

8
A5

p
$0, 2 sin u, i sin 2u%exp~2iw!.

(B4e)

For negative m values, the corresponding functions can be
obtained using the relation

Xl,2m~u, w! 5 ~21 !m11Xlm* ~u, w!. (B5)

*E-mail: dadap@phys.columbia.edu.
†E-mail: tony.heinz@columbia.edu.



Dadap et al. Vol. 21, No. 7 /July 2004 /J. Opt. Soc. Am. B 1345
REFERENCES AND NOTES
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66. M. Simon, F. Träger, A. Assion, B. Lang, S. Voll, and G.
Gerber, ‘‘Femtosecond time-resolved second-harmonic
generation at the surface of alkali metal clusters,’’ Chem.
Phys. Lett. 296, 579–584 (1998).

67. B. Lamprecht, A. Leitner, F. R. Aussenegg, ‘‘SHG studies
of plasmon dephasing in nanoparticles,’’ Appl. Phys. B 68,
419–423 (1999).

68. S. Baldelli, A. S. Eppler, E. Anderson, Y. R. Shen, and G. A.
Somorjai, ‘‘Surface enhanced sum frequency generation of
carbon monoxide adsorbed on platinum nanoparticle ar-
rays,’’ J. Chem. Phys. 113, 5432–5438 (2000).

69. T. V. Murzina, A. A. Nikulin, O. A. Aktsipetrov, J. W. Os-
trander, A. A. Mamedov, N. A. Kotov, M. A. C. Devillers,
and J. Roark, ‘‘Nonlinear magneto-optical Kerr effect in
hyper-Rayleigh scattering from layer-by-layer assembled
films of yttrium iron garnet nanoparticles,’’ Appl. Phys.
Lett. 79, 1309–1311 (2001).

70. O. A. Aktsipetrov, ‘‘Nonlinear magneto-optics in magnetic
nanoparticles,’’ Colloids Surf., A 202, 165–173 (2002).

71. R. Srinivasan, Y. Tian, and I. I. Suni, ‘‘Surface plasmon ef-
fects on surface second harmonic generation during Au
nanoparticle deposition onto H-Si(111),’’ Surf. Sci. 490,
308–314 (2001).

72. N. Yang, W. E. Angerer, and A. G. Yodh, ‘‘Second-harmonic
microscopy of single micrometer-size particles on a sub-
strate,’’ Phys. Rev. A 64, 045801 (2001).

73. H. Unterhalt, G. Rupprechter, and H.-J. Freund, ‘‘Vibra-
tional sum frequency spectroscopy on Pd(111) and sup-
ported Pd nanoparticles: CO adsorption from ultrahigh
vacuum to atmospheric pressure,’’ J. Phys. Chem. B 106,
356–367 (2002).

74. G. Ma and H. C. Allen, ‘‘Diffuse reflection broad band-
width sum frequency generation from particle surfaces,’’ J.
Am. Chem. Soc. 124, 9374–9375 (2002).

75. H. Tuovinen, M. Kauranen, K. Jefimovs, P. Vahimaa, T.
Vallius, J. Turunen, N. V. Tkachenko, and H. Lemmety-
inen, ‘‘Linear and second-order nonlinear optical proper-
ties of arrays of noncentrosymmetric gold nanoparticles,’’
J. Nonlinear Opt. Phys. Mater. 11, 421–432 (2002).

76. T. S. Koffas, J. Kim, C. C. Lawrence, and G. A. Somorjai,
‘‘Detection of immobilized protein on latex microspheres
by IR-visible sum frequency generation and scanning force
microscopy,’’ Langmuir 19, 3563–3566 (2003).

77. J. Martorell, R. Vilaseca, and R. Corbalán, ‘‘Second har-
monic generation in a photonic crystal,’’ Appl. Phys. Lett.
70, 702–704 (1997).

78. J. Martorell, R. Vilaseca, and R. Corbalán, ‘‘Scattering of
second-harmonic light from small spherical particles or-
dered in a crystalline lattice,’’ Phys. Rev. A 55, 4520–4525
(1997).

79. S. Sato and H. Inaba, ‘‘Observation of second harmonic-
generation from optically trapped microscopic LiNbO3
particle using Nd-YAG laser,’’ Electron. Lett. 28, 286–287
(1992).

80. V. Boutou, C. Favre, and J.-P. Wolf, ‘‘Femtosecond-laser in-
duced SHG and SFG from charged water microdroplets,’’
in Conference on Lasers and Electro-Optics, Vol. 88 of OSA
Trends in Optics and Photonics Series (Optical Society of
America, Washington, D.C., 2003), paper CMAA4.

81. P. J. Campagnola, M.-D. Wei, A. Lewis, and L. M. Loew,
‘‘High-resolution nonlinear optical imaging of live cells by
second harmonic generation,’’ Biophys. J. 77, 3341–3349
(1999).



Dadap et al. Vol. 21, No. 7 /July 2004 /J. Opt. Soc. Am. B 1347
82. P. J. Campagnola, A. C. Millard, M. Terasaki, P. E. Hoppe,
C. J. Malone, and W. A. Mohler, ‘‘Three-dimensional high-
resolution second-harmonic generation imaging of endoge-
neous structural proteins in biological tissues,’’ Biophys. J.
81, 493–508 (2002).

83. L. Moreaux, O. Sandre, S. Charpak, M. Blanchard-Desce,
and J. Mertz, ‘‘Coherent scattering in multi-harmonic
light microscopy,’’ Biophys. J. 80, 1568–1574 (2001).

84. W. R. Zipfel, R. M. Williams, R. Christie, A. Y. Nikitin, B.
T. Hyman, and W. W. Webb, ‘‘Live tissue intrinsic emission
microscopy using multiphoton-excited native fluorescence
and second harmonic generation,’’ Proc. Natl. Acad. Sci.
U.S.A. 100, 7075–7080 (2003).

85. E. C. Y. Yan and K. B. Eisenthal, ‘‘Rotational dynamics of
anisotropic microscopic particles studied by second har-
monic generation,’’ J. Phys. Chem. B 104, 6686–6689
(2000).

86. G. S. Agarwal and S. S. Jha, ‘‘Theory of second harmonic-
generation at a metal-surface with surface-plasmon exci-
tation,’’ Solid State Commun. 41, 499–501 (1982).

87. N. Bloembergen, R. K. Chang, S. S. Jha, and C. H. Lee,
‘‘Optical second-harmonic generation in reflection from
media with inversion symmetry,’’ Phys. Rev. 174, 813–822
(1968).

88. X. M. Hua and J. I. Gersten, ‘‘Theory of second-harmonic
generation by small metal spheres,’’ Phys. Rev. B 33,
3756–3764 (1986).

89. T. P. Shen and D. Rogovin, ‘‘Coherent frequency mixing in
microparticle composites,’’ Phys. Rev. A 42, 4255–4268
(1990).

90. K. Y. Lo and J. T. Lue, ‘‘Quantum-size effect on optical
second-harmonic generation in small metallic particles,’’
Phys. Rev. B 51, 2467–2472 (1995).

91. A. Guerrero and B. S. Mendoza, ‘‘Model for great enhance-
ment of second-harmonic generation in quantum dots,’’ J.
Opt. Soc. Am. B 12, 559–569 (1995).

92. V. L. Brudny, B. S. Mendoza, and W. L. Mochán, ‘‘Second-
harmonic generation from spherical particles,’’ Phys. Rev.
B 62, 11152–11162 (2000).

93. W. L. Mochán, J. A. Maytorena, B. S. Mendoza, and V. L.
Brudny, ‘‘Second harmonic generation in arrays of spheri-
cal particles,’’ Phys. Rev. B 68, 085318 (2003).

94. V. L. Brudny, W. L. Mochán, J. A. Maytorena, and B. S.
Mendoza, ‘‘Second harmonic generation from a collection
of nanoparticles,’’ Phys. Status Solidi B 240, 518–526
(2003).

95. E. V. Makeev and S. E. Skipetrov, ‘‘Second harmonic gen-
eration in suspensions of spherical particles,’’ Opt. Com-
mun. 224, 139–147 (2003).
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