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Abstract

We evaporatively cool attractively interacting bosonic 7Li in a quasi-one dimensional (quasi-

1D) trap to well below the non-interacting particle condensation temperature for our trap

but do not observe conventional Bose-Einstein condensation (BEC). Rather than the macro-

scopic occupation of a single quantum state, for our coldest clouds we observe densities far

above the minimum required for quantum degeneracy and widths many times greater than

the non-interacting and Gross-Pitaevskii (GP) predictions. We quantify the discrepancies,

which together indicate the formation of clouds with multiply macroscopically occupied

trap states.

We hypothesize that the specific combination of a quasi-1D anisotropic trap and at-

tractively interacting atoms might provide for many-body states that reside in manifolds of

nearly degenerate states, which could inhibit conventional BEC. This idea is probed theo-

retically using the two-body interaction Hamiltonian to extend the single-mode many-body

mean-field GP formalism to allow for atom scattering between two single-particle trap

modes. We find that many odd-relative parity energy-adjacent single-particle state pairs

exhibit sizable degenerate many-body eigenenergy fractions for atom numbers below the

critical atom number at which attraction-induced collapse occurs. The sensitivity to state

pair relative parity and our variational width analyses indicate, however, that one and two

single-particle state models are ultimately insufficient for these systems.

Mechanism-independent, such bright short coherence length matter-wave sources, anal-

ogous to superluminescent diodes, could prove useful in actualizing portable atom-based

sensors.
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Chapter 1

Introduction

1.1 Significance of laboratory Bose-Einstein condensation

The 1995 experimental realization of Bose-Einstein condensation (BEC) in dilute atomic

gases [1, 2, 3], for which the Nobel prize was awarded in 2001, was a major achievement

in laboratory physics for several distinct reasons. First, at a high level, BEC corresponds to

the macroscopic occupation of a quantum mechanical state, in this case a coherent matter-

wave. Such matter-wave lasers herald the use of cold atoms in novel high precision sensing

applications, paralleling the technology development path of optical lasers. Next, labora-

tory BEC production validated Satyendra Nath Bose and Albert Einstein’s fundamentally

grounded BEC prediction, which had remained outstanding for the previous 70 years, fol-

lowing its 1925 publication [4, 5]. Lastly, and perhaps most significantly, it established an

experimental beachhead from which considerable further research has proceeded.

1.1.1 Macroscopically occupied quantum states and their applications

The importance of BEC as a macroscopically occupied quantum mechanical state may be

appreciated via analogy with three previously discovered examples. The first is supercon-

ductivity, in which electrons flow without electrical resistance through certain materials

1



CHAPTER 1. INTRODUCTION 2

at temperatures below those materials’ corresponding superconducting transition temper-

atures. The second is superfluidity, in which certain fluids flow without viscosity at tem-

peratures below their corresponding lambda temperatures. The third example, on which

this dissertation will draw strong parallels, is the laser beam, in which every photon is in-

distinguishable with every other: same frequency and phase, same pointing vector, same

polarization. It is precisely this property of indistinguishable phase-coherent photons that

makes laser beam light more useful than light bulb light, which instead is characterized

by a thermal blackbody distribution of frequencies, phases, pointing vectors, and polariza-

tions. In analogy to laser beam photons, atoms in a BEC are similarly indistinguishable

and phase-coherent, and can truly be thought of as matter-wave lasers. In all four systems,

macroscopic occupation of a quantum mechanical state refers to a significant fraction of

the particles identically having the same quantum mechanical description.

Continuing with the laser analogy, just as the first laser applications were in precision

measurement, particularly for spectroscopy, the current focus of cold atom technology de-

velopment, at 15 years old still relatively new, is also primarily for precision measurement.

Unlike photons, atoms have mass and magnetic moments, enabling ensembles of identical

phase coherent atoms to make superb sensors for observables related to these properties,

including accelerometers and gyroscopes for inertial navigation, gravitometers and gravity

gradiometers for identifying and characterizing gravitational anomalies, and magnetome-

ters for magnetic field sensing. Expanding on gravity sensing, for example, such function-

ality has defense applications like detecting underground tunnels, landmines, or improvised

explosive devices; homeland security applications such as scanning shipping containers for

radioactive materials which often have high density; industrial applications in locating ge-

ological formations associated with energy and mineral deposits, e.g. kimberlite pipes for

diamond prospecting; and civillian applications like surveying aquifers to monitor water

resources, caves for compressed air energy storage, and fault lines for a better understand-

ing of earthquakes. More intriguingly, now 50 years since their initial discovery, laser

applications have extended far beyond precision measurement to data storage, telecommu-

nications, manufacturing, and medicine, and it is likely that coherent matter-waves will

have similar unanticipated uses 50 years after their discovery.
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1.1.2 Validating a fundamental 70 year old prediction

BEC theory for non-interacting particles

More fundamentally, the experimental verification of Bose and Einstein’s original predic-

tion of BEC in systems of identical bosons at sufficiently low temperature was crucial

because the theoretical bases upon which it stands are extremely elementary. The first is

the statistical mechanical postulate of equal a priori probability, that in equilibrium an iso-

lated system is equally likely to reside in any of its accessible states. Application to a small

system in contact with a thermal reservoir leads to the Boltzmann distribution, [6] which

says that in an ensemble of particles at temperature T , the number of particles occupying

state i, with energy Ei, is proportional to its Boltzmann factor:

N(Ei) ∼ exp
(
− Ei

kBT

)
. (1.1)

Here kB is Boltzmann’s constant, and the overall proportionality constant is found by nor-

malizing the sum over all possible states to Na, the total particle number. The second

foundation of the BEC prediction is the quantum mechanical idea that identical particles

are truly indistinguishable such that the predictions of physical law must remain the same

if any two or more such particles are interchanged. In other words, physical law must

be invariant under identical particle exchange. Quantum mechanically there are two ways

this may occur, corresponding to two types of fundamental particles, bosons and fermions.

The focus of this dissertation is bosons, which are symmetric under particle exchange.

Fermions, antisymmetric under particle exchange, are not relevant to this work and will not

be discussed hereafter. Combining these two disparate ideas, the particle exchange sym-

metry limits the total number of many-body states available to the ensemble of particles

to only those that obey this property, resulting in what are known as Bose-Einstein (BE)

statistics [6]. For Na non-interacting particles, BE statistics are completely defined by the

equation

N(Ei) =
1

exp
(

Ei−µ
kBT

)
− 1

, (1.2)
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where µ, the chemical potential, is determined by particle number conservation,

∑

i

N (Ei) = Na. (1.3)

Taken to its logical conclusions, BE statistics predict that there exists a condensation

temperature, Tc, below which the single-particle ground state becomes macroscopically

occupied. Any cooling below Tc is achieved by further populating this ground state, and the

particles macroscopically occupying it are collectively called a Bose-Einstein condensate

(BEC). Roughly speaking, Tc is reached when the temperature drops far enough that the

phase space density, or number of particles occupying the most-occupied mode,

ζ = ρpkλ
3
dB (1.4)

is ∼ O(1). Here

λdB =

(
2π~2

mkBT

)1/2

(1.5)

is the thermal de Broglie wavelength, or characteristic quantum mechanical wavepacket

size, of particles with mass m at temperature T , ~ is Planck’s constant divided by 2π, and

ρpk is the peak number density of the boson ensemble. ρpk is equivalently the reciprocal

of the cube of the interparticle spacing at the densest point in the cloud, so that the Tc

phase space density condition can be mapped onto the requirement that, for BEC to occur,

the quantum mechanical wavepacket size must be greater than the tightest interparticle

spacing so that these particles/wavepackets overlap and become indistinguishable. As a

more concrete example, for Na atoms in a 3D isotropic harmonic potential with trapping

frequency ω, the number density at T is given by

ρpk = Na

(
mω2

2πkBT

)3/2

. (1.6)

Moreover, in such a potential, Tc is given more precisely by ζ ≈ 2.61, the value of the
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Riemann zeta function evaluated at 3. Putting these together and solving produces

Tc ≈ ~ωkB

( Na

2.61

)1/3

, (1.7)

so that Tc is proportional to the oscillator mode energy splitting expressed as a temperature,

~ω/kB, and depends on the cube root of Na.

BEC theory for interacting particles

Moving beyond noninteracting or single particle systems, the effects of interparticle inter-

actions are typically accounted for with the mean-field Gross-Pitaevskii equation (GPE) [7],

expressed in its per particle energy functional form as

E[φ⊗Na
0 ]

Na
=

∫
d3r

[
~2

2m
|~5φ0|2 + Vtrap|φ0|2 + (Na − 1)

1
2

g3D|φ0|4
]
. (1.8)

Here φ0 is the wavefunction of the BEC. It is normalized so that
∫

d3r |φ0|2 = 1, making

ρ(~r) = Na

∣∣∣φ0(~r)
∣∣∣2 the number density. The first term corresponds to the kinetic energy and

is minimized by a smooth uniform φ0. The second term corresponds to the trap potential

energy, where Vtrap is the trap potential energy as a function of position and for BEC exper-

iments is typically a harmonic potential ∼ ω2r2. Independent of the specific form of Vtrap,

this term energetically favors φ0 peaked at the minima of Vtrap. The final term is the inter-

action energy and has an extra factor of Na

∣∣∣φ0(~r)
∣∣∣2, making it nonlinear. g3D = 4π~2a/m

is the 3D interaction coupling coefficient, where a, the particle-particle scattering length,

can be positive or negative. When a, g3D > 0 this term is minimized with φ0 uniform and

flat, corresponding to repulsive interactions. For a, g3D < 0 this term is minimized when

φ0 is tightly localized with a high density in a small volume, corresponding to attractive in-

teractions. In this form, derived from the two-body interaction Hamiltonian in Sec. 3.1.1,

the GPE is readily used for predicting properties of interacting particle BECs. Typically

this is done by forming a φ0 ansatz with one or more variational parameters, evaluating the

integrals to turn the energy functional into an energy function of the variational parame-

ters, then minimizing the energy with respect to these variational parameters; the values of

the variational parameters at the energy minimum are the properties predicted for the BEC
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wavefunction.

For example, Eq. (1.8) has been used to predict that attractively interacting bosons in

a harmonic potential have a critical atom number, Nc, above which the interactions are so

strong that the BEC self-collapses. For a 3D isotropic harmonic potential this is given by

Nc = ησ0/|a| where σ0 =
√
~/(mω) is the characteristic length of the harmonic trap, and

η ≈ 0.46 [8, 9, 10]. For a long skinny cigar-shaped quasi-1D harmonic potential with

oscillator frequencies given by ωx = ωy ≡ ωr � ωz, as in our experiment,

Nc = η
σr,0

|a| (1.9)

whereσr,0 =
√
~/(mωr) is specifically the radial oscillator length and η = 3−1/4 ≈ 0.78 [10].

These predictions have been confirmed experimentally in both 3D and quasi-1D cases [11,

12, 13]. For the experiments comprising the first half of this thesis, Nc ≈ 330. For the

theory in the second half of this thesis, performed with a slightly different ωr as explained

in Sec. 2.1.1, Nc ≈ 360.

Because BE statistics are so fundamentally predicated, on statistical mechanics and

symmetry under particle exchange, the process of condensation is inherently robust. One

cools bosonic atoms, typically in a magneto-optical trap and then evaporatively, to T & Tc,

with classical thermal Maxwell-Boltzmann single-mode gaussian distributions adequately

describing the density profiles. For T < Tc these single mode fits to the density profiles are

no longer adequate and bimodal distributions of the thermal cloud plus the BEC must be

used. Further cooling is marked by the condensate mode increasing in size while the ther-

mal background continues shrinking. Interactions have historically been well accounted for

by the GPE, which predicts changes in the BEC size depending on the interaction strength

and sign, but no changes in whether or not BEC occurs, nor dramatic changes in the value

of Tc. This holds for cooling repulsively interacting atoms in 3D and quasi-1D isotropic

harmonic potentials into BECs, as shown visually in Fig. 1.1(a), and also for then flipping

the interactions of the already quantum degenerate atoms to attractive using a Feshbach res-

onance [11, 12, 13]. Even in the case of an attractively interacting BEC in a 3D harmonic

potential at Na just below Nc, the BEC compresses, but the fact that it forms at T . Tc, and

grows to no larger than Na < Nc without collapsing, remains true [3].
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(a)

(b)

Figure 1.1: Surface plots comparing (a) conventional and (b) frustrated BEC. In each image
set the left atom cloud is above, the center just below, and the right well below Tc. The (x, y)
positions in each image represent pixels in a 2D CCD array. The height and color at each
pixel represent the atom absorption. (a) 87Rb, repulsive, undergoing conventional BEC in
an isotropic trap. Above Tc (left) the density has a single gaussian thermal mode. Just
under Tc (center) atoms begin macroscopically occupying the ground state, appearing as
the second mode centered on top of the thermal atoms. Cooling below Tc (right) occurs by
further populating the ground state. Photo Credit: Mike Matthews [1]. (b) 7Li, attractive,
undergoing frustrated BEC in a quasi-1D trap. Unlike (a), the color map here transitions
from blue to white at the top of the best fit thermal cloud, making the white indicate BEC.
Like in (a), above Tc (left) the cloud density is a single gaussian thermal mode, though
cigar-shaped because of the trap. At Tc (center) BEC initiates as predicted, appearing in
white on top of the thermal gaussian. Not predicted, however, cooling well below Tc (right)
depletes the thermal background without increasing the size of the just visible BEC.
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The theoretical groundedness and historical agreement between BEC theory and ex-

periment make our result, directly cooling attractively interacting bosons in a quasi-1D

harmonic potential well below Tc and observing the onset of BEC followed instead by its

subsequent frustration, shown in Fig. 1.1(b), novel. To a cold atom physicist, this is like

putting water in a round ice cube tray and then in the freezer, cooling it below 0◦ C, and

seeing it form ice, then putting the same water in a long skinny ice cube tray and back in the

freezer, again cooling it below 0◦ C, and seeing it not form ice but some other phase of mat-

ter, say clumping up into slushy beads. As discussed briefly below, quantified in Sec. 2.3.3,

and investigated at length theoretically in Ch. 3, we believe it is the specific combination

of an anisotropic quasi-1D trap potential and attractive interactions that causes this.

1.1.3 Establishing an experimental beachhead

Finally, the 1995 discovery of BEC in dilute atomic gases has proved important because it

firmly established that creating coherent matter-waves in the laboratory is possible. This

experimental beachhead has opened the door to hundreds of promising avenues of research,

and this dissertation is about the one of these hundreds that we have taken.

1.2 Our work: quasi-1D anisotropic trap and attractive

interactions

With the existence proof of laboratory BECs completed, the relevant research questions

become, “What can one use BECs for?” and, “How can one make BECs more easily?” An-

swering these has led to two differences separating our work from the Nobel prize winning

1995 BEC research. In terms of application, the overarching focus of our research group

is demonstrating the use of cold atom precision sensors and improving their precision. To

explore the range of possibility, our experiments aim toward observing macroscopic tunnel-

ing events of the sort that might lead to NOON state atom interferometry and its associated

N1
a scaling in signal to noise ratio compared to the N1/2

a scaling for ensemble single-particle

interferometry [14]. Two properties of 7Li assist in this, which is why we follow the lead

of [3] in using it. The low mass increases the probability that tunneling will occur, and the
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attractive interactions of the |2S 1/2, F = 2,mF = +2 > state increase the probability that

such tunneling could be macroscopic, e.g. the entire cloud reflecting from or transmitting

through a barrier collectively. Attractive interactions have the additional benefit of poten-

tially enabling extended interrogation time interferometry because such atom clouds do not

disperse like repulsively or non-interacting clouds. However, both of these properties nega-

tively impact imaging, the lower mass by reducing the average number of photons scattered

by each atom by 3 − 10× before Doppler shifting out of resonance with the imaging light,

and the attractive interactions because the associated Nc is two or more orders of magnitude

smaller than the Na achievable in BECs of repulsively interacting atoms [1, 2].

A natural path to achieving easier BEC is to raise Tc so that one does not have to cool

as low to observe quantum phenomena. This is done with tighter harmonic traps, having

higher ω, as in Eg. 1.7. However it is technically difficult to achieve tight confinement in

all three dimensions and have sufficient optical access to enable imaging, so a reasonable

compromise that allows imaging optical access is to have two tightly confining dimensions

and a third loosely confining dimension. This produces a long, skinny, cigar-shaped trap,

which in our case has ωr = 2π × 3.5 kHz and ωz = 2π × 50 Hz.

We believe it is the unique combination of attractive interactions and a quasi-1D trap-

ping potential that enables the novel frustration of conventional BEC formation in our ap-

paratus. Instead the clouds we produce appear to have multiple macroscopically occupied

modes which indicates a reduced coherence length from that of a pure BEC. Returning to

the laser analogy, these matter-waves have coherence properties akin to the optical waves

produced by superluminescent diodes (SLDs). Moreover, as commercial atom interferom-

eters become more feasible, such matter-wave sources may similarly offer signal to noise

ratio benefits over thermal or pure BEC sources.

1.3 Organization of this thesis

The following is a brief description of the organization of this thesis. Ch. 2, Experiment, ex-

plains the experiment we have performed: cooling a cloud of attractively interacting 7Li in

a quasi-1D harmonic potential to quantum degeneracy, T < Tc, but not observing conven-

tional BEC as predicted by BE statistics and the GPE. The data collection was performed
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in collaboration with Michael Minar, Olaf Mandel, Mingchang Liu, and Mark Kasevich,

and additionally exists as a manuscript we are preparing for submission. Ch. 3, Theory, de-

scribes the theoretical work Michael Minar, Mark Kasevich, and I have performed seeking

to understand why BE statistics and the GPE fail to predict frustrated condensation in our

system. It too exists as a manuscript we are preparing for submission. Ch. 4, Outlook, dis-

cusses the outlook for our experimental campaign toward observing macroscopic tunneling

and ultimately harnessing it in advanced metrology applications. Ch. 5, Conclusion, for-

mally summarizes our results. Appendix A derives the correction to the evaporation radio

frequency due to gravitational sag. Appendix B is an internally used document written to

clarify and record our image processing procedure at the time the data in Ch. 2 was taken.



Chapter 2

Experiment

We report our results for evaporatively cooling 7Li in an anisotropic quasi-1D magnetic

trap in the attractively interacting
∣∣∣2S 1/2, F = 2,mF = +2

〉
state, where a = −27.6a0 and

a0 is the Bohr radius [15]. Notably, when evaporating directly under attractive interactions

we are unable to produce the known Gross-Pitaevskii (GP) ground state, a single localized

quantum soliton [10]. Rather, we create non-traditional Bose-Einstein condensates (BECs),

with phase space densities (PSDs) well above the minimum required for quantum degen-

eracy but having axial spatial widths significantly greater than those of single solitons or

even of BECs of non-interacting particles. Together these indicate that our coldest clouds

have Nm = 14 ± 4 macroscopically occupied trap modes.

2.1 Procedure

The experimental apparatus for producing our quantum degenerate gas has been described

in detail previously [16]. After loading Na ≈ 109 atoms into a magneto-optical trap, the

atoms are optically pumped into the
∣∣∣2S 1/2, F = 2,mF = +2

〉
trap state, loaded into a mag-

netic quadrupole trap, and transported into a final cigar-shaped Ioffe-Pritchard (IP) trap.

11
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2.1.1 Magnetic trap: radial trapping frequency calculation

We use a higher IP bias coil current than in Ref. [16], increasing ωr above its 2π × 3 kHz

value, and additionally use a more precise value of the 7Li hyperfine splitting RF frequency,

νHFS = 803.534 ± 0.077 MHz [17]. The associated change in the minimum magnetic field

B0 = 0.4 G, to B0 = 0.38 G, is below their reported precision. Because

∂2B
∂r2 =

1
B0

(
∂B
∂r

)2

− 1
2
∂2B
∂z2 , (2.1)

where

∂2B
∂r2 =

mω2
r

mfgfµB

∂2B
∂z2 =

mω2
z

mfgfµB
(2.2)

are the magnetic field radial and axial curvatures [18], known from parametric heating

measurements of ωr and ωz, ∂B/∂r is the magnetic field radial gradient, mf = 2 and gf =

1/2 are, respectively, the magnetic sublevel and Lande g-factor of our trap state, and µB

is the Bohr magneton, this correspondingly changes their quoted ∂B/∂r = 420 G/cm to

∂B/∂r = 414 G/cm.

The resonance condition for evaporating atoms via spin flips at magnetic field B occurs

when the evaporation radio frequency (RF) ν satisfies

µBB
(
mfgf − m′fg

′
f
)

= h (ν − νHFS) , (2.3)

where h = 2π~ is Planck’s constant, and m′f = −1 and g′f = −1/2 are, respectively, the

magnetic sublevel and Lande g-factor of the anti-trapped
∣∣∣2S 1/2, F = 1,mF = +1

〉
state that

the atoms are pumped into from the trap state. B0, and the minimum evaporation RF, ν0,

occur at the trap center, and we use our measured ν0 = 804.12 MHz with Eq. (2.3) to

determine that the magnetic field in the trap center is B0 = 0.28 G.

To leading order, ωz and ∂B/∂r are independent of IP bias coil current, which fixes

∂2B/∂z2 via Eq. (2.2). With this, the slightly corrected ∂B/∂r, and B0, we determine
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∂2B/∂r2 using Eq. (2.1). Finally, using Eq. (2.2), we determine that, at our increased IP

bias coil current, the final magnetic trap has tightened radially to ωr = 2π × 3.5 kHz, with

a corresponding aspect ratio increase to ωr/ωz = 70.

2.1.2 Evaporative cooling: effective RF correction for gravitational
sag

In this trap, 32 s sequences of forced RF evaporative cooling ending as little as 14 kHz

above ν0, after correcting for gravitational sag, produce atom clouds with around 800

atoms and temperatures around 50 nK. Because our quasi-1D trap is oriented with the long,

loosely confining dimension vertical, correcting for gravitational sag is significantly more

important than if we had tight vertical confinement. The gravity corrected effective differ-

ential RF, ∆νeff = νeff − ν0, as a function of the set differential RF, ∆νset = νset − ν0, is given

by

∆νeff =

(√
∆νset + ∆νg −

√
∆νg

)2

, (2.4)

where

∆νg =
mg2

(
mfgf − m′fg

′
f

)

2hω2
z

(2.5)

is the change in B at the trap center caused by gravitational sag, expressed as a frequency

according to Eq. (2.3), and g is the acceleration due to gravity. For our trap parameters,

∆νg = 12.8 kHz. Because I could not find it published anywhere, the derivation of this

formula is in Appendix A. Throughout this dissertation, stated and plotted values of νf, the

final RF frequency in an evaporation sequence, and ν relative to ν0 in general, have already

been corrected for gravitational sag.

2.1.3 Imaging

At the conclusion of evaporation the clouds are prepared for imaging. An additional DC

homogeneous magnetic field parallel to the imaging axis is enabled to preserve the spin

polarization of the sample in the absence of the magnetic trap. Then the trapping potential

is switched off and the atomic cloud ballistically expands for a brief time-of-flight (TOF)
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hba gfedc

50 µm

Figure 2.1: False color absorption images of evaporatively cooled 7Li at various points in
the forced RF evaporation sequence. The final RF evaporation frequency, νf, in each image
is: (a) ν0 + 183 kHz, (b) ν0 + 30 kHz, (c) ν0 + 19 kHz, (d-h) ν0 + 14 kHz. Several images at
the lowest RF are included to demonstrate the variation in final density distributions. The
corresponding atom numbers are (a) 30300, (b) 4100, (c) 1500, (d) 1000, (e) 800, (f) 1000,
(g) 1300, (h) 1300. 5.8 µm pixel size.

of tTOF = 200 µs before it is illuminated with a 20 µs pulse of resonant, circularly polar-

ized light. The atomic density distribution imprints an absorption profile onto this beam,

which then is imaged with a magnification of ≈ 2.8 onto a CCD camera with 16 µm pixel

size, producing pictures with a spatial resolution of 5.8 µm. Example absorption images at

different points in the RF evaporation sequence are shown in Fig. 2.1.
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2.2 Observables

2.2.1 Image analysis: extracting the peak OD, and axial and radial
widths after free expansion

For each atomic cloud, we extract the relevant experimental data from its absorption image,

A(xi, z j), where xi and z j label the horizontal (radial) and vertical (axial) pixel positions in

the 2D array comprising our CCD camera. We we convert to optical depth, O(xi, z j) =

α0A(xi, z j), using the atom-light interaction cross section,

α0 = fp
3λ2

2π
, (2.6)

where λ = 670.97 nm [19] is the atomic transition wavelength and fp = 0.7 is a dimen-

sionless constant determined from the steady state solution of the population distribution

of atoms amongst the ground state hyperfine levels for the light field polarization, detuning,

and intensity, and DC magnetic field strength during imaging. For example, if all the atoms

begin in the imaging cycling transition ground state and the imaging light is perfectly res-

onant and polarized then fp = 1, unpolarized resonant light would have fp = 1/3 [18, 20].

In absence of a density profile model that better includes attractive atom-atom correla-

tions, the atom cloud density profiles are fitted to the form

ρ(x, y, z) =
Na

π3/2σxσyσz
exp

(
− (x − xc)2

σ2
x
− (y − yc)2

σ2
y
− (z − zc)2

σ2
z

)
, (2.7)

where σx = σy = σr is the radial cloud e−1 density radius, σz is the axial cloud e−1 radius,

and (xc, yc, zc) is the cloud center. Imaging projects this distribution along one of the radial

dimensions to produce a 2D absorption density profile,

A(x, z) = Apk exp
(
− (x − xc)2

σ2
r
− (z − zc)2

σ2
z

)
, (2.8)
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which has a corresponding O profile,

O(x, z) = Opk exp
(
−(x − xc)2

σ2
r
− (z − zc)2

σ2
z

)
, (2.9)

where Opk and Apk, the peak O and A, respectively, are found by evaluating the integrals

in Eqs. (2.7,2.8,2.9):

Opk = α0Apk = α0Na/(πσrσz). (2.10)

We specifically extract Opk and σz,TOF from the central axial cross section, labeled by xic,

by minimizing the discrepancy between O(xic, z j) and O(x, z) at those points using a least

squares fit. We find σr,TOF by fitting the average of all central rows, O(xi, z jc+u), whose

integrated atom signal is > 10% of that for O(xi, z jc), where u spans ±10. This is neces-

sary because in each single radial cross section there are too few pixels with atom signal

well above the noise floor to yield highly repeatable results. Technically speaking, the ab-

sorption images include a background offset and slope which we calculate and subtract off

during fitting. To estimate the systematic errors associated with our fitting algorithm, we

fit a subset of the clouds with true 2D Gaussians having 9 free parameters including slopes

offset and clocking and found that on average this produces Opk values 10 ± 20% greater

and σz,TOF values 3±6% greater, while leaving σr,TOF systematically unchanged at 0±4%,

where the uncertainties here are standard deviations. These systematic errors are too small

to substantively affect the essential physics of the result we are reporting. Appendix B,

written for internal documentation and use, describes the image processing from the raw

absorption images through the fitting algorithm to the Na calculation in much greater detail.

2.2.2 Atom number, and in-trap axial and radial widths

Directly from these fitted values and Eq. (2.10) we calculate the total number of atoms,

Na =
Opk

α0
πσr,TOFσz,TOF . (2.11)

When comparing this quantity to the sum over pixels of the atom numbers corresponding

to the absorption at each pixel, we find that they agree within measurement uncertainty.
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We calculate the in-situ axial and radial cloud widths immediately prior to release from

the trap, σz and σr, respectively, from the widths measured after ballistic expansion, using

the measured ballistic expansion time, tTOF, and the measured imaging system point spread

function (PSF) e−1 radius, σmathrmPS F,

σi =

√
σ2

i,TOF − σmathrmPS F2

1 + ω2
i t2

TOF

(2.12)

where i ∈ {r, z}. tTOF and σmathrmPS F in turn are determined as the values that simul-

taneously produce the correct in-situ aspect ratio for the hottest clouds, ωr/ωz = 70, and

correct in-situ radial width for the coldest clouds, σr = σr,0, where σi,0 =
√
~/(mωi) is the

characteristic length for oscillator i ∈ {r, z} and m is the mass of 7Li. More concretely, for

the hot cloud constraint, we average all of the νf = ν0 + 347 kHz cloud σr,TOF and σz,TOF

values, then calculate both in-situ widths and take their ratio to get the hot cloud in-situ

aspect ratio as a function of tTOF and σmathrmPS F. For the cold cloud constraint, we av-

erage all of the νf = ν0 + 14 kHz cloud σr,TOF values, then calculate the in-situ radial width

as a function of tTOF and σmathrmPS F. Simultaneously solving these two equations we

get tTOF = 208 µs and σmathrmPS F = 4.8 ± 0.5 µm. tTOF measured this way should equal

the set time of ballistic expansion, 200 µs, plus one half of the 20 µs imaging time, minus

the time it takes for the magnetic trap to ring down, placing the observed value in good

agreement. Our first principles calculation of the imaging system σmathrmPS F, done by

convolving the lens system Airy function PSF with the pixel rectangular PSF, is within a

factor of two of the measurement, with the difference probably due to using non-diffraction

limited imaging optics in our experiment.

2.2.3 Peak density, non-interacting, interacting, and total energy per
particle

From the atom number, in-situ axial and radial widths, final evaporation RF values, and

trapping frequencies, we derive all remaining experimental observables of interest. We

calculate the non-interacting energy per particle by summing the per particle mean kinetic



CHAPTER 2. EXPERIMENT 18

and trap potential energies,

µ0 =
1
2

m
(
2ω2

rσ
2
r + ω2

zσ
2
z

)

=
3
2

mω2
zσ

2
z , (2.13)

where the second equality holds for clouds in thermal equilibrium. The in-situ peak number

density,

ρpk = ρ(0, 0, 0) =
Na

π3/2σ2
rσz

, (2.14)

Eq. (2.7), is used to calculate the peak interaction energy per particle,

|µint| =
1
2
|g3D|g(2)(0)ρpk

=
1
2

4π~2|a|
m

g(2)(0)ρpk

=
2g(2)(0)~2Na|a|
π1/2mσ2

rσz
, (2.15)

where g3D = 4π~2a/m is the 3D interaction coupling coefficient and g(2)(0) is the two-

body correlation function evaluated at zero separation. We use g(2)(0) = 2, the value for a

thermal cloud, for evaluating |µint| for our data points, which we believe are not in a pure

state. However, we use g(2)(0) = 1, the value for a pure state, [21, 22] in evaluating the

quasi-1D collapse criterion [10] recast in terms of energy, |µint| < |µint,c| where

|µint,c|
~ωr

≡ 2g(2)(0)~Nc|a|
π1/2mωrσ2

rσz

=
2g(2)(0)
π1/2

σ3
r,0

σ2
rσz

Na|a|
σr,0

≈ 1.95, (2.16)

because this theory applies to a singly occupied orbital. The approximate equality in

Eq. (2.16) comes from the quasi-1D system stability criteria [10], Na|a|/σr,0 < 3−1/4,

Eq. (1.9), and simultaneously σz/σr,0, σr/σr,0 > 3−1/4. The average total energy per particle
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for a < 0 is

µtot = µ0 +
1
2
|µint|2−3/2, (2.17)

where the +1/2 leading |µint| is a consequence of the virial theorem [23] and the 2−3/2 con-

verts from peak to average interaction energy per particle in 3D, according to the assumed

gaussian density distribution.

When σr,TOF ∼ σmathrmPS F, small measurement variations make the σr calculations

noisy, making it potentially helpful to decompose these per particle energies into axial-only

versions that are independent of σr. The axial-only non-interacting energy per particle is

µ0,z =
1
2

mω2
zσ

2
z . (2.18)

The axial linear peak density is

ρpk,z =
Na

π1/2σz
, (2.19)

making the axial-only peak interaction energy per particle,

|µint,z| =
1
2
|g1D|g(2)(0)ρpk,z

=
g(2)(0)~ωrNa|a|

π1/2σz
, (2.20)

where g1D = 2~ωr|a| is the quasi-1D interaction coupling coefficient. The axial-only total

energy per particle, for a < 0, is

µtot,z = µ0,z − 1
2
|µint,z|2−1/2, (2.21)

where the −1/2 is from the virial theorem applied to the axial dimension only [23] and the

2−1/2 converts from peak to average interaction energy per particle in 1D, according to the

assumed gaussian density distribution.

2.2.4 Temperature

Paired with Na the other most important observable in BEC experiments is temperature, T .

For an interactionless ideal gas in a 3D harmonic potential this is extracted from µtot = µ0
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using

kBT̃ =
µ0

3
=

mω2
zσ

2
z

2
, (2.22)

or alternatively,

kBT̃z = µ0,z =
mω2

zσ
2
z

2
, (2.23)

where the tilde is used to indicate that these formulae pertain explicitly to non-interacting

particles, a = 0. This tilde convention will be conserved throughout this dissertation to

refer to measurements and formulae that pertain explicitly to non-interacting particles.

Because we lack a theoretical model for the density of states for attractively interacting

particles, strictly speaking, we cannot calculate the true cloud T from µtot in this way when

the interactions become significant, |µint| & µ0. One approach for including interactions is

to use

kBTGP =
µtot

3
=

mω2
zσ

2
z

2
+

~2Na|a|
3π1/223/2mσ2

rσz

kBTGP,z = µtot,z =
mω2

zσ
2
z

2
− ~ωrNa|a|

23/2π1/2σz
, (2.24)

the GP-equivalent 3D and 1D temperature proxies, respectively, [23] which include the

interaction energy in a mean-field sense, where we have used the pure state value g(2)(0) =

1. However, because we suspect that 1 < g(2)(0) < 2 but do not know the precise value,

Sec. 2.2.3, for simplicity in this dissertation we will use T̃ , the a = 0 non-interacting particle

temperature, as the temperature proxy. Similarly, as figures of merit for degeneracy we use

the PSD, Eq. (1.4), explicitly defined for non-interacting particles, a = 0,

ζ̃ = ρpk ˜λdB
3
, (2.25)

and the fractional non-interacting PSD, ζ̃/Na, where ˜λdB =

√
2π~2

mkBT̃ is the thermal de Broglie

wavelength, Eq. (1.5), explicitly defined for non-interacting particles.
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2.3 Results

2.3.1 Experiment probes well into the BEC regime

These data indicate our evaporation sequences consistently produce clouds whose atom

numbers and temperatures place them in the regime where condensation is predicted by

standard BEC theory [24]; however the behavior of our attractively interacting particle

clouds differs dramatically. Shown visually in Fig. 1.1, this gets quantified in Fig. 2.2,

where cloud Na and T̃ are plotted; the dotted and dashed lines demarcate the 3D and 1D

condensation thresholds, respectively, predicted for finite numbered non-interacting par-

ticles confined at our trapping frequencies. With sufficient evaporation we reliably form

clouds with T̃ below the condensation temperature criterion for a given Na. Correspond-

ingly, as the 3D condensation threshold is crossed ζ̃ rises from 1.2±0.1 at νf = ν0 +183 kHz

(�), to 4.3 ± 0.5 at νf = ν0 + 106 kHz (N), and goes above 10 for kBT̃ < 100~ωz, indicating

that BEC formation has initiated.

However the conventional BEC formation process, whereby any cooling after its onset

is achieved by increasing the number of atoms in the single-particle ground state, appears

to quench: the normalized axial width data (top axis) manifestly reveals that multiple trap

modes must be occupied. Specifically, the σz decrease toward but almost exclusively stay

above σz,0. In fact at the lowest νf = ν0 + 14 kHz (◦), the average axial width is σz/σz,0 =

6.0 ± 0.6. The combination of these large widths with the ζ̃ data immediately below T̃c

indicating quantum degeneracy directly lead to our conclusion that we produce atomic

ensembles exhibiting macroscopic occupation of multiple trap modes.

The validity of the temperature measurements at this point is also established in Fig. 2.2(a).

The dash-dotted line marks kBT̃ = |µint,c|, where the non-interacting per particle energy is

the same energy as the maximum attainable interaction energy per particle in our trap,

which a cloud could attain only if its entirety verged on collapse. This places an upper

bound on when T = T̃ might break down. For kBT̃ � |µint,c|, T = T̃ is certainly well-

defined, and for kBT̃ & |µint,c|, it should remain valid because typically only a few positions

in the cloud have density high enough for |µint| ≈ |µint,c|, where it applies only locally to

those particular density fluctuations, leaving the remainder of the cloud with kBT̃ � |µint,c|.
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Figure 2.2: (a) Atom number, Na, as a function of non-interacting particle temperature, T̃ ,
compared with the BEC transition temperatures, T̃c, for the 3D (dashed line) and 1D (dotted
line) regimes, and kBT̃ ≡ |µint,c| (dash-dotted line), which places an upper bound on where
T = T̃ becomes a poor approximation. (b) PSD as a function of non-interacting particle
temperature, compared with kBT̃ ≡ |µint,c| (dash-dotted line). During evaporative cooling,
a typical atom cloud progresses from the upper right to the lower left as distinguished by
the symbols encoding the data points’ final RF evaporation frequencies: ν0 + 347 kHz (�),
ν0 + 183 kHz (�), ν0 + 106 kHz (N), ν0 + 37 kHz (4), ν0 + 30 kHz (_), ν0 + 25 kHz (^),
ν0 + 19 kHz (•), ν0 + 14 kHz (◦). For all but the hottest clouds, T̃ is demonstrably below
both the predicted 3D and 1D BEC transition temperatures where we conventionally would
expect bimodal density distributions. Much of this data lies above kBT̃ ≡ |µint,c|, meaning
our T̃ and ζ̃ measurements are valid to well below T̃c. (c) Example axial cross-section
near the 3D condensation threshold. The red line indicates the optical depth at each pixel;
the black line shows the cross section of the best fit 2D thermal background gaussian. In
particular, as the condensation threshold is crossed, density spikes like the one near this
cloud’s center become statistically more prevalent, as quantified in Fig. 2.3.
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Made clear in the figure, our evaporation sequences produce clouds that cross the conden-

sation threshold at T̃ = T̃c between a half and a full order of magnitude above kBT̃ = |µint,c|,
where T = T̃ remains a good approximation. This substantiates our claim to have cooled

to and below T̃c, or equivalently that the ζ̃ measurements accurately reflect rising above the

minimum needed to achieve quantum degeneracy.

While we are technically unable to ascribe a cardinal temperature around and below

kBT̃ = |µint,c|, we observe that additional evaporation reduces the axial cloud widths to

1/6 their T̃c value and note that for non-interacting particles this would correspond to

T̃ ≈ T̃c/30, implying that, at least in an ordinal sense, our search for bimodal density

distributions and conventional BEC extends significantly below T̃c.

The cloud cross-sections show further evidence for the onset of condensation in the

increase in the degree of irregularity in the density profile above the thermal gaussian back-

ground as νf decreases. One explanation for these density spikes is they are “Bosenova”

remnants or precursors [25], but regardless of cause such incongruity occurs mostly near the

thermal cloud center, and we quantify it by summing the net atoms exceeding the thermal

background gaussian, pixel by pixel, within each thermal cloud’s e−1/8 density radius. Nor-

malizing by Na produces the fraction of condensed atoms, nc, which is plotted in Fig. 2.3

where it clearly rises as the BEC threshold is crossed, supporting our claim that T̃ = T̃c

genuinely corresponds to T = Tc.

2.3.2 BEC initiates, then quenches

At this point, however, conventional condensation appears to quench. One notable way that

we have investigated this quenching is to look for a spike in the specific heat, C, upon cross-

ing the BEC threshold. Conventionally, specific heat is a measure of the amount of heat

∆Q needed to change a material’s temperature by ∆T per amount of that material. Spikes

in C occur when crossing thermodynamic phase transitions generally because starting from

just above the transition a relatively large amount of heat must be removed to freeze out

one or more degrees of freedom, and yields only a small change in temperature. If no work

is done on or by the system during this process, then ∆Q = ∆Etot is the change in the total

energy of the system, which equals Na∆µtot according to the GP formalism, Eg. 2.17. For
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Figure 2.3: Normalized non-interacting particle specific heat, C̃ (•), fractional non-
interacting particle phase-space density, ζ̃/Na (◦), and fraction of condensed atoms, nc (�),
as a function of the final RF evaporation frequency, νf. The spike in C̃ at νf ≈ ν0 + 27 kHz,
indicates a phase transition. It occurs at νf − ν0 nearly an order of magnitude below the the-
oretical 3D condensation threshold crossing in our apparatus (dashed vertical line), which
is experimentally validated by the rise in nc at that point. The spike coincides with the jump
in ζ̃/Na and with the dash-dotted vertical line marking kBT̃ = ~ωr, not with the jump in nc,
indicating the transition should be associated with the system going quasi-1D and heavily
populating some few states rather than with crossing the condensation threshold. Above
the transition, C̃ is approximately the value for an ideal monoatomic gas in a 3D harmonic
potential, 3, shown by the dotted horizontal line. We do not report nc for lower νf because
as the density irregularities grow and the thermal backgrounds shrink our fitting algorithm
cannot reliably differentiate between them.
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our quantum system the substance amount that makes sense is each particle, so we would

like to measure

C =
∆µtot

kB∆T
, (2.26)

where to make C dimensionless we have additionally divided by kB. As discussed, with-

out the interacting particle density of states we are unable to properly quantify T . In-

stead, we again use the non-interacting particle temperature, but here derive it from the

final RF evaporation frequency relative to that at trap bottom, νf − ν0. For hot clouds

kBT = kBT̃ = h(νf − ν0)/η, where η = 6.4±0.2 is experimentally determined as the average

of h(νf − ν0)/(kBT̃ ) calculated for every cloud at νf = ν0 + 347 kHz and ν0 + 183 kHz in our

data set. At lower νf this ratio increases. Putting everything together using Eq. (2.26), and

recognizing its limitations when applied to interacting particles, we calculate the normal-

ized non-interacting specific heat, C̃, by subtracting the average µtot values corresponding

with successive νf values and then dividing this by the difference between the successive νf

values,

C̃ =
η∆µtot

h∆νf
. (2.27)

As seen in Fig. 2.3, there is a spike in C̃ and, unlike the case for non-interacting particles

in extreme quasi-1D potentials [26], there is nearly an order of magnitude difference in

νf − ν0 between it and crossing the 3D condensation threshold, indicated by the vertical

dash-dotted line. It is not until this point, near µtot/3 = 70~ωz = 1.0~ωr, that we observe

a large fraction of the atoms populating only a few quantum states, as indicated by the rise

in ζ̃/Na.

The normalized specific heat for an ideal monoatomic gas in a 3D harmonic potential is

3, indicated by the horizontal dashed line in Fig. 2.3, which agrees with our measured value

above the phase transition. Furthermore, ζ̃/Na saturates near 10% indicating that a pure

state is not formed. The atom cloud becomes quantum degenerate but remains distributed

amongst a manifold of axial states, numbering approximately Nm = Na/ζ̃ = 14 ± 4 at our

coldest νf.

The rise in ζ̃/Na appears to coincide with the cloud going 1D, and direct measurement

of the radial widths corroborates this, as shown in Fig. 2.4. Though the average σr/σr,0 for

the lowest νf (•) is constrained to equal 1 in order to solve for σmathrmPS F, Sec. 2.2.2,
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Figure 2.4: Radial width normalized to its non-interacting ground state size as a function
of atom number. The horizontal dotted line at 1 indicates the expected radial ground state
width for non-interacting particles. By design the coldest, νf = ν0 + 14 kHz, data points
(•) have average value 1, which was one of the two constraints in solving for tTOF and
σmathrmPS F. At higher νf (�), the low Na points are also centered on 1, indicating that
radial freeze out occurs above νf = ν0 + 14 kHz. At these interaction energies we expect
some clouds to be at or below the non-interacting radial width, σr,0 = 0.64 µm, though
above the dashed line indicating the mean-field GP predicted radial ground state width for
Na < Nc [10]. We largely attribute the σr spread at low Na to photon and atom shot noise
which our measurements become increasingly sensitive to as σr approaches σmathrmPS F.
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Figure 2.5: Peak interaction energy per particle, normalized to both the axial and radial
mode spacings, as a function of normalized T̃ . The horizontal dotted line at |µint|/~ωr =

|µint,c|/~ωr = 1.95 indicates the collapse threshold. This data demonstrates that throughout
our cooling evaporation sequence the peak interaction energy per particle is significantly
greater than the axial mode spacing while remaining suitably below the radial mode spacing
so that the clouds remain stable against collapse.

the overlapping higher νf clouds have similar values and spread, indicating radial freeze

out occurs above νf.

2.3.3 Potential cause: trap anisotropy plus attractive interactions

We note that trap anisotropy and the non-interacting particle two-step condensation model

cannot explain these results [26]. Clearly in Fig. 2.2, our data avoid the two-step conden-

sation regime for non-interacting particles by passing well above the intersection of the 3D

and 1D condensation threshold curves. Rather, we speculate that trap anisotropy places us

in a regime where particle interactions are important in determining the condensation dy-

namics. As indicated in Fig. 2.5, we produce clouds wherein the peak interaction energy per

particle lies between the energy splitting of the weakly and tightly confining dimensions,

axial and radial, respectively. Thus, we observe clouds with |µint| ≈ 5~ωz = ~ωr/14, so
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that throughout evaporation the interactions are several times stronger than the axial mode

splitting energy while simultaneously satisfying the BEC stability criterion, |µint| < |µint,c| =
1.95~ωr (dotted line), Eq. (2.16) [10]. Furthermore, as discussed below, the expected low

energy states are multiple solitons with widths smaller than we can reliably resolve with

our imaging system. Thus our |µint|measurements provide a lower bound on the true values

of |µint|, where the local interaction strengths for these solitons are predicted to go much

higher, up to |µint,c| = 140~ωz in our trap [10]. In any case, clearly the trap cannot dominate

the interaction dynamics in the axial dimension, and the normal mechanism for enforcing

single state occupation could be frustrated.

2.3.4 Comparison with the exact 1D solution

This makes the clouds produced here prime examples of a strongly attractively interact-

ing quasi-1D Bose gas. Though no exact solution has been found for the specific case of

harmonic axial confinement, true 1D systems with attractive two-body δ-function interac-

tions and longitudinal freedom are exactly solved [27]. The exact spectrum and many-body

eigenstates, so called string states, are derived in [22], where the spectrum is characterized

by one or more bound states, or strings, each having a well-defined atom number and real

momentum. Though within strings the atoms are tightly bound, the strings do not inter-

act with each other, as can be understood from the energy eigenvalue equation for these

many-body states,

E =

`Tot∑

`=1

n`
~2k2

`

2m
− 1

24
mg ′ 2

1D

~2 n`(n2
` − 1), (2.28)

where ` indexes the strings, n` and k` are, respectively, the number of atoms and single-

particle momentum of string `, and g ′
1D is the true 1D atom-atom coupling constant. For

every string `, the first term is the center of mass kinetic energy and the second term is the

binding energy; no string-string interaction energy term exists [22]. The ground state, a

single momentumless string containing all Na atoms and existing in a linear superposition

at every point in the 1D space, is the exactly-solved analog of the atomic soliton ground

state solution predicted by the mean-field GP equation [28, 22, 29, 30]. That we do not

produce this ground state even at our coldest νf data, if not clear from the absorption images,
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Fig. 2.2(a)(d-h), is clear in the σr ∼ N 0.7
a dependence shown in Fig. 2.2, versus σr ∼ N −1

a

for the exact ground state, and in the ρpk ∼ N −0.2
a dependence, versus the exact ground

state’s ρpk ∼ N 2
a .

Accounting for finite transverse confinement modifies the exact result only slightly.

Two colliding strings will pass through one another provided the peak density during their

overlap does not exceed the critical density where collapse occurs [31]. Another important

correction due to the finite radial cloud size is the breaking of integrability of the effective

1D Hamiltonian. Equal mass particles with delta-function interactions in true 1D do not

thermalize [32]; however, our system is quasi-1D. The strong but finite transverse confine-

ment sufficiently stabilizes the formation of multiple string states and perhaps frustrates

conventional BEC but is insufficient to prevent thermalization and additional cooling after

the transition to quasi-1D [33].

2.3.5 Multiple macroscopically occupied modes

A lower bound on each cloud’s soliton number can be calculated using the collapse criterion

for our trap parameters, Nc ≈ 330 [10]. Specifically, Nm,min = Na/Nc = 2.3 ± 0.3 for

our lowest νf. A more reasonable estimate of the number of occupied modes may be the

reciprocal of the fractional non-interacting phase space density, Nm = Na/ζ̃ = 14 ± 4.

Because the ten to twenty pixels these clouds generally span is of the same order, individual

solitons or discrete groups of solitons should be resolved for only a fraction of images at

our coldest RF cuts, as in Fig. 2.1(d-h).

In terms of technology development, this effect, driven we believe by trap geometry and

particle interaction, could make possible the robust production of bright, short coherence

length, matter-waves. The occupation of multiple states will reduce the coherence length

of atoms outcoupled from the cloud by a factor of N −1/2
m [34]. Such sources represent

the matter-wave analog of optical superluminescent diodes, whose short coherence lengths

facilitate increased precision in fiber optic ring gyroscopes. Applications of atomic super-

luminescent sources, as well as of the follow-on matter-wave sources we next would like

to create, are discussed in Ch. 4.
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2.4 Potential error sources: inequilibrium and heating

Finally, these excited states with multiple solitons appear to be the limit one can reach in

our trap. Though we empirically optimized our evaporation sequence to maximize ζ̃ at

each point in time, we cannot exclude the possibility that the loss mechanisms present in

our trap prevent us from ramping sufficiently slowly to reach equilibrium. Additionally,

the small axial mode spacing increases our sensitivity to heating and technical noise. To

quantify the atom loss and heating rates, we evaporated down to νf = ν0 + 14 kHz, then

held the atoms for a variable time in the IP trap with the evaporation RF turned off, up

to 7 s, and measured Na and T̃ , see Fig. 2.6. Though we lack a solid understanding of

the initially observed cooling, the heating between 5 and 7 s places an upper bound on the

heating rate at 4.3 nK/s ≈ 2(~ωz/kB) /s. The atom lifetime of 0.8 s indicates a loss process

is present, most likely three-body collisions. Lastly, because |µint| > ~ωz, instead of a single

well resolved ground state, the many-body energy landscape of the system could exhibit a

manifold of nearly degenerate metastable states, and once the atoms enter into one of these

they become kinetically trapped for the finite time of the experiment. This hypothesis is

next investigated theoretically.
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Figure 2.6: Heating rate and atom loss rate after evaporating to νf = ν0 + 13 kHz, then
turning the RF off. (a) Non-interacting particle temperature as a function of hold time.
The best linear fit to all the points (dotted line) indicates that overall cooling is observed.
The dashed line connecting the final two hold times has a slope of 4.3 nK/s ≈ 2(~ωz) /s,
which upper bounds the heating rate. The initial cooling is not well understood. (b) Atom
number as a function of hold time. The best fit double exponential (dashed line) predicts
a fast loss rate of τ = 0.8 s and a very long second decay rate, corresponding to single
exponential decay to a non-zero constant. The fast rate indicates a loss mechanism, most
likely three-body collisions.



Chapter 3

Theory

3.1 Background

Whether sufficiently cooled attractively interacting, a < 0, boson ensembles will form

Bose-Einstein condensates (BECs) that are pure, having a single macroscopically occupied

state, or fragmented, having more than one macroscopically occupied state, has been de-

bated by theorists since long before their initial experimental realization in dilute atomic
7Li vapor [3], simultaneous with the creation of repulsively interacting BECs [1, 2]. The

more specific follow-up question of whether the atom clouds in our system, with finite Na,

attractive interactions, a quasi-1D harmonic potential, non-zero temperature, and Nm ≈ 10

occupied single-particle states, correspond to pure or fragmented many-body states remains

an unresolved theoretical challenge.

To date, progress has been made only by relaxing one or more these constraints, be-

ginning with considering homogeneous systems in free space in the thermodynamic limit.

Under these conditions, repulsively interacting particles energetically prefer forming a pure

condensate. Attractively interacting particles would energetically prefer forming a frag-

mented condensate, except that self-collapse overcomes the formation of any condensates,

pure or fragmented [35, 36]. However, adding three-dimensional (3D) isotropic harmonic

confinement and finite atom number, Na, it was shown that metastable pure BECs can exist

so long as Na lies below a critical value, Nc [8, 9, 10], a prediction matched by experimental

data [3, 13]. In this potential, allowing for scattering amongst Nm = 2 single-particle states

32
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predicts that any stable condensates in such traps are pure, because fragmentation occurs

only for Na > Nc [37]. Switching from exact diagonalization to an energy functional ap-

proach, and allowing the two single-particle states to have independent variational widths

has shown the existence of metastable states with Na < Nc when macroscopic occupation of

both single particle states is strictly enforced [38]. However the cause of such macroscopic

occupation has not been adequately explained. This methodology has also been extended

to one-dimensional (1D) systems with and without longitudinal freedom [39, 40].

One goal of our theory effort then, is to develop a model of attractively interacting

bosons in a 1D harmonic potential that predicts a many-body ground state having multiply

macroscopically occupied single-particle states. Perhaps more relevant to the experimental

results reported in Ch. 2 is to determine the degree of degeneracy of the many-body states

in our system. Our approach is to use exact diagonalization over a truncated Hilbert space

of Na atoms scattering between Nm = 2 single-particle states, as in [37], and allow for

independent variational mode widths, as in [38], where useful.

However before invoking models, a succinct high level explanation of why fragmenta-

tion might be favorable for attractively interacting bosons at zero temperature in quasi-1D

harmonic potentials but not in isotropic potentials can be understood by considering the

system energetics. Fundamentally, the criterion for stability against collapse of an attrac-

tive BEC depends on the atom-atom interaction energy per particle being roughly less than

the mode spacing of the potential’s tightest confining dimension [8, 9, 10, 37]. Conversely,

the criterion for fragmentation depends on the atom-atom interaction energy per particle

being roughly greater than the mode spacing of the potential’s loosest confining dimen-

sion. For an isotropic trap these mode spacings are equivalent and both criteria cannot be

simultaneously met [37]. However, for anisotropic traps with sufficiently high aspect ratio

both criteria can be satisfied simultaneously, allowing stable and robust fragmented states

to form. Though our theory formalizes this idea more mathematically, such interplay be-

tween attractive interaction strength and trap anisotropy lies at the heart of our discussion

of fragmentation.
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3.1.1 The two-body interaction Hamiltonian

The basis of our theory, and common to all analyses discussed in this chapter, is the two-

body interaction Hamiltonian:

Ĥ =
∑

i

〈i|t̂ + û|i〉â†i âi +
1
2

∑

i jkl

Vi jklâ
†
i â†j âkâl, (3.1)

where i, j, k, and l index the single-particle states, |i〉, having wavefunctions φi(~r). t̂ and

û are the single-particle kinetic and trap potential energy operators, respectively, such that
(
t̂ + û

) |i〉 = E0,i |i〉, where E0,i is the energy of |i〉. â†i and âi are the respective bosonic cre-

ation and annihilation operators for particles in |i〉. â†i âi = n̂i is the corresponding number

operator and â†i â†i âiâi = n̂i (n̂i − 1). Including the sum over all single-particle states i, the

first term represents the many-body Hamiltonian for interactionless particles:

Ĥ0 =
∑

i

E0,in̂i. (3.2)

This non-interacting many-body Hamiltonian is diagonalized by many-body states |Ψ〉 hav-

ing defined occupation numbers for each single-particle state, |Ψ〉 =
∣∣∣n0, n1, . . . , nNm−1

〉
,

where ni is the number of particles in mode |i〉 and Nm is the total number of modes avail-

able to the particles.

The second sum in the full Hamiltonian represents the interactions between the parti-

cles. Each {i, j, k, l} term represents two particles scattering from modes k and l into modes i

and j, where Vi jkl quantifies the probability of this scattering event occurring and is given by

the overlap integral of the single-particle states involved and the nature of the interactions.

For general isotropic interactions,

Vi jkl =
4π~2

m

∫
d3r′d3r φ∗i (~r′)φ∗j(~r′)u(|~r − ~r′|)φk(~r)φl(~r), (3.3)

where u(|~r − ~r′|) describes the interaction potential. In cold atom experiments, hard sphere

s-wave scattering is typically considered, corresponding to the pseudopotential u(|~r− ~r′|) =

aδ3(|~r− ~r′|), where a is the s-wave scattering length and is positive for repulsive interactions
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and negative for attractive interactions. Integrating over d3r′ simplifies Vi jkl to

Vi jkl = g3D

∫
d3r φ∗i (~r)φ∗j(~r)φk(~r)φl(~r), (3.4)

where g3D = 4π~2a/m is the interaction coupling coefficient. Summing over all permuta-

tions of single-particle states {i, j, k, l} accounts for all possible 2-body interactions within

the parameters of the model.

Taken together both terms complete the many-body Hamiltonian with 2-body interac-

tions, Ĥ. In general no longer diagonalizable with single non-interacting many-body states∣∣∣n0, n1, . . . , nNm−1
〉
, eigenstates of Ĥ are formed from superpositions of such states,

|Ψi〉 =

Na∑

n0,n1,...nNm−1=0

Ci;n0,n1,...nNm−1 |n0, n1, . . . nNm−1〉, (3.5)

such that Ĥ |Ψi〉 = Ei |Ψi〉 where Ei are the many-body eigenenergies.

As a concrete example, for a system of Na = 3 atoms amongst Nm = 2 modes,

∣∣∣Ψi;Na=3,Nm=2
〉

= Ci;3,0|3, 0〉 + Ci;2,1|2, 1〉 + Ci;1,2|1, 2〉 + Ci;0,3|0, 3〉

is defined by the Na +1 = 4 complex numbers {Ci;3,0,Ci;2,1,Ci;1,2,Ci;0,3}, one associated with

each Hilbert space basis state, where the first index labeling the Cs is the many-body state

index, the second is n0 and the third is n1. n0 and n1 are the first and second basis state

indices. Scaling up to Na = 3 particles amongst Nm = 3 modes substantially increases the

Hilbert space size,

∣∣∣Ψi;Na=3,Nm=3
〉

= Ci;3,0,0|3, 0, 0〉 + Ci;2,1,0|2, 1, 0〉 + Ci;1,2,0|1, 2, 0〉 + Ci;0,3,0|0, 3, 0〉
+ Ci;2,0,1|2, 0, 1〉 + Ci;1,1,1|1, 1, 1〉 + Ci;0,2,1|0, 2, 1〉
+ Ci;1,0,2|1, 0, 2〉 + Ci;0,1,2|0, 1, 2〉
+ Ci;0,0,3|0, 0, 3〉,
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which for general Na and Nm is given by

NHS =
(Na + Nm − 1)!
(Nm − 1)! Na!

. (3.6)

This expression can be regrouped as

NHS =
1

(Nm − 1)!
NNm−1

a + O
(
NNm−2

a

)
, (3.7)

where in the large Na limit, Na � 1,Nm, the second term can be neglected.

Exactly solving for the interacting many-body eigenstates and eigenenergies of such a

system requires diagonalizing Ĥ, in it’s full form a matrix with NĤ = NHS × NHS elements.

Tantalizingly, when we limit the interactions to two-body and no higher, the majority of

these elements will be 0. An estimate of the number of non-zero elements in Ĥ, Nnonzero,

is NHS × Ns, where Ns is the the maximum number of final many-body basis states that an

initial many-body basis state can scatter into:

Ns = 1 + 2Nm (Nm − 1) . (3.8)

In the large Na limit, most basis states will have Ns basis states to scatter into, so Ĥ will

have

Nnonzero ≈ 1 + 2Nm (Nm − 1)
(Nm − 1)!

NNm−1
a . (3.9)

The exponential dependence of Nnonzero on Nm reduces substantially from that of NĤ, by

a factor of two, but remains an exponential dependence; solving real problems exactly re-

mains computationally impracticable, merely to a lesser degree. In rough numbers, even

at our lowest final evaporation frequency, νf = ν0 + 14 kHz, producing our coldest and

smallest clouds, our data indicate Na & 102 and Nm & 10, requiring a computer capable

of diagonalizing a sparse matrix with 1015 non-zero elements. Contextualizing this, a typ-

ical laptop today can diagonalize a fully represented matrix with 107 − 108 elements. So

even if more computationally efficient sparse matrix diagonalization algorithms are imple-

mented and Moore’s law continues to hold this, routinely solving this problem on a laptop

is & 40 years away. The bigger question of how Na attractively interacting atoms in an



CHAPTER 3. THEORY 37

infinitely sized complete orthonormal basis of single particle states will arrange themselves

will require a different conceptualization of the problem.

Application: deriving the Gross-Pitaevskii equation

As a first step beyond single-particle quantum mechanics, a basic application of the two-

body interaction Hamiltonian, Eq. (3.1) is to consider Na interacting particles allowed to

occupy only one state, |Ψ〉 =
∣∣∣φ⊗Na

0

〉
= |Na, 0, 0, . . .〉. This constraint reduces the Hamilto-

nian to

Ĥ = 〈0|t̂ + û|0〉â†0â0 +
1
2

V0000â†0â†0â0â0

= 〈0|t̂ + û|0〉n̂0 +
1
2

V0000n̂0 (n̂0 − 1) (3.10)

Writing out the integrals explicitly, integrating the first term by parts, and dividing by

n0 = Na produces the Gross-Pitaevskii (GP) per particle energy functional [7], Eg. (1.8),

E[φ⊗Na
0 ]

Na
=

∫
d3r

[
~2

2m
|~5φ0|2 + Vtrap|φ0|2 + (Na − 1)

1
2

g3D|φ0|4
]
.

Its importance and use are discussed in Sec. 1.1.2.

Application: interacting homogenous thermodynamic BEC in free space

Another illustrative application of the two-body interaction Hamiltonian is to consider an

interacting but homogeneous BEC, t̂ = 0, in free space, û = 0, following [35, 36]. The

single-particle states that diagonalize the non-interacting free space Hamiltonian are plane

waves with momentum k, |k〉; the many-body basis states have well-defined particle num-

bers for each k. The total Hamiltonian simplifies to

Ĥ =
1
2

∑

i jkl

Vi jklâ
†
i â†j âkâl

=
1
2

∑

k,k′,q

Vqâ†k â†k′ âk′−qâk+q, (3.11)
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where the second equality incorporates conservation of momentum. The exclusive de-

pendence of Vk,k′,q = Vq on exchange momentum, q, requires hard sphere interactions,

u(|~r− ~r′|) = aδ3(|~r− ~r′|). The energy of a pure state with Na particles solely occupying |0〉 is

E0, pure =
1
2

V0〈â†0â†0â0â0〉 =
1
2

V0n0(n0 − 1)

≈ 1
2

V0N2
a . (3.12)

In contrast, the energy of a fragmented state with Na particles occupying both |0〉 and |q1〉,
n0 + nq1 = Na, is

E0, q1, frag ≈ 1
2

V0N2
a + V|q1 |n0nq1 . (3.13)

The energy difference V|q1 |n0nq1 is proportional to V|q1 | which in turn is proportional to a.

Thus, for repulsive interactions, a > 0, the pure state has lower energy so is favored; for

attractive interactions, a < 0, the fragmented state is energetically favored. Finally, taking

the thermodynamic limit, the per particle energy for attractive interactions runs away to

negative infinity as more and more atoms pile into the same state, indicating such BECs are

unstable against collapse.

3.1.2 Quantifying fragmentation: single-particle density matrix

Following on this example where fragmentation is energetically preferred in some cases,

fragmentation is quantified using the single-particle density matrix (SPDM) formalism [41,

28]. To determine the degree of fragmentation, first the particle number, Na, and the Nm

single-particle basis states are chosen. Ĥ is created term by term, and diagonalized to

yield the many-body energies, Ei, and eigenstates, |Ψi〉, each defined in the non-interacting

many-body state representation by its set of NHS C numbers,
{
Ci;n0,n1,...nNm−1

}
. For any given

many-body state |Ψi〉, its SPDM, ρ̂, is created from expectation values of single-particle
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state creation and annihilation operator pairs taken with respect to |Ψi〉:

ρ̂ =
1

Na



〈â†0â0〉 〈â†0â1〉 . . . 〈â†0âNm−1〉
〈â†1â0〉 〈â†1â1〉 . . . 〈â†1âNm−1〉
...

...
. . .

...

〈â†Nm−1â0〉 〈â†Nm−1â1〉 . . . 〈â†Nm−1âNm−1〉


. (3.14)

Finally, ρ̂ itself is diagonalized, with its eigenvalues, εi, determining the degree of frag-

mentation. Specifically, each εi corresponds to the fraction of particles in many-body state

|εi〉. Consequently, if only one εi ∼ O(1), the many-body state is pure; if more than one

εi ∼ O(1), the many-body state is fragmented, with the number of macroscopically oc-

cupied many-body states equal to the number of εi ∼ O(1). The components of each

|εi〉 encode the decomposition of that many-body state amongst the single-particle states.

Namely, of the Nm components of |εi〉, the jth is 〈 j|εi〉, the projection of |εi〉 onto single

particle state | j〉.
For typical trap potentials, there exists a threshold Na value above which fragmentation

occurs, Nf. As cursorily explained immediately before Sec. 3.1.1, Nf is roughly the Na

value where the interaction energy per particle becomes greater than the mode spacing of

the loosest confining dimension. It is found with exact diagonalization by increasing Na

from 0 until more than one εi ∼ O(1).

3.1.3 Quantifying fragmentation: semiclassical approximation

For Na � 1, a semiclassical approach yields analytical solutions for E0 and n0 that are in

close agreement with the exact solutions but require far less computation [37, 38, 39]. Ad-

ditionally, when off-diagonal long range order can be neglected, as is the case for Nm = 2

single-particle states with odd-relative parity but not for even-relative parity, it also quickly

yields ε0 and Nf. Essentially, one selects Na and determines the Nm single-particle wave-

functions, {φ0, φ1, . . . , φNm−1}, which can depend on variational parameters or not, then cal-

culates the expectation value of Ĥ in the Na � 1 limit with respect to the many-body state

|Ψ〉 = |Na,Nm, {φi}, { fi}〉, where fi = ni/Na denotes the fractional occupation of φi. The

resulting energy functional depends on the same variables, E = E (Na,Nm, {φi}, { fi}). For
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any Na, the ground state properties are then given by the Nm basis state relative populations

and, if present, the set of variationally optimized single-particle wavefunctions such as min-

imize the energy functional, { fi,0} and {φi,0}, respectively. In this method the fi,0 determine

the degree of fragmentation, playing the same role that the εi play for exact diagonalization.

This approach loses the effects of finite Na, e.g. it allows non-integer occupation num-

bers, and eliminates the ability to uniquely consider superpositions of non-interacting basis

states, as explicitly allowed for in Eq. 3.5. This in turn effectively eliminates the influence

of the off-diagonal elements in Ĥ which, as our theoretical work shows, end up playing an

important role in attractively interacting 1D bosonic systems.

3.2 Methodology

3.2.1 Overview

Armed with the SPDM and semiclassical formalisms, we generally follow the approach

that Elgarøy and Pethick take to predict that attractively interacting stable BECs in a 3D

isotropic harmonic potential must be pure [37], and instead show that the same particles

in a 1D harmonic potential form condensates that fragment for Na < Nc. We demonstrate

that the semiclassical approximation closely matches the exact solution for pairs of single-

particle states having odd-relative parity, and then use it to show there are many energy-

adjacent state pairs (odd-relative parity) that fragment for Nf < Nc for our experimental

parameters. Investigating the exact energy spectra, we show that for a given pair of states

with finite Nf, for Na & Nf every other many-body states’ per particle excitation energy

splitting converges to zero much faster than the O
(
N−1

a

)
typical of mean-field interactions.

This indicates a substantial increase in the degree of degeneracy of the many-body states

above Nf which is predicted to accompany fragmentation [28].

Also revealed is the importance of single-particle state pair relative parity on fragmen-

tation in 1D harmonic potentials. Odd-relative parity single-particle state pairs tend toward

fragmented ground states and high degenerate many-body eigenenergy fractions at high Na.

Even-relative parity single-particle state pairs have pure ground states and non-degenerate

many-body eigenenergies for all Na.
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Finally, following Cederbaum, Streltsov, and Alon, we incorporate single-particle state

pairs with independent variational widths and then create ground state energy and frag-

mentation landscapes in variational width space [38]. This captures an idea of the ground

state spatial distribution and degree of fragmentation for Nm > 2 modeling, which is com-

putationally challenging. Applied to the ground and first excited states of a 3D isotropic

harmonic potential, our model agrees with experiment [3] and conventionally accepted the-

ory [37], predicting a purely condensed many-body ground state. Uniquely, application to

a 1D harmonic trapping potential predicts a fragmented many-body ground state. Unlike in

[38], however, these states are energetically stable to variations in widths and in occupation

number. The overall many-body ground state small variational widths and the sensitivity

to single-particle state pair relative parity inidcate that Nm = 2 models, like the Nm = 1 GP

model, are inadequate for describing attractively interacting atoms in quasi-1D anisotropic

potentials.

3.2.2 Exact diagonalization

Because of the aforementioned computational difficulty in solving Nm > 2 models, through-

out this dissertation the Hilbert space is truncated at Nm = 2 single-particle states, initially

labeled |p〉 and |q〉. Though we will eventually specialize, at the start these can be any two

single-particle states in a potential: even or odd-relative parity, 1D or 3D, nominally or

variationally-widthed. Truncating this way enforces the Fock or occupation number basis

states take the form
∣∣∣np, nq

〉
. Na is fixed by further limiting to states of the form

∣∣∣Na − nq, nq

〉

where nq is an integer and 0 ≤ nq ≤ Na, creating a complete orthonormal basis for describ-

ing any many-body state, |Ψi〉, in the system with Na particles and having NHS = Na + 1

elements:

|Ψi〉 =

Na∑

nq=0

Ci; Na−nq,nq

∣∣∣Na − nq, nq

〉
≡

Na∑

nq=0

Ci; nq

∣∣∣nq

〉
. (3.15)
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The sums in Ĥ are similarly truncated to {i, j, k, l} = p, q:

Ĥ =
∑

i=p,q

〈i|t̂ + û|i〉â†i âi +
1
2

∑

i jkl=p,q

Vi jklâ
†
i â†j âkâl

= 〈p| t̂ + û |p〉 â†pâp + 〈q| t̂ + û |q〉 â†qâq

− 1
2
|Vpppp|â†pâ†pâpâp − 1

2
|Vqqqq|â†qâ†qâqâq

− 1
2
|Vppqq|

(
â†pâ†qâpâq + â†pâ†qâqâp + â†qâ†pâpâq + â†qâ†pâqâp

)

− 1
2
|Vppqq|

(
â†pâ†pâqâq + â†qâ†qâpâp

)

− 1
2
|Vpppq|

(
â†pâ†pâpâq + â†pâ†pâqâp + â†pâ†qâpâp + â†qâ†pâpâp

)

− 1
2
|Vpqqq|

(
â†pâ†qâqâq + â†qâ†pâqâq + â†qâ†qâpâq + â†qâ†qâqâp

)
. (3.16)

This expression can be simplified using the commutation relations
[
âi, â j

]
= 0,

[
â†i , â

†
j

]
= 0,

and
[
âi, â

†
j

]
= δi j. The four |Vp pqq| terms in the third line are equivalent, and in both

the second to last and last lines, the first two terms are equivalent as are the second two

terms. For odd-relative parity between the two single-particle states, terms Vpppq and Vpqqq

integrate to zero, eliminating the bottom two lines. For even-relative parity this is not the

case.

Using our two single-particle orbitals, define the kinetic and trap potential terms in Ĥ

as

hpp ≡ 〈p|t̂ + û|p〉
hqq ≡ 〈q|t̂ + û|q〉. (3.17)

Also define the scattering coefficients, Eq. (3.4),

Vpppp ≡ −|U0|
Vqqqq ≡ −α|U0|
Vppqq ≡ −β|U0|

Vpppq + Vpqqq ≡ −γ|U0|. (3.18)
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Ĥ is now expressible as

Ĥ = hppn̂p + hqqn̂q

− 1
2
|U0|n̂p

(
n̂p − 1

)
− 1

2
α|U0|n̂q

(
n̂q − 1

)

− 2β|U0|n̂pn̂q

− 1
2
β|U0|

(
â†pâ†pâqâq + â†qâ†qâpâp

)

− γ|U0|
(
n̂p + n̂q − 1

) (
â†pâq + â†qâp

)
. (3.19)

Though Ĥ is perhaps more elegantly represented using quasi-spin operators, as in the Lip-

kin model [42, 37] which lead to the semiclassical approximation equation, the above form

makes it more straightforward to conceptualize the numerical exact solution achieved by

constructing and diagonalizing Ĥ within the non-interacting occupation numbered many-

body state basis representation. For any states |p〉 and |q〉, which may have associated vari-

ational parameter(s) λp and λq, calculate hpp, hqq, U0, α, β, and γ. Each diagonal element

of Ĥ is comprised of the first line of single-particle trap state energies, the second line of

trap state self-interaction energies, and the third line containing the cross-term interaction

energy, found by taking the expectation value of Ĥ with respect to the given occupation

number basis state. The last two lines comprise the non-zero off-diagonal elements of Ĥ.

In the second to last line, the first term lowers the occupation number basis state by two

elements in the truncated Hilbert space, corresponding to the diagonal of Ĥ two above the

central diagonal. The second term raises the occupation number basis state by two ele-

ments in the truncated Hilbert space, corresponding to the diagonal of Ĥ two below the

central diagonal. In the last line, the first term lowers the occupation number basis state by

one element in the truncated Hilbert space, corresponding to the diagonal of Ĥ one above

the central diagonal. The second term raises the occupation number basis state by one el-

ement in the truncated Hilbert space, corresponding to the diagonal of Ĥ one below the

central diagonal. For odd-relative parity single-particle state pairs, γ = 0 so the last line

vanishes. Either way, all off-diagonal matrix elements are calculated by taking the expec-

tation value of Ĥ with respect to occupation number basis state pairs that are adjacent or

next to adjacent. For Nm = 2 these are the Ns = 5 basis states that any initial basis state
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may scatter into, Eg. (3.8). Correspondingly, when no higher than two-body interactions

are considered, Ĥ will be a pentadiagonal, real-valued, hermitian matrix.

Diagonalizing Ĥ yields the many-body energy spectrum {Ei} and eigenstates {|Ψi〉},
each represented in the occupation number basis as a set of projections

{
Ci; nq

}
. We are also

interested in whether the ground state, represented by
{
C0; nq

}
, is fragmented or not, which

we determine by calculating the SPDM,

ρ̂ =
1
Na


〈â†pâp〉 〈â†pâq〉
〈â†qâp〉 〈â†qâq〉

 , (3.20)

with respect to the
{
C0; nq

}
values and then diagonalize. The presence of fragmentation is

determined by whether both εi ∼ O(1) or not.

3.2.3 Semiclassical approximation

In certain cases, the semiclassical approximation energy function can save considerable

time computing Nf and the degree of fragmentation at a given Na. One prescription for

attaining it is to start with Ĥ, Eq. (3.19), replace n̂i with ni, âi and â†i with
√

ni, and Ĥ with

E, then drop terms of order 1. Alternatively, we use quasi-spin operators, following the

procedure of Ref. [37] but here considering a more generalized case. First define 1

ε ≡
(
hqq + hpp

)
/2

δ ≡
(
hqq − hpp

)
/2. (3.21)

1Note this is a different naming convention than in [37], necessitated because we allow for independent
variational parameters for each single-particle state. To convert, δ here maps to ε/2 in [37], and ε here maps
to 2ε in [37].
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Then define the particle number and quasi-spin operators

N̂a = â†pâp + â†qâq

Ĵz =
1
2

(â†qâq − â†pâp)

Ĵ+ = â†qâp

Ĵ− = â†pâq

Ĵx =
1
2

(Ĵ+ + Ĵ−)

Ĵy =
1
2i

(Ĵ+ − Ĵ−)

and rewrite Eq. (3.19) again to obtain

Ĥ = 2δĴz + εN̂a

− 1
2
|U0|

[
N̂a

2

(
N̂a

2
− 1

)
− (N̂a − 1)Ĵz + Ĵ2

z

]

− 1
2
α|U0|

[
N̂a

2

(
N̂a

2
− 1

)
+ (N̂a − 1)Ĵz + Ĵ2

z

]

− 2β|U0|(Ĵ2
x + Ĵ2

y −
N̂a

2
) − β|U0|(Ĵ2

x − Ĵ2
y )

− 2γ|U0|
(
N̂a − 1

)
Ĵx. (3.22)

Next make the semiclassical approximation:

Na,Na/2 � 1,

Jx = (Na/2) sin θ cos φ,

Jy = (Na/2) sin θ sin φ,

Jz = (Na/2) cos θ.
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Substituting these into Eg. (3.22) produces the semiclassical expression for the total system

energy:

E = δNa cos θ + εNa

− 1
2
|U0|

(
N2

a

4
− N2

a

2
cos θ +

N2
a

4
cos2 θ

)

− 1
2
α|U0|

(
N2

a

4
+

N2
a

2
cos θ +

N2
a

4
cos2 θ

)

− 2β|U0|
(

N2
a

4
sin2 θ − Na

2

)
− β|U0|

N2
a

4
sin2 θ cos 2φ

− γ|U0|N2
a sin θ cos φ. (3.23)

Beyond this point the not odd-relative parity solution, though solvable for example

using Mathematica, becomes much more complicated algebraically than the odd-relativity

case. Moreover, it calculates
〈
n̂p/N̂a

〉
which in the even-relative parity case is not equal to

εp anyway, because of the off-diagonal long range order appearing in ρ̂. For these reasons

and because the odd-relative parity formulation will be used extensively in our results,

Sec. 3.3, we next specialize to |p〉, |q〉 having odd-relative parity.

Odd-relative parity

When |p〉 and |q〉 have odd-relative parity, γ = 0 so that E is minimized when cos 2φ = 1.

Define η = cos θ and divide by Na to get the energy per particle of the system: 2

E
Na

= η2 Na|U0| (6β − α − 1)
8

+ η
Na|U0|(1 − α) + 4δ

4

+
Na|U0| (6β + α + 1)

8
+ ε + β|U0|. (3.24)

2 This result differs from [37], Eq. (38), and I believe their form is incorrect: the 2 + 2α in their second
to last term should be changed to 1/2 + α/2. If one plugs in α = 3/4 and β = 1/2, the values for the
nominally-widthed 0th and 1st harmonic oscillator states, Eq. (3.18), and makes the substitutions described
in footnote 1, my formulation reduces correctly to [37], Eq. (21); their uncorrected form does not. Footnote 3
has a similar critique of [37], Eq. (39), and discusses the ramifications for their central conclusions.
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Whereas for arbitrary odd-relative parity |p〉 and |q〉 there exists one, two, or infinite

η = η0 ∈ [−1, 1] that minimize E/Na, fragmentation only occurs when η0 is centered well

enough that both
〈
n̂p/N̂a

〉
= 1/2 − η0/2 and

〈
n̂q/N̂a

〉
= 1/2 + η0/2 are ∼ O(1) rather than

one being ∼ O(1) and one being ∼ O(1/Na). This requires E/Na have positive curvature,

6β − α − 1 > 0, so that ηe, the value of η that extremizes E/Na, exists and is found at a

minima. Mathematically, ηe ∈ R, but fragmentation additionally requires that |ηe| < 1.

ηe is found by taking the derivative of (3.24) with respect to η, setting it equal to 0, and

solving:

ηe = − D1

2D2
= −

1 − α + 4δ
Na |U0 |

6β − α − 1
, (3.25)

where

D2 =
Na|U0| (6β − α − 1)

8
,

D1 =
Na|U0|(1 − α) + 4δ

4
,

are the η2 and η1 coefficients of E/Na, respectively. The fragmentation requirement is that

|ηe| =
∣∣∣∣∣∣∣−

1 − α + 4δ
Na |U0 |

6β − α − 1

∣∣∣∣∣∣∣ < 1. (3.26)

The initial minus sign can be dropped, and the denominator can pulled out of the absolute

value because the curvature requirement enforces it be positive:

∣∣∣∣∣1 − α +
4δ

Na|U0|
∣∣∣∣∣ < 6β − α − 1. (3.27)

This can be broken into two cases, simplified to:

2δ
Na|U0| < 3β − 1, if 2δ

Na |U0 | ≥ α−1
2 ,

2δ
Na|U0| > α − 3β, if 2δ

Na |U0 | <
α−1

2 .

It makes intuitive sense that whether a BEC fragments or remains pure depends on

the ratio Na|U0|/(2δ). The numerator Na|U0| is proportional to the interaction energy per
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particle, and specifically equals the per particle interaction energy if all atoms occupied φp.

The denominator 2δ = hqq − hpp is the per particle energy penalty paid for fragmentation.

The weighted differences of α, β, and 1 account for the details of the scattering allowed

under the specific model. Changing these into equalities defines Nf, the atom number

below which the ground state is pure and above which the ground state is fragmented:

Nf =
2δ

|U0| (3β − 1)
, if

4δ
Nf |U0| ≥ α − 1,

Nf =
2δ

|U0| (α − 3β)
, if

4δ
Nf |U0| < α − 1. (3.28)

In general, the top condition applies when δ > 0, which for example more or less holds for

nominally-ordered harmonic oscillator states when the variational widths both are on the

same order of magnitude, including the nominal width case. We will use this throughout

our results, Sec. 3.3. The bottom condition generally applies when δ < 0, for harmonic trap

states typically either because the variational parameters are of widely different orders of

magnitude or because the labeling of the states has been switched from nominal.

For completeness, when fragmentation is energetically unpreferred, η0 equals whichever

of ±1 minimizes E/Na. In the special case where 6β − α − 1,D2 < 0 and ηe = D1 = 0,

η0 = ±1 are equally energetically preferred. When D2 = 0 and D1 = 0, E/Na lacks η

dependence entirely so all values in [−1,+1] are equally energetically favorable. This is

summarized as

η0 =



ηe, D2 > 0 & |ηe| ≤ 1,

−1, (D2 > 0 & ηe < −1) or (D2 ≤ 0 & D1 > 0) ,

+1, (D2 > 0 & ηe > +1) or (D2 ≤ 0 & D1 < 0) ,

both of {−1,+1} , D2 < 0 & D1 = 0,

any of [−1,+1] , D2 = 0 & D1 = 0,

(3.29)
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with many-body ground state fractional occupation given by 3

np

Na
=



3β−α
6β−α−1 + 2δ

(6β−α−1)Na |U0 | , D2 > 0 & |ηe| ≤ 1,

1, (D2 > 0 & ηe < −1) or (D2 ≤ 0 & D1 > 0) ,

0, (D2 > 0 & ηe > +1) or (D2 ≤ 0 & D1 < 0) ,

both of {0, 1} , D2 < 0 & D1 = 0,

any of [0, 1] , D2 = 0 & D1 = 0.

(3.30)

Here, specifically because the odd-relative parity between the single-particle states empir-

ically eliminates the off-diagonal elements in the SPDM, εp =
〈
n̂p/N̂a

〉
and εq =

〈
n̂q/N̂a

〉
,

which in the semiclassical approximation are equal to np/Na and nq/Na, respectively. Though

we haven’t rigorously proven it, for even-relative parity in every case we have examined

with our model the off-diagonal SPDM elements are non-zero so that εi ,
〈
n̂i/N̂a

〉
and

the relationship between εi and η differs. When np/Na equals one of {0, 1}, the many-body

ground state is pure: np/Na = 1 means |p〉 is occupied, nq/Na = 0 means |q〉 is occupied.

3 Similarly to footnote 2 for Eq. 3.24, this result differs from [37], Eq. (39), and I believe their form is
incorrect: the β in the numerator of their last term should be changed to a 1. If one plugs in α = 3/4 and
β = 1/2, the values for the nominally-widthed 0th and 1st harmonic oscillator states, Eq. (3.18), and makes
the substitutions described in footnote 1, my formulation reduces correctly to [37], Eq. (24); their uncorrected
form does not. If I am correct, this may impact one of their central conclusions, that fragmentation is not
possible in an arbitrary but practical potential.

That said, even before the algebraic correction is applied I think this claim might be overstated. Specifi-
cally, consider a potential designed to have orbitals with α = 3β − ∆, where ∆ � 1 such that α = 3β − ∆ ≥
2β − 1, satisfying the inequality stated below [37], Eq. (40). In this case the first term of [37], Eq. (39), will
be proportional to ∆ so can be made negligibly small. Then, barring additional undescribed constraints on
the orbitals that may exist that I have not accounted for, for Na|U0|/ε ∼ 1 significant fragmentation will be
observed, independent of the value of β. Finally, the algebraic correction I suggest further reduces n0/Na for
β � 1 such that fragmentation is easier to achieve if the correction stands.

It may turn out this is an academic discussion only. I can conceive of orbital pairs that satisfy α ≈ 3β,
and think potentials that enable them are theoretically possible, though am not sure if they are practically
achievable.
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The corresponding equilibrium energy is

E0

Na
= ε + β|U0| −



Na |U0 |(9β2−α)+2δ(1−α)+4 δ2
Na |U0 |

2(6β−α−1) , D2 > 0 & |ηe| ≤ 1,(
Na |U0 |

2 + δ
)
, (D2 > 0 & ηe < −1) or (D2 ≤ 0 & D1 > 0) ,(

Na |U0 |α
2 − δ

)
, (D2 > 0 & ηe > +1) or (D2 ≤ 0 & D1 < 0) ,

Na |U0 |3β
2 , D2 ≤ 0 & D1 = 0,

(3.31)

where the top case describes the fragmented state.

3.2.4 1D harmonic potential

Our vertically aligned, long, skinny cigar-shaped magnetic trap is harmonic with axial and

radial trapping frequencies ωz = 2π×50 Hz and ωr = 2π×3.5 kHz, respectively, producing

an aspect ratio of ωr/ωz = 70. As outlined in Sec. 2.1.1, our change in B0 before collecting

the data in Ch. 2 changed ωr from the 2π × 3.0 kHz value it had during the data collection

for Ref. [16]. Because we started our theory this way and because the exact value does not

affect the essential physics our model seeks to illustrate, all of the theory in this chapter

describing our system is carried out with ωr = 2π × 3.0 kHz, which sets the aspect ratio to

60 and Nc to 360, different from the experimental values in Ch. 2: 70 and 330, respectively.

ωr plays a small role because, as a simplification, the theory we have developed to apply

to our system is truly 1D, rather than quasi-1D: We integrate the radial degrees of freedom

out of the two-body interaction Hamiltonian, Eq. (3.1). First we separate φ(~r) = φ(x, y, z)

into φr(x, y)φ(z), where

φr(x, y) =
1

π1/2σ2
r,0

exp

−
x2

2σ2
r,0

− y2

2σ2
r,0

 (3.32)

is the ground state of the radial harmonic oscillator, normalized to have
∫

dxdy |φr(x, y)|2 = 1,

and σx,0 = σy,0 = σr,0. Integrating Ĥ over the radial coordinates x and y and dropping the

resulting constant ~ωr term because it does not affect the dynamics leaves the 1D Ĥ with

the same written form as in the 3D case.

Now, however, only scattering between axial modes is considered, so {i, j, k, l} explicitly



CHAPTER 3. THEORY 51

label the axial single-particle states only. In the position representation, the single-particle

kinetic and trap potential operators become

t̂ = − ~
2

2m
∂2

∂z2 (3.33)

and

û =
1
2

mω2
z z2. (3.34)

The interaction terms, Eq. (3.4), are modified slightly to

Vi jkl = g1D

∫
dz φ∗i (z)φ∗j(z)φk(z)φl(z), (3.35)

where g1D = 2~ωra is the quasi-1D interaction coupling coefficient. Because ours is a true

1D theory, the only role of ωr is scaling g1D. A direct consequence is that the collapse

criterion, Nc ≈ 0.76σr,0/|a| ≈ 330, Eq. (1.9), is not derivable from our model and requires

an independent quasi-1D calculation [10].

As a concrete example to begin the analysis, consider the two single-particle modes

φ0(z) =
1

π1/4(λ0σz,0)1/2 exp
(
− z2

2(λ0σz,0)2

)
(3.36)

φ1(z) =
21/2z

π1/4(λ1σz,0)3/2 exp
(
− z2

2(λ1σz,0)2

)
, (3.37)

the harmonic potential ground and first excited states: p = 0 and q = 1, respectively. Here

σz,0 = (~/mωz)1/2 ≈ 6 µm is the axial oscillator length, and λi is a dimensionless variational

parameter scaling the width of φi. λi = 1 sets φi to its nominal width, which will hold for

Secs. 3.3.1, 3.3.2, and 3.3.3. However, because this constraint will be dropped in Sec. 3.3.4

when we calculate energy landscapes within variational width space, we continue carrying

the λis in the analytic expressions. The corresponding many-body states are

|Ψi〉 =

Na∑

n1=0

Ci; n1 |n1〉 . (3.38)

Using φ0 and φ1 to construct Ĥ, the kinetic and trap potential terms, Eq. (3.17), evaluate
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to

h00 = 〈0|t̂ + û|0〉 =
1
4
~ωz(λ2

0 + λ−2
0 )

h11 = 〈1|t̂ + û|1〉 =
3
4
~ωz(λ2

1 + λ−2
1 ). (3.39)

The scattering coefficients are

V0000 ≡ −|U0| = −~ωr

√
2
π

|a|
σz,0

1
λ0

V1111 ≡ −α|U0| = −3λ0

4λ1
|U0|

V0011 ≡ −β|U0| = − 21/2

(
1 +

(
λ1
λ0

)2
)3/2 |U0|

V0001 = V0111 = γ = 0. (3.40)

This makes Ĥ is expressible as

Ĥ = h00n̂0 + h11n̂1

− 1
2
|U0|n̂0 (n̂0 − 1) − 1

2
α|U0|n̂1 (n̂1 − 1)

− 2β|U0|n̂0n̂1

− 1
2
β|U0|

(
â†0â†0â1â1 + â†1â†1â0â0

)
. (3.41)

Diagonalizing Ĥ yields the many-body energy spectrum {Ei} and eigenstates {|Ψi〉},
each represented by its

{
Ci; n1

}
. Examples of these representations, for the many-body

ground states with our system parameters and Na = Nf/2, Nf, and 2Nf are displayed in

Fig. 3.1.
{
C0; n1

}
is used to create the ground state SPDM, Eq. (3.20),

ρ̂ =
1
Na


〈â†0â0〉 〈â†0â1〉
〈â†1â0〉 〈â†1â1〉

 , (3.42)

which is diagonalized to determine the degree of fragmentation. If both εi ∼ O(1) then the

ground state is fragmented, otherwise it is pure.
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Figure 3.1: Many-body ground state decomposition
{
C0; n1

}
when Na atoms are allowed

to scatter within single-particle harmonic trap states 0 and 1 at (a) Na = 77 ≈ Nf/2, (b)
Na = 154 ≈ Nf, and (c) Na = 307 ≈ 2Nf, as a function of n1, the occupation number
basis state index. For Na ≤ Nf, (a) and (b), the atoms macroscopically occupy φ0. As Na

increases above Nf, 〈n̂1〉 begins to increase. Also note that within each plot, every other
term has value 0.
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Using Eq. (3.21), we get

ε ≡ (h11 + h00) /2 =
1
8
~ωz

[
3(λ2

1 + λ−2
1 ) + (λ2

0 + λ−2
0 )

]
(3.43)

δ ≡ (h11 − h00) /2 =
1
8
~ωz

[
3(λ2

1 + λ−2
1 ) − (λ2

0 + λ−2
0 )

]
, (3.44)

which finishes defining the semiclassical approximate equations for E, Eq. (3.22); Nf,

Eq. (3.28); ε0 = n0/Na, Eq. (3.30); and E0/Na, Eq. (3.23); for variationally-widthed φ0

and φ1. Nominal width results are found by setting λ0 = 1 and λ1 = 1.

Lastly, for λi = 1, we can recast Na in terms of the per particle interaction energy, to

which it is directly proportional:

Na|V0000|λ0=1 = Na2~ωr|a|
∫

dz |φ0(z)|4
∣∣∣∣∣
λ0=1

=

√
2
π

~ωrNa|a|
σz,0

. (3.45)

Ratioing this to the axial mode energy splitting further recasts Na in terms of an effective

coupling strength:

χint =
Na|V0000|λ0=1

~ωz
=

√
2
π

ωr

ωz

Na|a|
σz,0

=

√
2
π

√
ωr

ωz

Na|a|
σr,0

. (3.46)

χint is the nominal-width equivalent of Na|U0|/(2δ) which defines whether two orbitals with

odd-relative parity fragment or not, Eq. (3.28), with fragmentation generally expected for

χint & 1. As with Nc, if χint becomes too large the atomic ensemble will be unstable against

collapse, which for our experimental parameters and φ0 and φ1 happens at χint,c ≈ 4.7.

These tools laid out, we next describe our theory results.

3.3 Results

3.3.1 Nf < Nc for 1D harmonic oscillator states 0 and 1

Our goal being to show that fragmentation is energetically likely for Na < Nc, we begin by

calculating the SPDM eigenvalues for our two single-particle states (3.36, 3.37), nominally-

widthed so that λ0 = λ1 = 1, while we increase Na from 1 to just over Nc. In this case
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h00 = ~ωz/2, h11 = ~ωz3/2, ε = ~ωz, δ = ~ωz/2, α = 3/4, β = 1/2, γ = 0, and

|U0| = ~ωr(2/π)1/2(|a|/σz,0) ≈ ~ωz 0.0153. Plugging these into Eq. (3.41) for each Na we

construct Ĥ, and then diagonalize it. Examples of the many-body ground state, represented

in the occupation number basis state by
{
C0; n1

}
, are plotted in Fig. 3.1. From these plots

it is visually clear that as Na increases above Nf,
〈
n̂1/N̂a

〉
begins near 0 (b), and increases

to ∼ O(1) (c). Conversely
〈
n̂0/N̂a

〉
= 1 −

〈
n̂1/N̂a

〉
begins near 1 and decreases but remains

∼ O(1).

Determining the degree of fragmentation for a system with two single-particle states

requires the two additional SPDM terms,
〈
â†0â1

〉
and

〈
â†1â0

〉
. However, looking closely at

the
{
C0; n1

}
at all three values of Na, every other term equals 0. Mathematically, this causes

the off-diagonal SPDM terms to be identically 0 so that the system does not exhibit off-

diagonal long range order and ε0 = n0/Na and ε1 = n1/Na. We empirically observe this

when the single-particle state pairs have odd-relative parity.

Fig. 3.2 shows both the exact fragmentation parameters, ε0 and ε1, and the semiclassi-

cally approximated values, n0/Na and n1/Na, plotted as Na rises from 0 to greater than Nc.

Also shown are Nc [10] and the semiclassically approximated Nf, the vertical blue dashed

and red dashed lines, respectively. Two important conclusions should be drawn from this

figure. First, a fragmented ground state exists for Nf < Na < Nc. Such fragmented con-

densates in our 1D harmonic potential are metastable against collapse, unlike those in the

3D harmonic potential [37]; because they are ground states they are stable against varia-

tions in occupation number, unlike those in [38]. Second, the semiclassical approximation

does a fine job predicting the SPDM eigenvalues and Nf, the atom number above which

ε0, ε1 ∼ O(1). The slight discrepancy at Na ∼ Nf is due to finite Na smoothing out the

transition from a pure to fragmented ground state in the exact solution [37].

3.3.2 Nf vs. Nc for harmonic oscillator states j and j + ∆ j for odd ∆ j

Knowing that fragmentation is energetically favored in scattering between the 0 and 1 os-

cillator states for Na stable against collapse, we next consider how many other trap state

pairs satisfy this condition. Extending our model requires appropriately changing hpp, hqq,

U0, α, β, γ, δ, and ε, but otherwise the method is the same. Because the semiclassical
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Figure 3.2: Many-body ground state SPDM eigenvalues for 1 ≤ Na . Nc when atoms
are allowed to scatter amongst single-particle harmonic trap states 0 and 1, exact (solid
black lines) and using the semiclassical approximation (dotted blue lines). The vertical
dashed lines indicate Nc (red) and the semiclassically predicted Nf (blue). Fragmentation
is clearly predicted for Na < Nc, which means these condensates should be stable against
collapse. The agreement between the exactly solved and semiclassically approximated
lines demonstrates this is an excellent approximation for our purposes.
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Figure 3.3: Semiclassically predicted Nf values for nominally-widthed one-apart single-
particle state pairs, e.g. 0 and 1, 1 and 2, (•) and three-apart state pairs, e.g. 1 and 4, 2 and
5, (�) vs the lower index of the state pair. The horizontal dotted line indicates Nc for our
system parameters. Many adjacent state pairs have Nf < Nc, so when the Hilbert space is
limited only to them they have stable fragmented ground states. For our parameters, three-
apart state pairs all have Nf > Nc so should not fragment stably. Nominally-widthed single-
particle states 0 and 3 overlap insufficiently for fragmentation to occur. Similar curves can
be generated for higher odd state separations (odd-relative parity), but not between states
with even state separation (even-relative parity) where fragmentation does not empirically
occur.

approximation predicts Nf fairly accurately and additionally removes the arbitrariness re-

quired of the exact solution in selecting an appropriate threshold for ε1 to rise above before

being considered ∼ O(1), we use it in this calculation.

We categorize the state pairs according to the difference between their oscillator state

index: one-apart (adjacent), e.g. 0 and 1, 1 and 2, three-apart, e.g. 0 and 3, 1 and 4,

five-apart, and so on. Odd index separations correspond to odd-relative parity between

the state pairs, even index separations correspond to even-relative parity. In Fig. 3.3 we

plot Nf for our system parameters and different state combinations. The horizontal dotted

line indicating Nc shows that all of the adjacent state pairs we plot have Nf < Nc and that
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all of the three-apart state pairs have Nf > Nc, except for 0 and 3 which do not overlap

sufficiently to fragment, i.e. β < 1/3 see Eq. (3.28). We calculated Nf for five- and seven-

apart state pairs and observe that the tendency continues toward finite but higher Nf, with

lower indexed pairs overlapping insufficiently to fragment.

The even-relative parity state pair case is simpler: fragmentation does not occur be-

tween even-relative parity state pairs, at least not in any cases we modeled. The semiclas-

sical approximation Eq. for n0/Na is solvable but with a significantly more complicated

form. Even then it does not equal either of the SPDM eigenvalues because in general the

off-diagonal SPDM terms are non-zero. The exact solution must be used which in all cases

we analyzed predicts a pure ground state. A rigorous proof requires a closed form analytic

solution for the overlap integrals in Vi jkl with arbitrary indices, which we lack 4.

3.3.3 Excitation energy spectra

At the heart of whether a bosonic sample fragments or has a conventional Bose-Einstein

condensed ground state is the degree to which the ground state is degenerate with other

states [28]. For understanding our experimental results which occur at T > 0 after evapo-

rating directly under attractive interactions, at issue is the degree to which more generally

all the many-body states abide with neighboring nearly degenerate states.

To probe this, we use our two single-particle state scattering model to solve for the

complete many-body per particle excitation energy spectra. Specifically, for a given state

pair, at each Na we diagonalize Ĥ to get the entire set of Na + 1 many-body eigenenergies,

{Ei}. Subtracting off E0 from each and dividing by Na produces {∆µtot,i}, the per particle

excitation energy spectrum. We then track how the {∆µtot,i} depend on changing Na.

As a first example, consider {∆µtot,i} for two-body scattering between single-particle trap

states 0 and 1, the lowest energy 16 of which are shown in Fig. 3.4. As is characteristic for

mean field interactions, the {∆µtot,i} decrease like ∼ O
(
N−1

a

)
for Na � Nf, where Na = Nf

is indicated by the vertical dashed blue line. The {∆µtot,i} dependence on Na disappears

entirely for Na � Nf. The most interesting feature of this figure is at Na & Nf where

adjacent pairs of excitation energies converge to numerical degeneracy at a rate much faster

4Solutions are offered in [43, 44] but ended up being too complicated to decipher and implement into
code.
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Figure 3.4: Per particle many-body excitation energy spectra dependence on Na for scat-
tering amongst single-particle 1D trap states 0 and 1. The 16 lowest energy many-body
excited states are plotted. The vertical dashed lines indicate Nc (red) and the semiclassi-
cally predicted Nf (blue). For Na � Nf, the {∆µtot,i} decrease like ∼ O

(
N−1

a

)
, characteristic

of mean field interactions. For Na � Nf, the {∆µtot,i} become independent of Na. The most
interesting feature of this figure is at Na & Nf where adjacent pairs of excitation energies
converge to numerical degeneracy at a rate much faster than ∼ O

(
N−1

a

)
. The bottom line,

∆µtot,1, dropping rapidly off the graph as µtot,1 approaches numerical degeneracy with µtot,0,
indicates the rate of convergence.
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than ∼ O
(
N−1

a

)
. The rate of convergence is indicated by the bottom line, ∆µtot,1 dropping

rapidly off the graph as µtot,1 approaches numerical degeneracy with µtot,0. Na = Nc is

indicated in each of these plots by the red vertical dashed line.

In contrast, state pairs that are not predicted to fragment semiclassically or exactly,

whose SPDM eigenvalues remain 1 and 0 independent of Na, this faster than ∼ O(N−1
a )

convergence to pairwise degeneracy feature does not appear. This is the case for two-body

scattering between single-particle trap states with even-relative parity, as demonstrated

graphically in Fig. 3.5 for states 0 and 2. It also occurs for state pairs with odd-relative

parity if the overlap of the two single-particle orbitals is insufficient, 3β < 1, α depending

on the sign of δ as in Eqn. 3.28. This scenario is plotted in Fig. 3.6 for states 0 and 3.

Finally, to show that this degeneracy feature should be associated with fragmentation

rather than collapse, indicated in each plot by the red vertical dashed line marking Na = Nc,

contrast Fig. 3.4 with Fig. 3.7 where the 16 lowest energy {∆µtot,i} are shown for two-body

scattering instead between single-particle 1D trap states 1 and 4. The red dashed vertical

line showing Na = Nc remains stationary, and both the faster than ∼ O(N−1
a ) convergence to

pairwise degeneracy and the semiclassically calculated Nf (blue dashed vertical line) move

together to higher Na.

In both instances where the pairwise degeneracy occurs, it does not occur for all many-

body state pairs at the same Na. Rather it starts with the bottom two states and works its way

up pair by pair as Na increases. At sufficiently high Na, the highest energy many-body states

also become pairwise degenerate. For single-particle states 0 and 1, 6% of the many-body

states have a degenerate partner at Na = 256, and by Na = 4096 the fraction of degenerate

many-body states tops 45% and appears to be leveling off. This pairwise degeneracy for a

significant fraction of the many-body states when Na � Nf directly bears on the question of

whether the many-body states created in our experiment reside in energy space in relative

isolation or as members of manifolds of nearly degenerate states: even in this truncated

Hilbert space, at Na ≈ 103 like the clouds at our coldest final RF evaporation frequency, 1/3

of the many-body states have a degenerate partner. Furthermore, we expect that such many-

body state degeneracy at Na � 1 would be dramatically increased by including more than

two single-particle states in the Hilbert space, because of the NHS ∼ NNm−1
a dependence.
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Figure 3.5: Per particle many-body excitation energy spectra as a function of Na for scat-
tering amongst single-particle 1D trap states 0 and 2. The 16 lowest energy many-body
excited states are plotted. The vertical dashed red line indicates Nc. The {∆µtot,i} ∼ O

(
N−1

a

)

dependence for Na � Nf, and independence, O
(
N0

a

)
, for Na � Nf are preserved. How-

ever in contrast with Fig. 3.4, the transition between them is smooth with the faster than
∼ O(N−1

a ) convergence to pairwise degeneracy feature not appearing. This is representative
of single-particle state pairs with even-relative parity.
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Figure 3.6: Per particle many-body excitation energy spectra dependence on Na for scat-
tering amongst single-particle 1D trap states 0 and 3. The 16 lowest energy many-body
excited states are plotted. The vertical dashed red line indicates Nc. The {∆µtot,i} ∼ O

(
N−1

a

)

dependence for Na � Nf, and independence, O
(
N0

a

)
, for Na � Nf are preserved. Like Fig.

3.5, the transition between them is smooth with the faster than ∼ O(N−1
a ) convergence to

pairwise degeneracy feature not appearing. This is representative of single-particle state
pairs with odd-relative parity whose overlap is insufficient for fragmentation to occur.
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Figure 3.7: Per particle many-body excitation energy spectra dependence on Na for scat-
tering amongst single-particle 1D trap states 1 and 4. The 16 lowest energy many-body
excited states are plotted. The vertical dashed lines indicate Nc (red) and the semiclassi-
cally predicted Nf (blue). Like Fig. 3.4, the {∆µtot,i} ∼ O

(
N−1

a

)
dependence for Na � Nf,

independence, O
(
N0

a

)
, for Na � Nf, and faster than ∼ O(N−1

a ) convergence to pairwise
degeneracy feature are all preserved. Moreover, the mutual translation of the degeneracy
feature and Nf indicate the degeneracy should be associated with fragmentation and not
collapse.
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3.3.4 Ground state energy landscapes with variationally-widthed single-
particle states

As discussed in Sec. 3.1.1, extending our model to more than two single-particle states is

computationally difficult at Na relevant for our experiments. An alternative that captures a

flavor of the many-body ground state that adding more single-particle states might produce

is to follow [38]: use single-particle state pairs having independent variational widths to

create energy landscapes in variational width space, then analyze the states formed at the

local minima. However unlike [38], our use of exact diagonalization to find the ground

state ensures its stability against variations in occupation number as well as orbital widths.

1D harmonic trap states 0 and 1

We initially apply this method to single-particle 1D harmonic trap states 0 and 1, having

the same functional form as Eqs. (3.36) and (3.37) only now we let λ0 and λ1 vary in-

stead of fixing them both at 1. For a given Na and (λ0, λ1) pair, we follow our standard

methodology: calculate h00, h11, U0, α, β, δ, and ε; use them to construct the pentadi-

agonal Ĥ; solve for E0 and |Ψ0〉 by diagonalizing Ĥ; construct ρ̂ with respect to |Ψ0〉;
diagonalize to get {εi} to determine the degree of fragmentation and {|εi〉} to get the spa-

tial wavefunctions and density distributions of the many-body states. Rastering λ0 and λ1

and plotting E0/Na at each combination produces a ground state energy landscape for the

fully interacting Na-particle system. Local minima in this landscape correspond to Fock

basis representations and (λ0, λ1) pairs that are energetically stable both with respect to oc-

cupation number fluctuations and orbital width fluctuations. Fig. 3.8(a) shows the energy

landscape for our experimental conditions with Na = 307 = 2Nf = 0.85Nc. The local

minimum (white +) at (λ0, λ1) = (0.30 ± 0.01, 0.22 ± 0.01) is stable against fluctuations

in single-particle state widths and occupation numbers. That these both are � 1 indicates

that modeling with Nm > 2 would significantly change the ground state description com-

pared to using nominally-widthed single particle states. The three anomalously high points

out of & 2000 have non-anomalous semiclassically approximated values, so are probably

erroneously caused by numerical rounding errors during matrix diagonalization. The frag-

mentation landscape in Fig. 3.8(b), ε0 for the same parameters, shows that almost half of
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Figure 3.8: Many-body ground state energy and fragmentation landscapes for Na = 307 =

0.85Nc atoms scattering amongst single-particle variationally-widthed 1D trap states 0 and
1, scaled by λ0 and λ1, respectively. (a) E0/Na vs (λ0, λ1). Local minima (white +) like at
(λ0, λ1) = (0.30 ± 0.01, 0.22 ± 0.01) where E0/Na = −4.0 ~ωz, represent ground states that
are stable against fluctuations in single-particle state widths and occupation number. For
this Na and trap state pair, the local minimum is actually the global minimum. λ0, λ1 � 1
indicates that increasing Nm > 2 would substantially change the nominal width ground state
results. (b) ε0 vs (λ0, λ1), overlaid with the energy minimum identified in (a). While the
majority of the parameter space has a pure ground state, ε0 ∼ O(1), ε1 = 1 − ε0 ∼ O(N−1

a )
(dark red region) or ε1 ∼ O(1), ε0 = 1 − ε1 ∼ O(N−1

a ) (dark blue region), nearly half has a
fragmented ground state, ε1 = 1− ε0 ∼ O(1) (other colors), including the energy minimum
(white +) where ε0 = 0.89.
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the parameter space exhibits some degree of fragmentation, ε1 = 1 − ε0 ∼ O(1). More

intriguing, ε0 = 0.89 at the energy minima found in Fig. 3.8(a) (white +), meaning the

overall ground state for this system is fragmented.

3D isotropic harmonic trap states 0 and 1

As a check on our theoretical model, we use it to investigate the many body ground state

for attractively interacting 7Li in a 3D harmonic potential, where experiment [3] and pre-

vious theory [37] have shown that the BECs produced are pure. Using the experimental

parameters given in [3], we ran the analysis for two different sets of 3D single-particle state

pairs,

φ0(~r) =
1

π3/4(λ0σ)3/2 exp
(
− r2

2(λ0σ)2

)
, (3.47)

φ1a(~r) =
21/2z

π3/4λ0λ
3/2
1 σ5/2

exp
(
− x2 + y2

2(λ0σ)2 −
z2

2(λ1σ)2

)
, (3.48)

φ1b(~r) =
21/2z

π3/4λ5/2
1 σ5/2

exp
(
− x2 + y2 + z2

2(λ1σ)2

)
. (3.49)

In both analyses the single-particle ground state is the same; the excited states differ by

which variational parameter scales the radial widths. This change does not substantially

effect the result: 5 in both cases energetically stable fragmentation does not occur, agreeing

with [3, 37].

In Figs. 3.9(a) and 3.9(b), we plot the energy and fragmentation landscape at Na =

950 = 0.96Nc using φ0(~r) and φ1a(~r). The energy landscape in Fig. 3.9(a) shows there are

no (λ0, λ1) points that are local energy minima in both dimensions, a first clue that stable

fragmented states do not form. Rather the white vertical dashed line marks an energy local

5The one notable difference between the φ1b(~r) and φ1a(~r) analyses is an additional collapse region for
λ1 → 0 in the φ1b(~r) analysis. In the thermodynamic limit, taken by using the semiclassical approximation,
for λ0 & 0.38, as λ1 → 0 the system undergoes a first order phase transition at λ1 ≈ 0.1, from favoring all
the atoms in the single-particle trap state 0 to favoring all the atoms in the single-particle trap state 1, with
no fragmented region in between. This new collapse region is caused by the increased inverse dependence of
φ1b(~r) on λ1 compared to that of φ1a(~r). That the collapse is first order and not accompanied by fragmentation
is because this region has |ηe| < 1 and D2, 6β − α − 1 < 0, so that η0 = ±1 are both locally energetically
favored over the interceding fragmented states, Eq. (3.29). The central conclusion is not affected by this
change: energetically stable fragmentation does not occur in 3D harmonic potentials for either model.
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Figure 3.9: Many-body ground state energy and fragmentation landscapes for Na = 950 =

0.96Nc atoms scattering amongst single-particle variationally-widthed 3D trap states 0 and
1, scaled by λ0 and λ1, respectively. (a) E0/Na vs (λ0, λ1). Unlike in 1D, Fig. 3.8(a),
in 3D there are no points that are energy local minima with respect to both variational
parameters simultaneously. Instead the energy local minimum at λ0 = 0.9 ± 0.025 where
E0/Na = 1.3 ~ω, marked with a white vertical dashed line, is a minimum with respect to
λ0 only. It has no λ1 dependence because in that region 〈n̂1〉 = 0. Likewise, the black
vertical dashed line at λ0 = 0.35 ± 0.025 marks an energy local maximum that is similarly
independent of λ1. To the left the energy per particle rapidly diverges to negative infinity so
that systems left of this line runaway further left, corresponding to collapse. Systems right
of the maximum propagate right, into the white dashed line energy basin. The height of
this maximum depends on Na, shrinking with increasing Na and disappearing entirely for
Na ≥ Nc. The grey horizontal dashed line at λ1 = 1 for λ0 & 2.4 marks where the energy
is minimized with respect to λ1 only; the λ0 dependence here pushes such systems to the
left. Unlike in Fig. 3.8(a), the minima occurring at λ0 ≈ 1 indicates that increasing Nm will
not change this result by much. (b) ε0 vs (λ0, λ1), overlaid with the energy minima and
maxima identified in (a). Most of the parameter space has a pure ground state: the atoms
macroscopically occupy only single-particle trap state 0 (dark red) or single-particle trap
state 1 (dark blue), whichever has lower energy. In both regions where fragmentation occurs
(other colors), it occurs unstably. Systems in the right fragmented region energetically favor
moving left into the white dashed line energy basin. Fragmented systems in the lower left
are left of the black vertical line energy maximum so energetically favor continuing left,
corresponding to systems that fragment as they collapse. Therefore, stable fragmented
ground states do not exist in 3D harmonic potentials for our model.
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minimum with respect to λ0 only. This is a true local minimum with no λ1 dependence

because in this region 〈n̂1〉 = 0. That it occurs at λ0 ≈ 1 indicates that increasing Nm will

not substantially change this result. The gray horizontal dashed line marks where the en-

ergy is minimized with respect to λ1 only, however the λ0 dependence pushes systems here

left toward the white dashed line local minimum. The black vertical dashed line marks

a local energy maximum with respect to λ0 only, again without λ1 dependence because

〈n̂1〉 = 0. To its left the self-attraction is so strong that systems here propagate further left,

corresponding to collapse. Systems to the right tend back toward the white dashed line en-

ergy minimum. The height of this maximum depends on Na, shrinking with increasing Na

and disappearing entirely for Na ≥ Nc. The fragmentation landscape in Fig. 3.9(b) shows

that the ground state is pure over most of the parameter space, with the Na atoms macro-

scopically occupying only single-particle state 0 (dark red) or single-particle state 1 (dark

blue), whichever has lower energy at the particular (λ0, λ1). There are two regions where

this is not the case and fragmentation occurs (other colors). On the right, immediately be-

tween the dark red and dark blue regions, h00 and h11 so closely match that both become

macroscopically occupied. However the energy dependence on λ0 here forces these sys-

tems to propagate left toward the white dashed line minima, meaning this fragmentation is

transitory. The fragmentation region in the lower left is left of the energy maximum and

corresponds to collapsing systems that energetically favor fragmentation during collapse.

In all cases our models predict that energetically stable fragmented states do not form in

attractively interacting particles in 3D harmonic potentials.

1D harmonic trap states 0 and 2

Applying our two single-particle state model instead to the 1D ground and second excited

trap states, which have even-relative parity, predicts a pure many-body ground state. Shown

in Fig. 3.10(a), the ground state energy landscape of this system has two local minima,

both of which correspond to pure states, as shown in Fig. 3.10(b), and both of which have

lower energy per particle than the fragmented many-body ground state formed between the

ground and first excited state pair. So when both are allowed, as in our experiment where

the Hilbert space is not truncated, the pure ground state will be energetically preferred over

the fragmented state. As in Fig. 3.8(a), both λi � 1 signifies that modeling with Nm > 2
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Figure 3.10: Many-body ground state energy and fragmentation landscapes for Na = 307 =

0.85Nc atoms scattering amongst single-particle variationally-widthed 1D trap states 0 and
2, scaled by λ0 and λ2, respectively. (a) E0/Na vs (λ0, λ2). The local minima (white +) at
(λ0, λ2) = (0.16±0.01, 0.38±0.01) where E0/Na = −8.7 ~ωz, and at (0.26±0.01, 0.08±0.01)
where E0/Na = −4.2 ~ωz, represent ground states that are stable against small fluctuations
in single-particle state widths and occupation number. The former is the global ground
state for this Na and trap state pair. Both have lower energy per particle than at the energy
minimum for scattering between trap states 0 and 1, Fig. 3.8(a), the latter having slightly
less and the former significantly less. Similar to Fig. 3.8(a), λ0, λ2 � 1 indicates that
increasing Nm > 2 would substantially change the nominal width ground state results. (b)
ε0 vs (λ0, λ2), overlaid with the energy minima identified in (a). Unlike scattering between
1D trap states 0 and 1, Fig. 3.8(b), this entire parameter space has a pure ground state,
ε0 ∼ O(1), ε1 = 1 − ε0 ∼ O(N−1

a ), including both minima.
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would significantly improve the ground state results compared achieved using nominally-

widthed single particle state modeling.

3.3.5 Role of state pair relative parity in 1D harmonic potentials

Each of these analyses reveals that for 1D systems within our model, where in general

fragmentation can occur, the single-particle state pair relative parity plays a major role in

determining whether fragmentation will occur at high Na or not. Excepting odd-relative

parity state pairs with insufficient overlap such that they do not fragment, odd-relative par-

ity single-particle state pairs tend toward fragmented ground states at high Na, and even-

relative parity single-particle state pairs have pure ground states for all Na. This appears

directly in the SPDM eigenvalues of the nominally-widthed state pairs, which remain fixed

at 0 and 1 for even-relative parity and converge between them for odd-relative parity of

sufficient overlap, Sec. 3.3.1. It appears in the semiclassical Nf formula itself, Eg. (3.28),

which has a relatively simple form for odd-relative parity because one energy dependency

is trivially minimized in Eg. (3.23), but does not exist for any even-relative parity cases we

considered. The signature in the excitation energies, Sec. 3.3.3, is an additional spectral

feature of pairwise degeneracies for Na � 1 in state pairs with odd-relative parity and suffi-

cient overlap that is not present in even-relative parity state pairs. This also carried through

into the variationally widthed ground states, with a fragmented ground state for scattering

between variationally-widthed trap states 0 and 1 and a pure ground state for scattering

between variationally-widthed trap states 0 and 2.

3.4 Summary

We theoretically explored a hypothesis that could potentially account for the irregular cold

cloud density profiles and the frustration of conventional BEC that we observe experi-

mentally. Namely, these might be explainable by our specific combination of attractive

interactions and a quasi-1D trap creating a situation wherein the interactions dominate the

axial curvature so that the many-body ground state is part of a manifold of nearly degen-

erate states. To investigate, we used the two-body interaction Hamiltonian to extend the
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Nm = 1 many-body mean field GP formalism to allow for atom scattering between Nm = 2

single-particle trap modes.

With this model we found that many single-particle state energy-adjacent pairs undergo

pairwise fragmentation of their many-body ground state for Na = Nf < Nc for our system

parameters. 3-apart, 5-apart, etc. state pairs (odd-relative parity) generally also undergo

fragmentation but at Nf > Nc for our system parameters. States with even-relative parity, 2-

apart, 4-apart, etc. remain pure at all Na. This signature appears in the excitation energies as

well. State pairs with fragmented ground states include a spectral feature wherein adjacent

many-body states pair up and become degenerate much faster than the ∼ O(N−1
a ) typical

of mean-field interactions. We ascribed independent variational widths to our two single-

particle states to probe what the many-body ground states might look like were we able to

simulate with Nm > 2, and found that in the 1D cases the energetically favored variational

widths were between 0.1 and 0.4, indicating that increasing Nm will change at least the

ground state considerably from the Nm = 2 nominal width cases. As a check against

experiment [3] and generally accepted theory [37], we applied our model to a 3D isotropic

harmonic potential and found that it similarly predicted a pure ground state.

The sensitivity to state pair relativity calls into question the relevance of these models to

experiments, which probably should be expected given that our data indicate Na ∼ O(10) �
2. Though less of a problem in our Nm = 2 model than in the Nm = 1 GP formalism, both

are mean-field based, meaning that they neglect high order atom-atom correlation infor-

mation. It is likely the case that for attractive atoms in a quasi-1D potential, where they

can simultaneously have strong interactions relative to the axial confinement and be stable

against collapse, that atom-atom correlations are essential to understanding the dynamics.

The ability to simulate even Nm = 4 models at realistic Na, so that the atoms could simul-

taneously scatter between two even parity and two odd parity single particle states, might

produce a much different picture of the degeneracies in the excitation spectra, and point to

how likely our result is due to the interconnection underlying interaction energy and trap

anisotropy.



Chapter 4

Outlook

4.1 Controllable single bright atomic soliton source

With the new understanding of our experimental system enabled by our beyond Gross-

Pitaevskii, multi-mode mean-field theory, we next intend to build a controllable robust

bright atomic single soliton source. Though not feasible in our quasi-1D magnetic trap

alone without Feshbach control, Ref. [3] and our simulations indicate that if we instead

evaporated with attractive interactions into a spherical potential we would produce a pure

BEC, with only one trap state macroscopically occupied. Adiabatically deforming this

spherical potential to make it quasi-1D will change this pure BEC into the single soliton

ground state of the quasi-1D trap, so long as the characteristic length of the final harmonic

potential is much greater than the characteristic soliton length. Na < Nc for the 3D trap

will ensure that it holds for the quasi-1D trap as long as ωr does not change substantially.

We intend to accomplish this by crossing our cigar shaped magnetic trap with a second

cigar-shaped red-detuned optical dipole trap, which will add tight confinement to the axial

dimension. For fixed focus size and detuning, the overall trap depth and axial frequency

will be controlled by the optical trap power, see Fig. 4.1. We think we will be able to use

this to control the number of atoms in the final soliton. Finally, the axial position of this

optical trap will control where the soliton forms.
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Figure 4.1: Normalized optical trap depth, frequency, and spontaneous emission atom life-
time as a function of total trapping power, for λ = 852 nm and 23 µm focused spot size.
The trap depth (blue line) is normalized to 10 µK, which is around the value we would like
to achieve. Similarly the trapping frequency (red line) is normalized to 2π × 3.5 kHz, and
the optical trap spontaneous emission atom lifetime (purple line) is normalized to 200 s. It
looks like we can reasonably simultaneously achieve just over 0.5 in all three normalized
parameters. The 852 nm wavelength matches a laser system built up to supply the light
for this optical trap. The 23 µm focus size looks reasonable considering the mechanical
constraints for optically accessing our vacuum chamber.
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4.2 Controllable atomic soliton source experiments and

applications

Single bright atomic solitons are well understood quantum mechanical states and with

controllable position and Na they will be ideal input states for many types of follow-on

experiments, measurement protocols, and sensor applications. In searching for macro-

scopic tunneling, experiments we would like to perform are colliding such solitons with

thin optical barriers, and raising a repulsive potential underneath such a soliton to observe

whether it quantum evaporates off faster than a classical particle could roll off [10]. Both

of these are potential routes toward creating a soliton beamsplitter which will enable the

creation of soliton-massed Schrödinger’s cat states as well as NOON state atom interfer-

ometry. Such cat states in our current trap could have msol & 2000 amu, already larger than

the current most massive object to display wave-particle duality, fluorofullerene C60F48 at

. 1700 amu [45, 46]. Changing aspect ratio or scattering length may allow us to increase

this further. A follow-on benefit to NOON state interferometry with solitons is that inter-

rogation times can be extended until they are limited by three-body losses and background

vapor pressure limits on trap lifetime, because for solitons wavepacket dispersion no longer

provides this limit. While single bright atomic solitons are well understood, collisions be-

tween solitons are not. Creating two such controllable solitons and colliding them, varying

Na and relative momentum, will shed considerable light on the details of this process, and

on how well this non-linearity can be harnessed for quantum measurement protocols.

4.3 Tunable coherence length matter-wave source

In optical interferometry the optimal coherence length is application specific and often

depends on the noise channels. For example, the dynamic range of displacement measuring

Michelson interferometers scales with coherence length, making longer better. Conversely,

the vertical resolution of non-contact surface metrology Fizeau interferometers also scales

with coherence length, making shorter better. More complicatedly, the signal to noise

ratio of fiber optic gyroscope Sagnac interferometers requires an intermediate coherence

length, one that optimally balances the competing requirements of low coherence length to
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minimize coherent backscatter from waveguide imperfections, to minimize noise, with the

long coherence length needed to couple a high flux of photons into the single mode fiber,

to maximize the signal.

In analogy with optical interferometers, as commercial atom interferometers become

more feasible, application specific optimal coherence properties may develop. At the long

coherence length extreme lie pure BECs, analogous to lasers, and at the shortest coherence

lengths lie hot thermal clouds, analogous to light bulbs. On the continuum in between, the

matter-wave source we report on in Ch. 2 lies at a position analogous to superluminescent

diodes (SLDs), with multiple modes macroscopically occupied. Perhaps just as fiber optic

gyroscopes today utilize optical SLDs to optimize signal to noise, future portable on-chip

atom-optic gyroscopes may similarly benefit from reduced waveguide backscatter by using

a bright short coherence length matter-wave source like we have produced [47, 48]. Other

applications may require more specific coherence properties, so that the ability to tune the

coherence length would prove advantageous. Though our two single-particle state many-

body theory is unable to predict anything beyond Nm = 2 modes macroscopically occupied,

we believe that the trap aspect ratio during evaporation will directly influence the Nm in

the final quasi-1D density distribution. Because coherence length scales with N−1/2
m [34],

and because tuning the optical trap intensity and focused spot size controls the trap aspect

ratio during evaporation, we believe this provides a means to create matter-waves with

tunable coherence length. Verifying this experimentally will require further matter-wave

interference measurements.



Chapter 5

Conclusion

On the road toward observing macroscopic tunneling and producing precision sensors that

utilize it, this work has made significant progress toward quantifying and attempting to un-

derstand an experimental result in cold atom physics that does not agree with the conven-

tionally accepted theory of Bose-Einstein condensation (BEC) occuring for non-interacting

particles at T < Tc, the condensation temperature, with modifications to incorporate inter-

particle interactions given by the mean field Gross-Pitaevskii (GP) formalism. Because

BEC is so fundamentally predicated, on statistical mechanics and symmetry under particle

exchange, and because mean-field theories, including the GP formalism, in practice work

extremely well, the process of BEC formation with and without interparticle interactions

is inherently robust, so that our result is novel and unexpected. Specifically, we evapora-

tively cool attractively interacting bosonic 7Li in a quasi-one dimensional (quasi-1D) trap to

demonstrably colder than Tc for our system parameters, as indicated by the cloud widths,

but do not observe conventional BEC. Normally, at and below Tc, single mode thermal

fits to the density profiles become insufficient and must be replaced by bimodal distribu-

tions of the thermal background plus the BEC profile; further cooling is marked by the

condensate mode growing while the thermal background mode shrinks, with interactions

adjusting the BEC size according to their sign and strength. Instead, throughout cooling

we observe nominally single-mode gaussian distributions that become significantly noisier

as T decreases and at no point observe the formation of clear regular bimodal structures.

At T ≈ Tc, the cloud number density and phase space density rise above the minimum
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required for quantum degeneracy. Also here, we begin observing density profile spikes,

indicating that condensation is initiating where predicted, which in turn indicates our T

and Na measurements are probably correct. Though T becomes poorly defined when |µint|,
the absolute value of the interaction energy per particle, ≈ kBT , in our evaporation se-

quences the maximum attainable value of |µint| without collapse occurring,
∣∣∣µint,c

∣∣∣, equals

kBT at T between a half and a full order of magnitude below Tc. This and the mentioned

onset of density spikes substantiate our claim to have cooled to and below Tc. While we

are technically unable to ascribe a cardinal temperature around and below this, we observe

additional evaporation reduces the axial cloud widths to 1/6 their value at Tc and note that

for non-interacting particles this would correspond to T ≈ Tc/30, implying that our search

for bimodal density distributions and conventional BEC extends significantly below Tc.

Taken together, the large axial widths and densities at our coldest evaporation sequences

imply the formation of clouds with multiple macroscopically occupied trap states, which

appear to be the limit one can reach in our trap. However, though we empirically opti-

mized our evaporation sequence to maximize the non-interacting phase space density at

each point in time, we cannot exclude the possibility that the loss mechanisms present in

our trap prevent us from evaporating sufficiently slowly to reach equilibrium. Also, the

small axial mode spacing, ~ωz, increases our sensitivity to heating and technical noise,

which we cannot rule out below 4 nK/s ≈ 2(~ωz/kB) /s.

One mechanism that might explain the frustration of conventional BEC and the irregu-

larity of our cold cloud density profiles is that throughout evaporation the measured |µint|,
averaged over each pixel, is several times larger than ~ωz. Moreover, were we able to

sample with subpixel resolution axially in addition to radially, GP theory predicts that the

maximum allowed value of |µint| is more than two orders of magnitude greater than ~ωz [10].

Thus, the combination of attractive interactions and a quasi-1D trap could create a system

wherein the interactions dominate the axial curvature such that the many-body ground state

is part of a manifold of nearly degenerate states.

We explored this hypothesis theoretically using the two-body interaction Hamiltonian

to extend the single-mode many-body mean field GP formalism to allow for atom scatter-

ing between Nm = 2 single-particle trap modes. Inputting our experimental parameters

and allowing scattering amongst the 1D single-particle ground and first excited trap states,
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we found that as Na increases the many-body ground state smoothly transitions from pure

to fragmented for Na < Nc, the critical atom number at which attraction-induced collapse

occurs. We demonstrated that the semiclassical approximation closely matches the ex-

act solution for pairs of single-particle states having odd-relative parity, and then used it

to show there are many energy-adjacent state pairs (odd-relative parity) that fragment for

Nf = Na < Nc for our experimental parameters. Investigating the exact energy spectra, we

showed that for a given single particle state pair with finite Nf, for Na & Nf adjacent pairs

of many-body states’ per particle excitation energy splitting converges to zero much faster

than the O
(
N−1

a

)
typical of mean-field interactions. This indicates a substantial increase in

the degree of degeneracy in the many-body spectrum for Na above Nf, which is predicted

to accompany fragmentation [28] and supports our hypothesis for why conventional BECs

might not form in our system.

Adding variational widths to our two single-particle states provided an idea of what

higher Nm modeling, computationally impracticable at realistic Na, would predict for the

many-body ground state spatial profile and degree of fragmentation. Applied to the 1D

harmonic trap ground and first excited state model, it continues to predict a fragmented

many-body ground state for Na < Nc, though less so than for nominally-widthed trap states.

Applied to the 1D harmonic trap ground and second excited state model, it continues to pre-

dict a pure many-body ground state for Na < Nc. In both of these cases λi � 1, indicating

that higher Nm models will substantially modify the nominally-widthed simulation results.

Also essential, for its agreement with experiment [3] and generally accepted theory [37],

application to the ground and first excited states of a 3D isotropic harmonic trap predicts

a pure (phase-coherent) many-body ground state for all Na < Nc. Our understanding of

the degree of degeneracy in the energy spectra for Nm > 2 models does not improve by

using variational widths because the number of many-body basis states remains unchanged

at NHS = Na + 1.

Deeper investigation of 1D Nm = 2 single-particle state models reveals their sensitivity

to the state pair relative parity: empirically, odd-relative parity single-particle state pairs

tend toward fragmented ground states at high Na, even-relative parity single-particle state

pairs have pure ground states for all Na. Though this sensitivity calls into question their rel-

evance to experiments, where Hilbert space is truncated only by temperature, interactions,
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and trap potential, the degree to which such models can predict whether or not experimen-

tal quasi-1D system many-body states may reside within manifolds of nearly degenerate

states highlights their potential for usefulness.

Finally, mechanism-independent, we will continue seeking to exploit the coherence

properties of our current superluminescent bright matter-wave source, characterized by

multiple macroscopically occupied modes, as well as those of the single soliton and tun-

able coherence length bright matter-wave sources that we intend to construct, for probing

the boundary of classical and quantum mechanics and for improving atom interferometric

sensors.



Appendix A

Gravitational Sag Correction for
Evaporation Frequency

Because our quasi-1D Ioffe-Pritchard (IP) trap is oriented with the long, loosely confining

dimension vertical, correcting for gravitational sag is more important than if we had tighter

vertical confinement. The equations quantifying this effect, in the thesis body Eqs. (2.4)

and (2.5), are

∆νeff =

(√
∆νset + ∆νg −

√
∆νg

)
(A.1)

and

∆νg ≡
mg2

(
mfgf − m′fg

′
f

)

2hω2
z

, (A.2)

and are derived in this appendix.

Independent of the presence of gravity, at height z the magnetic field of our IP trap is

given by

B(z) = B0 +
mω2

z

2µB
(z − zB0)2 (A.3)

and the potential energy of a particle in the trap is given by

U(z) =
mω2

z

2
(z − zT0)2 (A.4)

where zB0 is the center of the magnetic field and zT0 is the center of the trap. In this
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formulation, the equations are independent of the choice of z = 0.

Whereas without gravity, zB0 = zT0, with gravity the trap center and atoms are displaced

below the magnetic field center to zT0 = zB0 − ∆zg, where

∆zg ≡ |g|
ω2

z
(A.5)

and g is the acceleration due to gravity. B at the trap center changes as well, to BT0 ≡
B(zT0) = B0 + ∆Bg, where

∆Bg =
mg2

2µBω2
z
. (A.6)

At the root of the gravitational sag correction to ν is that BT0, and not B0, is the magnetic

field value that determines ν0 when it is measured or set with gravity present. Namely,

h (ν0 − νHFS) ≡ (
mfgf − m′fg

′
f
)
µBBT0 (A.7)

defines ν0 and BT0. In running the experiment we control νset = ν0 +∆νset which determines

Bset = BT0 + ∆Bset, the value of B at resonance when ν = νset, which in turn determines the

positions z = zres where the resonance condition is met. Using the resonance condition at

νset, Bset gives

h (∆νset + ν0 − νHFS) =
(
mfgf − m′fg

′
f
)
µB (∆Bset + BT0) (A.8)

which, using Eq. (A.7), simplifies to

h∆νset =
(
mfgf − m′fg

′
f
)
µB∆Bset. (A.9)

When we change ∆νset we physically change the resonant B by ∆Bset as given in Eq. (A.9),

so that zres is given by

h∆νset

µB

(
mfgf − m′fg

′
f

) = ∆Bset = B(zres) − BT0. (A.10)
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Using Eq. (A.3) makes

h∆νset

µB

(
mfgf − m′fg

′
f

) =
mω2

z

2µB
(zres − zB0)2 − mω2

z

2µB
(zT0 − zB0)2 . (A.11)

We set zT0 = 0 so that U(zres) = mω2
z z2

res/2, which will simplify extracting ∆νeff. In this

coordinate system zB0 = ∆zg, and Eq. (A.11) becomes

h∆νset

µB

(
mfgf − m′fg

′
f

) =
mω2

z

2µB

(
zres − ∆zg

)2 − mω2
z

2µB

(
0 − ∆zg

)2
. (A.12)

Solving for zres gives

zres = ∆zg −
√

2h∆νset

mω2
z

(
mfgf − m′fg

′
f

) + ∆z2
g, (A.13)

where we have taken the negative root of the quadratic because gravity makes the atoms

preferentially evaporate from the bottom of the trap.

With this coordinate system choice, the atoms evaporating from zres will have trap po-

tential energy

U(zres) =
1
2

mω2
z

∆zg −
√

2h∆νset

mω2
z

(
mfgf − m′fg

′
f

) + ∆z2
g


2

. (A.14)

Finally, the effective differential RF relates to the trap potential energy as

h∆νeff(
mfgf − m′fg

′
f

) = U(zres)

=
1
2

mω2
z

∆zg −
√

2h∆νset

mω2
z

(
mfgf − m′fg

′
f

) + ∆z2
g


2

. (A.15)
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Solving for ∆νeff gives

∆νeff =
mω2

z

(
mfgf − m′fg

′
f

)

2h

∆zg −
√

2h∆νset

mω2
z

(
mfgf − m′fg

′
f

) + ∆z2
g


2

=
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Subsituting in Eg. (A.2),

∆νeff =

(√
∆νg −

√
∆νset + ∆νg

)2

=

(√
∆νset + ∆νg −

√
∆νg

)2

,

produces Eq. (A.1), the formula for gravity corrected effective differential RF, ∆νeff = νeff −
ν0, as a function of the control differential RF, ∆νset = νset − ν0.

In the large ∆νset limit, where ∆νset � ∆νg, f (x) =
[
(1 + x)1/2 − x1/2

]2
can be Taylor

expanded into f (x) = 1 + x + O(x3), so that ∆νeff can be expressed as

∆νeff = ∆νset



√
1 +

∆νg

∆νset
−

√
∆νg

∆νset



2

= ∆νset

1 +
∆νg

∆νset
+ O

(
∆νg

∆νset

)3
≈ ∆νset + ∆νg. (A.17)

In the small ∆νset limit, where ∆νset � ∆νg, f (x) =
[
(1 + x)1/2 − 1

]2
can be Taylor
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expanded into f (x) = x2/4 + O(x3), so that ∆νeff can be expressed as

∆νeff = ∆νg



√
1 +

∆νset

∆νg
− 1


2

= ∆νg

1
4

(
∆νset

∆νg

)2

+ O
(
∆νset

∆νg

)3

≈ ∆ν2
set

4∆νg
. (A.18)



Appendix B

Image Processing and Atom Number
Calculation

This document was originally titled ’Cold lithium experiment atom number calculation’.

I originally wrote it on April 8, 2009, and made minor changes when including it in this

thesis.

Much of this process was implemented before Mike and I became senior grad students

on the experiment. Many parts can be done more efficiently, but here is how they were

done when we originally took this data.

I. Get OD images (these, in false color, are the images we display in our data booklets)

from raw images.

1. For each OD image we take 4 actual pictures, each of which is stored as a 2D array

of counts occurring at each pixel:

(a) With atoms, imaging light on, starting after 200 us of the atom cloud expanding

ballistically.

(b) Without atoms, imaging light on, taken 600 ms after (a).
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(c) Without atoms, imaging light off, to get the dark counts on the camera near the time

of images (a) and (b), taken 750 ms after (b).

(d) Without atoms, imaging light off, a second dark counts image, taken 600 ms after

(c).

2. Subtract dark counts. All light is turned off for each of images (c) and (d), so we

first average the counts and subtract the mean from each image

withAtoms = (a) −mean(c),

withoutAtoms = (b) −mean(d). (B.1)

3. Even after subtracting the dark counts, there remains a systematic difference in back-

ground average intensity between these pictures which we can see by looking where we

expect there are no atoms (usually within a few percent, rarely above 5%). We calcu-

late this value, intensityScalar, with a least squares fit on part of the image without atoms

(“intens” refers to a subset of pixels where we expect no atoms to abide), such that we

minimize

intensityScalar × withAtomsIntens − withoutAtomsIntens. (B.2)

4. Use intensityScalar to rescale the pixel counts of the image matrix with atoms, which we

subtract from the image without atoms to get a map of pixel counts that each are propor-

tional to the number of absorbed photons. The absorption image is created pixel by pixel

by dividing the number of photons absorbed by the total number of photons counted when

atoms were not present:

absorption =
withoutAtoms − intensityScalar × withAtoms

withoutAtoms′
. (B.3)

withoutAtoms′ is nearly the same as withoutAtoms, but to eliminate the problems caused

by dividing by 0, or numbers close to it, any value that is less than or equal to 0 is changed

to 0.01.

5. Absorption values above 0.999 are set to 0.999.
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6. Convert to OD images. For historical reasons, the image analysis program that gen-

erated the images and derived values that we sent you, displays the OD*100.

OD = −100 log(1 − absorption). (B.4)

II. Calculate the atom number

We calculate the atom number by fitting a gaussian to the density profile and calculating

the atom number associated with that gaussian. For this data set we did two 1D fits, one for

the vertical profile and one for the horizontal profile. (Since the original analysis we have

also implemented an algorithm to enable true 2D fits, but that was not used in this analysis).

1. Zoom OD image to region around atoms. We try to make the region large enough

to allow us to determine the linear background slope, vertically and horizontally. Along

the top we sometimes get fringing caused by the shutter that coarsely controls the imaging

light, so we try to minimize this by cropping close to the cloud center when necessary.

2. Pick the center pixel. This pixel determines the column and the row of pixels’ ODs

that will be fitted.

3. We fit a gaussian to the column of pixels that contain the center pixel, of the form

OD(z) = ODpk exp
(
− (z − zc)2

2σ2
z

)
+ ODoffset + ODslope(z − zc), (B.5)

where z is in units of mm (z` = `∆pix, where ∆pix is the length or width of one pixel); σz,

or “Ver size” in the data booklet pages, is the width (mm); ODpk, or “Ver peak” in the data

booklet pages, is the peak OD (*100); zc, or “Ver Center” in the data booklet pages, is the

center position (mm); ODoffset is the offset (OD*100), not recorded in the data booklets;
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and ODslope is the slope (OD*100/mm), also not recorded in the data booklets. This is the

axial fit.

To get the radial fit parameters, we fit a gaussian of the same form to an averaged hor-

izontal row of pixels. This averaged pixel row includes the central row and all of the ±10

rows having integrated atom signal, summed pixel by pixel, 10% or higher than that of

the central row. This is done to improve the signal to noise ratio because otherwise in any

single radial cross section relatively few pixels have useful atom signal.

4. Calculate the atom number:

Na =
ODpk

100α0
2πσzσr, (B.6)

where α0 is the atom-light scattering cross-section.

α0 = 3 fp
λ2

(2π)
, (B.7)

where λ = 671 nm is the wavelength of resonant light, the 3 is for light that is perfectly σ+

polarized relative to atoms in the F = 2,mF = 2 hyperfine ground state level, and fp = 0.7

is a dimensionless number determined from the steady state solution of the population dis-

tribution of atoms amongst the ground state hyperfine levels for the light field polarization,

detuning, and intensity, and DC magnetic field strength during imaging. We use fp = 0.7

which we calculated by simulating the steady state hyperfine ground state populations un-

der the magnetic and light fields during imaging. The important thing is that the maximum

value it can have is 1, meaning that at worst this could cause our atom calculation to be too

high by 50%. There is also a chance that 0.7 overestimates fp and our reported atom num-

ber is actually low. This number is called “TOF Natom” in our cloud image data booklet

pages.

In the atom number calculation we use the ODpk taken from the vertical fit because it is

determined from fitting over many more pixels than that for the horizontal fit. Most of the

time both values are close but not always. One easy way for them to differ is if the pixel

with highest OD is different from the selected center pixel. (The true 2D fits eliminate this
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problem, but are not used here.)

The other major potential source of error is the length and width subtended by each

pixel in the plane of the atoms. The size of the pixels is listed in the camera manufacturer’s

specification as 8 µm by 8 µm (Andor iXon DV885). We 2x2 bin using the camera soft-

ware at the time the images are taken and the .sif image files are saved. This 2x2 binning

is recorded in the image files at the time that they are created and gives us an effective

pixel size of 16 µm by 16 µm. Finally, we get the magnification from the ratio of the man-

ufacturer’s specified focal lengths of the lenses of our imaging telescope 250 mm/90 mm,

making the effective pixel length and width in the atom plane:

∆pix = 16 µm × 90 mm
250 mm

≈ 5.8 µm, (B.8)

I verified the magnification this evening by comparing the size of a collimated gaussian

beam before and after the imaging system at ≈ 2 mm/6 mm = 3, which matches 25/9 ≈ 2.8

well within the uncertainty.

To check that the fit itself is not causing us problems, we instituted a sanity check

whereby we sum up the atoms pixel by pixel for all pixels within the fitted exp(−2) density

radius. To account for the ≈ 9% of atoms outside this radius, we divide the sum by erf(21/2).

This quantity is called “Ntotbypx” in the data booklets and can be compared with “TOF

Natom”. For images where the entire cloud is on the screen, “Ntotbypx” seems to normally

be 5 − 10% higher than “TOF Natom” which is probably because the algorithm rounds in

such a way as to tend to include pixels that are borderline being within the exp(−2) density

radius.

As a final sanity check on the numerics, I calculated ODpk of 9 14 06 8042 1 1.sif by

hand (averaged over the 8 central-most pixels) and got a value of 52.3, which closely

matches “Ver peak” = 51.9. Then, using the fitted values of “Ver peak”, “Ver size”, “Hor

size”, and the calculated value of α0, I calculated Na = 8491, which closely matches “TOF

Natom” = 8490.
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