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Abstract:  We have developed a general analytic description of polarized 
light pulses and explored the properties of circularly polarized single-cycle 
pulses. The temporal evolution of the electric-field vector of such spectrally 
broad pulses, which may be described in terms of a Hilbert transform 
relationship, differs significantly from the well-known behavior of quasi-
monochromatic radiation. Single-cycle circularly polarized pulses have been 
produced and characterized experimentally in the terahertz spectral region. 
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1. Introduction  

Polarization phenomena occupy a central position in our understanding and application of 
electromagnetic radiation across its entire spectral range. The polarization properties of quasi-
monochromatic radiation have been thoroughly investigated. Various representations of fully 
and partially polarized quasi-monochromatic radiation, including Jones vectors, Stokes 
vectors, the Poincaré sphere, and coherence matrices, have been introduced [1,2,3]. For 
deterministic waves, the polarization state manifests itself in the time domain simply as the 
form of the elliptical trajectory executed by the electric-field vector of the electromagnetic 
wave. In this paper we address the question of how to extend this description of polarized 
light to encompass the general case of highly polychromatic radiation. In addition to the 
intrinsic interest in this fundamental issue, rigorous understanding is critical for the 
burgeoning applications of electromagnetic radiation in the single or near-single cycle limit.  
Such radiation can now be produced by laser-based techniques from the terahertz to soft x-ray 
regions of the spectrum [4,5,6,7]. Here we present a general theoretical description of the 
temporal evolution of radiation of defined polarization that is valid for light of arbitrary 
bandwidth and consider its implications for circularly polarized (CP) single-cycle pulses. The 
behavior, which differs dramatically from the quasi-monochromatic limit of a circular 
electric-field trajectory, is described by a Hilbert transform relation between the orthogonal 

#106701 - $15.00 USD Received 21 Jan 2009; revised 2 Apr 2009; accepted 2 Apr 2009; published 21 Apr 2009
(C) 2009 OSA 27 April 2009 / Vol. 17,  No. 9 / OPTICS EXPRESS  7432



electric-field components. We verify these results experimentally using pulsed terahertz 
radiation.   

The experimental component of the present study relies on the capabilities of terahertz 
(THz) time-domain spectroscopy [4].  This method permits generation of highly controlled 
single-cycle pulses of propagating electromagnetic radiation of sufficiently short wavelength 
to apply optical techniques for polarization control.  In addition, the approach permits precise 
and direct measurement of the magnitude and direction of the electric-field vector as a 
function of time.  These attributes render THz time-domain spectroscopy highly suitable for 
investigations of fundamental aspects of electromagnetic radiation and wave propagation. 
Researchers have exploited these capabilities to examine basic aspects of electromagnetic 
theory that include scattering [8], diffraction [9,10], and other wave-propagation effects, such 
as total-internal reflection [11,12], wave guiding [13,14], and the Gouy phase shift [15]. 
Polarization control has also been investigated [16,17,18,19,20] and achromatic polarization 
control over a large bandwidth has been shown based on total-reflection prisms [19] and a 
large number of stacked birefringent crystals [21]. In the present investigation, we produce 
and characterize single-cycle pulses of circularly polarized radiation that are obtained by a 
rigorous procedure from linearly polarized pulses using an achromatic Fresnel rhomb as a 
broad-band circular polarizer.  The temporal evolution of the resulting electric-field vector is 
measured by electro-optic sampling to provide a precise determination of the character of CP 
pulses of single-cycle duration.   

2. Theoretical description 

In order to develop a description of polarized polychromatic radiation, let us first consider a 

monochromatic plane wave propagating along the z-axis with the electric field )(tE


 given by  

})(ˆRe{ˆ)(ˆ)()( ti
yx eEeytExtEtE  


      (1) 

as observed at position z = 0.  Here  denotes its angular frequency, E() its amplitude, and ê  

its polarization state (where 1ˆˆ  ee ). The polarization of such a field is, of course, fully 

characterized by the unit vector ê , with ê  ê  (x̂  iŷ) / 2  representing, left () and right 

(+) CP states. We may then generalize the description to an arbitrary electromagnetic pulse 

)(tE


 (with a spatially uniform wavefront) through its Fourier transform representation: 





0

)()(ˆ Re)( tieEedtE 


.      (2) 

We define this field to be fully polarized if and only if ee ˆ)(ˆ   for all frequencies .  Note 

that when the radiation in question is quasi-monochromatic in character, this definition is 
identical to several equivalent formulations of fully polarized quasi-monochromatic radiation 
applied to deterministic (non-statistical) fields [22]. The present definition is, however, 
broader: It may be applied to radiation of arbitrary spectral bandwidth.  

For the case of fully polarized pulses, Eq. (2) may be rewritten as  

)}(
~

ˆRe{)( tEetE 


,      (3) 

where   





0

)( )(
~ tieEdtE         (4) 

#106701 - $15.00 USD Received 21 Jan 2009; revised 2 Apr 2009; accepted 2 Apr 2009; published 21 Apr 2009
(C) 2009 OSA 27 April 2009 / Vol. 17,  No. 9 / OPTICS EXPRESS  7433



is called the analytic signal belonging to its real part, E(t) [23]. For sufficiently regular 

functions, the real and imaginary parts of the analytic signal )(
~

tE  are related to one another 

by Hilbert transforms.  The well-known Kramers-Krönig relations for the real and imaginary 
parts of material response functions are frequency-domain analogs of this Hilbert-transform 
relationship. While the physical origin of the Kramers-Krönig relations is entirely different 
from that for the time-domain relations of the two vector components of polarized light, the 
relations stem mathematically from the same property, namely, that the corresponding Fourier 
transforms are zero for negative values of their arguments.  Making use of the properties of 

)(
~

tE , we obtain a direct relation between the two orthogonal Cartesian components of the 

electric field for pulses of any specified polarization state: Each field component is uniquely 
determined by knowledge of the temporal evolution of the other, i.e., the trajectory of the full 
electric-field vector is specified by the waveform of either of its Cartesian components.   

To express this relationship explicitly, we assume without loss of generality that ex  0 
and write the polarization state of the field in terms of complex parameter 

  iee xy  [24]. We then obtain the following time-domain description of the fully 

polarized radiation:  

 

Ex (t)  (   Ey (t)   H [Ey ( t )]) /  2

Ey(t)    Ex (t)    H [Ex ( t )]
,    (5) 

where H stands for the Hilbert transformation  




 



tt

tdtf


tf

)(1
)]([ PVH ,      (6) 

with PV denoting the Cauchy  principal value at t = t . For CP pulses, Eq. (5) reduces to 

)]([)(

)]([)(

tEtE

tEtE

xy

yx





H

H
,      (7) 

with the upper and lower signs corresponding, respectively, to the left and right CP states.   

3. Nature of circularly polarized short pulses  

To examine the nature of CP radiation of differing bandwidth, we write the x-component of a 
CP pulse in the form of  

          Ex (t)  (t) sin[0t (t)]        (8) 

with an envelope function  

)()()( tiett                           (9) 

and a mean frequency 0. Let us first consider quasi-monochromatic radiation where the 

bandwidth  of the field is small compared to the mean frequency 0.  For left CP radiation, 
the y-component of the electric field for the indicated x-component is then obtained simply by 

shifting the phase of each frequency component by /2, which yields  

       Ey (t)   (t) cos( 0t (t)) .       (10) 

This well-known behavior for CP quasi-monochromatic light follows directly from evaluation 
of the Hilbert-transform relation of Eq. (7) in the relevant limit of quasi-monochromatic 
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radiation. In this case, the electric-field vector )(tE


 rotates with a slowly varying angular 

speed (or instantaneous frequency) of   

)()( 0 tt         (11) 

and a slowly varying amplitude of |(t)|.  If (t) is real (for an unchirped or transform-limited 

pulse), then we have simply a constant rotational speed of 0)(  t . This situation is shown 

in Fig. 1(a). 

To illustrate the properties of CP radiation in the strongly polychromatic regime ( ~ 

0), we consider a transform-limited Gaussian pulse of duration  and amplitude E0.  From 
this initial waveform, we can create, for instance, left CP radiation by applying an ideal 
circular polarizer for which the x-component of the pulse is unchanged and the y-component 
experiences the appropriate phase shift.  We thus write  

   Ex (t)  E0 exp(t 2 /  2 )sin(0t)      (12) 

and compute the y-component of the electric field using the Hilbert transform of Eq. (7) on 
Eq. (12).  The corresponding angular speed with which the electric-field vector rotates can be 
evaluated through the expression  

)]()(/[)]()()()([)( 22 tEtEtEtEtEtEt yxxyxy   .   (13) 

The results for representative pulses with 0 = 60, 3.5, and 2 are shown in Fig. 1.  
The actual behavior is found to deviate appreciably from the prediction for quasi-

monochromatic radiation shown in Fig. 1(a) for pulses with duration  ~0
1.  Two examples 

are shown in Figs. 1(b) and 1(c).  The choice of  = 3.50
1 is made to simulate the single-

cycle THz pulses generated in the experiment described below, while the lower value of  = 

20
1 exemplifies the distinctive characteristics of highly polychromatic radiation.  In both 

instances, the short duration of the pulse explains the restricted trajectories of the parametric 

representation of )(tE


 in Figs. 1(b) and 1(c), which contrast with the usual circular trajectory 

of a monochromatic wave and the slowly converging or diverging spiral trajectory of a quasi-
monochromatic wave [Fig. 1(a)].  
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Fig. 1. Right column: Parametric plots of the electric-field vector )(tE


 of left CP pulses with 

x-components given by Ex(t) = E0 exp(t2/ 2)sin(0t) and the corresponding Ey(t) calculated by 
the Hilbert transform of Eq. (7).  Panels (a), (b), and (c) correspond to decreasing normalized 

pulse durations of 0 = 60, 3.5, and 2, respectively.  Left column: Time dependence of the 

angular speed )(t of the electric-field vector )(tE


 for the corresponding pulses, plotted for 

times when the field amplitude exceeds 0.1% of its peak values. 

The distinctive properties of the short pulses are highlighted in the time dependence of 

the instantaneous angular speed )(t of the electric-field vectors )(tE


, as shown on the left 

side of Fig. 1. For both short pulses, )(t  deviates markedly from the value 0, especially at 

the wings of the pulses, where it may assume a value either well above or below 0. More 

remarkably, we also see )(t  < 0 in certain regimes.  This latter situation corresponds to the 

field vector )(tE


 rotating for a period of time in the reverse of the expected direction, i.e., in 

the sense usually associated with CP radiation of the opposite handedness. The origin of this 
behavior can be understood as arising from the interference of the out-of-phase motion of the 
circular orbits of widely varying frequencies.  The situation can be analyzed explicitly in a 
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two-frequency model, which allows one to show that such retrograde motion can be 
significant only for pulses of large fractional bandwidth. 

4. Experiment 

For our experiment, we have generated and characterized single-cycle CP pulses in the THz 
spectral range using the apparatus shown in Fig. 2.  It consisted essentially of a polarization-
sensitive THz time-domain spectrometer that permitted the generation and measurement of 
single-cycle electromagnetic pulses. The THz spectrometer employed optical rectification of 
femtosecond laser pulses in a <110> ZnTe crystal for the generation of linearly polarized 
single-cycle THz pulses. The detection of the THz waveform was accomplished by electro-
optic sampling with a time-synchronized femtosecond laser pulse in a second ZnTe crystal.  
Details of the arrangement have been presented elsewhere [25]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Experimental setup for the generation of CP THz radiation through the use of a Fresnel 
rhomb. Ti:Sapphire (Ti:S) laser pulses are split into two beams by a beam splitter (BS). One 
arm of the beam is delayed using a time-delay stage (TDS), focused into a ZnTe THz emitter 
(E), collimated by a parabolic mirror (PM) prior to injection into the Fresnel rhomb (FR), and 
refocused by a second PM into a second ZnTe crystal for electro-optic sampling (EOS) system.  
The second arm of the laser beam is used for detection in a differential detection (DET) 
scheme. (P, A) and (P, A) are the polarizer and analyzer for the optical probe and the THz 
radiation, respectively.  The inset is a schematic representation of the Fresnel rhomb arranged 
to transform linearly polarized pulses to CP pulses.   

The key element in the production of the desired CP THz radiation is a Fresnel rhomb 
shown in the inset of Fig. 2.  It was made of high-density polyethylene, a material that is 
nearly free of loss and dispersion in the THz spectral range (with refractive index n = 1.525).  
The rhomb was designed to function as an achromatic quarter-wave plate, i.e., to introduce a 

frequency-independent relative phase shift of /2 between orthogonal field components.  This 

relative /2-phase shift was accomplished through two total internal reflections in the rhomb 

at an angle of incidence of 55.7.  The Fresnel rhomb then transforms the linearly polarized 
input radiation arranged to have equal s- and p-components into CP radiation. Detection of the 
polarization characteristics of the resulting radiation is accomplished by recording waveforms 
for each field component of the THz radiation using the electro-optic sampling technique in 

conjunction with a wire-grid analyzer (A in Fig. 2). It should be noted that birefringent 
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optical elements conventionally employed for polarization control are inherently dispersive, 
even in the absence of material dispersion, when large fractional bandwidths are considered.  
Such approaches are thus not suitable for highly polychromatic radiation. 

 

Fig. 3. (a) Time dependence of the electric-field vector, its two orthogonal components Ex(t) 
and Ey(t), and the parametric plot of the field components for a left CP THz pulse generated in 
the experiment (symbols). The solid lines correspond to the time dependence of the electric-
field vector, the y-component of which is calculated from the experimental waveform for Ex(t) 
by the Hilbert-transform relation of Eq. (7). 

Typical time dependence of the electric-field vector for a left CP THz pulse generated in 
the experiment is shown in a three-dimensional representation in Fig. 3 (symbols). The three 
projections display waveforms of the two orthogonal field components Ex(t), Ey(t), and their 
parametric plot.  The second waveform for the y-component (solid line) was calculated from 
the experimental x-component of the field by the Hilbert transform of Eq. (7).  The same data 
are shown in both the parametric and three-dimensional representations in Fig. 3 as solid 
lines. The small difference between theory and experiment may reflect inaccuracies in the 
design of the rhomb, a slight deviation of the angle of incidence from the ideal value or the 
finite divergence of the THz beam, as phase shifts incurred in total internal reflection depend 
relatively strongly on angle of incidence.  Substantial changes in the instantaneous angular 

speed )(t of the electric field vector are evident, and retrograde motion of the electric field 

vector has been observed in some measurements. 
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5. Summary 

The goal of this investigation is to provide a rigorous description of circularly polarized short 
pulses, which should serve to further applications in the THz regime where the time-domain 
method allows studies of circular dichroism [26] and optical rotary dispersion in diverse 
physical and chemical systems [27, 28].  The interest in such ultrashort circularly polarized 
pulses is, however, not confined to the THz spectral range. It extends, for example, to their 
recent use in the production of high harmonics from circularly polarized optical pulses [7]. 
The formulation of fully polarized light as comprised of two conjugate components of the 
electric field that satisfy a Hilbert transform relation, rather than being described simply by a 
relative phase shift of a carrier wave under a common envelope, may also be relevant in other 
contexts.  In particular, this analysis may bear on recent developments in the optical spectral 
range where the control of the phase of the electric field of modelocked optical pulses has 
been achieved [29,30,31].  
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