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The effect of uniaxial strain on the optical transition energies of single-walled carbon nanotubes with
known chiral indices was measured by Rayleigh scattering spectroscopy. Existing theory accurately
predicts the trends in the measured strain-induced shifts, but overestimates their magnitude. Modification
of the analysis to account for internal sublattice relaxation results in quantitative agreement with
experiment.
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The electronic properties of carbon nanotubes are
uniquely sensitive to geometry, with either semiconducting
or metallic band structure possible, depending on the exact
(n, m) chiral indices [1]. A consequence of this sensitivity
is the existence of strong and unusual electromechanical
effects whose magnitude and sign are predicted to depend
on the chiral indices [2–6]. Previous experimental studies
[7–11] have provided qualitative confirmation of theoreti-
cal predictions, but quantitative comparison has been dif-
ficult because of a lack of independent knowledge of the
nanotube crystal structure. Accurate determination of these
effects is important for nanotube electromechanical de-
vices, as well as understanding of electron-phonon scatter-
ing and environmental perturbations.

In this Letter, we present measurements of strain-
induced changes in the electronic structure of individual
single-walled carbon nanotubes (SWNTs). The shifts are
qualitatively consistent with existing theory. At the quan-
titative level, however, previous theoretical treatments sig-
nificantly overestimate the strain-induced energy shifts.
Through a modification of the earlier treatment to account
for sublattice relaxation using existing atomic interaction
potentials, we obtain excellent agreement with experiment
without the introduction of any adjustable parameter.

Rayleigh scattering spectroscopy [12], which measures
the frequency-dependent scattering of white light from a
single freely suspended nanotube, was used for the precise
measurement of the effect of strain on the optical transition
energies, as well as for identification of the nanotube
crystal structure. For the nanotubes studied in this work
(with diameters of 2.1–2.4 nm) and the available spectral
range, we observed scattering peaks corresponding to the
third and fourth optical transitions (S33 and S44) for semi-
conducting nanotubes and the second optical transition
(M22) for metallic ones. The positions of these peaks
permit the determination of unique (n, m) indices for the
spectra. The assignments are based on previous studies that
employed independent structural determination by elec-
tron diffraction [13] and are also consistent with Kataura

plot patterns found by photoluminescence and resonant
Raman spectroscopy [14,15].

Because Rayleigh spectroscopy requires suspended
samples to eliminate background optical signal, previous
studies have used SWNTs grown over slits etched through
Si wafers [12] with a thin Si3N4 epilayer. In this work, the
single slit was replaced by an ‘‘H’’ shape [Fig. 1(a)].
Chemical vapor deposition was used to grow long (�mm
total length) nanotubes that aligned with the CVD gas flow
and spanned the �100 �m wide central slit. The sample
growth procedure and geometry have been described in

FIG. 1 (color online). Schematic representation of the device
structure (not to scale). (a, top view) SWNTs are grown across
the middle of an H-shaped slit in a Si wafer, and clamped at the
ends by gold films. The Si chip is glued to a piece of steel with
two attachment pads. The Si chip is then cut along the dashed
lines to separate the two halves of the wafer. (b, side view) Light
for Rayleigh scattering is focused on a suspended SWNT from
the top; the scattered light is collected after passing through the
slit and a hole in steel plate (not visible). Typical values for the
slit width w and the chip length L were 100 �m and 12 mm,
respectively.

PRL 100, 136803 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
4 APRIL 2008

0031-9007=08=100(13)=136803(4) 136803-1 © 2008 The American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.100.136803


detail previously [16]. When a suitable nanotube (i.e.,
clean, straight, and not bundled with other nanotubes)
was identified by Rayleigh spectroscopy, gold was evapo-
rated through a shadow mask to clamp it to the substrate.
The chip was then glued at its ends to a thin steel plate,
with a hole underneath the central slit. Finally, the chip was
carefully cut using a diamond scribe [along the dashed
lines in Fig. 1(a)], leaving the nanotube suspended between
two separate pieces of the Si wafer [Fig. 1(b)].

Axial strain was applied to the nanotube by heating the
steel base plate. Differential thermal expansion places the
nanotube under axial strain " � ��steel � �Si��T�L=w�,
where �T is the temperature increase, �steel � 13�
10�6 K�1 and �Si � 2:6� 10�6 K�1 are the room-
temperature thermal expansion coefficients, and �L=w� �
12 mm=100 �m is the ratio of the separation between two
steel-Si attachment points to the width of slit. For typical
devices, this yields a rate change of nanotube strain with
temperature of 0:12% K�1. This rate was confirmed by
direct measurement of the slit width upon heating. Because
the nanotube’s thermal expansion coefficient is of order
10�5 K�1 [17], we can neglect this effect in our analysis.
In a separate study [18], we have determined that the built-
in strain (or slack) in the as-grown nanotubes is less than
0.01%, which is not high enough to alter the index assign-
ment. In the case of initially slack nanotubes, the substrate
was first heated until the Rayleigh peaks began to shift. In
all of the devices studied, the strain effects were com-
pletely reversible, indicating an absence of slippage at
the contact points.

Figure 2 shows Rayleigh spectra for three types of nano-
tubes under varying axial strains up to " � 2%. Figure 2(a)
shows data for a (20,12) semiconducting nanotube. The
two peaks, corresponding to the third (S33) and fourth (S44)
optical transitions, shift monotonically with applied strain,
but in opposite directions. For the case of the (19,13) chiral
metallic nanotube of Fig. 2(b), we observe a feature arising
from the second transition (M22), which is split into upper
(M22

�) and lower (M22
�) levels by the trigonal warping

effect [19]. The two levels shift toward each other under
applied strain. Similar behavior was observed in a second
chiral metallic nanotube (21,9). The spectrum for the high-
symmetry (16,16) armchair metallic nanotube of Fig. 2(c)
displays a single degenerate M22 peak. This peak shifts
upward slightly with strain, an effect also observed in a
second (17,17) armchair nanotube.

In a picture of noninteracting electrons, the optical
transitions in nanotubes are vertical transitions between
the 1D bands that arise from quantized slices of the 2D
graphene band structure. Although more detailed analysis
shows that the optical transitions are excitonic in nature
[20], the single-electron picture predicts the transition en-
ergies reasonably well [21] and will be used in our dis-
cussion. The tight-binding model developed by Yang and
Han [3] predicts that axial strain shifts the Fermi point of a

FIG. 2 (color online). Rayleigh scattering spectra for nano-
tubes under axial strain, displaced vertically by a distance
corresponding to the applied strain. The gray line traces the shift
in the transition energy. Results are shown for (a) a semiconduct-
ing (20,12) nanotube, (b) a (19,13) chiral metallic nanotube, and
(c) a (16,16) armchair metallic nanotube.
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graphene sheet outward from the K point, with the perpen-
dicular component of the shift given by

 �kcF �
2

3t0ac�c

X3

i�1

cos
�
��

2i�
3

�
� �ti (1)

where � is the chiral angle. In this expression, t0 is the
graphene tight-binding overlap integral for the nearest-
neighbor �-bonds, evaluated at the equilibrium bond
length ac�c. �ti denotes the change of overlap integral of
the ith bond as a result of the applied strain, obtained from
the simple model of t � t0�ac�c=R�

2 [22] for the interac-
tion strength as a function of the C-C bond length R.
Assuming that the lattice acts as an elastic medium with
Poisson ratio �, one then obtains for the change in the band
gap �E induced by uniaxial strain "

 

�E
"
� sgn�2p� 1�3t0�1� �� cos�3��: (2)

Here, the factor p � 0 (metallic) and	1 (semiconducting)
satisfies p � n�m� 3q, where q is an integer and de-
scribes the nanotube family.

To compare theory with our measurements, we general-
ize this expression to include the higher-lying optical
transitions. Because of the nearly linear dispersion of
graphene near the Fermi point, the strain-induced energy
shifts should be essentially identical in magnitude for every
transition. Successive higher-order optical transitions,
however, originate from lines on alternating sides of the
K point. Therefore, the Fermi point displacement will
alternately increase and decrease successive transition en-
ergies. For the Ekk transitions, we thus obtain

 

�Ekk
"
� sgn�2p� 1���1�k�13t0�1� �� cos�3��: (3)

Within this framework, the Mii
� and Mii

� metallic
peaks are associated with k � 2i and k � 2i� 1, respec-
tively. The split metallic peaks are expected to approach
one another under strain. For the single resonance of arm-
chair metallic nanotubes, the chiral angle is � � �=6, and
no strain-induced shift is predicted at this level of analysis.

The behavior observed for the five measured nanotubes
shows qualitative agreement with the above theory. For the
semiconducting (20,12) nanotube, p � �1; Eq. (3) pre-
dicts that E33 will shift downward and E44 upward, con-
sistent with the observed behavior. For the two chiral metal
tubes, p � 0, and the M22

� (k � 3) and M22
� (k � 4)

peaks should approach one another, as seen experimen-
tally. Finally, the two armchair nanotubes exhibit only very
slight strain-induced shifts. Theory predicts no shift, and
the small observed effect must arise from corrections
beyond those considered in this analysis.

A more quantitative comparison of experiment and the-
ory is presented in Fig. 3. The solid points show the
measured strain-induced shift, �E=", for each transition,
plotted versus the structural factors on the right side of
Eq. (3). The solid line shows theoretical prediction of

Eq. (3), using t0 � 2:7 eV, which provides a good fit to
the band structure near the Fermi point [23], and � � 0:2
[9]. The theory correctly predicts that data for different
nanotubes and different transitions all collapse into a single
line. However, the slope is smaller than predicted by nearly
a factor of 2.

The Cauchy-Born rule, used in the previous theoretical
treatment, assumes that the positions of all of the atoms in
a material subject to a homogeneous deformation follow a
single mapping from the undeformed to the deformed
configuration [24]. However, this rule is not valid for
graphitic carbon, whose hexagonal structure comprises
two triangular sublattices. As was recently explored by
Nisoli et al. [25], we must also include an internal relaxa-
tion displacement r between the two sublattices (each of
which deforms homogeneously and identically). This sub-
lattice relaxation will affect the change �ti in the overlap
integrals in Eqn. (1) and, hence, the predicted shift in the
band gap �E.

We determine the relaxation of one sublattice relative to
the other by minimizing the elastic energy of the system,
using a model of nearest-neighbor atomic interaction po-
tentials consisting of bond-stretching and bond-bending
terms. To this end, consider a unit cell with a carbon
atom at the origin in which atoms in the complementary
sublattice fixed. The strain-induced changes �Ri of the
bond vectors Ri for the three nearest-neighbor atoms are
given by a combination of the overall deformation and the
relaxation displacement vector r: �Ri � FRi � r, where

FIG. 3 (color online). Shift rates for the measured nanotube
electronic transitions, plotted against the parameter sgn�2p�
1���1�k�1 cos�3�� that is expected to normalize for the nanotube
structure and for the optical transition number k. The solid
squares show experimental results for the all accessible transi-
tions in the 5 measured nanotubes. The existing theoretical
prediction [Eqn. (3)] is shown as a solid line, with the modified
theoretical prediction [Eqn. (6)] as a dashed line.
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F is the displacement gradient tensor. The potential energy
of the unit cell is then

 Ecell �
1

2

X3

i�1


krj�Rij
2 � 2k’��’i�

2�: (4)

Here, i � 1, 2, 3 extends over the three nearest neighbors
and �’i denotes the strain-induced change in angle of the
ith bond. By minimizing Ecell with respect to the relaxation
vector r, we find

 

~r �
1� 6�

2�1� 6��
�1� ��"ac�c
� sin�3�� ~c� cos�3��~t�;

(5)

where � � k�=kra2
c�c and ~c and ~t denote, respectively, the

circumferential and axial unit vectors for the nanotube. In
the analysis below, we choose � � 0:066, based on kr �
652 nN=nm and k� � 0:87 nN nm [26], values that have
been previously applied to predict the measured bulk me-
chanical properties of nanotubes [27,28].

Having obtained the sublattice relaxation under applied
axial strain, we must consider how this affects the elec-
tronic structure. We can modify the previous theory [3]
simply by calculating the change in the overlap integrals
�ti � t�F ~Ri � ~r� � t0 � �t0i ��ti�~r� for the corrected
atomic positions. Equation (5) then yields the strain-
induced change in the band gap:

 

�Ekk
"
�

12�
1� 6�

sgn�2p� 1���1�k�1�1� ��3t0 cos�3��:

(6)

Equation (6) is identical to the original expression of
Eqn. (3), except for the prefactor 12�=�1� 6�� � 0:57.
Figure 3 shows that the modified theory predicts the ex-
perimental results directly without any adjustable
parameters.

To summarize, we have successfully investigated the
strain-induced change of band structure of individual nano-
tubes of known chiral index. Previous theoretical predic-
tions were confirmed qualitatively but shown to be
inaccurate quantitatively. This disagreement could be elim-
inated by taking into account the relative relaxation of one
sublattice of carbon atoms in the graphene structure with
respect to the other. A direct implication of the study is in
analysis of the coupling between the electronic system and
any long-wavelength acoustic phonon. The associated
scattering rate is governed by the square of the deformation
potential [29,30], which describes the change in energy
induced by the strain field of the phonon. From the present

Letter, we see that neglecting inter-sublattice relaxation
will cause the predicted deformation potential to be sub-
stantially too high and, hence, to predict a scattering rate
that is too great.
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