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Abstract

In recent years, there has been rapid progress in the development of highly control-
lable quantum systems, opening up applications in quantum computing and quantum
communication. With the ultimate goal of creating a fault-tolerant quantum com-
puting platform, noisy intermediate scale quantum devices have been shown to be
able to carry out non-trivial computational tasks. Thus, it has become important to
understand and alleviate the issues affecting the operation of current noisy quantum
computers and communication between them, and to develop numerical simulation
tools to aid this understanding.

In this thesis, I will describe theoretical and computational approaches, based on
tools from numerical optimization theory and tensor network simulation methods,
to tackle some of these issues. First, I will present a numerical optimization strat-
egy to improve the efficiency of quantum transducers, that are crucial for quantum
communication over optical fiber links. Second, I will describe an optimization-based
numerical method utilizing tensor network simulations, for efficiently computing per-
formance bounds on noisy quantum circuits to answer if they can outperform classical
computers. Finally, I will present a theoretical proposal for a Hamiltonian to model
an arbitrary linear optical device, and use it to implement tensor network simulations
of a time-delayed feedback system. Such feedback systems could possibly provide a

platform for generation of highly entangled states for quantum computation.
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Chapter 1
Introduction

Since the inception in the 1980s of the idea of using systems described by the laws
of quantum mechanics for solving computational problems [1, 2, 3], the field of quan-
tum computing has grown extensively. With the ideal of a fault-tolerant quantum
computer [4, 5| that is resilient to noise as the goal, there has been rapid progress
in various quantum computing experimental platforms like trapped ions [6], neutral
atoms [7], and superconducting quantum systems [8]. With each step of this progress,
the number of controllable qubits available per computer has increased or the noise
rates affecting the computations have decreased. Furthermore, a network of con-
nected quantum processors [9] can be used to realize scalable, distributed quantum
computing [10]. To aid the effort towards realizing both individual error-corrected
quantum computers and their connection in a quantum internet, it is important to
solve simulation, design, and analysis problems arising at various levels. In this thesis,
I describe theoretical and computational solutions relying on techniques from numer-
ical optimization theory and tensor network methods to tackle certain engineering
and analysis problems relevant to the development of quantum computers.

First, I consider the problem of the development of a quantum internet by the con-
nection of distant superconducting quantum computers, each of which operate at
microwave frequencies. Optical fibers can be used as the quantum channels for such

a network if transducers of single photons from microwave to optical frequencies are
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available. Ensembles of solid-state emitters (like color centers in diamond and sil-
icon carbide and rare-earth ions doped in crystals) are an attractive platform for
implementing such transducers due to scalable nano-fabrication [11, 12| and their
integrability with superconducting quantum systems [13, 14]. Collective coupling of
an ensemble of identical quantum emitters to microwave and optical fields can result
in a superradiant enhancement [15, 16] of coupling strengths and better transduc-
tion efficiencies. However, inhomogeneous broadening in the transition frequencies
[17, 18] of emitters can hamper the formation of a collective superradiant state and
lower transduction efficiencies. I present a strategy relying on the laser driving of
an emitter ensemble-based transducer as a quantum control [19] for single photon
scattering [20]. We employ a gradient-based optimization algorithm to design the
temporal shape of the laser drive to mitigate the effects of inhomogeneous broad-
ening and demonstrate up to an order of magnitude improvement in transduction
efficiencies.

Second, considering that quantum computers can potentially outperform classical
computers in certain computational tasks, I present an approach to answer if this
advantage can persist in the presence of noise without error correction. Finding
ground states of classical and quantum Hamiltonians is a paradigmatic problem in
both computer science and many-body physics [21, 22]. There has been great interest
23, 24, 25] in understanding whether quantum computers can be used to solve these
problems. While a fault tolerant quantum computer could provide an advantage
in these problems in certain scenarios, building one remains a technological hurdle.
Consequently, there has been great interest in understanding if noisy intermediate-
scale quantum devices can be used to implement quantum circuits to approximate
ground states [26, 27, 28, 29] and in what circumstances they definitely fail to provide
any benefit over classical algorithms.

To address this problem, I describe in this thesis the development of an impossibility
result for quantum advantage - we accomplish this by developing a numerical method
to classically compute certifiable performance bounds on noisy quantum circuits which
can then be compared to certifiable classical algorithms [30, 31, 32] to outline noise

regimes where there is no quantum advantage. Our formulation is based on tracking
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the noise-induced entropy accumulation through the quantum circuit, together with
using the principle of Lagrangian duality to account for the circuit architecture. While
rigorous bounds on noisy quantum circuits have been previously provided [33, 34, 35],
our formulation is the first work to provide lower bounds that capture the propagation
of errors in a quantum circuit. We provide both numerical evidence in 1D and 2D
circuits of 50 qubits, as well as analytical results showing that our bounds predict a
super-exponentially worse degradation of the performance of the circuit with circuit
depth compared to previously studied bounds.

Finally, I present the development of a Hamiltonian model for linear optical devices
(36, 37, 38] acting on propagating optical modes and describe the utility of such
a model for simulating quantum optical systems with feedback [39, 40], as such sys-
tems can potentially be useful for generating entanglement for quantum computing or
realizing quantum memories. We show how to construct the Hamiltonian correspond-
ing to a general frequency-independent linear optical device described by a classical
scattering matrix, and provide examples of Hamiltonians for some commonly used
devices. We then use the Hamiltonian to rigorously formulate a matrix-product-state
(tensor network) [41, 42] based simulation for time-delayed feedback systems wherein
the feedback is provided by a linear optical device described by a scattering matrix as

opposed to a hard boundary condition (e.g. a mirror with less than unity reflectivity).



Chapter 2

Control design for single-photon

quantum transducers

Presently, superconducting quantum systems are able to achieve non-trivial quan-
tum computational tasks, and are a promising candidate for forming the nodes of
a quantum internet to realize scalable, distributed quantum computing. But direct
connection of distant superconducting quantum systems proves difficult as they op-
erate at microwave frequencies, and commercial microwave cables are dominated by
thermal noise at room temperature and hence face huge loss over long distances. On
the other hand, cryo-cooled superconducting transmission lines are low loss but lim-
ited to short distances [43]. Optical photons can serve as better ‘flying’ qubits as
they can be transmitted with low loss over long distances through optical fibers. To
connect superconducting quantum systems, there is thus a necessity to realize co-
herent transduction systems that can convert photons coherently and bi-directionally
between microwave and optical frequencies.

Many approaches have been proposed to construct such transducers [44, 45]. Microwave-
to-optical transducers couple fields oscillating at the respective frequencies through a
non-linear medium that can be driven externally to bridge the gap between these fre-
quency regimes. The different types of non-linear media that have been studied so far
are, electro-optic materials [46, 47, 48, 49, 50, 51], magnon modes [52, 53, 54], optome-
chanical systems [55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69], and broadly,
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ensembles of atomic systems [70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85].
Solid-state emitters (like color centers in diamond and silicon carbide and rare-earth
ions doped in crystals) can have transitions coupling to both microwave and optical
fields. They provide an attractive platform for implementing quantum transducers
owing to the possibility of integration with superconducting quantum systems [13, 14]
and scalability afforded by rapidly developing nano-fabrication techniques [11, 12,
86]. However, single defects are often only weakly coupled to the microwave and
optical fields, leading to low transduction efficiencies. An approach to overcoming
this limitation is to use ensembles of such emitters coupling to the same microwave
and optical channels — the coupling strength is then enhanced proportionally to the
number of emitters as a consequence of the formation of a collective superradiant
state of the emitters [87, 88, 15, 38, 16, 89].

In practical devices, emitters do not have identical resonant frequencies [17, 18, 90] —
this inhomogeneous broadening in the resonant frequencies prohibits the formation
of a collective superradiant state and lowers the transduction efficiencies. However,
the temporal shape of the lasers driving the emitter ensembles can be experimentally
tuned — this opens up the possibility of using quantum control techniques to compen-
sate for inhomogeneous broadening in the emitter ensemble, restore superradiance,
and improve transduction efficiencies.

Our approach to solving this design problem is to use a time-dependent scattering the-
ory framework [20] to pose the problem of inhomogeneity compensation as a control
problem — this framework not only allows us to account for the collective interac-
tion between the emitters as mediated by the optical and microwave fields, but also
account for properties of the emitted and absorbed photons in the resulting quantum
control problem. For the emitter based transduction system, we solve the resulting
control problem using a gradient-based optimization algorithm to demonstrate an
order of magnitude improvement in the transduction efficiencies. Furthermore, to
assess the optimality of the resulting solution, we calculate provable upper bounds on
the transduction efficiencies achievable by designing the temporal shape of the laser
drive. Our work is closely related to, but distinct from Ref. [91] wherein a similar

framework was used to design quantum controls for mediating interactions between
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Figure 2.1: (a) Schematic of a three-level system ensemble-based transducer device.
(b) Scaling of transduction efficiency with increasing number (N) of three-level sys-
tems in a homogeneous ensemble for different cooperativities C' (we keep v fixed and
vary I' to vary cooperativity). (c¢) Decrease in the transduction efficiency through
randomly inhomogeneously broadened ensembles of N = 10 emitters with increas-
ing inhomogeneous broadening A for different cooperativities C'. For each value of
the inhomogeneous broadening A, 100 randomly broadened ensembles are created by
sampling the emitter detunings 53), 653 from a Gaussian distribution with standard
deviation equal to A. Each plot point corresponds to the mean over the 100 ensem-
bles with inhomogeneous broadening equal to the corresponding value of A and the
shaded regions represent the standard deviation. (d) Transduction spectra of ensem-
bles (N =10, C' = 0.1) with varying inhomogeneous broadening A.

ensembles of emitters with controllable transition frequencies to implement quantum

memories.

2.1 Model

The transducer model being considered is schematically depicted in Fig. 2.1a. The

emitter ensemble, with each emitter considered to be a three-level system, is coupled
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to microwave and optical modes with coupling operators L, and L,y respectively,

where

N
Z 0 and Lop, = Z %ptaopt (2.1)

=1

Here, 7y, and 7o are the decay rates of the emitters into the microwave and optical

modes respectively, N is the number if emitters in the ensemble, and ¢! and aopt

1
are the lowering operators for transitions of the ith emitter in the ensemble. In
addition to coupling to the optical and microwave modes, each emitter can also decay
into additional loss channels, modeling unwanted radiative and non-radiative losses,
with decay rates T, and Ty from the excited states [el,) and |ef,), respectively.
Furthermore, the transition between the two excited states is driven by a laser with

envelope 2 (¢).

2.1.1 Input-output equations

We derive the input-output equations describing the dynamics of the quantum trans-

duction process. The Hamiltonian describing the ensemble is,

Hoo( Q1)) = |01, + 00ttty | + D Q) ook +Hoc), (22)

%

where the transition operators o’ We point out that the laser field is actually

w,opt*
Q(t) ert where wy, is the central frequency. The Hamiltonian in Eq. 2.2 is obtained
by going into a rotating frame to remove the term oscillating at wy, from the drive.

The Hamiltonian of the entire system, i.e., the microwave and optical waveguide

modes together with the ensemble is,

. 0 0
H=— z/dm (aL@a—xa#,x + alpm%aopm) + < Ay g oL, + H. c)

+ (af)pt’m:oLopt + H.c.) + Hyys, (2.3)

where a,, and aep, are the spatial annihilation operators for the microwave and
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optical waveguide modes respectively [20]. The terms in Eq. 2.3 with the operators
L, where s € {u,opt} represent the ensemble-waveguide interaction.

We define the number operator,

N
Ne = /dl‘ (aL,zaMl‘ + alpt,zaoptﬂ:) + Z <O-LTO-Z + O'Z;LtO'(i)pt> ) (24>

i=1
which commutes with the Hamiltonian H. We consider an initial state with a single
photon in the microwave waveguide mode. Thus, the state of the whole system is
restricted to the single-excitation subspace at all times, and we assume the following

ansatz for the state at time t in the Schrodinger picture,

¥ (1) = /dx o (1) af, ,[vac) ® |G) @ |vac) + [vac) @ [vhe (1)) @ |vac)
1) @16)® [ do 5 (21)alyfvac). (2.5)
where |vac) is the vacuum state of a waveguide mode and |G) = @, |g) is the

ground state of the ensemble.

Given this ansatz, Schrodinger’s equations for the system are,

i e (8)) = Hegslte (1)) + @ (0,4) LL|G) + 80, 1) LixlG) (2.6)
0 0 _

%04 (z,1) = —%—$a (1) — 10 () (G| Lpul¢e (1)) (2.7)
Eﬂ (337 t) = _%6 (.Z',t) — 10 ([L’) <G‘Lopt‘¢e (t)>7 (28)

Solving Eq. 2.7 and Eq. 2.8 for « (0,¢) and (0, 1),

a(0,) = (1) — S(GIL, (1) (29)

5(0,1) = — (G Lapelt (1), (2.10)

where a,, (t) = limy,_,_ a (to — t,ty) describes the time-domain wave-packet of the in-

put photon in the microwave waveguide mode. Similarly, aope (t) = limyg, 00 5 (81 — ¢, t1)
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describes the time-domain wave-packet of the output photon in the optical waveguide

mode. From the solution of Eq. 2.8 we have,

Aopt (t) = —i{G| Lopt|tVe(1))- (2.11)
Substituting Eq. 2.9 and Eq.2.10 into Eq. 2.6, we have,
d 1 1
(5416 0) = (Has = SELO)GIL, = S Ll IG)(O Lap ) 141 () + (0 LLIC).
(2.12)

We point out that LiL, = LI (P, +|G){(G|) Ls = LI|G)(G|Ls where s € {u,opt}
and P, is the projector onto the excited state space spanned by {lel,),|el,) : i €
{1,...,N}}. Thus, Eq. 2.12 can be rewritten as,

) . .
2100 0) = (How = SELL. — JLhuLon ) 10 (0) + 0,(OZLIC). (213)

Furthermore, the decays from the excited states of the emitters into various loss
channels besides the waveguides can be captured in a similar manner by adding terms
like —%Jfagw)e (t)) where s € {u,opt} to the right side of Eq. 2.13. Then we have,

Z%We (t)) = Hea(Qt) [ (1)) + au(t)L}IG), (2.14)

Hea(QU(t)) = (HSyS(Q(t)) - (T“JJ% - 2ptgogtgopt) — 5 LiL. - §LlptLOpt> :
(2.15)

Eq. 2.14 and Eq. 2.11 (upto a phase factor of i) are the input-output equations

describing the dynamics of the quantum transducer.
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2.1.2 Control design as an optimization problem

For emitter ensembles formed out of identical emitters, the transduction efficiency
is determined by the cooperativity of the individual transitions, C, = ~,/I', for
microwave and Copt = Yopt/Lopt for optical, as well as the number of emitters. We
assume v, = Yopt =7, Ly = Lopt = I, and C, = Copy = C' = v/I" in our simulations
for simplicity of analysis. Fig. 2.1b shows the transduction efficiency of this system
as a function of the number of emitters for different emitter cooperativities — due to
the formation of a collective superradiant state between the different emitters, this
efficiency asymptotically reaches 1 on increasing the number of emitters. Furthermore,
the number of emitters needed to obtain high efficiency increases with a decrease in
the cooperativity of the individual emitters. We point out that for high microwave and
optical cooperativities, near unity transmissions can be obtained with a single emitter
and consequently it is unnecessary to use emitter ensembles. We thus focus on low
cooperativity emitters. On introducing inhomogeneous broadening into the emitter
frequencies, the efficiency of the transduction system decreases (Fig. 2.1c) — for
large inhomogeneous broadening, the emitters do not form a collective superradiant
mode and the transduction spectrum simply comprises of the individual transduction
spectra of the emitters in the ensemble (Fig. 2.1d).

Since the laser pulse Q(t) couples the microwave and optical transitions, we expect
that unwanted variations in the transition frequencies can be compensated for by mod-
ulating the temporal form of this laser. However, in practical transduction systems,
it is difficult to address individual emitters with separate lasers and consequently any
modulation of Q(t) impacts all the emitters. This makes designing the laser pulses
difficult and calls for an application of numerical optimization techniques. We thus

pose its design as maximizing the total power obtained in the optical mode when the
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emitter ensemble is excited with a single photon in the microwave mode:

max / dt |aop(t)]

Q(t)

subject to ZW = Heg (A1) |96 () + au(t)LL]G>,
aopt(t) = _i<G|L0pt|1/}e (t» (2'16)

where the time-domain wave-packets of the single microwave input photon and optical
output photon are described by a,, (t) and aop (t) respectively, |1e) is the state of the
emitters in the ensemble, |G) is the ground state of the ensemble, and Heg(€2) is the
non-Hermitian effective Hamiltonian of the system when all the emitters are uniformly
driven by a laser with amplitude 2. We point out that the constraints are simply the
input-output equations describing the dynamics of the transduction process under
excitation with a single photon. Furthermore, since experimentally realizable laser

pulses will be band-limited, we parametrize 2 (¢) as a finite sum of harmonics,

Qt) = Zh €2, cos(nwot + ¢y,), (2.17)

n=0

consequently constraining its bandwidth to be Njwy. The design problem (2.16) can
be solved using off-the-shelf gradient-based local optimizers. The gradient of the
objective function in problem (2.16) with respect to the parameters €2, ¢, can be

computed using the time-domain adjoint variable method [92, 93].

2.2 Gradient-based optimization of drives

2.2.1 Adjoint variable method

The adjoint variable method can be used to calculate the gradient with respect to all
the parameters describing the laser drive efficiently in only two simulations (named

forward and backward simulations).
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First, we rewrite Eq. 2.14 and Eq. 2.11 as,

d‘q’;(t ) = (Ho + Q(t)Hy)y(t) + vua,(t) (2.18)
Gops(t) = vb,y(8), (2.19)

where y (t) := |1 (1)) is the vector describing the state of the ensemble, and

. N ) i i A iFO t it q
Hy = Z [% Jau +0 ptaoptaopt} o Z (TMU“TU“ N 2p U°pt00pt> 2LLL 2LOptLOpt

i %

(2.20)
Hy = (ool +H c) (2.21)
vy = LL|G), vope = iL! | G) (2.22)

We discretize the total simulation time range [0,7] into N — 1 steps of duration dt

each. On this grid, the differential equation Eq. 2.18 can be discretized as,

ylk + 1] = Ulk] (y[k] — 0t a,[k] v,) ke{0,...,N -2} (2.23)
y[0] = 0 (initial condition), (2.24)

where, U[k] == exp (—i 0t (Ho + Q[k]H1)), QK] = Q(kdt), y[k] = y (kot), a,[k]
a, (két). We refer to solving this system of equations as the forward simulation.
The transduced power in the optical mode can be expressed in terms of the result of

the forward simulation as,

i

P=3 laomHP = 3 Iyl (2.25)

B
Il

The latter sum starts from k£ = 1 as y[0] = 0 is enforced as the initial condition.
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The derivative of P with respect to the drive at the [th time step is,

N-1

=3 Tay
=1

where, ‘C.c.” means ‘complex conjugate’ and r[k] :== <vlpty[k]) Uopt -

We construct the following block vectors and matrices,

y[1] r[1] au[t]vy,
I N I I I
y[N —1] r[N —1] a,[N — 1v,
0 0
il ulo] o
0 U[l]
M = Ul[2] U= :
0 0 U[N — 2]
0 UN -2 0

The only non-zero blocks in the matrix M are the subdiagonal blocks.

The forward simulation Eq. 2.23 can now be written as,

y=My+Ua

13

(2.26)

(2.27)

(2.29)

As QM — o if k # [, taking the derivative of Eq. 2.29 with respect to the drive at

o0l]
the [th time step results in,

dy dy
5am = Maaq + A0
99— wypp le{0,...,N -2}

0]

(2.30)

(2.31)
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where 1 is the identity matrix and,

Ouax1
plll = all] (2.32)
Ov—1-2)ax1
all] = g%g]](y[l] + 6t a,[l] v,). (2.33)

In Eq. 2.32, d is the dimension of the state vector y (t) and 0,,x, is a zero matrix

of dimension m x n. To calculate «fl], we estimate the derivative g%% by a finite
difference.
Using Eq. 2.31 in Eq. 2.26, we have,
oP
—— =71 —M)"p[l] + C.c. 2.34
s =L M) 9l + Ce (234
T
We define a vector ¢ = (q[l], ql2], ..., q|N— 1]) such that,
¢ =i - M) (2.35)
=q = MTq +r (236)

Using the definition of M and expanding out Eq. 2.36 in terms of the elements of ¢

and r results in the following system of equations,

q[N — k] = UN — k|'q[N — k+ 1] +r[N — k] ke{2,3,...,N—1} (2.37)
q[N — 1] =r[N —1]. (2.38)

We refer to glk] as the adjoint variables and to solving this system of equations
(Eq. 2.37 and Eq. 2.38) as the backward simulation. The initial condition for the
backward simulation is provided at the final time point unlike the forward simulation.
Once the forward and backward simulations are done, the gradient with respect to

the drive at each time step can be computed just with an inner product of two
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Figure 2.2: (a) Fourier transform of the input microwave field (Gaussian waveform).
Dashed lines are representative of the individual emitter frequencies in a random en-
semble (N = 10, A = 200v). (b) Amplitudes of the harmonic components of the
optimized € (t) designed for the same ensemble. (¢) Comparison of the transduction
spectrum of the same ensemble with and without optimized drives applied — the
transduction spectrum with the optimized drive is computed using a Floquet scatter-
ing theory approach [94].

d—dimensional vectors,

;T][Dl] = ¢'pll] + C.c., (2.39)
jaaT}En = q[l + 1]all] + C.c. (2.40)

The chain rule can then be used to compute the gradient with respect to the harmonic

parameters €2, and ¢,

or 200 ap s op

o _ 2.41

20 .90, ;cos (nwoldt + ¢n) 900 (2.41)
Zam or —N2 —(,, sin ( 55t+¢)8P (2.42)

3gz5n D O] n S0 (1o ™ o] '

=0
2.2.2 Results

As an example, we consider a transduction system with N = 10 inhomogeneous
emitters excited with a single microwave photon with a Gaussian spectrum. Figure

2.2a shows the spectrum of the input photon, with the dashed lines depicting the
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Figure 2.3: Optimized drives countering inhomogeneous broadening. (a) Transduc-
tion efficiency and (b) improvement in the transduction efficiency through randomly
inhomogeneously broadened ensembles of N = 10 emitters with increasing inhomo-
geneous broadening for different cooperativities C' when the optimized drives are
applied. For each A, optimized drives are designed for each of the same 100 ran-
domly generated ensembles with inhomogeneous broadening equal to A as used in
Fig. 2.1c. Before running the optimizations, for each ensemble, the input photon is
frequency-shifted to match the highest peak of the unoptimized transduction spec-
trum. Also, the initial condition for the optimization is 2 (t) = (N + I') /2, which is
a constant drive that maximises the transduction efficiency through a homogeneous
ensemble with the same decay rates (see Appendix A). Improvement is defined as
the ratio of the efficiencies with and without the optimized drive applied. Each plot
point corresponds to the mean over the 100 ensembles with inhomogeneous broad-
ening equal to the corresponding value of A and the shaded regions represent the
standard deviation.

resonant frequencies of the transduction spectra of the individual emitters. Given
its narrow bandwidth, we expect the input photon to effectively only interact with
a single emitter, leading to a low transduction efficiency comparable to what can be
achieved by using just one emitter instead of many. The optimized drive obtained
on solving problem (2.16) is depicted in Fig. 2.2b — as can be seen from Fig. 2.2c,
the transduction spectrum in the presence of the optimized drive shows improvement
relative to the one with constant (unoptimized) drive.

Statistical studies of performance of the optimization procedure for different sets of
emitter frequencies is shown in Fig. 2.3 — Fig. 2.3a shows the optimized transduction

efficiencies and Fig. 2.3b shows the improvement in the transduction efficiencies. We
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Figure 2.4: (a) Comparison of the superradiance metric for ensembles with inho-
mogeneous broadening A = 200y with and without optimized drives applied (data
for optimized and unoptimized cases are dodged in the plot for visual clarity). After
generating the optimized drives used in Fig. 2.3, we compute the metric for all eigen-
states of each of the 100 random ensembles with inhomogeneous broadening A = 200y
by numerically diagonalising the propagator over one time period of the effective
Hamiltonian. Each plot point and associated error bars correspond to the mean and
standard deviation (over the collection of ensembles with A = 2007) of the maximum
value of the superradiance measure f[|¢)] over all Floquet eigenstates |¢). The dashed
line denotes the same for a homogeneous ensemble. As we increase I' to decrease the
cooperativity, the metric is larger on average in the unoptimized case. We attribute
this to the simultaneous increase in the unoptimized drive €2 (t) = (N +1I') /2 over-
shadowing the constant inhomogeneous broadening A = 2007 (see Appendix B). (b,
¢, d) Density plots (obtained by kernel density estimation using Gaussian kernels) of
the superradiance measure for eigenstates of the 100 ensembles with inhomogeneous

broadening A = 200, (b) C'=0.01, (¢) C =0.1, (d) C = 1.

observe that the improvements are larger at higher inhomogeneous broadening. Fur-
thermore, the cooperativities of the emitters set a limit on improvement that can be
obtained by shaping the laser pulse — as can be seen from Fig. 2.3b, the improvements

are generally smaller for lower cooperativities.
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While it is intuitively expected that improvement in transduction efficiency with the
application of an optimized drive is due to recovery of superradiance, this can be made
more concrete by studying the Floquet eigenstates of the optimized (time-dependent)
effective Hamiltonian. The ‘superradiance’ in an eigenstate |¢) of the propagator over

one time period of the effective Hamiltonian, can be quantified with the metric,

1160 = e Gl ) GILL1C) | (2.43)
For a homogeneous ensemble, the metric is 1 for two eigenstates formed by the drive-
induced hybridization of superradiant states corresponding to the microwave and
optical transitions. Furthermore, it is 0 for the remaining eigenstates since they
are subradiant /dark. Since the eigenstates for an inhomogeneous ensembles are not
perfectly superradiant or subradiant, their corresponding metric lies between 0 and 1
and quantifies the extent of their subradiant or superradiant character. Figure 2.4a
indicates that an application of the optimized drive statistically increases the value
of this metric, indicating partial recovery of superradiance. The density plots in
Fig. 2.4(b, ¢, d) show the distribution of the superradiance metric of the eigenstates
of an inhomogeneously broadened ensemble.
The results discussed above indicate that pulse-shaping the laser can be used to im-
prove the performance of transduction systems. However, the optimized laser pulses
can only be computed if the emitter frequencies are known. For systems with large
number of emitters, such characterization might not be practical at scale and it would
be desirable to find an optimized pulse which is robust to the specific frequencies of
the emitters and depends only on their distribution. To design such a laser pulse, we

modify the optimization problem (2.16) to

N

1 Z > ) (|2
rggg{ Ns n=1 /—oo dt aopt(t)‘
Al (¢t n n
St % = H () [0 (8)) + a,(H) L] G,

all)(t) = —i{G|Lopt| 2™ (1)), (2.44)

opt
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Figure 2.5: Transduction efficiency improvement with uncustomized optimization.
(a) Amplitudes of the frequency components comprising the uncustomized drive. (b)
Density plots of the transduction efficiency through 100 ensembles (test set) with
A = 200y, C = 0.1 for three cases — (green) no optimised drive is applied and
the input photon is fixed at the resonance of a homogeneous ensemble, (orange)
no optimised drive is applied but the input photon is frequency-shifted to match
the highest peak of the unoptimized transduction spectrum for each inhomogeneous
ensemble, and (blue) the uncustomized optimized drive is applied and the input
photon is fixed at the resonance of a homogeneous ensemble.

nwo /7y Efficiency

where we generate N, inhomogeneous emitter samples from the same inhomogeneous
broadening distribution and find a laser pulse that () that optimizes the average
transduced power over all the samples. The superscript over a quantity in problem
(2.44) indicates that that quantity is computed for a specific sample. We design such
a drive, shown in Fig. 2.5a, for a training set of Ny = 100 random ensembles with
inhomogeneous broadening A = 200y and with the input-photon being incident at
the resonance of a homogeneous ensemble. Figure 2.5b shows the resulting improve-
ment in transduction efficiency from applying the optimized drive to a test set of 100
random ensembles that are generated from the same inhomogeneous broadening dis-
tribution, independently of the training set. While there is significant improvement
over the unoptimized case, we point out that simply shifting the spectrum of the
input photon without shaping the driving laser pulse results in similar improvements.
Therefore, it is not expected that this optimized drive is restoring superradiance in
the emitter ensemble, rather it is effectively matching the resonance of the trans-

duction spectrum to the input photon in a manner robust to the specific emitter
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Figure 2.6: Temporal mode overlap-based design of drives. The amplitude |aop; ()] of
the output photon’s temporal wave-packet after transduction by an ensemble of N = 3
emitters, with C' = 0.1, A = 61.61v, and under the application of drives obtained
by locally solving problem (2.45) for (a) ¢y ~ 1.331,¢; = 0 (b) ¢ =~ 1.331,¢1 =~
247.02. The improvement in transduction efficiencies are (a)4.466x and (b) 3.977x,
respectively.

frequencies. This could still be technologically useful since this optimized drive is
agnostic to the specific emitter frequencies, thus obviating the need to characterize
the emitter resonances. Furthermore, if many transducers are to be operated simulta-
neously, experimentally realizing and supplying drives customized to each transducer
can be challenging to scale — having a common, uncustomized drive would solve this
problem.

Quantum information can be encoded in the temporal modes of photons for the
purposes of quantum communication [95]. Such encoding would necessitate a trans-
duction process that preserves the fidelity of the transduced photon’s wave-packet to
specific temporal modes. We demonstrate that it is possible to extend our design
method to compensate for inhomogeneous broadening and produce improvements in
transduction efficiency while preserving the overlap with a specified temporal mode.
To achieve this, we pose the design of the drive as maximising the overlap of the
output photon’s temporal wave-packet with a specified Hermite-Gaussian function

[96] while simultaneously minimising its overlap with unwanted Hermite-Gaussian
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functions. For example,

rg(zgc ’/OO dt copo(t)aopt ()| — '/OO dt c101(t)aopt (1) (2.45)
subject to zw = Heg (QU2)) [9e (2)) + au(t)LMG), (2.46)
topt (1) = —i(G|Lopi[¢be (1))- (2.47)

where ¢q (t) and ¢;(t) are the Oth- and 1st-order Hermite-Gaussian functions (nor-
malized to unity) [96] and the coefficients ¢g, ¢; > 0 represent their weights. We solve
problem (2.45) for an input microwave photon with a Gaussian wave-packet incident
on a randomly generated inhomogeneous ensemble with N = 3 emitters for two cases:
¢ = 0 and ¢; # 0. Fig. 2.6 shows that, in both cases, we observe improved trans-
duction efficiencies and the fidelity to the Oth-order mode is higher when ¢; # 0, in
which case the output photon’s shape closely resembles a Gaussian function. In case
the input photon occupies a mode other than the Oth-order mode, this approach can
be extended to design drives that improve the overlap of output photons with other

Hermite-Gaussian modes too.

2.3 Optimality of drive design

We address the question about the optimality of the laser pulses calculated using the
gradient-based optimization algorithm. Since the optimization problem (2.16) is non-
convex, we can only solve it locally and calculating the solution globally will likely
be hard. However, one method to assess how close the laser pulses obtained above
are to the globally optimal solution is to calculate upper bounds on the achievable
transduction efficiency and compare it to the locally optimized results.

The physically motivated idea behind calculating such an upper bound is to note that
the efficiency is limited by the amplitude of the emitters in their excited state while
interacting with the input photon, as well as the time that the emitters spend in the
excited state. More rigorously, in the presence of the incident single-photon wave-

packet as well as a decay of the excited state, the time-integrated norm of the excited
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state amplitude |1, (t)) cannot be arbitrarily high. Consequently, an upper bound on
the transduction efficiency can be obtained by simply maximizing the emitted photon
energy as only constrained by this norm, which translates to solving the following

optimization problem

max / |aopt ()| dt

Q(t) o

subject to / (1) — [en(®)]2 dt < ¢

topt (1) = —i{G| Lopi|¢e (1)), (2.48)

where [1).0(t)) is a reference state, ||.||2 denotes the lo-norm, and ¢ is parameter that

can be considered as the solution of the following optimization problem:

wax [ 16.0) = Weal)IE d

Q(t)

subject to z% = Heo (2()) [9e (1)) + au(t)LL|G>. (2.49)

We point out that since by construction € provides an upper bound on the integrated
norm of the difference of the excited state from the reference state for all allowed laser
pulses, the optimization problem 2.48 is a relazation of the original non-convex op-
timization problem (problem 2.16). Therefore, the solution of problem 2.48 provides
an upper bound to the (global) solution of problem 2.16.

Problem (2.48) is a quadratically-constrained quadratic program and bounds on its
optimal value can be calculated by using the principle of Lagrangian duality [97, 98],
as we describe in the next section. However, computing e, which is required to solve
problem 2.48, again requires solving a non-convex problem (problem 2.49). In order
to get around this issue, as explained below, we construct a provable upper bound,
€. on € which can also be used together with problem 2.48 to obtain an upper bound
on the transduction efficiency. We point out that this bound will be looser than the
one obtained on using ¢, i.e., the tighter the bound on the norm of the excited state,

the better the bound on the transduction efficiency.
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2.3.1 Lagrangian duals

In this section, we first show that the Lagrange dual for optimization problem (2.16)
leads to a trivial bound, then we derive the Lagrange dual for the distance-constrained
problem (2.48), and finally provide a derivation for the upper bound e, on the optimal
value of problem (2.49).

For notational clarity, we rewrite problem (2.16) in the following manner,

s [y oyt d (2.50)
. dy(t) _ :
subject to — = —i(Ho + Q(t)Hq)y(t) —iv,a,(t), (2.51)

where y (t) == | (t)) and Hg, Hy, v, vopt are defined in Egs. 2.20, 2.21, 2.22.
Introducing the dual variables 7 (t), the Lagrangian for problem (2.16) is:

Ly (), Qt); () = / y()1Vy(t) dit (2.52)

—00

2/WR%MW<%§fmﬂmwww+mw@+wwmoy
- (2.53)

where Re|.] denotes the real part of a complex number and V := voptvlpt. We point

out that V' is a positive-definite matrix.
Integrating by parts the term with the derivative of the state in the equation above,

we have,

L0, 20 n0) = [ u®Va®) i+ Jim 2Re [o(T)'y(T) ~ (~D)'y(-)] +

- (2.54)

o0

/OOQRe =) y()] dt+ / 2Re [i () uuan(t)],  (2.55)

—00 —00
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where

2(t) = —dz—(:) — A, Qt)(t) — iHon(t). (2.56)

The Lagrange dual function g (1 (t)) is given by,

g(n(t)) = sup L(y(t),Qt);n(t)), (2.57)
y(t),0(t)
where sup denotes the supremum. As the matrix V' is positive-definite, the supremum
of the Lagrangian over y (¢) is unbounded as the norm of y () increases, and hence the
dual function is unbounded too. Therefore, in this case, Lagrangian duality reveals a
trivial upper bound on the transduced power.

On the other hand, the Lagrangian for problem (2.48) is

LN = [ v vyt e+ ( S GOl dt) (2.58)
= /_OO y(zﬁ)Jr (V= A1)y(t) dt + A (6 — /_OO Hyo(t)Hg dt) + /_OO 2Re [z(t)Ty(t)} dt
(2.59)

where yo (t) == [1e0 (t)) is the reference state, A is a dual variable and z (t) = Ay (1).

The corresponding dual function is,

g(A) = Sl(lgﬁ(y(t); A) (2.60)
e L= V)T () e+ A (5 — I llwo(®)]2 dt) LA~V >0
N 0, otherwise
(2.61)

To obtain the least upper bound, the dual function has to be minimised, leading to
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the following Lagrange dual problem,

win [ o0 @ a (e [l @)

subject to  f(t) > z(t)T(A\1 — V)7 12(t)
AL -V >0,

where we have introduced additional dual variables /3 (t).

The analytical upper bound on £* can be derived by rewriting Eq. 2.18 as,

dy(t)

I = (=i (1)) = D)y(t) — ivuan(t) (262)

where Hgys (€2 (1)) is defined in Eq. 2.2 and,

F it Fo t 1 1 1
D — Z (7“0”1'0-“ + 211) UOLtO-Opt) + 2LLL + 2LoptLOpt' (263)

Using the fact that D' = D, the time-evolution of the norm of the state can be

written as,

dy(t)'y(t)

G = 2@ Dy(t) + 2Re [iy(t) vuau(t)] (2.64)

< 2y (t) (1) + 2 Re [~y (1) v,a, ()] (2.65)

where d,;, is the smallest eigenvalue of D.

From the inequality (2.65) we have,

t
HMW@S/G”%W”WRﬂﬂMﬂ%wAﬂ}W (2.66)
0
t
§A2ezmtTm<MﬂW%ﬁmwh (2.67)
t
< [ 2t dr = ) (2.68)
0

where, to go from (2.67) to (2.68) we use the fact ||y (t) || < 1, Vi .
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Therefore,

|10 - w@ at < [ ]k + o) )? a (269

o0 —00

<[ (VO Iw) d=z @)

2.3.2 Results

Fig. 2.7 shows numerical studies of the upper bounds calculated

efficiency together with its comparison with the locally optimized

on the transduction

results. In our stud-

ies, we solve problem 2.48 to compute both a certifiable bound, which uses the upper

bound €. on ¢, and a heuristic bound calculated with only locally

problem 2.49. As physically expected, the bounds decrease on ave

optimal solutions of

rage with increasing

inhomogeneous broadening and are higher for higher cooperativities. Furthermore,

the optimized transduction efficiencies are within an order of magnitude of the bound,

which provides us with an estimate of the performance of the op

timization method.
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Figure 2.7: Heuristic and certifiable upper bounds and unoptimized and optimized
transduction efficiencies calculated for ensembles with N = 3 emitters and coopera-
tivities (a) C'=0.01, (b) C' = 0.1, (¢) C' = 1. For each A, 100 random ensembles are
generated with inhomogeneous broadening equal to A. For each such ensemble, opti-

mized drives are designed to improve transduction efficiency by us

ing a local optimizer

to solve problem (2.16). Then, using the state obtained by solving the input-output
equation with the aforementioned optimized drive as the reference state, heuristic

and certifiable bounds are calculated. Each plot point correspon
the 100 ensembles with inhomogeneous broadening equal to the
of A and the shaded regions represent the standard deviation.

ds to the mean over
corresponding value
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2.4 Conclusion

In summary, we employed gradient-based inverse design of the temporal shape of the
driving field as a technique to compensate for the effects of inhomogeneous broad-
ening to help realize more efficient transducers. We demonstrated that optimized
driving fields can lead to improvement in transduction efficiencies and showed that
this improvement can be correlated with restoration of superradiant effects. Finally,
to characterise the limits of the performance of time-dependent drives obtained by
optimization-based design, we calculated upper bounds on optimal transduction effi-

clencies.



Chapter 3

Classically computing performance

bounds on noisy quantum circuits

One of the most promising computational tasks at which fault-tolerant quantum com-
puters could potentially outperform classical computers is the problem of finding the
ground state of a given many-body Hamiltonian — a problem that naturally arises in
studying equilibrium properties of condensed matter systems [21]. Moreover, classi-
cal optimization problems can also be framed as finding ground states of commuting
Hamiltonians [22]. There has been extensive research on ground state-finding al-
gorithms [23, 24, 25], for example, those based on phase estimation and adiabatic
evolution [99, 100], and heuristic approaches like quantum adiabatic algorithms or
variational quantum algorithms [26, 27, 28, 29].

Presently realizable noisy-intermediate scale quantum devices, however, are not fault-
tolerant and consequently noise places a severe constraint on the performance of
these quantum algorithms. It has thus become of interest to develop no-go results by
providing theoretical bounds on the minimum energy that a noisy quantum circuit
can achieve for a given Hamiltonian — if a classical algorithm [30, 31, 32] could obtain
an energy better than this lower bound, then we can conclude that a reduction in
noise rate is necessarily needed for a possible quantum advantage.

The impact of noise on quantum algorithms can be assessed by directly simulating the

28
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circuit, e.g. by tensor network methods [101, 102, 103] — in fact, the classical simu-
lation is made easier by the presense of noise [104, 105]. However, most of the tensor
network methods lack rigorous accuracy guarantees and cannot certify an accurate
simulation of the quantum circuit, especially in low noise regimes. Alternatively, this
problem has been approached analytically using tools from quantum information the-
ory. For instance, Refs. [33, 34, 35] analyzed the increase in entropy of the quantum
state due to noise, and showed that it can allow for an analytical lower bound on the
attainable minimum energy. However, while providing rigorous no-go results, these
analyses were circuit-architecture independent and were thus expected to underesti-
mate the impact of noise. Certain circuit architectures are expected to significantly
worsen the impact of noise, and this phenomena has been theoretically demonstrated
in random quantum circuits models [106, 107]. However, it remains unclear if it is
possible to provide an architecture-dependent lower bound for a specific engineered
quantum circuit.

We propose a method for efficiently computing rigorous bounds on the performance of
any specified quantum circuit in the presence of a constant rate of depolarizing noise.
The key insight behind our proposed method is the formulation of a Lagrangian dual
corresponding to the circuit dynamics, which allows us to account for the circuit ar-
chitecture in addition to the increase in the entropy, or equivalently, the decrease in
the purity of the quantum state. We show that the Lagrangian dual yields a hier-
archy of classically computable lower bounds on energy, with respect to a specified
Hamiltonian, obtained at the output of a noisy quantum circuit. We provide numeri-
cal and analytical evidence that this formulation can capture the circuit-architecture
dependent propagation of errors through the noisy quantum circuit and thus provide

more stringent lower bounds than currently available.

3.1 Notation

Given a finite-dimensional Hilbert space H, we use D;(H) to denote the set of all
density matrices on ‘H, and M(H) to denote the set of Hermitian linear operators

on H. Unless otherwise mentioned, for any linear operator A on H, ||Al| will denote
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its operator norm i.e. the maximum singular value of A and ||Al|, = y/Tr(ATA) will
denote its Frobenius norm.

We use the computer-science big-O notation for function asymptotics. In particular,
given two functions f, g : [0,00) — [0,00), f = O(g) if, for some ¢ > 0, f(z) < cg(z)
as x — oo and f = Q(g) if, for some ¢ > 0, f(z) > cg(x) as x — 0.

3.2 Duality based bounds

3.2.1 Single-qubit example

As a simple illustrative example of the Lagrangian dual formulation, we first consider
a single-qubit circuit [Fig. 3.1(a)] — consider a qubit initially in |0), with a gate
U = e being applied on it followed by depolarizing noise with probability p.
We would like to find the parameter 6 to minimize the energy corresponding to the
Hamiltonian H = AZ — in the absence of noise (p = 0), it is straighforward to verify
that this would be accomplished by setting 6 = /2 to obtain an energy —A.

However, in the presence of depolarizing noise, the qubit will necessarily be in a
mixed state. The extent to which the state is mixed can be quantified with a purity
measure, for instance the von Neumann entropy of the qubit state, its trace purity
or even higher order Renyi Entropies [108]. For concreteness, we use the trace purity
measure of a state p: P(p) = Tr(p?>) — P(p) = 1 if and only if p is a pure state,
else P(p) < 1. Now, since the state py at the output of the single-qubit circuit in
Fig. 3.1(a) is obtained by applying the depolarizing noise channel to a single qubit
pure state, P(pg) = Py := p?/4+ (1 — p/2)* < 1. Since py is necessarily mixed, it
cannot produce the pure ground state of the Hamiltonian H perfectly irrespective
of the choice of # — in fact, this simple observation can be used to lower bound the
energy that can possibly be obtained at the output of the circuit by minimizing it

with respect to states with purity at-most F, i.e. solving the following optimization
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problem,

minimize Tr(H
ninimiy (Hp)

subject to  P(p) < P, (3.1)

where D;(C?) is the space of density matrices on the Hilbert space C?. The opti-
mization problem in Eq. 3.1 is solved by p = (1 —p/2)|1)(1] + (p/2)|0)(0| with energy
—A(1 — p). This bound clearly exhibits the intuitively expected dependence on the
noise rate p — if p = 0, then the energy attained coincides with the ground state
energy of —A, and if p = 1, it is simply the energy obtained by the maximally mixed
state.

However, this bound does not account for the unitary being applied on the qubit, and
a better bound can be obtained by explicitly accounting for the circuit. To do so, we

use the method of Lagrange duality [109, 110]. For this, we extend the problem in

(a)
0 — e ") po N
Depolarizin
pNoise ¢ H
(b)
Al =p) -~~“~\\ With circuit constraint
‘s\ === Circuit output
,%3 \\\ == == Without circuit constraint
= \\
5 N\
] 0 - \\\
b
2 \
\\\\
~A(1-p) 1 I__________I_______:‘a__l
0 /4 /2
Rotation, 6

Figure 3.1: Comparison of bounds, with and without accounting for circuit con-
straints, on the minimum energy corresponding to the Hamiltonian H = AZ attain-
able by the output of the single qubit circuit shown in the schematic. The circuit
consists of a Y-axis rotation followed by depolarizing noise acting with probability p.
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Eq. 3.1 by adding an additional constraint due to the circuit:

minimize Tr(H
ninimiz (Hp)

subject to  p = &Ey(po),
P(p) < Py, (3.2)

where py = |0)(0] and & is the channel corresponding to the unitary e~ followed
by the single-qubit depolarizing noise. Note that the purity constraint P(p) < Fy
is redundant and is already implied by the circuit constraint p = Ey(py). However,
as we will see in the following discussion, while redundant constraints do not impact
the solution of an optimization problem, depending on the specific technique used to
obtain a lower bound on the problem, they can have a considerable impact.

To provide a lower bound on this optimization, we construct its Lagrangian L£(o, \)

by introducing Lagrange multipliers o € M(C?), and A > 0,

L(p,0,A) = Tr[Hp] + Tro(p = &([0){0]))]
+ MP(p) — Fy). (3.3)

L(p,o,\) can be considered to be a modified energy function which, in addition to
the energy Tr[H p], also penalizes violation of the two constraints: p = Ey(po) imposed
by the circuit and P(p) < P, on the purity of the state p. Minimizing the Lagrangian

with respect to p, we obtain the dual function,

g(o,\) =min L(p, 0, \), (3.4)

p

which is a function of o, A\, the dual variables. It follows from the principle of Lagrange
duality that for any o and A > 0, g(o, A) is a lower bound on the energy attained by
the circuit. This can easily be seen from Eq. 3.3 by noting that when L is evaluated

at the circuit output py = Ey(|0)(0]), we obtain

L(pg, o, \) = Tr[Hpg| + AN(P(ps) — Po) < Tr[H py],



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 33

& Eo Ed

— | — —— H

—] FO—— HFO——---—] FO—

— -O— O—---— -O—
pPo U, jo— Uz fo——--— U ro— 7\

— HO—— HO——---— -HO—

— HFO—— HO——---— HO—

P1 P2 Pd

Figure 3.2: Schematic depiction of the problem setting. The unitaries (colored boxes)
implement a quantum algorithm to prepare an approximation of the ground state of
a target Hamiltonian H in the absence of noise. Each layer of unitary is followed by
single-qubit depolarizing noise (gray circles) on the qubits applied with a probability
p.

since P(pg) < Py and A > 0. Since from Eq. 3.4 g(o, A) is the smallest attainable value
of L(p,0,\) on varying p, we obtain g(o, ) < Tr[H py]. We emphasize that the dual
function g(o, A), evaluated at any o, A\ > 0, is a lower bound on the energy Tr[H pq]
attained by the circuit, and the best lower bound can be obtained by maximizing
g(o, \) with respect to o, A. Furthermore, since the construction of the dual function
explicitly accounts for the circuit constraint, it gives a better bound than obtained
from the problem in Eq. 3.1 i.e. by just accounting for the final purity of the state.
This is exhibited in Fig. 3.1(b), where max, y>0g(co, ) compared with —A(1 —p) and
it can be seen that the dual function provides a better lower bound for most values
of 6. For the simple example of a single qubit, the duality-based bound that we can
compute coincides exactly with the circuit output and thus models it exactly. As we
will see in the next sections, this will not be the case for circuits over a large number

of qubits.

3.2.2 General formulation

We can now extend the duality lower bound to more general quantum circuits [Fig.
3.2] — consider a quantum circuit of depth d, consisting of unitaries Uy, Us ... Uy
that has been designed to approximate the ground state of a target Hamiltonian H

of N qubits. In the presence of noise, the state becomes increasingly mixed as the
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unitaries are applied on it — while it is typically hard to compute exactly how mixed
the state is, an analytical upper bound on several purity measures can be obtained.
In particular, Refs. [33, 35] establish explicit upper bounds for two purity measures
after t time-steps — the information content of the quantum state, as well as its trace

purity.

Lemma 1 [Refs. [33], [35]] Suppose p; is the quantum state on N qubits obtained
from an initial pure state after applying t unitaries and single qubit depolarizing chan-

nels, then

I(p;) .= N + Tr[p; logy(pi)] < N(1 —p)t,
Pulpe) = Tr(p}) < 27 NO-0=p)),

where p 1s the probability of applying the depolarizing noise at each time-step inde-
pendently on each qubit.

Both the information content and trace purity can be viewed as measures of how
mixed the given state is. Both are largest for a pure state (I(|¢)v|) = N and
P ([Y)a]) = 1), and are lowest for the maximally mixed state (I(I/2") = 0 and
P (1/2N) =27N),

In the remainder of this subsection, we denote by P, an upper bound on the purity
of the state at ¢ time-step — we will formulate the results of this subsection for
general convex purity measures, and specialize them to concrete purity measures
(such as information content or trace purity) in the following sections. Now, as with
the single-qubit case, the energy attained at the output of the circuit can now be

written as,

minimize Tr(Hpy)
P1:p2---PdES

subject to  pr = E(pe—1), t € {1,...,d},
P(pt)gptv te{lv-”ad}a (35>

where &(+) is the quantum channel that applies the unitary U, for the ' layer of the
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circuit followed by depolarizing noise acting individually on the qubits, and pg is a
fixed and known initial state. Importantly, in Eq. 3.5, § is the set of N qubit operators
over which we allow the states pi, ps ... pg to vary — this set can be chosen to be any
set containing density matrices over N qubits D;((C?)®V) since the circuit constraints
(pe = Ei(pi—1)) enforce p1, pa...pg to be valid density matrices. For instance, S can
be chosen to be just the set of N-qubit Hermitian operators, or the set of N-qubit
Hermitian operators with unity trace. As we will see below, the choice of this set
together with the purity measure determines the form of the dual function.

To construct the dual function corresponding to Eq. 3.5 — we introduce the dual
variables & = {01,059 ...04}, which are N—qubit Hermitian operators, corresponding
to the circuit constraints and X = {A1,A2...A\g > 0} corresponding to the purity
constraints. The Lagrangian is now constructed by adding penalties corresponding to

the circuit constraints and purity constraints at each time-step to the output energy:

L(7,3, ) = Tr[Hpg| + ; Tr {at (pi 5t(pt_1))] +
g)\t{])(ﬂt) —Pt},
= Xd: Tr(peHy) + At [P(/?t) - Pt] , (3.6)

where Hy = H + 04, H, = 0, — Efﬂ(atﬂ) fort € {1,2...d — 1} The dual function is

obtained by minimizing the Lagrangian with respect to p1,ps...pq € S i.e.

9(G,X) = min L(73N),
p1,p2---PdES
d
— Z mlgl {(Tr(pth) ‘I— )\tP(pt)> — )\tPt:|7
t=1

— pte

— tzd; (]—"Sﬁp(Ht, A) — )\tPt) (3.7a)
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where

pES

Fsp(H,\) =min (Tr[Hp] + )\P(p)). (3.7b)

As with the single-qubit example, the dual function is a lower bound on the energy

produced at the circuit output for any &, X >0 ie.

>\

g(3,\) < Tr[pgH] for all o, € M((C*)®N), A, > 0.

The function Fs p(H, \) can be interpreted as a generalized free energy corresponding
to the Hamiltonian H at temperature A which depends on both the domain & and the
purity measure P. For instance, if the purity measure is taken to be the information
content I(p) = N — Tr[plog,(p)], then it reduces to the Gibbs free energy with an
offset of NA. However, by choosing different purity measures P as well as different
domains S, the dual function allows us to obtain a family of bounds on the noisy
quantum circuit. As we will see in the next section, certain choices of P and S
provide lower bounds that can be classically computed.

Consider first the best lower bound that can be obtained from the dual function. In
the following proposition, we show that the best lower bound attained by the dual
function is exactly equal to the energy attained by the quantum circuit, and choice
of dual variables o1, 05 ...04 that yields the largest value dual function corresponds

to the Heisenberg picture evolution of the Hamiltonian H.

Proposition 1 For the dual function defined in Eq. 3.7, it follows that its mazximum

over the dual variables is equal to the output energy of the noisy circuit i.e.

maximum  ¢(7,X) = Te[HEEa 1 ... E1(po)],
01,02...04EM((C?)®N)
A A2 Ag>0

and the mazimum s attained at

og=—H,o0, = _5tT+15tT+2 - Ey(H),
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and)\lz)\gz...)\d:(].

Proof: The proof of this proposition follows simply by noting that, from definition,
Fsp(0,0)=0.

Now, if 0y = —H, and 0, = —EJHS,LQ ...EV(H), then H; = 0. Hence, we obtain that
at this value of & and at X = 0, (&, X) = Tr[po&I&} ... EN(H)] = Te[HEE a1 ... E1(po)).-
Since Tr[HEEq1 . .. E1(po)] is also an upper bound of g(&, X), the proposition follows.
O

This proposition establishes that finding the best dual bound is equivalent to exactly
simulating the circuit, which we expect to be hard to do on classical computers. This
hardness fundamentally stems from the fact that the dual variables 01,05 ...04 are
operators in an exponentially large space. However, since the dual function g(7, X)
is a lower bound on the output energy for any &, X, a natural approach to evaluate a
lower bound would be restrict o; to subsets of M((C?)®") where the dual function
could be evaluated efficiently — the specific subset would depend on the choice of
the purity measure. In Section 3.3, we will see that the dual function obtained on
choosing the purity measure to be trace purity and the domain & = M((C?*)®V) of
N-qubit Hermitian operators can be evaluated efficiently if o1, 05 ... 04 are chosen to
be matrix product operators (MPOs) of bond-dimension poly(N). In Section 3.4, we
will consider the dual function obtained on choosing the purity measure to be the
information content of the state, in which case 01,05 ...04 can be restricted to the
space of geometrically local Hamiltonians, allowing for an exact evaluation of the dual
function.

Restricting the dual variables oy, 05 ... 04 to a subset of M((C?)®V) raises the ques-
tion of whether the maximum value that the dual function can attain within this
restricted set of dual variables gives a better lower bound on the energy compared to
neglecting the circuit constraints and just accounting for the purity of the final state
i.e. does the duality based bound still account for the circuit architecture. Our next
proposition answers this question affirmatively, and shows that a better lower bound

can be obtained as long as the restricted set of dual variables contains 0.
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Proposition 2 Suppose S, C M((C*)®N), such that 0 € S,, then

maximum ¢(&, \) > minimize Tr(Hp)
01,02...04€Ss pES,P(p)<Py
A A2 Ag>0

Proof: Since 0 € S,,

maximum ¢({0...0},{0...\}) < maximum ¢(, X).
A>0 01,02...04€S,
A A2 Aa>0

Now, we can note that
g({0...0},{0...A}) = Fsp(H,\) — APy.

It can be noted that g({0...0},{0...A}) is simply the dual function of the convex

problem

vimize  Tr(H
minimize r(Hp)

subject to  P(p) < P;.

Furthermore, this convex problem trivially satisfies the Slater’s conditions [111, 109].
This can be checked by noting that the Slater’s conditions are satisfied if there is
a p € 8 such that P(p) < P; — this follows by noting that P(//2") < P; and
I/2Y € Dy((C*®N) C 8. Since Slater’s conditions are satisfied, this problem is
strongly dual and consequently the optimal duality-bound is equal to the solution of

the optimization problem i.e.

maximum ¢({0...0},{0...A}) = minimize Tr(Hp),

ximum g({ HA }) = minimize Tr(Hp)
which proves the proposition. ([l
While this proposition indicates that accounting for the circuit constraints while con-
structing the lower bound results in an improvement over only accounting for the final

purity even with restricted space of dual variables, it says nothing about the extent
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to which the bound improves. We expect the improvement to be strongly dependent
on the purity function P, the domain set S, and the dual set S, used in formulating
and evaluating the bound. In the next section, we consider a specific formulation of
the dual function that uses the trace purity measure, and show that the lower bound
obtained on accounting for the circuit constraints can be exponentially better than if

the circuit constraints were not accounted for.

3.3 Trace purity-based lower bound

3.3.1 Formulation

In this section, we consider now a specific choice of the purity function and the
domain S that results in a dual function that can be computed exactly when the dual
variables are parametrized as matrix product operators with poly(/V) bond dimension.
We choose the purity measure to be trace purity P(p) = Py(p) = Tr(p?), and the
domain § in Eq. 3.5 to be the space of Hermitian N-qubit operators M ((C?)®V). It
then follows that Fs p(H, \) defined in Eq. 3.7b evaluates to

Tr(H?)

FS,P(H7/\):_ AN )

and therefore, we obtain that

9(3, %) = —Tr[po] (o)) Z (Trii 2 AtPt)

where H; = H + 04 and H, = 0, — StT 1(0¢+1). Furthermore, for this dual function, it

is possible to perform the maximization over X analytically to obtain

h(¢) = maximum g(& N,
x>0

d
— —Tr[peEf(01)] Z \/ P Tr(HR). (3.8)



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 40

From the expression for h(5), we immediately notice that if o1, 05 ... 04 are restricted
to be matrix product operators with bond dimension D, then h(&) can be evaluated
classically in time NdD*. However, as we established in proposition 1, the best lower
bound is obtained h(&) when evaluating it at & corresponding to a Heisenberg picture
evolution of Hamiltonian H. While for most problems of interest (e.g. where H is
a local or spatially-local Hamiltonian), H can be represented as a matrix product
operator of a modest bond dimension, the unitaries involved in the circuit can, in
general, grow its bond dimension exponentially. A natural choice of oq, 05 ... 04 would
then be to perform time-evolving block decimation (TEBD) [112, 113, 114, 115, 116]
on the Heisenberg evolution and compress the operators in each step into bond-

h,D _h,D h,D
1 09 g }

dimension D i.e. at 3" = {0 NS

h,D
o, = —H and,

o = HDgtTH(U;fl)) fort €{1,2...d—1}, (3.9)

where IIp compresses an N-qubit operator to an operator with a bond-dimension D
[41].

Duality-bound and TEBD truncation errors. If a Heisenberg picture TEBD simu-
lation, for some bond dimension D, of the noisy quantum circuit is exact, then by
Proposition 1, the duality based bound h(¢"P) is exactly equal to the expected en-
ergy at the output of the circuit. In practice, for small bond dimensions D, the TEBD
algorithm is not exactly correct but incurs an error. However, as shown below, an
upper bound on this error can also be efficiently computed for the TEBD algorithm.
Consequently, tracking the error incurred in the TEBD algorithm allows us to cal-
culate another lower bound on the output of the quantum circuit i.e. if the TEBD
algorithm produces an estimate Ergpp the output energy F of the circuit within an
additive error §, then Erggp — 0 also lower bounds the energy E. A natural question
to ask is if the duality based bounds are more informative than the bound obtained
from just a TEBD simulation.

Consider now the problem of estimating the TEBD error following Ref. [113]. The
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TEBD estimate of the energy at the circuit output, Frggp, can be expressed as

Ergpp = Tr (51 (Po) < ﬁ HD53> (H)> :

t=2

while the true energy at the circuit output can be expressed as

E=Tr (51 (po) (fggj) (H)) :

Denoting by p; the state of the qubits in the quantum circuit at time-step t, p; =
E&i1...E1(po), we note that

E — Ergpp
= Tlr(/h(tlié}T — tliﬂDgtT) (H)),
o)) o)

s=2 s=t+1
d d—1
=St (0~ gl ) ) = (ot
t=2 t=1

where, in the last step, we have used the fact that, by definition, H, = Uthff—é’;r (Uf ’D)).

Now, an upper bound on the error |F — Ergpp| can be obtained via

d—1 d—1
|E = Ereso| <Y | Tr(pcH)| < Y |1 Hillp, (3.10)

t=1 t=1
where ||A|, = \/Tr(ATA) and we have used the fact that, by the Holder’s inequality,
Te(peHe)| < [lpelly 1 Hell < | Hell since ||pe]l, = 1 and [|Hy|| < ||Hyl|. We point out
that an important reason why we express the error bound in terms of the Frobenius
norm of H;, instead of its operator norm, is because the Frobenius norm can be
efficiently computed if H; is a matrix product operator of a small bond dimension

(which is the case while performing the TEBD simulation). The deviation bound in
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Eq. 3.10 implies a lower bound

d
E > ETEBD -0 = —TI' ,005 0'1 Z \/TI' H2 (311)

This bound is significantly worse than the duality-based bound in Eq. 3.8 as P, < 1
for all time steps t. The key reason why just accounting for a worst-case accumulation
of TEBD errors yields a loose lower bound is that the upper bound in |E — Ergpp|
does not account for the decrease in the trace purity of the quantum state in the
presence of noise, which is explicitly factored into the formulation of the dual.
In Fig. 3.3, we numerically exhibit the difference between the bound in Eq. 3.11 and
h(a™P) for a 1D circuit on N = 40 qubits [Fig. 3.3(a)], which is chosen to find the
ground state of a commuting 1D Hamiltonian (see the figure caption for the exact
circuit and Hamiltonian). As can be seen from Fig. 3.3(b), the lower bound computed
from the trace purity based dual is significantly larger, and thus more representative of
the impact of noise on the output energy, than the lower bound provided by Eq. 3.11.
We point out that the dual variables " obtained by TEBD in the Heisenberg picture
are not necessarily the globally optimal choice in the space of all MPOs with bond
dimension D to evaluate the dual function h(&). The function h(c) can potentially be
optimized beyond the TEBD-based value to obtain better lower bounds. In practice,
we observe that local optimization of h(5) with a gradient-based method starting
from the initial point of & = ™ yields only a modest improvement over & (5"7).
Next, we study the improvement that the duality based bounds that account for the
circuit constraint provide over bounds in existing literature that just account for the
information content at the circuit output. In particular, we numerically compare the
best lower bound (4! that we can obtain by evaluating h(&) at 01,05 ...04 € MPOp
(the space of all N-qubit MPOs of bond dimension D),

pdual _ -

maximize h(d),
01,02...04€MPOp
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Figure 3.3: (a) Schematic of benchmark circuits considered for 1D spin systems: col-
ored boxes indicate unitaries and grey circles depolarizing noise. Two-qubit unitaries
are chosen to be exp(—i#X ® X) and single-qubit unitaries are independently Haar
random. The Hamiltonian is chosen to be H = _UH(Zi Zi)UIT{, where Ug is the
first layer of unitaries, making H a 4-local commuting Hamiltonian. The first layer
of unitaries Uy thus transforms the initial state [0)*" into the ground state of H.
The last (d —1)/2 layers are chosen to be the inverse of the previous (d —1)/2 layers
— in the absence of noise, the output of the circuit is the ground state of H. (b)
Plot shows trace purity-based dual bound (h(#™”) in Eq. 3.8) (solid lines, circular
markers) and bound obtained by only considering the TEBD errors (Etggp — ¢ in
Eq. 3.11) (dotted lines, diamond markers) for the ground state (G. S.) energy of the
target Hamiltonian, as a function of circuit depth d for a system of N = 40 spins,
with two-qubit gate parameter 6 = 0.05, depolarizing noise rate of p = 3% and vary-
ing MPO ansatz bond dimensions D. Grey dashed line indicates G.S. energy, grey
shaded area indicates region of trivial bounds (less than G.S. energy), blue dashed
line indicates energy of the completely mixed state 1/2. The y-axis is scaled by a
constant multiplicative factor in the trivial region for visual clarity. The Hamiltonian
is shifted and scaled such that its spectrum is in [0, 1].

to the lower bound ¢/ analyzed in Ref. [34],

¢" = minimize Tr(Hp),
pI(p)<N(1-p)?
i.e. where they accounted only for the decreased information content I(p) = N —
Tr[plog, p] of the final state as per Lemma 1. First, we show that there exists a Hamil-
tonian and a 1D circuit where (4! with D = O(N) [117], scales super-exponentially

with the depth of the circuit and thus captures the propagation of errors through the
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circuit, while ¢/ scales at-most exponentially with the circuit depth.

Proposition 3 There exists a 1D circuit and a N -qubit Hamiltonian H with Tr(H) =
0 and |H|| = N, such that ' = —N(1—p)°D while (L = —N(1—p)*¥) + O(V/N)
for a choice of D < O(N).

Proof sketch (see appendiz D for details): Consider a Clifford circuit chosen at random
from the ensemble of entangle-unentangle circuits analyzed in Ref. [106] — it was
shown for this ensemble that, for a 1D circuit, on average, the energy of the output
state with respect to a 2-local Hamiltonian converges to the energy of the maximally
mixed state as ~ poly(N)x (1—p)?@). Consider now the Hamiltonian H = — Y% | Z;
and initial state |0)®V. In the Heisenberg picture, each Z; will be mapped to exactly
one Pauli string under the action of Clifford gates [118, 119]. Since a Pauli string is
representable as an MPO of bond dimension 1, o, obtained from Heisenberg picture
evolution will be a sum of N MPOs of bond-dimension 1 and will thus be a MPO
of bond-dimension at most N. Thus, from Proposition 1, the purity-based dual
exactly matches the energy of the output of the quantum circuit, which will scale as
—N(1—p)?@) [106, 120]. As the bound without circuit constraints is agnostic to the
unitaries in a circuit, it is also a lower bound on the circuit where all the unitaries
are just the identity operation. For this trivial circuit, the energy of the state after d
layers of just depolarizing noise scales as — N (1—p)?. Hence, the lower bound without

circuit constraints ¢/ = —N(1 — p)°@,

3.3.2 Numerical studies

For non-Clifford circuits, MPO parametrization with bond dimension poly(N) is no
longer expected to fully capture Heisenberg picture evolution. Even so, we numerically
demonstrate for a 1D spin system that the circuit dual function Eq. 3.8 can be used
to compute circuit-specific bounds that perform better than bounds that only take
into account the information content of the output state. We compute the bounds
by evaluating the dual function h(&) at the dual variables obtained from TEBD on
the Heisenberg picture as in Eq. 3.9. Fig. 3.4 shows numerical studies of the bounds

h(3™P) computed in this manner — we consider a 1D spin system of size N = 40 and



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 45

(a) Noise rate, p = 3.0% 0) Noise rate, p = 5.0%
0.50 ——k—ir
-~ 050 4 —y PN
12} ] ,A’ ) N
"g 0.25 g ! G.S. energy
= 3 / === Tr(H)/2N
o o 1
= 0.00 -1 -~ GS.emergy { 2 954 -4~ Based on I(P)
£ —100 - Te(H)/2Y g / Pt D — e
—— -
5 —2.00 A -4- Based on I(P) % ’v' Dual’ b B 62
— —3.00 4 / Dual, D = 32 = ! ual, D =
|
—4.00 1 ‘,‘ —e— Dual, D = 48 0.00 A--bosdmmem *', 777777777777777777777777777777777
—5.00 ! —e— Dual, D = 64 b
—6.00 -7 T T T T T —1.00 - T T T T T
0 100 200 300 400 500 0 100 200 300 400 500
Circuit depth, d Circuit depth, d
Noise rate, p = 10.0% .
(c) (d) Noise rate, p = 20.0%
0.50 4 r/A a4 4 s a4
0.50 N N N N
% ’: ---- G.S. energy " 1 2'
E H --=- Tr(H)/2N e A ---- G.S. energy
=] 1 by
2 0.95 ," -4- Based on I(P) 2 ! === Te(H) /2N
= : { Dual, D = 32 2 .95 4 | -4- Based onI(p)
g ‘,' —e— Dual, D = 48 5] + Dual, D = 32
S ! —e— Dual, D = 64 z 1 —— Dual, D = 48
! 3 i —e— Dual, D = 64
|
0.00 === fmmmm o !
i e
—1.00 L T T T T T i
0 100 200 300 400 500 —1.00 = T T T T T
0 100 200 300 400 500

Circuit depth, d Circuit depth, d

Figure 3.4: Comparison of the trace purity-based dual bound (h(6"?) in Eq. 3.8) and
the bound based on just the information content of the output state (¢5 in Eq. 3.13)
for 1D many-body spin systems. Both bounds are lower bounds on the ground state
(G. S.) energy of the same target Hamiltonian as considered for the results in Fig. 3.3.
Plots show the bounds as a function of brick-wall quantum circuit depth d [Fig. 3.3(a)]
for a system of N = 40 spins, varying MPO ansatz bond dimensions D, with depo-
larizing noise rates of (a) p = 3%, (b) p = 5%, (¢) p = 10%, and (d) p = 20%.
Two-qubit unitaries in the brick-wall circuit are chosen to be exp(—ifX ® X) with
6 = 0.1 and single-qubit unitaries are independently Haar random. Grey dashed line
indicates G.S. energy, grey shaded area indicates region of trivial bounds (less than
G.S. energy), blue dashed line indicates energy of the completely mixed state 1/2V.
The y-axis is scaled by a constant multiplicative factor in the trivial region for visual
clarity. The Hamiltonian is shifted and scaled such that its spectrum is in [0, 1].

circuits designed to prepare the ground state of a commuting local Hamiltonian (see
figure caption for details). The plots in Fig. 3.4 show the bounds for MPO ansatzes
with different bond dimensions D plotted against the circuit depth d for circuits with
noise rates p = 3% [Fig. 3.4(a)], p = 5% [Fig. 3.4(b)], p = 10% [Fig. 3.4(c)], and
p = 20% [Fig. 3.4(d)]. However, for the lowest noise rate p = 3%, the circuit dual
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Figure 3.5: Trace purity-based dual bounds (h(#"”) in Eq. 3.8) for a 1D system of
N = 32 spins, the same target Hamiltonian as considered for the results in Fig. 3.3
(see description of Hamiltonian in caption of Fig. 3.3), and brick-wall quantum circuits
[Fig. 3.3(a)] where two-qubit unitaries are chosen to be exp(—i6X ® X) and single-
qubit unitaries are independently Haar random. Plots show dual bounds as a function
of noise rate p and circuit parameter 6 for circuit depth d = 25 and bond dimensions
(a) D = 32 and (b) D = 64. The Hamiltonian is shifted and scaled such that its
spectrum is in [0, 1].

bounds at intermediate depths are trivial i.e. lower than the ground state energy of
H — this can be attributed to the fact that the intermediate depth regime is the
regime where the MPO ansatz is least representative. For shorter depths, the bond
dimension of the Heisenberg picture operator would have not grown very much while
for very long depths, the action of the depolarizing noise reduces the bond dimension
of the Heisenberg picture operator.

Figure 3.4 also compares the trace purity-based dual bound to the information content-
based bound. However, since the duality-based bound is exactly computable on a
classical computer, to make a fair comparison we need to use a certifiable method
for computing the information-content based bound. In particular, using Lagrangian
duality, the information content-based bound can be reframed in terms of the Gibbs

free energy of the problem Hamiltonian i.e.

¢" = minimize Tr(Hp)
p:I(p)<N(1—p)?

= maﬁiirolize NS+ G(H, )N, (3.12)



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 47

(a)

T o H o ] o I o
HEAIARE IR A IR IAIEAR
Y o Lo *H " lod “H ™ Lo
] o] S ] bt o
® U Ua Us U Us ©

Figure 3.6: (a) Schematic of quantum circuits considered for 2D spin systems on
a square lattice: colored boxes indicate unitaries and grey circles depolarizing noise.
Each unitary layer consists of two-qubit unitaries exp(—i6 X ®X) (blue boxes) followed
by independently Haar random single-qubit unitaries (green boxes). The first d/2
layers serve to increase the entanglement in the state. The remaining layers invert
the action of the previous d/2 such that, in the absence of noise, the output of the
circuit is the ground state of H = — Z@m Z;Z; where Z; is the Pauli-Z operator
for the 7" spin and (7, j) indicates nearest-neighbors. (b) Circuits considered have a
brick-wall structure: two-qubit unitary layers cycle between gates on odd horizontal
edges (U;), even horizontal edges (Usy), odd vertical edges (Us), and even vertical
edges (Uy). Single-qubit gates (Us) are applied on every qubit after every two-qubit
gate layer. (c) Structure of the MPO considered for 2D spin systems: yellow squares
indicate tensors at each site in the 2D lattice and lines emerging from them indicate
tensor indices. Horizontal lines indicate bond indices with dimension D and diagonal
lines indicate physical indices.

where Sy = N — N(1—p)? and G(H, \) = —\log Trexp(—H/\) is the Gibbs free en-
ergy of H at temperature \. However, since H is generally a many-body Hamiltonian,
an accurate evaluation of G(H, \) can only be guaranteed at sufficiently high tem-
peratures [121]. Thus, instead of evaluating the bound ¢! in Eq. 3.12, we introduce a

lower bound A. on the temperature A and evaluate
0, = ma&ci;ilize NSy + G(H, ), (3.13)

For spatially local Hamiltonians, A. can be chosen depending on the norms of the
local terms in the Hamiltonian, the dimensionality of the lattice, and the interaction

range. In our calculations, we make the choice of A\, = 8¢* — this is based on Ref. [121]
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Figure 3.7: Trace purity-based dual bounds (h(G"?) in Eq. 3.8) for the ground state
energy of the target Hamiltonian H as a function of noise rate p and circuit parameter
0 for a system of N = 36 spins arranged in a 6 x 6 lattice, circuit depth d = 32 and
MPO bond dimensions (a) D = 64 and (b) D = 362. The Hamiltonian is shifted and
scaled such that its spectrum is in [0, 1].

which, to the best of our knowledge, provides the only rigorous algorithm that works
for evaluating G(H, \) at temperatures above ..

We see from Fig. 3.4 that the dual provides a tighter lower bound on the output than
the bound based on just the information content of the output state. The information
content-based bounds shown in Fig. 3.4 are also trivial (i.e. lower than the ground-
state energy) for intermediate and short depths — this is due to the temperature
lower bound that needs to be introduced to ensure computability of the Gibbs free
energy. We also observe that the separation between the information content-based
and circuit dual bounds increases with the bond dimension D as the MPO ansatz
becomes more expressive with increasing bond dimension. In the limit of large circuit
depth at non-zero depolarizing noise rates, the state of the circuit approaches the
completely mixed state, and we observe that both bounds also approach the energy
corresponding to the completely mixed state.

Finally, we demonstrate that the dual bounds are able to capture the extent of entan-
glement being generated in a circuit. In the brick-wall quantum circuits we consider,
the two-qubit gates in the circuit exp(—ifX ® X) are parametrized by an angle 6
which controls the entanglement being produced — for example, at § = 0, 7/2, there

is no entanglement at all. Fig. 3.5 shows the bounds as a function of the angular
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parameter 6 and the noise rate p, for constant bond dimensions D and circuit depths
d, for a 1D system of N = 32 spins and Fig. 3.7 shows the same for a 2D system of
N = 36 spins in a 6 x 6 lattice. For the 2D system, we consider the MPO ansatz
to have a ‘snake-like’ bond structure on the 2D lattice [Fig. 3.6] — such a snake-like
structure is a numerically convenient approach for performing TEBD for 2D systems.
This ansatz is useful for moderate system sizes but due to gates along the vertical
edges of the lattice the bond dimension required grows rapidly. For larger system
sizes, we expect that a tensor network ansatz that matches the architecture of the
circuit [122, 123, 124] would give better bounds. For both the 1D and 2D systems,
the target Hamiltonians are shifted and scaled such that the ground state energies
are zero and any bounds lower than zero are considered trivial and represented as
zero in the plots — the black regions in the plots thus correspond to trivial bounds.
We observe that, near § = 0, 7/2, where the entanglement is small, the MPO ansatz
of constant bond dimension used for the bounds is able to capture it and we obtain
non-trivial bounds for small noise rates p &~ 6%. For values of 6 away from these lim-
its, the region of triviality is larger but non-trivial dual bounds can still be obtained

for higher noise rates.

3.4 Using duality with information content

In the previous sections, we have investigated the impact of noise using the trace
purity as a measure of the mixedness in the noisy circuit. The trace purity-based
dual function Eq. 3.8 contains terms with Frobenius norms \/Tr(H?) which, in the
worst case, could grow exponentially with the system size N. Hence, the trace purity-
based dual tends to become trivial in the limit of large system size and intermediate
circuit depths. An alternative better conditioned purity measure is the information
content based on the Von-Neumann entropy, I(p) = N — S(p) = N + Tr(plog,(p)).
In this section, we formulate a duality-based bound using the information content as
a purity measure. However, as we illustrate below, the duality bound here is harder
to compute than the one based on trace-purity for general spin model — to still

gauge the efficacy of this bound, we numerically study in the simpler but physically
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relevant case of Gaussian fermions. While our results are suggestive that using the
information-content based bounds could be useful for spin models, the associated
dual function is harder to compute classically — we leave it as an open problem to
develop classical algorithms to compute informative bounds using this strategy for
spin models.

Considering the information content, the free energy defined in Eq. 3.7b becomes the

Gibbs free energy with an offset,

Fsp(H,\)= inf (Tr[Hp] + )\](p)),

p=0,Tr(p)=1

=NXA+ inf (Tr(Hp) — )\S(P)),

p=0,Tr(p)=1
= NX—AlogTrexp (—H/)\), (3.14)
which together with Eq. 3.7 yields,
§(3,X) = =Tr[po€] (0)]
+> ( — Mlog Trexp (—Hy/A) + (N — It)), (3.15)
t=1
where I; = N(1 — p)' is the analytical bound on the information content under

depolarizing noise defined in Lemma 1.

To benchmark the performance of the information content-based dual, we consider
Gaussian fermionic systems where the dual function Eq. 3.15 can be computed ex-
actly. We study N fermions arranged on a lattice and choose H to be a quadratic
Hamiltonian,

H=i Z hgﬁ,’cg‘cg,
a0 1!

where cl, 2 are the Majorana operators for the fermion at point x on the lattice,
and hg:j/l are real numbers specifying H. We additionally assume the unitaries in
the circuit that prepares the ground state of H from an initial vacuum state to be

Gaussian unitaries.
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Figure 3.8: Schematic of SSH model quadratic fermionic Hamiltonians with alternat-
ing hopping strengths in 1D and 2D.

Since both Gaussian unitaries and the depolarizing channel map a quadratic Her-
mitian operator to another quadratic Hermitian operator, Proposition 1 indicates
that the dual function is maximized for o; which themselves are quadratic Hermitian

operators. This motivates the following ansatz for o,

a,of .2’
d(z,z")<r

!
for real s,

- In our study, we restrict o, to be local operators with interaction

range r while maximizing ¢(7, X) to obtain the lower bound — when r ~ lattice
size, we expect to obtain the best possible lower bound but since the ansatz always
includes the point ¢ = 0, we expect from Proposition 2 to obtain a bound better
than that predicted by only considering the information content of the output state,
even for small . Choosing o; to be quadratic Hermitian operators allows for exact,
classically efficient computation of the Gibbs free energy terms in the dual function
and, furthermore, even the circuit output can be computed exactly by considering
the covariance matrix describing the state — see appendix B for details. We obtain
bounds by maximizing g(&, X) through a gradient-based local optimization algorithm
(L-BFGS-B), starting from the initial point where o, are chosen to be the Heisenberg
picture evolution of —H, but projected on to the space of quadratic fermionic Hamil-
tonians with interaction range r after each time step — much like the compression
into MPOs of bond dimension D in Eq. 3.9.



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 592

(a) 0.5 A Output (b)

r =20
r =12

<3
=
o

—o—
—o—
—o—
—o—

S %33
R L
[CIEN )

Lower bounds
Lower bounds

—o— r =1

No circuit ircuit
constraint onstraint

_’._

T T T 0.0 T T
10 20 30 10 20 30 40 50

Circuit depth, d Circuit depth, d

Figure 3.9: Comparison of information content-based dual bounds with and without
circuit constraints, and the output energies of noisy Gaussian circuits for systems
consisting of (a) N = 48 fermions arranged in a 1D lattice, (b) N = 49 fermions
arranged in a 7 x 7 2D lattice. Dual bounds are shown for ansatzes with varying in-
teraction range r. The horizontal axis represents the depth d of a Gaussian brick-wall
circuit that outputs the ground state of the SSH model. Fermions are independently
subject to depolarizing noise with probability p = 5% after every unitary layer. The
Hamiltonians are shifted and scaled such that their spectrum is in [0, 1].

Figure 3.9 shows a numerical study of the bounds that we obtain — we consider sys-
tems with ~ 50 fermions arranged both on 1D [Fig. 3.9(a)] and 2D lattices [Fig. 3.9(b)]
and experiencing depolarizing noise at a rate of 5%. H is chosen to be a SSH model,
nearest neighbor Hamiltonian with alternating hopping strengths [Fig. 3.8]. For the

1D benchmarks, we choose
H = Z <Ua,balbx + vb,ablaﬂl + h.c.), (3.16a)

and for 2D benchmarks, we choose

H = Z ( Z (Up,qpl:,yqfcvy + U‘lqul7yp€l?+17y + h'C-)
.,y

D,q€

{(a,b),(e, )}

+ Z (vp,qpl’yqx,y + vq,pqlvypxyyﬂ + h.c.)) , (3.16b)

J2UIS

{(a,€),(b,1)}
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where we choose Vg = Ve = Vg, Upq = Ve = Wy, Vg e = Vb, f = Uy aNd Ve q = Vg p = Wy.
For the numerical studies shown in Fig. 3.9, H is shifted and scaled such that the
ground and highest excited state energies are zero and one, respectively. We consider
circuits of depth d consisting of two-mode Gaussian unitaries arranged in a brick-
wall layout, where the first d/2 layers are composed of randomly generated two-mode
Gaussian unitaries that serve to increase the entanglement in the state. The remaining
layers invert the action of the previous d/2 such that, in the absence of noise, the
output state is the initial state, which is chosen to be the ground state of H. In
Fig. 3.9, for comparison, we also include the exact output of the noisy Gaussian
circuit, as well as the bound obtained by neglecting the circuit constraints and only
considering the information content of the output state. As expected, we find that on
accounting for the circuit constraint, we obtain bounds that are more representative
of the output. We also observe that the dual bounds get closer to the output as the

dual ansatz’s interaction range r increases, since the ansatz becomes more expressive.

3.5 Conclusion

We demonstrated a method to rigorously lower bound the performance of any given
quantum circuit subject to a constant rate of depolarizing noise. We achieved this by
constructing a Lagrangian dual specific to the circuit, which takes into consideration
not only the decreasing purity of the state through the circuit due to noise, but also
the details of the gates in the circuit, allowing the study of the effect of entanglement
generation in the circuit that can worsen the detrimental effects of noise. We presented
numerical studies in spin systems and showed that it is possible to efficiently calculate
circuit-specific lower bounds that are tighter than bounds obtained by just considering
the information content of the output state. We provided an interpretation of the
trace purity-based dual evaluated at dual variables obtained from time-evolving block
decimation (TEBD) in the Heisenberg picture in terms of the compression errors. We
showed that the dual can be formulated in terms of the information content instead
of trace purity — we computed information content-based circuit dual bounds for

Gaussian fermionic systems where the Gibbs free energy can be computed exactly.



Chapter 4

Point-coupling Hamiltonian for
frequency-independent linear

optical devices

We propose a Hamiltonian that can model an arbitrary frequency-independent linear
optical device acting on propagating optical modes. The Hamiltonian assumes that
the optical modes couple to each other at a single-point in space — we therefore call it
the point-coupling Hamiltonian. For a given frequency-independent classical scatter-
ing matrix implemented by the linear optical device, we provide a recipe to construct a
point-coupling Hamiltonian describing the device. We formally integrate the Heisen-
berg equations of motion for the point-coupling Hamiltonian, and use the resulting
solution to calculate its quantum scattering matrix [125, 126, 127]. It is shown that
an application of the quantum scattering matrix on an incoming quantum state is
equivalent to applying the inverse of the classical scattering matrix on the annihilation
operators of the optical modes in the incoming quantum state, thereby reproducing
the commonly used procedure for analyzing the quantum physics of linear-optical
devices. We also ‘diagonalize’ the point-coupling Hamiltonian to calculate its nor-
mal modes — this provides a connection between the Hamiltonian presented and the

quantization approach described in Ref. [128]

o4
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Finally, in order to demonstrate the utility of the point-coupling Hamiltonian pro-
posed, we use it to rigorously derive and implement a matrix-product-state (MPS)
[129, 42] based update to simulate time-delayed feedback systems with linear optical
devices providing feedback [39, 40]. Time-delayed feedback systems typically have
a low-dimensional quantum system, such as a two-level system, coupling to a well-
defined optical mode and the emission from the quantum system is used to re-excite
the quantum system via a feedback path. The feedback path can be constructed
using a linear-optical device such as a mirror, or using another quantum system.
Time-delayed feedback systems possibly provide a platform for generation of highly
entangled states for quantum computation [130, 131}, quantum simulation [132] as
well as implementation of quantum memories using long-lived bound states [133].
MPS based simulations of such systems were proposed in Ref. [39], although the for-
mulation relied on hard boundary conditions e.g. it assumed that the feedback to the
quantum system was provided by an ideal mirror. Using the point-coupling Hamil-
tonian, we outline a method to extend the MPS based simulation of this system to
account for the situation wherein the mirror is described by a scattering matrix, and
thus enable an analysis of the impact of non-ideality in the mirror on the dynamics
of the feedback-system. We expect the point-coupling Hamiltonian proposed to be
of utility in analyzing quantum systems with complicated linear optical devices that
can only be described by a full scattering matrix, and cannot be well-approximated

by hard boundary conditions.

4.1 Point-coupling Hamiltonian

4.1.1 Dynamics in the Heisenberg picture

Consider N propagating optical modes (which can physically be waveguide modes,
or collimated optical beams) interacting with each other through a linear-optical
device (Fig. 4.1). Note that optical modes that are identical but for the direction

of propagation are counted as separate modes. Labelling by a,(w) the annihilation



CHAPTER 4. POINT-COUPLING HAMILTONIAN FOR LINEAR OPTICS 56

0

ar(w)/ar (1) ar(w)/a1(z1)
ooooon I

az(w)/az(x2) az(w)/az(w2)
DDDDDD:Linearoptical:DDDDDD

. device .

an(w)/an(zN) an(w)/an(zN)

ooooooC//—— —  gobooo

—

Figure 4.1: Schematic of a linear optical device acting on N optical modes. The
frequency-domain and position-domain annihilation operator fo the n'" optical mode
are denoted by a,(w) and a,(x,) respectively where x,, is the position of the point
under consideration in the coordinate system attached to the n*® optical mode (note
that we each optical mode to, in general, have its own independent coordinate system
with the linear optical device being at z,, = 20 in the coordinate system of the n'!
optical mode.).

operator of the n'® optical mode at frequency w, we propose the following Hamiltonian

for describing the dynamics of the system:

H = Z/ wa (W)ay, (w dw+ZZVnma A (20, (4.1)

n=1 m=1

where a,(z,) is the position-domain annihilation operator for the n*® optical mode

at coordinate z,, along its direction of propagation:

an(zn) = /_ h an(w)ei“:”"\(/i—;)_ﬂ. (4.2)

Here the position x,, is expressed in units of time such that the group velocity, assumed
to be frequency independent and uniform across all the optical modes, is unity. The
coordinate of the linear-optical device along the direction of propagation of the n'®
optical mode is 2¥. Note that we allow for the coordinate z,, for different optical modes
to be expressed in different coordinate systems — in general, each optical mode can
have its own coordinate system with the x axis of the coordinate system being along

its direction of propagation. For e.g. the x axis for a forward propagating mode will
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be in a direction opposite to the = axis for a backward propagating mode, or modes

waveguides oriented in physically different directions will have differently oriented

coordinate systems. We note that a,(w), and consequently a,(z,), satisfy the usual

bosonic commutation relations: [a,(w),al, (W)] = Spmd(w — &), [an (W), am(W')] =
/

0, [an(zn),al,(2))] = Opmd(zy — ) and [a,(x,), am(z),)] = 0. Moreover, as a

consequence of the Hermiticity of H, the coupling coefficients Vy ,, satisfy V,,,, =
Vi
The dynamics of this Hamiltonian can be easily analyzed using the Heisenberg’s

equations of motion, which are given by:

N
dn it

s ( %;t)e—iwrgz VY ne {1,2 . N} (43)

\/_

As is shown in appendix E, these equations can easily be integrated to relate the
position-domain annihilation operators at time ¢ = ¢ty + 7 and displaced by a distance
x € (—o0,00) from the linear optical device to the position-domain annihilation

operators at time t = tg:

ar(x} + 3t + 7) ar(z] + z — 71 to)

as(23 +zito+7) | [I—iV( v as(z3 + x — 71 to)

an (2% + z;to + 7) an(z% +x — 7;t0)

where V is a N x N Hermitian matrix formed by V,, ,, as its elements, I is the identity

matrix of size N and ©(z; < x < x5) is defined by:

—_

if ¥ € (21, 29)

@(Il S{L‘<ZE2) =

e}

if x € (—o0,21) U (g, 00) - (4.5)

N =

if v € {x1, 29}
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To intuitively interpret the result in Eq. 4.4, note that if y < 0, then the position-
domain annihilation operator at t = tq + 7 is simply a propagated version of itself at
t = ty. This is a simply a consequence of the physical points described by x < 0 lying
before the linear optical device along the propagation direction, and consequently
being unaffected by scattering from the linear-optical device. This situtation is the
same for x > 7, since the scattered light from the linear-optical device has not had
sufficient time to propagate to the points in question from the location of the linear
optical device (i.e. from x = 0). For 0 < z < 7, the optical mode annihilation
operator at t = tg + 7 is a sum of a propagated version of itself and contributions
from other optical modes as scattered by the linear optical device, and Eq. 4.4 can

be simplified to:

ar(z9 +z;to +7) ar (29 +x — 75t0)
ag(z +x3tg + 7 as(z9 +x — 73t
it ) | o fmlad e =it | "
an(z% + x;to + 7) an(z% +x — 73 tp)

where

s ) )Y e

Since S relates the optical mode annihilation operators before and after scattering
from the linear optical-device has occurred, it can be interpreted as the classical
scattering matrix corresponding to the linear optical-device. It can readily be verified
that a consequence of V being Hermitian is that the matrix S is unitary. Moreover,

if S has the diagonalization S = U diag [eid’] U, it follows from Eq. 4.7 that:

V = —U diag [2 tan <%>] U’ (4.8)

Therefore, given the classical matrix S of a linear-optical device, Eq. 4.8 allows us
to construct the matrix 'V and by extension the point-coupling Hamiltonian that

can model the device. As examples, we consider some commonly used linear optical
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Figure 4.2: Schematic figures showing the action of (a) phase-shifter with imparted
phase ¢ acting on a optical mode denoted by a, (b) beam-splitter with parameters
(0, ¢) acting on optical modes denoted by a; and ay and (c) an optical circulator
designed acting on optical modes ay, as and as. The relationship between the input
and output signals of the linear-optical device are also shown in the diagrams.

devices (Fig. 4.2) and construct the point-coupling Hamiltonians that describe their

dynamics:

(a) Phase shifter: The classical scattering matrix S of the phase-shifter [Fig. 4.2(a)]
is a single-element matrix: S = [e'?]. From Eq. 4.8, we obtain V = [—2tan(p/2)].

The Hamiltonian for the phase shifter can thus be written as:

Hohase-shifeer = / " wa (@)a(w)dw — 2 tan (g) af(z = 0)a(z = 0),  (4.9)

o0

where a(w) [a(z)] is the frequency-domain (position-domain) annihilation oper-

ator for the optical mode that the phase-shifter is acting on.

(b) Beam-splitter: The beam-splitter [Fig. 4.2(b)] is described by the following

classical scattering matrix:

cos sin 6 el¥
S = . (4.10)

—sinf e % cosd
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Again, using Eq. 4.8, we obtain

v [ 0 2i tan(6,/2) ei“"] | (411)

—2itan(0/2) e7¥ 0

from which we can construct the beam splitter Hamiltonian:

Hyeam-splitter = Z / waz(w)ak(w)dw + [21 tan (5) ewai(xl = 0)az(x2 = 0) + h.c.|,

ke{1,2} ¥~
(4.12)

where a; o(w) [a12(z12)] are the frequency-domain (position-domain) annihila-

tion operators for the optical modes that the beam-splitter is acting on.

(c) Optical circulator: The optical circulator [Fig. 4.2(c)] routes an excitation in
optical mode 1 to optical mode 2, optical mode 2 to optical mode 3 and optical
mode 3 to optical mode 1. It can thus be described by the following 3 x 3

classical scattering matrix:

010
S=1(0 0 1}, (4.13)
1 0 0
and therefore
0 21 —2i
V=1|-21 0 21 |, (4.14)
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from which we can construct the optical circulator Hamiltonian:

Hcirculator - Z / WCZL (W)ak (w)dw

ke{1,2,3} 7~

" { > 2da(zx = 0)aps (zer = 0) + hee.|, (4.15)
ke{1,2,3}

where a; 2 3(w) [a1,23(212,3)] are the frequency-domain (position-domain) anni-
hilation operators for the optical modes that the optical circulator acts on, and

as(w)/ay(xy) is to be interpreted as a;(w)/ai(xq).

4.1.2 Quantum scattering matrix of the point-coupling Hamil-

tonian

While the previous subsection analyzed the point-coupling Hamiltonian in the Heisen-
berg picture, in this subsection we analyze its dynamics in the Schroedinger picture.
In particular, we consider the problem of exciting the linear-optical device with an
input state, and attempt to calculate the output state produced by the device.

The key object relating the input state (assumed to be the asymptote [134] to the
system at ¢ — —o0) of the system to its output state (assumed to be the asymptote
[134] to the state of the system at ¢ — 00) is the quantum [134]:

. : iHgt —iH(ty—t_) —iHgt_
S= lim e"oe (t+—t-)e : (4.16)
+—00
t_——o00

where Hj is the Hamiltonian of the optical modes without accounting for the linear-

optical device:

Hy = ;/_Z wal (w)ag(w)dw. (4.17)

Consider now the computation of the following K photon matrix element of the

scattering matrix (x = {xy,29... 2k}, X' = {2}, 25 ... 2%}, = {p1, po ... ux} and
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po={u by i)

K K
S(x, p; X', 1) = (vac| [H Qs (xl)} S {H aL,_ (x;)] [vac). (4.18)
i=1 i=1
Note that the relations exp(—iHot)a(xy) exp(iHot) = ag(zg + t) and
exp(iHt)ag(zg) exp(—iHt) = ay(xy;t) together with Hy|vac) = H|vac) = 0 imme-
diately imply the following relationship between the scattering matrix element in
Eq. 4.18 and the Heisenberg picture optical mode position-domain annihilation oper-

ators:

K K
S(x, ;X 1) = t}gnoo (vac| {H ay, (T +ty; t+)} {H aL; (xf +t_; t_)} lvac). (4.19)
t_——00 =1 i=1

Using Eq. 4.4, and in the limit of ¢, — oo and t_ — —o0, it follows that :

N
au (T +tyty) = Z S, (T — ), + ), +1_5t), (4.20)

v;=1
where §;; are the elements of the classical scattering matrix S. ~ With this, the

following explicit expression for S(x, p; X', i’) as given by Eq. 4.19 can be obtained:

K
S(x, p;x',p') = Z H Syupicut0 (1 — 2,) — (Preay — x%Ku;)), (4.21)

Pr =1
where Py is a K element permutation. It can immediately be noticed that the
quantum scattering matrix elements are completely determined in terms of the clas-

sical scattering matrix elements S; ;. From Eq. 4.21, we can also evaluate the fre-

quency domain scattering matrix elements S(w, p; W', pt') (w = {wy,wy .. . wk}, W' =
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[y i b = (g pio ey and ' = L, gy gl )

(wlxl —wyxy)

S(w, ;' ) /RK/RK (x, 5 X, u)[H o }dedKX’ (4.22)

- Z H SPrcim.i e S )5(7)le - w)). (4.23)

Pr I=1
Note that the frequency domain scattering matrix doesn’t have any connected parts
[126] i.e. scattering of a K photon wave-packet from the linear optical device conserves
the individual input frequencies. This is a direct consequence of the ‘linearity’ of the
optical device. To gain more insight into the form of the scattering matrix in Eqgs. 4.21
and 4.22, consider the calculation of the output state corresponding to a K-photon

input state |y, ):

o) =3 [l [ﬁ* ()] v, (420

where the amplitude ;,(w, ) can be chosen, without any loss of generality, to
be symmetric with respect to a simultaneous permutation of the indices g and w:
Uin(w, ) = Y (Prw, Prp) V K-element permutations Pg. The output state is then
given by:

Iwout>=Z/RK¢out(w,u [ﬁal }|Vac X w, (4.25)

=1

where 1o, (w, @) is given by:
1
You(w, 1) = = Z/RK S(w, ;s ) hin (o', ')A W', (4.26)
7%

Assuming that the coordinate systems of the optical modes are chosen such that
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) =0V ke {l,2... N}, from Egs. 4.22 and 4.26 we obtain:

2/}out w /1' N' Z Z |:H Sm PK,ul:| 1/1m w, PKM/)' (427>

uw Pk “li=1

Therefore,

[Yout) = Z/RK Vin(w, @) [H L ]|Vac )y dfw, (4.28)

=1

where @;(w) = YN, S;.a;(w). The application of the quantum scattering matrix of
a linear optical device to an input state is equivalent to replacing the annihilation
operators in the input state with S' times the annihilation operators. This is the
usual procedure used to analyze the impact of a linear optical element on an input
state [135], and our analysis derives it from a Hamiltonian based description of the

linear optical element and thus lends rigor to this procedure.

4.1.3 Normal modes of the point-coupling Hamiltonian

In this subsection, we diagonalize the point-coupling Hamiltonian and explicitly calcu-
late the normal modes of the linear-optical device. Given that the frequency-domain
annihilation operator of the n'" normal mode is b,(w), it should satisfy the following

commutation relations:

[bn(w)v H] = an(w)7 (4.29&)
[by (W), bl (W] = Gpmd(w — W), (4.29b)

where H is the point-coupling Hamiltonian. Eq. 4.29a is a consequence of the Hamil-
tonian H being expressible as a sum of independent continua of harmonic oscillators

in the normal mode basis:

H = Z:l /Z wh! (w)by, (w)dw, (4.30)
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and Eq. 4.29b is a result of the different normal modes being physically independent
modes. As is shown in appendix F, using Eqgs. 4.29a and 4.29b, the normal mode

annihilation operators b,(w) can be chosen to be:

0 N
o —iw(z—2? dx, * > Ciw(z—a0 dz,,
bn(w):/ eiwl “)an(a:n)\/%%— E Sm,n/0 eIl m)am(xm)\/—z_ﬂ, (4.31)
— o m=1 Ty

where S,, ,,, are the elements of the classical scattering matrix. To obtain a physical
interpretation of this result, consider creating a photon in the normal mode described
by b,(w) and calculating its projection on the modes described by a,,(z,,) — this
projection is given by the expectation (vac|a,,(,,)b! (w)|vac) which can be readily

evaluated using Eq. 4.31:

iw(zm—12) ;
m
e Omn iz, <z

(Vaclam(ﬂé’m)b:r1 (w)|vac) = 0

0
. " (4.32)
e“"(xm_“"m)Smm if 2, > 2%

This is exactly the same field profile that would be obtained on classically exciting
the linear optical device through the n' input port at frequency w, and calculating
the fields scattered in all the output ports — the n'® normal mode is simply the
continuum of quantum harmonic oscillators associated with this field profile.

Finally, Eq. 4.31 can be inverted to relate the annihilation operators a,(z) to the

normal mode annihilation operators b,(w) (refer to appendix F for details):

fe’e) : 0
i) = [ 99 ety ) 0a() on>an 33
—oo V2T Zzzl Snmbm(w) if z, < 20

where, again, we see that the modes described by a,(z) are identical to the normal
modes at points before the linear-optical device (i.e. x, < z¥ in Eq. 4.33) and
their linear combination at points after the linear-optical device. Eqs. 4.31 and 4.33
thus provides a connection between the point-coupling Hamiltonian for linear-optical

device and a direct quantization of the normal modes of the device [128].
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Figure 4.3: Schematic figure of the time-delayed feedback system. A two-level sys-
tem with de-excitation operator o couples to a waveguide which supports both for-
ward propagating and backward propagating waveguide modes with frequeny-domain
(position-domain) annihilation operators ai(w) and a_(w) (a4(z4+) and a_(z_)) re-
spectively. A mirror, modelled as a beam-splitter on the forward and backward
propagating waveguide mode with parameters (6, ¢), is located as xy+ = 0 and the
two-level system couples to both the waveguide modes at a distance ¢4 from the mirror.
The decay rates of the two-level system into the forward and backward propagating
waveguide modes are denoted by v, and v_ respectively. Finally, we also consider the
dynamics of this system when the two-level system is driven by an external laser pulse
— Q(t) denotes the complex amplitude of the laser pulse that drives the two-level
system.

4.2 Matrix-product-state based simulations of time-

delayed feedback systems

In this section, we use the point-coupling Hamiltonian proposed in the section 4.1 to
develop an MPS update for a two-level system coupled to a waveguide with a partially
transmitting mirror. Using the formulated MPS update, we study the impact of the
less than unity reflectivity of the mirror on the dynamics of the time-delayed feedback
System.

The system under consideration is a two-level system with a time-delayed feedback
shown in Fig. 4.3. The Hamiltonian for this system can be expressed as a sum of a two-
level system Hamiltonian, waveguide Hamiltonian and the mirror Hamiltonian (which
is modeled as a point interaction between the forward and backward propagating

modes):

H(t) = HTLS(t> + ng + Hmirror + ng-TLS’ (434>
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where Hrpg(t) is the Hamiltonian of the two-level system including a coherent drive,
Hy, is the Hamiltonian describing the forward and backward propagating waveguide
modes, H o is the Hamiltonian of the mirror providing feedback to the two-level
system and Hy, s is the interaction Hamiltonian between the two-level system and

the two waveguide modes:

Hris(t) = weolo + Q(t) (0e™! + oTe70"), (4.35a)
Hyy = Z /OO wal(w)ak(w)dw, (4.35b)
ke{+,—}7 %
Hiirror = 2itan (g) [e¥ay(z, = 0)al (z_ =0) — e ¥a_(z_ = 0)a! (z; = 0)],
(4.35¢)
Hygris = [Vizolay (s =tg) + /_ola_(z_ = —t4) + h.c.]. (4.35d)

Here o is the de-excitation operator for a two-level system with resonant frequency
We, a4 (w) and a_(w) are the frequency-domain annihilation operators for the forward
and backward propagating waveguide modes respectively and ay(zy) and a_(x_) are
the position-domain annihilation operators for the forward and backward propagating
waveguide modes respectively. Note that the z-axis for the coordinate systems for
the forward and backward propagating waveguide modes are chosen to be in their
direction of propagation with the same origin. A mirror, modeled with a beam splitter
Hamiltonian between the forward and backward propagating waveguide modes with
parameters (0, ), is located at x4+ = 0. The two-level system interacts with the
waveguide (with a decay rate v, into the forward propagating waveguide mode and
~_ into the backward propagating waveguide mode) at a distance of ¢4 from the
mirror — this corresponds to the point with coordinates x, = t; and x_ = —t; in
the coordinate systems of the forward and backward propagating waveguide modes.
Furthermore, the two-level system is driven with a laser pulse at frequency wy and
pulse-shape Q(t).

We first go into a frame rotating as per the Hamiltonian Hy = wyo'o + Hyg + Huirror-
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In this frame, the state of the system evolves as per the Hamiltonian H (t):

H(t) = 0.0'0 + Qt)o, + (Vrrolar(zs =ty t)e™ + Aola_ (v = —tg;t)e™"" + h.c.),
(4.36)

where 0, = we —wp and ay(xy = +t4;t) are the Heisenberg picture operators corre-
sponding to ax(x+ = £t4) with respect to Hy at time ¢, subject to the initial condition

at(xy = ttg;t =0) = ay(xy = +ty). From Eq. 4.4 and for ¢t > 0, we obtain:

. AL(t ift <t
ap (14 = tg;t) = e wolt=ta) +(0) . ¢ , (4.37a)
Ay (t)cos +e¥A_(t —2ty)sinf ift >,

a_(z_ = —tg;t) = e Wl A_(¢), (4.37b)
where we have defined the operators AL (t) via:

o . dw
AL(t) = / ay (w)e w0 (tFta) _——_ 4.38
0= | ax@ N (1.38)
An MPS update for the state of the system in the rotating frame with respect to H
can now be framed using the procedure outlined in Ref. [39] — the first step is to
discretize the waveguide Hilbert space. Using a discretization step At, we can define

the waveguide bin operators A [k] in terms of the operators AL(t) via:

(k+1)At dt
A= [ A (4.39)
kAL VAt
which satisfy the commutation relations [A[i], A% [j]] = &;; and [A_[i], A [j]] = 6:,.
The state of the entire system, including the waveguide and the two-level system, can
be represented by a matrix-product state with the two-level system corresponding to
the first site in the matrix product state, and the subsequent sites corresponding to
the waveguide bins. The Hilbert space of the k" waveguide bin is spanned by the
tensor product of the Hilbert spaces of the harmonic oscillators whose annihilation
operators are A, [k] and A_[k]. To compute the the state at ¢t = kAt from the state at
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t = (k+1)At, we act on the matrix product state with the unitary operator U[k+1, k]
defined by:

Ulk 4 1, k] = e HIkLA (4.40)

where

(k+1)At
H[k+1,k]:/ () dt
kAt

of (Vs AL €0 AL [k] + /7ZAE e 0l A_k]) + hee.  if k < ng
=0.At olo + o, + ot (Vs AL €40 (AL k] cos 0 + €9 A_[k — 2ny] sin )

+V-Ate 0t A_[K]) + hee. if k> ny
(4.41)

where ng = [tq/At] and Q = Q(kAt)At. The application of Uk + 1,k] on the
matrix product state at time step k requires the implementation of a long-range gate,
since it acts on the site corresponding to the two-level system, the k" waveguide bin
and the (k — 2n,4)™ waveguide bin. Following the approach introduced in Ref. [39],
we implement this long range gate using a sequence of swap operations [136] followed
by a short-range gate corresponding to U[k + 1, k] [137]. The update is implemented
using the tensor network state python library tncontract along with qutip [138].

We first validate our MPS update implementation against the implementation intro-
duced in Ref. [39] for an ideal mirror (i.e. § = 7/2). Fig. 4.4 shows a comparison
between the two implementation for two distinct settings — Fig. 4.4(a) in which the
emitter is initially prepared in its excited state and allowed to decay into the waveg-
uide without any external driving, and Fig. 4.4(b) in which the emitter is initially in
its ground state and then driven by an exponentially decaying pulse (Q2(¢) = Qoe™).
We simulate both of these settings for different mirror phase ¢ — as is known in such
feedback systems with ideal mirrors, a properly chosen mirror phase can result in the
emitter not decaying completely into the waveguide mode, rather exciting the bound
state that exists between the emitter and the waveguide mode. We observe such

incomplete decay for ¢ = 0, and a complete decay of the emitter into the waveguide



CHAPTER 4. POINT-COUPLING HAMILTONIAN FOR LINEAR OPTICS 70

mode for other mirror phases. Moreover, the MPS update implementation presented
in this section agrees perfectly with the MPS update implementation introduced in
Ref. [39]. This perfect agreement can be analytically explained by considering the
normal modes of the point-coupling Hamiltonian describing the mirror (as described
in section 4.1.3). Using Eq. 4.31 for a perfect mirror (6 = 7/2), the two normal modes

br r(w) can be expressed in terms of ay(x) via:

0 . dx+ . e . dz_
br(w) = ap(ry)e Wt ——= —e'¥? a_(x_)e W ——, 4.42a
1) = [ antegern S e [T et O (1.422)
br(w) —/0 a_(x )e_iwx*(m;+e_i@ ooa (x )e_iw”(m—+ (4.42Db)
" o V2m o V2 '

Clearly, bz(w) only creates excitations to the left of the mirror (which do not interact
with the two-level system) while bf,(w) only creates excitations to the right of the
mirror (which interact with the two-level system). Indeed, using Eq. 4.33, it can
easily be seen that the interaction Hamiltonian between the waveguide and the two-

level system (Hygrrs defined in Eq. 4.35d) can be entirely expressed in terms of
bR(UJ)Z

& . . d
Hyprrs = / [(,/7+0T61(Wtd+‘p) +/—ole ™) bp(w) + h.c. —w, (4.43)
—o0 V2T

which is identical to the interaction Hamiltonian used in Ref. [39].

Next, we study the impact of the non-ideality (i.e. the mirror reflection being less
than 1) in the mirror on the dynamics of the feedback system. Changing the mirror
reflection is equivalent to changing the parameter € describing the mirror. Fig. 4.5
shows the impact of 6 on the dynamics of the feedback system. Again, we simulate
two different settings — Fig. 4.5(a) in which the emitter is initially prepared in its
excited state and allowed to decay into the waveguide without any external driving,
and Fig. 4.5(b) in which the emitter is initially in its ground state and then driven
by an exponentially decaying pulse (2(t) = Qoe™*"). We note that unlike the case of

an ideal mirror, having a less than unity reflectivity implies that there is no bound
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Figure 4.4: Validation of our MPS update implementation against the implementation
introduced in Ref. [39] for an ideal mirror (i.e. § = 7/2) for two simulation settings: (a)
Simulation of an undriven two-level system (€2(¢) = 0) which is initially in its excited
state for different mirror phases ¢ and (b) simulation of a two-level system initially
in its ground state and driven by an exponentially decaying pulse (Q(t) = Qpe™** for
t > 0) for different mirror phases ¢. |e(t)| is the probability amplitude of the two-
level system being in the excited state computed using |e(¢)|? = (oTo). It is assumed
that v, = v = v/2, ¢ = we — wo = 0, woty = 7, ytg = 2 and a = 27. For the
discretization into an MPS, we use yAt = 0.05, and truncate the dimensionality of the
Hilbert space of each waveguide bin to 2 for both forward and backward propagating
modes. A threshold of 0.01 is used in all the Schmidt decompositions performed
while applying the swap gates and the short-range gates. Refer to appendix G for
convergence studies of the MPS simulations.

state that the emitter can decay into. Consequently, the emitter always decays to the
ground state — however, as is seen in Fig. 4.5, the decay rate can be controlled by
controlling the reflectivity of the mirror. While this seems reminiscent of the Purcell
effect, we note that even with a less than unity reflectivity, the emitter does not de-
cay exponentially into its ground state — this is a consequence of the non-Markovian
nature of the feedback system.

Finally, we point out that an alternative to using the point-coupling Hamiltonian
for analyzing the feedback system considered in this section is to directly formulate
the Hamiltonian using the normal modes of the mirror-waveguide system. Such a
formulation would also be able to capture the impact of the mirror reflectivity on the

dynamics of the two-level system if it was accounted for in the construction of the



CHAPTER 4. POINT-COUPLING HAMILTONIAN FOR LINEAR OPTICS 72

@ 19 (b)
— cosf =02 cosf = 0.8 0.10 cosf =02 cosf =08
08 cos =04 - cosf = 1.0 ' cos =04 - cosf = 1.0
' 0.08 cosf = 0.6
— 0.6
=
©
04
0.2
0.0 0.00
0 10 20 30 40 50 ’ 0 10 20 30 40 50

Time ~t Time 7t

Figure 4.5: Impact of mirror reflectivity on the dynamics of the time-delayed feedback
system for two simulation settings: (a) Simulation of an undriven two-level system
(Q2(t) = 0) which is initially in its excited state for different mirror reflectivities
cosf and (b) simulation of a two-level system initially in its ground state and driven
by an exponentially decaying pulse (2(t) = Qpe~** for ¢t > 0) for different mirror
reflectivities cos 0. |e(t)] is the probability amplitude of the two-level system being in
the excited state computed using |e(t)|? = (oTo). It is assumed that v, = v_ = /2,
0 = we —wy = 0, woty =7, vt = 2, = 0 and a = 2~. For the discretization into an
MPS, we use vAt = 0.05, and truncate the dimensionality of the Hilbert space of each
waveguide bin to 2 for both forward and backward propagating modes. A threshold
of 0.01 is used in all the Schmidt decompositions performed while applying the swap
gates and the short-range gates. Refer to appendix G for convergence studies of the
MPS simulations.

normal modes. The point-coupling Hamiltonian provides an alternative, and equiva-
lent (as shown in section 4.1.3), approach for modelling linear-optical devices. Apart
from the didactic importance of this result, we expect it to be of utility in under-
standing complicated feedback systems with multiple linear optical devices providing
feedback.

4.3 Conclusion

In summary, we have solved the problem of calculating the Hamiltonian for a frequency-
independent linear-optical device from its classical scattering matrix. It is shown

that an application of the quantum scattering matrix corresponding to the proposed
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Hamiltonian on an input state is equivalent to applying the inverse of the classical
scattering matrix of the linear-optical device on the annihilation operators in the input
state. We also diagonalize the point-coupling Hamiltonian and provide a connection
between the point-coupling Hamiltonian and the quantization of normal modes of
the linear-optical device [128]. Finally, we demonstrate the practical utility of the
proposed Hamiltonian by using it to rigorously formulate an MPS-based update for
a time-delayed feedback system wherein the linear-optical device providing feedback

is described by a full scattering matrix as opposed to a hard boundary condition.



Chapter 5
Conclusions and outlook

In this thesis, I have presented optimization and tensor network simulation based
computational solutions to surmount or understand certain obstacles on the path to
realizing quantum computation at scale.

First, [ presented a strategy to inverse design the temporal shape of the driving field of
a quantum emitter ensemble-based microwave-to-optical single-photon transducer to
compensate for the effects of inhomogeneous broadening and improve efficiency, serv-
ing to enable quantum communication between superconducting quantum computers
over optical fibre networks. This design strategy is applicable to different physical
platforms including color centers or rare-earth ions in solid-state hosts. For future
work, the optimization-based design technique can be extended to ensembles that are
orders of magnitude larger by frequency-binning the randomly distributed transition
frequencies [139]. In some physical systems the transition frequencies of the emitters
can be modulated (for e.g., via Stark effect in Vg; centers in SiC). Previous research
[140] has shown that direct modulation of the transition frequencies can also be used
to compensate for inhomogeneous broadening in a cavity-QED setting. It is expected
that optimization-based design for transducers can also be applied with the direct
modulation as the degree of freedom instead of the driving field.

Second, I described a numerical method, based on Lagrangian duality, to efficiently
compute rigorous lower bounds on the performance of any given quantum circuit sub-

ject to depolarizing noise. The computed bounds are dependent on the architecture

74
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of the specified circuit, and provide a way of determining the possibility of a quan-
tum computational advantage. This method opens the door to promising avenues of
future research. Larger-scale tensor-network numerics can allow the study of higher
dimensional circuits, with a number of qubits reaching state-of-the-art experiments.
Moreover, extensions of the method to continuous-time would better capture experi-
mental systems, and even allow the application of this method to understanding the
performance of quantum adiabatic algorithms [24]. Finally, the Lagrangian dual for-
mulation of lower bounds, apart from being a numerical tool, could also shed rigorous
theoretical insights in understanding resilience of quantum circuit architectures to
noise.

Finally, I described a method to analytically calculate the Hamiltonian given the
classical scattering matrix for an arbitrary frequency-independent linear optical de-
vice that couples optical modes at a single spatial location. I presented that such
a Hamiltonian model can be used to generalize tensor network-based simulations of
time-delayed feedback quantum optical systems to include arbitrary linear optical de-
vices. Thus, this method opens up the way to simulate more exotic feedback systems
in the future, possibly with use in realizing quantum computation, simulation and

memories.



Appendix A

Maximising transduction efficiency

through a homogeneous ensemble

For a homogeneous ensemble, as there are only two bright states {SLJG% SLl\G)}
that couple to the waveguides, the ensemble can be equivalently considered to be a
single emitter system with the coupling rates to the waveguides enhanced by N. The

effective Hamiltonian of the equivalent single-emitter system is,

(I'+ N (I'+ N
Hey = (5u _ %) St S + <50pt _ %) ST i1 Sopt,1 + QST Sope + H. c.).
(A1)
The transduction spectrum 7 (w) through this system is given by [20],
G| LopsST11GYG|Ss1 LE|G
T((,U) — Z < | pt S,1| >< | 71 ,LL| > (A2)

W — Es 1
se{+,—} ’

where E4 ; are the eigenvalues of Heq. Assuming 0, = dopt = 0, Eq. A.2 leads to,

B N~
T = G B Bl

(A.3)
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where Ey ; = (—w + Q) For [Q] < (Nvy+7T)/2, |7 (w)]| peaks at w = 0, with

N~Q

= " A.
s () o

|7(0)]

Hence, |7 (0) | is maximised when Q = (N~ 4 I') /2 and in that case, |7 (0)| = WN’NLV

We point out that when Q| > (Nv +I") /2, the transduction spectrum has two peaks
at &~ £, with |7 (£Q)| = % As high drive strengths can be experimentally un-
desirable, we use the constant drive of least strength that maximises the transduction
efficiency, i.e., Q@ = (N~ 4+ I') /2, as the benchmark against which the optimized drives

are judged.



Appendix B

Hybridization of eigenstates of a
homogeneous ensemble with the

introduction of inhomogeneity

Consider the following separation of the effective Hamiltonian of an inhomogeneous
ensemble into a Hamiltonian representing a homogeneous ensemble (Hy) and a per-

turbation term representing the inhomogeneity (V'),

Hoe = Hy+ \V (B.1)
ZF AP (A i
Hy = Z {—?JJUM — _goptgopt:| + Z O O’JO'Opt +H. c)— ELLLM 2LoptLopt
(B.2)
V=3 [sioiln + 6 oibioh] (B.3)

Defining, |E, ;) = SL|G), the eigenstates and eigenvalues of Hj are,
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HolBes) = (-5 £0) 1£2) (B.4)
HolBL) = (—§ . 9) Byl i1 (B.5)

(B.6)

With the introduction of the perturbation, the first order correction to the eigenstate

|E4 ) s,

(Esil VIEL 1) (E_a1|V[EL 1)
E )= |E )+ A Eg)——————+ \NF_)————. B.7
£ 1B+ 3 3 B p B G T (B)
sE{-‘r,’—}
The second term in Eq. B.7 evaluates to zero and,
ol + 6} ot — 4l
VIE; 1) = —< K’ 5 pt) |Ey1) + —( £ 5 pt) |E_1). (B.8)
Thus, the perturbation changes the eigenstate as,
A6 — 8}
Bos) = Bag) - 20 Sy (B.9)

40)

This indicates that the relevant frequency scale to compare the inhomogenous broad-
ening to is the drive strength €2, which explains the variation of the superradiance
metric with cooperativity in the unoptimized case in Fig. 4a. The unoptimized
drive strength is chosen to be Q(t) = (Nv +I') /2 and as cooperativity is reduced by
increasing I', the unoptimized drive strength increases, whereas the inhomogeneous
broadening remains constant. Consequently, the hybridisation of the eigenstates away
from that of a homogeneous ensemble decreases and the superradiance metric is higher

on average.



Appendix C

Free fermion formulation

In this section, we describe our approach to numerical studies of Gaussian fermionic
systems. We describe the fermionic system model and how the energy of the state
at the output of the noisy circuit and the information content-based dual function
(3.15) can be efficiently calculated by utilizing covariance matrices and quadratic

Hamiltonian transformations.

C.0.1 Model

We consider N fermions arranged in a lattice and define for each lattice site x the

Majorana operators c.,c? as satisfying the following anti-commutation relations,

xT) T

{Ci, C;:’} = {Cia Ci’} - 5;L’x’

{cl 2} =0, Va,2' € lattice. (C.1)

x) “x!

We choose the target Hamiltonian H to be quadratic,

. / /
H =i g ey CaCo

a,of .2’

80



APPENDIX C. 81

Defining the operator valued vector,

T
>_ (1 . 1 2 2 2
c= (cl, Cay woey Chpy G5, C3y oo, CN) : (C.2)

the target Hamiltonian can be written as H = i¢ T hé where the matrix h specifying
the Hamiltonian H is real and anti-symmetric. The ground state energy of the target

Hamiltonian can be computed by diagonalization of its compact representation h
[141].

C.0.2 Calculation of the noisy circuit output

The output energy, with respect to the quadratic target Hamiltonian H, can be
computed from the covariance matrix of the state at the end of the circuit. We define

the covariance matrix of a state p as,

Yo = iTe(plel, c3]), (C.3)
where [.,.] denotes the commutator. The energy of a state p with respect to the target
Hamiltonian H is then [141],

Tr(h
Tr(pH) = — r(2 ") (C.4)

The covariance matrix of the state after each instance of Gaussian unitary or noise
in the circuit can be calculated by evolving the covariance matrix vy of the vacuum

(70 can be analytically calculated [141]) using the following transformations,

1. Unitary: Any Gaussian unitary can be expressed as U = exp(—iHy), where
Hy = ic¢ ThyC is the generating quadratic Hamiltonian, and it transforms the

covariance matrix of the state as [141],

2hys

v — 2 ye=2hu (C.5)

2. Noise: Depolarizing noise with probability p acting on the fermion at lattice
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site = transforms the covariance matrix in the following manner [141, 142],

Y =i+ (=P, (C.6)

where the matrix 74 is obtained from the input covariance matrix v by zeroing

out the rows and columns corresponding to the fermion at site z, i.e.,

ol 0, ife' =xora”’=x
/ym/:x// — (C?)

a,a’
Vol gy €lse.

C.0.3 Calculation of the dual function

We choose the dual variables o1, 09,...,04 to be quadratic Hamiltonians, i.e. we
consider the following ansatz,

. / / -— —
o =1 E soe et =ic s, te{l,...,d},

x,x’;t

a,o x,x’
d(z,x’)<r

where d(z,2') is a distance measure between two lattice sites and the coefficients
si’;‘,/;t are real and can be arranged into an anti-symmetric matrix s,. o, are thus local
Hamiltonians with interaction range r.

In order to evaluate the circuit dual function (3.15), we calculate the effect of the
circuit channels on the dual variables first, i.e. & (o). Each such channel is the
composition of a Gaussian unitary channel and the depolarizing channel and both the
unitary and noise channels map quadratic operators to quadratic operators. Hence,

the channel’s action can be expressed as a transformation of the compact Majorana

representation s; of the dual variable o; using the following transformation rules,

1. Unitary: Any Gaussian unitary can be expressed as U = exp(—iHy), where
Hy = i¢ Thy¢ is the generating quadratic Hamiltonian. Conjugation of the

dual variable o, = i¢ T's,¢ by U transforms it into another quadratic operator
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= Uo,U' = i¢ 75,¢, with the transformed Majorana representation 3,
5 = s, (C.8)

This transformation can be derived by expanding the conjugation using the
Baker-Campbell-Hausdorff formula e®? Ae™? = A+[B, A]+4(B, [B, Al]+5(B, [B, B, A]]|+

., and using the commutation relation,

a1 a2 a3 o4 01 (03 a1 04
[cxl sz ) ng Cx4] - Cz1 ng 60427064 53727934 + CJ:1 CJ:4 5C¥2704355027503
g 09 (e 7o D)
Cmg Cmg 6061704451'171'4 + C$4 C(L’Q 5(11704353517353 : (Cg)

2. Noise: The noise channel NV, corresponding to depolarizing noise on the fermion

at site x with probability p transforms the dual variable o, as,
1
Nz(o:) = (1 = p)oy + pTry(or) ® bR (C.10)

where Tr,(.) denotes partial trace over fermion at site x. Expanding out the

partial trace term using linearity,

]1 / // ]1
Trx(at) ® 5 = Z S z” tTra:( ) ® 57

a/,oé”,r/,"E”

= Y s (1= Gpar) (1 — Gpar ), (C.11)

al7a//’zl7x//

=0 V(z', ).

Thus, the noise channel transforms the dual variable into another quadratic

operator &, = ic 5, with the transformed Majorana representation,

where we obtain the second line by using Tr(c%) = 0 and sx x/ +

St =ps;+ (1 —p)z, (C.12)

where, using (C.11), the matrix z; is obtained from s; by zeroing out the rows
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and columns corresponding to the fermion at site x, i.e.,

o ol 0, ifd' =xzora’ =z
x’ 2!t = o o
5

x! x5t

(C.13)

z
else.

To calculate the dual function (3.15), we need to calculate the Gibbs free energy of
H, =0, — 5; 1(0¢41) where H, is a quadratic operator itself because, as mentioned
earlier, the channel EtT +1 maps quadratic operators to quadratic operators. Therefore,
H, = i¢ Th,@ where the Majorana representation h; can be obtained using the trans-
formations described above. We calculate the free energy by diagonalizing H;. This
can be achieved by diagonalizing h, — as h; is anti-symmetric, it is possible [141] to

find an orthogonal transformation O such that,
0 €xst
O'h,0 = ’
t g? (‘wa 0. >

We define the operator valued vector ¢ = OT¢ = (¢l,él, ... ¢k, é2,c2,...,¢%)T and,

due to the orthogonality of O, the operators ¢ satisfy the Majorana anti-commutation
relations (C.1). Using the newly defined Majorana operators, H; can be written in a

diagonal form as,
Hy =) e (616 —E2)).
Using the diagonal form, the Gibbs free energy for H; is,

F(Hy, Ar) = log Trexp (—Ai > e (618 - 626;))
t

T
= log H Tr exp (—Zi\—“ (E;éi — 626;)) .
¢

The operator exponentials above can be represented in the Fock space basis of the
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fermion at site x,

. Ez;t/At 0
L€pt /g 9~ (&
e (552t (@22 - 221) ) = ( ) e )
t e~ Cat/ At

The free energy then simplifies to,

.F(Ht, )\t) = Zlog<€€z;t/)\t + effz;t/)\t)’

and therefore it can be calculated just from the diagonalization of the 2N x 2N

dimensional matrix h;.



Appendix D

Existence of quantum circuit and
Hamiltonian where dual bound
scales super-exponentially with

circuit depth

We first recall the main result of Ref. [106] which analyzed error propagation in a
family of random quantum circuits. Specifically, they considered brick-wall quantum

circuits of depth d (assumed to be even) with unitaries Uy, Us . ..Uy, where
Ud/2+1 = U;/QJ Ud/2+2 = U;/Q_la Ud/2+3 = UdT/Q_Q oo Ud = UlT

The unitaries Uy, U; ... Ug/ are chosen randomly depending on the circuit architec-
ture. We will specifically consider the 1D case, where Uy, Us, Us ... are formed by
applying random 2-qubit gates between qubits (1,2), (3,4)(5,6) ... and Us, Uy, Us . ..
are formed by applying random 2-qubit gates between qubits (2, 3), (4,5), (6,7) .. ..
All the two qubit gates are chosen independently at random from an ensemble that
forms a 2-design. Furthermore, we consider the noisy setting where depolarizing noise
with probability p is applied to each qubit after every unitary layer. Ref. [106] es-

tablishes the following result characterizing the average energy of the output state
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for a 2-local Hamiltonian. While the result of Ref. [106] holds for arbitrary two-local

Hamiltonians, we will only consider the Hamiltonian H = — sz\il Z;.

Lemma D.0.1 (Ref. [106]) The expectation value E of the Hamiltonian H = — Y"1 | Z;
with respect to the the output state of a circuit chosen randomly from the ensemble

described above satisfies,
Prob (\E +N(1 - p)W)) < aox/ﬁ) > 1 — e 200/28%,

Proof: Consider the Hamiltonian H = — vazl Z;, and choose the two qubit gates to
be a Haar-random Clifford gate — since Haar-random Clifford gates form a 2-design
[143], we can use lemma A.1. H satisfies Tr(H) = 0 and has operator norm || H|| = N.
We evaluate the dual function at the dual variables obtained by Heisenberg picture

evolution of —H,
oq=—H,o,=—& &L, .. EI(H).

Note that for Clifford circuits, Z; will be mapped to a single Pauli string [119], which is
expressible as an MPO with bond dimension 1, and consequently o; will have a bond-
dimension of at-most N. Since the Heisenberg picture evolution can be captured
exactly with a MPO ansatz of bond dimension O(N), the dual bound /% with
D < O(N) is exactly equal to the energy E of the output of the noisy quantum
circuit. Now, from lemma A.1, it follows that there must exist at least one 1D circuit
such that
£ = ~N(1 = p)®®) + O(VN),

with D < O(N).
We now consider the lower bound ¢! obtained by only considering the information

content of the state at the output of the circuit and neglecting the circuit constraints:

¢' = minimize Tr(Hp).
p:I(p)<N(1—p)?

A negative upper bound on ¢/ which converges to Tr(H/2") = 0 exponentially with
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d can be obtained by computing Tr(Hp) at

p= (pd|0><0’ +(1 —Pd%) where pg = (1 —p)”.

Note that this p satisfies I(p) = N(1 — p)?, and consequently Tr(Hp) is an upper
bound on ¢/. For H = Y.V Z;, we then obtain Tr(Hp) = —N(1 — p)? which implies
T < —N(1—p)°@, O



Appendix E

Solving Heisenberg equations of
motion for point coupling

Hamiltonian

The Heisenberg equation of motion (Eq. 4.3) can be easily integrated from ¢y to to+7
(where 7 > 0) to obtain:

N o to+T1 ] , dt/
an(wity + 7) = an(w; to) exp(—iwt) —1i Z Vome @ / am (22; t’)e_lw(t0+T_t ) —
to

V2r
(E.1)

m=1

Therefore, it follows from Eq. 4.2 that a,(x,;to + 7) is given by:
N to+7
Un(Tn;to +7) = an(T, — T t0) — iz Vn,m/ U (22 58 (2, — 20 — to — 7+ 1)dt
m=1 0

N
= ap(T, — T;tg) — 1 [ Z Vn’mam(xgn;to +7—(z, — $9L)) @(372 <z, < xg +7)
m=1

(E.2)
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where the function ©(x; < = < x9) is defined in Eq. 4.5. Imposing Eq. E.2 at
T, =12V ne{l,2... N}, we obtain:

. N
an (205 t0 + 7) = a, (22 — 75t9) — % Z\/mmam(wgl;to +7)Vne{l,2...N} (E.3)

m=1

from which we can obtain a,(x%;t) in terms of operators at t = tg:

ar(29;to + 7) ar (29 — 75 t0)
as(x9:tg + 7 iV | ag(2d — Tt
2(T3;t0 + 7) _ (I+1—> 23 0) (E.4)
. 2 .
an(x%;to + 1) an (2% — 73 to)

where V is a N x N Hermitian matrix formed by V,,, as its elements and I is
the identity matrix of size N. Substituting Eq. E.4 into Eq. E.2 together with the
substitution z,, = z° + y, we obtain Eq. 4.4



Appendix F

Calculating normal modes of the

point coupling Hamiltonian

Since the normal mode annihilation operator b,(w) is expressible as a linear com-

bination of the annihilation operators a,(x,), we assume the following ansatz for
by (w):

dx

Nzt (F.1)

N [o.¢]
by (w) = Z/ Foam(w, @) ay,(z + 20)
m=1Y ~>®
where F,, ., (w, x) is a function that is to be determined. Using Eq. 4.29a, we obtain

the following differential equation for 7, ,,(w,x):

i@.’F(w, x)

o + () F(w,0)V = wF(w,x). (F.2)

Here F(w, z) is a N x N complex matrix with the functions F,, ,,(w, =) as its elements.

The solution for Eq. F.2 is of the form:

Fo(w)e ™ >0
Flw,z) = _ . (F.3)
F_(w)e ™ x<0
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To evaluate the matrices F, (w) and F_(w), we use the boundary condition obtained
on integrating Eq. F.2 across a small interval around z = 0:

1

—i[F(w,z2=0") - Flw,z=07)] + E[F(w,m =0") + F(w,z=07)|]V=0, (F4)
from which it immediately follows that F,(w) = F_(w)S', where S is the clas-
sical scattering matrix of the linear-optical device. Moreover, using Eq. F.2 along
with Eq. 4.29b, we obtain F' (w)F_(w) = I - any choice for F(w) is valid as long as
it satisfies this constraint. Choosing F_(w) = I and F,(w) = S, we obtain Eq. 4.31.

To derive Eq. 4.33, we assume the following anstaz for a,(z,) in terms of b, (w):

dw
n(r+20) / Zgnmxw )\/% (F.5)

where G, (z,w) is a function that is to be determined. Note that G, ,,(z,w) =
V27[a,(z + 22),bf (w)] and therefore from Eq. F.1 it follows that G, ,.(7,w) =
Fron(w, ). We thus immediately obtain:

§n,mei“’(“"3_x9l) if z < a0
G (2, W) = o : (F.6)
Sn,melw(x_”"n) if > 20

Substituting this into Eq. F.5, we immediately obtain Eq. 4.33.



Appendix G

Convergence of

matrix-product-state simulations

Simulating time-delayed feedback with MPS, as described in section 4.2, requires
discretizing the waveguide modes which are described as continuas of harmonic os-
cillators into waveguide bins (Eq. 4.39). This introduces a simulation parameter dt
which controls the coarseness of this discretization. Moreover, application of a unitary
impacting multiple bins in the MPS requires us to perform Schmidt decompositions
on the state, and neglect Schmidt vectors with coefficients smaller than a specified
tolerance. For the MPS-based simulation to be accurate, it is necessary to ensure that
it has converged with respect to these two parameters. In this appendix, we present
convergence studies with respect to these parameters to show that the choice of At
(= 0.05/7) and tolerance (0.01) assumed in section 4.2 indeed results in accurate

simulations.

For the convergence study, we study the problem of an emitter decaying into the
waveguide with a time-delayed feedback provided by the mirror and calculate the
probability amplitude |e(t)| of the two-level system being in its excited state at time
t calculated using |e(t)]?> = (ofo). We also assume that the mirror is perfect with

phase ¢ = 0 (which, as can be seen from Fig. 4.4(a) results in the two-level system
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a b
@ 1.0 ~dt =0.05 ~ot =0.5 ®) 10 tol = 0.01 tol = 0.25
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Figure G.1: Convergence studies on the MPS simulations for the time-delayed feed-
back system introduced in section 4.2. The undriven two-level system (£2(t) = 0) is
initially in its excited state and is allowed to decay into the forward and backward
propagating waveguide modes with an ideal mirror (§ = 7/2, p = 0) providing feed-
back. |e(t) simulated using MPS update for (a) different discretization time-steps
At and (b) different tolerances that govern the number of Schmidt vectors retained
after every Schmidt decomposition on the MPS. The dotted black line shows |e(%)]
obtained on solving the ODE (Eq. G.1) with a very small time-step (yAt = 0.001).
le(t)] is the probability amplitude of the two-level system being in the excited state
computed using |e(¢)]?> = (o7o). In the simulations shown in (a) the Schmidt toler-
ance is assumed to be 0.01 and in the simulations shown in (b) YAt = 0.05. It is also
assumed that v, = v_ =7/2, de = we — wo = 0, woty = 7 and Ytg = 2.

not completely decaying into the ground state). In this case, the time-dependence
of the complex amplitude of the excited state () is given by the following ordinary
differential equation (ODE) [144]:

= —ge(t) - TeiCuotate)z (4 — o4,), (G.1)

where v = v, + 7_ is the total decay rate of the two-level system into the forward
and backward propagating waveguide modes and this equation is solved subject to
the initial condition £(0) = 1. ¢(¢) obtained on solving this ODE thus provides a
benchmark simulation that the MPS simulation can be compared against to gauge

its convergence.
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Fig. G.1 shows the results of the convergence studies. The dependence of |e(t)| ob-
tained from the MPS update on the discretization time-step At is shown in Fig. G.1(a)
— it can be seen that choosing At < 0.15/7 is sufficient to ensure that the MPS
simulation has converged and agrees with the ODE simulation. A similar study per-
formed with respect to the tolerance used in the Schmidt decomposition is shown in
Fig. G.1(b) from which it can be seen that a tolerance smaller than 0.1 is sufficient to

ensure that the MPS simulation has converged and agrees with the ODE simulation.
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