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Abstract

Due to its impressive sensitivity, long baseline atom interferometry is an exciting tool for tests of

fundamental physics. We are currently constructing a 10-meter scale apparatus to test the Weak

Equivalence Principle (WEP) using co-located Rb85 and Rb87 atom interferometers. This apparatus

aims to improve the current limit on WEP violation 100-fold, which illustrates the power of this

technique. This scientific goal sets stringent requirements on the kinematic preparation of the

atomic test masses, the interferometer laser wavefront and stability, as well as the electromagnetic

and gravitational field homogeneity of the interferometer region. The efforts to control these sources

of systematic error are discussed. Additionally, applications of long baseline atom interferometry to

space-based sensors for geodesy and gravitational wave detection are presented.
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Chapter 1

Introduction

The observation of a falling object has provided great insights into the laws that govern our physical

world. Using this technique at the leaning tower of Pisa, Galileo made the first forays into testing

the equivalence principle, which would become one of the central postulates of general relativity.

Similarly, Newton’s apple provided a catalyst for the creation of modern physics. Modern imple-

mentations of this simple experiment have become sophisticated probes of gravity, and they have

found practical applications outside the laboratory in navigation and geodesy. It is still of profound

importance to be able to accurately measure the relative motion between an inertial test mass and

an observer, and atom interferometry is an excellent tool to do exactly that.

Atom interferometry is a natural extension of the classic measurement of the acceleration of a

test mass under acceleration [1]. Rather than using a macroscopic object, which is a large (upwards

of 1023!) collection of atoms that is difficult to isolate from the environment, an atom interferometer

exploits de Broglie wave interference to measure the acceleration of single atoms in well-defined

quantum states.

In its simplest conception, a light pulse atom interferometer uses an atom to measure the local

phase of a laser beam at three places along its trajectory separated by equal times. The laser

light acts as a finely corrugated ruler which is sampled by imprinting its phase on the atomic test

mass at each of these three interaction points. The total phase shift imprinted on the atom is

∆φ = φ1 − 2φ2 + φ3 where φi is the phase of the laser at the interaction point i. The phase of

the laser changes with position and time as φ = k · x − ωt. For motion in a uniform gravitational

field and interaction points separated by equal times, the total phase shift ∆φ reduces to 1
2keffgT 2

where T is the time between pulses, keff is the effective wavevector of the light (see Sec. 2 for more

details), and g is the acceleration due to gravity. This phase shift increases linearly with an increase

in interferometer length L by increasing the available interrogation time T , since L = 1
2gT 2. For

a 10 m baseline, and keff ∼ 107 m−1, this gives ∆φ ∼ 108 rad per shot. Modern interferometers

can resolve milli-radian phase variations per shot which gives a long baseline atom interferometer a

1



CHAPTER 1. INTRODUCTION 2

sensitivity of ∼ 10−11 g/
√

Hz!

After early demonstrations of light pulse atom interferometers with short baselines L, it became

immediately desirable to take advantage of the linear increase in sensitivity with length. Several

atom interferometers with baseline L ∼ 1 m have been built, and the work described below aims

to push L to 10 m and eventually 30 km! These proposed, and under construction, interferometers

have sensitivities that offer tantalizing opportunities to test fundamental gravitational physics in a

controlled laboratory environment. The current 8.8 m apparatus under construction at Stanford

will potentially increase the limit on violations of the weak equivalence principle (WEP) by 100-

fold. The proposed AGIS-LEO gravitational wave detector offers a chance at detection of a predicted

phenomenon of general relativity that has yet to be observed. The future of precision accelerometers

promises to be quite exciting as these experiments begin to produce results.

This thesis is organized as follows. A review of light pulse atom interferometry is presented,

along with a detailed systematic analysis of the Stanford ATEP (Atomic Test of the Equivalence

Principle) experiment which is currently under construction. Then a proposal for AGIS-LEO (Atom

Gravitational wave Interferometric Sensor - Low Earth Orbit) is discussed. Then, the experimental

progress on the current effort at Stanford to construct an L = 8.8 m instrument is reported. Finally,

two neat peripheral inventions for manipulating light using electro-optic modulators are presented

in the appendix.



Chapter 2

Light Pulse Atom Interferometry

Light pulse atom interferometry has been intently studied for the past two decades. The following

chapter reviews the past work and theoretical basis for this technique. This work was done in

collaboration with Jason Hogan and Mark Kasevich. It has been published in Proceedings of the

International School of Physics Enrico Fermi on Atom Optics and Space Physics. A version of it

can also be found online at http://arxiv.org/abs/0806.3261. I was directly involved in producing

this work.

2.1 Abstract

The light-pulse atom interferometry method is reviewed. Applications of the method to inertial

navigation and tests of the Equivalence Principle are discussed.

2.2 Introduction

De Broglie wave interferometry using cold atoms is emerging as a new tool for basic science and

technology. There are numerous approaches and applications which have evolved since the first

demonstration experiments in the early 1990’s. These notes will not attempt an exhaustive or

comprehensive survey of the field. An excellent overview is provided in Ref. [2] and other lectures in

this volume. These notes will focus on what has become known as light-pulse atom interferometry,

which has found fruitful applications in gravitational physics and inertial sensor development.

These notes are organized as follows. We we first summarize basic theoretical concepts. We will

then illustrate this formalism with a discussion of applications in inertial navigation and in a de-

tailed design discussion of an experiment currently under development to test the Weak Equivalence

Principle.

3



CHAPTER 2. LIGHT PULSE ATOM INTERFEROMETRY 4

2.3 Atom interferometry overview

By analogy with their optical counterparts, atom interferometery seeks to exploit wave interference

as a tool for precision metrology. In this measurement paradigm, a single particle (photon or atom)

is made to coherently propagate over two paths. These paths are subsequently recombined using a

beamsplitter, and their relative phase becomes manifest in the probability of detecting the particle

in a given output port of the device. Hence, measuring the particle flux at the interferometer

output ports enables determination of the phase shift. As this relative phase depends on physical

interactions over the propagation paths, this enables the characterization of these interactions.

A key challenge for de Broglie wave interferometers is the development of techniques to coherently

divide and recombine atomic wavepackets. For simplicity, consider an atom with initial momentum p,

characterized by a wavefunction ψ(x) ∼ exp
[

i
!
p · x

]
1. The atom then is subject to a Hamiltonian

interaction which is engineered to evolve the wavepacket into a momentum superposition state.

One such interaction spatially modulates the amplitude of the wavefunction, so that, for example,

exp
[

i
!
p · x

]
→ f(x) exp

[
i
!
p · x

]
, where f(x) is a real periodic function with spatial frequency k.

Fourier decomposing f(x) immediately shows that the final wavefunction is a coherent superposition

of momenta p, p±!k, p±2!k, etc. In practice, such an interaction can be implemented by passing

a collimated atomic beam through a microfabricated transmission grating, as demonstrated by

Pritchard and co-workers [3].

Another interaction is one which spatially modulates the phase of the wavefunction. Consider, for

example, ψ(x) → exp [ik · x]ψ(x). This interaction results in a momentum translation p → p + !k.

A particularly useful implementation of this process imparts a spatial phase modulation by driving

transitions between internal atomic states. For simplicity, consider a two-level atom with internal

states |1〉 and |2〉 that are resonantly coupled by an applied optical traveling wave E ∝ exp [ik · x] via

the electric-dipole interaction µ̂ ·E (where µ̂ is the dipole moment operator). If the atom is initially

prepared in state ψ(x) |1〉, then following an interaction time t its state becomes α(t)ψ(x) |1〉 +

β(t) exp [ik · x]ψ(x) |2〉 (see Section 2.4 for details). The interaction time can be chosen, for example,

so that |α| = |β| = 1/
√

2 to implement a beamsplitter (the π/2 pulse condition). In this case, the

internal state of the atom becomes correlated with its external momentum. In practice, two-photon

stimulated Raman transitions between groundstate hyperfine levels have proven to be particularly

fruitful for implementing this class of beamsplitter. Why? Transitions are made between long lived

hyperfine levels while the phase grating periodicity is twice that of a single photon optical transition

(when the Raman transition is driven in a counter-propagating beam geometry).

The above mechanisms operate in free space. A new family of atom optics, based on control of

atom wavepacket motion in atomic waveguides, is under development. The basic idea is that atoms

are steered using microfabricated wires deposited on surfaces. These are loosely analogous to optical

1In reality, the wavefunction is spatially localized, so by the uncertainty principle, there must be a corresponding
spread in momentum about the mean value.
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fiber waveguides for light. In principle, coherent beamsplitters are implemented by the appropriate

joining of waveguides. Recently, a combination of microwave and magnetic fields has allowed for

creation of waveguide structures capable of coherent wavefront division. These structures have been

used to demonstrate proof-of-principle interferometer topologies which have been used to study the

coherence properties of the division process. The notes below will discuss free space atom optics,

which have proven effective for precision measurement of inertial forces.

Exploiting the momentum exchange principles outlined above, it becomes straightforward to

devise a de Broglie wave interferometer which is based on sequences of light pulses. For example,

consider a three pulse sequence based on Raman transitions. An initial Raman π/2 pulse places

an atom in a coherent superposition of wavepackets in states |1〉 and |2〉 whose mean momenta

differ by !keff (here keff is the effective wavevector of the Raman process, see below). After an

interrogation time T these wavepackets separate by a distance !keffT/m, where m is the atomic

mass. A subsequent optical pulse is then applied whose duration is chosen to drive the transitions

|1〉 → |2〉 and |2〉 → |1〉 with unit probability (a π pulse). This pulse has the effect of redirecting the

momenta of the wavepackets so that at a time T later the wavepackets again overlap. A final π/2

pulse then serves as the exit beamsplitter.

2.4 Phase shift determination

In this section we review the method for calculating the phase difference between the two halves of

the atom at the end of the light-pulse atom interferometer pulse sequence outlined above. These

results are well-known [4, 5], but we are not aware of a complete, formal derivation of these rules

in the literature. Other equivalent formalisms for this calculation do exist (see, for example [6, 7]).

For Section 2.6.2 it is necessary to understand the formulae for the phase difference (Section 2.4.1).

The proof of these formulae as well as a discussion of their range of validity is given in Section 2.4.2

but is not necessary for the rest of the paper.

2.4.1 Phase shift formulae

The main result we will show is that the total phase difference ∆φtot between the two paths of an

atom interferometer may be written as the sum of three easily calculated components:

∆φtot = ∆φpropagation + ∆φseparation + ∆φlaser. (2.1)

For this calculation we take ! = c = 1.

The propagation phase ∆φpropagation arises from the free–fall evolution of the atom between light
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pulses and is given by

∆φpropagation =
∑

upper

(∫ tF

tI

(Lc − Ei)dt

)
−

∑

lower

(∫ tF

tI

(Lc − Ei)dt

)
(2.2)

where the sums are over all the path segments of the upper and lower arms of the interferometer,

and Lc is the classical Lagrangian evaluated along the classical trajectory of each path segment. In

addition to the classical action, Eq. (2.2) includes a contribution from the internal atomic energy

level Ei. The initial and final times tI and tF for each path segment, as well as Lc and Ei, all depend

on the path segment.

The laser phase ∆φlaser comes from the interaction of the atom with the laser field used to

manipulate the wavefunction at each of the beamsplitters and mirrors in the interferometer. At

each interaction point, the component of the state that changes momentum due to the light acquires

the phase of the laser φL(t0,xc(t0)) = k · xc(t0) − ωt0 + φ evaluated at the classical point of the

interaction:

∆φlaser =




∑

j

±φL(tj ,xu(tj))





upper

−




∑

j

±φL(tj ,xl(tj))





lower

(2.3)

The sums are over all the interaction points at the times tj , and xu(t) and xl(t) are the classical

trajectories of the upper and lower arm of the interferometer, respectively. The sign of each term

depends on whether the atom gains (+) or loses (−) momentum as a result of the interaction.

The separation phase ∆φseparation arises when the classical trajectories of the two arms of the

interferometer do not exactly intersect at the final beamsplitter (see Fig. 2.1). For a separation

between the upper and lower arms of ∆x = xl − xu, the resulting phase shift is

∆φseparation = p̄ · ∆x (2.4)

where p̄ is the average classical canonical momentum of the atom after the final beamsplitter.

2.4.2 Justification of phase shift formulae

The interferometer calculation amounts to solving the Schrodinger equation with the following

Hamiltonian:

Ĥtot = Ĥa + Ĥext + V̂int(x̂) (2.5)

Here Ĥa is the internal atomic structure Hamiltonian, Ĥext is the Hamiltonian for the atom’s external

degrees of freedom (center of mass position and momentum), and V̂int(x̂) = −µ̂ · E(x̂) is the atom-

light interaction, which we take to be the electric dipole Hamiltonian with µ̂ the dipole moment

operator.
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The calculation is naturally divided into a series of light pulses during which V̂int '= 0, and the

segments between light pulses during which V̂int = 0 and the atom is in free-fall. When the light

is off, the atom’s internal and external degrees of freedom are decoupled. The internal eigenstates

satisfy

i∂t |Ai〉 = Ĥa |Ai〉 = Ei |Ai〉 (2.6)

and we write the solution as |Ai〉 = |i〉 e−iEi(t−t0) with time-independent eigenstate |i〉 and energy

level Ei.

For the external state solution |ψ〉, we initially consider Ĥext = H(x̂, p̂) to be an arbitrary

function of the external position and momentum operators:

i∂t |ψ〉 = H(x̂, p̂) |ψ〉 . (2.7)

It is now useful to introduce a Galilean transformation operator

Ĝc ≡ Ĝ(xc,pc, Lc) = ei
R

Lcdte−ip̂·xceipc·x̂ (2.8)

which consists of momentum boost by pc, a position translation by xc, and a phase shift. We choose

to write

|ψ〉 = Ĝc |φCM 〉 . (2.9)

We will show that for a large class of relevant Hamiltonians, if xc, pc, and Lc are taken to be

the classical position, momentum and Lagrangian, respectively, then |φCM 〉 is a wavepacket with

〈x̂〉 = 〈p̂〉 = 0, and the dynamics of |φCM 〉 do not affect the phase shift result (i.e., |φCM 〉 is the

center of mass frame wavefunction). However, for now we maintain generality and just treat xc, pc,

and Lc as arbitrary functions of time. Combining (2.7) and (2.9) results in

i∂t |φCM 〉 =
{
Ĝ†

cH(x̂, p̂)Ĝc − iĜ†
c∂tĜc

}
|φCM 〉 (2.10)

= {H(x̂ + xc, p̂ + pc) + ṗc · x̂− (p̂ + pc) · ẋc + Lc} |φCM 〉

where we used the following identities:

Ĝ†
cx̂Ĝc = x̂ + xc (2.11)

Ĝ†
cp̂Ĝc = p̂ + pc

Ĝ†
cH(x̂, p̂)Ĝc = H(x̂ + xc, p̂ + pc)

Next, we Taylor expand H(x̂ + xc, p̂ + pc) about xc and pc,

H(x̂ + xc, p̂ + pc) = H(xc,pc) + ∇̂xH(xc,pc) · x̂ + ∇p̂H(xc,pc) · p̂ + Ĥ2 (2.12)



CHAPTER 2. LIGHT PULSE ATOM INTERFEROMETRY 8

where Ĥ2 contains all terms that are second order or higher in x̂ and p̂. (We will ultimately be

allowed to neglect Ĥ2 in this calculation.) Inserting this expansion and grouping terms yields

i∂t |φCM 〉 =
{(

Hc − ẋc · pc + Lc

)
+

(
∇xc

Hc + ṗc

)
· x̂ +

(
∇pc

Hc − ẋc

)
· p̂ + Ĥ2

}
|φCM 〉

where we have defined the classical Hamiltonian Hc ≡ H(xc,pc). If we now let xc, pc, and Lc satisfy

Hamilton’s equations,

ẋc = ∇pc
Hc (2.13)

ṗc = −∇xc
Hc

Lc = ẋc · pc − Hc

with pc ≡ ∇ẋc
Lc the classical canonical momentum, then |φCM 〉 must satisfy

i∂t |φCM 〉 = Ĥ2 |φCM 〉 (2.14)

Next we show that it is possible to choose |φCM 〉 with 〈x̂〉 = 〈p̂〉 = 0 for a certain class of Ĥ2, so

that xc and pc completely describe the atom’s classical center of mass trajectory. This is known as

the semi-classical limit. Starting from Ehrenfest’s theorem for the expectation values of |φCM 〉,

∂t 〈x̂i〉 = i
〈[

Ĥ2, x̂i

]〉
=

〈
∂p̂i

Ĥ2

〉
(2.15)

∂t 〈p̂i〉 = i
〈[

Ĥ2, p̂i

]〉
= −

〈
∂x̂i

Ĥ2

〉
(2.16)

and expanding about 〈x̂〉 and 〈p̂〉,

∂t 〈x̂i〉 =

〈
∂p̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

+ ∂p̂j
∂p̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

(p̂j − 〈p̂j〉) + ∂x̂j
∂p̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

(x̂j − 〈x̂j〉)

+
1

2 !
∂p̂i

∂p̂j
∂p̂k

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

(p̂j − 〈p̂j〉) (p̂k − 〈p̂k〉) + · · ·
〉

∂t 〈p̂i〉 =

〈
∂x̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

+ ∂x̂j
∂x̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

(x̂j − 〈x̂j〉) + ∂p̂j
∂x̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

(p̂j − 〈p̂j〉)

+
1

2 !
∂x̂k

∂x̂j
∂x̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

(x̂j − 〈x̂j〉) (x̂k − 〈x̂k〉) + · · ·
〉

we find the following:

∂t 〈x̂i〉 = ∂p̂i
Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

+
1

2 !
∂p̂k

∂p̂j
∂p̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

∆p2
jk + · · · (2.17)

∂t 〈p̂i〉 = − ∂x̂i
Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

−
1

2 !
∂x̂k

∂x̂j
∂x̂i

Ĥ2

∣∣∣
〈x̂〉,〈p̂〉

∆x2
jk + · · · (2.18)
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where ∆x2
jk ≡ 〈x̂j x̂k〉 − 〈x̂j〉 〈x̂k〉 and ∆p2

jk ≡ 〈p̂j p̂k〉 − 〈p̂j〉 〈p̂k〉 are measures of the wavepacket’s

width in phase space 2. This shows that if Ĥ2 contains no terms higher than second order in x̂ and

p̂, then Ehrenfest’s theorem reduces to Hamilton’s equations, and the expectation values follow the

classical trajectories. Furthermore, this implies that we can choose |φCM 〉 to be the wavefunction

in the atom’s rest frame, since 〈x̂〉 = 〈p̂〉 = 0 is a valid solution to Eqs. (2.17) and (2.18) so long

as all derivatives of Ĥ2 higher than second order vanish. In addition, even when this condition

is not strictly met, it is often possible to ignore the non-classical corrections to the trajectory so

long as the phase space widths ∆xjk and ∆pjk are small compared to the relevant derivatives

of Ĥ2 (i.e., the semi-classical approximation). For example, such corrections are present for an

atom propagating in the non-uniform gravitational field g of the Earth for which ∂r̂∂r̂∂r̂Ĥ2 ∼ ∂2
rg.

Assuming an atom wavepacket width ∆x ! 1 mm, the deviation from the classical trajectory is

∂t 〈p̂〉 ∼ (∂2
rg)∆x2 ! 10−20g, which is a negligibly small correction even in the context of the

∼ 10−15g apparatus we describe below for testing the Equivalence Principle.

The complete solution for the external wavefunction requires a solution of Eq. (2.14) for |φCM 〉,
but this is non-trivial for general Ĥ2. In the simplified case where Ĥ2 is second order in x̂ and p̂, the

exact expression for the propagator is known [8] and may be used to determine the phase acquired

by |φCM 〉. However, this step is not necessary for our purpose, because for second order external

Hamiltonians the operator Ĥ2 does not depend on either xc or pc. In this restricted case, the solution

for the rest frame wavefunction |φCM 〉 does not depend on the atom’s trajectory. Therefore, any

additional phase evolution in |φCM 〉 must be the same for both arms of the interferometer and so

does not contribute to the phase difference. This argument breaks down for more general Ĥ2, as does

the semi-classical description of the atom’s motion, but the corrections will depend on the width of

|φCM 〉 in phase space as shown in Eqs. (2.17) and (2.18). We ignore all such wavepacket-structure

induced phase shifts in this analysis by assuming that the relevant moments {∆xjk,∆pjk, . . .} are

sufficiently small so that these corrections can be neglected. As shown above for the non-uniform

(∂2
rg '= 0) gravitational field of the Earth, this condition is easily met in many experimentally

relevant situations.

Finally, we can write the complete solution for the free propagation between the light pulses:

〈x|ψ, Ai〉 = 〈x| Ĝc |φCM 〉 |Ai〉 = ei
R tF

tI
Lcdteipc·(x−xc)φCM (x − xc) |i〉 e−iEi(tF −tI) (2.19)

We see that this result takes the form of a traveling wave with de Broglie wavelength set by pc

multiplied by an envelope function φCM (x), both of which move along the classical path xc. Also,

the wavepacket accumulates a propagation phase shift given by the classical action along this path,

2In general, there will also be cross terms with phase space width such as 〈x̂j p̂k〉 − 〈x̂j〉 〈p̂k〉.
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as well as an additional phase shift arising from the internal atomic energy:

∆φpropagation =
∑

upper

(∫ tF

tI

(Lc − Ei)dt

)
−

∑

lower

(∫ tF

tI

(Lc − Ei)dt

)
(2.20)

where the sums are over all the path segments of the upper and lower arms of the interferometer,

and tI , tF , Lc, and Ei all depend on the path.

Next, we consider the time evolution while the light is on and V̂int '= 0. In this case, the atom’s

internal and external degrees of freedom are coupled by the electric dipole interaction, so we work

in the interaction picture using the following state ansatz:

|Ψ〉 =

∫
dp

∑

i

ci(p) |ψp〉 |Ai〉 (2.21)

where we have used the momentum space representation of |φCM 〉 and so |ψp〉 ≡ Ĝce−iĤ2(t−t0) |p〉.
Inserting this state into the Schrodinger equation gives the interaction picture equations,

i∂t |Ψ〉 = i

∫
dp

∑

i

∂ci(p)

∂t
|ψp〉 |Ai〉 + Ĥa |Ψ〉 + Ĥext |Ψ〉 = Ĥtot |Ψ〉 (2.22)

⇒ ċi(p) ≡
∂ci(p)

∂t
=

1

i

∫
dp′

∑

j

cj(p
′) 〈Ai| 〈ψp| V̂int(x̂) |ψp′〉 |Aj〉 (2.23)

where we used (2.6) and (2.7) as well as the orthonormality of |Ai〉 and |ψp〉. The interaction matrix

element can be further simplified by substituting in |ψp〉 and using identity (2.11):

〈ψp| V̂int(x̂) |ψp′〉 = 〈p| eiĤ2(t−t0)V̂int(x̂ + xc)e
−iĤ2(t−t0) |p′〉 (2.24)

= 〈p| V̂int(x̂ + xc) |p′〉 e
i

„

p2

2m
−p′2

2m

«

(t−t0)

where we have made the simplifying approximation that Ĥ2 ≈ p̂2

2m . This approximation works well

as long as the light pulse time τ ≡ t−t0 is short compared to the time scale associated with the terms

dropped from Ĥ2. For example, for an atom in the gravitational field of Earth, this approximation

ignores the contribution m(∂rg)x̂2 from the gravity gradient, which for an atom of size ∆x ≈ 1 mm

leads to a frequency shift ∼ m(∂rg)∆x2 ∼ 1 mHz. For a typical pulse time τ < 1 ms, the resulting

errors are ! 1 µrad and can usually be neglected. Generally, in this analysis we will assume the short

pulse (small τ) limit and ignore all effects that depend on the finite length of the light pulse. These

systematic effects can sometimes be important, but they are calculated elsewhere[9][10]. In the case

of the 87Rb–85Rb Equivalence Principle experiment we discuss below, such errors are common-mode

suppressed in the differential signal because we use the same laser pulse to manipulate both atoms

simultaneously.
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As mentioned before, we typically use a two photon process for the atom optics (i.e., Raman or

Bragg) in order to avoid transferring population to the short-lived excited state. However, from the

point of view of the current analysis, these three-level systems can typically be reduced to effective

two-level systems[11][12]. Since the resulting phase shift rules are identical, we will assume a two-

level atom coupled to a single laser frequency to simplify the analysis. Assuming a single traveling

wave excitation E(x̂) = E0 cos (k · x̂− ωt + φ), Eq. (2.23) becomes

ċi(p) =
1

2i

∫
dp′

∑

j

Ωij cj(p
′) 〈p|

(
ei(k·(x̂+xc)−ωt+φ) + h.c.

)
|p′〉 ei

R

t
t0
ωij+

p2

2m
−p′2

2m
dt (2.25)

where the Rabi frequency is defined as Ωij ≡ 〈i| (−µ̂ ·E0) |j〉 and ωij ≡ Ei − Ej . Now we insert the

identity

k · (x̂ + xc) − ωt + φ = k · x̂
︸ ︷︷ ︸
boost

+
(
k · xc(t0) − ωt0 + φ

)

︸ ︷︷ ︸
laser phase

+

∫ t

t0

(k · ẋc − ω)dt

︸ ︷︷ ︸
Doppler shift

(2.26)

into Eq. (2.25) and perform the integration over p′ using 〈p| e±ik·x̂ |p′〉 = 〈p|p′ ± k〉:

ċi(p) =
1

2i

∑

j

Ωij

{
cj(p− k)eiφLei

R

t
t0
(ωij−ω+k·ẋc+

k·p
m

− k2

2m
)dt+ (2.27)

cj(p + k)e−iφLe−i
R

t
t0
(−ωij−ω+k·ẋc+

k·p
m

+ k2

2m
)dt

}

where we define the laser phase at point {t0,xc(t0)} as φL ≡ k ·xc(t0)−ωt0 +φ. Finally, we impose

the two-level constraint (i = 1, 2) and consider the coupling between c1(p) and c2(p + k):

ċ1(p) =
1

2i
Ω c2(p + k)e−iφLe−i

R

t
t0
∆(p)dt (2.28)

ċ2(p + k) =
1

2i
Ω∗c1(p)eiφLei

R

t
t0
∆(p)dt

Here the detuning is ∆(p) ≡ ω0−ω+k ·(ẋc + p
m )+ k2

2m , the Rabi frequency is Ω ≡ Ω12 = (Ω21)∗, and

ω0 ≡ ω21 > 0. In arriving at Eqs. (2.28) we made the rotating wave approximation[13], dropping

terms that oscillate at (ω0 + ω) compared to those oscillating at (ω0 − ω). Also, Ωii = 0 since the

|Ai〉 are eigenstates of parity and µ̂ is odd.

The general solution to (2.28) is

(
c1(p, t)

c2(p + k, t)

)

=

(
Λc(p)e−

i
2∆(p)τ −iΛs(p)e−

i
2∆(p)τe−iφL

−iΛ∗
s(p)e

i
2∆(p)τeiφL Λ∗

c(p)e
i
2∆(p)τ

)(
c1(p, t0)

c2(p + k, t0)

)

(2.29)
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Λc(p) = cos

(
1

2

√
∆(p)2 + |Ω|2 τ

)
+ i

∆(p)
√

∆(p)2 + |Ω|2
sin

(
1

2

√
∆(p)2 + |Ω|2 τ

)
(2.30)

Λs(p) =
Ω

√
∆(p)2 + |Ω|2

sin

(
1

2

√
∆(p)2 + |Ω|2 τ

)
(2.31)

In integrating (2.28) we applied the short pulse limit in the sense of k · ẍcτ2 - 1, ignoring changes

of the atom’s velocity during the pulse. For an atom falling in the gravitational field of the Earth,

even for pulse times τ ∼ 10 µs this term is ∼ kgτ2 ∼ 10−2 rad which is non-negligible at our level of

required precision. However, for pedagogical reasons we ignore this error here. Corrections due to

the finite pulse time are suppressed in the proposed differential measurement between Rb isotopes

since we use the same laser to simultaneously manipulate both species (see Section 2.6.1).

For simplicity, from now on we assume the light pulses are on resonance: ∆(0) = 0. We also

take the short pulse limit in the sense of |∆(p) −∆(0)| τ - 1 so that we can ignore all detuning

systematics. This condition is automatically satisfied experimentally, since only the momentum

states that fall within the Doppler width ∼ τ−1 of the pulse will interact efficiently with the light.

(
c1(p, t)

c2(p + k, t)

)

=

(
Λc −iΛse−iφL

−iΛ∗
se

iφL Λc

)(
c1(p, t0)

c2(p + k, t0)

)
Λc = cos |Ω|τ

2

Λs = Ω
|Ω| sin |Ω|τ

2

(2.32)

In the case of a beamsplitter (π2 pulse), we choose |Ω| τ = π
2 , whereas for a mirror (π pulse) we set

|Ω| τ = π:

Λπ/2 =

(
1√
2

−i√
2

e−iφL

−i√
2

eiφL 1√
2

)

Λπ =

(
0 −i e−iφL

−i eiφL 0

)

(2.33)

These matrices encode the rules for the imprinting of the laser’s phase on the atom: the component

of the atom c1(p, t0) that gains momentum from the light (absorbs a photon) picks up a phase +φL,

and the component of the atom c2(p + k, t0) that loses momentum to the light (emits a photon)

picks up a phase −φL. Symbolically,

|p〉 → |p + k〉 eiφL (2.34)

|p + k〉 → |p〉 e−iφL (2.35)

As a result, the total laser phase shift is

∆φlaser =




∑

j

±φL(tj ,xu(tj))





upper

−




∑

j

±φL(tj ,xl(tj))





lower

(2.36)

where the sums are over all of the atom–laser interaction points {tj,xu(tj)} and {tj,xl(tj)} along

the upper and lower arms, respectively, and the sign is determined by Eqs. (2.34) and (2.35).
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The final contribution to ∆φtot is the separation phase, ∆φseparation. As shown in Fig. 2.1, this

shift arises because the endpoints of the two arms of the interferometer need not coincide at the

time of the final beamsplitter. To derive the expression for separation phase, we write the state of

the atom at time t = t0 + τ just after the final beamsplitter pulse as

|Ψ(t)〉 = |Ψu(t)〉 + |Ψl(t)〉 (2.37)

where |Ψu(t)〉 and |Ψl(t)〉 are the components of the final state that originate from the upper and

lower arms, respectively. Just before the final beamsplitter pulse is applied, we write the state of

each arm as

|Ψu(t0)〉 =

∫
dp c1(p, t0)Ĝu(t0) |p〉 |A1〉 eiθu (2.38)

|Ψl(t0)〉 =

∫
dp c2(p, t0)Ĝl(t0) |p〉 |A2〉 eiθl (2.39)

where Ĝu ≡ Ĝ(xu,pu, Lu) and Ĝl ≡ Ĝ(xl,pl, Ll) are the Galilean transformation operators for the

upper and lower arm, respectively. These operators translate each wavepacket in phase space to

the appropriate position (xu or xl) and momentum (pu or pl). Here we have assumed for clarity

that prior to the final beamsplitter the upper and lower arms are in internal states |A1〉 and |A2〉
with amplitudes c1(p, t0) and c2(p, t0), respectively; identical results are obtained in the reversed

case. We have also explicitly factored out the dynamical phases θu and θl accumulated along the

upper and lower arms, respectively, which contain by definition all contributions to laser phase and

propagation phase acquired prior to the final beamsplitter.

We write the wavefunction components after the beamsplitter in the form of Eq. (2.21):

|Ψu(t)〉 =

∫
dp

∑

i

c(u)
i (p, t)Ĝu |p〉 |Ai〉 (2.40)

|Ψl(t)〉 =

∫
dp

∑

i

c(l)
i (p, t)Ĝl |p〉 |Ai〉 (2.41)

where we invoked the short pulse limit so that e−iĤ2τ ≈ 1. Next we time evolve the states using

Eq. (2.32) assuming a perfect π
2 pulse and using the initial conditions given in Eqs. (2.38) and

(2.39): namely, c(u)
1 (p, t0) = c1(p, t0)eiθu and c(u)

2 (p, t0) = 0 for the upper arm and c(l)
1 (p, t0) = 0

and c(l)
2 (p, t0) = c2(p, t0)eiθl for the lower arm.

|Ψu(t)〉 =

∫
dp c1(p, t0)

{
1√
2
Ĝu |p〉 |A1〉 +

−i√
2
eiφL(xu)Ĝu |p + k〉 |A2〉

}
eiθu (2.42)

|Ψl(t)〉 =

∫
dp c2(p + k, t0)

{
−i√

2
e−iφL(xl)Ĝl |p〉 |A1〉 +

1√
2
Ĝl |p + k〉 |A2〉

}
eiθl (2.43)
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Figure 2.1: Separation Phase. This is a magnified view of the end of the interferometer which shows
the upper and lower arms converging at the final beamsplitter at time t0, and the resulting inter-
ference. The dashed and solid lines designate the components of the wavefunction in internal states
|A1〉 and |A2〉, respectively. After the beamsplitter, each output port consists of a superposition of
wavepackets from the upper and lower arm. Any offset ∆x = xl − xu between the centers of the
wavepacket contributions to a given output port results in a separation phase shift.

We now project into position space and perform the p integrals,

〈x|Ψu(t)〉 =
c1(x − xu, t0)√

2

{
eipu·(x−xu) |A1〉 − ieiφL(xu)ei(pu+k)·(x−xu) |A2〉

}
eiθu (2.44)

〈x|Ψl(t)〉 =
c2(x − xl, t0)√

2

{
−ie−iφL(xl)ei(pl−k)·(x−xl) |A1〉 + eipl·(x−xl) |A2〉

}
eiθl (2.45)

where we identified the Fourier transformed amplitudes using ci(x−xc, t0) =
∫

dp 〈x − xc|p〉 ci(p, t0).

The resulting interference pattern in position space is therefore

〈x|Ψ(t)〉 = 〈x|Ψu(t)〉 + 〈x|Ψl(t)〉

=
1√
2
|A1〉

{
c1(x − xu, t0)e

iθueipu·(x−xu) − i c2(x − xl, t0)e
iθle−iφL(xl)ei(pl−k)·(x−xl)

}

+
1√
2
|A2〉

{
c2(x − xl, t0)e

iθleipl·(x−xl) − i c1(x − xu, t0)e
iθueiφL(xu)ei(pu+k)·(x−xu)

}
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The probability of finding the atom in either output port |A1〉 or |A2〉 is

|〈A1| 〈x|Ψ(t)〉|2 =
|c1|2 + |c2|2

2
+

1

2

(
i c1 c∗2 ei∆φ1 + c.c.

)
(2.46)

|〈A2| 〈x|Ψ(t)〉|2 =
|c1|2 + |c2|2

2
−

1

2

(
i c1 c∗2 ei∆φ2 + c.c.

)
(2.47)

with c1 ≡ c1(x − xu, t0) and c2 ≡ c2(x − xl, t0). For the total phase shift we find

∆φ1 ≡
{
θu + pu · (x − xu)

}
−

{
θl − φL(xl) + (pl − k) · (x − xl)

}
(2.48)

= θu −
(
θl − φL(xl)

)

︸ ︷︷ ︸
∆φpropagation,1 + ∆φlaser,1

+ p̄1 ·∆x
︸ ︷︷ ︸
∆φseparation,1

+ ∆p · (x − x̄) (2.49)

and

∆φ2 ≡
{
θu + φL(xu) + (pu + k) · (x − xu)

}
−

{
θl + pl · (x − xl)

}
(2.50)

=
(
θu + φL(xu)

)
− θl

︸ ︷︷ ︸
∆φpropagation,2 + ∆φlaser,2

+ p̄2 ·∆x
︸ ︷︷ ︸
∆φseparation,2

+ ∆p · (x − x̄) (2.51)

where p̄1 = pu+(pl−k)
2 and p̄2 = (pu+k)+pl

2 are the average momenta in the |A1〉 (slow) and |A2〉
(fast) output ports, respectively. In general, the separation phase is

∆φseparation = p̄ · ∆x (2.52)

which depends on the separation ∆x ≡ xl − xu between the centers of the wavepackets from each

arm as well as the average canonical momentum p̄ in the output port. We point out that even

though the definitions (2.48) and (2.50) use the same sign convention as our previous expressions

for laser (2.36) and propagation (2.20) phase in the sense of ( )upper − ( )lower, the separation vector

∆x is defined as (x)lower − (x)upper.

Notice that the phase shift expressions (2.49) and (2.51) contain a position dependent piece

∆p · (x− x̄), where x̄ ≡ xu+xl

2 and ∆p = (pu + k) − pl = pu − (pl − k), owing to the fact that the

contributions from each arm may have different momenta after the last beamsplitter. Typically this

momentum difference is very small, so the resulting phase variation has a wavelength that is large

compared to the spatial extent of the wavefunction. Furthermore, this effect vanishes completely in

the case of spatially averaged detection over a symmetric wavefunction.

Finally, we show that the total phase shifts ∆φ1 and ∆φ2 for the two output ports are actu-

ally equal, as required by conservation of probability. According to Eqs. (2.49) and (2.51), the
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contributions to the total phase differ in the following ways:

(
∆φpropagation,1 + ∆φlaser,1

)
−

(
∆φpropagation,2 + ∆φlaser,2

)
= φL(xl) − φL(xu)

= k · (xl − xu) = k ·∆x

∆φseparation,1 −∆φseparation,2 = p̄1 · ∆x − p̄2 · ∆x = −k ·∆x

Together these results imply that ∆φ1 = ∆φ2 and prove that the total interferometer phase shift

∆φtot is independent of the output port.

The accuracy of the above formalism is dependent on the applicability of the aforementioned

stationary phase approximation as well as the short pulse limit. The stationary phase approximation

breaks down when the external Hamiltonian varies rapidly compared to the phase space width of

the atom wavepacket. The short pulse limit requires that the atom’s velocity not change appreciably

during the duration of the atom-light interaction. Both approximations are justified to a large degree

for a typical light pulse atom interferometer, but in the most extreme high precision applications

such as we consider here, important corrections are present. However, we emphasize that these errors

due to finite pulse duration and wavepacket size are well-known, previously established backgrounds.

2.5 Applications in inertial navigation

The navigation problem is easily stated: How do we determine a platform’s trajectory as a function

of time? In the 20th century, solutions to the problem have led to the development of exquisitely

refined hardware systems and navigation algorithms. Today we take for granted that a hand-held

GPS reciever can be used to obtain meter level position determination. When GPS is unavailable

(for example, when satellites are not in view), position determination becomes much less accurate.

In this case, stand-alone “black-box” inertial navigation systems, comprised of a suite of gyroscope

and acclerometers, are used to infer position changes by integrating the outputs of these inertial force

sensors. State-of-the-art commercial grade navigation systems have position drift errors of kilometers

per hour of navigation time, significantly worse than the GPS solution. How can we close the

performance gap between GPS and inertial systems? The way forward is improved instrumentation:

better gyroscopes and accelerometers.

The light-pulse interferometry method is well suited to inertial applications. As shown in Section

2.4.1, the phase shift for the light pulse interferometer consists of contributions from path phases,

optical interactions, and separation phases. However, for the sensitivity range of interest, the optical

phase shifts dominate, and therefore ∆φtot ≈ ∆φlaser . In this case there is a straightforward

interpretation for the operation of the sensor: the sensor registers the time evolution of the relative

position of the atomic wavepackets with respect to the sensor case (defined by the opto-mechanical

hardware for the laser beams) using optical interferometry. Since distances are measured in terms
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of the wavelength of light, and the atom is in a benign environment (spurious forces, such as from

magnetic field gradients, are extremely small – below 10−10g), the sensors are characterized by

superbly stable, low-noise operation.

The phase shift between the two paths is inferred by measuring the probability of finding the

atoms in a given output port. Since we are only concerned with the optical phase shift, we can

calculate the sensor output using Eq. (2.3). We see that for a standard π/2 − π − π/2 excitation

sequence [1], ∆φlaser = k1 · (xu
1 − x0

1) − k2 · (xu
2 − x0

2) − k2 · (xl
2 − x0

2) + k3 · (xl
3 − x0

3) . Here the

subscript indexes each of the three successive optical interactions, xu
i and xl

i are the semi-classical

positions of the atom along the upper and lower paths, respectively, at the time of each interaction

in a non-rotating, inertial coordinate system, x0
i is the phase reference for the optical fields, and ki

is the propagation vector of the laser field associated with each pulse.

2.5.1 Gyroscope

Assuming the atoms have initial velocity v0 and the effective Raman propagation vectors initially

have common orientations k0 which rotate with angular rate Ω, it is straightforward to show that

∆φlaser ≈ k0 · (2v0 ×Ω)T 2. This configuration is well-suited to precision measurements of platform

rotations. This expression can be put in a form analogous to the Sagnac shift for optical interfer-

ometers by noting that for small rotation rates Ω, A = !

m (k0 × v0)T 2 is the area enclosed by the

interfering paths. Thus this shift can also be written in the Sagnac form φ = 2m
!
Ω ·A – proportional

to the product of the enclosed area and rotation rate.

Gyroscopes built on this principle have achieved performance levels in the laboratory which

compare favorably with state-of-the art gyroscopes, as shown in Figs. 2.2, 2.3, 2.4 and 2.5. Key

figures of merit for gyroscope performance include gyroscope noise (often referred to as angle random

walk), bias stability (stability of output for a null input) and scale factor stability (stability of

the multiplier between the input rotation rate and output phase shift). The laboratory gyroscope

illustrated below has achieved a demonstrated angle random walk of 3 µdeg/hr1/2, bias stability of

60 µdeg/hr (upper limit) and scale factor stability of 5 ppm (upper limit). Key drivers in the stability

of the gyroscope outputs are the stability of the intensities used to drive the Raman transitions,

and alignment stability of the Raman beam optical paths. Non-inertial phase shifts associated with

magnetic field inhomogeneities and spurious AC Stark shifts are nulled using a case reversal technical

where the propagation directions of the Raman beams are periodically reversed using electo-optic

methods.

2.5.2 Accelerometer

If the platform containing the laser beams accelerates, or if the atoms are subject to a gravitational

acceleration, the laser phase shift then contains acceleration terms ∆φ = k0 · aT 2. For a stationary

interferometer, with the laser beams vertically directed, this phase shift measures the acceleration
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Figure 2.2: Schematic illustration of an atomic beam gyroscope.

Figure 2.3: Photograph of gyroscope.
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Figure 2.4: Gyroscope interference fringes (a) and power spectral density of gyroscope noise (b).
The increase in noise in the 10-50 Hz band is due to technical rotation noise sources in the building
(the gyroscope was mounted directly to the building floor). See Ref. [14].
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Figure 2.5: (a) Drift in case reversed gyroscope output with time and its correlation with instrument
temperature (solid black). (b) Gyro noise output residual after subtracting temperature model. (c)
Allan deviation of gyro output before and after temperature compensation (see Ref. [14]).

due to gravity. Remarkably, part per billion level agreement has been demonstrated between the

output of an atom interferometer gravimeter and a conventional, “falling-corner-cube” gravimeter.

[15]. In the future, compact, geophysical (10−8 g accuracy) grade instruments should enable low

cost gravity field surveys (see Fig. 2.6). For this type of instrument, laser cooling methods are used

to initially prepare ensembles of roughly 107 atoms at kinetic temperatures approaching 1 µK. At

these low temperatures, the rms velocity spread of the atomic ensembles is a few cm/sec. Cold atom

ensembles are then launched on ballistic trajectories. In this configuration, the time between laser

pulses exceeds 100 msec, which means wavepackets separate by roughly 1 mm over the course of the

interferometer sequence. The phase shift is read-out by detecting the number of atoms in each final

state using resonance fluorescence and normalized detection methods.

In general, both rotation and acceleration terms are present in the sensor outputs. For navi-

gation applications, the rotation response needs to be isolated from the acceleration response. In

practice, this is accomplished by using multiple atom sources and laser beam propagation axes. For

example, for the gyroscope illustrated in Fig. 2.2, counter-propagating atom beams are used to

isolate rotation induced phase shifts from acceleration induced shifts. It is interesting to note that

the same apparatus is capable of simultaneous rotation and acceleration outputs – a significant ben-

efit for navigation applications which require simultaneous output of rotation rate and acceleration

for three mutually orthogonal axes. Since gyroscope and accelerometer operation rest on common

principles and common hardware implementations, integration of sensors into a full inertial base is

straightforward. Of course, particular hardware implementations depend on the navigation platform
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Figure 2.6: Compact accelerometer. This instrument supports accelerometer, gyroscope and gravity
gradiometer operation modes. The compact accelerometer has demonstrated microGal sensitivity.
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(e.g. ship, plane, land vehicle) and trajectory dynamics.

2.5.3 Gravity gradiometer

There is an additional complication in navigation system architecture for high accuracy navigation

applications: the so-called “problem of the vertical.” Terrestrial navigation requires determining

platform position in the gravity field of the Earth. Due to the Equivalence Principle, navigation

system accelerometers do not distinguish between the acceleration due to gravity and platform

acceleration. So in order to determine platform trajectory in an Earth-fixed coordinate system,

the local acceleration due to gravity needs to be subtracted from accelerometer output in order

to determine the acceleration of the vehicle with respect to the Earth. This means that the local

acceleration due to gravity needs to be independently known. For example, existing navigation

systems use a gravity map to make this compensation. However, in present systems, this map does

not have enough resolution or accuracy for meter-level position determination. To give a feeling for

orders of magnitude, a 10−7 error in knowledge of the local acceleration due to gravity integrates to

meter-level position errors in 1 hour.

There are at least two paths forward: 1) better maps or 2) on-the-fly gravity field determination.

Improved maps can be obtained with more precise surveys. On-the-fly determination seems impos-

sible, due to the Equivalence Principle (since platform accelerations cannot be discriminated from

the acceleration due to gravity). However, the outputs from a gravity gradiometer – an instrument

which measures changes in the acceleration due to gravity over fixed baselines – can be used for

this purpose. The idea is to integrate the gravity gradient over the inferred trajectory to determine

gravity as a function of position. In principle, such an instrument can function on a moving platform,

since platform accelerations cancel as a common mode when the output from spatially separated

accelerometers are differenced to obtain the gradient. In practice, such a strategy places hard re-

quirements on the stability of the component accelerometers: their responses need to be matched

to an exceptional degree in order to discriminate gravity gradient induced accelerations (typically

below 10−9 g) from other sensor error sources.

Due to the stability of their acceleration outputs, a pair of light pulse accelerometers is well-

suited to gravity gradient instrumentation. The basic idea is to simultaneously create two spatially

separated interferometers using a common laser beam. In this way, technical acceleration noise

of the measurement platform is a common-mode noise source which leads to near identical phase

shifts in each accelerometer. On the other hand, a gravity gradient along the measurement axis

results in a residual differential phase shift. This configuration has been used to measure the gravity

gradient of the Earth, as well as the gravity gradient associated with nearby mass distributions, as

illustrated in Fig. 2.7. Laboratory gravity gradiometers have achieved resolutions below 1 E (where

1 E = 10−9 sec−2). This configuration has also been used to measure the Newtonian constant of

gravity G [16, 17, 18]. In future navigation systems, an ensemble of accelerometers, configured along
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Figure 2.7: Vertical axis gravity gradiometer. Two atom interferometer accelerometers separated
along a vertical measurement axis are simultaneously interrogated by a common set of Raman laser
beams. This apparatus was used to measure G, Newton’s constant [16].

independent measurement axes, could acquire the full gravity gradient tensor.

In addition to their role as navigation aids, gravity gradiometers have applications in geodesy and

oil/mineral exploration. The idea here is that mass/density anomalies associated with interesting

geophysical features (such as kimberlite pipes – in the case of diamond exploration – or salt domes –

in the case of oil exploration) manifest as gravity anomalies. In some cases, these anomalies can be

pronounced enough to be detected by a gravity gradiometer from an airborne platform. Atom-based

gravity gradiometers appear to have competitive performance figures of merit for these applications

as compared with existing technologies. For these applications, the central design challenge is

realization of an instrument which has very good noise performance, but also is capable of sustained

operation on a moving platform. Figs. 2.8, 2.9 illustrate a system currently under development for

this purpose.
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Figure 2.8: Gravity gradiometer with horizontal measurement axis. Raman beams propagate along
the axis defined by the tube connecting each accelerometer housing.

Figure 2.9: Gravity gradiometer response to a proof mass which is periodically brought in close
proximity to one of the accelerometer regions. For the proof masses used for this demonstration,
the apparatus is capable of resolving changes in G at the 3 × 10−4 level [19].
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2.6 Application to tests of the Equivalence Principle

Precision tests of the Equivalence Principle (EP) promise to provide insight into fundamental physics.

Since the EP is one of the central axioms of general relativity (GR), these experiments are powerful

checks of gravity and can tightly constrain new theories. Furthermore, EP experiments test for

hypothetical fifth forces since many examples of new forces are EP–violating[20].

The Equivalence Principle has several forms, with varying degrees of universality. Here we

consider tests of the Weak Equivalence Principle, which can be stated as follows: the motion of a

body in a gravitational field in any local region of space-time is indistinguishable from its motion in

a uniformly accelerated frame. This implies that the body’s inertial mass is equal to its gravitational

mass, and that all bodies locally fall at the same rate under gravity, independent of their mass or

composition.

The results of EP experiments are typically expressed in terms of the Eötvös parameter η = ∆a/ā,

where ∆a is the EP violating differential acceleration between the two test bodies and ā is their

average acceleration [21]. Currently, two conceptually different experiments set the best limits on

the Equivalence Principle. Lunar Laser Ranging (LLR), which tests the EP by comparing the

acceleration of the Earth and Moon as they fall toward the Sun, limits EP violation at η = (−1.0±
1.4) × 10−13 [22]. Recently, the Eöt-Wash group has set a limit of η = (0.3 ± 1.8) × 10−13 using an

Earth-based torsion pendulum apparatus[23]. Several proposed satellite missions aim to improve on

these limits by observing the motion of macroscopic test bodies in orbit around the Earth[24, 25].

Here we discuss our effort to perform a ground-based EP test using individual atoms with a goal of

measuring η ∼ 10−15. Instead of macroscopic test masses, we compare the simultaneous acceleration

under gravity of freely-falling cold atom clouds of 87Rb and 85Rb using light-pulse atom interferometry

[1].

Light-pulse atom interferometers have already been used to make extremely accurate inertial force

measurements in a variety of configurations, including gyroscopes, gradiometers, and gravimeters.

For example, the local gravitational acceleration g of freely-falling Cs atoms was measured with an

accuracy ∼ 10−9g [15]. Gravity gradiometers have been used to suppress noise as well as many

systematic errors that are present in absolute g measurements by comparing the acceleration of

two displaced samples of atoms. A differential measurement of this kind was used to measure the

Newtonian constant of gravity G with an accuracy of ∼ 3 × 10−3G [16]. The EP measurement

we describe here benefits from an analogous differential measurements strategy, where in this case

the common-mode noise suppression arises from a comparison between two co-located isotopes of

different mass, rather than between spatially separated atoms as in a traditional gradiometer.
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2.6.1 Proposed experiment overview

The proposed experiment ideally consists of simultaneously observing the free-fall motion of the two

Rb isotopes in the absence of all non-gravitational forces. To this end, the measurement is performed

inside a 10 cm diameter by 8.8 m long cylindrical ultra high vacuum chamber. To maximize their free-

fall time, the atoms are launched in a vertical fountain geometry from the bottom of the chamber.

Light-pulse atom interferometry is performed while the atoms are in free-fall, and the resulting

phase shift is sensitive to the atoms’ acceleration. Figure 2.10 is a space-time diagram depicting the

trajectories that each atom follows during the free-fall interferometry sequence.

To maximize the cancellation of spurious effects, both the 87Rb and 85Rb atom clouds are launched

at the same time and are made to follow the same trajectories as closely as possible. We launch

both isotopes from the same magnetic trap in order to minimize any differences between their initial

positions and velocities. As a result of the small isotope shift between 87Rb and 85Rb, we are able

to use the same laser pulses to simultaneously manipulate them during the interferometer sequence

(see Fig. 2.10). Using the same laser makes the apparatus insensitive to pulse timing jitter and

dramatically reduces the phase noise stability requirements of the lasers.

A single measurement of acceleration in our atom interferometer consists of three steps: atom

cloud preparation, interferometer pulse sequence, and detection. In the first step a sub-microkelvin

cloud of ∼ 107 atoms is formed using laser cooling and evaporative cooling in a TOP trap [26]. This

dilute ensemble of cold atoms is then launched vertically with velocity vz ∼ 13 m/s by transferring

momentum from laser light using an accelerated optical lattice potential [27]. This technique allows

for precise control of the launch velocity and, because it is a coherent process, it avoids heating the

cloud via spontaneous emission.

In the second phase of the measurement, the atoms follow free-fall trajectories and the interfer-

ometry is performed. A sequence of laser pulses serve as beamsplitters and mirrors that coherently

divide each atom’s wavepacket and then later recombine it to produce interference (see Fig. 2.10).

The atom beamsplitter is typically implemented using a stimulated two-photon process (Raman or

Bragg transitions), resulting in a net momentum transfer of keff = k2−k1 ≈ 2k2 at each interaction.

Since the acceleration sensitivity of the interferometer is proportional to the effective momentum

!keff transferred to the atom during interactions with the laser, we intend to take advantage of more

sophisticated atom optics. Large momentum transfer (LMT) beamsplitters with !keff = 24!k have

been demonstrated [28], and up to 100!k may be possible. Promising LMT beamsplitter candidates

include optical lattice manipulations [27], sequences of Raman pulses [29] and adiabatic passage

methods [30].

The third and final step of each acceleration measurement is atom detection. At the end of

the interferometer sequence, each atom is in a superposition of the two output velocity states,

as shown by the diverging paths on the right in Fig. 2.10. These two final velocity states are

directly analogous to the two output ports of a Mach-Zehnder light interferometer after the final
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Figure 2.10: Space–time diagram for a single atom of mass m during the interferometer pulse
sequence. The atom is launched with velocity vz from the bottom of the vacuum system. At time
t = 0, a π

2 (beamsplitter) pulse is applied to coherently divide the atom wavefunction. After a
time T , a π (mirror) pulse is applied that reverses the relative velocity between the wavefunction
components. A final π

2 (beamsplitter) pulse at time 2T results in interference between the two space–
time paths. The interferometer phase shift is inferred by measuring the probability of detecting the
atom in either state |1〉 (solid line) or state |2〉 (dashed line). Note that points D and E are in general
spatially separated in the presence of non-uniform forces, leading to a separation phase shift.
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recombining beamsplitter. As with a light interferometer, the probability that an atom will be found

in a particular output port depends on the relative phase acquired along the two paths of the atom

interferometer. Since the output states differ in velocity by ∼ !keff/m, they spatially separate over

time. After an appropriate drift time, the two velocity groups can be separately resolved, and the

populations can be then measured by fluorescence imaging.

We now consider the expected sensitivity of our differential 87Rb–85Rb accelerometer. Recent

atom interferometers have demonstrated sensor noise levels limited only by the quantum projection

noise of the atoms (atom shot noise) [31]. Assuming a time–average atom flux of n = 106 atoms/s,

the resulting shot noise–limited phase sensitivity is ∼ 1√
n

= 10−3 rad/
√

Hz. The phase shift in an

atom interferometer due to a constant acceleration g is ∆φ = keffgT 2 [5]. Taking advantage of the

L ≈ 8.8 m vacuum system allows for a long interrogation time of up to T = 1.34 s. Finally, using

!keff = 10!k LMT beamsplitters results in an acceleration sensitivity of ∼ 7 × 10−13 g/
√

Hz and

a precision of < 10−15g after ∼ 1 day of integration. In the most conservative case, constraining

ourselves to conventional 2!k atom optics leads to a precision of < 10−15g after ∼ 1 month of

integration. This estimate is based on realistic extrapolations from current performance levels,

which are at 10−10g [16].

2.6.2 Error model

An accurate test of the EP requires a thorough understanding of potential backgrounds. To reach

the goal sensitivity, we must control spurious accelerations to < 10−15g. Systematic errors at this

level can arise from many sources, including gravity gradients, Earth’s rotation, and electromagnetic

forces. To calculate these contributions to the phase shift, we follow the prescription outlined in

Section 2.4. We take the atom’s Lagrangian in the lab frame to be

L =
1

2
m(ṙ +Ω× (r + Re))

2 − mφ(r + Re) −
1

2
αB(r)2 (2.53)

where r is the position of the atom in the lab frame, Re = (0, 0, Re) is the radius of the Earth,

Ω = (0,Ωy,Ωz) is the Earth’s rotation rate, and φ(r) is the gravitational potential. In the chosen

coordinate system, z is the vertical direction in the lab and Ω lies in the y-z plane. We then expand

φ in a Taylor series about Re,

φ(r + Re) = −
(
g · r +

1

2!
(Tij)rirj +

1

3!
(Qijk)rirjrk +

1

4!
(Sijkl)rirjrkrl

)
(2.54)

where Earth’s gravity field is g ≡ −∇φ(Re), the gravity gradient tensor is Tij ≡ ∂jgi, the second

gradient tensor is Qijk ≡ ∂k∂jgi, the third gradient tensor is Sijkl ≡ ∂l∂k∂jgi, and repeated indices

are summed over. Since ẑ is in the vertical direction in the lab we have that g = (0, 0,−g) and g =

9.8 m/s2. The interferometer follows a fountain geometry which is approximately one-dimensional
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along the z-direction, so we only include Qzzz and Szzzz and safely ignore the other second and third

gradient tensor terms. Likewise, in this analysis we assume that off-diagonal gradient tensor terms

Tij with i '= j are small and can be ignored (this is exactly true for a perfectly spherical Earth). The

effects of higher-order moments of the gravitational field are treated separately using a perturbative

calculation as described in Section 2.6.2.

Because magnetic fields can cause significant systematic errors, the atoms are prepared in one of

the magnetic field insensitive clock states (|mF = 0〉 states). The residual energy shift in a magnetic

field B is then UB = 1
2αB2, where α is the second order Zeeman shift coefficient. We consider

magnetic fields of the form

B(r) =

(
B0 +

∂B

∂z
z

)
ẑ (2.55)

where B0 is a constant bias magnetic field, and ∂B
∂z is the gradient of the background magnetic

field. While this linear model is sufficient for slowly varying fields, in Section 2.6.2 we describe a

perturbative calculation that can account for more complicated magnetic field spatial profiles.

We do not include additional electromagnetic forces in the Lagrangian as their accelerations are

well below our systematic threshold. For neutral atoms, electric fields are generally not a concern

since the atom’s response is second order. Furthermore, electric fields are easily screened by the

metallic vacuum chamber, leading to negligibly small phase shifts. Short range effects due to the

Casimir [32] force or local patch potentials [33] are also negligible since the atoms are kept far

(> 1 cm) from all surfaces throughout the experiment.

As explained in Section 2.4.2, we point out that the phase shift derived from Eq. 2.1 is only

exactly correct for Lagrangians that are second order in position and velocity. When this is not

true, as is the case in Eq. 2.53 when Qijk '= 0 and Sijkl '= 0, the semiclassical formalism breaks

down and there are quantum corrections to the phase shift. However, these corrections depend on

the size of the atom wavepacket compared to the length scale of variation of the potential, and are

typically negligible for wavepackets ∼ 1 mm in size.

To analytically determine the trajectories r(t), we solve the Euler-Lagrange equations using a

power series expansion in t:

ri(t) =
N∑

n=0

ain(t − t0)
n (i = 1, 2, 3) (2.56)

The coefficients ain are determined recursively after substitution into the equations of motion. This

expansion converges quickly as long as ΩT - 1 and
∣∣∣ rn

g
∂ng
∂rn

∣∣∣ - 1. For our apparatus with charac-

teristic length r ∼ 10 m and time T ∼ 1 s these conditions are easily met, since ΩT ∼ 10−4 rad and∣∣∣ rn

g
∂ng
∂rn

∣∣∣ ∼
(

r
Re

)n
! 10−6 assuming a spherical Earth. With these trajectories and the interferome-

ter geometry shown in Fig. 2.10 we obtain the following expressions for the phase shift in the slow
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(state |1〉) output port:

∆φpropagation =
1

!
((SAC + SCE) − (SAB + SBD)) (2.57)

∆φlaser = φL(rA, 0) − φL(rC , T )− φL(rB, T ) + φL(rD, 2T ) (2.58)

∆φseparation =
1

2!
(pD + pE) · (rD − rE) (2.59)

where Sij is the classical action along the path segment between points ri and rj , and pi = ∂ṙL(ri)

is the classical canonical momentum at point ri after the final beamsplitter. The laser phase shift

at each interaction point is

φL(r, t) = keff · r − ωefft + φ0 (2.60)

where keff and ωeff are the effective propagation vector and frequency, respectively, for whatever

atom–laser interaction is used to implement the atom optics. In the case of the stimulated two–

photon processes mentioned earlier, keff = k2 − k1 and ωeff = ω2 − ω1 = (k2 − k1)/c.

Using the above method, we computed the phase shift response for a single atom interferometer,

and the results are shown in Table 2.1. The values of the experimental parameters used to generate

this list are representative of the 8.8 m apparatus described previously. Many of these terms are

common to both species, and in order obtain our < 10−15g sensitivity, we rely on their common

mode cancellation. In Table 2.2 we compute the differential phase shift between a 87Rb and a 85Rb

interferometer. The two species have different masses m and second order Zeeman coefficients α, as

well as potentially different launch kinematics r(0) and ṙ(0). To create Table 2.2, we parameterized

the launch kinematics with a differential velocity δv = (δvx, δvy, δvz) and initial position δr =

(δx, δy, δz) between the centroids of the two isotope clouds. Residual systematic phase errors are

the result of differential accelerations that arise from gravity gradients, second gravity gradients,

coriolis and centrifugal forces, and magnetic forces on the atoms.

As justified below, we expect to achieve experimental parameters that reduce the majority of the

systematic errors below our experimental threshold. However, the first several terms in Table 2.2 are

still too large. In order to further reduce these backgrounds, we can employ propagation reversal to

suppress all terms ∝ k2
eff. This well–known technique entails reversing the laser propagation vector

keff −→ −keff on subsequent trials and then subtracting the two results [16]. This suppresses terms

1, 4, 9, and 10 by ∆keff/keff, where ∆keff is the error in keff made as a result of the reversal. Reducing

these terms below our systematic threshold requires ∆keff/keff < 10−5. The main acceleration signal

and all other terms linear in keff are not suppressed by this subtraction.

After propagation vector reversal, the last important background phase shifts arise from the

differential coriolis and centrifugal acceleration between the isotopes (Table 2.2 terms 2, 5, 7, and

8), and from the Earth’s gravity gradient (Table 2.2 terms 3 and 6). We discuss the techniques used

to control these remaining systematics in Section 2.6.3.
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Phase shift Size (rad) Fractional size

1 −keffgT 2 −2.85 × 108 1.00
2 keffReΩ2

yT 2 6.18 × 105 2.17 × 10-3

3 −keffTzzvzT 3 1.58 × 103 5.54 × 10-6

4 7
12keffgTzzT 4 −9.21 × 102 3.23 × 10-6

5 −3keffvzΩ2
yT 3 −5.14 1.80 × 10-8

6 2keffvxΩyT 2 3.35 1.18 × 10-8

7 7
4keffgΩ2

yT
4 3.00 1.05 × 10-8

8 − 7
12keffReTzzΩ2

yT
4 2.00 7.01 × 10-9

9 −!k2
eff

2m TzzT 3 7.05 × 10-1 2.48 × 10-9

10 3
4keffgQzzzvzT 5 9.84 × 10-3 3.46 × 10-11

11 − 7
12keffQzzzv2

zT 4 −7.66 × 10-3 2.69 × 10-11

12 − 7
4keffReΩ4

yT 4 −6.50 × 10-3 2.28 × 10-11

13 − 7
4keffReΩ2

yΩ
2
zT

4 −3.81 × 10-3 1.34 × 10-11

14 − 31
120keffg2QzzzT 6 −3.39 × 10-3 1.19 × 10-11

15 − 3!k2
eff

2m Ω2
yT 3 −2.30 × 10-3 8.06 × 10-12

16 1
4keffT 2

zzvzT 5 2.19 × 10-3 7.68 × 10-12

17 − 31
360keffgT 2

zzT
6 −7.53 × 10-4 2.65 × 10-12

18 3keffvyΩyΩzT 3 2.98 × 10-4 1.05 × 10-12

19 −keffΩyΩzy0T 2 −7.41 × 10-5 2.60 × 10-13

20 − 3
4keffReQzzzvzΩ2

yT 5 −2.14 × 10-5 7.50 × 10-14

21 31
60keffgReQzzzΩ2

yT 6 1.47 × 10-5 5.17 × 10-14

22 3
2keffTzzvzΩ2

yT 5 −1.42 × 10-5 5.00 × 10-14

23 − 7
6keffTzzvxΩyT 4 1.08 × 10-5 3.81 × 10-14

24 −2keffTxxΩyx0T 3 −6.92 × 10-6 2.43 × 10-14

25 − 7!k2
eff

12m QzzzvzT 4 −6.84 × 10-6 2.40 × 10-14

26 − 7
6keffTxxvxΩyT 4 −5.42 × 10-6 1.90 × 10-14

27 − 31
60keffgTzzΩ2

yT
6 4.90 × 10-6 1.72 × 10-14

28 keffTxxvzΩ2
yT 5 4.75 × 10-6 1.67 × 10-14

29 3!k2
eff

8m gQzzzT 5 4.40 × 10-6 1.55 × 10-14

30 31
360keffReT 2

zzΩ
2
yT 6 1.63 × 10-6 5.74 × 10-15

31 − 31
90keffgTxxΩ2

yT 6 −1.63 × 10-6 5.74 × 10-15

32 !k2
eff

8m T 2
zzT

5 9.78 × 10-7 3.43 × 10-15

33 −!keffαB0(∂zB)T 2

m −7.67 × 10-8 2.69 × 10-16

34 31
60keffgSzzzzv2

zT 6 −7.52 × 10-8 2.64 × 10-16

35 − 1
4keffSzzzzv3

zT 5 3.64 × 10-8 1.28 × 10-16

36 31
72keffTzzQzzzv2

zT 6 −3.13 × 10-8 1.10 × 10-16

Table 2.1: Phase shift response for a single atom interferometer π
2 − π − π

2 sequence given the
Lagrangian in Eq. 2.53. Column 3 shows the fractional size of each term compared to the acceleration
signal keffgT 2. All terms with fractional phase shift > 10−16 are included. The numbers are for a 87Rb
interferometer with the following parameters: keff = 2k = 2 · 2π

780 nm , Tzz = −2g/Re, Txx = Tyy =
g/Re, Qzzz = 6g/R2

e, Szzzz = −24g/R3
e, Re = 6.72×106m, B0 = 100 nT, and ∂zB = 0.1 nT/m. The

Earth’s rotation rate is given by Ωy = Ωcos θLat and Ωz = Ωsin θLat with Ω = 7.27 × 10−5 rad/s
and θLat = 37.4 degrees North latitude. The initial position of the atom in the lab is taken as
r(0) = (x0, y0, 0), with x0 = 1 mm and y0 = 1 mm. The initial velocity is ṙ(0) = (vx, vy, vz), with
vx = 1 mm/s, vy = 1 mm/s, and vz = 13.2 m/s.
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Phase shift Size (rad) Fractional size

1 − 1
2

(
1

m85 − 1
m87

)
!k2

effTzzT 3 1.66 × 10-2 5.83 × 10-11

2 2keffδvxΩyT 2 3.35 × 10-3 1.18 × 10-11

3 −keffTzzδvzT 3 1.44 × 10-4 5.05 × 10-12

4 − 3
2

(
1

m85
− 1

m87

)
!k2

effΩ
2
yT 3 −5.40 × 10-5 1.90 × 10-13

5 −3keffΩ2
yδvzT 3 −4.68 × 10-6 1.64 × 10-14

6 −keffTzzδzT 2 8.93 × 10-7 3.14 × 10-15

7 −keffδyΩyΩzT 2 −7.41 × 10-7 2.60 × 10-15

8 3keffδvyΩyΩzT 3 2.98 × 10-7 1.05 × 10-15

9 − 7
12

(
1

m85
− 1

m87

)
!k2

effQzzzvzT 4 −1.61 × 10-7 5.65 × 10-16

10 3
8

(
1

m85
− 1

m87

)
!k2

effgQzzzT 5 1.03 × 10-7 3.63 × 10-16

11 −
(
α85

m85
− α87

m87

)
!keffB0(∂zB)T 2 −9.94 × 10-8 3.49 × 10-16

12 −2keffTxxδxΩyT 3 −6.92 × 10-8 2.43 × 10-16

Table 2.2: Differential phase shift between 87Rb and 85Rb. To create the differential phase shift list we
parameterized the launch kinematics with a differential velocity (δvx = 1 µm/s, δvy = 1 µm/s, δvz =
12 µm/s) and position (δx = 1 µm, δy = 1 µm, δz = 10 nm) between the centroids of the two isotope
clouds. All other parameters are the same as in Table 2.1. Column 3 shows the fractional size of
each term compared to the acceleration signal keffgT 2. We include all terms with a fractional phase
shift > 10−16.
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Gravity Inhomogeneities

The Taylor series expansion of the gravitational potential (see Eq. 2.54) is a good approximation of

the coarse structure of Earth’s gravity on length scales of ∼ Re, the radius of the Earth. However,

local gravity can also vary on much shorter length scales in a way that depends on the specific mass

distribution surrounding the experiment, and these gravity inhomogeneities can result in spurious

phase shifts. Since these inhomogeneities can be rapidly spatially varying, the Taylor series expansion

is not well-suited for their description. Instead, we leverage the fact that these inhomogeneities are

typically small in magnitude and solve for the induced phase shift using first–order perturbation

theory [4]. This linearization allows us to make a Fourier decomposition of the phase shift response

in terms of the spatial wavelengths of the local g–field.

First, we assume a one-dimensional gravitational potential perturbation of the form δφ(z). The

gravity field perturbation along the vertical (z) direction is defined as δgz(z) ≡ −∂zδφ and may be

written as

δgz(z) =

∫
δ̃gz(λ)e

i2πz
λ dλ (2.61)

where δ̃gz(λ) is the Fourier component of a gravity perturbation with wavelength λ. The total phase

shift due to gravity inhomogeneities summed over all wavelengths is

∆φg =

∫
Tgz(λ)δ̃gz(λ)dλ (2.62)

where Tgz(λ) is the interferometer’s gravity perturbation response function. Qualitatively, the re-

sponse to short wavelengths is suppressed since the interferometer averages over variations that are

smaller than its length [34]. The response is flat for wavelengths longer than the scale of the inter-

ferometer, and in the limit where λ ∼ Re this analysis smoothly approaches the results of our Taylor

series calculation described above.

For the 87Rb–85Rb EP measurement, we are interested in the differential phase response between

the isotopes. Figure 2.11 shows the differential response function ∆Tgz(λ) ≡ |(Tgz)87 − (Tgz)85|
for gravity inhomogeneities. Once again, short wavelength variations are suppressed since each

interferometer spatially averages over a ∼ 10 m region. The peak response occurs at a length scale

set by the spatial separation of the arms of a single interferometer ∆z = !keff

m T ∼ 16 mm. Perfect

differential cancellation between isotopes is not achieved because the spatial separation of the arms

is mass dependent. Additionally, the long wavelength differential response is suppressed because the

differences between the isotope trajectories are negligible when compared to variations with length

scales much longer than ∆z.

The differential response curve allows us to compute systematic errors arising from the specific

gravity environment of our interferometer. Quantitative estimates of these effects requires knowledge

of the local δgz(z), which may be obtained through a combination of modelling and characterization.
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Figure 2.11: Differential gravity response function versus spatial wavelength λ between simultaneous
87Rb and 85Rb interferometers. Short wavelengths are averaged over by each individual interferome-
ter, while long wavelength inhomogeneities cancel as a common-mode between the two species. This
response curve assumes identical launch kinematics for the two isotopes.



CHAPTER 2. LIGHT PULSE ATOM INTERFEROMETRY 35

0.1 1 10 100 1000
10#7

10#6

10#5

10#4

0.001

Λ %meters&

!∆
g' z"
Λ
#!
%n
g'
m
et
er
&

Figure 2.12: The magnitude power spectra of the local gravitational field, δ̃gz , for several example
sources. The solid (blue) curve is a 10−2 kg point source, 10 cm from the center of the interferometer.
Similarly, the dotted (purple) curve is a 1 kg source at 1 m and the dash-dotted (yellow) curve is
1000 kg at 10 m. The long-dashed (green) curve is a thin 10 m long rod of mass 10 kg, parallel to
the interferometer, whose center is 1 m from the interferometer.

The atom interferometer itself can be used as a precision gravimeter for mapping δgz(z) in situ. By

varying the launch velocity, initial vertical position, and interrogation time T , the position of each

gravity measurement can be controlled.

Figure 2.11 shows that the differential 87Rb–85Rb interferometer is maximally sensitive to short

wavelength (λ ∼ 1−10 cm) gravitational inhomogeneities. To investigate the impact of local uneven

mass distributions on the experiment, we compute the spectrum δ̃gz(λ) of various sources at different

distances from the interferometer. These results are shown in Fig. 2.12. When combined with our

response function (Fig. 2.11), we see that for typical mass inhomogeneities, only those that are

within a few centimeters of the interferometer can cause potentially significant systematic phase

shifts. These nearby inhomogeneities result in phase errors of ∼ 10−6 rad, which is slightly above

our target sensitivity. It will therefore be especially important for the EP measurement that we

characterize the local g–field at the centimeter scale.

Magnetic field inhomogeneities

The linear expansion of B in Eq. 2.55 approximates large scale variation of the magnetic field.

However, local field inhomogeneities may exist on short length scales due to the presence of nearby
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Figure 2.13: Differential magnetic field response function between simultaneous 87Rb and 85Rb in-
terferometers. Short wavelengths are averaged over by each individual interferometer, while long
wavelength inhomogeneities cancel as a common-mode between the two species. This response curve
assumes identical launch kinematics for the two isotopes.

magnetic materials. These variations are not well approximated by a Taylor series expansion. Using

the same procedure described above for gravity inhomogeneities, we write the local magnetic field

as

B(z) =

∫
B̃z(λ)e

i2πz
λ dλ (2.63)

where B̃z(λ) is the Fourier component of a field perturbation with wavelength λ. The total phase

shift from magnetic field inhomogeneities is

∆φB =

∫
TBz(λ)B̃z(λ)dλ (2.64)

Here TBz(λ) is the interferometer’s magnetic inhomogeneity response function.

As with gravity above, we compute the differential response function ∆TBz(λ) ≡ |(TBz)87 − (TBz)85|
between 87Rb and 85Rb (see Fig. 2.13). The differential response arises because the isotopes have

different second order Zeeman coefficients α, as well as different masses. This sensitivity curve drives

our magnetic shield design requirements, as discussed in Section 2.6.3.
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2.6.3 Controlling potential systematic errors

Rotation of the Earth

The largest systematic term in the phase shift expansion for a dual species differential interferometer

after propagation reversal is due to the rotation of the Earth. Specifically, a differential acceleration

due to the coriolis force occurs if the isotopes have different transverse velocities δvx (Table 2.2,

term 2). Reducing this phase shift below our systematic threshold would require δvx < 10−11 m/s,

which is challenging. However, this specification can be relaxed by artificially making the rotation

rate zero.

To a good approximation3, the atoms are only affected by the Earth’s rotation through their

coupling to the laser, so the coriolis acceleration can be eliminated by rotating the laser in the oppo-

site direction of the Earth’s rotation. In order to calculate the effect of this rotation compensation,

we performed the phase shift calculation using a rotating keff. Following the work of [15], we use

a retro-reflection configuration to deliver the laser beams k1 and k2 to the atoms. We rotate keff

by actuating the retro-reflection mirror. As a result, the incoming beam remains pointing along the

z-direction and only the reflected beam rotates. With this configuration, keff is given by

keff = −2kn̂(n̂ · k̂) (2.65)

where n̂ is the time-dependent unit normal vector of the retro-reflection mirror, and k̂ is a unit

vector in the direction of the fixed delivery beam. Notice that the direction of keff rotates as desired,

but its length now depends on angle4.

The resulting phase shift list appears in Table 2.3, with δΩy and δΩz the errors in the applied

counter-rotation rate. Assuming a transverse velocity difference of δvx ∼ 1 µm/s, these rotation

compensation errors must be kept below 10−5ΩEarth ≈ 1 nrad/s. Methods for measuring angles with

nanoradian precision have already been demonstrated [35]. In order to actuate the mirror at this

level of precision we can use commercially available sub-nm accurate piezo-electric actuators along

with active feedback.

Notice that not all rotation-related phase errors are removed by rotation compensation. Terms

that arise from the differential centrifugal acceleration between the isotopes (e.g., Table 2.3 terms

3 and 4) are not suppressed. Physically, this is a consequence of the fact that the retro-reflection

mirror that we use to change the laser’s angle is displaced from the center of rotation of the Earth

by Re. Therefore, although we can compensate for the angle of the laser by counter-rotating, the

retro-reflection mirror remains attached to the rotating Earth, leading to a centrifugal acceleration

3The atoms are also weakly coupled electromagnetically and gravitationally to the local environment, which is
fixed to the rotating Earth. These cross-couplings to rotation are generally not important because the dominant
gravitational interaction with the Earth is spherically symmetric, and all electromagnetic interactions with the atom
(e.g. with the applied magnetic bias field) are naturally small.

4This small change in magnitude of keff does not lead to any problematic phase errors in the interferometer since
the total angle through which the laser rotates is only ∆θ = 2ΩEarthT ∼ 10−4 rad, and the effect is O(∆θ2).
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Phase shift Size (rad) Fractional size

1 − 1
2

(
1

m85
− 1

m87

)
!k2

effTzzT 3 1.66 × 10-2 5.83 × 10-11

2 −keffTzzδvzT 3 1.44 × 10-4 5.05 × 10-12

3 − 3
2

(
1

m85
− 1

m87

)
!k2

effΩ
2
yT 3 −5.40 × 10-5 1.90 × 10-13

4 −3keffΩ2
yδvzT 3 −4.68 × 10-6 1.64 × 10-14

5 −keffTzzδzT 2 8.93 × 10-7 3.14 × 10-15

6 − 7
12

(
1

m85
− 1

m87

)
!k2

effQzzzvzT 4 −1.61 × 10-7 5.65 × 10-16

7 3
8

(
1

m85
− 1

m87

)
!k2

effQzzzgT 5 1.03 × 10-7 3.63 × 10-16

8 −
(
α85

m85
− α87

m87

)
!keffB0(∂zB)T 2 −9.94 × 10-8 3.49 × 10-16

9 keffTxxδxΩyT 3 3.46 × 10-8 1.22 × 10-16

10 −2keffδvxδΩyT 2 −3.35 × 10-8 1.18 × 10-16

Table 2.3: Differential phase shift list with rotation compensation. Terms 1, 3, 6, and 7 will be
suppressed by the propagation reversal technique described in Section 2.6.2.

of the phase fronts. After propagation reversal, the only term of this type that is significant is

∼ keffΩ2
yδvzT 3 (Table 2.3 term 4). However, this term is smaller than and has the same scaling

with experimental control parameters as the gravity gradient phase shift (Table 2.3 term 2), so the

constraints described in Section 2.6.3 to suppress the gravity gradient terms are sufficient to control

this centrifugal term as well.

One potential obstacle in achieving the required transverse velocity constraint of δvx ∼ 1 µm/s

is the expected micro-motion the atoms experience in the TOP magnetic trap prior to launch [36].

Micro-motion orbital velocities in a tight TOP trap such as ours can approach ∼ 1 cm/s in the

transverse plane. Although the differential orbital velocities are suppressed by the 87Rb–85Rb mass

ratio, the resulting δvx ∼ 100 µm/s is still too large. This problem can potentially be solved by

adiabatically reducing the magnetic field gradient and increasing the rotating field frequency prior

to launch.

Gravity gradients

The largest systematic background after rotation compensation is due to the gravity gradient along

the vertical direction of the apparatus (Tzz = ∂zgz). Since gravity is not uniform, the two isotopes

experience a different average acceleration if their trajectories are not identical. This effect causes

a differential phase shift proportional to the initial spatial separation and initial velocity difference

between the isotopes (see Table 2.3, terms 2 and 5). Assuming a spherical Earth model, the gravity

gradient felt by the atoms is Tzz ∼ 3 × 10−16g/nm, which means that the initial vertical position

difference between the isotopes δz must be < 1 nm and the initial vertical velocity difference δvz
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must be < 1 nm/s in order to reduce the systematic phase shift beneath our threshold.

The experiment is designed to initially co-locate the two isotope clouds at the nm level by evapo-

rative cooling both species in the same magnetic trap. For trapping, we use the state |F = 2, mF = 2〉
for 87Rb and |F = 3, mF = 3〉 for 85Rb since these states have the same magnetic moment [37]. The

mass difference between the isotopes leads to a differential trap offset in the combined magnetic and

gravitational potential given by

∆ztrap =
g∆m

µBB′′ (2.66)

where ∆m is the 87Rb–85Rb mass difference, B′′ is the magnetic field curvature of the trap, and

µB is the Bohr magneton. Our TOP magnetic trap is designed to provide a field curvature B′′ ∼
4× 105 Gauss/cm2 which reduces the trap offset to ∆ztrap ≈ 10 nm. The resulting systematic error

is ∼ 10−14g, but it can be subtracted during the analysis given a knowledge of ∆ztrap at the ∼ 10%

level. This offset can be inferred from a measurement of the field curvature B′′ of the trap (e.g., by

measuring the trap oscillation frequency). The gravity gradient must also be known, but this can

be characterized in situ by using the interferometer as a gradiometer [16].

Control of the gravity gradient phase shift (Table 2.3 term 2) requires that the differential

launch velocity be δvz ≤ 1 nm/s. Therefore we cannot employ standard launch techniques (e.g.,

moving molasses) since the velocity uncertainty is fundamentally limited by the photon recoil velocity

vR ∼ 6 mm/s due to spontaneous emission. Instead, the atoms are launched using an accelerated

optical lattice potential [27]. We launch the two species using the same far-detuned (∼ 200GHz)

optical lattice, coherently transferring ∼ 2200!k of momentum to each cloud. Because the two

species have different masses, they have different Bloch oscillation times τB = !keff

ma , where a is

the lattice acceleration. As a result, after adiabatically ramping down the lattice potential, the

two species are in different momentum eigenstates since they have absorbed a different number of

photons. The differential velocity after launch is then

δvL = !keff

(
N85

m85
−

N87

m87

)
(2.67)

where N85 and N87 are the number of photons transferred to 85Rb and 87Rb, respectively. We choose

the integers N85 = 2168 and N87 = 2219 such that their ratio is as close to the isotope mass ratio

as possible, resulting in δvL ∼ 12 µm/s. After launch, we can perform a velocity selective transition

to pick out a common class from the overlapping distributions of the two isotopes, which at the

expense of atom number could conceivably allow us to achieve our differential velocity constraint.

There are several additional ways to reduce the gravity gradient systematics beyond precise

control of the launch kinematics. We can implement a 4-pulse sequence (π2 − π − π − π
2 ) which

suppresses all phase shift terms ∝ T 3 at the cost of an order one loss in acceleration sensitivity

[6]. This eliminates the velocity dependent gravity gradient phase shifts but would still require that

we maintain tight control over the initial differential vertical position between the isotope clouds.
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Secondly, we can potentially reduce the local gravity gradient Tzz by applying appropriate trim

masses around the apparatus. It has been shown [34] that in principle a local mass distribution can

effectively cancel the gravity gradient of the Earth for a 10 m-scale apparatus. Reducing Tzz by an

order of magnitude would relax our initial position constraint to the level provided by the expected

value of ∆ztrap, thereby removing the requirement for subtraction during data analysis.

Magnetic fields

The magnetic field phase shift appearing in Table 2.3 (term 8) constrains the maximum allowed linear

field gradient to ∂zB < 0.1 nT/meter. In the interferometer region, the measured gradient of the

Earth’s field is ∼ 3 µT/m, and therefore we require a shielding ratio of at least ∼ 5×104. In addition

to suppressing the field gradient, the magnetic response function (see Fig. 2.13) indicates that the

field must be uniform on length scales ∼ 1 cm. Large magnetic shields with similar performance

have been demonstrated [38]. The magnetic shielding for our interferometer region is provided by a

three–layer concentric cylindrical shield made of high permeability material. To maintain a pristine

magnetic environment, we use an aluminum vacuum chamber and non-magnetic materials inside the

shielded region.

In order to verify the performance of the magnetic shield, we must characterize the field. As

with gravity inhomogeneities, the atom interferometer can be used to map the local magnetic field

in situ, in this case by using a magnetic field sensitive (mF '= 0) state [39].

2.7 Conclusion

In these notes we have given an overview of the light-pulse method, and discussed applications to

inertial navigation and a test of the Equivalence Principle. As the field continues to progress, we see

two trends evolving. First, a steady evolution in the technology associated with laser manipulation

of atoms will lead to progressive development of compact, field-ready inertial sensors. Such devel-

opments include integrated photonics packages for the laser and optics paths, and integrated optics

bench and vacuum systems. On the other hand, continued evolution of high performance science

instruments will extend the physics reach of this technology. For example, next generation light-

pulse atom interference systems appear capable of placing superb limits on atom charge neutrality

[40], making terrestrial tests of General Relativity [34, 41], and possibly detecting low frequency

gravitational waves [42, 43].
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AGIS-LEO

Long baseline atom interferometry is potentially the most sensitive technique to measure the motion

of inertial test masses. Below is a proposal for a space-based, atom interferometric gravitational

wave detector. The work presented below was done in concert with the AGIS-LEO collaboration,

which consists of Jason M. Hogan, David M. S. Johnson, Susannah Dickerson, Tim Kovachy, Alex

Sugarbaker, Sheng-wey Chiow, Peter W. Graham, Mark A. Kasevich, Babak Saif, Surjeet Rajendran,

Philippe Bouyer, Bernard D. Seery, Lee Feinberg, and Ritva Keski-Kuha. The content below is

tentatively accepted to be published in the journal General Relativity and Gravitation. A version

of it can be found online at http://arxiv.org/abs/1009.2702. I was directly involved in producing

this work.

3.1 Introduction and Science Goals

Gravitational waves (GWs) provide an unexplored window into the Universe. The vast majority

of current astrophysical observations rely on electromagnetic waves. Unlike electromagnetic waves,

which originate from moving charges, gravitational waves are sourced by energy (i.e., the stress

energy tensor) and can thus reveal entirely new types of sources that are difficult or impossible to

observe electromagnetically, including black hole, white dwarf, and neutron star binaries. Further,

gravitational waves are not screened even by dense concentrations of matter and can thus be used to

probe environments, including the very early universe, that are inaccessible to any other telescope.

Unlike electromagnetic waves, gravitational waves permit observations beyond the surface of last

scattering. Such observations could change our understanding of the fundamental laws of physics,

shedding light on the birth of our universe in reheating after inflation or revealing evidence that our

universe underwent a phase transition at extremely high temperatures. Historically, the ability to

observe new sections of the electromagnetic spectrum has led to many new discoveries. Similarly,

41
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the gravitational spectrum seems likely to be filled with sources that will provide unique informa-

tion about astrophysics, cosmology, and high energy physics [44, 45, 46]. However, it may be the

unpredicted sources of gravitational radiation that have the greatest effect on our understanding of

the universe.

We propose a low Earth orbit gravitational wave observatory based on atom interferometry,

AGIS-LEO, which will be sensitive to signals in the frequency band 50 mHz - 10 Hz, complementary

to the reach of the LIGO, VIRGO and LISA instruments. This proposal extends the AGIS measure-

ment concept presented in recent work [43, 47]. The frequency band probed by AGIS-LEO is home

to a variety of interesting astrophysical phenomena. Textbook sources of gravitational radiation are

compact object binaries, which give a coherent, oscillatory gravitational wave signal. These binaries

consist of systems where both components are compact objects such as white dwarfs, neutron stars,

or black holes [45]. They strongly radiate gravitational waves because they contain large-mass stars

orbiting in close proximity, and the frequency of the emitted waves traverses through the AGIS-LEO

frequency band as the binaries merge.

The remaining lifetime of a binary source before coalescence is strongly correlated with the

frequency of the gravitational wave that it emits. Lifetimes in the AGIS-LEO band range from several

thousand years for a source at 10 mHz to about a week for a source at 1 Hz. These observation times

are significantly longer than the lifetime of a comparable source in the frequency band of modern

ground-based laser interferometer detectors (e.g., LIGO or VIRGO). This long lifetime enhances the

number of such sources in this frequency band relative to that of LIGO or VIRGO and increases

their detectability owing to the increased observation time. Additionally, due to their large physical

size, the mergers of white dwarfs end before they enter the frequency band accessible to LIGO and

VIRGO but lie well within the frequency band of AGIS-LEO. Numerous such binaries are expected

to lie in the Milky Way, and AGIS-LEO may be able to detect the brightest of these sources, such

as a compact solar mass binary within ∼ 100 kiloparsec.

Other major sources of gravitational radiation in the AGIS-LEO band include the inspirals of

solar mass black holes into intermediate mass (102M' " M " 104M') black holes out to distances

of ∼ 1 megaparsec and into massive (104M' " M " 107M') black holes out to distances of

∼ 10 megaparsecs. There are significant uncertainties in the expected merger rate of such objects,

particularly because their detection is a challenge through electromagnetic methods. In fact, the

detection of the gravitational waves emitted by these objects is one of the cleanest ways to observe

them, and hence there is great scientific importance in achieving this goal.

The detection and parameter estimation of these mergers could play an important role in en-

hancing our understanding of the growth of structure in our Universe. For example, they can help

uncover the nature of seed black holes that lead to the formation of massive black holes at the

centers of galaxies. These binary mergers will also test general relativity in the strong field regime -

a regime which is currently inaccessible to terrestrial and solar system tests of gravity. Furthermore,
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the detection of a large number of such binary mergers may permit their use as standard gravi-

tational wave sirens (analogous to an electromagnetic standard candle), thereby providing a new,

precise cosmological probe [48].

There are also several possible cosmological sources of gravitational radiation, described below,

which are more easily observable in the low frequency band below 10 Hz. Although these sources are

by no means certain to exist, the discovery of any one would be incredibly important for cosmology

and high energy physics.

We believe our universe began in a period of inflation; the subsequent reheating produced all the

matter we see today. This period of reheating after inflation produces gravitational waves which are

potentially strong enough to be detectable [49, 50, 51]. The gravitational wave spectrum produced

by reheating is expected to be peaked; the frequency of the peak is model-dependent and varies with

the scale of reheating. After redshifting, this peak can lie anywhere between roughly 10 mHz and

109 Hz, so it may be possible for AGIS-LEO to observe gravitational waves from reheating.

A first-order phase transition in the early universe can produce gravitational waves through

bubble nucleation and turbulence [52, 53]. A phase transition at the well-motivated TeV scale is

likely to produce gravitational waves with a frequency today in a range near 100 mHz. In some

models with new physics at the weak scale [54], including some supersymmetric [55] and warped

extra-dimensional [56] models, the electroweak phase transition can produce gravitational waves well

above the threshold for detection by atom interferometers.

A network of cosmic strings produces a stochastic background of gravitational waves from cusps,

kinks, and vibrations of the strings. If such a network exists, calculations [57, 58] indicate that the

gravitational waves produced may well be strong enough to be observable in the low frequency band

from ∼ 100 mHz to 10 Hz for cosmic string tensions as low as Gµ ∼ 10−8 (or lower for a more

advanced detector that could be realized in the future).

There are many other possible sources of gravitational waves from fundamental physics in the

early universe, including Goldstone modes of scalar fields [59], or radion modes and fluctuations of

our brane in an extra dimensional scenario [60, 61]. Pre-big bang [62] or extended [63] inflation could

also lead to a strong gravitational wave signal in the relevant frequency range. Other astrophysical

sources may lead to an interesting stochastic gravitational wave background (for a review see [46]).

3.2 Mission Overview

The promising scientific and technical applications of atomic physics techniques in space have moti-

vated a number of ambitious proposals in recent years [64, 65, 66], and significant work has already

been done toward developing space-qualified cold atom-based instruments [67, 68]. Here we pro-

pose to search for gravitational waves using light-pulse atom interferometry [2, 69]. (An alternative

approach using confined lattice-hold interferometry will also be explored in Sec. 3.6.1.) In this
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section, we describe atom interferometry and how it can be used to make a sensitive space-based

gravitational wave detector, AGIS-LEO. We will also introduce the multiple-satellite configurations

that arise naturally from the application of atom interferometry to the detection of gravitational

waves.

3.2.1 Atom Interferometry

In a light-pulse atom interferometer (AI), an atom is forced to follow a superposition of two spatially

separated free-fall paths [1]. This is accomplished by coherently splitting the atom wavefunction with

a pulse of light that transfers momentum !keff to a part of the atom [2], where keff is the effective

wavevector of the light. As a result of the momentum recoil from the interaction with the light,

the two halves of the atom wavefunction spatially separate along the light propagation direction,

each following its own classical path due to the velocity difference. Note that the interferometer

paths considered here are all nominally one-dimensional along the direction of keff; unwanted dis-

placements perpendicular to keff arise only because of Coriolis forces present in low Earth orbit and

will be discussed below (see Figs. 3.2 and 3.3 for examples). When the atom wavefunction is later

recombined, the resulting interference pattern depends on the relative phase accumulated along the

two paths. This phase shift results from both the free-fall evolution of the quantum state along each

path and from the local phase of the laser, which is imprinted on the atom during each of the light

pulses [70]. Since it precisely compares the motion of the atom to the reference frame defined by

the laser phase fronts, the phase shift is sensitive to inertial forces present during the interferometer

sequence. To be concrete, the lasers are ultimately anchored to the frame of the AI sensor, so the

AI phase shift is a record of the motion of the inertial atom with respect to the sensor frame as

measured by the laser phase fronts, which act as a sub-micron periodicity ruler. Equivalently, the

atom interferometer phase shift can be viewed as a clock comparison between the time kept by the

laser’s phase evolution and the atom’s own internal clock. Sensitivity to gravitational waves may

be understood as arising from this time comparison, since the presence of space-time strain changes

the light travel time between the atom and the laser [42].

Gravitational waves can be detected by recording the phase shift they induce in the atom inter-

ferometer. Since this phase shift is also directly sensitive to unavoidable phase noise and vibration

noise present on the laser light pulses that act as the atom beamsplitters and mirrors, a practical

gravitational wave detector must be differential. The concept of the AGIS-LEO instrument is to

compare the phase shifts of two separate atom interferometers that are manipulated by the same

laser, and that are therefore subject to the same laser noise. The differential phase shift is still

sensitive to the gravitational wave while the laser noise is suppressed as a common mode. [42]

A number of proposals for gravitational wave detection using atom interferometry have been

discussed based on a variety of implementations [71, 72, 73, 74, 75, 76, 77, 78, 79], including the light

pulse technique. The principle difference between these schemes and the implementation discussed
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Figure 3.1: Schematic of one beam line of the proposed setup. Two satellites S1 and S2 house the
lasers and atom sources. The dashed lines represent the path of length lx traveled by the atoms
during the interferometer sequence. At their closest approach, the atoms are a distance d from the
satellites. The red band represents the paths of the lasers along the axis between the satellites.

here is that the AGIS-LEO configuration is based on a differential measurement comparing the

phases of two widely separated atom interferometers. Using the AGIS protocol, the atoms effectively

function as test masses that record the effects of the gravitational wave on the propagating laser

field as it travels between the two interferometers [42]. This offers the significant practical advantage

that the instrument sensitivity can easily be increased by using longer baseline separations between

the interferometers without having to increase the size of the interferometers themselves.

Figure 3.1 illustrates the AGIS-LEO differential interferometer concept. Two satellites S1 and

S2 separated by baseline L provide a pair of counter-propagating laser beams required to implement

the necessary two-photon transitions commonly used for atom optics in alkali atoms [1, 80, 81]. The

atom interferometer regions (dashed lines) are each near one of the laser sources and have size lx

along the laser direction (the x-direction). As mentioned above, the atom wavepackets are separated

along the laser propagation direction so that the paths of the interferometer arms are nominally one

dimensional along x. Both satellites are in orbit around the Earth, and for simplicity we take the

orbital angular velocity vector to be
−→
Ω = Ωorŷ (for a leader-follower orbit, as seen in Fig. 3.6).

The specific sequence of light pulses used to implement the atom interferometer is an important

consideration since it affects both the gravitational wave response and the sensitivity to noise. The

standard three-pulse accelerometer pulse sequence (π/2−π−π/2) consists of an initial beamsplitter

pulse, a mirror pulse a time T later, and a final interfering beamsplitter pulse after an additional time

T . Such an interferometer is sensitive to gravitational waves as well as uniform acceleration; this

interferometer geometry is discussed in detail in [43]. However, in a leader-follower low Earth orbit

(see Fig. 3.6) the three-pulse sequence cannot be used by the AGIS-LEO instrument because the

large rotation bias prevents the overlap of the interferometer arms. In order to observe interference

and thereby measure a phase shift, the arms of the atom interferometer must overlap at the end of the

pulse sequence within the size of the atomic wavepacket (i.e., within the spatial coherence length of

the atom). For 87Rb atoms, the coherence length of the atom’s external degrees of freedom is ∆x 0
!/∆p ∼ 10 µm

√
100 pK

τ for atom ensemble temperature τ . The large Coriolis forces experienced
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Figure 3.2: Four-pulse atom interferometer sequence using double-diffraction LMT beamsplitters
under the influence of a leader-follower low Earth orbit rotation bias. The upper arm of the inter-
ferometer is the solid (blue) path and the lower arm the dashed (red) path. Interactions with the
light pulses are shown as points labeled by letters A through F. The interferometer laser pulses are
directed along the x-direction with ki = κikeffx̂ for 1 ≤ i ≤ 4. The normalized wavevectors have
values κ1 = 1, κ2 = 2, κ3 = 2 and κ4 = 1. The pulses occur at times t1 = 0, t2 = T , t3 = 3T and
t4 = 4T with interrogation time T = 4 s. See Fig. 3.1 for the definition of coordinate axes.

in low Earth orbit can cause deviations to the nominal paths of the atom interferometer’s arms

that exceed this coherence length, causing the interferometer not to close. To address this problem,

AGIS-LEO uses multiple-pulse sequences with appropriate symmetry to facilitate interferometer

closure.

An example of a pulse sequence that closes even in the presence of large Coriolis forces is the sym-

metric four-pulse sequence (π/2−π−π−π/2) shown in Fig. 3.2, where the four laser pulses propagate

along the x direction with effective wavevectors ki = kix̂ for 1 ≤ i ≤ 4. This interferometer uses two

mirror pulses, resulting in a two-loop interferometer geometry along the x direction. Although the

interferometer is nominally one dimensional along x, the Coriolis force causes transverse deflections

so that at point C the upper arm z-position is zC = 1
2

∣∣∣2
−→
Ω × v

∣∣∣T 2 = Ωor(!keff/m)T 2 ∼ 2 cm, where

once again Ωor is the orbital angular velocity of the AGIS satellites. For increased symmetry be-

tween the arms, the interferometer in Fig. 3.2 uses double-diffraction beamsplitters [82] in which the

upper and lower arms of the interferometer are given a positive and negative recoil kick, respectively.

In contrast to the typical single-diffraction beamsplitter where only one arm changes velocity, the
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double-diffraction beamsplitter results in symmetric Coriolis deflections which are needed to close

the interferometer.

Multiple-pulse sequences such as the one in Fig. 3.2 also help reduce systematic errors in the

instrument. For example, by adjusting the time spacings between the pulses, the four-pulse sequence

can be tuned to be insensitive to either uniform accelerations or gravity gradients and Coriolis effects

[6, 43]. This is useful for suppressing spurious noise from these sources. The sequence shown in Fig.

3.2 uses a symmetric pulse spacing with pulses occurring at times t1 = 0, t2 = T , t3 = 3T , and

t4 = 4T . As a result, this interferometer is insensitive to acceleration noise, but it remains sensitive

to gravity gradients.

A five-pulse sequence (π/2 − π − π − π − π/2) offers a number of advantages that make it a

promising candidate for the AGIS-LEO mission. Figure 3.3 shows an example of a symmetric five-

pulse sequence with pulses at times t1 = 0, t2 = T , t3 = 3T , t4 = 5T , and t5 = 6T and with variable

pulse wavevectors ki along the x-direction assuming large momentum transfer (LMT) atom optics

with magnitudes k1 = keff, k2 = 9
4keff, k3 = 5

2keff, k4 = 9
4keff, and k5 = 2keff, where !keff = 200!k

(see Sec. 3.3.2). The three mirror pulses in this sequence result in a three-loop interferometer

geometry along the x-direction, and these particular ti and ki values are chosen to simultaneously

meet the constraints of interferometer closure in x and z and symmetry in time (see the detailed

discussion in Sec. 3.5.1). For four- and five-pulse sequences with the same low-frequency detection

limit, the z-deflection of the five-pulse interferometer is intrinsically smaller than that of the four-

pulse interferometer since it goes through zero at the midpoint. Smaller deflection is desirable since

the atoms must stay within the beam waist of the interferometer lasers (see Sec. 3.4). In addition, the

five-pulse sequence is insensitive to both acceleration noise and gravity gradient induced background

noise which reduces the temperature requirements (kinematic constraints) of the atom source (see

Sec. 3.3.1).

3.2.2 The Gravitational Wave Phase Shift

The gravitational wave-induced phase difference between two five-pulse (π/2−π−π−π−π/2) atom

interferometers separated by baseline distance L along the direction of propagation of the laser light

is

∆φGW = 8keffhL sin4(ωT/2)

(
7 + 8 cosωT

2

)
sin θGW (3.1)

where h is the gravitational wave strain for a gravitational wave of frequency ω, T is the interrogation

time of the interferometer, and keff is the effective wavevector of the AI beamsplitter. Here θGW = ωt

is the phase of the gravitational wave at the time t of the measurement. This result follows from

a fully relativistic phase shift calculation discussed in [41, 34] applied to the five-pulse sequence

described in Sec. 3.2.1.

To maximize the strain sensitivity of the detector, the baseline L should be made as large as
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Figure 3.3: Five-pulse atom interferometer sequence using double-diffraction LMT beamsplitters
under the influence of a leader-follower low Earth orbit rotation bias. The upper arm of the inter-
ferometer is the solid (blue) path and the lower arm is the dashed (red) path. Interactions with the
light pulses are shown as points labeled by letters A through H. The interferometer laser pulses are
directed along the x-direction with ki = κikeffx̂ for 1 ≤ i ≤ 5. The normalized wavevectors have
values κ1 = 1, κ2 = 9

4 , κ3 = 5
2 , κ4 = 9

4 and κ5 = 2. The pulses occur at times t1 = 0, t2 = T ,
t3 = 3T , t4 = 5T and t5 = 6T with interrogation time T = 4 s. See Fig. 3.1 for the definition of
coordinate axes.
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possible. This is a straightforward scaling to implement since only the laser light needs to travel the

distance L between the atom interferometers; each AI can remain relatively small, situated at the

ends of the long baseline (see Fig. 3.1). From Eq. (3.1), the interferometer is maximally sensitive

to GW frequencies at and above the corner frequency ωc = 2
T cos−1

√
3
8 ≈ 2π · 0.29/T at which

point ∆φGW = (125/16)keffhL sin θGW. For lower frequencies ω < ωc, the 3 dB point occurs at

ω3dB = 2
T csc−1[4/

√
5] ≈ 2π · 0.19/T and sensitivity falls off as ω4. At higher frequencies ω > ωc,

the envelope of the sensitivity curve is constant and the periodic anti-resonant frequencies that are

present in (Eq. 1) can easily be avoided by varying T [43].

In order to observe a gravitational wave, the phase shift ∆φGW must be sampled repeatedly

as it oscillates in time due to the evolution of θGW. To avoid aliasing, the sampling rate fr must

be at least twice the frequency of the gravitational wave. The sampling rate can be increased

(without decreasing T ) by operating multiple concurrent interferometers using the same hardware

[43]. In these multiplexed interferometers, atom clouds with different velocities would be addressed

via Doppler shifts of the laser light.

3.2.3 Gravitational Wave Sensitivity

The phase sensitivity of an atom interferometer is limited by quantum projection noise δφ =

1/SNR = 1/
√

Na, where Na is the number of detected atoms per second. For shot-noise limited atom

detection, the resulting strain sensitivity to gravitational waves becomes h = δφ
8keffL

csc4(ωT/2)
(

2
7+8 cosωT

)
.

Figure 3.4 shows the AGIS-LEO mission strain sensitivity (enveloped) for a single pair of satellites

using the five-pulse interferometer sequence from Fig. 3.3 with !keff = 200!k beamsplitters, an

L = 30 km baseline, a T = 4 s interrogation time, and a phase sensitivity of δφ = 10−4 rad/
√

Hz.

Although the sensitivity spectrum contains periodic nulls corresponding to frequencies at which

∆φGW = 0, in practice the entire strain sensitivity envelope shown in Fig. 3.4 can be accessed by

scanning T over a small range on repeated interferometer sequences.

Note that the AGIS-LEO experimental parameters that define the sensitivity curve in Fig. 3.4

exceed the current state-of-the-art. Specifically, the LMT beamsplitter momenta (see Sec. 3.3.2)

and cold atom source flux (see Sec. 3.3.1) both represent specifications that are likely to be feasible

in the near future. In fact, many of the parameters that set the instrument sensitivity can eventually

be improved further as AI technology continues to evolve. Figure 3.5 shows the gravitational wave

sensitivity that would be possible with a more advanced version of the AGIS instrument. This future

sensitivity curve assumes the same five-pulse interferometer sequence and !keff = 200!k atom optics,

but with an L = 104 km baseline, a T = 40 s interrogation time, and an improved phase sensitivity

of δφ = 10−5 rad/
√

Hz. We note that this sensitivity curve does not include limits that might be

imposed by the systematic effects relevant to such a future apparatus, since its purpose is simply to

illustrate the potential for atomic gravitational wave detectors to improve as technology advances.

The large baseline of this future instrument would require a solar orbit and is not addressed here.
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Figure 3.4: The thick (red) curve shows the enveloped strain sensitivity versus gravitational wave
frequency of a five-pulse interferometer sequence for a single arm of the proposed AGIS-LEO in-
strument. Analogous plots for LIGO [83], Advanced LIGO [84], VIRGO [84] and LISA [85] are
included for comparison. Curves a-d show gravitational wave source strengths after integrating over
the lifetime of the source or one year, whichever is shorter: (a) represents inspirals of 103M', 1M'
intermediate mass black hole binaries at 10 kpc, (b) inspirals of 105M', 1M' massive black hole
binaries at 10 Mpc, (c) white dwarf binaries at 10 kpc, and (d) inspirals of 103M', 1M' intermediate
mass black hole binaries at 10 Mpc.
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Figure 3.5: The thick (red) curve shows the enveloped strain sensitivity versus gravitational wave
frequency of a five-pulse interferometer sequence for a single arm of a sensor that could be realized
in the future. Analogous plots for LIGO [83], Advanced LIGO [84], VIRGO [84] and LISA[85]
are included for comparison. Curves a-c show gravitational wave source strengths after integrating
over the lifetime of the source or one year, whichever is shorter: (a) represents inspirals of 105M',
1M' massive black hole binaries at 10 Gpc, (b) white dwarf binaries at 10 Mpc, and (c) inspirals of
103M', 1M' intermediate mass black hole binaries at 10 Gpc. It should be noted that the stochastic
background of white dwarf binaries will likely overwhelm all but the strongest of these sources at
frequencies less than ∼ 0.5 Hz (see Fig. 3.9). Note also that this sensitivity curve assumes atom
shot noise limited detection and does not include limits that could be imposed by systematic effects
present in the future apparatus.
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Figure 3.6: Conceptual orbit diagrams for two possible AGIS-LEO two-satellite configurations, not
to scale. In each figure, the locations of the satellites (black dots) are shown at quarter-intervals
(left) or sixth-intervals (right) of the orbital period, connected by a green line corresponding to the
interferometer baseline axis of the gravitational wave detector at that instant. Left : The leader-
follower (LF) configuration assumed in this paper unless otherwise specified. Right : The inclined-
great-circles (IGC) configuration that can be used to mitigate rotation effects. Note the difference
in definitions of the coordinate axes in the satellite frames between the LF and IGC configurations.
In the LF configuration (as in Fig 3.1), the x-direction is fixed to the rotating baseline and the
y-direction is normal to the satellites’ mutual orbital plane. In the IGC configuration, the baseline
lies on the y-axis and the x-axis is chosen to be tangential to the satellite’s orbital curve.

3.2.4 Satellite Configuration

Two-Satellite Configurations

As shown in the preceding sections, gravitational waves can be detected with a pair of atom inter-

ferometers manipulated by two satellites separated by a baseline of length L. Ideally, the satellites

would be inertial and the baseline length would be constant. Instead, many practical issues must

be addressed for the non-inertial low Earth orbits we discuss here. The simplest two-satellite con-

figuration is the circular leader-follower (LF) configuration (see Fig. 3.6), in which both satellites

follow circular orbits with the same altitude and angle of inclination, but with different angles of true

anomaly (i.e. phases). This yields baselines of constant length that also rotate constantly at the rate

Ωor as the satellites orbit the Earth. While this rotation bias yields off-axis Coriolis deflections (as

discussed in Sec. 3.2.1 and Figs. 3.2 and 3.3), the LF configuration provides a simple starting point

for our analysis. Thus, an equatorial, circular, two-satellite, LF orbit will be assumed throughout

this paper unless stated otherwise.

However, it should be noted that other orbital configurations exist for two satellites that have

some advantages over the simple LF configuration. For instance, the inclined-great-circles (IGC)

configuration shown on the right in Fig. 3.6 reduces the impact of rotation bias at the cost of a
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variable baseline length. An IGC configuration can be achieved by placing two satellites in circular

orbits of the same radius, but with different angles of inclination. If the true anomaly difference

between the satellites were zero, then the baseline axis would not rotate, but it would flip twice

per period and its length would oscillate. Practically, however, it is necessary to add some anomaly

to ensure that the satellites do not collide. In this case, one satellite appears to move in an ellipse

centered on the other. The eccentricity of this ellipse is determined by the ratio between the anomaly

and the inclination, allowing continuous tuning from a configuration that favors nearly constant

orientations at the cost of length variations to a configuration with invariant lengths and constant

rotation rates. Thus, while any orbit pair at equal altitude requires the satellites to circle each other

once per period, the IGC configuration can be used to concentrate most of this rotation at the orbit

crossing points. During the rest of the orbit, the baseline deviates little from one of two antiparallel

orientations. For instance, at an orbital altitude of 1000 km (105 minute period), an IGC orbit with

a maximum separation of 30 km and a minimum separation of 100 m exhibits sub-degree angular

deviations during two 45-minute windows centered at the points of maximum separation.

The potential benefits of the IGC configuration are substantial. Most important, the small

angular deviations decrease rotation bias and Coriolis deflections (see Fig. 3.7), relaxing many of

the constraints based on Ωor in the LF configuration. Further improvements are then possible with

star-tracker-based satellite pointing stabilization and active servoing of the beam delivery optics

to compensate for residual rotation [70]. Finally, if the baseline axis points toward the Sun, this

configuration makes a sunshield more practical, since it would only have to protect the interferometer

region along its transverse extent rather than its full length. (As will be discussed in Sec. 3.5.2,

the Earth’s shadow could also be used for sun shielding, yielding about 35 minutes of uptime per

period in an equatorial orbit with an altitude of 1000 km. This corresponds well with the 45-minute

window of small angular deviations discussed previously.)

The variable baseline length in an IGC configuration implies that the atoms from the two satellites

have a non-zero relative velocity along the interferometer axis. This requires that the lasers be phase-

chirped to account for the Doppler shift caused by this changing relative velocity over the duration

of the interferometer. Additionally, the atoms released from the two satellites will have different

respective Doppler shifts. Thus, two different sets of frequencies will be needed to address a pair of

interferometers in a differential configuration (with one interferometer released from each satellite).

The two frequency sets can be realized by electro-optically generating multiple sidebands from a

common source laser.

The relative velocity between the two interferometers is advantageous for Doppler-based multi-

plexing of multiple interferometers during the same time window. The relative velocity between the

atoms and the satellite depends on ∆T , the time since the start of each interferometer. Thus, each

cloud is naturally tagged with a different frequency which allows for easy individual addressability.
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Figure 3.7: Coriolis deflection from the interferometer axis for inclined-great-circles and leader-
follower orbits. Leader-follower deflection is shown in solid (blue) and dotted (red) lines with a
maximum transverse separation of 8 cm between the two arms of the interferometer, while the
inclined-great-circles deflection is shown in solid (green) and dashed (purple) lines with a maximum
separation of 160 µm. The inset shows a close-up view in order to detail the inclined-great-circles
deflection.

Three-Satellite Configurations

While a single pair of atom interferometers along a common baseline is sufficient for detecting gravi-

tational waves, a multiple-arm configuration with several AI pairs offers many potential advantages,

which we will discuss shortly. Our three-arm proposal consists of three satellites maintaining con-

stant separations of ∼ 30 km in formation flight (Fig. 3.8). Such a formation can be pictured as a

chief point on a circular Earth-orbit, with deputy satellites in circular orbits in a Hill frame around

the chief point. It has been shown that such orbits exist with low station-keeping costs even when

one accounts for the J2 oblateness of the Earth [86]. Lasers located inside each satellite send light

to both of the other satellites, forming a set of three arms consisting of counter-propagating light

beams. Each arm has an atom interferometer at both ends - near, but outside of, the satellites (Fig.

3.1). The pair of atom interferometers along a given arm is manipulated by the counter-propagating

light beams of that arm, and the phase difference between these AIs due to a gravitational wave is

given by Eq. (3.1). As a result, each arm of the instrument acts as an independent gravitational

wave detector.

The desire for multiple, independent GW detectors in the AGIS instrument is motivated by one

of our primary science goals: the detection of stochastic GWs. While a coherent GW signal, such as

one from a binary merger, can be detected by a single arm of AGIS, stochastic GWs can be detected

only by studying correlations in the signals from at least two independent GW detectors. In Fig. 3.9,

the sensitivities of the AGIS-LEO and future instruments are plotted against expected stochastic

backgrounds. Following the analysis in [43], we display the sensitivities as 95% confidence limits on
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Figure 3.8: AGIS-LEO three-satellite orbit simulations. Left : Equatorial orbit of the entire AGIS-
LEO constellation at an altitude of 1000 km. Right : Closer view of three AGIS satellites in an
equilateral triangular formation. The simulations were done using the STK software package from
AGI.

the gravitational wave energy density, ΩGW . To account for the effect of the satellite configuration

on the instrument’s sensitivity to stochastic sources, the calculation includes the appropriate overlap

function value γ = π for an equilateral triangle geometry [87]. As indicated by the sensitivity of the

future-technology curve, sensors using AIs have the potential to detect stochastic GWs from cosmic

strings and, depending on the exact frequency cutoff of the white dwarf background, possibly even

inflation and TeV scale phase transitions.

There are also technical advantages to the AGIS-LEO three satellite configuration over a single

arm design. Additional suppression of laser phase noise and vibration noise is possible by combining

the signals from multiple arms. Noise that originates from a particular satellite can have a significant

common component for the two arms serviced by that satellite. Comparison of the signals from

multiple arms can be used to subtract this common noise, allowing for additional noise cancellation

in the event that the single arm differential suppression is not sufficient. Finally, the use of three

independent arms provides redundancy and improves uptime. A final determination of the AGIS-

LEO orbital configuration will require a more thorough analysis of the costs and benefits outlined

here.

3.3 Instrument Overview

A single phase measurement in an atom interferometer consists of three steps: atom cloud prepa-

ration, interferometer pulse sequence, and detection. In order to attain the 10−4 rad/
√

Hz phase
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Figure 3.9: The 95% confidence limits on the sensitivity of the instrument in terms of gravitational
wave energy density, ΩGW , for present and future parameters are plotted as thick (red) curves.
These sensitivities are for a five-pulse interferometer sequence. The limit from the LIGO Science
Run 4 and the projected limits from initial and advanced LIGO are shown [88]. The limits from
models of big-bang nucleosynthesis (BBN) [89] and the cosmic microwave background (CMB) [90]
apply to the integral of the stochastic gravitational wave background over frequency. The possible
region of gravitational waves produced by a period of inflation (not including reheating) is shown.
The upper limit on this region is set by the COBE bound [91]. The gray band shows a prediction
for the stochastic gravitational wave background from extragalactic white dwarf binaries; its width
shows an expected error [92]. The (green) curve labeled RS1 corresponds to an example spectrum of
gravitational waves from a TeV scale phase transition, in this case from the RS1 spacetime geometry
[56]. The (orange) lines labeled with Gµ correspond to one prediction for a network of cosmic strings
with tensions Gµ = 10−8, Gµ = 10−10 and 10−16 (with α = 0.1 and γ = 50) [58]. Note that these
cosmic string estimates have large uncertainties and may be optimistic assumptions.
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Parameter Specification Location in Text

Baseline 30 km Gravitational Wave Sensitivity (Sec. 3.2.3)
Atom Flux 108 atoms

s Atom Source (Sec. 3.3.1)
Cloud Temperature ∼ 100 pK Atom Source & Wavefront (Secs. 3.3.1 & 3.4.2)
Cooling Laser Powers ∼ 100 mW Atom Source (Sec. 3.3.1)
Interferometer Sequence Three loop AI Pulse Sequence (Sec. 3.2.1)
Beamsplitter Momentum ∼ 200!k Atom Optics (Sec. 3.3.2)

Table 3.1: Instrument parameter summary. For laser requirements, see Table 3.2.

sensitivity, the instrument must be designed to provide, maintain, and measure a cold atom flux of

108 atoms/s. Instrument parameters resulting from the discussion below are summarized in Table

3.1.

3.3.1 Cold Atom Source

The suppression of velocity-dependent backgrounds requires the atoms to be cold, with RMS velocity

widths as small as ∼ 100 µm/s, corresponding to cloud temperatures of ∼ 100 pK. Cold atom clouds

with 108 to 1010 atoms are readily produced using modern laser cooling techniques [93]. Furthermore,

it has been demonstrated that the hardware necessary for these standard techniques is simple and can

be made robust and compact - enough to perform well in drop towers and on airplanes [94, 95, 70].

It is possible to make cold atom sources with fluxes of 1010 atoms/s that fit in a volume of less than

20 cm3 and require ∼ 100 mW of laser power [96].

Although high-flux atom sources are already available, a source capable of producing the nec-

essary sub-nanokelvin cloud temperature at these fluxes has not yet been demonstrated. However,

there are many promising cooling technologies in this rapidly evolving field. The required∼ 100 µm/s

wide cloud can be extracted from a large (# 1010 atom) µK-temperature thermal cloud by applying

a velocity-selective cut using Doppler sensitive two-photon transitions [97]. Alternatively, the neces-

sary velocity spread can be achieved by adiabatically expanding a cold atom ensemble in a harmonic

trap or by implementing delta kick cooling [98], both of which are aided by being in microgravity,

or by cooling the atoms in an optical lattice [99]. Adiabatic expansion of a cold atom ensemble in

an all-optical trap, which requires only simple cavities and low power lasers, can be realized with a

setup similar to that described in [100]. In any of these cases, low densities are desirable to mitigate

possible systematic noise sources associated with cold collisions. If necessary, an array of multiple

atom sources can be placed in each satellite in order to meet the atom flux requirement.

After preparation, the cold atom ensemble must be positioned outside the satellite in the in-

terferometer region (see Figs. 3.1 and 3.10). This can be accomplished using laser light along the

primary interferometer beam axis. Counter-propagating light from two satellites is used to form an

optical standing wave, trapping the cold atoms. Such an optical lattice trap can then shuttle the

atom cloud out to the appropriate initial position [27].
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In leader-follower low Earth orbits, positioning the atoms outside the satellites must account for

significant Coriolis forces. For example, moving an atom cloud 10 m from the satellite in a time of

1 s can lead to transverse accelerations of
∣∣∣v ×

−→
Ω
∣∣∣ ∼ 10−3g. Using a red–detuned optical lattice

can provide transverse confinement during cloud positioning, but this may require small lattice

beam diameters, potentially limiting the baseline due to laser light diffraction effects. To avoid this

baseline constraint, a more tightly focused beam may be sent out from each satellite in addition to

the larger diameter optical lattice, acting as a source of transverse confinement for the atoms near

the satellite from which the small beam originates.

3.3.2 Atom Optics

Conventional Raman atom optics transfer momentum !keff = 2!k to the atom at each beamsplitter

[1]. To achieve the desired sensitivity, it is necessary to increase keff using large momentum transfer

(LMT) beamsplitters. An Nth order LMT beamsplitter (corresponding to an !keff = 2N!k momen-

tum separation between the arms of an interferometer) yields an N -fold enhancement of the phase

difference in Eq. (3.1). LMT beamsplitters can be achieved by adiabatically accelerating the atoms

with an optical lattice [101, 27, 102, 28] or by applying sequential two-photon Bragg pulses.

The AGIS-LEO design calls for 200!k LMT beamsplitters. This exceeds the current state-of-

the-art for a beamsplitter implemented in an interferometer by about an order of magnitude [28].

However, the coherent transfer of more than 1000!k to an atom has already been demonstrated

using an accelerated optical lattice [103].

In addition to the desired stimulated transitions, the atoms can undergo unwanted spontaneous

two-photon transitions when in the presence of the laser field, consisting of the stimulated absorp-

tion of a photon from the laser field followed by the spontaneous emission of a photon in a random

direction. Atoms that undergo spontaneous emission are lost and do not contribute to the interfer-

ometer signal, so this effect must be minimized. The spontaneous emission rate can be written as

Rsc = 2Ω2
st

Γ(I/Isat)
, where Ωst = Γ2(I/Isat)

4∆ is the Rabi frequency of the desired stimulated two-photon

transitions, I is the laser intensity, Γ is the spontaneous decay rate of the excited state, ∆ is the laser

detuning, and Isat = !ωΓ
2σ0

is the saturation intensity of the atomic transition with resonant cross

section σ0 ∼ λ2 and frequency ω = 2πc/λ. The time tN needed for an Nth order LMT beamsplitter

is given by tN ∼ N π
Ωst

. In order for spontaneous emission not to degrade the signal significantly

for q concurrent interferometers, we therefore require that qN π
Ωst

! 1
Rsc

. For example, for rubidium

atoms (Isat ≈ 2.5 mW
cm2 and Γ ≈ 2π · 6.066 MHz) we can meet this requirement for N ∼ 100 LMT

beam splitters and q ∼ 10 concurrent interferometers by choosing Ωst ∼ 2π × 0.4 kHz and laser

powers of ∼ 1 W with a beam waist of 10 cm.

In addition to minimizing spontaneous emission, we must ensure that noise in the differential

phase between interferometers due to AC Stark shifts [93] (including those due to off-resonant two-

photon transitions) is below 10−4 rad/
√

Hz. This can be achieved with the parameters given above
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by stabilizing fluctuations in the laser intensity at the∼ 0.01% level. Off-resonant shifts are discussed

in detail in [101].

When multiple concurrent Doppler-multiplexed interferometers are used, for certain parameters

it may be optimal to choose the launch momentum difference between successive interferometers

to be smaller than the momentum splitting between the arms of a single interferometer. If this is

the case, then there will be instances when two arms of two different interferometers will cross each

other in momentum space. The existence of such crossings will require only minor alterations to the

pulse sequence to avoid interactions with the undesired arm.

3.3.3 Detection

A normalized phase measurement at the end of a pulse sequence consists of counting the number

of atoms at each output port of the interferometer. Since the interferometry takes place outside

the satellite, this counting must be done remotely. Fluorescence imaging, commonly used in laser

cooling and trapping experiments, is an inherently remote state-sensitive atom-counting technique.

A fluorescence-based detection scheme can be implemented with CCD cameras on the satellites

and the same telescopes used to enlarge the primary atom interferometry beams (see Sec. 3.4.1).

For instance, a detection beam tuned to resonance with an optically allowed atomic transition can

be generated and enlarged to a 10 cm waist with the telescope on one satellite. Backscattered

fluorescent light can be collected using the same telescope.

The details of such a scheme are as follows. Prior to detection, atoms exiting a port of the

atom interferometer can be transferred from the interferometer atomic state (one of the ground

state hyperfine levels) to the imaging state (the other ground state hyperfine level) using a Doppler

sensitive two-photon Raman transition. Here the Doppler sensitivity of the transition is used to

distinguish the output ports of the interferometer, since the atoms in the different output ports

have different longitudinal velocities (see for instance, Fig. 3.3). A subsequent short detection pulse

(∼ 1 ms) (tuned to be resonant with the transition between the imaging state and an optical excited

state) scatters fluorescent photons. A fraction of these photons is collected by the imaging optics and

focused onto a CCD detector. With Na ∼ 108 atoms in the cloud, a phase sensitivity of ∼ 10−4 rad

requires the ability to measure changes in atom number at the
√

Na ∼ 104 level (the atom shot-noise

limit). This limit can be achieved by scattering enough photons from the atomic ensemble so that

at least 1 photon per atom is detected. The required number of scattered photons is determined by

the solid angle subtended by the light collecting optics, which for a 30 cm primary telescope mirror

at a distance of 10 m from the atom cloud is ∆Ω ∼ 6 × 10−5 sr. For the above parameters, the

detection laser must have I/Isat ∼ 10 to achieve 1 photon per atom in 1 ms. The outputs from

multiple Doppler-multiplexed interferometers run concurrently can be detected with a sequence of

appropriately tuned velocity-selective Raman pulses. Finally, the fact that the detection is spatially

resolved allows for characterization of possible optical wavefront curvature errors in the sensor (see
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Parameter Specification Location in Text

Power ∼ 1 W Atom Optics (Sec. 3.3.2)
Waist ∼ 10 cm Atom Optics & Laser Pointing (Secs. 3.3.2 & 3.5.1)
Intensity Stability < 0.01% Atom Optics (Sec. 3.3.2)
Wavefront < λ

1000 Wavefront Aberrations (Sec. 3.4.2)
Phase Noise < −120 dBc

Hz Laser Phase Noise (Sec. 3.4.3)
Frequency Stability < 10−15 Laser Phase Noise (Sec. 3.4.3)

Table 3.2: Interferometer laser pulse requirements.

Sec. 3.4.2).

Having shown that it is possible to produce, maintain and detect the necessary cold atom flux,

we now consider the noise sources that may compete with gravitational waves at this level of phase

sensitivity. These sources fall into two general categories: noise of the laser beam wavefronts and

noise from the environment. The former affects the atoms’ reference frame while the latter affects

the atoms’ motion relative to that reference frame.

3.4 Atom Interferometer Laser Beam Considerations

The laser wavefronts form the reference frame against which the motion of the atoms is compared.

Thus, it is important that any non-common noise in the wavefronts that is imprinted on the inter-

ferometers falls below the phase sensitivity limit in the frequency band of interest. In this section,

we discuss telescope design, wavefront aberrations, and laser phase noise as they relate to this re-

quirement. For a summary of the resulting interferometer laser pulse parameters in particular, see

Table 3.2.

3.4.1 Telescope Design

To generate interferometry beams with Rayleigh ranges equal to half our satellite separations (see

Sect. 3.5.1), we will need telescopes to magnify the beam waists to 5 − 10 cm. These beam waists

should also be large compared to the typical sizes of the atom clouds, ∼ 1 cm FWHM. The telescopes

serve multiple purposes in the instrument: their beam line can be used to shuttle atoms into the

interferometry region before a measurement (Fig. 3.1), they magnify the primary atom optics beams

(Sec. 3.3.2), and they form a part of the detection imaging system (Sec. 3.3.3). As discussed in

the remainder of this section, the atom optics beams place the most stringent requirements on the

telescope design. Each beam is used in two atom interferometers, one a few meters outside the laser’s

originating satellite, and the other ∼ 30 km away. Thus, the telescope’s design must account for

both small-scale imperfections and large-scale aberrations. For instance, the secondary mirror must

not obstruct the path of the beam and the primary mirror must be large enough to avoid aperture

diffraction effects. A ∼ 30 cm diameter off-axis Schiefspiegler or off-axis Gregorian telescope could
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Figure 3.10: Conceptual diagram of a single AGIS telescope as a 30 cm off-axis Gregorian system.
Note the intermediate focus of the Gregorian telescope, which allows for the use of pinhole spatial
filtering to remove wavefront aberrations from upstream optics and lasers. Also shown approximately
to scale are the cold atom source and a lattice beam that could be used to shuttle the atoms into the
middle of the primary interferometry beam. The primary beam line can in turn be used to shuttle
the atoms away from the satellite prior to an interferometer sequence.

be capable of meeting these requirements [104, 105]. A Gregorian telescope has the additional

advantage that its real intermediate focus could be used for pinhole spatial filtering, which would

eliminate wavefront errors from all optics and lasers before the primary mirror (see Fig. 3.10).

3.4.2 Wavefront Aberrations

Wavefront aberration of the interferometer laser beams is a potential source of noise. Conceptually,

if the interferometer laser beam were an ideal plane wave, then the phase shift measured by the atom

interferometer would only depend on the longitudinal position of the atom along the beam and would

be insensitive to any transverse position offsets. However, in addition to having a Gaussian spatial

profile, the physical laser beam inevitably contains additional aberrations that cause the transverse

phase to be nonuniform. Since the local phase of the laser is imprinted on the atom during each

interferometer light pulse, any transverse phase variation of the beam results in a phase shift that

depends on the transverse position of the atom with respect to the laser beam spatial profile. This

effect can result in phase noise (i) due to satellite transverse position noise during the interferometer

pulse sequence, (ii) due to fluctuations in the mode itself induced by temporal variations in the

optics path or (iii) due to jitter in initial atom cloud position or width from shot to shot.

It is reasonable to guess that this source of phase noise might be suppressed by the differential

measurement strategy employed by AGIS-LEO. Naively, both atom interferometers are manipulated
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by the same laser beam (see Fig. 3.1), so any phase aberration will affect both atom interferometers

symmetrically. However, the effect is in general not common-mode suppressed since wavefront per-

turbations with high transverse spatial frequency diffract out of the beam over distances smaller than

the satellite separation. As a result, the transverse spatial profile of the beam can differ substantially

between the two atom interferometers. The perturbations only become common-mode suppressed at

transverse wavelengths λt longer than the corner wavelength λc =
√

Lλ ∼ 17 cm
(

L
30 km

)1/2
, where

λc is defined as the transverse spatial length scale which has a collimation distance (i.e., Rayleigh

range) equal to the baseline separation L.

Wavefront aberration noise is complicated by the fact that the ensemble of atoms has a finite

spatial extent, so different parts of the atom cloud generally experience different local laser phases

in the aberrated beam. At the end of the atom interferometer sequence, the final atom ensemble

contains a distribution of phase shifts from which a single phase measurement, corresponding to

the GW signal, must be extracted. In the simplest case, the interferometer phase measurement is

determined by taking the average phase of the ensemble. Spatially averaging over the atom cloud

leads to a suppression of aberrations with transverse wavelengths smaller than the size of the cloud.

However, by performing this average, the phase measurement becomes sensitive to changes in the

atom cloud size from shot to shot, a noise source which we also discuss below.

Wavefront Aberration Phase Shift Calculation

The phase shift imparted to the atoms as a result of non-uniform transverse spatial phase of the

laser wavefronts can be calculated by summing the local phase φ(x, z, t) imparted to the atom at

each of the light pulses:

Φt = N
n∑

j=1

κj φ(xj , zj, tj) = N
n∑

j=1

κj θ(xj , kt, tj) sin[kt(zj − δz(tj)) + Θt] (3.2)

Here the position of the atom is referenced to the coordinate system shown in Fig. 3.1, where xj

is the longitudinal position of the atom along the direction of keff at the time tj of the jth pulse

and zj is the transverse position at time tj (for simplicity we suppress the transverse coordinate

yj). The sum is taken over the n light pulses of the interferometer sequence; in the cases considered

here n = 5 and the coordinates (xj , zj , tj) are taken to be those shown in Fig. 3.3. Each phase

φ(xj , zj, tj) is weighted by the normalized wavevector κj for the pulse (see Fig. 3.3), and N = keff/2k

is the order of the LMT atom optics. For simplicity, we consider the response to a single Fourier

component of amplitude θ(x, kt, t) and transverse spatial wavevector kt = 2π/λt. The general phase

Θt allows modeling of both quadratures. The time-dependent reference position δz(t) accounts for

vibrational noise that affects the relative transverse position of the atom and the satellite. In the

paraxial limit, the amplitude of each Fourier component evolves as the beam propagates along the

x direction according to the paraxial propagator given by θ(x, kt, t) = θ(kt, t) exp
[
−ik2

t

2k (x − x0)
]
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where x0 is the reference plane at which θ(kt, t) is known. Finally, in order to model time-dependent

wavefront aberrations, we decompose each Fourier coefficient into a static and a dynamic component:

θ(kt, t) ≡ θ0(kt)+ δθ(kt, t). Here the term δθ(kt, t) represents an explicitly time-dependent variation

of the amplitude of the aberration with transverse wavevector kt.

The phase shift Φt given by Eq. (3.2) depends on the initial coordinates (x1, z1, t1) of the

atom cloud at the first laser pulse. Since the atom wavefunction is spatially delocalized, the final

phase shift will vary with position across the atom. These position dependent phase shifts lead to

an atom probability distribution (in one of the output ports) that may be written as |Ψ(x)|2 =

A(x) + B(x) cos (φ0 + φ(x)), where φ(x) is the spatially varying phase shift. Assuming |φ(x)| - 1,

the total probability of detecting an atom in this port then depends on the spatial average of the

phase over the atom wavefunction:

P =

∫ ∞

−∞
|Ψ(x)|2dx ≈ A + B cos (φ0 + 〈φ(x)〉) |φ(x)| - 1 (3.3)

where A ≡
∫∞
−∞ A(x)dx, B ≡

∫ ∞
−∞ B(x)dx, and 〈φ(x)〉 ≡ 1

B

∫∞
−∞ B(x)φ(x)dx.

For this noise analysis, we want to calculate the differential response between two atom inter-

ferometers separated by a distance L along the laser propagation direction (see Fig. 3.1). This

gradiometer phase is denoted ∆Φt ≡ 〈Φt(x1 = L)〉 − 〈Φt(x1 = 0)〉, where the expression given in

Eq. (3.2) has been evaluated at initial positions 0 and L along the x axis and the angle brackets

indicate a spatial average over the atom distribution. Note that in practice the spatially resolved

atom detection scheme discussed above (see Sec. 3.3.3) allows direct resolution of the transverse

spatial dependence of the phase shift. In this section, we assume that we simply average over this

information in order to set conservative upper limits on the allowed aberrations of the optical system.

Since we are only concerned with calculating time-dependent phase shifts originating from the

jitter amplitudes δz(t) and δθ(kt, t), we may ignore any constant phase shift piece in Eq. (3.2)

that does not depend on either jitter amplitude. To enforce this condition, we consider only the

first-order jitter susceptibilities ∂(∆Φt)/∂(δz) and ∂(∆Φt)/∂(δθ). We then consider the response

at frequency ω of Eq. (3.2) for the position and phase jitter amplitudes, δz(t) = δ̃z(ω)e−iωt and

δθ(kt, t) = δ̃θ(kt, ω)e−iωt. Assuming that the system can be linearized for small jitter, the transfer

function Hn(ω) that relates each noise source δn(t) to the phase error is simply the first-order

susceptibility evaluated at zero jitter amplitude.

With these transfer functions, we can relate the amplitude spectral density of the measured

phase δφ to the amplitude spectral density of noise sources δn. In general, the spectral densities are

matrices, but because the measured phase is a scalar quantity and the noise sources are assumed to

be uncorrelated, the relationship reduces to

δφ 2 =
∑

n

|Hn(ω)|2 δn
2 (3.4)
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where |Hn(ω)| is the magnitude of the transfer function. As noted above, the transfer function

Hn(ω) of the particular noise source δn(t) takes the form ∂(∆Φt)/∂(δn)|{δn}=0 in this analysis.

By taking the square root of Eq. (3.4), we find the amplitude spectral density of the phase noise

imprinted on the atom (in [rad/
√

Hz]) in terms of the amplitude spectral density of the transverse

position jitter δz(ω) (in [m/
√

Hz]) and of the wavefront variation δθ(kt, ω) (in [rad/
√

Hz]):

δφ(kt, ω) ≡

√(∣∣∣∣
∂(∆Φt)

∂(δz)

∣∣∣∣ δz(ω)

)2

+

(∣∣∣∣
∂(∆Φt)

∂(δθ)

∣∣∣∣ δθ(kt, ω)

)2

= 2 N

√(
2π
λt

θ(kt)δz
)2

+ δθ
2
sin

[
πLλ

2λ2
t

]
exp

[
−

π2σ2

4λ2
t ln2

]

×
(

5 − 9 cos

[
2π∆z

λt

]
cos[2ωT ] + 4 cos[3ωT ]

)
(3.5)

where the noise contributions from transverse motion and dynamic wavefront variation have been

summed in quadrature since they are assumed to be uncorrelated. The atom position distribution is

taken to be a Gaussian with width σ (FWHM), N = keff/2k is the order of the LMT beamsplitter,

and T is the interrogation time. The Coriolis-induced transverse position separation of the upper

and lower interferometer paths is given by ∆z. A five-pulse sequence is assumed in obtaining Eq.

(3.5). Finally, Eq. (3.5) represents the magnitude of the response with respect to the aberration

phase Θt (i.e., the quadrature sum of both sine and cosine aberrations).

We note that as ∆z → 0, the frequency dependence of the wavefront noise given in Eq. (3.5) is

identical to the GW phase response for a five-pulse sequence (see Eq. (3.1)). This is expected since

both effects arise from what amounts to a time variation in the local phase of the laser. However,

as opposed to the GW signal, the response to wavefront aberration is suppressed to the extent that

the aberrations are common between the two interferometers.

Transverse Vibration Induced Phase Noise

Here we focus on the wavefront-induced noise due to stochastic variation of the relative transverse

position δz of the atom with respect to the aberrated beam during the interferometer pulse sequence.

This type of transverse position jitter may result from variations in the satellite position. Sensitivity

to transverse position jitter of the satellite is given by Eq. (3.5) with δθ(ω) = 0. In order for this

noise source to be less than the atom shot noise δφ, the maximum allowable wavefront aberration

(in fractions of an optical wave) is given by

δλ

λ
≡

θ0(kt)

2π
=

δφλt

Nπ2 δz
csc

[
πLλ

2λ2
t

]
exp

[
π2σ2

4λ2
t ln2

](
62 + 63 cos

[
2π∆z

λt

])−1

(3.6)

assuming keff = 2Nk = 200k LMT atom optics, δφ = 10−4 rad/
√

Hz, and motion δz at the GW

peak sensitivity frequency ωc = 2
T cos−1

√
3
8 . Figure 3.11(a) shows the general wavefront constraint
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Parameter Specification Location in text

Transverse Position < 10 nm/
√

Hz Wavefront Aberration (Sec. 3.4.2)
Angle Jitter ! 1 nrad/

√
Hz Laser Pointing Angle Jitter (Sec. 3.5.1)

Angular Rate ! 1 µrad/s Rotational Effects (Sec. 3.5.1)

Table 3.3: Satellite position and angle control requirements. These requirements form constraints on
one satellite’s laser position and angle relative to the counter-propagating beam from the opposing
satellite. We therefore can split the requirements into a coarse constraint on the satellite and a
fine constraint on the laser’s mounting platform. The constraints apply to both leader-follower and
inclined-great-circle orbits.

for all spatial wavelengths due to δz vibration with amplitude δz = 10 nm/
√

Hz for both the leader-

follower and inclined-great-circle orbits. Note the expected exponential relaxation of the wavefront

constraint due to spatial averaging for λt < σ as well as the expected corner wavelength at λt ∼
√

Lλ

above which the perturbations start to be common for the two interferometers. For wavelengths

in the intermediate region σ < λt < λc, which are not suppressed by spatial averaging and are

not common between the interferometers, the maximum allowable wavefront aberration in waves is

δλ ∼ λ
1000

(
λt

cm

) ( 10 nm/
√

Hz

δz

)
. For the leader-follower orbit, however, the larger transverse position

separation (∆z ∼ 4 cm versus 80 µm) results in resonant cancellation of certain transverse wave-

lengths. In the vicinity of these particular wavelengths, the wavefront requirements are significantly

relaxed.

Dynamic Wavefront Induced Phase Noise

Temporal fluctuations of the spatial mode can also be a problem if the mode varies at frequencies

within the GW detection band. The phase noise induced by such dynamical wavefront variations is

given by Eq. (3.5) with δz(ω) = 0. Figure 3.11(b) shows the required constraint on the fluctuation

amplitude δθ(kt, ωc) in order for this noise source to be less than the atom shot noise. To be

maximally conservative, the wavefront fluctuation is assumed to be at the GW peak sensitivity

frequency ωc.

To put the dynamical wavefront constraints given in Fig. 3.11(b) into perspective, we consider

several well-known sources of wavefront fluctuation associated with aberrations caused by the mirrors

in the optics system [106]. To be concrete, we model the wavefront aberrations caused by vibrations

and thermal fluctuations of the 30 cm primary telescope mirror. The primary mirror is significant

since it is the last element that the beam encounters before propagating to the atoms, and no

wavefront spatial filtering can be done after this element. We emphasize that the same analysis can

easily be extended to other elements in the optics system as necessary.

Fluctuations of wavefront aberrations are a source of stochastic noise in the interferometer. As a

result, they contribute to the strain noise floor of the gravitational wave detector. Figure 3.12 shows

the effective strain noise contributed by the various sources of dynamical wavefront aberrations that
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Figure 3.11: Transverse spatial phase profile requirement as a function of transverse wavelength.
Both figures assume the five-pulse interferometer of Fig. 3.3 with 200!k atom optics, L = 30 km
baseline, and a δφ = 10−4 rad/

√
Hz phase noise requirement. (a) Static wavefront requirements

due to satellite transverse motion with amplitude δz = 10 nm/
√

Hz at frequencies within the GW
detection band versus spatial wavelength of the perturbation. The atom cloud size is taken to be σ =
1 cm (FWHM). The blue (dashed) curve assumes a leader-follower orbit, while the solid (green) curve
assumes an inclined-great-circles orbit. The large notches in the dashed (blue) envelope arise from
resonant cancellations of the wavefront aberration with the large transverse separation of the leader-
follower interferometer paths. Both curves have been partially enveloped. (b) Temporal stability
requirements for wavefront perturbation amplitude versus spatial wavelength of the perturbation.
This constraint applies only to perturbation amplitude variations that occur at temporal frequencies
within the GW detection band. The pair of curves shows the effect of averaging over the atom cloud
size. As labeled, the curves assume atom cloud widths of σ = 1 cm (FWHM) and σ = 10 cm
(FWHM). Both curves have been enveloped.
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we model. For comparison, the atom shot-noise limited strain sensitivity from Fig. 3.4 is reproduced

in blue (labeled “Shot”).

The first effect we consider is dynamic wavefront aberrations caused by vibrations of the primary

telescope mirror. We consider a mirror modeled as a solid cylindrical disk with diameter D = 30 cm.

The mirror surface is nominally polished so as to produce a collimated Gaussian beam upon reflection

(see Fig. 3.10 for example). However, the surface of the mirror can become deformed as a result

of vibrations of the mirror substrate, and these aberrations will be imprinted onto the laser beam

as a spatially dependent phase. It is convenient to decompose the mirror vibrations into a set of

normal modes and consider the effect of each mode separately. For example, the lowest frequency

mode corresponds to the bowl-shaped deformation given by δx(r) = δx0J0(2j0,1r/D), where J0 is

the zeroth order Bessel function of the first kind, and j0,1 is the first zero of J0. (For simplicity, we

assume Dirichlet boundary conditions on the mirror edge.) In order to leverage the results of Fig.

3.11(b), this deformation can be rewritten as a discrete Fourier series. Since the first term in the

series has a 97% overlap with the deformation, the mirror surface profile is well-approximated by

the truncated series δx(r) ≈ δx0 cos (πr/D). Therefore, excitations of the lowest order normal mode

of the mirror correspond to dynamic wavefront perturbations with transverse spatial wavelength

λt = 2D ≈ 0.6 m in Fig. 3.11(b).

The normal modes of the mirror can be excited by vibration of the satellite. We conservatively

assume a white noise acceleration spectrum of δa = 10−7g/
√

Hz which acts as a driving force for

this motion [107]. The vibration response to acceleration of one of the normal modes is a narrow

Lorentzian centered at the resonant frequency of the mode:

Vn(ω) ≡
δx0

δa
=

1
√

(ω2
n − ω2)2 + (2γnωn)2

(3.7)

Here γn is the (structural) damping of the mode with resonance frequency ωn. Even the lowest of

the mirror resonances (corresponding to the λt = 2D mode discussed above) tends to be relatively

high frequency (ωn > 100 Hz) and sharply peaked (Qn ≡ 1
2
√

3γn
> 102), so the response of the mirror

surface in the GW detection bandwidth is relatively flat, corresponding to the tail of the Lorentzian.

The phase noise induced by these off-resonant mechanical vibrations is given by Eq. (3.5) with

δz(ω) = 0 and δθ = k Vn(ω)δa. The resulting effective strain noise from mechanical vibrations of

the lowest mirror mode (with λt = 2D) is shown in red (labeled “Mechanical”) in Fig. 3.12.

The effect of higher order normal mode oscillations is generally suppressed since these modes

have correspondingly higher resonance frequencies, and the size of the mechanical response in the

GW band scales as ∼ ω−2
n . However, since they are also associated with smaller λt, these modes

can induce a larger intrinsic response (see Fig. 3.11(b)). Specifically, for long spatial wavelengths

λt > λc, the phase response scales as λ−2
t . Assuming a linear dispersion relation for the mirror

modes, the transverse wavelength of the mode goes as λt ∼ ω−1
n . As a result, the first several
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Figure 3.12: Effective strain induced by several sources of wavefront noise. Each of the effects is
caused by a phase aberration that is imparted to the laser beam as it reflects off the final telescope
mirror. “Mechanical” (red) is the off-resonant mechanical acceleration noise of the mirror assuming a
normal mode with ωn = 2π×2 kHz and Qn = 102 and a white noise acceleration amplitude spectral
density of 10−7g/

√
Hz. “SB” (yellow) is substrate Brownian noise at temperature τ = 300 K for a

M = 1 kg mirror assuming a normal mode with ωn = 2π × 2 kHz, Qn = 102, and with effective
mass fraction αn = 10−3. “TE” (green) is thermoelastic noise for a beryllium mirror substrate at
temperature τ = 300 K assuming a Gaussian deformation scale factor of w0 = 1 cm.

normal modes make roughly equal contributions to the noise floor. Beyond this, higher frequency

normal modes with transverse wavelengths λt < λc are suppressed by the decreased mechanical

response and (eventually, for λt < σ) by spatial averaging over the atom cloud.

In addition to external mechanical excitation, the normal modes of the mirror also vibrate as a

result of the finite temperature of the substrate[106, 108]. These thermally excited mirror vibrations

are known as substrate Brownian (SB) noise. The phase noise caused by substrate Brownian noise

is given by Eq. (3.5) with δz = 0 and δθ = δθSB where

δθSB = k δxn ≈ k

√
4kBτ

Mαnω2
n

√
γn

ω
(3.8)

and where δxn is the amplitude spectral density of the vibration amplitude of the mirror mode with

resonance frequency ωn, structural damping γn, and effective mass Mαn [108]. This result follows

from the fluctuation dissipation theorem for a mirror substrate of temperature τ [109]. Here M is

the mass of the mirror itself and αn quantifies the effective fraction of the mirror mass that oscillates

for a particular mode. Values for the effective mass Mαn of the mode depend on the details of the

mode shape as well as material properties of the substrate and the geometry of the mirror. As an

example, the values of αn reported by [108] range from 10−3 to 10 for a 10 cm diameter, 8.8 cm

thick fused silica mirror with mass M = 1.6 kg. For a conservative estimate, we take M = 1 kg
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and α = 10−3. The resulting effective strain noise caused by substrate Brownian noise of the lowest

mirror mode (with λt = 2D) is shown in yellow (labeled ‘SB’) in Fig. 3.12. As with mechanical

noise above, the first few higher mirror modes (which have smaller λt) are potentially of comparable

size since the phase response scales as λ−2
t . However, the overall response for the different modes

will depend on the detailed scaling of αn for the specific mirror geometry, and this is beyond the

scope of our analysis.

Thermal fluctuations in the mirror substrate can also cause wavefront aberrations by inducing

non-uniform thermal expansion, an effect known as thermoelastic noise [110, 106, 109]. This effect

depends strongly on the material properties of the mirror substrate, such as the coefficient of ther-

mal expansion, thermal conductivity, density, and specific heat. As an example, we consider the

thermoelastic noise for a beryllium mirror at 300 K. Note that this is a conservative estimate, since

the James Webb Space Telescope (JWST) will use a beryllium mirror at 30 K, and the lower tem-

perature significantly reduces thermoelastic noise [111]. The power spectral density of thermoelastic

vibrations has previously been calculated for a Gaussian deformation with scale factor w0 [106, 110].

To be maximally conservative, we choose the scale factor to be w0 = 1 cm since this maximizes

the thermoelastic amplitude spectral density in the GW frequency band for the beryllium mirror.

Represented in the Fourier domain, a Gaussian surface deformation contains a distribution of trans-

verse wavelength components λt # w0. The total phase noise response to the Gaussian deformation

is then the sum of each spectral component weighted by the amplitude of the phase noise spectral

response δφ(kt, ω) given by Eq. (3.5). As a conservative simplification, we take the value of the peak

response of δφ(kt, ω) which occurs at λt ≈ 10 cm as the response for the entire Gaussian spectrum.

The resulting effective strain due to thermoelastic noise is shown in green (labeled “TE”) in Fig.

3.12.

The dynamic wavefront noise effects considered so far are all caused by a phase aberration that

is imparted to the laser beam as it reflects off the final telescope mirror. Alternatively, wavefront

noise may be present on the beam as a result of the intrinsic limitation of the spatial mode purity

of the laser source. To eliminate this type of aberration, the laser beam can be sent through a high

finesse mode-scrubbing optical cavity prior to delivery to the final telescope optics. In this case,

the wavefront noise upon exiting the optical cavity will be limited by the same sources of dynamic

wavefront noise shown in Fig. 3.12 as applied to the mirrors in the optical cavity, rather than by

anything intrinsic to the laser.

Atom Distribution Induced Phase Noise

Quantum projection noise and variation in the preparation of the atom sample result in shot-to-shot

fluctuations of the atom cloud size and its position in the interferometer beam. At zero temperature,

if the two paths of the interferometer do not separate transversely, the cloud size variation induces

no net phase error as both paths average over the same wavefront error at each pulse. Such a
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constant phase is perfectly cancelled by the pulse sequence. Due to finite temperature, however, the

expansion of the cloud will result in a phase error since the cancellation will no longer be perfect

between pulses. Moreover, the interferometer paths do separate in general, and each path explores

a slightly different region of the wavefront aberration, resulting in non-zero phase shift. If the cloud

size or transverse position changes from shot to shot, this phase-shift varies in time, mimicking a

gravitational wave.

We compute the phase noise due to stochastic variations in the atom clouds’ initial size and po-

sition. The size during the interferometer is determined by the linear expansion associated with the

clouds’ finite temperature. Assuming the typical FWHM cloud size and the corresponding amplitude

spectral density for the two distant atom clouds are identical, but uncorrelated, and assuming that

the amplitude spectral density of the transverse position is also identical and uncorrelated, we find

that the maximum allowable wavefront aberration is proportional to csc[π∆z/λt]
2. This scaling fac-

tor indicates that transverse wavelengths longer than the transverse separation will be quadratically

suppressed, as expected. As previously mentioned, the cloud expands linearly once released from

the trap due to its non-zero temperature. At temperatures of 100 pK and corresponding velocities

of 100 µm/s, this effect is negligible.

The transverse trajectory deflection of the inclined-great-circles orbit is suppressed by ∼ L/R ∼
103 compared to that of the leader-follower orbit (see Fig. 3.7). Consequently, for the same wave-

front aberration, the inclined-great-circle orbit has a significantly relaxed cloud size and position

constraint, as shown in Fig. 3.13. The size of the transverse wavepacket separation (∆z = 4 cm for

the LF orbit, and ∆z = 80 µm for the IGC orbit) is the only difference between the two curves. In

both cases, the shot-to-shot atom cloud size and centroid position variation are assumed to be at the

shot-noise limit. For an atom cloud of Na ∼ 108 atoms with size σ = 1 cm, the centroid transverse

position uncertainty due to shot-noise is δz ∼
√

Naσ ∼ 1 µm. Likewise, the cloud size uncertainty

is given by δσ ∼
√

Naσ ∼ 1 µm . These values represent a lower bound on the centroid position

and cloud size variation from shot-to-shot. Since the results of Fig. 3.13 assume spatially averaged

detection, the curves represent maximally conservative wavefront requirements that can be relaxed

through the use of more sophisticated detection schemes (see Sec. 3.4.2).

Wavefront Aberration Noise Mitigation

In an alternative interferometer beam geometry, the atom optics laser beams can be made to first

propagate between two satellite stations along a path that is displaced from the atoms before being

redirected to interact with the atoms. As a consequence, the first propagation segment would

serve as a spatial filter, allowing high frequency wavefront noise to diffract out of the beam. This

arrangement is still sensitive to wavefront aberrations caused by the beam steering optics, but these

are potentially better defined than the mode of the laser source. If needed, this alternative beam

geometry could be used in conjunction with a mode-scrubbing cavity.
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Figure 3.13: Transverse spatial phase profile requirement as a function of transverse wavelength for
shot-to-shot noise sources. All curves have been enveloped and assume the five-pulse interferometer
of Fig. 3.3 with 200!k atom optics, an L = 30 km baseline, and a δφ = 10−4 rad/

√
Hz phase noise

requirement. The clouds are assumed to be 1 cm FWHM, and the amplitude spectral densities of the
cloud size and cloud centroid position noise are both 1 µm/

√
Hz (This assumes a fr = 1 Hz repetition

rate with 108 atoms per shot). The curves associated with the leader-follower and inclined-great-
circles orbits have been labeled “LF” (blue) and “IGC” (green) respectively. The solid curves are
associated with fluctuations in initial atom cloud size, while the dashed curves are associated with
fluctuations in initial cloud position in the beam. Note that the wavefront requirements shown here
are maximally conservative; those from the LF curves in particular can be significantly mitigated
by characterizing the wavefront and by reducing the transverse separation through multiple-pulse
interferometer sequences (see Sec. 3.4.2).
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Commercially available interferometers can measure wavefront aberration with RMS repeata-

bility δλ < λ/1000 [112]. In principle, the aberration can be monitored in real time using such a

wavefront sensor. Furthermore, we can leverage the fact that the detection is spatially resolved (see

Sec. 3.3.3) to perform in situ measurements of the wavefront. If necessary, in addition to measuring

the spatial phase distribution for each of the five-pulse sequences, we can interleave alternate pulse

sequences tailored to be maximally wavefront-sensitive. The initial transverse velocity and the time

between pulses can be varied to gain maximal information about the wavefront.

Spatially resolved detection of the atom cloud can help mitigate the wavefront requirements that

result from spatial averaging (Fig. 3.13). In particular, the requirements shown in Fig. 3.13 for

the leader-follower orbit exceed the range of current technologies [112]. However, these bounds are

maximally conservative since with spatially resolved detection we can directly measure the shot-

to-shot variations of the cloud size and centroid position in real time. The additional information

provided by spatially resolved detection should allow the wavefront requirements shown in Fig. 3.13

to be relaxed by an amount that depends on how well the shot-to-shot wavefront characterization

can be performed.

Finally, to lessen the impact of shot-to-shot noise sources, it is possible to use interferometer

sequences with more pulses than considered here to reduce the transverse wavepacket separation.

The quadratic scaling of the phase noise with respect to this separation makes it a useful tool for

shot-to-shot phase noise management.

3.4.3 Laser Phase Noise

As the laser phase is the reference used to measure the atom motion, noise of the laser phase is

imprinted as noise on the atom phase. We consider two sources of laser phase noise: noise of the

laser phase δφ and noise δk of the center frequency of the laser. For both, the noise is significantly

suppressed by using common lasers.

Despite the use of common lasers, the laser phase δφ is asymmetrically imprinted due to the finite

light travel time L
c ∼ 100 µs between the two interferometers [34]. If the laser pulses are longer than

the light travel time, however, the phase noise at only the beginning and end of the pulses will be

non-common; the rest of the pulse overlaps in time and is common. Modeling the LMT pulse as

a large number of consecutive pulses, we note that if the total pulse is longer than the finite light

travel time, laser phase noise at frequencies lower than ∼ c
L will be suppressed.

In addition, each interferometer is insensitive to static phase offsets and will suppress phase noise

at frequencies below ∼ 1
T . Moreover, the atoms average the laser phase at frequencies higher than the

effective Rabi frequency of the LMT pulse, Ωst/N , where N is the number of pulses. By calculating

the quantum evolution of the phase of the atom states through the interferometer sequence, we can

analytically find the transfer function Tφ(f) that relates laser phase noise to atom phase noise for a

five-pulse sequence (see [113] for a similar calculation).
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Figure 3.14: The transfer function relating laser phase noise to atom phase noise as a function of fre-
quency. Many of the sharp oscillations have been enveloped. Both curves have fixed interferometer
time T = 4 s and baseline L = 30 km. The solid (black) and dashed (red) curves represent inter-
ferometers that use pulses of Rabi frequency 10 and 0.1 kHz respectively; each LMT beamsplitter
contains 100 of these pulses. Below 1

T = 0.25 Hz, phase noise is suppressed due to the interfer-
ometer’s insensitivity to static phase offsets and overlapping pulse suppression. The sensitivity to
phase noise rises until the atom begins to average the phase roughly at the effective LMT Rabi
frequency. This effective low pass filter balances the high pass filter of the overlapping pulse sup-
pression, producing the flat region. Above the corner frequency of the overlapping pulse suppression,

c
2πL ∼ 1.6 kHz, the atom’s averaging suppresses phase noise.

In Fig. 3.14 we show this transfer function for two sample Rabi frequencies Ωst = 10 and 0.1 kHz

for fixed baseline L = 30 km and interferometer time T ∼ 4 s. Note the corner frequencies at
1
T = 0.25 Hz, Ωst

Nπ , and c
2πL = 1.6 kHz corresponding to the interferometer low-frequency suppression,

the atom’s LMT Rabi frequency suppression, and the overlapping pulse suppression respectively. In

general, the transfer function will exhibit the sharp, narrow spikes that appear in the Ωst = 0.1 kHz

curve. These resonances arise at multiples of Ωst due to the accumulative imprint of phase at the

beginning and end of each component pulse of the LMT. For special values of the Rabi frequency

where Ωst is a multiple or fraction of πc/2L = 10 kHz, these resonances match with nulls in the

overlapping pulse suppression and are greatly reduced. This is shown in the Ωst = 10 kHz curve.

Drift δk in the central frequency of the laser between pulses differentially changes the position of

the laser phase reference relative to the near and far interferometers. While the near interferometer

sees negligible motion of the phase front, the far interferometer sees a wavefront shifted by δk L.

Equivalently, this effect can be understood in the time domain as an extra phase accumulated at a

rate δk during the time L/c during which the light pulse is not common for the two interferometers.

To place an upper bound on laser phase noise control constraints, consider the conservative Rabi

frequency ∼ 10 kHz . As the δφ and δk L phase noise sources are uncorrelated, they must be added
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in quadrature as ∼
√

(δφ)2 + (δk L)2. For this contribution to be < 10−4 rad/
√

Hz, the phase noise

of the laser must be < −120 dBc
Hz at an offset of ∼ 10 kHz , and the fractional stability in the laser

frequency must be ∼ 10−15 over time scales ∼ T . Both requirements are experimentally achievable

[114, 115].

Alternatively, in a three or more satellite configuration, two non-parallel beam lines designed

to share a common laser can be used to greatly suppress the laser phase noise due to frequency

instabilities. Noise from each beam’s counter-propagating laser is common to both interferometers

on that line, while noise on the shared laser is common to both pairs of interferometers. The

gravitational wave signal remains present because it has different components along the two beam

lines. The residual phase shift is ∼ δkδL, where δL is the difference in length of the two beam lines.

If the arm lengths are known to ∼ 1 m, then the laser frequency drift may be relaxed to a fractional

stability of ∼ 10−11.

3.5 Environmental Considerations in Low Earth Orbit

The sensitivity curve in Fig. 3.4 assumes atom shot noise limited phase noise. Many environmental

effects, however, can contribute noise and spurious signals. We analyze these potential backgrounds

for both leader-follower and inclined-great-circle orbits. The error model we consider includes the

effects of rotation (Coriolis and centrifugal forces), non-uniform gravity, and magnetic fields. In

addition, the analysis accounts for laser pointing errors and the effect of the finite curvature of the

laser wavefronts.

3.5.1 Error Model

To calculate the phase shifts caused by these effects on the atom interferometer, we follow the

standard procedure of calculating the contributions from propagation phase, separation phase, and

laser phase [70, 5] for both orbital configurations shown in Fig. 3.6. In both cases, we compute

the phase shift between two atom interferometers separated by baseline L. The light pulse sequence

used for the calculations is the five-pulse, double-diffraction interferometer shown in Fig. 3.3. The

two interferometers are assumed to have an uncontrolled initial velocity difference of (δvx, δvy, δvz)

and position offset of (δx, δy, δz), both of which may vary stochastically shot to shot. Since we

are concerned only with terms that vary in time in the detection band, all constant offset phase

shift terms have been subtracted. Here Tij ≡ −∂jgi is the gravity gradient tensor and gi is the

gravitational field vector. Values for Tij assume a spherical Earth.

A realistic analysis must account for the finite curvature of the laser wavefronts at the position

of the atoms and temporal stability of the laser propagation axes. For a Gaussian beam propagating

along the x-direction, the phase imprinted during one of the light pulses on an atom at position



CHAPTER 3. AGIS-LEO 75

R*L

n f

z

x

Figure 3.15: Pointing jitter insensitivity due to wavefront curvature of the Gaussian interferometer
beams. The two satellites are depicted as points labeled “n” and “f” for near and far, respectively.
The satellites are separated by a baseline L, and the atom interferometers are assumed to operate in
close proximity to each of the satellites. The interferometer beam waist is located at the midpoint
between the two satellites and the beam has a Rayleigh range xR = L/2 so that the radius of
curvature of the wavefront at the far satellite is R = L. As a result, the laser phase at the location
of the far satellite is insensitive to pointing jitter caused by uncontrolled rotation of the beam about
the near satellite.

(x, y, z) is given by

Φ(x, y, z) = kx + k
2Rc(x)(y

2 + z2) − arctan (x/xR) (3.9)

where Rc(x) ≡ x + x2
R/x is the radius of curvature of the wavefronts and xR is the Rayleigh range

of the beam. Notice that for an atom at position x = xR, the radius of curvature is Rc(xR) = 2xR.

To reduce sensitivity to pointing jitter (see below), the curvature of the wavefronts may be chosen

so that the phase of the beam at the position of the atom is minimally sensitive to beam rotation.

Therefore, a beam with xR = L/2 and a beam waist placed at the midpoint between the two atom

interferometers separated by baseline L will have a radius of curvature equal to the baseline distance

at the position of the atoms (this is the same configuration as a confocal cavity). This configuration

results in a substantial suppression of laser pointing sensitivity because the wavefront curvature at

the position of the atom is locally the same as the curvature of a spherical wave originating from

the point of rotation of the beam (see Fig. 3.15).

In our model, we assume the laser configuration shown in Fig. 3.15 in which the beam waist

is placed at the midpoint between the satellites and the Rayleigh range is xR = L/2. We consider

the phase shift resulting from a two-photon transition (Raman or Bragg), and we assume that

each of the two satellites serves as the point of origin for one of the two (counter-propagating)

frequencies involved in the transition. For simplicity, we further assume that only one of the satellites

experiences pointing error, so that only one of the counter-propagating Gaussian beams will have a
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variable propagation direction, parameterized by the angle θ(t). For the case that the near satellite

is rotating (point “n” in Fig. 3.15), the phase of the two-photon phase shift at the location of the

far satellite (point “f” in Fig. 3.15) is approximately given by

∆Φf(xf, zf) = 2kxf + kzf

(xf

L

)
θ(t) + kL · O

[
(xf/L)2 , (zf/L)2 , (kL)−1

]
(3.10)

where xf is the longitudinal position offset of the far atom away from the ideal Rayleigh range

position, zf is the transverse offset, and we take y = 0. Notice that at the exact position of the

Rayleigh range (xf = 0) the phase is (to first-order) independent of θ(t). Likewise, the two-photon

phase shift at the location of the near satellite is approximately

∆Φn(xn, zn) = 2kxn + kzn

(
1 +

xn

L

)
θ(t) + kL · O

[
(xn/L)2 , (zn/L)2 , (kL)−1

]
(3.11)

where in this case xn is the longitudinal position of the near atom with respect to the point of

rotation of the beam and zn is the transverse offset. Note that the phase ∆Φn at the position of the

near atom is still sensitive to θ(t) since the wavefront curvature cannot be matched at that distance

from the rotation point.

We parameterize laser pointing errors with two terms: a low frequency uniform pointing drift δΩ,

which persists over the duration of the interferometer sequence, and a high frequency pulse-to-pulse

angular jitter δθ(t); e.g. θ(t) = δΩt + δθ(t). The rms deviation for δθ(t) is taken to be δθ.

In addition to the phase, the curved wavefronts also affect the atom trajectories during the

interferometer. As a result of wavefront curvature, the momentum transferred to the atom at each

interaction point is position dependent. Since the wavevector k is the gradient of the local phase

at the position of the atom-light interaction, we have k(x, y, z) = ∇Φ(x, y, z), where Φ(x, y, z) is

given by Eq. 3.9. The finite beam curvature causes the effective wavevector keff to point slightly

away from the interferometer axis at off-axis points. This changes the direction of the momentum

kick imparted to the atom, modifying its trajectory. A modified atom trajectory in turn leads to a

correction to the phase shift. We account for this effect by calculating the actual momentum transfer

!keff at each interaction point based on the local phase gradient at the position of the atom. As far

as we know, this is the first time that the effect of wavefront curvature on the atom trajectory has

been included in an AI phase shift analysis.

We perform the phase shift calculation outlined above using the rotated Gaussian beam phase

shifts of Eqs. (3.10) and (3.11). The results of this analysis for the LF orbital configuration are shown

in Table 3.4. The LF calculation uses the coordinate system shown in Fig. 3.1, where the x-axis

is the chord connecting the two satellites. Table 3.5 shows the results of the same analysis for the

IGC configuration; here the connecting chord is along the y-axis as shown in Fig. 3.6. As mentioned

before, we only show the differential phase terms that can cause time-dependent background signals

and so we have subtracted the unimportant constant phase.
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Differential phase shift Size (rad) Constraint

1
1485k3

eff!
2

4Lm2 T 6TxxΩorδΩ (180 s)δΩ δΩ < 0.57 µrad/s

2
1485k3

eff!
2

2Lm2 T 6Ω3
orεzzδΩ (350 s)εzzδΩ εzz < 0.50

3 15
2 keffT

4RΩ2
or

`

15T
`

Tzz + 3Ω2
or

´

+ 8ΦΩor

´

εgδΩ
`

3 × 109 s
´

εgδΩ εg < 5.8 × 10−8

4 30keffT
4Ω4

orεxx(δxn − δxf) (22 m−1)εxx(δxn − δxf) (δxn − δxf)εxx < 4.5 µm

5 15keffT
4TxxΩor

“

keff!

Lm
+ 9TΩ2

or

”

(δzf − δzn) (0.84 m−1)(δzf − δzn) (δzf − δzn) < 120 µm

6 30keffT
4Ω3

or

“

keff!

Lm
+ 9TΩ2

or

”

εzz(δzf − δzn) (1.7 m−1)εzz(δzf − δzn) εzz < 0.49

7 45
2 keffT

5
`

T 2
xx + 6TxxΩ

2
or + 4TzzΩ

2
or + 5Ω4

or

´

∆vx (270 s/m)∆vx ∆vx < 370 nm/s

8 3keffT
4Ωor

„

9k2
eff!

2

L2m2 − 5Txx

«

∆vz

`

9.6 × 103 s/m
´

∆vz ∆vz < 10 nm/s

9 30keffT
4εzzΩ

3
or∆vz

`

1.9 × 104 s/m
´

εzz∆vz εzz < 0.52

10 60
!k2

eff
L2m

T 4Tyyδvynδyn

`

4.3 × 10−2 s/m2
´

δvynδyn δvynδyn < 23 cm2/s

11 36k3
eff

!
2

Lm2ΩorT
3(7 + 8 cos(ωT )) sin4

`

ωT
2

´

δθ
`

3.9 × 105
´

δθ δθ < 0.26 nrad

12 4 keffδzn(7 + 8 cos(ωT )) sin4
`

ωT
2

´

δθ
`

1.3 × 1010 m−1
´

δznδθ δθ < 0.77 nrad

13 27
√

2
4 keffxn

L
R
Ω2

orT
2χ(ωT )δθ

`

1.1 × 104
´

xnδθ δθ < 0.91 nrad

Table 3.4: Differential phase shift error budget for AGIS-LEO in a leader-follower orbit. The results
are written in terms of the LF coordinate system shown in Fig. 3.6. The shot-to-shot constraints
on the noise amplitudes shown in the far right column are determined by the 10−4 rad/

√
Hz phase

noise requirement with an assumed 1 Hz repetition rate. The labels “n” and “f” refer to the near
and far atom clouds, respectively, using the convention described in Fig. 3.15. Here ω is the
frequency of the pointing jitter δθ(t). In term 13, xn = 10 m is the longitudinal distance of the
near atom cloud from the center of rotation of the near satellite, and the frequency response is
given by χ(ωT ) ≡

√
155 + 100 cos(ωT ) − 39 cos(2ωT )− 16 cos(3ωT ) sin2

(
ωT
2

)
. The longitudinal

and transverse velocity differences are given by ∆vx ≡ (δvxf − δvxn) and ∆vz ≡ (δvzf − δvzn). In term
12 we take δzn = 10 µm.
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Differential phase shift Size (rad) Constraint

1
15k2

eff!

Lm
T 4TyzΩor(δxf + δxn)

`

2.3 × 10−3 m−1
´

(δxf + δxn) (δxf + δxn) < 43 mm

2 15
2 keffT

4T 2
yy(δyn − δyf)

`

5.6 m−1
´

(δyn − δyf) (δyn − δyf) < 18 µm

3 45
2 keffT

4TzzΦΩ
2
or(δzf + δzn)

`

6.9 × 10−2 m−1
´

(δzf + δzn) (δzf + δzn) < 1.5 mm
4 15keffT

4Ωor

`

Tyz + Φ
`

Tyy + Txx + 2Ω2
or

´́

(δvxf+δvxn) (140 s/m) (δvxf + δvxn) (δvxf +δvxn) < 0.72 µm/s
5 45

2 keffT
5T 2

yy(δvyf − δvyn) (67 s/m) (δvyf − δvyn) (δvyf − δvyn) < 1.5 µm/s
6 135

2 keffT
5TyzΩ

2
or(δvzf + δvzn) (1.2 s/m) (δvzf + δvzn) (δvzf + δvzn) < 81 µm/s

7 30keffT
4

`

Tzz + 3Ω2
or

´

δΩδvzn

`

1.7 × 107 s2/m
´

δΩδvzn δΩ < 6.0 µrad/s

8
171k3

eff!
2

2L2m2 ΩorT
4δΩδxn (63 s/m) δΩδxn δΩ < 37 µrad/s

9 30keffT
4Ω2

or

“

keff!

Lm
+ 45

4 TΩ2
or

”

δΩδzn

`

1.7 × 103 s/m
´

δΩδzn δΩ < 40 µrad/s

10
27k3

eff!
2

4L2m2 T 3δΩδzf

`

1.1 × 103 s/m
´

δΩδzf δΩ < 62 µrad/s

11 225
2 keffRT 5Ω2

or

`

Tzz + 3Ω2
or

´

εgδΩ
`

2.4 × 109 s
´

εgδΩ εg < 6.8 × 10−9

12
30k2

eff!

L2m
T 4RΩ3

orεg(δxn − δxf)
`

180 m−1
´

εg(δxn − δxf) εg < 1.3 × 10−5

13 60keffT
4Ω3

orεxxδΩδxn

`

3.8 × 104 s/m
´

εxxδΩδxn εxx < 1.0 × 10−2

14 60keffT
4Ω2

or

“

keff!

Lm
+ 15

2 TΩ2
or

”

εzzδΩδzn

`

2.6 × 103 s/m
´

εzzδΩδzn εzz < 4.2

15 9
√

2keffyn
L
R
Ω2

orT
2χ(ωT )δθ

`

1.4 × 104 m−1
´

ynδθ δθ < 0.71 nrad
16 4 keffδzn(7 + 8 cos(ωT )) sin4

`

ωT
2

´

δθ
`

1.3 × 1010 m−1
´

δznδθ δθ < 0.77 nrad

Table 3.5: Differential phase shift error budget for AGIS-LEO in an inclined-great-circle orbit.
The results are written in terms of the IGC coordinate system shown in Fig. 3.6. The shot-to-
shot constraints on the noise amplitudes shown in the far right column are determined by the
10−4 rad/

√
Hz phase noise requirement with an assumed 1 Hz repetition rate. The labels “n” and

“f” refer to the near and far atom clouds, respectively, using the convention described in Fig. 3.15.
In term 15, yn = 10 m is the longitudinal distance of the near atom cloud from the center of rotation
of the near satellite. In term 16 we take δzn = 10 µm.
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The terms in Tables 3.4 and 3.5 are not ranked by size. Instead, each term represents the largest

contribution to the susceptibility of the instrument to a particular noise source. The relative sign

between the different terms in the list is suppressed in order to avoid the appearance of spurious can-

celations. As an example, term 5 in Table 3.4 quantifies the instrument sensitivity to the transverse

positions δzn and δzf of the near and far atom clouds.

The size of each term in the list is written as a product of the susceptibility and the associated

noise amplitude. The size of the phase response determines a constraint on the noise amplitude

based on the desired instrument phase noise requirement of 10−4 rad/
√

Hz. The constraint values

shown in the far right column of Tables 3.4 and 3.5 should be interpreted as the allowed tolerance

per shot (not per
√

Hz), with an assumed instrument repetition rate of 1 Hz.

Note that the IGC analysis does not account for the non-zero relative velocity between the two

atom clouds or the required orbital phase offset between the satellites to avoid collision (see discussion

in Sec. 3.2.4). Both of these effects can be addressed by rotating and chirping the interferometer

laser to make it remain inertial during the interferometer sequence [70, 15].

Many of the phase shifts calculated in this analysis cancel as a result of the symmetry of a

perfect circular orbit around a spherical Earth. In order to account for possible deviations from this

condition, these terms appear in Tables 3.4 and 3.5 along with a set of ε-parameters that quantify

the imperfections of the orbit. The orbital acceleration condition imperfection is quantified by

εg ≡ (g−RΩ2
or)/RΩ2

or, where R is the radius of the orbit. Deviations in the gravity gradients caused

by the non-spherical Earth are parameterized by εxx ≡ (Txx −Ω2
or)/Ω

2
or, εyy ≡ (Tyy −Ω2

or)/Ω
2
or, and

εzz ≡ (Txx + 2Ω2
or)/2Ω2

or. Note that these gravity gradient ε-parameters are not exactly zero even

for a perfectly spherical Earth as a result of the small tilt of the coordinate system (see Fig. 3.6).

Several of the noise constraints in Tables 3.4 and 3.5 are interdependent. For example, term 9

in Table 3.5 puts a constraint on the product of transverse position error δzn and the rotation rate

error δΩ. In situations like this, the constraint reported in the table generally accounts for the other

existing constraints on the same noise parameters. In the case of term 9 in Table 3.5, we use the

pre-existing constraint on δzn from term 3 in Table 3.5 in order to calculate the implied constraint

on δΩ. A counterexample of this is term 7 in Table 3.5, where we assume δvvn = 1 µm/s in order to

mitigate the requirement on δΩ.

The largest terms due to angle jitter δθ appear at the end of Tables 3.4 and 3.5 (terms 11-13

and 15-16, respectively). The angle jitter results have been simplified by enforcing the ideal circular

orbit condition g = Ω2
orR as well as the spherical Earth approximation Txx = Tyy = − 1

2Tzz = Ω2
or.

In Table 3.4, term 13 appears as the dominant response for the same analysis performed with plane

waves instead of Gaussian beams; here the term is suppressed by xn/L ∼ 3× 10−4 compared to the

plane wave case as a result of the curved wavefront at the far satellite. Term 11 consists of equal

contributions from both the near and the far satellite and is a result of the finite longitudinal extent

of each atom interferometer coupled with transverse Coriolis deflections. The main difference for
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the inclined-great-circles orbit configuration is that the transverse Coriolis deflections are greatly

suppressed. As a result, term 11 in Table 3.4 does not appear in the IGC results.

The precise physical origin and interpretation of the individual terms in Tables 3.4 and 3.5 is

often obscure. To first order, the five-pulse sequence combined with the differential measurement

strategy is immune to many of the readily identifiable error sources such as the Coriolis force and

the gravity gradient. The remaining noise susceptibilities arise due to higher order cross-couplings

between rotation, gravity gradients, laser wavefront curvature and pointing jitter. For example, the

second half of term 8 in Table 3.4 results from a coupling between rotation and the longitudinal

gravity gradient. Specifically, a nonzero velocity vz in the z direction combined with the y-axis

rotation bias Ωor causes an x-axis Coriolis deflection given by ∆x ∼ ΩorvzT 2. This longitudinal

deflection leads to an acceleration a ∼ Txx∆x due to the gravity gradient. Roughly speaking, the

phase shift response to this acceleration is then keffaT 2 ∼ keffTxxΩorvzT 4, and term 8 is recovered

in the case when the near and far atom clouds have different vz.

Terms that arise due to the Gaussian wavefront curvature typically scale as ∼ 1/L since the

radius of curvature of the wavefronts is Rc(x) ∼ L at the position of the interferometers (see Eq.

3.9). These terms are proportional to the dimensionless ratio ρ ≡ vrT/L, where vr = !keff/m is the

atom recoil velocity. This ratio appears in terms 1, 2, 5, 6, 8, 10, and 11 in Table 3.4. Since vrT is

the rough longitudinal extent of the interferometer, the curvature terms depend on the ratio of the

size of the interferometer to the collimation length of the laser. In the limit that ρ → 0, the laser

wavefronts act effectively as plane waves and the wavefront curvature error terms become negligible.

For comparison, we include the results of the phase shift analysis for plane waves (ignoring the

Gaussian wavefront curvature) in Appendix 3.9.1.

3.5.2 Orbital Altitude

The error model in the previous section indicates that many systematic effects are mitigated at larger

orbital radii, where the rotation rate, Ωor, is smaller. In general, the selection of the satellites’ orbital

altitude needs to account for several factors, including vacuum requirements, magnetic fields, gravity

gradients, rotational effects, and the fraction of an orbital period spent in the Earth’s shadow. Of

these, only the last favors lower orbits, since without a satellite sunshield we rely on the Earth’s

umbra to protect the interferometers’ atom clouds from a large ∼ 10 s−1 scattering rate with solar

photons [43]. For an equatorial orbit at 1000 km, a satellite spends approximately one third of its

time in the Earth’s shadow. All of the other altitude-influencing factors mentioned improve with

increasing height, and in the following subsections we argue that their effects are acceptable at or

even below 1000 km.
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3.5.3 Vacuum Requirements

Collisions with particles in the background gas cause the decoherence of atoms in the interferom-

eter region. While this is not a source of noise and does not introduce a spurious phase shift,

the removal of atoms from the cloud reduces the sensitivity of the instrument. Around 700 km

above the Earth’s surface, the atmosphere is dominated by H, He, and atomic O with densities of

106 atoms
cm3 at temperatures near 1000 K [116]. This corresponds to pressures of 10−10 Torr, typical for

low-background-collision-loss atom interferometry experiments. At this pressure, the average time

between collisions of an atom with the background gas is ∼ 100 s [43], several times longer than the

proposed interferometer time of ∼ 10 s. Thus, satellites constructed with low-outgassing materials

at altitudes above 700 km are sufficient to meet the vacuum requirements of AGIS-LEO.

3.5.4 Magnetic Fields

Since the atom interferometers operate outside of the AGIS-LEO satellites, the atoms are in a region

of space with uncontrolled magnetic fields. The local magnetic field defines the quantization axis

used for the atom-laser interaction and shifts the atomic energy levels, which can cause an unwanted

phase shift in the atom interferometer. Variations in the direction of the magnetic field have been

addressed in the original AGIS proposal [43], and similar strategies to define the quantization axis,

such as a large permanent magnet, can be employed in AGIS-LEO.

Phase shifts due to time-dependent variation in the atomic energy levels are more concerning. In

order to mitigate these effects, we perform interferometry on atoms in the |m = 0〉 clock state which

is first-order insensitive to energy shifts from magnetic fields. However, alkali atoms have a second

order energy shift ∆E = 1
2α

3B2, and since 3B varies between the two AGIS-LEO interferometers,

there is a differential phase shift between them. We analyzed the in-situ magnetic field for various

AGIS-LEO orbits using the World Magnetic Model 2010 (WMM2010) [117]. The WMM2010 models

the Earth’s magnetic field using a 12th order spherical harmonic expansion with the minimum

wavelength of 28.8◦. This spatial resolution is much larger than the orbital arc traversed during a

24 second interferometer sequence, so we use a linear expansion of the field about the position of the

atom given by 3B0 + ∂ .B
∂λ λ(t − t0), where λ(t) is the orbital longitude of the atom at time t and the

start of the interferometer sequence is denoted by time t0. The leading order response of a single

three-pulse atom interferometer to these spatial gradients is:

∆φB 0
!keff

m
αT 2B0

∂B

∂λ

∂λ

∂x
0

!keff

m
αT 2B0

∂B

∂λ

1

RE
(3.12)

For this long-wavelength model, variations are suppressed by the ratio of the interferometer size to

the radius of the Earth, RE . The differential phase shift between two interferometers spaced by a

baseline L (assuming the LF orbital configuration) is
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∆φB,gradiometer 0
!keff

m
αT 2 (∂λB)2L

R2
E

(3.13)

This is further suppressed by the ratio of the baseline L to the radius of the Earth. For an

example 850 km equatorial orbit, using WMM2010, we expect ∼ 200 mG magnetic fields with
∂B
∂λ ∼ 1 mG/(deg. longitude). This results in a differential phase shift of ∆φB,gradiometer ∼ 10−8 rad,

which is well below atom shot noise. Magnetic field dependent phase shifts should be further sup-

pressed by a five-pulse AI sequence (see discussion in Sec. 3.5.1).

Additionally, there may exist finer local variation in the magnetic field due to the presence of

the spacecraft. However, the interferometer sequence takes place a distance d # 3 m from the

spacecraft, and local spurious magnetic fields fall off as ∼ d3. Therefore the magnetic field gradient

differences between the two spacecraft can likely be controlled below the required level of 10−8G/m.

Furthermore, pulse sequences that use larger numbers of pulses, such as the four- and five-pulse

sequences discussed above, will result in additional suppression of this effect.

3.5.5 Newtonian Gravitational Fields

Fluctuations in the Newtonian gravitational field can masquerade as a gravitational wave. To avoid

these spurious signals, the AI pulse sequence and the differential measurement satellite configuration

are designed to minimize phase shifts caused by the Newtonian gravitation potential φ. As discussed

in Sec. 3.5.1, AGIS-LEO benefits from many exact cancellations due to its pulse sequence symmetry

and the circular orbit condition which implies Ω2
or = g/R = Txx = 1

2Tzz. However, the analysis in

Sec. 3.5.1 assumes a perfectly spherical Earth and does not take into account the local gravitational

field due to the satellites. We now analyze the impact of a large local mass with position jitter as

well as the effect of the Earth’s inhomogeneous gravitational field.

Satellite Position Jitter

The motion of the satellite is typically a major source of concern for any space-based precision

test mass experiment, since this motion can cause large time-dependent gravity gradients that can

be a significant source of error. We take advantage of the disposability of the atomic test masses

and perform our precision measurement outside of the satellite in order to decrease our sensitivity

to these spurious gravity gradients. Since we are searching for time-dependent gravitational wave

signals, we are concerned only with background noise in our detection band; overall static phase

offsets between the two atom interferometers are not important. Therefore we require the satellite

jitter position δxsat(ω) to be small enough in our measurement frequency band so that spurious

phase shifts are below 10−4 rad/
√

Hz.

We calculate the response of a single atom interferometer to satellite position jitter using pertur-

bation theory [118]. To first order in the jitter amplitude δxsat(ω) the perturbing Lagrangian ∆Lsat
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Figure 3.16: Satellite position jitter requirements as a function of frequency. This plot is for a
single interferometer and assumes the five-pulse sequence of Fig. 3.3 with 200!k atom optics, a
satellite mass Msat = 1000 kg, an initial atom cloud distance d = 10 m from the satellite, and a
δφ = 10−4 rad/

√
Hz phase noise requirement.

is

∆Lsat(ω) 0
GMsatma

d2
δxsat(ω) (3.14)

where Msat is the mass of the satellite, ma is the atom mass, and d is the distance between the atom

and the satellite. The resulting propagation phase shift [70] from this perturbation as a function

of frequency determines the interferometer’s sensitivity to satellite position jitter. The required

satellite control to reduce the position jitter phase shift below atom shot noise is shown in Fig. 3.16.

The peak control requirement is ∼ 1 µm/
√

Hz at ω ∼ 1/T where T is the interrogation time. This

requirement is significantly less stringent than that imposed by wavefront aberrations and thus is

not a driving factor in the mission design.

Non-Spherical Earth Gravity Inhomogeneities

The proximity of the Earth’s non-uniform gravitational field to the instrument is also a source of

non-trivial Newtonian gravitational backgrounds. The near-Earth gravity field is well known and

is characterized in the Earth Gravity Model 2008 (EGM2008) by a spherical harmonic expansion

[119]. EGM2008 resolves spatial wavelengths as small as 5 arcminutes, which is approximately

the same size as the orbital arc subtended by AGIS-LEO during a single AI sequence. If the two

interferometers are in different gravitational fields, they will record different phase shifts. These

phase shifts will change over the course of the orbit, producing a time-dependent background signal.

At the position of the atom, the non-spherical Earth produces a time-varying gravitational po-

tential φ which can be characterized by spherical harmonics. These spherical harmonics form a
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natural basis to use for computing the AGIS-LEO response to gravitational deviations from the

static, spherical Earth. Expanded in this basis, the total gravitational potential Φ at the atom’s

position {r(t), θ(t), λ(t)} is

Φ(r(t), θ(t), λ(t)) =
GME

r(t)
+ φ(r(t), θ(t), λ(t)) (3.15)

where the deviation φ(r(t), θ(t), λ(t)) from a spherical Earth is

φ(r(t), θ(t), λ(t)) =
GME

r(t)

nmax∑

n=2

(
RE

r(t)

)n

×
n∑

m=0

(
c̄[n, m] cosmλ(t) + s̄[n, m] sinmλ(t)

)
P̄n

m[cos θ(t)] (3.16)

where ME is the mass of the Earth, r(t), θ(t), and λ(t) are the radial distance, northern spherical

polar distance (co-latitude), and longitude of the atom cloud, c̄[n, m] and s̄[n, m] are the expansion

coefficients from the EGM2008 model, and P̄n
m[x] are the fully normalized associated Legendre

functions of the first kind [119]. The effects of gravity gradients from a perfectly spherical Earth are

already accounted for in the phase shift calculation presented in Sec. 3.5.1. Here we compute the

atom interferometer response to an arbitrary spherical harmonic component of φ using perturbation

theory. We compute the response to the following perturbing Lagrangian for the AGIS-LEO leader-

follower equatorial orbit

∆L[n, m, t] = GME ma
Rn

E

r(t)n+1

(
c̄[n, m] cosmλ(t) + s̄[n, m] sinmλ(t)

)
(3.17)

We then sum the response of each individual spherical harmonic to produce the total phase shift

∆φEGM.

∆φEGM = −
1

!

nmax∑

n=2

n∑

m=0

(∫

upper
∆L[n, m, t]dt −

∫

lower
∆L[n, m, t]dt

)
P̄n

m[0] (3.18)

The Ω−1
or ∼100 minute orbital period of the AGIS-LEO constellation causes spherical harmonics of

order m to induce time-dependent phase shifts with frequency ωm = m(Ωor −ΩE), where ΩE is the

Earth’s rotation rate. In order to find the full frequency response due to Earth gravity for a 1 year

AGIS-LEO science run, we sum the phase shift response for all spherical harmonic components with

effective frequency ωm, and divide by the AGIS-LEO frequency response for a 1 year−1 bandwidth.

This procedure is identical to that used for plotting gravitational wave sources in Figs. 3.4 and

3.5. The effective strain response is plotted with circles (blue) in Fig. 3.17. At low frequencies

(f < 30 mHz), this Newtonian gravity background is the dominant systematic.
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Figure 3.17: Newtonian Gravity Backgrounds for a Leader-Follower Satellite Configuration. Each
point on this plot is the effective strain h/

√
Hz for a Newtonian gravity background frequency com-

ponent with a measurement bandwidth of 1 year−1. The circles (blue) are EGM2008 components,
the squares (red) are phase shifts due to lunar tidal forces, and the diamonds (green) are from free
earth oscillations normalized to a s0,2,0 peak amplitude of 1 cm. These results are for the LF orbital
configuration with a baseline of L = 30 km. Shown for reference, the AGIS-LEO GW sensitivity
curve (solid line) assumes the five-pulse sequence of Fig. 3.3 with 200!k atom optics, a T = 4 s
interrogation time, and a δφ = 10−4 rad/

√
Hz phase sensitivity.

Lunar and Solar Tidal Forces

Tidal forces from the Moon and the Sun can also contribute to the AGIS-LEO Newtonian gravity

background. We treat both bodies as point sources, and the perturbing effects arise from their

gravity gradients (since AGIS-LEO is in free-fall with respect to both the Sun and the Moon it is

not affected by a direct gravitational force from either body). While the five-pulse interferometer

sequence is insensitive to gravity gradient phase shifts from uniform gradients (e.g., those from a

perfectly spherical Earth at constant orbital altitude), it is sensitive to gradient differences between

the satellites. As the satellite constellation orbits the Earth, the orientation of the sensors changes

with respect to the vector pointing from AGIS-LEO to the Moon (or Sun). Therefore the orientation

of the Moon gravity gradients Mij changes with respect to the atom interferometers’ sensitive axes.

The two satellite orientations are also generally different with respect to the Moon gravity gradients.

Similarly, one satellite is often farther from the Moon than the other, and this creates a difference in

size between the gradients experienced by the two sensors, even though their orientations may be the

same. Thus Mij,1 is not the same as Mij,2, and this induces a phase shift that is modulated by both

the AGIS-LEO and Moon orbital velocities. We compute the differential phase shift response for a

gravity gradient difference δMij = Mij,1 − Mij,2 using perturbation theory. The 1 year science run

results are shown as squares (red) in Fig. 3.17. The frequency of the response is determined by the

relative orbital positions of the satellite constellation and the Moon. The plotted response is shown
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for the point of the Moon’s closest approach to AGIS-LEO and thus is a conservative estimate for the

size of the perturbation. The Sun produces a similar response, but smaller by MSun

MMoon

D3
Moon

D3
Sun

∼ 45%.

Free Earth Oscillations

The gravitational potential of the Earth is not constant in time and undergoes free Earth oscillations

at frequencies which could potentially interfere with the search for gravitational waves [120]. Free

earth oscillations are spherical harmonic eigenmodes of the Earth which ring at frequencies <10 mHz

and can be excited by major earthquakes, in some cases producing >1 cm height deviations at all

points on the Earth’s surface [120]. Not only are the gravitational fields from these events naturally

time-dependent, the orbital motion of the satellite also splits their frequency spectrum, making

spectral data analysis techniques more difficult (see Fig. 3.18). However, it is important to note

that free Earth oscillations are already well studied and that they can be independently measured

during AGIS-LEO science runs.

The standard formalism for computing the shape and oscillation frequency for the normal modes

of the Earth is well documented in the geophysics community, so we lean heavily on this preexisting

analysis [121]. The Earth can oscillate in three fundamental classes of modes: radial, toroidal, and

spheroidal. Radial modes are characterized by expansion and contraction of the Earth in a purely

radial direction with s = f(r)r̂, where s is the displacement of the Earth’s surface. Toroidal modes

produce shearing motion between sections of the Earth’s surface and have angular variation, but do

not contain radial displacement. For a spherical Earth, radial and toroidal modes do not produce

a Newtonian gravitational signal that is detectable by AGIS-LEO. On the other hand, spheroidal

modes have angle-dependent radial deviations which create ripples in the Newtonian gravitational

field that AGIS-LEO can detect during its orbit.

In order to determine the AGIS-LEO response to free Earth oscillations, we compute the per-

turbing potential φ(x) resulting from an arbitrary surface displacement, which gives

φ(x) = −G

∫

V

ρ(x′)s(x′) · (x − x′)

‖x − x′‖3 dV ′ (3.19)

where ρ is the density profile of the Earth and s(x′) = sn,l,m(r, θ, λ, t) is the displacement associated

with the (n, l, m)th Earth eigenmode [121]. Therefore the gravitational potential φ only depends on

(r, θ, λ, t) and the initial amplitude and phase of the displacement. The (n, l, m)th component of the

potential is given by

φn,l,m(r, θ, λ, t) =
Rl+1

E

rl+1
eiωn,l(t+t0)Yl,m(θ, λ)f(RE) (3.20)

where f(RE) is the integrated scale factor, t0 is an arbitrary time offset, ωn,l is the eigenfrequency,

and Yl,m(θ, λ) is shorthand notation for the fully normalized spherical harmonics that were previously

defined, with c̄[m, n] and s̄[m, n] set to unity. The normal mode eigenfrequencies strongly depend
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on the Earth composition and are not well approximated by a simple analytic model. Therefore we

use the MINEOS geophysics software package to calculate eigenfrequencies using the Preliminary

Reference Earth Model (PREM) for ρ(x) [122].

We compute the phase shift for this time-dependent φ using perturbation theory, as described

in the previous sections. The response is shown as diamond (green) markers in Fig. 3.17. For these

results, we chose f(RE) such that the peak displacement for mode s0,2,0 is 1 cm, corresponding to

the minimum displacement at any location on Earth immediately after the 2004 Sumatra-Andaman

earthquake [120]. This provides a conservative upper bound to the 1 year integrated coherent signal

response.

Newtonian Gravity Spectral Signatures

It is important to note that AGIS-LEO GW sources will persist over many satellite orbital periods,

and can thus potentially be discriminated from signals of terrestrial origin by their spectral signature

(see Fig. 3.18). For simplicity, we consider only an equatorial LF configuration here. Signal sources

which are fixed to the Earth (such as those arising from the non-uniform geoid characterized by

EGM2008) are shifted in frequency by the Earth rotation rate, ΩE . However, signal sources which

are not fixed to the rotating Earth, such as gravitational waves, have their signal split into a doublet

spaced by twice the orbital frequency. Since free Earth oscillations are decoupled from the Earth

rotation rate, they also form doublets which are spectrally indistinguishable from gravitational waves.

However, free Earth oscillations are independently monitored by ground-based seismic networks and

can be subtracted during signal post-processing. This picture is strictly correct only for an equatorial

orbit, since a finite inclination angle would lead to doublet signatures even for Earth-fixed sources.

3.6 Short-Baseline Configurations

The AGIS instrument concept can also be adapted to configurations which have baselines signifi-

cantly shorter than the 30 km version discussed above. For example, a simplified, single satellite

configuration could use extendable, deployable booms to house the interferometer regions. Such a

proposal would avoid the additional cost and complication of formation flying with multiple satel-

lites. It is also worth evaluating the merits of a proof-of-principle AGIS instrument that could be

space tested on the International Space Station (AGIS-ISS). While such instruments necessarily give

up sensitivity due to their relatively short baselines, they could still allow for scientifically interesting

gravitational wave detection, and they would facilitate technology development for a longer baseline

AGIS-LEO mission.

In addition to serving as a testbed for the AGIS-LEO light-pulse atom interferometry sequences,

a short-baseline instrument could be used to implement lattice-hold atom interferometry, a recently
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Figure 3.18: Discrimination of Newtonian gravity gradient signals by their spectral signatures for
an equatorial LF configuration. (a) Inertial signal sources include gravitational waves (at frequency
ω) and free-earth oscillations (ΩFE, “football mode” shown). (b) Non-inertial Earth-fixed sources
include the non-uniform geoid and terrain features, which rotate with the planet at a frequency of
ΩE (the spherical harmonic component pictured has m = 10). (c) Amplitude spectral signatures of
the effects pictured in (a) and (b). For an equatorial orbit, inertial sources (blue, thicker bars) are
amplitude modulated by the satellite’s orbital frequency, Ωor, and appear as doublets at ±Ωor relative
to the source frequency (gravitational wave or free-Earth oscillation). For satellites in equatorial
orbits, Earth-fixed sources would appear as signals at mΩor were it not for the rotation of the Earth.
With the Earth rotating at ΩE , these sources are downshifted by mΩE (red, thinner bar).

proposed alternative to light-pulse atom interferometry [101]. Lattice-hold atom interferometry in-

volves the use of optical lattices to continuously control the trajectories of the two arms of an atom

interferometer. Ideally, optical-lattice manipulations of the atoms require a larger two-photon Rabi

frequency (which is proportional to laser intensity) than may be available in the AGIS-LEO config-

uration. The long AGIS-LEO baseline requires a relatively large laser beam diameter in order to

mitigate diffraction, limiting the beam intensity. With the smaller beam waist allowed by a shorter

baseline, the necessary intensity for lattice-hold interferometry is more easily attainable. The po-

tential improvements in sensitivity of this promising new approach to atom interferometry suggest

that it might be possible to observe gravitational waves using 10 ∼ 100 m baselines. In princi-

ple, lattice-hold AI requires the same hardware arrangement as light-pulse AI, with only software

modifications needed to change the durations and frequencies of the applied laser light. Thus, a

short-baseline mission could provide a space demonstration of both light-pulse atom interferometry

and lattice-hold atom interferometry, with the possibility of gravitational wave detection.

In what follows, we provide a brief conceptual overview of lattice-hold interferometry as it could

be applied to an ISS or other short-baseline satellite mission. Much of the analysis discussed above

for a light-pulse interferometer geometry also applies to the case of a confined lattice-hold interfer-

ometer. In this section, we focus on the aspects of the analysis that must be modified for confined

interferometer geometries and short baselines.
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Figure 3.19: Lattice-hold interferometers in a differential configuration that could be realized on
the ISS. The baseline distance between the two interferometers is L, the wavepacket separation in
each interferometer is D, and the interrogation time is T . The gravitational-wave-induced phase
difference between the interferometers is given by Eq. (3.21).

3.6.1 Lattice-Hold Interferometer Gravitational Wave Sensitivity

A conceptual lattice-hold atom interferometer configuration is illustrated in Fig. 3.19. Consistent

with the AGIS differential measurement concept, two independent atom interferometers are sepa-

rated by a baseline L along the measurement axis. Both atom clouds are continuously confined in

the same one dimensional optical lattice (not shown in Fig. 3.19) such that vibration noise and laser

phase noise are largely suppressed as a common mode. Using a series of accelerating and decelerating

lattice potentials, each atom is coherently split and then pulled apart by a distance D. Once they

are divided, a stationary optical lattice potential holds the atoms for a time T . During this hold

time, the phase shift accrued by the atom is sensitive to the presence of gravitational waves.

To estimate the GW sensitivity scaling of this configuration, we only consider the effects of the

gravitational wave during the hold time T and ignore the periods of acceleration and deceleration

at the beginning and end of the sequence. We also point out that methods exist for calculating the

classical phase shift in an accelerating optical lattice [101], and that these methods are essential for

understanding the classical background effects that arise during the acceleration and deceleration

phases of the interferometer sequence. However, in this section we are only interested in the phase

shift caused by a GW, and the dominant contribution to this phase often arises during the hold time.

Thus, we perform a relativistic phase shift calculation [34] for an atom held in a stationary optical

lattice, and we ignore the effect of the GW during the times when the atoms are being accelerated.

In the relativistic calculation, we leverage the fact that in the local Lorentz frame at the initial
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spacetime location of the atom, the effects of curvature are negligible and we can use the classical

phase shift results from [101]. While confined in the nominally stationary optical lattice, the atom’s

spacetime trajectory is determined by the motion of the minima of the optical standing wave.

We determine the location of the standing wave minima by finding the intersection points of the

counter-propagating null geodesics of the light that makes up the optical lattice. These intersection

points are calculated using the general method presented in [34]. The null geodesic intersections are

affected by the GW, and since we assume that the atom is rigidly confined to the optical lattice

potential minima, the atom’s position is also affected. The resulting gravitational-wave-induced

phase difference between two lattice-hold interferometers is:

∆φGW =
m

!
ωLDh sin (ωT/2) sin θGW (3.21)

where m is the mass of the atom, h is the gravitational wave strain, ω is the gravitational wave

frequency, T is the hold time, L is the baseline distance between the two interferometers, and D

is the wavepacket separation in each interferometer. The phase θGW of the gravitational wave is

defined as in Sec. 3.2.2. We note that the acceleration and deceleration stages of the interferometer

sequence can make contributions to the phase difference that exhibit the same scaling with the

relevant experimental parameters as Eq. (3.21). The size of these contributions relative to Eq. (3.21)

depends on how much time is spent during the acceleration and deceleration stages as compared to

the hold time.

In comparison to light-pulse atom interferometry, lattice-hold atom interferometry offers im-

proved gravitational wave sensitivities for short baseline configurations. An interesting feature of

the phase difference in Eq. (3.21) is that if we set D ∼ L, the result scales quadratically with L,

suggesting the possibility of scientifically interesting sensitivities with only modest baselines.

To illustrate the promising sensitivity of lattice-hold interferometer gravitational wave detectors

over short baselines, we consider an example set of feasible parameters. For a baseline of L =

10 m, a wavepacket separation of D = 10 m, a hold time of T = 0.5 s, and a phase sensitivity

of 10−4 rad/
√

Hz, a lattice-hold interferometer configuration using Rb atoms would have a strain

sensitivity of h ∼ 10−16/
√

Hz for a gravitational wave frequency of ω = 2π × 1 Hz.

The GW sensitivity of the lattice-hold geometry is maximized when the wavepacket separation

extends to fill the baseline (D ∼ L). However, achieving this condition within a time that is

short enough to achieve a sufficiently high repetition rate places requirements on the optical lattice

intensity and detuning. Specifically, the lattice light must be far detuned in order to avoid loss

from spontaneous emission, and it also must be deep enough to keep the atoms confined during

acceleration. For laser intensities of ∼ 100 W/cm2, a sufficiently large two-photon Rabi frequency

(∼ 2π × 60 kHz) can be achieved to efficiently pull apart and recombine the atomic wavepackets

over the ∼ 10 m baseline in ∼ 1 s, while the spontaneous emission rate can be kept sufficiently low

(∼ 0.1 s−1) to avoid significant losses.



CHAPTER 3. AGIS-LEO 91

The parameters described allow for a scientifically interesting gravitational wave strain sensitivity

for an instrument that could be built as a single satellite or that could fit on the ISS. Lattice-hold

schemes are also promising for ground-based detectors. For instance, such a detector could be

realized in the 10 m atomic fountain currently being constructed at Stanford [70].

3.6.2 Environmental Considerations near the International Space Station

As discussed previously, most of the environmental factors of Sec. 3.5 become more problematic at

lower altitudes. At 350 km above the surface of the Earth (the approximate orbital altitude of the

ISS), the number density of atomic oxygen is around 108 atoms
cm3 , at least two orders of magnitude

worse than required [116]. Thus, the AGIS-ISS instrument would need to have an enclosed vacuum

tube to protect the interferometry region from background gas collisions. However, the exterior

vacuum environment would allow the tube walls to be thin and non-structural. This enclosing tube

would also act as a sunshield, increasing uptime by eliminating the need to operate only in the Earth’s

shadow. Such an enclosure could potentially even serve as a magnetic shield if one were necessitated

by the lower orbit or the proximity of the ISS. Further study is required to determine the impact

of gravity gradients and Coriolis effects in the lower ISS orbit and to develop a full systematic error

budget for AGIS-ISS. Preliminary calculations indicate that the transverse confinement provided

by red-detuned optical lattice laser beams (assuming a lattice-hold configuration) can significantly

suppress the sensitivity of the instrument to Coriolis effects. AC Stark shifts are an important factor

in choosing the optimal beam waist and in specifying the necessary level of intensity stabilization.

These shifts can cause non-common noise in the interferometer phase that depends both on the

degree of divergence of the laser beams over the interferometer region and on the size of laser

intensity fluctuations. Finally, to mitigate vibrational noise from the ISS itself, one option might be

to tether the instrument to the space station, rather than to attach it directly.

3.6.3 Three-Axis Boom-Based Configuration

A promising configuration for short-baseline detectors involves the use of long, extendable booms

that can deploy in orbit. For example, six booms originating from a central module would allow for

interferometer pairs along three orthogonal axes, with each boom housing a single interferometer (see

Fig. 3.20). The interferometer laser beams could be aligned in a racetrack configuration through the

use of retroreflecting elements (e.g., corner cubes) at the end of each boom and pentaprisms inside

the central module to allow for 90 degree turns, enabling the control of all six interferometers with

a common set of laser beams. The central module would house the atom source, optics, and control

electronics. To establish the necessary vacuum level, each boom could contain an extendable (non-

structural) vacuum bellows. As mentioned in the previous section, a lightweight magnetic shield

could enclose each of the interferometer regions or be incorporated directly into the vacuum bellows.

Compact, self-deploying booms are available from commercial manufacturers [123].
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Figure 3.20: Boom configuration for a three-axis gravitational wave detector, with retroreflectors
mounted at the end of each boom. The shaded red lines indicate the optical path, and the arrows on
the upper boom indicate an atom interferometer fully filling its boom (specifically the trajectories
of the atoms during the first half of the first loop of a sequence, as in Fig. 3.3 or Fig. 3.19). The
advantages of a boom configuration are discussed in Sec. 3.6.3. Note that the figure is not to
scale, that the vacuum bellows in each boom are hidden for clarity, and that only one of the six
interferometer regions is indicated with arrows.



CHAPTER 3. AGIS-LEO 93

A key advantage of the boom configuration in Fig. 3.20 is that the three-axis measurement

allows for the mitigation of background signals due to fluctuations in centrifugal force gradients,

which arise from rotational noise. For a single-axis sensor, such fluctuations have the same signature

as a gravitational wave. However, correlation measurements between three orthogonal sensors would

allow for these fluctuations to be distinguished from a gravitational wave.

A boom configuration can either operate as a free flyer or be attached to the ISS. The instrument

would naturally provide the flexibility to implement both light-pulse and lattice-hold interferometry

due to their identical hardware requirements. In either case, it is desirable for each interferometer

to fill its respective boom (i.e., the wavepacket separation should be nearly the length of a boom),

so that the maximal gravitational wave sensitivity allowed by the instrument is achieved. For a free

flyer configuration, it may be possible to use boom lengths of up to L ∼ 100 m. With such a boom

length and with !keff = 200!k beam splitters, a light-pulse atom interferometer would fill the boom

given interrogation times of T ∼ 100 s.

For a free flyer, one axis could be made effectively inertial by orienting it perpendicular to the

orbital plane, suppressing effects arising from rotation bias and Coriolis deflections as is done for the

IGC configuration (see Sec. 3.2.4). With the use of thrusters, it may be possible to make all three

axes effectively inertial.

An additional scientific motivation for the boom configuration is that the three-axis measurement

can aid in the performance of certain tests of general relativity. For example, the boom configuration

appears to be an ideal platform for measuring the nonzero divergence of the gravitational field in

free space predicted by general relativity [34].

3.7 Secondary Objectives

Although variations in Earth’s gravity gradients are a noise source for the GW detector, pulse

sequences designed to measure these variations can provide important geophysical information in-

cluding data regarding the flow of water on the Earth that is important for understanding weather,

the climate, and oceans. Similar arguments have provided motivation for satellite missions such as

the CHAllenging Mini-satellite Payload (CHAMP), the Gravity Recovery and Climate Experiment

(GRACE), and the Constellation Observing System for Meteorology, Ionosphere and Climate (COS-

MIC). The method works: GRACE’s monthly gravitational maps have improved our understanding

of ocean circulation [124], polar ice loss [125], and water flow of large basins like the Amazon [126].

Furthermore, if the atom clouds are prepared in a magnetically-sensitive state, |m '= 0〉, the

gravitational wave detector becomes a detector of the local magnetic field gradient at each of the

interferometers. Similar to the gravity gradiometer, the transformed detector would produce a map

of the temporal variation in the Earth’s magnetic gradients. Data collected by previous satellite

missions–Ørsted, CHAMP, and Satellite Argentina Cientificas - C (SAC-C)–have been used to model
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the static and time-varying geomagnetic field [127] and mantle conductivity [128].

The modifications necessary to make these measurements do not require different hardware, only

different software. With this unique flexibility of atom interferometric measurements, AGIS-LEO can

provide complementary maps of temporal variations in the Earth’s gravity gradients and magnetic

field gradients.

3.8 Summary

Atom interferometry performed in low Earth orbit is a promising method to detect gravitational

waves. The AGIS-LEO instrument has a projected strain sensitivity of < 10−18/
√

Hz in the 50 mHz

- 10 Hz frequency band, offering the possibility of detecting GW signals in an intermediate frequency

band that is complementary to the coverage of laser interferometers. Previous theoretical analysis

of noise sources performed for solar orbits [43] has been adapted to the conditions of low Earth

orbit. We have analyzed possible environmental backgrounds from the Earth’s magnetic field and

inhomogeneous gravity field and find that it should be possible to keep them below atom shot

noise. Laser requirements–phase noise, frequency stability, and wavefront–all appear achievable

with current technology. The strong rotational effects present in low Earth orbit can be mitigated

using symmetric multiple pulse sequences.

Many of the instrument and system level requirements of AGIS-LEO can be validated on the

ground in terrestrial laboratories. For example, the Stanford 10 m free fall tower will allow char-

acterization of LMT beamsplitter sequences, wavefront and laser jitter requirements, magnetic field

sensitivity, laser cooling protocols, kinematic requirements for the atom sources, Coriolis and gravity

gradient sensitivities, etc.

Finally, atom interferometry has the potential for even higher precision. As the technology

evolves, longer baselines, higher atom flux, and larger atom beamsplitters could increase the gravi-

tational wave sensitivity of light-pulse atom interferometers by multiple orders of magnitude beyond

AGIS-LEO. Complementary to this, lattice-hold atom interferometers have the potential to provide

high sensitivity for short baseline configurations. In fact, an ISS-scale test mission for AGIS using

lattice-hold atom interferometry might be capable of directly detecting gravitational waves, while

simultaneously flight testing the technology for a full AGIS-LEO science mission.

In short, AGIS is a sensitive and scalable instrument that can help open the door to information

about our universe that is encoded in gravitational waves.



CHAPTER 3. AGIS-LEO 95

3.9 Appendix

3.9.1 Error Model using Plane Waves

Here we give the results of the AGIS-LEO error model using plane waves instead of Gaussian beams

for the interferometer lasers. This is equivalent to setting xR → ∞ in Eq. 3.9. While it is necessary

to include the effects of the realistic Gaussian wavefront curvature in the final analysis, the plane

wave calculation serves as an important reference result since it is expected to have many features in

common with the full Gaussian phase shift. Also, the plane wave analysis is much less complicated,

so it is a useful diagnostic for the Gaussian calculation and provides a simplified physical picture of

the results.

We follow the same calculation procedure outlined in Sec. 3.5.1. In this case, the phase of

the laser at each interaction point r is just keff · r, and the effective laser wavevector keff is now

independent of position. As before, we allow keff to rotate at a fixed rate δΩ during the pulse

sequence. The results of the LF calculation appear in Table 3.6 and the IGC results are in Table

3.7.

The LF and IGC plane wave calculations share many commonalities, and we can make the

following general statements. Since the atoms are in free fall, many of the largest phase shift terms

cancel in pairs. This occurs because in circular orbit around a spherical Earth, Ω2
or = g/R =

Txx = − 1
2Tzz, where R is the radius of the orbit and g is the local gravitational acceleration at

altitude. As an example, see terms 1 and 2 in both Table 3.6 and Table 3.7. There are also more

elaborate cancelations, such as terms 5, 8 and 9 in Table 3.6, which together all cancel as a result of

∇ · g = −Tii = 0. Additionally, the orbital rotation of the laser axis, Ωor can couple with variations

in the atoms’ launch velocity and position as well as variations in the laser axis orientation itself to

produce many of the dominant backgrounds.

The T 4 scaling of the leading order phase shifts in Table 3.6 is expected given the symmetric

triple-loop geometry of the five-pulse sequence (see Fig. 3.3). The conventional three-pulse, single-

loop (π2 -π-π2 ) gravimeter sequence is sensitive to the quadratic ∼ 1
2gt2 motion of the atom, resulting

in a T 2 leading-order scaling of the phase shift. Additional symmetric loops have the effect of making

the interferometer sensitive instead to higher-order components of the motion ∼ t(Λ+1), yielding a

T (Λ+1) leading phase shift, where Λ is the number of loops. As a consequence, symmetric multiple-

loop interferometers respond to higher-order derivatives of the gravitational potential, since the

first non-trivial correction due to the derivative ∂(Λ)φ appears as motion proportional to t(Λ+1). A

corollary of this is that the response to lower-order derivatives ∂(i)φ with i < Λ is highly suppressed.

Therefore, the use of multiple-loop interferometers can substantially reduce the interferometer’s

sensitivity to background effects due to inhomogeneous fields, since the perturbations caused by

higher-order derivatives are significantly smaller for typical fields.

From the phase shift list for the LF orbit, we note that the largest term that does not cancel
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Differential phase shift Size (rad)

1 −60keffLΩ3
orδΩT 4 −1.15

2 60keffL TxxΩorδΩT 4 +1.15
3 888keffLΩ5

orδΩT 6 +3.67 × 10−4

4 444keffL TzzΩ3
orδΩT 6 −3.67 × 10−4

5 −444keffL TxxTzzΩorδΩT 6 +3.67 × 10−4

6 30keffΩ3
orδvzT 4 +1.92 × 10−4

7 15keffTzzΩorδvzT 4 −1.92 × 10−4

8 −444keffL TxxΩ3
orδΩT 6 −1.84 × 10−4

9 −444keffL T 2
xxΩorδΩT 6 −1.84 × 10−4

10 −225keffL TxzΩ2
orδΩT 5 −1.24 × 10−4

11 − 225
2 keffL TxzTzzδΩT 5 +1.24 × 10−4

12 15keffTxxΩorδvzT 4 +9.62 × 10−5

13 − 225
2 keffL TxzTxxδΩT 5 −6.19 × 10−5

14 − 45
2 keffΩ4

orδxT 4 −1.67 × 10−5

15 15keffTxxΩ2
orδxT 4 +1.11 × 10−5

Table 3.6: Differential phase shift error budget for AGIS-LEO in a leader-follower orbit using plane
waves. The results are based on the triple-loop interferometer in Fig. 3.3, and the phase difference
assumes the gradiometer configuration shown in Fig. 3.1 between two atom interferometers separated
by L = 30 km in a leader-follower orbit (see Fig. 3.6). An unimportant constant phase shift has
been subtracted. The jitter in the atom initial position and velocity are taken to be δx = 1 µm and
δvz = 10 nm/s, respectively. The laser pointing error rotation rate is δΩ = 1 nrad/s and the laser
light is treated as an ideal plane wave. The orbital radius R and rotational rate Ωor are for a 1000 km
orbital altitude. Interrogation time is T = 4 s and the LMT beamsplitters have !keff = 200!k.
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Differential phase shift Size (rad)

1 − 225
2 keff

L2

R TzzΩ2
orδΩT 5 +8.25 × 10−5

2 − 225
4 keff

L2

R T 2
zzδΩT 5 −8.25 × 10−5

3 675
4 keff

L2

R Ω4
orδΩT 5 +6.19 × 10−5

4 225
4 keff

L2

R T 2
yyδΩT 5 +2.06 × 10−5

5 15
2 keffT 2

yyδy T 4 +5.57 × 10−6

6 45 keffLTyyδΩ2 T 4 +7.47 × 10−7

7 45
2 keffT 2

yyδvy T 5 +6.69 × 10−7

8 15keff
L
RδvxΩ3

orT
4 +3.95 × 10−7

9 15
2 keff

L
RTzzδvxΩorT 4 −3.95 × 10−7

10 15
2 keff

L
RTxxδvxΩorT 4 +1.98 × 10−7

Table 3.7: Differential phase shift error budget for AGIS-LEO in an inclined-great-circle orbit using
plane waves. The results are based on the triple-loop interferometer in Fig. 3.3, and the phase
difference assumes the gradiometer configuration shown in Fig. 3.1 between two atom interferometers
separated by maximum distance L = 30 km in an inclined-great-circles orbit (see Fig. 3.6). The
required ∼ 100 m offset to avoid collision is not included. An unimportant constant phase shift has
been subtracted. The jitter in the atom initial position and velocity are taken to be δy = 1 µm and
δvx = δvy = 10 nm/s, respectively. The separation distance L is taken to be 30 km, which is the
maximum separation over the course of the orbit, and the point of largest systematic error. The
laser pointing error rotation rate is δΩ = 1 nrad/s and the laser light is treated as an ideal plane
wave. The orbital radius R and rotational rate Ωor are for a 1000 km orbital altitude. Interrogation
time is T = 4 s and the LMT beamsplitters have !keff = 200!k.
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(term 12 in Table 3.6) results from a coupling between gravity gradients and rotation. This term

sets the limit of the size of the transverse velocity jitter δvz for the LF configuration: for 200!k

beamsplitters, 4 s interferometer time, and Ωor ∼ 10−3 rad/s, δvz ! 10−8 m/s. This shot-to-shot

velocity variation is equivalent to ! 100 pK in atom cloud temperature for 108 atoms. Term 13

constrains the laser pointing error rotation rate to δΩ ∼ 1 nrad/s. Term 14 limits the longitudinal

position variation of the atoms to δx ∼ 10 µm. Term 15 is reduced below the shot noise limit by

this latter constraint. These requirements are not strict, but imply a trade-off with several other

parameters. If necessary, a small reduction in interferometer time at the expense of bandwidth, for

example, could significantly relax these constraints, as both terms scale with multiple orders of the

time.

The IGC orbit offers many systematic benefits over the LF orbit. Note that the largest non-

canceling term in the IGC list (term 3 in Table 3.7) is the leading term from Table 3.6 but suppressed

by an additional power of ΩorT . This suppression arises because the IGC interferometer axis is

nearly parallel with the orbital rotation axis. Therefore the transverse trajectory deviations due to

the Coriolis force are suppressed by L
R as compared to the LF orbit, which leads to a phase shift

suppression ∝ ΩorT . For the same stochastic atom position jitter, the contributions to the IGC

phase shifts are smaller than those of the LF. The largest phase shift due to atom jitter for the IGC

is term 5 in Table 3.7, which remains below atom shot noise for position fluctuations of δy ∼ 20 µm

instead of ∼ 10 µm. Similarly, velocity variations of ∼ 1 µm/s instead of ∼ 10 nm/s could be

tolerated. However, if the tight atom kinematic constraints can be achieved and δΩ effects can be

controlled, then the interrogation time could be doubled to bring these systematics to the same size

as atom shot noise. This would lower the instrument corner frequency by a factor of two, potentially

allowing for the detection of lower frequency GWs.



Chapter 4

ATEP

This chapter describes the Atomic Test of the Equivalence Principle (ATEP) effort at Stanford to

build an 8.8 m baseline atom interferometer to test the weak equivalence principle (WEP). This

apparatus will use atom interferometry to simultaneously measure the acceleration of samples of
85Rb and 87Rb falling in the Earth’s gravitational field.

4.1 Experiment Overview

The ATEP apparatus consists of an 8.8 m vacuum chamber housed in the basement of the Varian

Physics Building at Stanford. A sample of ∼ 106 85Rb and 87Rb atoms is cooled to < 1µK at the

bottom of the vacuum chamber. In order to cool and trap Rb atoms at sub µK temperatures, we

standard evaporative cooling techniques [129]. First we create a collimated beam of Rb atoms using

a 2D-MOT created in a relatively high vacuum vapor cell (see Sec. 4.2.1). This beam of atoms is

directed through a differential pump into an ultra-high vacuum (UHV) evaporative cooling chamber

(see Sec. 4.2.2). There the atoms are evaporated in an Optically Plugged Trap (OPT) to < 1µK

as detailed in Sec. 4.6.

The cooled sample is then launched into the interferometry region (See Sec. 4.2.3) via an optical

lattice acceleration to an initial velocity vi = 13 m/s. The atoms then follow an approximately

Newtonian trajectory for ∼ 2.3 s, reaching a height of 8.8 m. During their approximately inertial

flight, a standard 3-pulse π − π
2 − π interferometer sequence is applied to measure the acceleration

of each isotope (See Sec. 4.4.3 and 2.6.1). The atoms are then imaged using a CCD camera (See

Sec. 4.4.2) at the bottom of the fountain.

Provided the above technical challenges are met, the experiment will only reach its design sen-

sitivity of η 0 10−15, if the systematic accelerations on the two isotopes due to gravity gradients,

coriolis forces, and magnetic field gradients are successfully reduced below 10−15g.

99
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Systematic Control Overview

Control over species-dependent accelerations requires a specific subsystems of the experiment to

address each potential source of error. The error model is presented in great detail in section 2.6,

and only the dominant sources are highlighted here. Fundamentally, any non-WEP violating species

dependent acceleration has to arise from the two isotopes following different geodesics and exploring

different potentials. Since the isotopes have different masses and different electronic structure,

they can easily follow different trajectories (e.g. two differing mass objects suspended from springs

with the same spring constant k will have different displacements in the same gravitational field).

If we could enforce identical trajectories on the two isotopes during their inertial flight, then we

would not need to reduce inhomogeneities in the potential. However, there will always be a small

difference in the isotope trajectories due to experimental imperfections, and these lead to spurious

accelerations which have three dominant sources. First, if the isotopes explore different locations

in the gravitational field, then they will experience different accelerations due to gravity gradients,

since the gravitation field of the earth is not constant. These are planned to be restricted via tight

kinematic control over the isotopes as described in Section 2.6.1. Secondly, because the lasers are tied

to the earth, interacting with the atoms via laser pulses to perform the interferometry will impart an

effective differential coriolis force on the atoms due to their different transverse velocities. We combat

this with kinematic constraint (reducing δv) and by rotating the interferometer lasers counter to

the Earth’s rotation (reducing Ω). The theoretical basis of this technique is described in Section

2.6.1, while the experimental implementation is presented below in section 4.3.2. Lastly, since 85Rb

and 87Rb have different electronic structures, they have different second order Zeeman coefficients,

which lead to different energy shifts on the |mf = 0 > state in a magnetic field. Therefore magnetic

field gradients impart different forces on the two isotopes. We reduce this effect by reducing the size

of the magnetic field gradient in the interferometer region as described in section 4.3.1.

4.2 Vacuum System

Since ATEP is just a large atom interferometer, we need to create a standard ultra-high vacuum

environment. The vacuum system for the ATEP experiment consists of a vapor cell 2D-MOT, a

condensation chamber, the large 8.8 m interferometer region, the RCS chamber, and the interfer-

ometer beam injection chamber. These systems are all connected together, using differential pumps

where appropriate. It is important to note that the majority of the apparatus, by volume, is the

interferometer region, which is simply a clear aperture tube, connecting the upper window of the

beam injection chamber down to the retro-reflection mirror of the RCS.
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Figure 4.1: The vapor cell surrounded by optics. In this image, the light delivery optics and the 2D
MOT vapor cell are shown. The evaporative cooling chamber is visible on the left, and the light
amplification stage (see sec. 4.4.4) is on the right.

4.2.1 Vapor Cell

For loading our initial sample of Rb atoms we use a 2D-MOT in a high vacuum (∼ 10−7 Torr)

Rb-vapor cell. The chamber is formed from a 55 mm by 55 mm by 200 mm long 304 stainless block.

The central region was machined out to form a cell with optical access of 125 mm by 25 mm on all

four sides. The four rectangular windows which provide access for the 2D MOT beams are attached

via Indalloy seals bonded to the glass and the chamber via Epotex 353. The Indalloy seals are then

compressed after bonding via 14 bolt flanges which are torqued to 3 − 5 N-m. These seals achieve

leak rates < 10−10 Torr-L/s. When viewed from the side, these large windows are clearly visible,

as shown in Fig. 4.1.

The 2D MOT vapor cell is connected to the ultra-high vacuum (UHV) interferometer region via

a 10−3 differential pump, which is composed of a 1 cm long by 2 mm diameter stainless steel tube

and an 8 cm long by 3 mm diameter POCO graphite tube. The POCO also serves as a getter pump

for Rb. A single 45 degree protected gold mirror was bonded to the end of the chamber with a 3 mm

hole bored down its center. The first stainless steel section of the differential pump is bonded into

this mirror. The atoms exit the vapor cell through this aperture.

The stainless steel chamber has optical access down the axis of the 2D-MOT via a 1 inch aperture

window connected to the end of the chamber via an Indalloy seal. This allows for imaging the axis

of the 2D MOT and imaging of the 3D MOT through the differential pump aperture.

Some trouble occurred during the initial implementation of this chamber when the rectangular

seals were not bonded on to the chamber with Epotek 353-ND epoxy. Without the epoxy bond, the
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chamber flexed under the higher required seal torque, causing leaks.

4.2.2 Cooling Chamber

The evaporative cooling chamber consists of an octagon with internal water cooling channels that is

vacuum brazed to two 6 inch long by 4 inch OD stainless steel vacuum pipes. Each of these pipes as

a rotatable 6 inch ConFlat (CF) flanged welded to it. Coil supports are welded to each of the tubes

to provide mechanical attachment points for the wire forming the quadrupole coils. The octagon

has 8 faces machined flat with doubled bolt patterns for a 2.125 CF flange. Six windows which are

AR coated on both sides at 780 nm with 0.96 inch clear aperture are attached via Indalloy seals.

On one of the vacant sealing surfaces, the differential pump connecting to the 2D MOT vapor cell

is attached using a 0.06 inch thick Indalloy seal. The other seal surface connects to a 2.75 inch CF

reducer which ultimately connects to a tee containing a 2 inch clear aperture window AR coated at

780 nm and 532 nm as well as an all-metal tee valve connecting to a turbo-mechanical pump for

initial pumpdown. This window is used to deliver light for the blue detuned plug of the OPT (see

Sec. 4.6).

The 3D MOT and evaporative cooling apparatus share the same chamber and the same quadrupole

coils. These coils are each composed of 12 layers with 13 turns per layer of 0.25 inch by 0.25 inch

square cross section copper wire with a 0.125 inch diameter hole extruded down the center. The

coils are plumbed in parallel, with every 2 layers forming a separate sub-coil for cooling. All 12

sub-coils are connected in parallel so as to reduce the pressure drop across the coil. We typically

flow 2 gallons/minute (GPM) of water through the coil and another 2 GPM through the main

chamber water cooling manifold. This water cooling keeps the total water temperature increase

< 5 degrees C while running at 300 Amps with a < 10% duty cycle.

The quadrupole coils provide the 300 Gauss/cm magnetic field gradient required for the OPT.

Each of the coils has a resistance of ∼ 1/12 Ohm, which combined with the voltage drop of the

switching circuitry allows 300 Amps to be delivered with a ∼ 55 V drop at room temperature.

Based on simulation of these coils, 1 Amp corresponds to 1 Gauss/cm gradient at the magnetic field

zero.

4.2.3 Atomic Fountain

The interferometer region consists of a 5 inch OD, 4 inch ID, 28.8 foot long aluminum vacuum

chamber with 6.75 inch CF flanges attached to either end. This chamber is wrapped in a 12

segment, single layer solenoid designed to provide a 1 mG bias field to define the quantization axis

for the atom optics. Around this solenoid, 20 type-E (non-magnetic) thermocouples are installed

with uniform spacings along the tube. The chamber is wrapped with four resistive heat tapes which

are used during bakeout. Finally the entire structure is wrapped in 0.5 inch thick ceramic insulation.

All material used during construction is non-ferrous and bake-able to 150 degrees-C.
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The pressure in the interferometer region is measured via two ion gauges located in crosses just

below and above the aluminum vacuum chamber. These crosses also house titanium sublimation

pumps (TiSub pumps) with custom baffles on translatable bellows. These TiSub pumps can be

moved to have line-of-sight access to the inside of the interferometer region, sublimate titanium, and

then be moved clear of the interferometer beam axis.

Two all-metal VAT gate valves are used to isolate various parts of the system. One is located

just above the top of the aluminum vacuum chamber. The other is located directly above the RCS

chamber. The first all-metal gate valve serves to shield the upper window from titanium being

sublimated by the lower titanium sublimation pump. The second gate valve is used to shield the

waveplate and retro-reflection mirror from titanium sublimated by both sublimation pumps.

The main interferometer region is pumped by two 300 L/s Gamma Vacuum ion pumps. One

pump is located at the very top of the apparatus, right above the injection chamber. The second

pump is located immediately below the cooling chamber and directly above the RCS chamber.

Additionally, the RCS chamber is pumped via a 35 L/s ion pump and the 2D MOT vapor cell is

pumped via a 10 L/s ion pump, both from Gamma Vacuum.

4.3 Systematic Control

4.3.1 Magnetic Shield

The magnetic shield for the experiment consists of three concentric mu-metal cylinders (0.05 inch

thick by 7.5, 11.5, and 15 inches in diameter respectively which are 28.8 feet long. The size of the

shielded region defines the interferometer region. As described in section 2.6, we need 10 µG/m

magnetic field gradients in order to meet our systematic error requirements. Given an estimated

background of 100 mG with order 1 variation, this requires a shielding ratio of 104, which is generally

achievable with mu-metal shields.

Before installing any shielding the background magnetic field was measured using an Applied

Physics 540 flux-gate magnetometer, and |B| is shown in black (dotted) in Fig. 4.2. This result

matched our expectations and we proceeded to install a segmented version of the shield described

above. This resulted in an undesirable magnetic field profile as shown in blue (dashed) in Fig. 4.2.

The regular spikes are caused by the gaps between the segments of the shield, where the permeability

changes from µ ∼ 105 to µ = 1. This results in trapped magnetic flux leaking into the shielded

region and causing a large spike in |B|. This behavior was verified in finite element simulations when

they included the physical gaps in the magnetic shield.

In order to remove these undesirable spikes, the only solution was to weld all 14 segments into

a single continuous shield and thus eliminate the gaps between the segments. However, if the shield

is not annealed after welding, then the permeability at the heat-affected weld joint will be lower

than that of the annealed metal around it and this creates an effective gap, albeit not as bad as air
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Figure 4.2: Magnetic Shield Performance in the Interferometer Region. Before Shielding (Black,
Dotted), With Segmented Shield (Blue, Dashed), With Welded and Annealed Shield (Red, Solid).

with µ = 1. Therefore the shield must be annealed after welding to create a uniform permeability

throughout the shield. We welded the shield segments together into continuous tubes and annealed

them in a hydrogen atmosphere at 2100 deg. F using a 36’ x 6’ x 6’ furnace at Solar Atmospheres in

Pennsylvannia. The resulting magnetic field profile is shown in red (solid) in Fig. 4.2. It appears to

be within a factor of 10 of the require specification and stable from measurement to measurement.

Therefore it may be possible to measure its effect and post-subtract it from the final result.

4.3.2 Rotation Compensation System

The rotation compensation system uses three piezo-actuators to move the retro-reflection mirror so

that the interferometer beam is no longer rotating with the Earth. By rotating the mirror equal

and opposite to the Earth’s rotation rate, keff, which is the vector sum of the downward, k1 and

upward, k2 going beams, no longer rotates at ΩE in the freely falling frame. In order to do so,

the retro-reflection mirror must sweep 167 µrad per experiment and then reset back to its original

position for the start of the next trial.

The dominant systematic error from rotation is due to the coriolis force. The differential force

between the two isotopes is proportional to ΩE× δv where δv is the difference in transverse velocity
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between the two isotopes. After constraining the transverse velocity difference between 85Rb and
87Rb to be ∼ 1 µm/s, the systematic error phase shift from the coriolis force is ∼ 10−11 rad which is

5 orders of magnitude larger than our desired measurement accuracy. Therefore we need to reduces

ΩE by 105. Practically this requires positioning the retro-reflection mirror at three positions for the

three pulses during the sequence with an accuracy of 10−5 · 167 µrad which is ∼ 1 nrad.

Modern piezo-actuators with resistive readouts are capable of accuracies of 10−5, and we out-

sourced the fabrication of these actuators to Mad City Labs in Madison, WI. They provided three

actuators with a noise floor of 2.7 pm/
√

Hz. These actuate a triangular base platform with a 10 cm

lever arm, on which the retro-reflection mirror is mounted. This gives an angular noise floor of

∼ 0.5 nrad/
√

Hz which meets our requirements.

In order to avoid spatial phase variation across the laser beam, all interfaces between the retro-

reflection mirror and the atoms need to be eliminated. If the laser beam passes through a window,

then temperature gradients in the glass can cause variations in the index of refraction which cause

phase variations in the beam (i.e. the window can act as a very weak lens). Secondly, if the atom

optics laser beam passes through air, then temperature gradients again cause variations in index of

refraction which leads to spatial phase variation across the beam.

Therefore the RCS system is housed in a vacuum chamber located directly below the cooling

chamber. The piezo-actuators are mounted directly to the walls of this vacuum chamber. This

chamber is attached via flexible bellows to the bottom of the lower VAT all-metal gate valve. These

bellows allow the entire chamber to tip and tilt in order to grossly adjust the position of the retro-

reflection mirror. The piezo-actuators allow fine adjustment. The lower chamber is attached to the

concrete floor via three set-screw-opposed 3/4 inch bolts. These opposed fasteners allow for tip-tilt

actuation of the entire chamber while also opposing the 600 lbs restoring force on the chamber from

atmospheric pressure.

4.4 Laser System

As stated above, we use laser cooling and trapping techniques to cool our test masses, and atom inter-

ferometry to measure their accelerations, and detect them using near resonance absorption imaging.

Since both 85Rb and 87Rb can be treated as effective three level systems, we need four distinct laser

frequencies for the cooling phase. For manipulating the atoms during the interferometer, we use a

far-detuned, ∆ ∼ 200 GHz laser in order to reduce losses due to spontaneous emission and to create

a similar Rabi frequency for both isotopes. We have to use a single laser frequency to manipulate

both species in the atom interferometer in order to eliminate systematic errors caused by laser phase

noise. We also need spectrally pure frequencies to measure large optical depths during imaging.

Therefore we need to generate three clean frequencies (one for interferometry, and one for imaging

each species), and four less-clean frequencies for cooling. We do this with four separate diode lasers
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Figure 4.3: The installed rotation compensation system.
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(one for cooling, one for interferometry, and two for imaging) along with fiber phase modulators as

described below.

4.4.1 Laser Cooling

To create an efficient Magneto-Optical Trap (MOT), the four cooling frequencies need to be refer-

enced to within ∼ 1 MHz of their atomic transitions, and thus need to be actively stabilized. We use

a single master laser locked 449 MHz blue of the F = 3 → 4 and F = 3 → 3 cross-over transition in
85Rb via an AOM and saturation absorption spectroscopy (the lock bandwidth is ∼ 5 kHz). From

this master laser, the two cooling frequencies are generated via NLTL-driven fiber phase modulators

(see section A.1) and the repump frequencies are generated from the first and second sidebands of

another fiber phase modulator. The output of the three phase modulators is then combined using

two PBS cubes and fed into a tapered amplifier. This method allows for efficient modulation with

∼ 80% of the light in the desired sideband without the complication of trying to span ∼ 7 GHz with

AOMs or using separate lasers for cooling and repump.

In order to generate both cooling and repump frequencies for 85Rb and 87Rb using three modula-

tors (instead of four), we must lock to a specific frequency relative to the Rb frequency manifold. We

use a single modulator to generate repump light for both 85Rb and 87Rb by using the 1st-order side-

band for 85Rb and the second order sideband for 87Rb. This modulator must be run at 2.526 GHz

which is the distance between the repump lines for the two isotopes. Therefore the master laser must

be located 2.526 GHz red of the 85Rb repump line or 449 MHz blue of the cooling line. This also

determines the frequency for the 87Rb cooling modulator, which happens to be 1.067 GHz. Though

this is a little complicated to get all of the various frequency offsets correct, it proves to be very

stable and easy to adjust the relative detunings for each cooling frequency.

4.4.2 Detection

We use absorption imaging to detect the atoms during experiments. This requires an agile laser

frequency source to sweep the detuning of the imaging light as desired, and a spectrally pure laser

source to measure large optical depths. In order to do this we use a separate diode laser (New Focus

Vortex) locked to a sideband of the master laser generated by another fiber phase modulator. We

can adjust the frequency of the imaging laser by changing the frequency of the phase modulator or

by adjusting the lock parameters. This allows variation of the imaging laser light frequency by up

to 20 GHz while still referenced to an atomic line.

We lock the two lasers together by measuring their relative frequency on a photodiode (Thorlabs

DET-210) and a frequency-to-voltage converter to create an error signal. The frequency-to-voltage

converter consists of power splitter, two different path-length transmission lines and a mixer. The

voltage at the output of the mixer depends on the phase difference between to the two paths and

this is frequency dependent. This is a microwave interferometer and the output of the mixer is a
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sinusoidal error signal which, when combined with an offset voltage has a large locking range using

standard PID control techniques. An interferometer with a free-spectral range (FSR) of ∼ 30 MHz

works nicely for tight locks around a specific offset frequency. For a large tuning range without

mode-hopping, we were able to attain reliable lock performance with an FSR of 300 MHz. The lock

point can be easily scanned by changing the offset voltage as the PID controller naturally locks to

the zero crossing of the error signal.

We create absorption images by illuminating an Andor iXon camera with two low-power imaging

pulses from the imaging laser. The first pulse is taken with atoms present and their spatially

dependent absorption is measured on the camera. The second pulse is taken without atoms present

and serves as the reference image. The difference between these two images is the desired atomic

signal. We also take a background image with no imaging light to compensate for the dark counts

on the camera. The three images are automatically processed by our custom driver software and the

processed image, as well as the raw data is saved to a networked file server. This allows for rapid

post processing by an experimenter.

Various systematic errors are present in this method and they have been nicely detailed in Ref.

[130].

4.4.3 Interferometry Lasers

This laser is detuned by ∼ 100GHz from any atomic resonance to avoid atom loss due to spontaneous

emission during the interferometer sequence. Large frequency variations (∼ 1 GHz) of this laser do

not cause first order phase differences between the species. However, frequency variation of this

laser changes the relative Rabi frequency between the two species, which, for fixed pulse lengths,

adjusts the relative pulse areas. By not applying a precise π or π/2 pulse, we lose contrast in

the interferometer. Therefore this laser need only be tightly referenced (∼ 1 MHz)for repeatability

between experimental trials.

We generate this far detuned laser light by a separate diode laser (New Focus SWL, 75 mW

at 780.65 nm) that is offset locked to the master laser via a transfer cavity. We lock the cavity to

the master light and then lock the interferometer laser to the cavity, thus tightly referencing the

interferometer laser to a Rb atomic line.

In order to lock the cavity to the master laser, we inject master laser light that is phase-modulated

at 10 MHz, the same light that is used for the probe in our saturation-absorption spectroscopy, into

the cavity and measure the cavity transmittance on a photodiode. This is a standard dither-lock

error signal and we use it to apply feedback to a piezo-actuator bonded to one of the cavity mirrors

to maximize the transmittance.

Now that we have a referenced cavity, we can apply the same technique to lock the interferometer

laser to the cavity. In this case we apply an effective phase-modulation spectrum to the interferometer

laser light via an AOM driven with multiple frequencies. This light is injected into the cavity and
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we measure the reflected light via another photo-diode. This dither-lock error signal is used to apply

current feedback to the diode and stabilize it with respect to the cavity.

By using this technique, we are able to replicate the master laser error signal spectrum on the

feedback signal to the interferometer laser. This means that the transfer cavity lock is better than

the saturation-absorption lock of the master laser to the Rb atomic line.

The cavity was originally designed to be a narrow line-width cleanup cavity (∼ 5 kHz) at 850 nm,

but when used at 780 nm it has a 1 MHz line-width, which is narrower than the natural line-width

of Rb (Γ = 2π × 6.066 MHz), which leads to the tighter lock performance.

4.4.4 Laser Amplification

All of the atomic manipulation used in this experiment requires a significant amount of laser power,

and importantly, more than is available for a typical diode laser. Therefore we have to amplify our

modulated light before delivering it to the atoms.

For our laser cooling light, we use 500 mW Eagleyard tapered amplifier (TA) chips in a custom

housing that provide ∼ 15 dB of amplification. The housing provides a strain relief for the c-mount

chip and thermally couples it to a copper heat-sink using an indium pad. The heat-sink is actively

cooled (or heated) by a thermo-electric cooler (TEC) that is water-cooled via an aluminum heat-

sink. The TAs are actively thermally stabilized by feedback on the TEC current using a thermistor

embedded in the copper heat-sink and a Wavelength Electronics temperature controller. We drive

the TAs with a Wavelength Electronics current controller that provides currents up to 2 Amps. With

this setup, after spatial filtering, using either a pinhole or an optical fiber, we are able to typically

achieve output powers of > 300 mW from each TA.

Because the experiment is so large, we have to go through more than typical gymnastics to

deliver light to the atoms. We manipulate the laser frequencies in a temperature stabilized optics

lab that is located 30 m from the pit where the vacuum system is located. We transfer the light to

the vacuum chamber via long fibers (30 m to the top of the pit and 40 m to the bottom). These

fibers are long enough that trying to transmit > 500 m will result in significant stimulated Bruillion

scattering limiting the available transmitted power. Therefore, the final TAs are located adjacent

to the vacuum system and we amplify the light after transmitting through the long fibers.

For the laser cooling and trapping light, we use a single 500 mW TA located at the bottom of

the pit. This provides ∼ 260 mW to the 2D-MOT and ∼ 10 mW to each direction of the x and y

axes of the 3D-MOT. The z-axis of the 3D-MOT is provided by the interferometer TAs (described

below). It is important to note that due to our frequency modulation scheme, only 75− 80% of the

delivered power is the correct frequency.

We use the same basic scheme to amplify our interferometer laser light, but in this case we need

more laser power because of the large detuning (∼ 200 GHz). Here we use 1 Watt Eagleyard TAs in

the same physical package described above. The main difference is in the current controller, which
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is capable of sourcing up to 10 Amps. This supply can apply a current pulse to gain larger than

manufacturer specified output powers for a short period of time. We also use a larger TEC and

temperature controller to handle the higher heat loads.

4.4.5 Lasers Conclusion

This system of using a single master laser and high frequency modulators proved to work well

in practice. It is flexible, stable, and reliable. Modulator frequencies can be changed in 100 ns

using widely available RF switches, which allows for easy application of repump and depump pulses.

Requiring only a single laser lock makes for easy debugging and high up-time. The main disadvantage

to this system comes from the lack of frequency cleanliness, since the NLTL modulation scheme

invariably leaves spurious sidebands on the light. Thus using modulated light for absorption imaging

is highly undesirable as it substantially limits the peak measurable optical depth, and we had to use

a separate laser for imaging and another create another laser lock to reference it to Rb. Since this

was an RF offset lock to a modulator sideband, it proved very reliable and highly tunable. Finally,

the interferometer light required is too far detuned to be easily generated from the master laser,

so this also required an additional laser. While it would be convenient to use only modulators to

generate the required frequencies, a hybrid scheme proved to be required.

4.5 Experimental Control System

In order to control the hundreds of actions required to collect, cool, launch, and detect a cloud of

atoms, we need a sophisticated computer control system that is easy to program, modify, and extend.

Furthermore, because of the physical size of the apparatus, the system cannot be localized. It would

be decidedly inconvenient to be required to sit at a specific computer in the office when trying to

debug a signal located 60 m away and down an 8 m ladder at the bottom of the pit. Therefore we

use a client-server-device architecture, with all elements communicating with each other via CORBA

over the internet.

4.5.1 System Overview

The control system consists of a software network to connect, command, and control various hard-

ware peripherals. The software network consists of a server, a client, and a series of ”devices”

which are programs that control specific pieces of hardware. The primary hardware component is

an FPGA-based embedded system which controls a variety of function generators, digital-to-analog

converters (DACs), analog-to-digital converters (ADCs), and TTL lines. Other hardware can in-

clude any peripheral which can be connected to a computer, though GPIB-enabled devices are by

far the most common.
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As mentioned above, each piece of hardware is controlled by a of c-program called a ”device.”

A ”device” has ”channels” and ”attributes”. A ”channel” is something on which an ”event” can be

generated during a ”timing sequence,” which is a pre-defined set of actions that occur at set times.

An ”attribute” is a characteristic of a device that is true at all times after it has been set. A good

example of a ”channel” is a TTL line which can be changed by an ”event” from high to low at a

specified time. The temperature set-point of a chiller would be an ”attribute,” since it does not

change often and typically does not have to change at a specific time to run the experiment.

A ”timing sequence” is a set of ”events” which occur on ”channels” at specific times. Each trial

run of the experiment uses a single ”timing sequence” which contains all the ”events” required to

cool, trap, launch, and measure a cloud of atoms. These ”events” are actions that cause lasers to

turn on and off, detunings to change, and currents through magnetic coils to ramp up, etc... Each

”event” translates to a specific action at a specific time on a ”channel.” For instance setting the

output voltage on a DAC to 3.2 V, 1.10500100 seconds after the start of the experimental trial would

be a valid ”event.”

The user is able to specify a sequence of ”events” by writing Python code using the client, a

Java console that can run on any network connected computer. The client sends the Python code

for a ”timing sequence” to the server, where it is converted into a set of ”events” on ”channels” for

every ”device” that is to be used. Each ”device” converts the ”events” into physical actions for that

peripheral. These actions are executed at their specific times after all ”devices” are triggered by the

server to start the ”timing sequence.”

The central server provides communication between ”devices” and the client. It parses the

Python code into a list of ”events” that are passed to the ”devices” via CORBA over the network.

The client serves as a terminal for the user to enter Python code and monitor the performance of

all of the connected ”devices.”

After a ”timing sequence” has been played, all the information related to that experimental trial is

recorded. The Python code required to generate that ”timing sequence” is saved. All measurements

taken by devices, parameters used, ”attribute” settings, etc... are saved into an XML file for easy

browsing at a later time.

Finally, it is often necessary to run a series of ”timing sequences” with slightly different param-

eters. For example, an experimenter might want to determine how laser detuning affects the atom

number in the MOT. A series or ”sequence” of ”timing sequences” can be run in an automated

fashion via the client.

4.5.2 FPGA

This section provides a brief overview of the VHDL code and hardware that constitute the FPGA

component of the timing system. This is by no means an exhaustive description of the system, but

it is rather meant as a primer to be used in conjunction with the code itself and the schematics.
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FPGA Overview

A successful laser cooling and trapping experiment requires many events to occur within a few

milliseconds. This requires a control system that is able to rapidly execute many different actions

with rigorous control over the relative time between the events. We use an FPGA with a 100 MHz

internal clock to provide digital commands to a selection of hardware boards. These boards can

provide Direct Digital Synthesis (DDS), TTL signals (Digital Out), Digital to Analog Conversation

(DAC), and Analog to Digital Conversation (ADC) with a timing resolution of 10 ns provided by

the clock for the FPGA.

Each of these boards is a ”device” which have ”channels” that can take ”events.” The section

below describes how this abstract concept is physically implemented in great detail.

The FPGA is directly connected to an embedded Etrax computer which provides an Ethernet

interface to communicate with the rest of the control system, specifically the server via CORBA.

The Etrax has a direct memory address pipeline into the FPGA in order to transfer and receive

information. Through this pipeline a set of FPGA memory addresses are made available to the

Etrax where it can read or write data. This allows direct control over the state machine which is

programmed into the FPGA.

Each hardware board has a dedicated program, the ”device,” (written in c) running on the Etrax.

These handler programs (”devices”) communicate with the server via CORBA and receive lists of

”events” for each ”timing sequence”. The ”device” program process this list of ”events” into an

FPGA-readable sequence of commands and transfers them into the FPGA’s memory. After this

process is complete, the ”device” program signals the server that it is ready to play the ”timing

sequence”. Only when all ”devices” (FPGA specific as well as all other ”device” programs) have

reported back to the server, can the ”timing sequence” be played.

Each hardware board has a different set of requirements for what is to be loaded into the FPGA

memory, but they all share a few characteristics. A typical command for an ”event” consists of two

32-bit numbers which correspond to (time, value) - i.e. the time the ”event” is to occur and what

the ”event” is supposed to do. For example, the allowed values for the digital board are ”1” and

”0”. The low-level code on the FPGA converts the (time, value) pair into a physical action. It is

imported to note that an ”event” specified in Python may correspond to many (time, value) pairs

to complete the desired action.

FPGA State-machine

The FPGA state-machine is the VHDL code that handles the overall behavior of the low-level board

specific code and the Etrax. It consists of a trigger module, a memory bank, a timing core for each

hardware board connected to it (including the Etrax), and a Wishbone memory bus connecting all

of these modules together.

The state machine performs two basic functions. First, it pipelines communication between the
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various timing cores, the memory, and the Etrax via a Wishbone bus and an arbiter. Second, it

plays back all the events in its memory when commanded to start via the trigger module. In order to

understand how the system works, we will focus independently on the two aspects of its operation.

The communication pipelining is required because the FPGA state-machine has a single memory

repository that can be accessed by eight different entities, one of which is the Etrax and the others

are timing cores that operate a different hardware board. Each of these entities can request to use

the Wishbone bus at any given time and a memory arbiter handles the requests. This allows all

seven timing cores and the Etrax to all have access to the same memory addresses and not run into

conflicts. The memory arbiter is a classic round-robin architecture that gives each member equal

priority in order of request. Whenever a member raises its request flag, it is added to the queue

and served in the order received. A Wishbone bus operation requires five clock cycles (50 ns) to

complete and the Wishbone data vector is 4 bytes wide, which translates to a memory throughput

of 80 megabytes per second. In the current implementation, the FPGA has 16 kilobytes of memory.

Therefore this memory architecture is not a bottleneck in terms of performance for loading or for

playback, as events are typically spaced by 1 µs or more.

The second function of the FPGA state machine is to provide accurate playback of the ”events”

loaded into its memory. As alluded to earlier, each hardware board has its own timing core inside

the FPGA state machine. This timing core consists of a two ”event” deep memory buffer and a

comparator. The memory buffer width is hardware board dependent but typically consists of (time,

value) where both are 32-bit numbers. During every clock cycle the comparator compares the current

time with ”time” of the current event. If the two values are equal then the timing core executes the

action appropriate for ”value.”

As soon as a timing core has executed its current ”event”, it transfers the next ”event” in its

buffer (and the last one in its buffer) to be the current ”event”. This allows two ”events” to be

executed on adjacent clock cycles. Next, it makes a request on the Wishbone bus to refill its buffer.

This is fulfilled by the round-robin arbiter as soon as possible. This puts a limit on how fast ”events”

can be played based on the Wishbone bus arbiter. Practically we have never run into this limit, and

if required the internal memory buffer in each timing core could be replaced with a FIFO. This is

not currently implemented due to the limited size of the current FPGA chip.

This system is coded in VHDL and is currently hardware generic. It is currently implemented

using a Xilinx Spartan-3 FPGA, but the next version will use a Spartan-6 in order to gain resources

to allow for more than seven timing cores and the Etrax interface.

Digital Out

The Digital Out Board provides 24 TTL output lines that can be changed independently at 100 MHz.

The outputs are buffered to prevent damage to the board and they provide a high voltage level of

5 V and a low of 0.2 V which meets TTL specifications, but the user should be warned as the low
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voltage is not ground.

The Digital Out board is the simplest to command. It only accepts a single 24-bit number with

the value of each bit corresponding to the output of that digital out channel. For example, to set

”channel” 2 to ”1” and all others to ”0”, the command value would be ”00000000000000000000000000000100”

in binary or ”4” in hexadecimal.

Slow Analog Out

The Slow Analog Out board provides 40 channels that can provide output voltages from −10 V to

10 V, and it is able to change the output value of a single channel every 1 µs. All of these output

channels are buffered with output op-amps to protect the internal logic of the digital-to-analog

converter. Thirty-six of these output buffers (Ch 4 - 39) are able to drive 600 Ohm loads, while four

of the output channels (Ch 0 - 3) have high power output buffers and can drive 75 Ohm loads.

From a high level programming point of view, the board is easy to command. It requires a 24-bit

command to be loaded into ”value” (i.e. the upper 8 bits are do-nothing bits). The first 14 bits

specify the voltage output value in a continuous range from −10 V to 10 V. Bit 14 determines

whether or not to update the outputs on all channels to that stored in memory. This is useful if

a user wants to update all the channels at once, rather than change one at a time. The channel is

selected by bits 15 to 20, with 0 corresponding to channel 0 and so forth. Bits 21 and 22 set the

registry value which is typically set to ”11” for our purposes. Finally bit 23 resets the board and

sets all outputs to −10 V.

Fast Analog Out

The Fast Analog Out board is very similar to the Slow Analog Out board, except that it takes a

16-bit number for its output value and it only has 2 channels. It can also provide output voltages

from −10 V to 10 V, and it is able to change the output value of a single channel at 10 MHz. In

practice, this update rate is limited slightly by the FPGA interface to ∼ 3 MHz.

In order to command this board, the first 16 bits of the command determine the output value,

again in the range of −10 V to 10 V. Bit 16 commands to board to write to ”Ch 0”, and bit 17

commands the board to write to ”Ch 1” - only one of these pins can be raised at a time. Finally

bit 17 and bit 18 command values to be loaded into ”Ch 0” and ”Ch 1” respectively. Again only

one of these pins can be raised at a time. In this parlance ”write” refers to physically changing the

output voltage of the channel, while ”load” refers to putting a new value into memory so that it can

be ”written.”

DDS

The DDS card provides 4 output channels that can synthesize frequencies up to 250 MHz with 32-bit

precision with arbitrary phase (32-bit) and amplitude (10-bit). The board is capable of sweeping
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any of these parameters, while holding the others fixed with 8-bit precision on the sweep rate and

sweep time.

For applications where signal cleanliness is less important, the DDS is an excellent choice. How-

ever, due to its internal method of generating frequencies, the output signal contains significant

spurs. Even after low pass filtering the output at 250 MHz (which is essential), the largest spur can

be only 8 dB lower than the carrier. However, when used for driving narrow-frequency range circuits

such as AOMs, these spurs are effectively filtered.

The performance and flexibility of the DDS comes at the price of a complicated interface. Because

the DDS requires 32-bit data values to specify its frequency, it cannot be commanded with a single

32-bit number. Rather it needs two 32-bit numbers, one to specify the output value and another to

specify the options for the device. Therefore the DDS takes three 32-bit numbers in memory instead

of two like all the other devices. The data format for the DDS is (time, dds command, dds data)

where all three are 32-bit numbers. The DDS can perform complicated functions, such as sweeps

and amplitude ramps - this is all handled by the c-code driver which runs on the Etrax. I kindly

refer the reader to the c-code for documentation.

Fast Analog In

The Fast Analog In board provides 16 bit analog-to-digital conversion on two channels at up to

1 MHz total throughput. Practically this input speed is limited by the data transfer between the

FPGA memory and the Etrax. The board itself is capable of running at speeds of up to 3 MHz in

continuous acquisition, but for the sake of flexibility we are using it in the slower, single shot mode.

The Fast Analog In board is unique among the boards in that it reads a value on command

rather than outputs a value. This poses a unique set of problems in that this value must be stored

and be able to read back by the computer in a reasonable time frame. The scheme implemented

writes the ”measured value” into the location where the ”measure command” was stored. Therefore

after a timing sequence has been run, the memory bank on the FPGA will contain a sequence of

(time, measured value) pairs instead of the (time, value) pairs that were there originally.

The command structure for the Fast Analog In is very simple, since the board only needs to

know when to make a measurement and on which of its two channels. Therefore the board takes

only two bytes of data, the first bit commanding a read on ”Ch 0” and the second bit a read on ”Ch

1”, where these two bits are mutually exclusive.

After the ”timing sequence” has been executed, the c-program must read back through the

memory and record the values stored in the FPGA to another data file, otherwise they will be

re-written when a new ”timing-sequence” is loaded onto the FPGA. Again this is handled by the

c-program driver that runs on the Etrax.
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4.5.3 Peripherals

The network architecture of the control system provides an extensible interface that allows any

machine which supports CORBA to become a ”device” that can be controlled via the server and

client. This typically refers to computers running c-programs that have peripherals attached to

them via another interface (e.g. USB, GPIB, parallel-port, etc...). These ”devices” are not typically

referenced to the FPGA clock, unless they accept an external trigger, and therefore they are not

usually used to perform timing critical tasks. However they are extremely useful for automating

various other aspects of the experiment.

GPIB

Most commercial test and measurement equipment supports external control via GPIB. This allows

easy control of oscilloscopes, function generators, network analyzers, voltage sources, and many other

very useful devices. In order to command these devices, we use a USB-GPIB or an Ethernet-GPIB

converter and a c-program layer to translate GPIB commands in language understood by the server.

Each GPIB-computer interface requires a ”device” that is a GPIB-controller. All c-program

GPIB ”devices” communicate via the network with the GPIB-controller ”device” that corresponds

to the physical GPIB-controller that their instrument is attached. The end result is a set of c-

programs that exactly mirrors the physical set of GPIB controllers and devices. For example,

consider a computer with a USB-GPIB controller attached to it, and an oscilloscope and a function

generator are connected on the GPIB bus. Then there would be a GPIB-controller ”device” running

on the computer with the USB-GPIB controller attached to it. There would also be two other c-

programs, running on any computer (even the same computer) with network access to the computer

with the USB-GPIB controller. One of these programs would contain the specific GPIB-commands

required for the oscilloscope and the other would handle the function generator.

The c-program layer is transparent and easy to use. It only requires the device programmer

to assign a ”channel” or ”attribute” for each device specific GPIB command. Then these can be

accessed via the client as usual. Any ”device” can access any GPIB command using low-level

programming as well. This is quite useful for automating tasks, such as recording an oscilloscope

trace.

Since almost all the code required to create a GPIB ”device” is shared between all GPIB devices,

it is stored in a c-library and does not have to be reproduced by a ”device” programmer. Rather

the ”device” programmer need only create a few lines of code which deal with the specific GPIB

commands for that piece of physical equipment.

Further information is best gathered from example code, and again I kindly refer the reader to

any of the GPIB ”device” c-programs for reference.
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Other External Equipment

Other external devices work in much the same way as the GPIB example. For any piece of equipment

which uses some external interface, the c-program ”device” must include a driver that handles

communication and translation code to convert desired actions into ”channels” or ”attributes.” This

is purposefully general and in practice it allows nearly anything to be converted into a ”device” to

use with the control system.

In this manner, we have created ”devices” for our Andor iXon camera, the controller provided by

Mad City Labs for the rotation compensation system, the DIO-LAN cards which communicate with

our high power TA current drivers, several different AOSense laser lock boards, and a stepper motor

controller. These have proved very useful for automating and trouble-shooting the experiment.

Finally, a ”device” is not limited to being a single piece of equipment. Rather it can be a collection

of peripherals that together perform a desired function. For example, the laser lock contains several

different control loops running at different bandwidths. The first of these is a PID controller built

by AOSense that has a bandwidth of 5 kHz. The computer interface is used to set gains, but the

feedback is an analog circuit. There is an additional external loop which sets the piezo voltage on

the master laser via a GPIB command. This loop uses a commercial ADC to measure the feedback

voltage from the AOSense board via USB. It then determines if the low-passed value of that voltage

is too large (i.e. close to the end of its range). If so, then it commands a piezo voltage change via

GPIB. This allows for large temperature excursions in the lab and still maintains the laser lock.

Even though this requires four different physical peripherals to create a single ”device,” the laser

lock, it is relatively easy to program and is very reliable.

4.5.4 Computer Control System Conclusion

Given the complicated nature of ATEP, it requires significant automation to create a reliable and

repeatable experimental apparatus. A typical day of running the experiment produces ∼ 2000 trials

and nearly 10 Gb of data. Each of these trails required a timing sequence and the interaction of

nearly a hundred different pieces of experimental equipment. As of now, most parameters required

to recreate this experiment are stored and in the future all critical pieces of data will be recorded.

The significant effort expended on creating this computer control system has proven well worth it

through ease of troubleshooting and taking vast quantities of data.

4.6 Evaporatively Cooled Atom Source

4.6.1 Optically Plugged Trap

In order to achieve the required tight kinematic control over the isotopes, we need to cool the

atoms below 1 µK. Evaporative cooling in a magnetic trap is easiest method for doing so in our
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experimental apparatus. It is well-known that at the 0-field point of a quadrupole magnetic trap,

trapped atoms can undergo a spin-flip to an un-trapped state, thus resulting in rapid atom loss.

Many techniques have been employed to combat this problem, most notably the Time Orbiting

Potential (TOP) and Optically Plugged Trap (OPT) - both of which resulted in Nobel Prizes for

their inventors. We originally designed our chamber to use a TOP trap, but due to its geometry, RF

radiation above 1 kHz is significantly attenuated. We need a TOP field of ∼ 10 Gauss at a frequency

of ∼ 10 kHz so that the orbiting frequency is much faster than the harmonic trap frequency. Then

the orbiting potential is effectively averaged by the atoms. Unfortunately the chamber is a very

effective Faraday cage for high frequencies, and this is not feasible. Therefore we are forced to use

an OPT to reach high phase space densities and low temperatures.

The physics behind the OPT is simple - use a repulsive optical potential to create a repulsive

barrier at the 0-field region of the quadrupole trap. In practice this requires a far detuned laser

with lots of power in order to create a tall enough optical potential without significant losses due to

spontaneous emission. The energy shift from a far detuned laser is

∆E =
!

2

(√
Ω2 + δ2 −

√
δ2

)
(4.1)

where δ is the laser detuning and Ω is the Rabi frequency. This scales as power
detuning for a fixed focus

in the far detuned limit. Therefore, for a fixed plug height, we need to linearly increase power as we

increase detuning. Given this scaling, the best choices we found for high power, far blue detuned

light, were at 532 nm. Therefore we use a 6 W Lighthouse Photonics laser at 532 nm to provide the

blue detuned laser light. At a 30 µm focus, we are able to achieve a ∼ 10 µK trap depth, as measured

by imaging the plug laser on an Rb molasses. This is sufficient to prevent significant Majorana loss

at low temperatures.

4.6.2 Microwave Evaporation

In order to increase the phase-space density of our magnetically trapped sample, we use an energy

dependent microwave knife to selectively remove hot atoms from the sample [129]. Since the atom

energy shift in a quadrupole trap is linearly dependent on distance from the trap center, we can

selectively address different kinetic energy classes by tuning the frequency of the microwave knife.

This allows for selective removal of hotter atoms and the evaporative cooling of the sample.

To load atoms into the magnetic trap, we follow a slightly peculiar sequence. We have to deviate

from the standard procedure in the literature because the large quantity of steel and aluminum

present near our quadrupole coils allows large eddy currents to persist for up to 50 ms after a rapid

change in the magnetic field. Therefore we load atoms into the magnetic trap by first detuning

the laser light red by an additional 70 MHz, then ramping up the magnetic field gradient relatively

slowly (in ∼ 20 ms typically) to to 40 Gauss/cm while keeping the detuned MOT light on. Before
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Figure 4.4: The optics system for the blue detuned optical plug.
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Figure 4.5: Microwave Evaporation Scheme for an Optical Plug Trap. By driving microwave tran-
sitions for atoms at a specific energy, we can selectively remove hot atoms from a trapped sample.
This has been shown to lead to runaway evaporation and eventually BEC.

the field gradient has reached its full value, we turn off the re-pump light, which allows atoms to

occasionally fall down from the |F = 2 > state into the |F = 1 > state, where the |1,−1 > atoms

are trapped in the 40 Gauss/cm quadrupole magnetic trap. Finally, an additional de-pump pulse,

resonant with the F = 2 → 2 transition is applied and > 99% of the atoms are transfered into the

F = 1 state where 1/3 of them are trapped.

In order to remove atoms from the magnetic trap, we need to drive a transition from a trapped

state to an un-trapped state. Since the trapped atoms are in the |1,−1 > state, it is possible to

drive microwave transitions to the |2,−2 >, |2,−1 >, and |2, 0 > states while satisfying selection

rules. Of these three states, none are trapped, since the g-factor for F = 1 and F = 2 states have

opposite signs. The relative energy shift is the smallest between |1,−1 > and |2,−2 > since these

states differ in energy by 3gF µBB since ∆mF = 3 in this case. The microwave frequency source is a

∼ 10− 200 MHz DDS channel mixed with a 6.8 GHz base frequency. In order to avoid the effects of

spurious sidebands due to the imperfection of the DDS, we tune the microwave source to the lowest

frequency transition and increase the frequency to reduce the energy of the evaporated atoms. This

evaporation scheme is shown schematically in Fig. 4.5, with the energies of the trapped atoms shown

as the filled-in region and the microwave knife transition represented by an arrow between the two

states.
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Figure 4.6: Typical Rabi Flop Data. Population in the F = 2 state after applying a boxcar microwave
pulse of a given duration. By removing the horn and only using a bare antenna, we achieved a factor
of 10 increase in Rabi frequency.

In order to efficiently remove atoms from the sample, a sufficiently fast enough Rabi frequency

is required, otherwise evaporation proceeds too slowly. This proved difficult given our chamber

geometry and insufficient access for the microwaves to enter our stainless steel chamber (essentially

a large Faraday cage). By using a microwave antennae that is impedance matched to free space and

no horn, we were able to move the horn sufficiently close to the chamber to have a > 50 kHz Rabi

frequency (see Fig. 4.6).

4.7 Conclusion

The system is proceeding rapidly towards condensation and eventually atom interferometry. We

have achieved phase-space densities of 10−4 without the optical plug. Similarly, we were able to

perform Raman spectroscopy using a conventional 2-photon transition. In the very near future, we

expect condensation and large scale atom interferometry.
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Conclusion

After early demonstrations of light pulse atom interferometers, it became immediately desirable

to take advantage of the linear increase in sensitivity with length. Several atom interferometers

with baseline L ∼ 1 m have been built, and the work described here aims to push L to 10 m and

eventually 30 km! These proposed, and under construction, interferometers have sensitivities that

offer tantalizing opportunities to test fundamental gravitational physics in a controlled laboratory

environment.

The current effort at Stanford to build an 8.8 m atom interferometer is nearing completion. Cur-

rently, the interferometer region is shielded to have magnetic fields below 100 µGauss, the rotation

compensation system is built and can steer the interferometer beam through the required 200 µrad,

and atoms have been cooled to ∼ 5µK at the base of the fountain. A lot of work remains before a

test of the WEP at η ∼ 10−15, but the future looks bright.

Finally, the proposed AGIS-LEO gravitational wave detector offers a chance at detection of a

predicted phenomenon of general relativity that has yet to be observed. The future of precision

accelerometers promises to be quite exciting as these experiments begin to produce results.
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NLTL-Driven EOMs

These appendixes discuss the use of Non-Linear Transmission Lines to the modulate the frequency

and amplitude of light. The work presented here was done in collaboration with Jason Hogan,

Sheng-wey Chow, and Mark Kasevich.

A.1 Serrodyne Modulation

A version of this work can be found online at http://arxiv.org/abs/0909.1834.

A.1.1 Introduction

Optical frequency shifting has broad commercial and scientific applications. For example, opti-

cal telecommunication FSK protocols can be implemented using single-sideband (SSB) frequency

shifters[131]. In spectroscopy and laser cooling experiments, agile frequency shifts from the MHz

through the GHz range are often required[132, 133].

Acousto-optic modulators (AOMs) are commonly used for MHz-level shifts, but a given AOM

has a limited tuning range which is only a small fraction of its fixed center frequency. AOMs that

can deliver GHz-level shifts typically offer this increased bandwidth by sacrificing diffraction effi-

ciency. Broadband electro-optic phase modulators (EOMs) avoid many of the bandwidth and tuning

range limitations of AOMs. Commercially available fiber phase modulators can have modulation

bandwidths > 10 GHz. However, typical sinusoidal phase modulation is an inherently inefficient

method of frequency shifting. At best, the fraction of the power in the first-order sideband is

η = (J1(βmax))2 ≈ 0.34, where Jn(β) are the Bessel functions of the first kind. Also, the presence

of large undesirable frequency spurs at other harmonics can cause problems in some applications.

In this Letter, we use a serrodyne phase modulation signal[134] to demonstrate broadband electro-

optic frequency shifting with high efficiency into the desired sideband and correspondingly small
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undesirable spurs.

We briefly review the theory of serrodyne phase modulation[135]. The electric field for the light

exiting the EOM is E(t) = E0 cos (ωt + φ(t)) where ω is the optical frequency and φ(t) is the phase

imprinted by the modulator. A direct frequency shift can be imparted by applying a linear phase

ramp,

φ(t) = (mδ) · t mod 2πm (A.1)

where φ̇ = mδ is the desired shift and m is an integer. This phase ramp need only extend from 0 to

2πm before resetting since cosine is 2π-periodic. The resulting waveform is a sawtooth with angular

frequency δ and amplitude 2πm. The first order (m = 1) condition results in a frequency shift δ, but

higher order shifts (m > 1) are also possible. Although a serrodyne signal can theoretically mimic a

linear phase ramp within a finite tuning range, it requires a high bandwidth to faithfully reproduce

the discontinuities at the end of each period.

The usefulness of the serrodyne technique is limited by the quality of the sawtooth waveform that

can be produced within an experimentally accessible bandwidth, and this gets increasingly difficult

for higher frequency shifts. Early work was done with MHz-level frequency shifts[134, 136], and

more recently improved spur suppression has been demonstrated at these frequencies[135, 137, 138,

139]. Higher frequency serrodyne shifts were achieved with photonic arbitrary waveform generation

(PAWG) using mode-locked lasers[140, 141], but these techniques are complicated and have limited

tunability. In addition, PAWG based on spatial-spectral holography[142, 143] as well as commercially

available conventional arbitrary wave generators with > 10 GS/s sampling rates could conceivably

be used to produce high-quality GHz sawtooth waves.

A.1.2 Serrodyne Experimental Setup

Here we generate high frequency (200 MHz - 1.6 GHz) sawtooth waveforms with good fidelity by using

a Non-Linear Transmission Line (NLTL). In an NLTL, an electronic signal experiences an amplitude-

dependent propagation speed[144]. This effect results in a steepening of the input waveform as the

higher amplitude components catch up with the lower amplitude components. A sinusoidally driven

NLTL therefore outputs an approximate sawtooth waveform at the drive frequency. The NLTLs

that we use are commercially available, passive components and generate harmonic content out to

> 20 GHz.

We directly drive a LiNbO3 fiber phase modulator (Photline Technologies NIR-MPX850-LN08,

> 8 GHz bandwidth) with the serrodyne signal generated by an NLTL and analyze the resulting

spectrum with a Coherent model 240 Fabry-Perot spectrometer (Fig. A.6a). We drive the NLTLs

by amplifying the output of a signal generator (HP83712A) with a broadband RF amplifier (Mini-

Circuits ZHL-42W). The NLTLs produce high output power serrodyne signals, and since the fiber

phase modulators have a low Vπ 0 8 V, we can directly drive the modulator without post-amplifying,
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and thus further bandwidth limiting, the NLTL output.

We generate 780 nm narrow-linewidth (∼ 1 MHz) laser light using a MOPA laser setup (New

Focus Vortex injecting an Eagleyard Tapered Amplifier). A small fraction of the light (30 mW) is

coupled into the fiber phase modulator, providing up to 14 mW of output light. We couple a fraction

of this power into the Fabry-Perot cavity (FSR 7.5 GHz, resolution ∼ 25 MHz).

(a) (b)

NLTL

MOPA

φΜ

AOM

φΜNLTL -1

ν1

ν2
NLTL

MOPA

φΜ

Fabry-
Perot

Figure A.1: Experimental setup. (a) A single phase modulator (φM) measured with a Fabry-Perot
cavity. (b) Two phase modulators in a push-pull configuration measured via a heterodyne beat with
the reference beam shifted 194 MHz by an AOM.

A.1.3 Serrodyne Performance

The serrodyne output of the NLTL varies with input frequency and amplitude. We characterized

three NLTLs manufactured by Picosecond Pulse Labs with different frequency ranges and rated

input powers: 7112-110 (300 − 700 MHz @ 29 dBm), 7113-110 (600 − 1600 MHz @ 29 dBm) and

7102-110 (300− 700 MHz @ 24 dBm, requiring a ZHL-42W post-amplifier). Each NLTL was swept

through its frequency range, and the input amplitude was varied at each point to determine the

optimum serrodyne signal. We captured a data spectrum and a reference spectrum (no RF drive

applied to the NLTL) at each drive frequency with a digital oscilloscope. Example traces are shown

in Fig. A.2. Note that since the fiber phase modulator is electrically floating, we can reverse the

signal and ground connections to apply a minus sign to the serrodyne signal (a balun could also be

used).

The efficiency η of the serrodyne is the fraction of the unmodulated carrier power shifted into

the desired sideband. Our serrodyne frequency shift has η > 0.6 from 200 MHz to 1.2 GHz as shown

in Fig. A.3. Of particular interest are the regions from 400 − 500 MHz and from 1 − 1.1 GHz

which maintain η ∼ 0.8. This is comparable to a well-aligned single pass AOM. Similarly, we also

characterize the cleanliness of the resulting spectrum by its spurious sideband fraction SF, defined

as the ratio of the largest spurious frequency component to the desired signal. We measure SF < 0.2

from 200 MHz to 1.2 GHz as shown in Fig. A.3. In the region from 700 MHz to 1.1 GHz we find

SF < 0.1. Figure A.2 (left trace) shows a shift with η = 0.82 and SF = −16 dB.

As a consistency check of the observed spectra, we made a time domain measurement of the

applied sawtooth waveform V (t) using a 63 GHz Agilent Infiniium DCA 86100B oscilloscope (Fig.
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Figure A.2: Optical spectrum with and without serrodyne modulation normalized to the unmodu-
lated carrier. The center (blue) curve shows the optical spectrum with no RF modulation. The right
(red) and left (yellow) curves are the spectrum with a serrodyne modulation of +1.1 GHz and -1.1
GHz, respectively. The inset shows the applied 1.1 GHz serrodyne waveform in volts versus time in
nanoseconds as measured by a 63 GHz oscilloscope.

A.2 inset). We then calculated the implied serrodyne spectrum using φ(t) = αV (t) and fit the result

to the observed spectrum shown in Fig. A.2 with a single free parameter α. The predicted spectrum

matches the observations very well, with an RMS peak height difference of < 2% relative to the

carrier.

In addition to the first order serrodyne results, we demonstrated second order shifts (m = 2 in

Eq. A.1) by increasing the amplitude of the sawtooth waveform using the post-amplified 7102-110.

This allows for a larger serrodyne frequency shift of 2δ without exceeding the frequency range of

the NLTL. We observed second order shifts with η2 > 0.5 and SF2 < 0.25 for a frequency shift

range of 800 MHz to 1 GHz. These results were likely limited by the 4.2 GHz bandwidth of the

post-amplifier.

A.1.4 Push-Pull Serrodyne

To obtain smaller frequency shifts, we arranged two identical fiber phase modulators in a push-pull

configuration (Fig. A.6b). The two modulators are driven by NLTLs supplied by independently

tunable amplified function generators running at frequencies ν1 and ν2, respectively. With this

flexible setup we can continuously scan the serrodyne output at ∆ν = ν1−ν2 from positive to negative

frequencies out to the maximum frequencies of the NLTLs. We used a heterodyne measurement to

characterize the push-pull spectrum for ∆ν smaller than the linewidth of the Fabry-Perot (Fig.

A.4). An AOM in the reference arm of the interferometer shifted the carrier by a fixed frequency

of 194 MHz so that we could distinguish positive frequency beat notes from negative frequency

beat notes with respect to the unshifted carrier. We find that higher-order harmonics of ∆ν are

suppressed by at least 25 dB compared to the desired shifted signal.
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Figure A.3: Serrodyne modulation efficiency. The upper and lower curves show η and SF, respec-
tively.
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Figure A.4: Heterodyne spectra of push-pull frequency shift. (a) No modulation (b) ∆ν = +1 MHz
(c) ∆ν = −5 MHz.

We investigated the phase noise of the serrodyne-shifted light by comparing the unmodulated

heterodyne beat note signal to that of the push-pull signal out to 1 MHz with a resolution bandwidth

of 1 kHz. The phase noise of the unmodulated signal was −95 dBc/Hz at 150 kHz offset. During

serrodyne modulation we observe no increase in phase noise above this noise floor.

A.1.5 Conclusion

Optical SSB modulation using a dual Mach-Zehnder geometry[145] is another well-known solution for

frequency shifting in the GHz range. However the maximum efficiency is ηSSB = (J1(βmax))2 ≈ 0.34,

at which point the −3δ spur is only suppressed by SFSSB =
(

J3(βmax)
J1(βmax)

)2
≈ −15 dB. Our measured

efficiency is better than this limit, and in some frequency ranges the spur suppression is better as

well. Additionally, the NLTL serrodyne scheme needs only a single phase modulator compared to
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the four that must be integrated into an SSB modulator. Finally, the multiple path Mach-Zehnder

geometry is a potential source of low-frequency drift.

The serrodyne technique can potentially be improved to offer cleaner frequency shifts and a

larger tuning range. The fall time is the principle performance driver[135], and NLTLs can generate

sub-picosecond transients[146]. This is more than 50 times faster than our measured fall time.

Additionally, the serrodyne could be improved by adding a passive network to adjust the phase and

amplitude of the existing frequency components.

Although the dual modulator push-pull configuration allows for a much larger tuning range, it

does so at the expense of an additional modulator. In principle, the two serrodyne drive signals

could be subtracted using a high-frequency balun and then applied to a single modulator.

It is interesting to compare these NLTL results to what could be achieved with state-of-the-art

commercially available AWGs. An AWG with a 24 GS/s sampling rate (e.g. Tektronix AWG7122B)

can in principle generate sawtooth waveforms with fall times as short as 35 ps which would allow for

GHz serrodyne shifts with spurious sideband fraction and phase noise similar to what we observe

with the NLTLs. However, an AWG-based scheme would most likely require high-power, broadband

(∼1 W, BW ≈ 10 GHz) post-amplification to achieve efficient phase modulation, and the cost and

overhead associated with high frequency arbitrary synthesis is a disadvantage.

Serrodyne frequency shifting using NLTLs offers several advantages over traditional optical fre-

quency manipulation. Unlike an AOM, the serrodyne phase modulator does not spatially shift the

beam and is thus immune to temperature induced alignment changes. An NLTL-driven phase mod-

ulator offers a greater than three octave dynamic tuning range, and using a push-pull configuration

we have demonstrated continuous tuning from −1.6 GHz to +1.6 GHz. This is more flexible than

previous frequency shifting techniques in this band.

A similar implementation of the serrodyne technique recently appeared in [147]. Many thanks

to the Fejer group for lending us the Infiniium oscilloscope.
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