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We provide a theoretical framework to describe the dynamics of a free-electron beam interact-
ing with quantized bound systems in arbitrary electromagnetic environments. This expands the
quantum optics toolbox to incorporate free-electron beams for applications in highly tunable quan-
tum control, imaging, and spectroscopy at the nanoscale. The framework recovers previously studied
results and shows that electromagnetic environments can amplify the intrinsically weak coupling be-
tween a free-electron and a bound electron to reach previously inaccessible interaction regimes. We
leverage this enhanced coupling for experimentally feasible protocols in coherent qubit control and
towards the nondestructive readout and projective control of the electron beam’s quantum-number
statistics. Our framework is broadly applicable to microwave-frequency qubits, optical nanophoton-
ics, cavity quantum electrodynamics, and emerging platforms at the interface of electron microscopy
and quantum information.

I. INTRODUCTION

Engineering coherent interactions between quantized
modes of light and matter lies at the core of emerging
quantum technologies. Advances in nanofabrication have
enabled semiconductor devices with control over pho-
tonic modes and materials processing has introduced var-
ious qubit candidates, such as superconducting circuits,
semiconductor spins and color center defects. The co-
integration of spin qubits with photonics offers an exper-
imental platform for quantum simulation [1–3], quantum
communication [4–6] and sensing [7–11]. Concurrent ad-
vances in electron beam generation have enabled tunable
coherent interactions between electron beams and pho-
tonic modes [12–15], allowing for beam acceleration [16–
18], field imaging [19–22], and microscopy [23–25]. This
interaction has even been explored experimentally in the
quantum regime, with observations of coherent interac-
tion between quantized energy states of free electrons and
photonic modes [26, 27].

Initial theoretical work on the resonant interaction be-
tween a dipolar two level system (TLS) and a bunched
electron beam, dubbed “free-electron bound-electron res-
onant interaction” (FEBERI), has garnered excitement
as a resource for nanoscale quantum control [28] and en-
tanglement generation [29] mediated by the beam’s elec-
tric field and qubit’s electric dipole moment. In addition
to theoretical proposals for coherent interactions between
a free-electron’s magnetic field and spin qubits [30–32],
recent experiments have demonstrated promising steps
towards quantum control and spin sensing with electron
beams [33, 34]. However, the inherently low coupling
strength between free electrons and bound electrons re-
mains an outstanding limitation for even these advanced
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experimental systems, often requiring probing distances
and electron beams that are difficult to realize. Moti-
vated by these challenges and frontiers, we explore meth-
ods to enhance these interactions and propose experi-
mentally feasible protocols to study the effects of such
an interaction on both the electron beam and spin-qubit
system.
Here, we introduce a theoretical framework that uni-

fies interaction models between a bound qubit, an ar-
bitrary electromagnetic environment, and an electron
beam, which respectively act as three distinct quantum
systems: a discrete TLS, a unidirectionally infinite lad-
der, and a bidirectionally infinite “quantum rotor”[35].
By applying this formalism to a free electron beam in-
teracting with a bound spin qubit in a microwave cavity,
we may enhance the inherently weak coupling strength
between the free-electron beam and bound-electron qubit
towards useful regimes in quantum control and sensing.
Such an enhancement enables the precise readout and
non-destructive control of the electron beam’s quantum
number statistics. While this work focuses on the mi-
crowave regime, we emphasize that our formalism readily
applies across the electromagnetic spectrum.

II. RESULTS

We consider the following system: an electron beam,
traveling at velocity v (determined by its energy) flies
by a qubit embedded in an environment with a dyadic
Green’s function G(r, r′, ω). The free-electron–qubit in-
teraction is mediated by the electromagnetic field’s pho-
tons and is described by an effective Hamiltonian within
a Markovian master equation approach, where the pho-
tonic degrees of freedom are adiabatically eliminated,
as detailed in the SI Section I. Remarkably, for free
space and a cavity-mediated interaction in the dispersive
regime, the effective Hamiltonian becomes approximately
hermitian, so we can focus on unitary dynamics.
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FIG. 1. General electron-beam spin qubit interaction a. System Schematic: an electron beam with an electron number
distribution p(n) and engineered wavefunction interacts with a qubit in an arbitrary electromagnetic environment. b. Effects
of the interaction on both the spin qubit (for resonant and non-resonant cases, top) and the electron beam (bottom). The
interaction entangles qubit precession and the electron beam’s quantized number distribution. Projective readout of the qubit
thus modifies the electron beam distribution (bottom right).

Free-space interaction. We define electron beam prop-
agation along the z axis, and position the spin qubit at
the origin, depicted in Figure 1(a). The plane of inci-
dence sets impact parameter r⊥ and angle φ, denoted by
a 2D vector r⊥. The spin’s magnetic moment, aligned
along m̂, has a resonance frequency ω0, and spin lower-
ing (raising) operator σ̂ (σ̂†). The structure of the free
space Green’s function in the near-field [36] simplifies the
interaction Hamiltonian. Applying the rotating wave ap-
proximation yields an effective Hamiltonian

Ĥint(t) = −gµB

ℏ

[
Ŝ(+)(t) · B̂(−)

el (t) + Ŝ(−)(t) · B̂(+)
el (t)

]
(1)

where Ŝ(−)(t) = e−iω0t(ℏ/2)m̂σ̂ is the spin operator,
µB is the Bohr magneton, g ≃ 2 is the g-factor, and

B̂
(+)
el (t) = B̂

(+)
el (0, t) is the positive-frequency magnetic

field induced by the electron at the spin’s position

B̂
(+)
el (t) = −φ̂

µ0e

2πr⊥

∫ ∞

0

dωe−iωt
(ω
v
r⊥

)
K1

(ω
v
r⊥

)
b̂ω

v

(2)
Here, φ̂ is a unit vector tangential to a circle of radius
r⊥ around the origin and at the position of the electron
beam (see Fig. 1a), K1(x) is the first-order modified

Bessel function of the second kind, and b̂q the electron
ladder operator [27, 35, 37], which lowers the electron
momentum by a recoil q. The spin position and orienta-

tion relative to the electron beam directly impact B̂
(+)
el

through φ̂.
We obtain the scattering matrix Ŝ =

T exp
[
−i/ℏ

∫∞
−∞ Ĥint(t)dt

]
using the first-order Magnus

expansion [38]

Ŝ = exp
[
−iϕ0 (m̂ · φ̂) σ̂b̂†ω0

v

− iϕ0 (m̂
∗ · φ̂) σ̂†b̂ω0

v

]
, (3)

where

ϕ0 =
µBµ0e

2πr⊥ℏ

(ω0

v
r⊥

)
K1

(ω0

v
r⊥

)
≃ µBµ0e

2πr⊥ℏ
(4)

is the dimensionless free-space coupling constant between
the electron beam and the spin [34], using approxima-
tions valid for deep-subwavelength impact parameters
r⊥ ≪ λ. Within the formalism of Eq. (1), the spin un-
dergoes incoherent decay into free space at a rate Γsp, so
we shall assume that the scattering interaction happens
on timescales much shorter than this lifetime.
Because the free space interaction strength ϕ0 is in-

versely proportional to r⊥, it typically varies between
10−6 to 10−10 for impact parameters between 1 nm to
tens of µm. Thus, macroscopically large currents are re-
quired to measurably affect both single qubits and spin
ensembles. Experimentally, electron-beam-induced dam-
age to the sample restricts impact parameters to larger
values (∼ 10 µm) [34], limiting the coupling strength.
Cavity-mediated interaction. However, we may over-

come such limitations by placing the qubit inside a mi-
crowave cavity, wherein the cavity field mediates a co-
herent interaction between the qubit and electron beam.
For strongly coupled semiconductor spins or supercon-
ducting qubits, this interaction can reach a regime where
the qubit can sense the beam’s number statistics and en-
tangle with the total electron number. We now consider
a microwave cavity with linewidth γ, and resonant modes
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with wavenumber and frequency qj , ωj . The electric and
magnetic vacuum fields of the cavity modes are Ej(r) and
Bj(r), respectively.

In order to avoid enhancing spontaneous energy decay
from both the electron beam and spin excitations into
the photonic bath, we consider the dispersive regime,
commonly employed in cavity quantum electrodynam-
ics [39, 40]. The interacting particles are far off-resonant
from the cavity modes, such that the detuning ∆ = ωm−
ω0 from the closest resonance (at a particular j = m) sat-
isfies ∆ ≫ γ. For the free electron, the frequency scale
is determined by its phase-matching condition, manifest-
ing a phase mismatch given by qmv = ω0 = ωm − ∆.
However, since the free-electron’s phase-matching band-
width, inversely proportional to its time of flight through
the cavity, sets the effective linewidth [41], we further as-
sume a slow-enough electron, such that its interaction
time with the cavity T = L/v (where L is the cavity
length) satisfies ∆T ≫ 2π. Electron beams with keV to
sub-keV energies meet these conditions [42, 43], but are
still swift enough to satisfy γT ≪ 1, such that the cav-
ity lifetime is still much longer than the interaction time.
This gives the effective interaction Hamiltonian (see SI
section IB)

Ĥint = ℏ
gg∗el
∆

σ̂b̂†ω0
v

+ ℏ
g∗gel
∆

σ̂†b̂ω0
v
, (5)

where g ∈ {gsp, gd}, with gsp = µBm̂ · Bm(rqu)/ℏ,
gd = d · Em(rqu)/ℏ, and gel = evẑ · Em(rel)/ℏωm, are
the spin-magnetic field (gsp), dipole-electric field (gd),
and free-electron-electric field (gel) coupling rates, re-

spectively. The cavity-mediated coupling in Ĥint depends
directly on the spatial mode structure of the cavity field
at the qubit and free-electron positions rqu, rel, rather
than decreasing with their relative distance. The corre-
sponding scattering matrix is

Ŝ = exp

[
−i

gg∗Q
∆

σ̂b̂†ω0
v

− i
g∗gQ
∆

σ̂†b̂ω0
v

]
(6)

where gQ = gelT is the dimensionless coupling constant
between the free electron and the cavity mode [21, 44].
As in the free space interaction, we need to also con-
sider the incoherent decay of the qubit and the electron
into the cavity. In the strongly detuned regime ∆ ≫ γ
these decay rates are strongly suppressed, given approxi-
mately by Γqu ≃ (γ/2)|g/∆|2 and Γel ≃ 4|gel|2/∆2T . To
safely neglect them, we require that the qubit decays at
a much slower rate than cavity photons, Γqu ≪ γ, and
that the electron decay rate satisfies ΓelT ≪ 1. These
requirements boil down to g, gel ≪ ∆. Therefore, the
characteristic strength for a cavity-mediated interaction
between a free electron and spin is

ϕcav = |gQ|
|g|
∆

. (7)

The cavity-mediated interaction is enhanced through the
electron-cavity coupling gQ, which may be orders of mag-
nitude larger than the free space electron-qubit coupling.

Indeed, recent advances in free-electron–light interac-
tions have shown that the strong coupling regime where
|gQ| = 1 is attainable in the optical domain [45], and,
theoretically, is also realizable and surpassable in the mi-
crowave regime [46].
Whether ϕcav is enhanced (relative to the free-space

case) depends directly on the qubit’s coupling strength
to the cavity modes, which may differ dramatically. For
example, NV center ensembles in microwave cavities typ-
ically couple at ∼MHz [47] rates, while for atoms it is
in the 10’s to 100’s of MHz [48, 49], and superconduct-
ing qubits can readily reach rates greater than 100’s of
MHz [50–52]. For strongly coupled qubits, such as a su-
perconducting qubit or a semiconductor spin, we may
consider a qubit with |g| = 0.1∆ and |gQ| = 1. This set-
ting leads to an interaction strength of ϕcav = 0.1, mul-
tiple orders of magnitude stronger than the free-space
parameter ϕ0 evaluated earlier, enabling a regime that
accounts for the quantum nature of the electron beam.
Entanglement with electron number. The scattering

matrices Eqs. (3)and (6) describe a coherent resonant in-
teraction between a free electron and a microwave qubit,
with resonant frequency ω0. This scattering matrix re-
covers the FEBERI regime [28], wherein a longitudinal
modulation of the electron beam strengthens the inter-

action, observable by writing b̂ω0/v =
∫
dze−iω0z/vn̂(z).

Here, n̂(z) denotes the electron number density opera-
tor. Conventionally, FEBERI models consider high (e.g.

optical) frequencies ω0, where b̂ω0/v imparts a measur-
able recoil ω0/v on the electron, correlated with an emit-
ter excitation or decay. A spectrally-narrow and un-
modulated electron beam can then demonstrate entan-
glement between the electron energy and emitter excita-
tion [28, 29, 53].
An interesting observation emerges for electron

bunches pulsed at low (e.g., microwave) frequencies. For
a bunch duration much smaller than 1/ω0, the elec-
tron pulse is spectrally broader than the imparted recoil,
making the electronic state before and after the inter-
action approximately identical. In this readily accessi-
ble regime, we take ω0 → 0 and consider the operator

b̂0 = b̂†0 =
∫
dzn̂(z) ≡ N̂ , where N̂ denotes the bunch’s

total electron number operator. While this picture be-
comes exact for degenerate spin manifolds where ω0 ≡ 0,
it remains an excellent approximation for GHz resonance
frequencies and sub-picosecond electron pulses available
in ultrafast electron microscopes [21, 44, 54, 55]. This
produces the scattering matrix

Ŝ = exp
(
−iϕ

(
eiασ̂ + e−iασ̂†) N̂)

, (8)

where ϕ ∈ {ϕ0, ϕcav} is the coupling strength and α de-
notes the argument of the complex-valued couplings in
Eqs. (3) and (6), dependent on electron beam transverse
position (here onwards, we set α = 0). This operator
produces a unique quantum interaction where the spin’s
precession becomes entangled with the beam’s electron
number.
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FIG. 2. Electron Statistics Discrimination and Deter-
mination a. Three stage experiment: (i): Spin initialization
in |↓⟩ state; (ii): Electron beam-spin interaction, entangling
spin evolution with electron beam number distribution; (iii):
Spin readout of σ̂z, with an optional rotation prior to readout
to select a measurement axis. b. ⟨σ̂y⟩ readout for different
effective interaction strengths ϕ0, for free space (left) and an
optimized cavity with localized fields (right). c. ⟨σ̂z⟩ for vari-
ous distributions, characterized by the mean electron number
µ, and the Fano number F ≡ σ2

N/µ with different interaction
strengths. d. Kullback-Leibler (KL) divergence between the
true electron number distribution p(n) and the recovered dis-
tribution p̂(n) using the inverse Fourier Transform, as a func-
tion of maximum attainable interaction strength ϕmax for the
experiment.

III. NON-DESTRUCTIVE ELECTRON BEAM
NUMBER MEASUREMENTS

We apply the predicted entanglement between spin
precession and electron beam number to propose sev-
eral non-destructive protocols on the electron beam with
post-interaction readout purely on the qubit. Measure-

ments along a single axis of the spin qubit allow one
to discriminate different electron beam number distribu-
tions and measurements along two different spin qubit
axes enable recovery of the electron beam’s distribu-
tion p(n) by sampling different interaction strengths ϕ.
Lastly, through iterative projective measurements on the
qubit, one may directly shape the electron beam num-
ber distribution. In contrast to quantum sensing pro-
tocols that measure particle contributions to the field,
these protocols directly interface with the electron beam
through the quantum number operator [56, 57].
Electron Distribution Discrimination. For both elec-

tron distribution discrimination and determination, we
consider the experiment in Figure 2a. A spin is prepared
in the |↓⟩ state and the free electron flies by, applying the
scattering matrix from Eq. 8. Since the spin rotation is
entangled to the number operator on the electron beam,
the readout of σ̂z on the spin qubit depends on number
of electrons in the bunched beam. Rotating about the
x-axis prior to readout measures σ̂y. Specifically,

⟨σ̂z⟩ =
∑
n

p(n) cos(2ϕn), ⟨σ̂y⟩ =
∑
n

p(n) sin(2ϕn)

Here, ϕ determines how easily this measurement distin-
guishes different beam distributions. A natural analogy
to coherent spin driving arises: nϕ gives an effective Rabi
drive rate, while the beam distribution spread induces
spin qubit decoherence.
For small ϕ, such as that attained in the free space

interaction with impact parameter r⊥ = 1 nm, the spin
operator readout remains near its initial value, producing
no discernible differences for different beam distributions,
even with mean electron number (current) on the order
of hundreds of electrons (Figure 2b, left). However, with
a sufficiently strong ϕ, enhanced by a cavity, discernible
differences in qubit readout arise even for mean electron
number on the order of tens of electrons. As shown in
Figure (2b, right), a pure Fock state electron distribution
leads to perfect Rabi flops with increasing mean electron
number, while a classical Poissonian distribution yields
damped Rabi oscillations. Interaction with an electron
beam seeded by bright squeezed vacuum (BSV) driven
photoemission – useful for probing highly nonlinear ion-
ization processes [58–60] – yields an exponential decay
in readout signal, due to the BSV distribution’s broad
support for high electron numbers. Figure 2c quantifies
the relationship between the Fano number, which charac-
terizes how closely a distribution resembles a Poissonian,
and the readout of ⟨σ̂z⟩.
Electron Distribution Determination. Using measure-

ments on both ⟨σ̂z⟩ and ⟨σ̂y⟩, we may compute

N̂(ϕ) = ⟨σ̂z⟩ − i⟨σ̂y⟩ =
∑
n

p(n)e−i2ϕn, (9)

which is the discrete Fourier transform [61] of the elec-
tron number distribution p(n). Varying the values of ϕ,
done by adjusting beam impact parameter r⊥, recovers
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p(n) via an inverse Fourier transform on samples of N̂(ϕ).
Analogous to discrete signal processing, where higher
sampling rates are used to resolve fast time-varying sig-
nals, a higher interaction strength ϕ is required to resolve
sharp changes in the p(n). With an effective coupling
strength of ϕ = π, the probability distribution is exactly
recoverable. However, even with ϕmax = 0.1, we are able
to recover distributions with some fidelity, measured by
the Kullback-Leibler (KL) divergence, shown in Figure
2d. By guiding the electron beam back into the qubit-
cavity system without measuring the qubit, one may en-
hance the effective interaction strength, with seven round
trips demonstrated experimentally [62], and more trips
feasible with improved electron beam guiding.

Electron Number Projection. Using the entanglement
between the spin precession and beam number, a series
of projective qubit measurements can shape the electron
beam to a specific Fock state |n∗⟩, shown schematically
in Figure 3a. We send an electron beam, initially in state
ρel =

∑
n,n′ ρn,n′ |n⟩ ⟨n′|, through M spin qubit interac-

tions with strengths ϕi. Prior to launching the beam,
we apply a rotation of angle −θi along the spin’s axis
of beam-induced precession. After interaction with the
beam, the spin is measured in the |↓⟩ , |↑⟩ basis. If the
readout yields |↓⟩, the beam’s density matrix becomes

ρel → ρ′el =
∑
n,n′

cos(ϕn− θ) cos(ϕn′ − θ)ρn,n′∑
m cos2(ϕm− θ)p(m)

|n⟩ ⟨n′| ,

(10)

where p(n) = ρn,n. Setting ϕin
∗ = θi maximizes the

weight of p(n∗) in the modified distribution and mini-
mizes the contributions of p(n ̸= n∗). For an experiment
where θ and ϕ are fixed for all i, the final distribution
converges to the targeted one, with the rate of conver-
gence determined by p(n∗) and ϕ, shown in Figure 3b for
a few different choices of ϕ. However, as shown in Fig-
ure 3c, we may engineer different final distributions on
the beam number and accelerate convergence by careful
selection of different ϕi parameters. By setting ϕi =

π
2i

and θi = −ϕin
∗ for i = 0, ...,M − 1, the distribution

p′(n) rapidly converges to δn,n∗ , within log(N̄) interac-
tions, where N̄ is the support of the initial distribution.
This scheme leads to an advantageous scaling in experi-
mental resources required to project macroscopic electron
beams.

IV. CONCLUSION

Through the formalism described here, we provide
a unified framework to study the interactions between
electron beams and bound spin and electric dipole
qubits in a variety of electromagnetic environments.
This allows us to improve the naturally weak interaction
between electron beams and bound-electron systems
by modifying the underlying environment, providing a
solution to one of the primary experimental roadblocks
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FIG. 3. Electron Number Projection a. Protocol for
non-destructive electron number projection. The initial and
target distribution set the experimental parameters ϕi, θi for
a series of electron beam-qubit interactions. At each interac-
tion, the following are performed: i) Qubit initialized in |↓⟩
and rotated by angle −θi. ii) Electron-beam interaction in-
duces number-dependent spin precession. The targeted elec-
tron number rotates the spin back to |↓⟩. iii) Projectively
measure the qubit in the |↓⟩ , |↑⟩ basis. If all spins are mea-
sured in |↓⟩, the electron beam is successfully projected in
the target state. b. Projection protocol with uniform in-
teraction parameters ϕi and θi = −ϕin

∗. The electron beam
is initially Poissonian with mean µ = 50 and target state is
|n∗⟩ = |50⟩. c. Optimal protocol to reach |n∗⟩ with mini-
mal number of scattering interactions. The electron beam is
initially Poissonian with mean µ = 50. The interaction and
preparation parameters vary as ϕi = π/2i and θ = n∗ϕi.

in quantum coherent electron beam physics. We use
our framework and the improved interaction strength
to propose experimentally viable procedures that can
non-destructively measure and manipulate the electron
beam’s number distribution. Just as photonic state
shaping plays a crucial role in cavity and circuit quantum
electrodynamics, we anticipate that quantum-controlled
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electron beam states may serve analogous applications
for quantum coherent electron beams and quantum
technologies that leverage the spatial resolution of
electron beams. While the formalism developed here
considers the Markvoian dynamic regimes, where cou-
pling strengths are weak, it is still applicable for both
quantum sensing and quantum control regimes, and
we anticipate that this theory may be extended to the
strong coupling regime and enable the exploration of
even richer physics.
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M. Krüger, D. Seletskiy, M. Chekhova, and F. Tani, High-
harmonic generation by a bright squeezed vacuum, Na-
ture Physics 20, 1960 (2024).

[59] J. Heimerl, A. Mikhaylov, S. Meier, H. Höllerer,
I. Kaminer, M. Chekhova, and P. Hommelhoff, Multi-
photon electron emission with non-classical light, Nature
Physics 20, 945 (2024).

[60] J. Heimerl, A. Rasputnyi, J. Pölloth, S. Meier,
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