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Abstract
Spin-squeezed states (SSS) are collective atomic states whose Heisenberg uncertainty
properties have been altered, either by state transfer from squeezed light, or, as
presented here, by a quantum non-demolition (QND) measurement of a light field
after it has probed the atomic system. These states are of interest for their potentially
large increases in measurement precision in atom-based experiments, and for the study
of many-particle entanglement.
The body of work related to generating these novel states through measurement
of a non-destructive probe (after interaction with the atomic system) can be split into
two general groups: Those using atoms in free space, and those using optical cavities.
This dissertation will focus on the approach using optical cavities, increasing the
effective optical depth, and therefore the interaction strength between the atoms and
the light.
The first experiment will describe a quantum nondemolition measurement to probe
the collective pseudospin of an atomic ensemble in a high-finesse optical cavity. We
analyze the backaction antisqueezing produced by the measurement process to show
that our protocol could create conditional spin squeezing in the atomic ensemble.
However, technical measurement noise and residual variations in atom-cavity coupling
limit our ability to observe squeezing while preserving coherence.
In the second experiment we attempt to remove these main sources of noise by
trapping the atoms in a far red-detuned optical lattice with twice the wavelength of the
probe light. This wavelength configuration ensures that lattice antinodes, where the
atoms are trapped, are always overlapped with probe antinodes, ensuring maximum
coupling between the atoms and the probe field. The trapping also prevents atoms
vii

from exploring the cavity mode, eliminating noise due to variations in atom-cavity
coupling.
Finally, I will describe a third experiment (unrelated to spin squeezing) in which we
experimentally realized a Raman laser in a high-finesse optical cavity. The large collective cooperativity of the atom-cavity system manifests in some interesting threshold
behavior of the cavity output power, which we can describe using a simple model.
Although not directly related to spin squeezing, a lasing system with the highly configurable gain medium presented here could have applications as a light source in
precision measurement.
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Chapter 1
Introduction
Quantum metrology studies the possibility of harnessing quantum entanglement in
order to increase measurement sensitivity beyond the shot-noise limit [1, 2]. The most
precise atomic clocks are currently at the standard quantum limit (SQL), where the
√
precision scales as N , where N is the number of atoms making up the clock. The
fundamental precision limit is, however, the Heisenberg limit which can offer a factor
√
of N improvement over the SQL to a precision scaling with N .
It is possible to modify the collective state of an atomic ensemble by placing
the atoms inside an optical cavity [3, 4]. While the use of an optical cavity is not
necessary to modify the collective state of the atoms [5], placing the atoms inside
a cavity accomplishes two things: (1) The optical depth of the sample is enhanced;
and (2) The atoms scatter into the same cavity mode, destroying the ”which way”
information which would allow us to determine which atom scattered a given photon.
A subsequent quantum non-demolition (QND) measurement of the light exiting the
cavity can then provide information about the collective state of the atoms without
revealing any information about a particular atom [6]. In particular, it is possible to
measure the change in the cavity’s resonance frequency due to the refractive index of
near-resonant atoms to extract information about the clock states of an ensemble of
atoms without knowing the state of any specific atom. This measurement has thus
reduced (”squeezed”) the uncertainty in the population difference between the clock
states at the expense of an increased uncertainty in the relative phase between the
1
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atoms. The reduced uncertainty of this squeezed state has the potential to provide a
significant improvement in the precision of a clock measurement [2, 7].
Atomic spin-squeezed states have previously been produced by quantum-state
transfer from squeezed light [8] or by entangling two-photon transitions [9, 10], and
while there has been significant progress toward practical applications, including spectroscopy [11] and interferometry [12], substantial sensitivity improvements beyond
proof-of-principle demonstrations can be achieved by borrowing techniques developed in cavity QED [3, 4, 6, 13]. Until recently, however, work in cavity QED has
primarily focused on observing cavity effects at the single atom and single photon
level [14, 15, 16], whereas quantum metrology requires large atomic ensembles. The
application of these techniques to many-atom ensembles is a promising means toward
the realization of novel experimental systems.
The application of QND measurements to generate interesting quantum states is
not limited to atoms in cavities. A phase-shift measurement protocol has been used
to entangle the collective spin states of two atomic ensembles [17], and a QND scheme
has been used to measure the state of a superconducting charge qubit coupled to a
microwave resonator and to characterize the resulting measurement back-action [18].
A QND measurement using Rydberg atoms to number-squeeze an intra-cavity photon
state has also been demonstrated [19]. Recently, the heating effects of quantummeasurement back-action on an ultra-cold atomic gas have been studied [20].
The performance of many protocols in quantum information processing [21, 22, 23]
that have been demonstrated in free-space atomic systems is limited by the optical
depth of the atomic sample, which can be enhanced by placing atomic samples inside
optical cavities, as in [24]. Furthermore, unlike proposals for cavity implementations
of quantum computation [25, 26], metrology applications require relatively weak entanglement, and therefore are potentially less sensitive to decoherence effects [3].
Other applications which utilize the more robust collective effect of many atoms in
the cavity mode include single photon generation [27] and generation of squeezed
states of the optical field [28, 29].
On a slightly different note, ultrahigh-precision spectroscopy, metrology, and many
quantum optics experiments stand to benefit substantially from the advance of gain

3

media that can be tuned for properties like gain bandwidth, index of refraction, or
dispersion. Raman gain in atomic systems permits precise control over such properties through variations in the pumping mechanism. Recent experiments in heated
atomic vapors, pumped by light at two optical frequencies, for instance, demonstrate
anomalous dispersion [30]. Such a property could be integrated into a lasing system
to increase sensitivity of lasing frequency to the laser cavity length, e.g., to enhance
gravity wave detection sensitivity. As another example, Raman gain allows the tunability of the effective dipole moments of the gain medium atoms simply by tuning the
pump power. This is an attractive property, which, for example, could be employed to
simulate some of the novel aspects of the recently proposed (for their potential ultranarrow linewidths) but technically challenging to realize high-finesse lasers that utilize
transitions of alkaline-earth atoms with extremely small dipole moments [31]. Particular interest would be towards investigating the resulting phenomenon of steady-state
superradiance [32].
The use of an atomic Raman gain medium for a laser was first demonstrated with
a heated vapor cell [33], and has since been realized with cold atoms [34, 35]. These
experiments show narrow gain bandwidth properties, but operate with low-finesse
optical cavities, in a regime where the single-atom cooperativity parameter C  1.
This parameter is a measure of the effect atoms have on the cavity field, with C > 1
indicating a substantial influence even from single atoms.
In Chapter 2 I will lay out the basic experimental setup used for the experiments
descibed in Chapters 3 and 4. Chapter 3 details use of atom-cavity interactions to
generate normal-mode splitting of the dressed atom-cavity states. Chapter 4 discusses
our characterization of the measurement back-action on the atomic states, manifested
by an increase in the uncertainty of the population difference between the two clock
states. After this experiment is became clear we needed a significant upgrade of our
experimental setup, which is presented in detail in Chapter 5. That chapter contains
a description of the assembly and characterization of the dual wavelength cavity.
While in the progress of debugging the apparatus we became aware of low levels of
light being emitted from our cavity, with only a continuously loading magneto-optical
trap (MOT) present. Chapter 6 details the fortuitous discovery of our Raman laser

4
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which temporarily sidetracked our quest for spin-squeezed atomic states. Chapter 7
contains a summary and description of future plans for this apparatus.

Chapter 2
Experimental Details
2.1

Overview

Experiments with cold atoms are comprised of a number of components, including a
vacuum chamber with an atom source, lasers to cool and trap the atoms, a number
of current carrying coils for generating magnetic fields, and a detection mechanism,
most often an imaging system. The continued development of technology in cold-atom
physics, especially since the first realization of optical molasses [36], has resulted in
a number of approaches to these building blocks of an experiment. In this chapter I
will discuss the different subsystems we employ in our experiment, and I will describe
why we chose these particular implementations over other alternatives.

2.2

Magneto-optical Trap Laser System

The starting point for most atomic physics experiments is a frequency-stabilized laser
system to cool and trap the atoms. The laser wavelength needs to match the resonance
wavelength of the atomic species used in the experiment. In our case

87

Rb has a

resonant wavelength λ0 = 780.241 nm between the 5 S1/2 ground state and the 5 P3/2
excited state, also known as the D2 transition.
Our laser system is very compact and robust, as shown in Fig. 2.1 which starts
out with two 780 m, distributed feedback (DFB) laser diodes, one for generating
5
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Figure 2.1: Picture of the frame which houses the cooling and repump lasers. Pictured are two laser diodes, each of which is locked to the appropriate 87 Rb crossover
transition by means of a vapor cell. The stabilized light is frequency shifted by means
of an acousto-optical modulator, and subsequently fiber-coupled. The cooling light is
additionally amplified by a tapered amplifier.
the cooling light, and one for the repump light. Both of these diodes are frequency
stabilized to a

87

Rb transition via a vapor cell. A small fraction of the diode output

is picked off with a polarizing beam splitter (PBS), and sent through a vapor cell.
We use frequency modulation (FM) spectroscopy [37] to stabilize the lasers, which
was chosen for its low requirements of optical components, suitable for fitting the
assembly into a small space to maintain a compact laser system.
While 87 Rb has a natural linewidth Γ = 6.067 MHz, the Doppler effect due to the
atoms’ thermal motion broadens this to ∼ 500 MHz at room temperature, effectively
blending the different spectral lines together. Many Doppler-free spectroscopic techniques have been developed which are able to resolve the narrow Doppler-free spectral
lines in the broad Doppler profile. We employ one such technique, FM spectroscopy,
to stabilize the laser frequency to better than the natural linewidth.
In FM spectroscopy the laser frequency is weakly modulated. A beam splitter
divides the power between a strong pump and a weak probe, and are arranged to
counterpropagate through a 87 Rb vapor cell, as shown in Fig. 2.2. The pump interacts

2.3. VACUUM CHAMBER AND MAGNETO-OPTICAL TRAP
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with atoms which have a velocity v = (ω − ω0 ) /k (where ω0 is the atomic resonance
frequency for stationary atoms), and excites many of them to the excited state. When
the laser frequency is far from resonance, i.e. |ω − ω0 |  Γ, the pump and probe
beams interact with atoms in a different velocity class, and the probe is unaffected
by the pumps presence. However, when ω ' ω0 the pump depletes the velocity
class near v ' 0, which the probe is also sensitive to, resulting in an increase in
transmitted probe intensity. As the pump beam only excites those velocity classes
for which |ω − ω0 | . Γ, the resulting profile will show sub-Doppler features with
frequency width comparable to the natural linewidth. The frequency modulation
applied to the laser diode now causes the light to sweep a region with strong frequency
dependent absorption of the probe beam, effectively turning frequency modulation
into amplitude modulation. The detector records this amplitude modulation, which
can be demodulated to result in an error signal. This error signal is appropriately
amplified and filtered, and fed back to the laser diode to stabilize the frequency.
The cooling and repump beam are each appropriately frequency shifted by an
acousto-optical modulator (AOM), and are subsequently fiber coupled. The results
is a laser system which is approximately 30 cm × 30 cm × 5 cm and routinely stays
stabilized to Rb for weeks. Drifts in fiber output powers are approximately 1% per
month.

2.3

Vacuum Chamber and Magneto-optical Trap

The experiments described in this Dissertation make use of two vacuum chamber and
cavity assemblies, the second being an upgraded version of the first, taking into account lessons learned during the first experiments. The chamber and cavity described
in this section is the first generation hemispherical cavity used in Chapters 3 and 4.
Due to the added complexity of the second generation dual wavelength confocal cavity, it is described in detail in Chapter 5.
Our vacuum chamber is constructed entirely of Zerodur, a glass with a very low
coefficient of thermal expansion of < 5 × 10−8 K−1 . The low thermal expansion is to
minimize thermal drifts of our optical cavity length. Zerodur is also a high quality

8
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Figure 2.2: Schematic of a typical saturation absorption spectroscopy setup, with
a beamsplitter (BS) divides the power between a strong pump and a weak probe
which counterpropagate through a vapor cell. Although for clarity the beams are not
perfectly counterpropagating in this schematic, they are in the actual experiment.
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Figure 2.3: The Zerodur vacuum chamber consisting of the Rb reservoir, 2D MOT
chamber, 3D MOT chamber with cavity tubes, and glass-to-metal indium seal leading
to the ion pump. Red arrows are the 3D MOT beams intersecting at the center of
the cavity. Microwaves can be sent to the atoms from above the chamber. Magnetic
field coils are not shown, but are located at each surface of the 2D MOT, and wrap
Alignment tool
around the 3D MOT chamber, just above and below the cavity tubes.

Mirror

glass which can be polished to a high quality surface, has excellent internal quality,
> 95%/cm transmission for wavelengths between 700 nm and 1600 nm, and bonds
well to most epoxies. A three-dimensional rendering of the vacuum chamber is shown
in Fig. 2.3.

Piezo (3 µm scan)

Two chambers make up our vacuum assembly, as shown in Fig. 2.4. The 4 cm by
4 cm by 8 cm two-dimensional magneto-optical trap (2D MOT) chamber is connected
to the 4 cm by 12 cm by 8 cm three-dimensional magneto-optical trap (3D MOT)
chamber by a 2 mm pinhole. We capture atoms in a cigar shaped cloud in the 2D

(b) Cavity tubes and a mirrorend-cap with a PZT

MOT chamber, and the atoms’ thermal motion along the chamber axis propels them
through the pinhole into the 3D MOT chamber, where they are trapped and cooled

by 0.75 cm beam waist 3D MOT beams. An indium seal clamps a stainless steel tube
e 3.5: A cavity
chamber and a single-λ cavity with a PZT (
attached to a 5 L/s noble ion pump to a glass disk at the end of the 3D MOT chamber,
87
shown
Fig. 2.3.
The ion chamber,
pump, combined with
a mean
free pathchamber,
between atom
ber consistsasof
a in2D
MOT
3D
MOT
Rb
y tubes and a cavity, and an ion pump; at the end of the
ber, 87 Rb atoms are released from a dispenser source (Alva
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collisions of ∼ 100 km in ultra-high vacuum (UHV) preventing atoms from efficiently
passing through the pinhole, results in a factor 100 lower

87

Rb vapor pressure in the

3D MOT chamber compared to the 2D MOT chamber. This allows for fast loading
of the 3D MOT by the 2D MOT, while maintaining long lifetimes in the 3D MOT
chamber.
The cavity is assembled by attaching two Zerodur tubes on opposite sides of the
3D MOT chamber using Epotek 353ND epoxy. The planar mirror is first mounted on
a piezo-electric transducer (PZT) which is in turn attached to a Zerodur end cap. A
10 cm radius of curvature mirror is attached directly to another end cap. Each of the
end caps is inserted into a Zerodur tube using a kinematic mirror mount mounted on
a three stage micrometer. The micrometers allow for adjustment of the cavity length
and mirror location, while the kinematic mount allows for mirror angle adjustment.
Once the mirrors are aligned, the end caps are epoxied to the Zerodur tubes using
Epotek 302-3M epoxy. This epoxy puts very little strain on the tubes as it cures,
preventing cracking of the Zerodur. A major disadvantage is the low (≈ 70 ◦ C glass
transition temperature, limiting the maximum bake temperature.
The vacuum chamber was baked at a temperature of 70 ◦ C for 48 hours while
pumped by a Pfeiffer turbo pump. The bake temperature was limited by the indium
used in the glass-to-metal seals, and the low glass transition temperature epoxy used
to attach the Zerodur end caps.
A thin-walled stainless steel tube containing a 0.5 g vial of

87

Rb, attached to the

main chamber via a copper pinch-off tube is used to transfer the Rb to the main
vacuum chamber after the bake. The copper tube is attached to a Zerodur reservoir
at the end of the 2D MOT chamber with an indium seal. The vial was cracked
while under vacuum by pinching the stainless steel tube, and heated to 50 ◦ C while
the reservoir was cooled in order to have the

87

Rb collect there. After the

87

Rb was

completely transferred we pinched the copper tube shut to detach the stainless steel
tube while maintaining UHV.
After the bake, the chamber is continuously pumped by the ion pump running at
2 kV, the path to the turbo pump is valved off, and the turbo pump is disconnected.
The vacuum chamber is only pumped by the ion pump, and the resulting pressure is <
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cavity
mode

3D MOT

PZT

3D MOT
beams

2D MOT
beams

2D MOT
Figure 2.4: Top view schematic of the vacuum chamber. A 2D MOT launches atoms
through a pinhole into the 3D MOT chamber (dotted arrow), where they are collected at the center of the cavity mode. All MOT beams are circularly polarized
appropriately for the optical trap. Each retro-reflection mirror has a quarter-wave
plate attached to its reflection surface to cause a double-pass 90◦ polarization rotation. A PZT allows for translation of the planar mirror. Double arrows indicate
retro-reflection of the laser beams. Magnetic field coils are not shown.
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10−8 mbar. The relatively high pressure is due to the very limited bake temperatures
possible due to the indium seals and the low glass temperature epoxy.
Optical fibers from the stabilized laser system described in Section 2.2 transport
laser light to an optomechanical assembly which houses the vacuum chamber, shown
in Fig. 2.5. In conjunction with magnetic field coils, the light is used to trap the atoms
and cool them to temperatures of a few tens of µK. The optomechanical assembly is
about 0.03 m3 in volume and could be packaged compactly together with the MOT
laser source.
A diagram showing the 87 Rb energy levels and relevant light frequencies are shown
in Fig. 2.6. Cooling light excites atoms from the F = 2 hyperfine ground state to
the F 0 = 3 excited state, from which, due to the ∆F = ±1, 0 selection rule, the
atom can only decay back down to the F = 2 ground state. This forms a closed
cycling transition. There is a small probability each cycle that the atom is excited to
the F 0 = 2 excited level, from which the atom can decay down to F = 1. Without
repump light, all the atoms would eventually end up in this state. The repump light
resonantly excites the atoms from the F = 2 to F 0 = 2 state, from which they can
decay back to F = 2 to resume the cycling transition. This repumping process takes
on average only one or two photons, and therefore the atoms spend the majority of
their time in the cycling transition.
The cooling and repump light is circularly polarized, spatially overlapped, and
split into three beams. The three beams are aligned along three mutually perpendicular directions, intersecting at the center of the optical cavity. Each beam is
retro-reflected by a mirror with a λ/4 wave plate, ensuring the same circular polarization of the reflected beam relative to its propagation direction. The required
magnetic field are generated by 63-turn wound copper wire coils mounted just above
and below the optical cavity tubes, on the outside of the vacuum chamber. The 6 A
current runs through the coils in opposite directions, resulting in an anti-Helmholtz
configuration with a magnetic field gradient of about 7 G/cm at the magnetic field
zero. Atoms are trapped at the magnetic field zero, which is designed to be in the
center of the optical cavity at the same place where the MOT beams intersect. The
cooling light is slightly (∼ 1.5Γ) red detuned from the F = 2 → F 0 = 3 transition.

2.3. VACUUM CHAMBER AND MAGNETO-OPTICAL TRAP
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QND probe

Figure 2.5: The optomechanical assembly with the Zerodur vacuum chamber mounted
inside. A third set of MOT beams propagating vertically up and down the vacuum
chamber are not shown. The top plate of the assembly is not shown, for clarity.
This plate also contains a microwave horn which is used for state manipulation of the
atoms. The approximate dimensions of the assembly are 40 cm by 40 cm by 30 cm.

Optics assembly

oling beam are divided for 2D MOT and

through first

λ
4

wave plate and reflecting

14

CHAPTER 2. EXPERIMENTAL DETAILS

F’=3
267 MHz

F’=2

2

5 P3/2

157 MHz
72 MHZ

Cooling

780.246 nm

F’=1
F’=0

Repump

780.232 nm

F=2
2

5 S1/2

6.834 Ghz

F=1
Figure 2.6: 87 Rb D2 transition hyperfine structure, with the cooling and repump
light shown in red and orange, resp. Note that the splitting of the ground state is
significantly larger than the splitting between any of the excited states, making the
schematic not to scale.
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Using this method, we are able to cool the atoms to ∼ 15µK.

2.4

Optical Cavities

Two cavities were used to carry out the experiments described in this dissertation, the
second being an upgraded version of the first. This cavity upgrade was motivated by
limitations uncovered while conducting the first experiments, described in Chapters 3
and 4. The main advantage of the second cavity over the first is a high cavity finesse
at 1560 nm in addition to 780 nm, allowing for dipole trapping of the atoms using
the far-detuned 1560 nm light. The high-reflectivity mirror coatings for both cavities
are commercially available from Research Electro-Optics.

2.4.1

Explanation of Terminology

The quality of a mirror is often described in terms of its reflectivity R, which for a good
coating can be within a few parts per million (ppm) of unity (R = 1 being a perfect
reflector). When assembled into a cavity configuration with multiple mirrors, however,
√
a more widely used parameter is the cavity finesse, defined as F = π R/ (1 − R) ≈
π/ (1 − R) where the approximation is good for R close to 1. A photon entering the
cavity will, on average, make F/π round-trips before leaving the cavity, which also
means that the optical absorption depth of an atomic sample placed inside the cavity
increases by a factor 2F/π.
In cavity quantum electrodynamics (cavity QED) the most useful system parameters are expressed as frequencies, or ratios thereof. The most important ones are
schematically represented in Fig. 2.7. Fabry-Pérot type cavities have resonances at
regularly spaced intervals, as shown in Fig. 2.7(b). Physically these resonances occur
when an integer number of half-wavelengths fit inside the cavity, ensuring that the
electric field is zero at the mirrors, or λn = 2L/n. From c = λf we can see that the
resonance frequencies of a cavity are νn = nc/2L, and it is clear that the spacing between frequencies is constant. This frequency spacing is called the free spectral range
νfsr = c/2L, and it corresponds to the inverse of the round-trip time of a photon in
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(a)

g

k

g
(b)

nfsr
2k

f
Figure 2.7: Schematic of important cavity quantum electrodynamics parameters.
(a) A typical optical cavity configuration, with input beam intra-cavity atoms interacting with the light in the cavity mode with a Rabi frequency g, light leaking out
of the cavity at a rate κ, and the atoms spontaneously emit at a rate γ. (b) Frequency
spectrum of an optical cavity. The cavity allows a regularly spaced set of frequencies
to resonate, each of which has a linewidth of 2κ. The resonances are separated by
the free spectral range νfsr which is only proportional to the cavity length. The ratio
of the two gives the Finesse, a measure of the number of round-trips a photon makes
inside the cavity before exiting through the output mirror.
the cavity. Changing the optical frequency entering the cavity by one free spectral
range is therefore equivalent to changing the number of half-wavelengths in the cavity
by one.
It is often useful to talk about the cavity decay rate, or the rate at which photons
leak out of the cavity. This is related to the finesse and the cavity length L. Photons
decay at a rate of 2 (1 − R) per round trip, or 2κ = 2 (1 − R) c/2L = πc/F L where κ
is the decay rate or, equivalently, the half-width at half-maximum (HWHM) cavity
linewidth given in rad/s. The lifetime of a photon is then τ = 1/2κ. Note that the
cavity finesse can be expressed as the ratio of the free spectral range and the full
cavity linewidth given in Hz (2κ/2π).
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The maximal coupling strength between atoms and a particular mode is given by
the single-photon Rabi frequency g0 , given by
µ
g0 =
~

r

~ω
20 Vmode

(2.1)

where µ is the dipole matrix element of the intended transition, ω is the angular
frequency of the electric field, 0 is the permittivity of free space. The cavity mode
volume Vmode is defined as:

Vmode

2

~ r) d3 ~r
E(~


=
2
~ r)
max E(~
RRR

(2.2)

Note that g0 is the maximal atom-cavity coupling, realized only if the atom is located
in an antinode at the location of the narrowest electric field beam waist. For a hemispherical cavity, however, the narrowest beam waist is located at the planar mirror,
and so the maximal atom-cavity coupling for atoms located equidistant from the two
mirrors, as is the case for this apparatus, is reduced significantly. The advantage of
this configuration is that the large beam waist at the atom position gives a more
uniform electric field as the atoms move off-axis.

2.4.2

Single Wavelength Hemispherical Cavity

Our first generation optical cavity was constructed in a near-hemispherical configuration, with one planar mirror and one curved mirror with radius of curvature
RC = 0.1 m. The dielectric mirror coating has a reflectivity R > 99.998%, and
losses (scattering + absorption) < 5 ppm.
We chose a hemispherical cavity for its potential large beam waist at the center of
the cavity, where the atoms are located. This large beam waist allows for a uniform
atom-cavity coupling as atoms move off-axis. The 1/e electric field beam waist for a

18

CHAPTER 2. EXPERIMENTAL DETAILS

hemispherical cavity TEM00 is given by:
s
w(z) =

λ (RC − L) L + z 2
p
≡ w0
π
(RC − L) L

q
2
1 + z/zR

(2.3)

q p
where 0 ≤ z ≤ L is the distance from the planar mirror, w0 = πλ (RC − L) L is the
p
minimum beam waist, and zR = (RC − L) L is the Rayleigh range. Hemispherical
cavities are only stable when the cavity length L < RC because w(L) → ∞ as
L → RC . As L is decreased below RC , this beam waist decreases and the cavity
becomes stable. While Eq. 2.3 suggests an arbitrarily large beam waist is possible,
in reality this is limited by the curved mirror diameter and an increase in coating
defects as a larger surface area of the curved mirror is covered by the cavity mode.
The free spectral range was measured to be νfsr = 1.505 GHz, corresponding to
a mirror separation of L = c/2νfsr = 9.957 cm, ∼ 430 µm shorter than perfectly
hemispherical. The cavity mode has a beam waist of w0 = w(0) = 40 µm at the
planar mirror, corresponding to a beam waist of wc = w(L/2) = 315 µm at the center
of the cavity, where the atoms are loaded. This leads to an atom-cavity coupling
constant gc = 2π × 53 kHz for the |F = 2, mF = 2i → |F 0 = 3, mF 0 = 3i transition
for atoms located on axis at a field antinode in the center of the cavity. The cavity
ring down time τ = 21.7 µs was determined by using an AOM switch to shut off
the driving beam, and measuring the 1/e decay time of the cavity output. This
corresponds to a half-width-half-max cavity linewidth κ = 2π × 3.67 kHz, or a finesse
F = 205, 000. Fig. 2.8 shows the measured cavity finesse and beam waist as functions
of cavity length, and clearly shows the trade-off between the two.
The strong dependence of the beam waist on cavity length necessitated the use of
”end-caps”, small Zerodur cylinders which fit inside the cavity tubes in order to vary
the cavity length. Once the desired length is obtained, the gap between the end-cap
and the inner wall of the cavity tubes is filled with Epotek 302-3M epoxy, which
puts very little stress on the glass as it cures. The downside of this epoxy is its low
60◦ C glass temperature, which greatly reduces the maximum bake-out temperature
near the mirrors to ∼ 50◦ C and limiting the resulting final pressure of the system to
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Figure 2.8: Finesse (circles) and beam waist (solid line, equidistant from the cavity
mirrors) of the hemispherical cavity TEM00 mode. δL = RC − L, with δL = 0
corresponding to the perfectly hemispherical configuration. Modes with large beam
waists are more sensitive to imperfections in the mirror coatings and losses due to
the finite mirror radius, which decrease the finesse. The vertical line signifies where
we operate, with δL = 430 µm, finesse = 205, 000, and beam waist = 310 µm. RC =
100 mm, the mirror radius is ∼ 3.5 mm. The beam waist at the curved mirror is
approximately double the plotted beam waist, and is significantly smaller than the
mirror radius (630 mum  3.5 mm) at our operating point.
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parameter
symbol
wavelength
λ
curved mirror radius
Rc
length
L
free spectral range
νfsr
beam waist at atoms
wc
atom-cavity coupling at atoms
gc /2π
ringdown time
τ
decay rate (HWHM)
κ/2π
Finesse
F
single-atom cooperativity at atoms
η

value
780
10
9.957
1.505
315
53
21.7
3.67
205,000
0.13

units
nm
cm
cm
GHz
µm
kHz
µs
kHz

Table 2.1: Hemispherical cavity parameters.
∼ 10−8 mbar.
The single-atom cooperativity η = gc2 /κΓ = 0.13, where Γ = 2π×6.067 MHz is the
87

Rb natural linewidth. Mirror losses (scatter + absorption) were characterized to be

< 3 ppm by measuring single mirror transmission, and comparing to the reflectivity
R inferred from the finesse F = π/ (1 − R). The most important cavity parameters
are tabulated in Table 2.1.

2.5

Laser Stabilization

The narrow linewidth of the optical cavity requires a very well-stabilized laser system
to be able to efficiently couple light into the cavity and probe the atoms. We stabilize
the frequency of the laser to the cavity using a two-step stabilization scheme shown in
Fig. 2.9. We start by stabilizing the output of a 780 nm New Focus Vortex extended
cavity diode laser (ECDL) to a non-evacuated ”scrubbing” cavity by using the error
signal generated using a Pound-Drever-Hall [38, 39, 40, 41] technique.
The unstabilized Vortex ECDL output has a linewidth of ∼ 300 kHz, while the
scrubbing cavity linewidth is ∼ 4 kHz at a cavity length of ∼ 10.2 cm. This frequency
disparity requires a high bandwidth servo in order to narrow the linewidth of the
ECDL enough to allow a significant fraction of the incident beam to be resonant
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Figure 2.9: Optical and electronics path of the experiment. See text for explanation. δνL = 100 MHz is the lock modulation frequency. δνP = 9.1 GHz is the probe
modulation frequency. ECDL = Extended Cavity Diode Laser, PBS = Polarizing
Beam Splitter, AOM = Acousto-Optic Modulator, VCO = Voltage Controlled Oscillator, PID = Proportional-Integral-Differential gain controller, EOM = Electro-Optic
Modulator, FR = Faraday Rotator, λ/4 = quarter-wave plate, λ/2 = half-wave plate,
MOT = Magneto-Optical Trap.
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with the cavity. The light transmitted through the scrubbing cavity is spectrally
narrow, and we inject this light (via a double-passed AOM) into a slave laser diode to
eliminate residual amplitude noise left after the scrubbing cavity, as the lock tends to
convert frequency fluctuation at the cavity input into amplitude fluctuations at the
output. The slave diode, running in saturation, will emit a constant output at the
injected light’s frequency, and be insensitive to these amplitude fluctuations.
The slave diode output is modulated by an EOM, generating a δνL = 100 MHz
locking sideband and a δνp = 9.1 GHz probe sideband. The light reflected from the
cavity is detected by a photodiode, and the resulting electronic signal is split into
two paths, each of which is demodulated by either the locking or probe modulation
frequencies. The path demodulated by the probe frequency is the dispersive output
signal which is used to determine the changes in the cavity resonance frequency. The
other path, after demodulation by the lock modulation frequency, is turned into an
output signal-dependent frequency shift with a voltage controlled oscillator (VCO)
and fed back to a double-passed AOM. The improvement in linewidth at different
points in the optical path, as measured by a self-heterodyne beat note using a 3 km
long optical fiber, is illustrated in Fig. 2.10.
The center of the dispersive output signal, resulting from demodulating the probe
frequency, follows the cavity resonance frequency. This frequency shift δν = N g 2 /∆
where N is the atom number, g is the effective atom-cavity coupling frequency, and ∆
is the detuning of the light from the atomic resonance. A plot showing the shift per
atom δν/N is shown in Fig. 2.11. The inset shows a typical location of the dispersive
signal for a cavity both with and without atoms loaded.
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slow feedback 共400 Hz兲 is applied to the piezoelectric
transducer (PZT) on the external grating of the Vortex. We measure the laser spectrum from a selfheterodyne beatnote, observing significant linewidth
reduction (Fig. 3). The transmitted cavity light is
2.5. LASER STABILIZATION
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then used to optically injection lock a slave laser,
which suppresses the amplitude noise on the cavity
output.
The slave light is next locked to the science cavity
containing atoms, and the double FM technique is
used to provide a probe frequency. The cavity-lock error signal is generated at 100 MHz, using a broad-

Fig. 3.

(Color online) Self-heterodyne characterization of

Figure 2.10: Spectral profile of the light used in the cavity lock chain, measured
the laser.
by a self-heterodyne beat note using a 3 km long optical fiber. Free-running Vortex
ECDL output shown in black. Linewidth reduction from scrubbing cavity lock is
shown in blue. Sideband suppression from to the slave diode injection is shown in
red. The resolution bandwidth is 10 kHz. The linewidth measurements are limited
by the length of the optical fiber.
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Chapter 3
Normal Mode Splitting with Large
Collective Cooperativity
3.1

Overview

We observe normal-mode splitting of the atom-cavity dressed states in both the fluorescence and transmission spectra for large atom number and observe subnatural
linewidths in this regime. We also implement a method of utilizing the normal-mode
splitting to observe Rabi oscillations on the

87

Rb ground state hyperfine clock tran-

sition. We demonstrate a large collective cooperativity, C = 1.2 × 104 , which, in
combination with large atom number, N ∼ 2 × 105 , offers the potential to realize
an absolute phase sensitivity better than that achieved by state-of-the-art atomic
fountain clocks or inertial sensors operating near the quantum projection noise limit.
Spin-squeezed states (SSS) offer improvements to interferometric sensitivity over
classical coherent states (CS) by a ratio related to the collective cooperativity C. This
parameter, known as the squeezing parameter ξ is given by [42, 3, 4]:
∆ΦSSS
ξ=
= C −1/4 =
∆ΦCS

N g2
κΓ

!−1/4
(3.1)

where N is the atom number in the cavity mode, κ is the half-width at half-maximum
25
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(HWHM) cavity linewidth, Γ is the natural linewidth of 87 Rb, and g is the atom-cavity
coupling parameter, also known as the single-photon Rabi frequency.
The theory for vacuum-Rabi splitting due to atom-cavity coupling can be understood both quantum mechanically, in terms of dressed states of an atom-cavity
system, as well as classically, in the context of a modified index of refraction, for a
single atom as well as for large N [43, 44]. It was initially observed in experiments
with thermal atoms both in microwave and optical cavities [45, 46, 47, 48, 49]. In the
limit of low excitation, the atom-cavity resonance is shifted from the bare atomic resonance ω0 , and in the limit of κ  Γ,g the energy spectrum forms a doublet separated
by
r
∆=2

N g2 −

Γ2 δ 2
+
4
4

(3.2)

where the detuning δ = ω0 − ωc , and ωc is the bare cavity resonance. By comparing
Eqs. 3.1 and 3.2 we infer the effective ξ of our system for large N , with κ and Γ both
known to high accuracy.
This level splitting, derived explicitly for a single excitation, also applies to systems with large photon number (n  1) provided that n  N . For a dressed bosonic
system with a large number of excitations, only higher order transitions with energy
separations identical to the vacuum splitting have nonzero matrix elements [50]. Previous near-resonant level splitting experiments conducted in the small atom number
regime (N ≤ 600) therefore required n ∼ 1 [14, 47, 48, 51]. For higher amplitude
excitation the level splitting is reduced [51]. Due to the large N in this work, we are
able to operate in much higher light intensity regimes. Recent work with large ensembles of atoms (∼ 106 ) has observed normal-mode splitting dispersively [52], which
also allows for higher photon numbers because dissipation results only from the finite
photon-storage time.
Our system, as well as other more recent cavity experiments [16, 52, 53], also
deviates from early work through the use of laser cooled atoms in a cavity rather than
a thermal atomic beam. Experiments with laser cooled atomic ensembles necessitate
the language of atomic wave packets, rather than isolated individual atoms, where the
time-averaged spatial extent of these packets spans several wavelengths in a standing
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MOT
PMT 2

probe

PM

T1

Figure 3.1: Schematic of the cavity, with the MOT loaded on axis at the center of the
hemispherical cavity mode. Probe light is incident on the planar mirror, and spectra
are measured by two photomultiplier tubes: One for cavity transmission and one for
fluorescence.

wave cavity mode [54]. Therefore, if not confined, the atoms in the cavity interact with
an inhomogeneous coupling parameter. As atoms traverse the cavity mode standing
2
wave, they see a time average coupling, geff
= g 2 /2 [55].

3.2

Experimental Setup

The cavity used in this experiment is the first generation hemispherical cavity described in Section 2.4.2. Atoms are loaded into a magneto-optical trap (MOT) which
is overlapped with the center of the TEM00 hemispherical cavity mode. Measurements
are performed by collecting light in two ways. The first is a fluorescence measurement,
performed by collecting photons spontaneously emitted by the atoms on a photomultiplier tube (PMT) located off of the cavity axis. The second is a measurement of the
photons transmitted through the cavity on a second PMT. A schematic of the setup
is shown in Fig. 3.1.
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3.3

Results

We observe the normal-mode splitting, both in the spectrum of light transmitted
through the cavity as well as in the atomic fluorescence, by exciting the cavity mode
with a weak resonant probe beam coupled into the cavity. We use two Hamamatsu
R636–10 photomultiplier tubes, one along the axis of the cavity to detect transmitted
light and the other off axis using collection lenses to collect a fraction of the atomic
fluorescence (Fig. 3.1). We load the MOT before turning on the probe beam, varying
the load time in order to control the atom number in the cavity mode. To minimize
background vapor from thermal atoms in the cavity region and to obtain rapid cycle
times, we use a collimated atom beam generated in a two-dimensional (2D) MOT
chamber to load a 3D MOT situated near the center of a nearhemispherical cavity
mode. The cooling light is then extinguished, but the repumping light remains on for
an additional 300 µs to ensure the atomic population resides in the |F = 2i ground
state. The cavity is tuned to be resonant with the |F = 2i to |F 0 = 3i atomic transition using a piezoelectric transducer (PZT). It remains stable, within the atom-cavity
linewidth, for tens of seconds without the need for an active servo-lock. A New Focus
Vortex probe laser is then scanned over 330 MHz in 4 ms from red to blue across the
atomic resonance.
Figure 3.2 shows the normal-mode splitting in a fluorescence spectrum detected
from the atoms in the cavity mode during a single sweep of the probe beam frequency. As in earlier cavity splitting experiments [47], we observe a subnatural atomic
linewidth due to averaging of the cavity and atomic linewidths in our large N regime.
We measure a (HWHM) linewidth = 1.74 ± 0.04 MHz with N ∼ 1.3 × 105 . This is
close to γ2 /2π~ (for γ  κ) as expected in the absence of any background broadening
mechanisms.
We plot the normal-mode splitting observed both in fluorescence (empty squares)
and transmission (filled squares) in Fig. 3.3. We average over eight frequency sweeps
and measure ∆ for each N by fitting the data to a double Lorentzian to determine
the peak separation. The number of atoms in the cavity mode is calibrated from the
maximum observed level splitting using Eq. 3.2 and is consistent with fluorescence
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Figure 3.2: The fluorescence spectrum coupled atom-cavity system as a function
of the probe light detuning from the uncoupled atomic transition frequency for N ∼
1.3×105 . The data is from a single frequency sweep of 330 MHz in 4 ms. The red curve
is a double Lorentzian fit, with each peak having a FWHM width of 3.48 ± 0.08 MHz.
The probe power is ∼ 450 pW, resulting in peak intracavity photon numbers n ≈ 150.
The temperature of the atoms is 17 µK as measured by ballistic expansion of the atom
cloud.
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measurements of the MOT atom number and the spatial overlap of the MOT and the
cavity mode. For shorter loading times, N is extrapolated from a 1/e MOT loading
time of 250 ms.

We fit a power law to all of the data and find ∆ = (2.11±0.34) N g 2 −

γ2
4

0.51±0.04

,

in agreement with Eq. 3.2. The horizontal error bars are determined from a 15%
shot-to-shot atom number fluctuation. The fit to the data is best for a large atom
number (N > 1.7 × 104 ) where we are comfortably in the low intensity limit n 
N . The transmitted optical power, a neasure of the intracavity photon number,
drops suddenly from 450 to 23.5 pW between 1.1 × 104 and 1.6 × 104 atoms. This
demonstrates that the atomic transition is partially saturated in this very low N
regime, thereby reducing the mode splitting [43, 51] for small N visible in Fig. 3.2.
By optimizing our MOT loading sequence for total N in the cavity, we maximize
the observed mode splitting at ∆ = 32.1 MHz (N ∼ 2 × 105 ) with corresponding
C = 1.2 × 104 and 1/ζ ∼ 12. This ζ coupled with large N offers the potential for
achieving absolute phase resolution (∆ΦSSS ) with nearly twice the sensitivity of the
best existing Cs fountain clocks, which operate at the projection noise limit for up to
107 atoms [56]. Since our apparatus is far from being in the number density limiting
regime, we expect straightforward experimental upgrades to increase N in our cavity
mode by at least another order of magnitude.
We next investigate the effect on ∆ of varying the cavity detuning relative to the
bare atomic transition. With a fixed atom number (N ∼ 1.3 × 105 ), we find excellent
correlation with the expected splitting for the regime where the cavity is red detuned
(δ > 0) from the atomic resonance (Fig. 3.4). When the cavity is blue detuned we see
smaller shifts than expected, possibly due to the destructive presence of blue-detuned
light from the probe scattered into the MOT volume and causing heating.
Finally, we demonstrate that the cavity normal-mode splitting can be used as a
technique for spectroscopic detection. We first load our MOT to saturation and then
transfer atoms to the |F = 1, m = 0i from the |F = 2, m = 0i state with a 6.8 GHz
microwave pulse. The duration of the microwave pulse, τ , determines the fraction of
atoms that remain in the cavitycoupled |F = 2i state. This transfer stage is followed
by a laser pulse, blue detuned from the |F = 2i to |F 0 = 3i transition, which clears
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NORMAL-MODE SPLITTING WITH LARGE COLLECTIVE…

Figure 3.4: Normal mode splitting as a function of the detuning δ of the light from
the bare cavity resonance. Solid line shows a plot of Eq. 3.2, where the shaded region
FIG.
3. Normal-mode splitting is plotted vs ␦. Solid line shows
denotes the uncertainty due to shot-shot atom number fluctuations.

a plot of Eq. 共2兲, where the shaded region denotes the uncertainty
due to shot-shot atom number fluctuations.
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describe an experiment demonstrating anti-squeezing, i.e. the increase in the uncertainty of the relative phase of the atomic ensemble that must accompany squeezing.

Chapter 4
Back-action Noise Measurement
4.1

Overview

After demonstrating the large collective cooperativity possible with our cavity, we
attempt to demonstrate a squeezed atomic state by using a quantum nondemolition
(QND) measurement to probe the collective pseudospin of the atomic ensemble in
the high-finesse optical cavity described in Section 2.4.2. We analyze the back-action
antisqueezing produced by the measurement process to show that our protocol could
create conditional spin squeezing in the atomic ensemble, but are prevented from
measuring this squeezing due to technical noise and residual variations in atom-cavity
coupling.

4.2

Laser Modulation

The frequency stabilization is similar to that described in Section 2.5, with some
changes described here. The slave diode output is now modulated by a single EOM,
generating a δνl = 8.99 GHz locking sideband and a δνp = 9.07 GHz probe sideband
schematically represented as green and orange, resp., in Fig. 4.1(a). This frequency
configuration allows the locking sideband to be twice as far detuned from the atomic
resonance and reducing the scattering rate due to this ever-present beam.
The light reflected from the cavity is detected by a photodiode, and the resulting
35
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Figure 4.1: Schematic of experiment (a) and modulation method (b). Two sidebands
resonant with the cavity are modulated onto a non-resonant laser by an electro-optical
modulator (EOM). The locking sideband at a frequency νl is combined with the output of a single sideband mixer (SSM) which generates a probe modulation frequency
νp = νl + 2δ slightly offset from the lock modulation frequency. A photodiode monitors the beat notes between the carrier and the sidebands reflected from the cavity.
The demodulated beat note between the carrier and the locking sideband is used to
drive a double-pass acousto-optical modulator (AOM) that keeps the locking sideband resonant with the cavity, while the beat note between the carrier and the probe
sideband provides the experimental measurement of the probe phase shift. The open
loop AOM frequency is tuned so that the carrier is offset from resonance with a cavity
mode by a frequency δ. The probe is detuned from the F = 2 →5 P3/2 transitions by
an amount ∆ on the order of 1-2 GHz, making the excited state hyperfine splitting
unimportant.
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electronic signal is mixed with a 8.99 GHz local oscillator. The result is two distinct
signals: at DC is the component of the signal which is the beat note between the
carrier and the locking sideband, and at 80 MHz (the difference frequency between
the locking and probe modulation frequencies) is the component which is the beat
note between the carrier and the probe sideband. The DC signal is used to feed back
to the double-passed AOM, while the 80 MHz signal component can be mixed down
to generate the DC probe dispersive signal. The frequency spectrum of the light is
shown in Fig. 4.1(b).

4.3

Background

An ensemble of N two-level atoms coupled to a radiation field can be described, in
analogy with a spin-1/2 system, by a collective pseudospin Bloch vector of length J =
N/2, with Jz corresponding to the population difference between the two states [2].
An off-resonant probe laser passing through such an ensemble acquires a phase shift
due to the atomic index of refraction, which depends on Jz , without affecting Jz , as
long as spontaneous emission remains negligible. A subsequent observation of the
probes phase projects Jz onto the value that corresponds to the observed phase shift.
The fractional uncertainty in the probe phase is limited by photon shot noise, which
thus sets the limit on the uncertainty in Jz , which can be far lower than the projection
noise limit for an uncorrelated state. In a cavity, the squeezing factor, which measures
the reduction in the projection variance, is enhanced by a factor proportional to the
square root of the cavity finesse [3], allowing much stronger squeezing than possible
in a free-space configuration.
Quantitatively, assuming identical coupling to the cavity for every atom and ignoring the spontaneous scattering of probe photons into free space and the loss of
photons through the cavity mirrors, the Hamiltonian for the interaction of intra-cavity
probe light with the atomic state is given by (see, e.g.,[6]):
"
H = ~ngc2

N
2



1
1
+
∆2 ∆1




+ Jz

1
1
−
∆2 ∆1

#
(4.1)
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where gc is the atom-cavity coupling constant, n = a† a and N = J11 + J22 are
the photon and atom number operators, Jz = 1/2 (J22 − J11) is the collective spin
projection operator, and ∆1,2 are the detunings of the probe sideband from the lower
and upper clock states, respectively. Physically, the atoms experience an ac Stark
shift due to the presence of intra-cavity light and the light field experiences a phase
shift due to the atomic index of refraction. The term proportional to N only adds an
overall phase shift to the light field, so only the term proportional to Jz is relevant
for the clock performance analysis.
In our model, the initial state of the system corresponds to a coherent atomic state
|J, Jx > and a coherent light state for the intra-cavity probe field. The interaction
of the probe sideband and the atoms described by Eq. 4.1 leads to the imprinting

on the probe field of a phase shift ∆φ = Jz Ωt for Ω = gc2 1/∆2 − 1/∆1 , where t is
the interaction time, while the collective atomic pseudospin vector precesses in the
equatorial plane of the Bloch sphere at a rate proportional to n. Since the probe
beam’s state is a superposition of number eigenstates (Fock states), each of which
causes the atomic pseudospin vector to precess at a different rate, the uncertainty in
the atomic pseudospin vector’s in-plane component (Jy in the frame that rotates with
the atomic state, so it remains polarized along x) grows as it precesses. This growth
in ∆Jy corresponds to the quantum back-action of the measurement of its conjugate
variable Jz .
Since the Hamiltonian entangles the collective atomic pseudospin Jz with the
phase of the probe field, a measurement of the probe’s phase projects the atomic
state onto a stochastically determined state of Jz . For nΩ2 t2  1, the resulting
uncertainty in Jz , conditioned on the outcome of the phase measurement, is given

−1
by (∆Jz )2 = N/4 1 + N nΩ2 t2 /2 , compared to the usual projection noise of
(∆Jz)2 = N/4. A slightly more detailed derivation of these equations is presented in
Appendix A.
For interaction times greater than the cavity photon lifetime, the above picture is
modified by the leakage of photons out of the cavity. We treat this in a simplified way,
by breaking up the interaction time into intervals corresponding to the photon lifetime taucav , where, after each interval, the probe state is measured, and the resulting
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atomic state then interacts with a new coherent photon state. The repeated projection out of the intracavity photon state destroys the atom-light coherence between
interaction intervals, causing the pseudospin variances to evolve linearly in time. The
squeezing for short times, until the antisqueezed uncertainty begins to wrap around
the Bloch sphere, is then given by
2



(∆Jz ) =

N
4



N n̄Ω2 tτcav
√
1+
2

!−1
.

Here n̄ now denotes the time-averaged intracavity photon number, which depends
not only on the input power, but also on t and τcav (in contrast to [57], where all the
time dependence is included explicitly), and the corresponding antisqueezing is
∆Jy

2


=

N
4



N n̄Ω2 tτcav
√
1+
2

!
.

Atomic spontaneous emission into free space reduces the correlation between the
measured probe phase (to which the atoms that have undergone spontaneous emission
contribute) and the collective pseudospin of the atoms used for the clock (to which
they do not contribute). If the spontaneous emission rate is known, the average phase
shift due to the atoms that have scattered can be subtracted out, but the stochastic
fluctuations in that phase shift, given by the shot noise on the number of spontaneous
emissions, cannot be accounted for and will degrade the conditional squeezing [58].

4.4

Results

The collective atomic pseudospin is measured via the phase shift produced by the
atomic index of refraction on the near-detuned resonant probe sideband. The probe
is tuned 1.5 GHz to the red of the 52 S1/2 , F = 2 → 52 P3/2 , F 0 = 3 atomic transition
with a cavity input power of 1.2-2.5 nW, while the locking beam, 18.06 GHz farther to
the red, has an input power of 2.5 nW. The circulating intra-cavity power is amplified
by a factor F/π ≈ 65, 000.
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The correlated atomic state is generated and measured in a three-pulse sequence
illustrated in Fig. 4.2. The probe light is turned on for a time τsq , then turned off
for a time τoff required for the probe light to leak out form the cavity, after which
a microwave π-pulse that lasts for a time τπ is used to prepare the spin echo. The
probe light is turned on for τsq , which rephases the atomic spins, then once again
extinguished for τoff , and after a possible final microwave rotation, which takes a time
τr , the probe light is turned on permanently and the atomic state is measured for
a time τmeas . During the two preparation pulses, spontaneous emission for all data
presented here, measured by observing atom depumping over time, is 66%; for the
final, destructive detection pulse, spontaneous emission is 20%–40%. We use shotto-shot fluctuations in the difference in the cavity shift between the second squeezing
pulse and the final measurement to quantify the conditional projection noise for our
protocol.
To properly calculate the expected projection noise, we must account for spatially
varying atom-cavity coupling. For a Gaussian atom cloud with radius ra and a TEM00
standing wave cavity mode with beam waist rc , the mean atom-cavity coupling Ω is
less than the maximal on-axis, antinode value Ωmax by a factor of 2[(ra /rc )2 + 1],
calculated from the overlap integral between two Gaussians, and assuming a standing
wave along the cavity axis. The variable that the probe phase measurement couples to
is then not ΩJz , but ΩJz , with an uncorrelated projection noise variance given by the
sum of the individual atom variances. Since the inhomogeneous transverse coupling
of different atoms does not average out on the time scale of our measurement, this
modified collective variance scales not as the square of the mean coupling, but rather
as the mean of the squared coupling:


∆ΩJz

2

=

N
X

∆Ωi jz,i

2

i=1


N
Ω2max
=
16 2[( rrac )2 + 1]

(4.2)
(4.3)

where i is an index over individual atoms [the unmodified value is (∆Jz)2 = (N/4)Ω2max ].
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Figure 4.2: Measurement protocol and results. The traces show a typical probe signal
(a), along with the control sequences for the probe laser (b), and the microwave state
rotation (c). The results obtained for the fluctuations in the difference between the
means of the two shaded regions in (a), chosen to exclude the initial cavity buildup,
as we vary the duration τr of the final microwave pulse are shown as solid circles in
(d), with each data point corresponding to 58-174 shots, with statistical error bars.
The inset in (d) shows a histogram of the difference of means for 87 shots at a final
rotation of 0.63 rad, the standard deviation of which corresponds to the y-axis value
of the indicated data point. The solid curve is a theory calculation using our model;
the gray curves account for uncertainties in the experimental parameters, dominated
by uncertainty in intra-cavity probe power; the dashed line is the expected projection noise; and the dotted line is the measured noise floor in the absence of atoms
(detector dark noise is negligible). The open circles indicate the results obtained for
inhomogeneous broadening in the absence of spin echo (see text). The parameters for
this measurement are τsq = τoff = 60 µs, τπ = 50 µs, N ≈ 57000, ∆ is 1 GHz, probe
power ≈ 2.5 nW, and locking power ≈ 2.5 nW. The microwaves are resonant with
the mF = 0rightarrowm0F = 0 transition.
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To take advantage of the squeezing produced by our protocol, subsequent measurements also need to couple to ΩJz , which suggests that interferometer readout should
be performed using the cavity shift [59].
By applying a microwave pulse before the final detection pulse, it is possible to
rotate the uncertainty ellipse around its center and use the atomic shift to measure its
width in an arbitrary direction. A π/2 pulse rotates the antisqueezed Jy component
of the collective atomic spin onto a population difference Jz , which results in maximal
noise on the shift, while a smaller rotation produces a correspondingly smaller effect.
The results of such a series of measurements are shown in Fig. 4.2(d).
To characterize the coherence of our atomic states, we vary the phase of the final
microwave pulse while keeping its duration fixed at tπ/2 by applying a phase offset
to the microwave oscillator that generated the pulse. We thus scan the collective
pseudospin rotation axis in the equatorial plane of the Bloch sphere, which produces
an oscillation in the atomic populations, which we read out via the mean values of
the final probe measurement. For the final state produced by our measurement, the
contrast in this oscillation is about 73% of the full contrast obtained under the same
circumstances in the absence of probe squeezing pulses, which means that the length
of the collective spin vector on the Bloch sphere is reduced to 73% of its initial length
due to the relative dephasing of the individual spins by the squeezing pulses and
the projection noise is reduced by the same amount. We have also confirmed that
the lock light has no effect on atomic coherence by comparing the contrast measured
after the spin echo sequence without squeezing pulses to the initial contrast measured
immediately after the first π/2 pulse creates the clock-state superposition.
It is important to distinguish between inhomogeneous broadening due to the spatially varying probe light intensity, which leads to dephasing between the pseudospin
states of different atoms, and the dephasing of the collective pseudospin – i.e., antisqueezing. To study the two effects independently, we use the fact that spin echo counteracts the majority of the inhomogeneous dephasing, making it possible to produce,
without spin echo, the same amount of inhomogeneous dephasing contrast reduction
with a much shorter probe pulse (and, consequently, much less antisqueezing). We
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While we are not able to observe squeezing for 60 µs squeezing pulses, using the
same protocol with longer pulses, which destroy Rabi oscillation coherence, allows
us to resolve Jz to 3.8 dB in the variance below the projection noise for an uncorrelated state with spontaneous emission loss of ≤ 30%. Technical measurement noise
and residual variations in atom-cavity coupling limit our ability to observe squeezing
while preserving coherence. If the probe could be measured at the photon shot-noise
limit for the second squeezing pulse and taking into account the atomic loss dictated
only by the spontaneous emission and not by inhomogeneous broadening, the antisqueezing shown in Fig. 4.3 would, for a minimum-uncertainty state, correspond to
spin squeezing of up to 10 dB in the variance.
Significantly better performance could be achieved by increasing the atom number (a typical

87

Rb MOT with 108 atoms should give us measurement samples of 107

atoms, a hundredfold increase) and by improving the spatial overlap between the cavity mode and the atom cloud, by either confining or cooling the atoms. The addition
of a far-detuned (1560 nm) trapping beam can provide the necessary confinement,
as well as suppress the residual variations in the atom-cavity coupling due to atomic
motion through the standing wave probe electric field. Additionally, by stabilizing the
laser system at 1560 nm we will effectively remove the ever-present locking sideband
which is a continual source of scattering. The next chapter describes and characterizes
the dual-wavelength cavity.

Chapter 5
Dual-Wavelength Confocal Cavity
5.1

Motivation

The goal of our improved cavity design is to provide a method for confining the atoms,
in order to prevent movement across the probe beam’s standing wave profile. This
motion causes a strongly time-varying coupling strength of the atoms to the probe
beam, which is a limiting source of noise in the hemispherical cavity used in Chapters
3 and 4. In addition, the confinement must preserve coherence in order to ensure that
the atomic sample will be useful for interferometry, squeezing, etc.

5.2

Differences compared to previous generation

To meet this goal, we construct a cavity which has a high finesse at two wavelengths.
It retains the high finesse at 780 nm from the previous generation for probing the
atoms, but now it also has a high finesse at 1560 nm, double the probe wavelength.
The ability to couple 1560 nm light into a high finesse cavity allows for the use of a
high intensity, far off-resonant standing wave dipole trap. The atoms are attracted
to the antinodes of the dipole trap’s electric field which, due to the trap wavelength
being almost exactly double the probe wavelength, line up well with antinodes of the
780 nm light at the MOT position equidistant between the two cavity mirrors. Atoms
trapped at the antinodes experience an essentially time-invariant maximal coupling
45
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of the light to the atoms.

The

87

Rb source is now a current driven vapor source manufactured by Alvatec,

replacing the time-consuming Rb transfer procedure necessary in the previous generation. The source was spot welded to feedthrough leads through which the current
is driven. The metal flange with the feedthrough is connected to the Zerodur vacuum chamber on the 2D-MOT side by an indalloy seal. Indalloy is an Indium alloy
with properties similar to indium, but which has a higher melting point (∼ 120 ◦ C),
permitting a bake-out at higher temperatures than an indium seal would allow. The
87

Rb source was activated after 24 hours of baking by briefly driving it with a 4 A

current, melting the internal Indium seal and exposing the internal Rb compound to
the chamber. The current was then lowered to 2 A, and allowed to bake for another
24 hours. The indium in the other glass-to-metal seal, connecting the ion pump to
the Zerodur vacuum chamber, was also replaced with indalloy.

The cavity is no longer in a hemispherical configuration, but is now near-confocal.
Confocal cavities have a narrow beam waist, located at the point equidistant from
the cavity mirrors and coinciding with the atoms’ location. Because the atoms will be
trapped in the antinodes of the lattice beam, uniform coupling should be guaranteed
without the necessity of a large beam waist, and the narrow beam waist allows for
increased atom-cavity coupling. Furthermore, because the beam waist at the center
of the confocal cavity mode depends only weakly on the cavity length L, we are
insensitive to the specific cavity length used. This means we are able to replace
the Zerodur end-caps from the first generation cavity with Zerodur disks which do
not go into the cavity tubes, allowing us to use the same high glass temperature
Epotek 353ND epoxy used to attach the cavity tubes to the vacuum chamber. The
elimination of the indium seals and the low glass temperature epoxy from our system
allows us to bake at much higher temperatures, and the resulting final pressure of
this system is a few 10−10 mbar.
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5.3

Cavity construction

The ”science” cavity was constructed in a near-confocal configuration, with two
RC = 10 cm radius of curvature mirrors. The mirror coating is now highly reflective at 780 nm and 1560 nm, with manufacturer (Research Electro-Optics) specified
reflection coefficients of Rp > 0.99994 and Rl > 0.99992. Here the “p” and “l” subscripts refer to the probe at 780 nm and lattice at 1560 nm, resp. This notation will
be used henceforth.
The free spectral range was measured to be νfsr = 1.396 GHz, corresponding to
a mirrors separation of L = c/2νfsr = 10.73 cm, ∼ 730 µm longer than perfectly
confocal. The cavity mode has a beam waist of w0 = w(L/2) = 111 µm at the center
of the cavity, where the atoms are loaded. This leads to an atom-cavity coupling
constant g0 = 2π × 53 kHz for the |F = 2, mF = 2i → |F 0 = 3, mF 0 = 3i transition for
atoms located on axis at a probe field antinode in the center of the cavity. The cavity
ring down times τp = 19.9 µs and τl = 13.3 µs were determined by using an AOM
switch to shut off the driving beams, and measuring the 1/e decay time of the cavity
output. The resulting traces are shown in Fig. 5.1. This corresponds to half-widthhalf-max cavity linewidths κp = 2π × 3.99 kHz and κl = 2π × 5.98 kHz, or finesses
Fp = 175, 000 and Fl = 117, 000. The single-atom cooperativity η = g02 /κΓ = 0.83,
where Γ = 2π × 6.067 MHz is the

87

Rb natural linewidth. Table 5.1 summarizes the

important cavity parameters.
The optical path for most of the experiments is summarized in Fig. 5.2. Light
from a 1560 nm New Focus Vortex laser is stabilized to a 1560 nm “scrubbing” cavity.
This cavity has a linewidth ∼ 6.5 kHz, and is used to reduce the laser linewidth
from ∼ 300 kHz to below 1 kHz. The transmitted light is frequency shifted by an
acousto-optical modulator (AOM) and injected into a slave diode. The diode output
is amplified by an IPG EAR-2K fiber amplifier to a maximum output power of 2 W.
The fiber amplifier output is split into two paths.
One path goes to the science cavity after being modulated by an electro-optical
modulator (EOM), and generates the Pound-Drever-Hall [38, 39] error signal used to
stabilize the light. The error signal controls a voltage-controlled oscillator driving the
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Figure 5.1: Ringdown traces for the 780 nm probe (black) and 1560 nm lattice (grey)
wavelength. The specified τ is the time constant of an exponential decay fit. The
dashed vertical line at t = 0 denotes the time the input light is switched off.
parameter
symbol
wavelength
λ
curved mirror radius
Rc
length
L
free spectral range
νfsr
beam waist at atoms
w0
atom-cavity coupling at atoms
g0 /2π
ringdown time
τ
decay rate (HWHM)
κ/2π
Finesse
F
single-atom cooperativity at atoms
η

Values
780
1560
9.9
10.73
1.396
111
157
142
19.9
13.3
3.99
5.98
175,000 117,000
0.83

units
nm
cm
cm
GHz
µm
kHz
µs
kHz

Table 5.1: Summary of important cavity parameters at both the probe (780 nm) and
lattice (1560 nm) wavelengths.
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AOM which allows for feedback on the optical frequency of the light. We stabilize the
light such that one of the EOM modulation sidebands is resonant with the science
cavity. By controlling the magnitude of the modulation voltage to the EOM we can
control the amount of light in the sideband, and therefore we have direct control over
the trap intensity.
The second path goes to a periodically poled lithium niobate (PPLN) waveguide,
which frequency doubles the light to the 780 nm used for the probe laser. The 1560 nm
light is reflected by a dichroic beam splitter (DBS) and goes to an optical spectrum
analyzer a a diagnostic for coarse frequency tuning. The 780 nm light from the PPLN
passes the DBS and is injected into a slave diode, the output of which is phase modulated by a electro-optic fiber modulator to generate sidebands used in the detection.
The heterodyne detection scheme uses the 780 nm carrier as a stable phase reference,
while the resonant sideband experiences an optical path length-dependent phase shift.
Atoms in the cavity will change the optical path length (and hence the phase) by an
amount ∝ ∆−1 , the atom-light detuning. This atom-dependent phase difference between the carrier and sideband can be readily turned into a dispersive voltage signal
and recorded. Alternatively, we can measure the transmitted 780 nm probe light with
a fiber-coupled Perkin-Elmer single photon counting module (SPCM).
The resulting frequencies (both at 1560 nm and 780 nm) are shown in Fig. 5.3
together with the cavity resonance frequencies separated by νfsr . An advantage of
this configuration is that the 780 nm carrier is far detuned from any cavity resonance,
heavily suppressing its transmission through the cavity. The carrier is approximately
a million times more intense than the probe sidebands, and good carrier suppression
is required when using the SPCM to measure the transmission of the probe sideband.

5.4

Thermal shifts and demonstrated trapping

Typical operating conditions require us to couple up to 1 mW of 1560 nm trapping
light into the cavity. Inside the cavity the intensity builds up to a circulating power
of ∼ 40 W. The high circulating power creates a high heat load on the cavity mirrors,
which causes them to thermally expand slightly. As our measurement procedure is
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Figure 5.2: Detailed schematic of the optical and electronic paths. Red lines are
1560 nm light, blue lines are 780 nm light, solid black lines are optical fibers, dashed
black lines are electrical signals. ECDL = Extended Cavity Diode Laser, PBS = Polarizing Beam Splitter, λ/2 = half-wave plate, λ/4 = quarter-wave plate, PD = Photodiode, PZT = Piezoelectric Transducer, PID = Proportional-Integral-Differential
gain controller, VCO = Voltage Controlled Oscillator, AOM = Acousto-Optical Modulator, EOM = Electro-Optical Modulator, FR = Faraday Rotator, EDFA = ErbiumDoped Fiber Amplifier, PPLN = Periodically Poled Lithium Niobate frequency doubling crystal, DBS = Dichroic Beam Splitter, SPCM = Single Photon Counting Module, OSA = Optical Spectrum Analyzer.
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Figure 5.3: The optical frequencies of the light shown together with the cavity resonances. The resonant sideband at 1560 nm generates the dipole potential which
confines the atoms. The carrier at 1560 nm gets frequency doubled to generate the
carrier at 780 nm. Sidebands are generated at 44 MHz by an electro-optic modulator
(for the 1560 nm beam) and at 6.01 GHz by a fiber modulator (780 nm).
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Figure 5.4: The cavity resonance shifts (in kHz) due to thermally induced expansion
of the mirrors by the intra-cavity light from a 0.5 mW incident trap beam. The shift
is for an empty cavity (no atoms), and the time is given after the intense probe is
turned on. The frequency shift of the 780 nm probe at t = 0 is approximately 2.5 kHz
per W of circulating intra-cavity 1560 nm light. Circles are data and the solid line is
an exponential fit with a decay time of 138 ± 7 ms.
very sensitive to cavity length changes this shows up as a time-dependent drift in
the measured resonance frequency of the cavity, starting when the cavity intensity is
turned up (after the MOT is loaded), and exponentially decaying with a time constant
of 138 ± 7 ms, as shown in Fig. 5.4.
It should be noted that this thermal effect can only be visible if the cavity length
change at 1560 nm and 780 nm is different. Any length change that is common to both
frequencies is canceled out by virtue of the frequency doubling crystal. A consequence
of this is that the cavity has a different length at 1560 nm and 780 nm. This will be
further investigated in Section 5.6.
We demonstrate our system’s capability of trapping atoms by measuring the
change in the cavity resonance frequency as a function of time and subtracting out
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Figure 5.5: The shift (in kHz) of the cavity resonance at 780 nm due to atoms loaded
into the dipole trap as a function of time after the MOT beams have been turned off.
The circles are data and the solid line is a fit with a decay time of 1.12 ± 0.05 s. Data
shown is for 0.68 mW of trap light resonant with the cavity.

the thermal shift from Fig. 5.4. As is shown in Fig. 5.5, we are able to trap atoms
for times upward of a second, making it possible for us to trap atoms, hold them
while the thermal shift dies out after ∼ 0.5 s, and perform our experimental protocol
afterwards, thus minimizing the impact of any thermal effects on the cavity mirrors
due to the intense trapping beam.
By measuring the cavity shift of a fixed number of atoms for a varying detuning
we find that the measured curve asymptotes to a non-zero detuning, as shown in
Fig. 5.6. As the detuning increases the shift per atom will drop off as (∆ − νAC )−1
where ∆ is the detuning from the unshifted F = 2 → F 0 = 3 transition, and νAC is
the AC Stark shift due to the trapping beam. A fit indicates νAC = 523 ± 65 MHz.
This effect is due to the higher lying states of

87

Rb, specifically the 5D and 6S

levels which are 1529 nm and 1366 nm above the 5P3/2 state, as shown in Fig. 5.7.
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Figure 5.6: Resonance frequency shift of the cavity at 780 nm as the probe frequency
detuning from the unshifted F = 2 → F 0 = 3 transition (∆) is changed. The solid
line is a fit with shift = A/(∆ − νAC ) where νAC = 523 ± 65 MHz.

The 5P3/2 excited state is Stark shifted due to the strong 1560 nm trapping beam
addressing the 1529 nm (5P3/2 → 4D) transition. This results in a net AC Stark shift
which is a factor 41.6 larger (and in the same direction) than the Stark shift of the
5S ground states due to the trapping beam [60]. In the absence of higher lying states,
the 5P3/2 shift would be equal in magnitude and opposite in direction compared to
the 5S ground state.
An intense 1560 nm trapping beam creates a strong spatially dependent Stark
shift which interferes with MOT loading due the MOT lasers not being properly
detuned everywhere in space. To counter this effect we can lower the modulation
drive power to reduce the Stark shift to the point where it has a negligible effect on
the MOT loading. When the MOT is fully loaded we can ramp up the trap depth
and simultaneously turn off the MOT beams to release the atoms, capturing them in
the dipole trap.
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5S1/2
Figure 5.7: The 5S ground state of 87 Rb along with the three lowest energy excited
states. The dashed black arrows indicate the wavelength of relevant transitions, while
the blue and red arrows denote the probe and trapping laser wavelengths, resp. The
5P3/2 level, which is involved in the probe beam transition, is Stark shifted by the
presence of the higher lying (5P3/2 → 4D) 1529 nm transition being addressed by the
strong 1560 nm trapping beam.
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5.5

Coherence in the trap

Successful atomic physics experiments rely on coherence times long enough to complete the desired experimental protocols. One of the most common manipulations
of the alkalis is to drive the microwave transition between the two hyperfine ground
states to see Rabi oscillations or Ramsey fringes. In order to see Rabi oscillations we
drive the atoms to the |F = 1i ground state by briefly pulsing on a beam resonant
with the |F = 1i → |F 0 = 2i transition to get all the atoms in the |F = 2i ground
state. The we apply a microwave pulse of a variable duration and measure the shift
of the cavity resonance. The result is shown in Fig. 5.8(a).
Our Ramsey fringe protocol starts by pumping all the atoms to |F = 2i, as in the
Rabi oscillation measurement, followed by a π2 -∆t hold-π-∆t hold- π2 pulse sequence.
The first

π
2

pulses put the atoms in a coherent superposition of the two hyperfine

ground states, the middle π-pulse reverses the overall phase of the atomic state to
compensate for any broadening due to inhomogeneities in the Stark shift, and the
second π2 -pulse is phase shifted from the first by a variable amount. In the absence
of decoherence, as the phase is varied the final phase shift will oscillate between the
extremes of total population transfer (no phase difference between the pulses) to zero
population transfer (2π phase difference). Decoherence will decrease this amplitude
as a function of the hold time 2∆t, as shown in Fig. 5.8(b).
This demonstrated ability to trap and coherently hold atoms for about 212 ms
is enough for the planned spin squeezing experiments using this apparatus. The
experimental protocol from Chapter 4 takes less than 5 ms, a time during which
the measured coherence in our system is essentially unchanged. Additionally, at
maximum microwave power our system has the potential to go through 500 Rabi
oscillations in the measured decay time, a property which could make this apparatus
useful in quantum information processing.
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Figure 5.8: (a) Normalized shift of the cavity resonance as a function of the microwave
pulse duration. The shift Rabi oscillates with a frequency proportional to the intensity
of the microwave radiation. The microwave intensity is reduced significantly from the
potential maximum in order to obtain only a few Rabi cycles during the coherence
time. Our current fastest Rabi oscillations have a pi-pulse time ∼ 50 µs, enabling
∼ 500 Rabi oscillations during the decay time of the Rabi oscillations. The solid line
is a decaying sinusoidal fit with decay time 55±2 ms. (b) Amplitude of Ramsey fringes
with a hold time of ∆t. The decay constant of the fit (solid curve) is 212 ± 16 ms.
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5.6

Unequal trap and probe cavity lengths

We measure the difference in cavity FSR at the trap and probe frequency. If we
assume equal FSRs, we observe reflection of the probe sideband when it is tuned
with a modulation frequency expected to make it resonant with the cavity. The
actual cavity resonance is shifted by an amount δνoffset ≈ 186 MHz, as shown in
Fig. 5.9. This means that this particular cavity resonance has shifted by an amount
δν = nνfsr + νoffset .
This effect is explained by realizing that the cavity lengths are not equal at the two
frequencies. If the effective optical path length were the same at both the trap and
probe frequencies, the FSRs at these frequencies would be identical, and frequency
doubled resonant 1560 nm light to 780 nm will still be resonant. We require a change
in the probe frequency of 186 MHz from the equal FSR case to be in resonance,
however, indicating that the cavity length difference between these two is then δL =
Lt − Lp = 52 nm modulo an integer number of half wavelengths (∼ 390 nm). This
length discrepancy is probably due to construction of the quarter-wave stacks used in
the fabrication of the mirror coatings not being collocated. The longer effective length
for the trap frequencies implies that the trap has to pass through the quarter-wave
stacks for the probe beam, which can also explain why a strong trapping beam inside
the cavity can cause the strong thermal shift seen in Fig. 5.4.
If we consider briefly the spatial overlap between the probe and trap cavity modes,
it becomes clear that the at the center of the cavity (where the atoms are located),
the axial profile of the probe and trap modes can take on two possible configurations,
shown in Fig. 5.10(a). Every time the probe frequency is changes by 1 FSR, the
configuration switches between the two displayed cases. If the FSR were the same at
both wavelengths, then the first (second) configuration in Fig. 5.10(a) applies for an
even (odd) number of FSR difference between the probe frequency and double the
trap frequency. The atoms are always trapped at the maxima of the trap standing
wave intensity profile, and the location of the probe maxima can either be poorly
overlapped (out of phase registration) or optimally overlapped (in phase registration)
with the location of the atoms. While the diagrams in Fig. 5.10(a) are drawn for the
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Figure 5.9: Schematic illustrating the effect of unequal cavity lengths at the trap
and probe frequencies. A sideband created by modulating the 1560 nm carrier at a
frequency νmod is locked to the cavity, and the carrier is frequency doubled. The new
carrier is 2νmod from the expected location of the resonance (dashed line), assuming
equal cavity lengths. The actual cavity resonance is νoffset further away.
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Figure 5.10: (a) The two possible configurations at the center of the cavity. Atoms
are trapped at the maxima of the trap beams’s intensity profile. The probe beam can
either be out of phase (intensity minima at the atom locations) and couple poorly
to the atoms, or it can be in phase (intensity maxima at the atom location) and
couple optimally to the atoms. It is possible to switch between these configurations
by changing the probe frequency by one FSR. (b) Experimental measurement of the
cavity shift normalized by the detuning from the atomic resonance. It is clear that
for odd FSR the coupling is much stronger than for an even FSR, implying that
case of identical optical path lengths at the trap and probe frequencies, the fact that
this is not the case should not affect the overlap if the length difference is due to the
difference in mirror coating locations, as this change would be symmetric about the
center of the cavity, where the atoms are located.
The data in Fig. 5.10(b) shows the cavity shift for three adjacent cavity resonances.
The shift is normalized by detuning ∆ from the atomic resonance to account for the
∆−1 dependence of the shift. For atoms which are not localized this coupling should
be the same. It is important to note that the coupling is stronger for an odd number
of FSR frequency displacement, implying that the cavity length difference is in fact
δL = 51 + n ∗

780
2

nm, where n is an odd integer.

Chapter 6
Raman Lasing
6.1

Overview

While assembling and debugging the system described in Chapter 5, we noticed that
sometimes light was emitted from the cavity, even when there was no probe light.
This emitted light was due to the continuously loading MOT, and the emitted spatial
mode was strongly dependent on the cavity length. After some initial head scratching,
we realized we had the beginnings of a very tunable Raman laser system on our hands,
and we took a scientific detour to try and understand this system and stabilize its
operations by adding a Raman pump beam.
We were able to demonstrate a Raman laser using cold

87

Rb atoms as the gain

medium in a high finesse optical cavity. We observed robust continuous wave lasing
in the atypical regime where single atoms can considerably affect the cavity field.
Consequently, we discover unusual lasing threshold behavior in the system causing
jumps in lasing power, and propose a model to explain the effect. We also measure
the linewidth between two transverse cavity modes lasing simultaneously (intermode
laser linewidth), and observe values as low as 80 Hz. The tunable gain properties of
this laser suggest multiple directions for future research.
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in Chapter 5) undergo
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the single photon detuning ∆. An allowed cavity resonance from this intermediate
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= 1i hyperfine ground state allows completion
of the two-photon
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process. The atoms are driven back to |F = 2i by the repump light (resonant with

l/2

PBS

the |F = 1i → |F 0 = 2i transition) associated with the MOT, allowing continuous
laser output. This is effectively a three level system where we refer to the |F = 1i,
|F = 2i and |F 0 = 2i states as |1i, |2i and |3i, resp. The relevant atomic energy levels
and laser frequencies are shown in Fig. 6.1(a).
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The cavity parameters are summarized in Table 5.1. For the single-photon detunings ∆ used in this experiment the resulting atom-induced cavity resonance shifts
are δν = g 2 /∆ ∼ 10-20 Hz/atom. The spacing between nearest sets of transverse
modes is ∆νtms = 75 MHz for our parameters, much greater than the gain bandwidth
of ∼ 3MHz (γ21 below). This allows only one set of transverse modes (those whose
transverse mode indices add to the same total) to be resonant at a time. In other
words, TEM1,0 , TEM0,1 can resonate simultaneously, but TEM modes whose mode
indices do not add up to one can not, as shown in Fig. 6.1(b). We can excite different
spatial modes of the cavity by tuning the frequency of the Raman pump to select the
cavity mode whose frequency satisfies the overall two-photon resonance condition.
A schematic of the experimental setup is shown in Fig. 6.2. The input laser light
at 1560 nm is split by a polarizing beam splitter, with one path used to stabilize the
frequency of the light to the cavity using a Pound-Drever-Hall (PDH) method [38], to
better than a kilohertz. The majority of the light follows the other path, where it is
frequency doubled in a periodically poled lithium niobate (PPLN) waveguide crystal
to generate the 780 nm light used for the Raman pump laser and the local oscillator
beam. This way of generating the 780 nm light ensures that the Raman transition
is insensitive to cavity length drifts. A double-passed acousto-optical modulator allows for tuning of the pump beam frequency, enabling fast switching between spatial
modes. We note that the linewidth of the Raman pump does not need to be narrow,
as we observe lasing equally well with a MHz linewidth pump.
By tuning the pump frequency and cavity lengths appropriately, we can force
arbitrary spatial modes to lase, up to a certain beam size limited by the physical
extent of the cavity mirrors. One example, shown in Fig. 6.3, is a TEM17,32 mode,
but even higher order modes are possible.
Light emitted from one cavity mirror is split by a polarizing beam splitter. One
path steers the beam incident on a CCD camera to image the spatial mode intensity
profile, where we can image the lasing modes. The other path is incident on a single mode fiber connected to a Perkin-Elmer ARQH-13 avalanche photodiode single
photon counting module (SPCM). Short pulses from the SPCM, corresponding to a
photon detection, are integrated, and a time trace is measured on an oscilloscope.

64

CHAPTER 6. RAMAN LASING

DBS
CCD
MOT

LO

Beatnote
PD

Raman Pump

FR

l/4

Cavity Lock
PD

l/2

2-pass
AOM

l/2

SPCM

EOM

780nm

1560nm

PPLN
l/2

PBS

Figure 6.2: Schematic of the experiment. LO = local oscillator, AOM = acoustooptical modulator, EOM = electro-optical modulator, FR = Faraday Rotator, PBS
= Polarizing Beam Splitter, DBS = dichroic beam splitter, λ/2 = half- wave plate,
λ/4 = quarter-wave plate.
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Figure 6.3: CCD image of a typical accessible high-order (TEM17,32 ) transverse lasing
mode. Even higher order modes are accessible, but the exact number of nodes begins
to get more difficult to quantify with the current imaging setup due to the large
spatial extent of the mode extending beyond the edges of the CCD sensor.
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Light emitted from the other cavity mirror is combined with a local oscillator beam
and incident on a fast photodiode. The resulting beat note gives us the laser’s optical
frequency relative to the known local oscillator frequency.

6.3

Results

The cavity gain can be expected to be proportional to both the effective atom number Neff and the pump intensity Ip . We demonstrate a lasing threshold by varying
the gain, either by changing the effective atom number in the cavity mode, or by
changing the intensity in the pump beam. Allowing the MOT to load while keeping
the pump intensity constant results in a visible threshold after which lasing occurs.
The effective atom number Neff in the cavity mode is related to the actual atom number by a geometrical overlap factor between the MOT cloud and the cavity mode.
Fig. 6.4(a) shows a parametric plot of the measured Neff and lasing power for the
TEM00 mode. Equivalently, by increasing the pump beam intensity Ip while keeping
the atom number constant results in a visible threshold in the pump intensity, as seen
in Fig. 6.4(b).
We extract the laser’s intermode linewidth, which is insensitive to cavity length
fluctuations, from the beat note between two lasing modes. Specifically, by tuning
the pump frequency we make the TEM01 and TEM10 modes lase simultaneously [resulting in the ”donut mode” seen in Fig. 6.2(b)], and partially couple these modes
into a single-mode fiber leading to the SPCM. These two modes are non-degenerate
(due to geometrical imperfections in the cavity mirrors) by approximately 515 kHz, a
value well within the gain bandwidth. A frequency spectrum extracted from a particularly stable 4 ms window of the recorded time-domain signal is shown in the inset of
Fig. 6.5. A Lorentzian fit indicates a HWHM of 160 Hz, corresponding to an instantaneous intermode linewidth of 80 Hz for the convolution of two identical Lorentzian
lineshapes. Similarly, a minimum average instantaneous intermode HWHM linewidth
of 224 Hz is obtained by averaging centered spectra derived from consecutive 2 ms
windows (Fig. 6.5). Note that the purpose of the centering procedure is to eliminate
broadening due to central lasing frequency drift. The fact that a good Lorentzian
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Figure 6.4: (a) Cavity output power as a function of Neff . (b) Cavity output power as
a function of pump intensity Ip . In both cases, threshold behavior is clearly visible,
indicating the point at which losses at the cavity mirrors are overcome by the gain
medium.

fit to the peak overshoots the tails is an indication of excess low frequency noise on
the instantaneous frequency. It is known that the quantum limited linewidth could
in principle be inferred from the Lorentzian tails of a lineshape at high frequencies [61]. In our case, although small side lobes and a high baseline partly obscure
the tails of the distribution, a Lorentzian fit to these tails still represent an upper
bound on the quantum limited linewidth of the laser. This procedure yields an 86 Hz
HWHM linewidth, and is insensitive to the window size used. Note that this fit necessarily overshoots the peak. Comparison with theory is subtle, but as a reference
the Schawlow-Townes linewidth limit (without taking into account amplitude-phase
noise coupling, or incomplete population inversion) is 0.25 Hz.
The 1560 nm lattice is too weak to confine the atoms, and due to the atomic
thermal motion inside of the MOT, the atoms in the lasing modes are expected to
get completely replenished within ∼1 ms. Thus, the difference in the atom numbers
seen by the TEM01 and TEM10 modes could in principle fluctuate significantly in
the course of the spectral measurements. As a reference, the shot noise level of the
effective atom number in each mode is ∼150 atoms. Using the measured generic atom
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Figure 6.5: Measured beat note power spectral density between the TEM01 and
TEM10 modes at 25 mW/cm2 pump intensity with Neff = 9 × 104 , showing an average of 100 spectra (2 ms windows) that are centered before averaging. Dashed line:
Lorentzian fit with HWHM of 448 Hz, Dotted line: Lorentzian fit to the tails with
HWHM of 172 Hz. Inset: A single realization of the spectrum for a particularly stable
4 ms window; dashed line: Lorentzian fit with HWHM of 160 Hz.

69

6.3. RESULTS

Frequency (MHz)

1
0.8

(a)

0.6
0.4

(b)
(a) ∆ = − 321MHz
(b) ∆ = + 397MHz

0.2
0

7

7.5

8

8.5

9

9.5

4

Neff (× 10 )

Figure 6.6: TEM00 lasing mode frequency shift as a function of Neff for (a) red
and (b) blue detuned light. Opposite slopes are due to the positive and negative
susceptibilities associated with the red and blue detuned configurations respectively.
Relative positioning of the two curves is arbitrary.
number dependence of the absolute lasing frequency [Fig. 6.6], it can be inferred that
√
only about 20 atoms (well below shot noise level ∼ Neff ) of a fluctuation could
account for the observed 224 Hz intermode linewidth. Similarly, about 7 atoms of
fluctuation accounts for the observed instantaneous intermode linewidth of 80 Hz.
The threshold behavior and linewidth narrowing with respect to the cavity HWHM
linewidth at 780 nm κp shown in Figs. 6.4 and 6.5 constitute the generic signatures of
a laser. However, the rather large cooperativity parameter in combination with the
relatively narrow Raman gain bandwidth leads to further interesting nonlinear phenomena in lasing behavior. For certain parameters, as the gain is increased, the onset
of lasing occurs with an abrupt jump in lasing power, defying traditional threshold
behavior. Fig. 6.7(a) shows lasing power as a function of Raman pump intensity for
slightly differing pump frequencies, all with positive single-photon detuning ∆. The
different pump frequencies correspond to different two-photon detunings δ shown in
Fig. 6.2(a). The jumping behavior in lasing power is observed for positive δ. As the
pump intensity is cycled up and down, the onset and extinction of lasing take place
at different pump intensities. When δ is negative, this behavior disappears. A simple
mechanism based on the AC Stark shift experienced by the F=1 state qualitatively
captures this effect. For positive ∆, the onset of any lasing will shift the F=1 state up,
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in turn decreasing δ if it was positive initially, hence increasing the gain which further
increases the lasing and the Stark shift until equilibrium is reached. For negative δ
the Stark shift will decrease the gain, resisting the increase in lasing.
The proposed mechanism can be modeled with a three level system [levels |1i,
|2i, |3i in Fig. 6.2(a)], disregarding the details pertaining to the repump and cooling
beams, and taking their effects into account phenomenologically by adding a population transfer rate Γ12 from |1i to |2i and additional decoherence rates. The gain
associated with an ensemble of atoms can be calculated by solving for the steady
state values of the density matrix elements in a standard fashion [62]. The quantity
of interest is the density matrix element ρ31 giving the atomic polarization at the
lasing transition frequency ωl , which can be expressed as a sum of one-photon and
two-photon terms:
(1ph)

ρ31

=

1
(ρ33 − ρ11 )
2 (∆ + iγ31 )
2

(2ph)
ρ31

ρ31

Ωp
1
(ρ22 − ρ11 )
=
2
0
4∆ 2 (−δ + iγ21 )
i
h
(1ph)
(2ph)
Ωc eiωl t
= ρ31 + ρ31

(6.1)

Here (ρ33 − ρ11 ) and (ρ22 − ρ11 ) are population differences, γ31 and γ21 are coherence
decay rates, Ωp and Ωc are the Rabi frequencies associated with the pump and cavity
lasing transitions, δ 0 = δ − (δac1 − δac2 ) is the effective two-photon detuning with
2
|Ωp |
|Ωc |2
δac1 = 4∆ , δac2 = 4∆ being the AC Stark shifts, and (ρ22 − ρ11 ) = 1/ (1 + s)
with s =

γ21 |Ω|2
2
Γ12 δ 02 +γ21

given in terms of the two-photon Rabi frequency Ω = −

Ω∗p Ωc
.
2∆

In

solving the density matrix equations we utilize simplifying assumptions based on ∆ 
γij , Γij , δ. The imaginary part of the expression in square brackets is proportional to
the gain/loss, the real part to the phase shift imparted [62].
At this stage, a self-consistent solution to the lasing intensity can be found by
equating the single pass gain to the mirror transmission. For the relevant param(2ph)

eter space, ρ31

(1ph)

brings gain while ρ31

brings absorption but can be ignored.

2
The resulting equation has the form AIpnorm = 1 + δ 02 /γ21
(1 + s), with δ 0 and s
expressed in terms of the normalized pump and intra-cavity intensity parameters
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Figure 6.7: (a) Cavity output power as a function of pump intensity for different
values of the relative pump frequency ∆fp . ∆fp = 0 is chosen to correspond to the
experimentally inferred δ = 0 condition. (b) The corresponding calculated steadystate intra-cavity intensity. The arrows indicate the expected jumps in the lasing
intensity depending on the sweep direction. (c) Cavity output power as a function
of ∆fp for opposite single photon detunings ±∆. (d) Calculated steady-state intracavity intensity. Parameters for the calculated curves are A = 0.135, γ21 = 0.625Γ,
Γ12 = 0.1Γ.
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2

Ipnorm = 2 Ωp /Γ2 and Icnorm = 2 |Ωc |2 /Γ2 . Here A ∝ Neff C/∆2 is a constant depending on various system parameters, and Γ = Γ31 + Γ32 . The results, for parameters chosen to represent the experiment, are shown in Fig. 6.7(b)&(d), indicating
a bi-stable behavior for certain parameters, closely mimicking the experimental results. Shown in Fig. 6.7(c) are experimental results of the lasing profile as a function
of pump frequency, conforming to the theoretical model. Additional measurements
analogous to the ones in Fig. 6.7(a), but with ∆ = −450 MHz indicate that, in this
case the roles of positive and negative δ are swapped, as expected.

Chapter 7
Conclusion and Future Work
7.1

Conclusion

The work described in this Dissertation investigates some of the important capabilities
of experiments using optical cavities and QND measurements to create novel collective
states of atomic ensembles. Putting many atoms in high-finesse cavities is not trivial,
and we had to learn as we went, discovering problems we had never anticipated when
we started. We have eliminated many of the limiting factors along the way.
The common theme throughout this Dissertation is the continual quest for noise
reduction and detection sensitivity. The demonstration of a large collective cooperativity system with the potential to produce significantly squeezed states using QND
techniques [63] set the stage for attempting to generate squeezed states of the atomic
pseudo-spin. By coupling large degrees of squeezing with large atom numbers, the
potential is there for improved absolute performance for existing cold atom clocks
and interferometers. We were able to demonstrate significant anti-squeezing, but determining any squeezing was out of reach due to residual motion of the atoms in the
cavity mode [64].
Our solution to this problem, the 1560 nm dipole trap, has several key features. It
confines the atoms at the antinodes of the electric field, preventing any axial atomic
motion. Also, because the trap wavelength is twice the wavelength of the probe beam,
73
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all the confined atoms see the same probe beam intensity, and therefore the atomlight coupling is the same for all the atoms. This property of our system will reduce
the ambiguity of what it means to truly be a squeezed state that is inherent in most
experiments that seek to demonstrate squeezing.
Our Raman laser experiment is a great example of two principles: (1) If you have
a good tool, it will have uses you never expected; and (2) A good tool will do its job
wether you want it to or not. We first discovered that our cavity was emitting light
when we first installed the single photon counter to measure the transmission, and
found that we had light even when there was no probe beam. After some initial head
scratching we decided that we were going to pursue this, and our initial thoughts
on why we were seeing this light proved correct, and we demonstrated a high-finesse
cavity Raman laser using cold atoms as the gain medium. We observed an emerging
nonlinear lasing threshold behavior, the features of which we were able to explain
with a simple model [65]. Our Raman laser has intermode linewidths as low as 80 Hz
between two simultaneously lasing modes, which is of importance for applications
like potential ring laser gyroscopes [66] utilizing exotic gain media [67] for rotation
sensing.

7.2

Future Work

The main obstacle preventing the demonstration of significant squeezing in this experiment is cavity vibrations on time scales over which the experiment is performed.
The current experimental protocol is unable to distinguish between effective optical
path length fluctuations due to changes in the atomic populations, and those due to
fluctuations in the cavity length due to mechanical vibrations of the cavity tubes.
We are currently implementing an additional modulation frequency on the probe
beam in the detection scheme [68] which will allow us to distinguish between the
two sources of fluctuations and eliminate the cavity length fluctuations, as shown in
Fig. 7.1. The current probe beam sideband will remain and detect fluctuations from
both sources, while a second sideband, also resonant with the cavity but far detuned
from the atomic resonance, will be sensitive to the same cavity length fluctuations
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Figure 7.1: Schematic of the probe and reference frequencies in the proposed twofrequency modulation scheme. The probe beam (blue) is resonant with the cavity at
a relatively small detuning ∆ from the atomic resonance. The reference beam (green)
is resonant with the cavity at a much larger detuning, making it essentially insensitive
to the atoms. By taking the difference in output signals generated by these two beams
we can make the output sensitive only to the atomic state.
but insensitive to the collective atomic state.
With this new detection mechanism in place we should be able to demonstrate
a significantly (≥ 10 dB of uncertainty reduction in the variance) squeezed state. A
proof-of-principle atom interferometry experiment can also be done, considering the
vacuum chamber is designed to accommodate drop times of approximately 100 ms.
The demonstrated trap and coherence decay times in the dipole trap are also long
enough to make this an extremely flexible system when looking to the future.
For the Raman laser we can identify a few possible future directions. The effects of
normal and anomalous dispersion [30] can be investigated for reduced and enhanced,
respectively, sensitivity of lasing frequency to disturbances. The proposals for steadystate superradiance [32] can be investigated by tuning the relative strengths of the
two-photon Rabi frequency and the repumping rate. Measurements of intra-cavity
atom numbers can be pursued by looking at atom number-intensity correlations. The
sharp transitions observed when lasing starts can be investigated from a possible
sensor application perspective, e.g., for measuring disturbances causing atomic level
shifts, with the example of superconducting transition edge sensors [69] in mind.
Finally, the nonlinearities in Raman lasing can be further studied for possible quantum
noise reduction of the intensity fluctuations to below shot noise [70].
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Appendix A
Modeling the anti-squeezing
For a Hamiltonian of the form
H = ~Ωa† aJz ,

(A.1)

where a† and a are the photon creation and annihilation operators, resp., and Jz is
the atomic number difference operator. We can model the response of the coupled
atom-cavity system assuming the photons are initially in a coherent state |αi, and
the atoms are initially pointed along Jˆx . The combined atom-light state can then be
written as:
|Ψ(0)i = |Jx = J; αi
  21
2J
X
−J 2J
=
2
|Jz = k − J; αi
k
k=0

(A.2)

Unless stated otherwise the notation |A; Bi will be used to denote the tensor product
|Jz = Ai ⊗ |Bi, where the first term is the atomic part of the wave function written
as a Jz eigenstate, and the second term is the coherent photon state |Bi.
Time evolving Eq. A.2 gives:
H

|Ψ(t)i = e−i ~ t |Ψ(0)i
  12
2J
X
−J 2J
=
2
|k − J; αe−i(k−J)Ωt i
k
k=0
77

(A.3)
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where the atom and photon parts of the wave function are now no longer separable.
From Eq. A.3 it is clear that |Ψ(t)i has an atomic state dependent phase shift on
the state of the light. However, if we were to calculate the expectation value h∆Jz2 i
we would see that it is unchanged, indicating that this atom-photon interaction by
itself is not sufficient to generate a squeezed state. On the other hand, if we were to
measure the phase of the light field, and project this out, we would obtain the atomic
state
|Ψat (t)i = C −1 hαeiθ |Ψ(t)i
  12

2J


X
−1
−J 2J
2
−i(k−J)Ωt+θ
= C
2
exp −|α| 1 − e
|k − Ji. (A.4)
k
k=0
The renormalization constant C can be found by requiring that hΨat (t)|Ψat (t)i = 1
and is given by
2

|C|

=
≈
=

2J
X

−2J

2

Zk=0∞




2J −4|α|2 sin2[ Ωt2 (k−J)+ θ2 ]
e
k
i2

(k−J)2 −|α|2 Ω2 t2 k− J+ θ
1
( Ωt )
√ e− J e
πJ
−∞
|α|2 θ 2
 1
2
2 2 − 2 − 1+|α|2 JΩ2 t2
e
1 + |α| JΩ t

h

(A.5)

where the approximation holds as long as J  1.
By the same method we can then calculate hJz i and hJz2 i to be:
J|α|2 Ωt
1 + J|α|2 Ω2 t2
−1
J
hJz2 i = hJz i2 +
1 + J|α|2 Ω2 t2
2
−1
J
h∆Jz2 i = hJz2 i − hJz i2 =
1 + J|α|2 Ω2 t2
2
hJz i = −θ

(A.6)

(A.7)

Note that expectation value in Eq. A.6 is offset from zero by an amount proportional
to the measured phase of the coherent light field. Without this conditional offset
hJz i would be zero. The uncertainty in Jz given by Eq. A.7 is independent from
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the measured phase. In other words, no matter what the measurement result is, the
state will have the same deterministic uncertainty properties. Only the value of hJz i
is dependent on the measurement outcome. As expected, at t = 0 the uncertainty
starts out with the normal coherent atomic state value of J/2. It deterministically
decreases from there, indicating number squeezing.
According to the Heisenberg uncertainty principle

q
h∆Jy2 i h∆Jz2 i >

1
2

hJy i =

J/2, or:
h∆Jy2 i >


J
1 + J|α|2 Ω2 t2
2

(A.8)

which is a measure of the anti-squeezing. It is a fairly simple procedure to rotate
the Bloch vector around any axis, i.e. using microwave pulses, and so the generated number-squeezing can be turned into squeezing of the desired quadrature of the
pseudo-spin.
The equations presented here are only valid for short times, i.e. times short
compared to the photon lifetime inside the cavity. For longer times we break the
evolution up into many shorter intervals of duration τ , during which the system is
allowed to evolve in an unperturbed manner. The repeated projections incoherently
add, causing the variances to evolve linearly, as opposed to quadratically, in time.
These effects combine to result in:
h∆Jz2 i

"
#−1
Z τ

J
0 2
0
2 τt
=
|α(t )| κ dt Ω √
1+J
2
2
0

(A.9)

where κ is the cavity lifetime. This result is in good agreement with the more general
and comprehensive theory presented in [57].
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Appendix B
The linearly swept dispersive signal
B.1

Motivation

The dispersive signals which we detect in many of the sections in this paper are
obtained by linearly sweeping the modulation frequency across the cavity resonance,
and recording the resulting dispersive curve. If the sweep rate R is slow enough,
meaning that the optical frequency changes by less than a cavity linewidth per cavity
response time –or R  κ/τ = κ2 – the measured transmission (dispersion) curve is
the real (imaginary) part of the complex Lorentzian lineshape L(ω) defined as
L(ω − ωc ) =

1
c
1 + i ω−ω
κ

(B.1)



where L (ω) is normalized so that Re L (ω) = 1 when ω = ωc . However, for R & κ2 ,
light that enters the cavity does not exit until the driving field has changed significantly in frequency. The interference between the different frequency components
of the reflected light can have a strong effect on the detected dispersive signal. Our
experiment relies heavily on accurately detecting the location of the dispersive signal
zero, and we therefore benefit from an accurate and computationally fast fit function.
There exists an easily computable solution for the special case where the frequency
sweep is linear in time.
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B.2

Procedure

Start by assuming E(t) = E0 eiφ(t) , where E0 and φ are the amplitude and phase of
the electric field, respectively. The optical frequency is being changed by applying a
linear sweep at a rate R, leading to a laser frequency ωL (t) = ω0 + Rt, where ω0 is
R
the unperturbed frequency of the laser. The phase then becomes φ(t) = ωL (t) dt =
ω0 t + R2 t2 . We need to compute the spectral profile of this electric field, and so we
take the Fourier transform:
Z
Ẽ(w) =

∞

E(t)e−iwt dt

r−∞
(ω−ω0 )2
2πi
=
E0 e−i 2R
R

(B.2)

The cavity has a transmission lineshape given by Eq. B.1, which multiplies the
incident field given by Eq. B.2 to get the transmitted frequency-domain signal. The
time-domain signal of the transmitted light is then given by the inverse Fourier transform of this quantity:
Z

∞

Ẽ(ω)L(ω − ωc )eiωt dt
−∞
" r 
r
#
πi
iR
ωc − ω0 + iκ
= E(t)
κw −
t−
2R
2
R

ET (t) =

(B.3)

Here, w is the complex error function, also known as the Faddeeva function, given by

2 
w(x) = e−x 1 − erf(−ix) .
From Eq. B.3 we see that the time-dependent cavity transfer function is given by:
ET (t)
T (t) =
=
E(t)
.

r

" r 
#
πi
iR
ωc − ω0 + iκ
κw −
t−
2R
2
R

(B.4)
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Figure B.1: (a) and (b): The real and imaginary parts of the cavity lineshape L and
cavity transfer function T when R  κ2 . (c) and (d): The real and imaginary parts
of the cavity lineshape L and cavity transfer function T when R = κ2 . It is assumed
that ωc = ω0 for all plots.

B.3

Correspondence with Experiment

The real (imaginary) part of Eq. B.4 corresponds to the transmission (dispersion)
lineshape, as is shown in Fig. B.1. In the case when R  κ2 the real and imaginary
parts of T (t) look very similar to the those of L(ω/R), as expected. However, when
R & κ2 , T starts to change shape compared to L because the fast sweep rate causes
the light exiting the cavity to differ substantially in frequency from the incident light.
The measured signal must of course be real, but Eq. B.3 is a complex function. The
actual measured signal is the output of a double-balanced mixer with the photodiode
signal and the modulation signal as inputs to the RF and LO ports, resp. The shape
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Figure B.2: Experimental dispersive trace (grey) for a laser frequency swept at a rate
of 100 kHz/ms across the cavity resonance with a HWHM linewidth κ = 4 kHz. The
black line is a fit using Eq. B.5. The oscillating behavior at the beginning of the
sweep is a transient due to the sudden (step-function) turn-on of the probe light.

of this signal depends on the phase difference θ between these two inputs, and has
the general form




S(t) = < T (t) sin(θ) + = T (t) cos(θ)

(B.5)

where T (t) is defined in Eq. B.4. This model can fit the location of the zero-crossing
of the data shown in Fig. B.2 with an statistical error bar of 12 Hz. The total optical
power in the sideband is ∼ 3.5 nW, which results in a total of ntot ≈ 106 photons
entering the cavity during the sweep. The center of the cavity resonance, which
has a linewidth of 2κ = 8 kHz can then be expected to be found with an error of
√
∼ 2κ/ ntot ≈ 8 Hz, close to the 12 Hz which we measured. This is true if the
measurement is shot noise limited.
The actual experiment, however, requires a measurement of several lineshape centers with an accuracy that allows for sub-shot noise detection of the cavity resonance,
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and hence the population difference. These traces can be separated in time by up to
tens of milliseconds, so in addition to the ability to measure a single trace to sub-shot
noise precision, the cavity resonance needs to be stable to within the desired precision
over the timescale of the experimental protocol.
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