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Abstract

In recent years, there has been rapid progress in the development of highly control-

lable quantum systems, opening up applications in quantum computing and quantum

communication. With the ultimate goal of creating a fault-tolerant quantum com-

puting platform, noisy intermediate scale quantum devices have been shown to be

able to carry out non-trivial computational tasks. Thus, it has become important to

understand and alleviate the issues affecting the operation of current noisy quantum

computers and communication between them, and to develop numerical simulation

tools to aid this understanding.

In this thesis, I will describe theoretical and computational approaches, based on

tools from numerical optimization theory and tensor network simulation methods,

to tackle some of these issues. First, I will present a numerical optimization strat-

egy to improve the efficiency of quantum transducers, that are crucial for quantum

communication over optical fiber links. Second, I will describe an optimization-based

numerical method utilizing tensor network simulations, for efficiently computing per-

formance bounds on noisy quantum circuits to answer if they can outperform classical

computers. Finally, I will present a theoretical proposal for a Hamiltonian to model

an arbitrary linear optical device, and use it to implement tensor network simulations

of a time-delayed feedback system. Such feedback systems could possibly provide a

platform for generation of highly entangled states for quantum computation.
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for Frequency-Independent Linear Optical Devices, Phys. Rev. A 100, 043827 (2019).

D. M. Lukin, M. A. Guidry, J. Yang, M. Ghezellou, S. D. Mishra, H. Abe, T.
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N. A. Melosh, and J. Vučković, Narrow-Linewidth Tin-Vacancy Centers in a Diamond

Waveguide, ACS Photonics 7, 2356 (2020).

viii



Contents

Abstract iv

Acknowledgements v

List of publications viii

1 Introduction 1

2 Control design for single-photon quantum transducers 4

2.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Input-output equations . . . . . . . . . . . . . . . . . . . . . . 7

2.1.2 Control design as an optimization problem . . . . . . . . . . . 10

2.2 Gradient-based optimization of drives . . . . . . . . . . . . . . . . . . 11

2.2.1 Adjoint variable method . . . . . . . . . . . . . . . . . . . . . 11

2.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Optimality of drive design . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.1 Lagrangian duals . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 Classically computing performance bounds on noisy quantum cir-

cuits 28

3.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Duality based bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

ix



3.2.1 Single-qubit example . . . . . . . . . . . . . . . . . . . . . . . 30

3.2.2 General formulation . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Trace purity-based lower bound . . . . . . . . . . . . . . . . . . . . . 39

3.3.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3.2 Numerical studies . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4 Using duality with information content . . . . . . . . . . . . . . . . . 49

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Point-coupling Hamiltonian for frequency-independent linear optical

devices 54

4.1 Point-coupling Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . 55

4.1.1 Dynamics in the Heisenberg picture . . . . . . . . . . . . . . . 55

4.1.2 Quantum scattering matrix of the point-coupling Hamiltonian 61

4.1.3 Normal modes of the point-coupling Hamiltonian . . . . . . . 64

4.2 Matrix-product-state based simulations of time-delayed feedback systems 66

4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5 Conclusions and outlook 74

A Maximising transduction efficiency through a homogeneous ensem-

ble 76

B Hybridization of eigenstates of a homogeneous ensemble with the

introduction of inhomogeneity 78

C Free fermion formulation 80

C.0.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

C.0.2 Calculation of the noisy circuit output . . . . . . . . . . . . . 81

C.0.3 Calculation of the dual function . . . . . . . . . . . . . . . . . 82

D Existence of quantum circuit and Hamiltonian where dual bound

scales super-exponentially with circuit depth 86

x



E Solving Heisenberg equations of motion for point coupling Hamilto-

nian 89

F Calculating normal modes of the point coupling Hamiltonian 91

G Convergence of matrix-product-state simulations 93

Bibliography 96

xi



List of Figures

2.1 (a) Schematic of a three-level system ensemble-based transducer de-

vice. (b) Scaling of transduction efficiency with increasing number

(N) of three-level systems in a homogeneous ensemble for different co-

operativities C (we keep γ fixed and vary Γ to vary cooperativity).

(c) Decrease in the transduction efficiency through randomly inhomo-

geneously broadened ensembles of N = 10 emitters with increasing

inhomogeneous broadening ∆ for different cooperativities C. For each

value of the inhomogeneous broadening ∆, 100 randomly broadened

ensembles are created by sampling the emitter detunings δ
(i)
µ , δ

(i)
opt from

a Gaussian distribution with standard deviation equal to ∆. Each plot

point corresponds to the mean over the 100 ensembles with inhomoge-

neous broadening equal to the corresponding value of ∆ and the shaded

regions represent the standard deviation. (d) Transduction spectra of

ensembles (N = 10, C = 0.1) with varying inhomogeneous broadening

∆. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 (a) Fourier transform of the input microwave field (Gaussian wave-

form). Dashed lines are representative of the individual emitter fre-

quencies in a random ensemble (N = 10, ∆ = 200γ). (b) Amplitudes

of the harmonic components of the optimized Ω (t) designed for the

same ensemble. (c) Comparison of the transduction spectrum of the

same ensemble with and without optimized drives applied — the trans-

duction spectrum with the optimized drive is computed using a Floquet

scattering theory approach. . . . . . . . . . . . . . . . . . . . . . . . 15

xii



2.3 Optimized drives countering inhomogeneous broadening. (a) Trans-

duction efficiency and (b) improvement in the transduction efficiency

through randomly inhomogeneously broadened ensembles of N = 10

emitters with increasing inhomogeneous broadening for different co-

operativities C when the optimized drives are applied. For each ∆,

optimized drives are designed for each of the same 100 randomly gen-

erated ensembles with inhomogeneous broadening equal to ∆ as used

in Fig. 2.1c. Before running the optimizations, for each ensemble, the

input photon is frequency-shifted to match the highest peak of the un-

optimized transduction spectrum. Also, the initial condition for the

optimization is Ω (t) = (Nγ + Γ) /2, which is a constant drive that

maximises the transduction efficiency through a homogeneous ensem-

ble with the same decay rates (see Appendix A). Improvement is de-

fined as the ratio of the efficiencies with and without the optimized

drive applied. Each plot point corresponds to the mean over the 100

ensembles with inhomogeneous broadening equal to the corresponding

value of ∆ and the shaded regions represent the standard deviation. . 16

xiii



2.4 (a) Comparison of the superradiance metric for ensembles with inho-

mogeneous broadening ∆ = 200γ with and without optimized drives

applied (data for optimized and unoptimized cases are dodged in the

plot for visual clarity). After generating the optimized drives used

in Fig. 2.3, we compute the metric for all eigenstates of each of the

100 random ensembles with inhomogeneous broadening ∆ = 200γ by

numerically diagonalising the propagator over one time period of the

effective Hamiltonian. Each plot point and associated error bars cor-

respond to the mean and standard deviation (over the collection of

ensembles with ∆ = 200γ) of the maximum value of the superradi-

ance measure f [|ϕ⟩] over all Floquet eigenstates |ϕ⟩. The dashed line

denotes the same for a homogeneous ensemble. As we increase Γ to

decrease the cooperativity, the metric is larger on average in the un-

optimized case. We attribute this to the simultaneous increase in the

unoptimized drive Ω (t) = (Nγ + Γ) /2 overshadowing the constant in-

homogeneous broadening ∆ = 200γ (see Appendix B). (b, c, d) Density

plots (obtained by kernel density estimation using Gaussian kernels)

of the superradiance measure for eigenstates of the 100 ensembles with

inhomogeneous broadening ∆ = 200γ, (b) C = 0.01, (c) C = 0.1, (d)

C = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5 Transduction efficiency improvement with uncustomized optimization.

(a) Amplitudes of the frequency components comprising the uncus-

tomized drive. (b) Density plots of the transduction efficiency through

100 ensembles (test set) with ∆ = 200γ, C = 0.1 for three cases –

(green) no optimised drive is applied and the input photon is fixed

at the resonance of a homogeneous ensemble, (orange) no optimised

drive is applied but the input photon is frequency-shifted to match the

highest peak of the unoptimized transduction spectrum for each inho-

mogeneous ensemble, and (blue) the uncustomized optimized drive is

applied and the input photon is fixed at the resonance of a homoge-

neous ensemble. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

xiv



2.6 Temporal mode overlap-based design of drives. The amplitude |aopt (t)|2

of the output photon’s temporal wave-packet after transduction by an

ensemble of N = 3 emitters, with C = 0.1, ∆ ≈ 61.61γ, and under the

application of drives obtained by locally solving problem (2.45) for (a)

c0 ≈ 1.331, c1 = 0 (b) c0 ≈ 1.331, c1 ≈ 247.02. The improvement in

transduction efficiencies are (a) 4.466× and (b) 3.977×, respectively. . 20

2.7 Heuristic and certifiable upper bounds and unoptimized and optimized

transduction efficiencies calculated for ensembles with N = 3 emitters

and cooperativities (a) C = 0.01, (b) C = 0.1, (c) C = 1. For each

∆, 100 random ensembles are generated with inhomogeneous broad-

ening equal to ∆. For each such ensemble, optimized drives are de-

signed to improve transduction efficiency by using a local optimizer to

solve problem (2.16). Then, using the state obtained by solving the

input-output equation with the aforementioned optimized drive as the

reference state, heuristic and certifiable bounds are calculated. Each

plot point corresponds to the mean over the 100 ensembles with inho-

mogeneous broadening equal to the corresponding value of ∆ and the

shaded regions represent the standard deviation. . . . . . . . . . . . . 26

3.1 Comparison of bounds, with and without accounting for circuit con-

straints, on the minimum energy corresponding to the Hamiltonian

H = ∆Z attainable by the output of the single qubit circuit shown

in the schematic. The circuit consists of a Y-axis rotation followed by

depolarizing noise acting with probability p. . . . . . . . . . . . . . . 31

3.2 Schematic depiction of the problem setting. The unitaries (colored

boxes) implement a quantum algorithm to prepare an approximation

of the ground state of a target Hamiltonian H in the absence of noise.

Each layer of unitary is followed by single-qubit depolarizing noise

(gray circles) on the qubits applied with a probability p. . . . . . . . 33

xv



3.3 (a) Schematic of benchmark circuits considered for 1D spin systems:

colored boxes indicate unitaries and grey circles depolarizing noise.

Two-qubit unitaries are chosen to be exp(−iθX ⊗X) and single-qubit

unitaries are independently Haar random. The Hamiltonian is chosen

to be H = −UH

(∑
i Zi

)
U †
H , where UH is the first layer of unitaries,

makingH a 4-local commuting Hamiltonian. The first layer of unitaries

UH thus transforms the initial state |0⟩⊗N into the ground state of H.

The last (d − 1)/2 layers are chosen to be the inverse of the previous

(d− 1)/2 layers — in the absence of noise, the output of the circuit is

the ground state of H. (b) Plot shows trace purity-based dual bound

(h(σ⃗h,D) in Eq. 3.8) (solid lines, circular markers) and bound obtained

by only considering the TEBD errors (ETEBD − δ in Eq. 3.11) (dotted

lines, diamond markers) for the ground state (G. S.) energy of the

target Hamiltonian, as a function of circuit depth d for a system of N =

40 spins, with two-qubit gate parameter θ = 0.05, depolarizing noise

rate of p = 3% and varying MPO ansatz bond dimensions D. Grey

dashed line indicates G.S. energy, grey shaded area indicates region

of trivial bounds (less than G.S. energy), blue dashed line indicates

energy of the completely mixed state 1/2N . The y-axis is scaled by

a constant multiplicative factor in the trivial region for visual clarity.

The Hamiltonian is shifted and scaled such that its spectrum is in [0, 1]. 43

xvi



3.4 Comparison of the trace purity-based dual bound (h(σ⃗h,D) in Eq. 3.8)

and the bound based on just the information content of the output

state (ℓIλc
in Eq. 3.13) for 1D many-body spin systems. Both bounds

are lower bounds on the ground state (G. S.) energy of the same target

Hamiltonian as considered for the results in Fig. 3.3. Plots show the

bounds as a function of brick-wall quantum circuit depth d [Fig. 3.3(a)]

for a system of N = 40 spins, varying MPO ansatz bond dimensions D,

with depolarizing noise rates of (a) p = 3%, (b) p = 5%, (c) p = 10%,

and (d) p = 20%. Two-qubit unitaries in the brick-wall circuit are

chosen to be exp(−iθX⊗X) with θ = 0.1 and single-qubit unitaries are

independently Haar random. Grey dashed line indicates G.S. energy,

grey shaded area indicates region of trivial bounds (less than G.S.

energy), blue dashed line indicates energy of the completely mixed

state 1/2N . The y-axis is scaled by a constant multiplicative factor

in the trivial region for visual clarity. The Hamiltonian is shifted and

scaled such that its spectrum is in [0, 1]. . . . . . . . . . . . . . . . . 45

3.5 Trace purity-based dual bounds (h(σ⃗h,D) in Eq. 3.8) for a 1D system

of N = 32 spins, the same target Hamiltonian as considered for the re-

sults in Fig. 3.3 (see description of Hamiltonian in caption of Fig. 3.3),

and brick-wall quantum circuits [Fig. 3.3(a)] where two-qubit unitaries

are chosen to be exp(−iθX ⊗ X) and single-qubit unitaries are inde-

pendently Haar random. Plots show dual bounds as a function of noise

rate p and circuit parameter θ for circuit depth d = 25 and bond di-

mensions (a) D = 32 and (b) D = 64. The Hamiltonian is shifted and

scaled such that its spectrum is in [0, 1]. . . . . . . . . . . . . . . . . 46

xvii



3.6 (a) Schematic of quantum circuits considered for 2D spin systems on

a square lattice: colored boxes indicate unitaries and grey circles de-

polarizing noise. Each unitary layer consists of two-qubit unitaries

exp(−iθX ⊗X) (blue boxes) followed by independently Haar random

single-qubit unitaries (green boxes). The first d/2 layers serve to in-

crease the entanglement in the state. The remaining layers invert the

action of the previous d/2 such that, in the absence of noise, the output

of the circuit is the ground state of H = −∑⟨i,j⟩ ZiZj where Zi is the

Pauli-Z operator for the ith spin and ⟨i, j⟩ indicates nearest-neighbors.
(b) Circuits considered have a brick-wall structure: two-qubit unitary

layers cycle between gates on odd horizontal edges (U1), even horizon-

tal edges (U2), odd vertical edges (U3), and even vertical edges (U4).

Single-qubit gates (Us) are applied on every qubit after every two-qubit

gate layer. (c) Structure of the MPO considered for 2D spin systems:

yellow squares indicate tensors at each site in the 2D lattice and lines

emerging from them indicate tensor indices. Horizontal lines indicate

bond indices with dimension D and diagonal lines indicate physical

indices. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.7 Trace purity-based dual bounds (h(σ⃗h,D) in Eq. 3.8) for the ground

state energy of the target Hamiltonian H as a function of noise rate

p and circuit parameter θ for a system of N = 36 spins arranged in

a 6 × 6 lattice, circuit depth d = 32 and MPO bond dimensions (a)

D = 64 and (b) D = 362. The Hamiltonian is shifted and scaled such

that its spectrum is in [0, 1]. . . . . . . . . . . . . . . . . . . . . . . . 48

3.8 Schematic of SSH model quadratic fermionic Hamiltonians with alter-

nating hopping strengths in 1D and 2D. . . . . . . . . . . . . . . . . 51

xviii



3.9 Comparison of information content-based dual bounds with and with-

out circuit constraints, and the output energies of noisy Gaussian cir-

cuits for systems consisting of (a) N = 48 fermions arranged in a 1D

lattice, (b) N = 49 fermions arranged in a 7 × 7 2D lattice. Dual

bounds are shown for ansatzes with varying interaction range r. The

horizontal axis represents the depth d of a Gaussian brick-wall circuit

that outputs the ground state of the SSH model. Fermions are inde-

pendently subject to depolarizing noise with probability p = 5% after

every unitary layer. The Hamiltonians are shifted and scaled such that

their spectrum is in [0, 1]. . . . . . . . . . . . . . . . . . . . . . . . . 52

4.1 Schematic of a linear optical device acting on N optical modes. The

frequency-domain and position-domain annihilation operator fo the nth

optical mode are denoted by an(ω) and an(xn) respectively where xn is

the position of the point under consideration in the coordinate system

attached to the nth optical mode (note that we each optical mode to,

in general, have its own independent coordinate system with the linear

optical device being at xn = x0n in the coordinate system of the nth

optical mode.). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2 Schematic figures showing the action of (a) phase-shifter with imparted

phase φ acting on a optical mode denoted by a, (b) beam-splitter with

parameters (θ, φ) acting on optical modes denoted by a1 and a2 and (c)

an optical circulator designed acting on optical modes a1, a2 and a3.

The relationship between the input and output signals of the linear-

optical device are also shown in the diagrams. . . . . . . . . . . . . . 59

xix



4.3 Schematic figure of the time-delayed feedback system. A two-level

system with de-excitation operator σ couples to a waveguide which

supports both forward propagating and backward propagating waveg-

uide modes with frequeny-domain (position-domain) annihilation op-

erators a+(ω) and a−(ω) (a+(x+) and a−(x−)) respectively. A mirror,

modelled as a beam-splitter on the forward and backward propagating

waveguide mode with parameters (θ, φ), is located as x± = 0 and the

two-level system couples to both the waveguide modes at a distance

td from the mirror. The decay rates of the two-level system into the

forward and backward propagating waveguide modes are denoted by

γ+ and γ− respectively. Finally, we also consider the dynamics of this

system when the two-level system is driven by an external laser pulse

— Ω(t) denotes the complex amplitude of the laser pulse that drives

the two-level system. . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.4 Validation of our MPS update implementation for an ideal mirror

(i.e. θ = π/2) for two simulation settings: (a) Simulation of an un-

driven two-level system (Ω(t) = 0) which is initially in its excited

state for different mirror phases φ and (b) simulation of a two-level

system initially in its ground state and driven by an exponentially

decaying pulse (Ω(t) = Ω0e
−αt for t > 0) for different mirror phases

φ. |ε(t)| is the probability amplitude of the two-level system being in

the excited state computed using |ε(t)|2 = ⟨σ†σ⟩. It is assumed that

γ+ = γ− = γ/2, δe = ωe − ω0 = 0, ω0td = π, γtd = 2 and α = 2γ. For

the discretization into an MPS, we use γ∆t = 0.05, and truncate the

dimensionality of the Hilbert space of each waveguide bin to 2 for both

forward and backward propagating modes. A threshold of 0.01 is used

in all the Schmidt decompositions performed while applying the swap

gates and the short-range gates. Refer to appendix G for convergence

studies of the MPS simulations. . . . . . . . . . . . . . . . . . . . . . 71

xx



4.5 Impact of mirror reflectivity on the dynamics of the time-delayed feed-

back system for two simulation settings: (a) Simulation of an undriven

two-level system (Ω(t) = 0) which is initially in its excited state for

different mirror reflectivities cos θ and (b) simulation of a two-level

system initially in its ground state and driven by an exponentially de-

caying pulse (Ω(t) = Ω0e
−αt for t > 0) for different mirror reflectivities

cos θ. |ε(t)| is the probability amplitude of the two-level system being

in the excited state computed using |ε(t)|2 = ⟨σ†σ⟩. It is assumed that

γ+ = γ− = γ/2, δe = ωe − ω0 = 0, ω0td = π, γtd = 2, φ = 0 and

α = 2γ. For the discretization into an MPS, we use γ∆t = 0.05, and

truncate the dimensionality of the Hilbert space of each waveguide bin

to 2 for both forward and backward propagating modes. A threshold

of 0.01 is used in all the Schmidt decompositions performed while ap-

plying the swap gates and the short-range gates. Refer to appendix

G for convergence studies of the MPS simulations. . . . . . . . . . . . 72

G.1 Convergence studies on the MPS simulations for the time-delayed

feedback system introduced in section 4.2. The undriven two-level

system (Ω(t) = 0) is initially in its excited state and is allowed to decay

into the forward and backward propagating waveguide modes with an

ideal mirror (θ = π/2, φ = 0) providing feedback. |ε(t) simulated

using MPS update for (a) different discretization time-steps ∆t and (b)

different tolerances that govern the number of Schmidt vectors retained

after every Schmidt decomposition on the MPS. The dotted black line

shows |ε(t)| obtained on solving the ODE (Eq. G.1) with a very small

time-step (γ∆t = 0.001). |ε(t)| is the probability amplitude of the two-

level system being in the excited state computed using |ε(t)|2 = ⟨σ†σ⟩.
In the simulations shown in (a) the Schmidt tolerance is assumed to

be 0.01 and in the simulations shown in (b) γ∆t = 0.05. It is also

assumed that γ+ = γ− = γ/2, δe = ωe − ω0 = 0, ω0td = π and γtd = 2. 94

xxi



Chapter 1

Introduction

Since the inception in the 1980s of the idea of using systems described by the laws

of quantum mechanics for solving computational problems [1, 2, 3], the field of quan-

tum computing has grown extensively. With the ideal of a fault-tolerant quantum

computer [4, 5] that is resilient to noise as the goal, there has been rapid progress

in various quantum computing experimental platforms like trapped ions [6], neutral

atoms [7], and superconducting quantum systems [8]. With each step of this progress,

the number of controllable qubits available per computer has increased or the noise

rates affecting the computations have decreased. Furthermore, a network of con-

nected quantum processors [9] can be used to realize scalable, distributed quantum

computing [10]. To aid the effort towards realizing both individual error-corrected

quantum computers and their connection in a quantum internet, it is important to

solve simulation, design, and analysis problems arising at various levels. In this thesis,

I describe theoretical and computational solutions relying on techniques from numer-

ical optimization theory and tensor network methods to tackle certain engineering

and analysis problems relevant to the development of quantum computers.

First, I consider the problem of the development of a quantum internet by the con-

nection of distant superconducting quantum computers, each of which operate at

microwave frequencies. Optical fibers can be used as the quantum channels for such

a network if transducers of single photons from microwave to optical frequencies are

1
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available. Ensembles of solid-state emitters (like color centers in diamond and sil-

icon carbide and rare-earth ions doped in crystals) are an attractive platform for

implementing such transducers due to scalable nano-fabrication [11, 12] and their

integrability with superconducting quantum systems [13, 14]. Collective coupling of

an ensemble of identical quantum emitters to microwave and optical fields can result

in a superradiant enhancement [15, 16] of coupling strengths and better transduc-

tion efficiencies. However, inhomogeneous broadening in the transition frequencies

[17, 18] of emitters can hamper the formation of a collective superradiant state and

lower transduction efficiencies. I present a strategy relying on the laser driving of

an emitter ensemble-based transducer as a quantum control [19] for single photon

scattering [20]. We employ a gradient-based optimization algorithm to design the

temporal shape of the laser drive to mitigate the effects of inhomogeneous broad-

ening and demonstrate up to an order of magnitude improvement in transduction

efficiencies.

Second, considering that quantum computers can potentially outperform classical

computers in certain computational tasks, I present an approach to answer if this

advantage can persist in the presence of noise without error correction. Finding

ground states of classical and quantum Hamiltonians is a paradigmatic problem in

both computer science and many-body physics [21, 22]. There has been great interest

[23, 24, 25] in understanding whether quantum computers can be used to solve these

problems. While a fault tolerant quantum computer could provide an advantage

in these problems in certain scenarios, building one remains a technological hurdle.

Consequently, there has been great interest in understanding if noisy intermediate-

scale quantum devices can be used to implement quantum circuits to approximate

ground states [26, 27, 28, 29] and in what circumstances they definitely fail to provide

any benefit over classical algorithms.

To address this problem, I describe in this thesis the development of an impossibility

result for quantum advantage - we accomplish this by developing a numerical method

to classically compute certifiable performance bounds on noisy quantum circuits which

can then be compared to certifiable classical algorithms [30, 31, 32] to outline noise

regimes where there is no quantum advantage. Our formulation is based on tracking
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the noise-induced entropy accumulation through the quantum circuit, together with

using the principle of Lagrangian duality to account for the circuit architecture. While

rigorous bounds on noisy quantum circuits have been previously provided [33, 34, 35],

our formulation is the first work to provide lower bounds that capture the propagation

of errors in a quantum circuit. We provide both numerical evidence in 1D and 2D

circuits of 50 qubits, as well as analytical results showing that our bounds predict a

super-exponentially worse degradation of the performance of the circuit with circuit

depth compared to previously studied bounds.

Finally, I present the development of a Hamiltonian model for linear optical devices

[36, 37, 38] acting on propagating optical modes and describe the utility of such

a model for simulating quantum optical systems with feedback [39, 40], as such sys-

tems can potentially be useful for generating entanglement for quantum computing or

realizing quantum memories. We show how to construct the Hamiltonian correspond-

ing to a general frequency-independent linear optical device described by a classical

scattering matrix, and provide examples of Hamiltonians for some commonly used

devices. We then use the Hamiltonian to rigorously formulate a matrix-product-state

(tensor network) [41, 42] based simulation for time-delayed feedback systems wherein

the feedback is provided by a linear optical device described by a scattering matrix as

opposed to a hard boundary condition (e.g. a mirror with less than unity reflectivity).



Chapter 2

Control design for single-photon

quantum transducers

Presently, superconducting quantum systems are able to achieve non-trivial quan-

tum computational tasks, and are a promising candidate for forming the nodes of

a quantum internet to realize scalable, distributed quantum computing. But direct

connection of distant superconducting quantum systems proves difficult as they op-

erate at microwave frequencies, and commercial microwave cables are dominated by

thermal noise at room temperature and hence face huge loss over long distances. On

the other hand, cryo-cooled superconducting transmission lines are low loss but lim-

ited to short distances [43]. Optical photons can serve as better ‘flying’ qubits as

they can be transmitted with low loss over long distances through optical fibers. To

connect superconducting quantum systems, there is thus a necessity to realize co-

herent transduction systems that can convert photons coherently and bi-directionally

between microwave and optical frequencies.

Many approaches have been proposed to construct such transducers [44, 45]. Microwave-

to-optical transducers couple fields oscillating at the respective frequencies through a

non-linear medium that can be driven externally to bridge the gap between these fre-

quency regimes. The different types of non-linear media that have been studied so far

are, electro-optic materials [46, 47, 48, 49, 50, 51], magnon modes [52, 53, 54], optome-

chanical systems [55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69], and broadly,

4
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ensembles of atomic systems [70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85].

Solid-state emitters (like color centers in diamond and silicon carbide and rare-earth

ions doped in crystals) can have transitions coupling to both microwave and optical

fields. They provide an attractive platform for implementing quantum transducers

owing to the possibility of integration with superconducting quantum systems [13, 14]

and scalability afforded by rapidly developing nano-fabrication techniques [11, 12,

86]. However, single defects are often only weakly coupled to the microwave and

optical fields, leading to low transduction efficiencies. An approach to overcoming

this limitation is to use ensembles of such emitters coupling to the same microwave

and optical channels — the coupling strength is then enhanced proportionally to the

number of emitters as a consequence of the formation of a collective superradiant

state of the emitters [87, 88, 15, 38, 16, 89].

In practical devices, emitters do not have identical resonant frequencies [17, 18, 90] —

this inhomogeneous broadening in the resonant frequencies prohibits the formation

of a collective superradiant state and lowers the transduction efficiencies. However,

the temporal shape of the lasers driving the emitter ensembles can be experimentally

tuned — this opens up the possibility of using quantum control techniques to compen-

sate for inhomogeneous broadening in the emitter ensemble, restore superradiance,

and improve transduction efficiencies.

Our approach to solving this design problem is to use a time-dependent scattering the-

ory framework [20] to pose the problem of inhomogeneity compensation as a control

problem — this framework not only allows us to account for the collective interac-

tion between the emitters as mediated by the optical and microwave fields, but also

account for properties of the emitted and absorbed photons in the resulting quantum

control problem. For the emitter based transduction system, we solve the resulting

control problem using a gradient-based optimization algorithm to demonstrate an

order of magnitude improvement in the transduction efficiencies. Furthermore, to

assess the optimality of the resulting solution, we calculate provable upper bounds on

the transduction efficiencies achievable by designing the temporal shape of the laser

drive. Our work is closely related to, but distinct from Ref. [91] wherein a similar

framework was used to design quantum controls for mediating interactions between
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Figure 2.1: (a) Schematic of a three-level system ensemble-based transducer device.
(b) Scaling of transduction efficiency with increasing number (N) of three-level sys-
tems in a homogeneous ensemble for different cooperativities C (we keep γ fixed and
vary Γ to vary cooperativity). (c) Decrease in the transduction efficiency through
randomly inhomogeneously broadened ensembles of N = 10 emitters with increas-
ing inhomogeneous broadening ∆ for different cooperativities C. For each value of
the inhomogeneous broadening ∆, 100 randomly broadened ensembles are created by
sampling the emitter detunings δ

(i)
µ , δ

(i)
opt from a Gaussian distribution with standard

deviation equal to ∆. Each plot point corresponds to the mean over the 100 ensem-
bles with inhomogeneous broadening equal to the corresponding value of ∆ and the
shaded regions represent the standard deviation. (d) Transduction spectra of ensem-
bles (N = 10, C = 0.1) with varying inhomogeneous broadening ∆.

ensembles of emitters with controllable transition frequencies to implement quantum

memories.

2.1 Model

The transducer model being considered is schematically depicted in Fig. 2.1a. The

emitter ensemble, with each emitter considered to be a three-level system, is coupled
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to microwave and optical modes with coupling operators Lµ and Lopt respectively,

where

Lµ =
N∑
i=1

√
γµσ

i
µ and Lopt =

N∑
i=1

√
γoptσ

i
opt. (2.1)

Here, γµ and γopt are the decay rates of the emitters into the microwave and optical

modes respectively, N is the number if emitters in the ensemble, and σi
µ and σi

opt

are the lowering operators for transitions of the ith emitter in the ensemble. In

addition to coupling to the optical and microwave modes, each emitter can also decay

into additional loss channels, modeling unwanted radiative and non-radiative losses,

with decay rates Γµ and Γopt from the excited states |eiµ⟩ and |eiopt⟩, respectively.
Furthermore, the transition between the two excited states is driven by a laser with

envelope Ω (t).

2.1.1 Input-output equations

We derive the input-output equations describing the dynamics of the quantum trans-

duction process. The Hamiltonian describing the ensemble is,

Hsys(Ω(t)) =
∑
i

[
δiµσ

i†
µ σ

i
µ + δioptσ

i†
optσ

i
opt

]
+
∑
i

Ω(t)(σi†
µ σ

i
opt +H. c.), (2.2)

where the transition operators σi
µ,opt. We point out that the laser field is actually

Ω (t) eiωLt, where ωL is the central frequency. The Hamiltonian in Eq. 2.2 is obtained

by going into a rotating frame to remove the term oscillating at ωL from the drive.

The Hamiltonian of the entire system, i.e., the microwave and optical waveguide

modes together with the ensemble is,

H =− i

∫
dx

(
a†µ,x

∂

∂x
aµ,x + a†opt,x

∂

∂x
aopt,x

)
+
(
a†µ,x=0Lµ +H.c.

)
+
(
a†opt,x=0Lopt +H.c.

)
+Hsys, (2.3)

where aµ,x and aopt,x are the spatial annihilation operators for the microwave and
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optical waveguide modes respectively [20]. The terms in Eq. 2.3 with the operators

Ls where s ∈ {µ, opt} represent the ensemble-waveguide interaction.

We define the number operator,

Ne =

∫
dx
(
a†µ,xaµ,x + a†opt,xaopt,x

)
+

N∑
i=1

(
σi†
µ σ

i
µ + σi†

optσ
i
opt

)
, (2.4)

which commutes with the Hamiltonian H. We consider an initial state with a single

photon in the microwave waveguide mode. Thus, the state of the whole system is

restricted to the single-excitation subspace at all times, and we assume the following

ansatz for the state at time t in the Schrödinger picture,

|ψ (t)⟩ =
∫
dx α (x, t) a†µ,x|vac⟩ ⊗ |G⟩ ⊗ |vac⟩+ |vac⟩ ⊗ |ψe (t)⟩ ⊗ |vac⟩

+ |vac⟩ ⊗ |G⟩ ⊗
∫
dx β (x, t) a†opt,x|vac⟩, (2.5)

where |vac⟩ is the vacuum state of a waveguide mode and |G⟩ =
⊗N

i=1 |g⟩ is the

ground state of the ensemble.

Given this ansatz, Schrödinger’s equations for the system are,

i
d

dt
|ψe (t)⟩ = Hsys|ψe (t)⟩+ α (0, t)L†

µ|G⟩+ β (0, t)L†
opt|G⟩ (2.6)

∂

∂t
α (x, t) = − ∂

∂x
α (x, t)− iδ (x) ⟨G|Lµ|ψe (t)⟩ (2.7)

∂

∂t
β (x, t) = − ∂

∂x
β (x, t)− iδ (x) ⟨G|Lopt|ψe (t)⟩, (2.8)

Solving Eq. 2.7 and Eq. 2.8 for α (0, t) and β (0, t),

α(0, t) = aµ(t)−
i

2
⟨G|Lµ|ψe(t)⟩ (2.9)

β(0, t) = − i

2
⟨G|Lopt|ψe(t)⟩, (2.10)

where aµ (t) = limt0→−∞ α (t0 − t, t0) describes the time-domain wave-packet of the in-

put photon in the microwave waveguide mode. Similarly, aopt (t) = limt1→∞ β (t1 − t, t1)
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describes the time-domain wave-packet of the output photon in the optical waveguide

mode. From the solution of Eq. 2.8 we have,

aopt(t) = −i⟨G|Lopt|ψe(t)⟩. (2.11)

Substituting Eq. 2.9 and Eq.2.10 into Eq. 2.6, we have,

i
d

dt
|ψe (t)⟩ =

(
Hsys −

i

2
L†
µ|G⟩⟨G|Lµ −

i

2
L†
opt|G⟩⟨G|Lopt

)
|ψe (t)⟩+ aµ(t)L

†
µ|G⟩.

(2.12)

We point out that L†
sLs = L†

s (Pe + |G⟩⟨G|)Ls = L†
s|G⟩⟨G|Ls where s ∈ {µ, opt}

and Pe is the projector onto the excited state space spanned by {|eiµ⟩, |eiopt⟩ : i ∈
{1, . . . , N}}. Thus, Eq. 2.12 can be rewritten as,

i
d

dt
|ψe (t)⟩ =

(
Hsys −

i

2
L†
µLµ −

i

2
L†
optLopt

)
|ψe (t)⟩+ aµ(t)L

†
µ|G⟩. (2.13)

Furthermore, the decays from the excited states of the emitters into various loss

channels besides the waveguides can be captured in a similar manner by adding terms

like − iΓi
s

2
σi†
s σ

i
s|ψe (t)⟩ where s ∈ {µ, opt} to the right side of Eq. 2.13. Then we have,

i
d

dt
|ψe (t)⟩ = Heff(Ω(t))|ψe (t)⟩+ aµ(t)L

†
µ|G⟩, (2.14)

where,

Heff(Ω(t)) =

(
Hsys(Ω(t))−

∑
i

(
iΓµ

2
σi†
µ σ

i
µ −

iΓopt

2
σi†
optσ

i
opt

)
− i

2
L†
µLµ −

i

2
L†
optLopt

)
.

(2.15)

Eq. 2.14 and Eq. 2.11 (upto a phase factor of i) are the input-output equations

describing the dynamics of the quantum transducer.
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2.1.2 Control design as an optimization problem

For emitter ensembles formed out of identical emitters, the transduction efficiency

is determined by the cooperativity of the individual transitions, Cµ = γµ/Γµ for

microwave and Copt = γopt/Γopt for optical, as well as the number of emitters. We

assume γµ = γopt = γ, Γµ = Γopt = Γ, and Cµ = Copt = C = γ/Γ in our simulations

for simplicity of analysis. Fig. 2.1b shows the transduction efficiency of this system

as a function of the number of emitters for different emitter cooperativities — due to

the formation of a collective superradiant state between the different emitters, this

efficiency asymptotically reaches 1 on increasing the number of emitters. Furthermore,

the number of emitters needed to obtain high efficiency increases with a decrease in

the cooperativity of the individual emitters. We point out that for high microwave and

optical cooperativities, near unity transmissions can be obtained with a single emitter

and consequently it is unnecessary to use emitter ensembles. We thus focus on low

cooperativity emitters. On introducing inhomogeneous broadening into the emitter

frequencies, the efficiency of the transduction system decreases (Fig. 2.1c) — for

large inhomogeneous broadening, the emitters do not form a collective superradiant

mode and the transduction spectrum simply comprises of the individual transduction

spectra of the emitters in the ensemble (Fig. 2.1d).

Since the laser pulse Ω(t) couples the microwave and optical transitions, we expect

that unwanted variations in the transition frequencies can be compensated for by mod-

ulating the temporal form of this laser. However, in practical transduction systems,

it is difficult to address individual emitters with separate lasers and consequently any

modulation of Ω(t) impacts all the emitters. This makes designing the laser pulses

difficult and calls for an application of numerical optimization techniques. We thus

pose its design as maximizing the total power obtained in the optical mode when the
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emitter ensemble is excited with a single photon in the microwave mode:

max
Ω(t)

∫ ∞

−∞
dt |aopt(t)|2

subject to i
d|ψe (t)⟩

dt
= Heff (Ω(t)) |ψe (t)⟩+ aµ(t)L

†
µ|G⟩,

aopt(t) = −i⟨G|Lopt|ψe (t)⟩. (2.16)

where the time-domain wave-packets of the single microwave input photon and optical

output photon are described by aµ (t) and aopt (t) respectively, |ψe⟩ is the state of the
emitters in the ensemble, |G⟩ is the ground state of the ensemble, and Heff(Ω) is the

non-Hermitian effective Hamiltonian of the system when all the emitters are uniformly

driven by a laser with amplitude Ω. We point out that the constraints are simply the

input-output equations describing the dynamics of the transduction process under

excitation with a single photon. Furthermore, since experimentally realizable laser

pulses will be band-limited, we parametrize Ω (t) as a finite sum of harmonics,

Ω(t) =

Nh∑
n=0

Ωn cos(nω0t+ ϕn), (2.17)

consequently constraining its bandwidth to be Nhω0. The design problem (2.16) can

be solved using off-the-shelf gradient-based local optimizers. The gradient of the

objective function in problem (2.16) with respect to the parameters Ωn, ϕn can be

computed using the time-domain adjoint variable method [92, 93].

2.2 Gradient-based optimization of drives

2.2.1 Adjoint variable method

The adjoint variable method can be used to calculate the gradient with respect to all

the parameters describing the laser drive efficiently in only two simulations (named

forward and backward simulations).
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First, we rewrite Eq. 2.14 and Eq. 2.11 as,

i
dy(t)

dt
= (H0 + Ω(t)H1)y(t) + vµaµ(t) (2.18)

aopt(t) = v†opty(t), (2.19)

where y (t) := |ψ (t)⟩ is the vector describing the state of the ensemble, and

H0 :=
∑
i

[
δiµσ

i†
µ σ

i
µ + δioptσ

i†
optσ

i
opt

]
−
∑
i

(
iΓµ

2
σi†
µ σ

i
µ −

iΓopt

2
σi†
optσ

i
opt

)
− i

2
L†
µLµ −

i

2
L†
optLopt

(2.20)

H1 :=
∑
i

(σi†
µ σ

i
opt +H. c.) (2.21)

vµ := L†
µ|G⟩, vopt := iL†

opt|G⟩ (2.22)

We discretize the total simulation time range [0, T ] into N − 1 steps of duration δt

each. On this grid, the differential equation Eq. 2.18 can be discretized as,

y[k + 1] = U [k] (y[k]− iδt aµ[k] vµ) k ∈ {0, . . . , N − 2} (2.23)

y[0] = 0 (initial condition), (2.24)

where, U [k] := exp (−i δt (H0 + Ω[k]H1)), Ω[k] := Ω (kδt), y[k] := y (kδt) , aµ[k] :=

aµ (kδt). We refer to solving this system of equations as the forward simulation.

The transduced power in the optical mode can be expressed in terms of the result of

the forward simulation as,

P =
N−1∑
k=0

|aopt[k]|2 =
N−1∑
k=1

|v†opty[k]|2. (2.25)

The latter sum starts from k = 1 as y[0] = 0 is enforced as the initial condition.
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The derivative of P with respect to the drive at the lth time step is,

∂P

∂Ω[l]
=

N−1∑
k=1

r[k]†
∂y[k]

∂Ω[l]
+ C.c., (2.26)

where, ‘C.c.’ means ‘complex conjugate’ and r[k] :=
(
v†opty[k]

)∗
vopt.

We construct the following block vectors and matrices,

y :=


y[1]

y[2]
...

y[N − 1]

 r :=


r[1]

r[2]
...

r[N − 1]

 a := −i δt


aµ[1]vµ

aµ[2]vµ
...

aµ[N − 1]vµ

 (2.27)

M :=



0 · · · 0

U [1]

U [2]
...

...
. . .

0 · · · U [N − 2] 0


U :=


U [0] 0 · · · 0

0 U [1] · · · 0
...

...
. . .

...

0 0 · · · U [N − 2]

 .

(2.28)

The only non-zero blocks in the matrix M are the subdiagonal blocks.

The forward simulation Eq. 2.23 can now be written as,

y =My + Ua (2.29)

As ∂U [k]
∂Ω[l]

= 0 if k ̸= l, taking the derivative of Eq. 2.29 with respect to the drive at

the lth time step results in,

∂y

∂Ω[l]
=M

∂y

∂Ω[l]
+ p[l] (2.30)

⇒ ∂y

∂Ω[l]
= (1−M)−1p[l] l ∈ {0, . . . , N − 2} (2.31)
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where 1 is the identity matrix and,

p[l] =


0ld×1

α[l]

0(N−l−2)d×1

 (2.32)

α[l] =
∂U [l]

∂Ω[l]
(y[l] + δt aµ[l] vµ). (2.33)

In Eq. 2.32, d is the dimension of the state vector y (t) and 0m×n is a zero matrix

of dimension m × n. To calculate α[l], we estimate the derivative ∂U [l]
∂Ω[l]

by a finite

difference.

Using Eq. 2.31 in Eq. 2.26, we have,

∂P

∂Ω[l]
= r†(1−M)−1p[l] + C.c. (2.34)

We define a vector q =
(
q[1], q[2], . . . , q[N − 1]

)T
such that,

q† := r†(1−M)−1 (2.35)

⇒q =M †q + r (2.36)

Using the definition of M and expanding out Eq. 2.36 in terms of the elements of q

and r results in the following system of equations,

q[N − k] = U [N − k]†q[N − k + 1] + r[N − k] k ∈ {2, 3, . . . , N − 1} (2.37)

q[N − 1] = r[N − 1]. (2.38)

We refer to q[k] as the adjoint variables and to solving this system of equations

(Eq. 2.37 and Eq. 2.38) as the backward simulation. The initial condition for the

backward simulation is provided at the final time point unlike the forward simulation.

Once the forward and backward simulations are done, the gradient with respect to

the drive at each time step can be computed just with an inner product of two
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Figure 2.2: (a) Fourier transform of the input microwave field (Gaussian waveform).
Dashed lines are representative of the individual emitter frequencies in a random en-
semble (N = 10, ∆ = 200γ). (b) Amplitudes of the harmonic components of the
optimized Ω (t) designed for the same ensemble. (c) Comparison of the transduction
spectrum of the same ensemble with and without optimized drives applied — the
transduction spectrum with the optimized drive is computed using a Floquet scatter-
ing theory approach [94].

d−dimensional vectors,

∂P

∂Ω[l]
= q†p[l] + C.c., (2.39)

⇒ ∂P

∂Ω[l]
= q[l + 1]†α[l] + C.c. (2.40)

The chain rule can then be used to compute the gradient with respect to the harmonic

parameters Ωn and ϕn,

∂P

∂Ωn

=
N−2∑
l=0

∂Ω[l]

∂Ωn

∂P

∂Ω[l]
=

N−2∑
l=0

cos (nω0lδt+ ϕn)
∂P

∂Ω[l]
(2.41)

∂P

∂ϕn

=
N−2∑
l=0

∂Ω[l]

∂ϕn

∂P

∂Ω[l]
=

N−2∑
l=0

−Ωn sin (nω0lδt+ ϕn)
∂P

∂Ω[l]
(2.42)

2.2.2 Results

As an example, we consider a transduction system with N = 10 inhomogeneous

emitters excited with a single microwave photon with a Gaussian spectrum. Figure

2.2a shows the spectrum of the input photon, with the dashed lines depicting the
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Figure 2.3: Optimized drives countering inhomogeneous broadening. (a) Transduc-
tion efficiency and (b) improvement in the transduction efficiency through randomly
inhomogeneously broadened ensembles of N = 10 emitters with increasing inhomo-
geneous broadening for different cooperativities C when the optimized drives are
applied. For each ∆, optimized drives are designed for each of the same 100 ran-
domly generated ensembles with inhomogeneous broadening equal to ∆ as used in
Fig. 2.1c. Before running the optimizations, for each ensemble, the input photon is
frequency-shifted to match the highest peak of the unoptimized transduction spec-
trum. Also, the initial condition for the optimization is Ω (t) = (Nγ + Γ) /2, which is
a constant drive that maximises the transduction efficiency through a homogeneous
ensemble with the same decay rates (see Appendix A). Improvement is defined as
the ratio of the efficiencies with and without the optimized drive applied. Each plot
point corresponds to the mean over the 100 ensembles with inhomogeneous broad-
ening equal to the corresponding value of ∆ and the shaded regions represent the
standard deviation.

resonant frequencies of the transduction spectra of the individual emitters. Given

its narrow bandwidth, we expect the input photon to effectively only interact with

a single emitter, leading to a low transduction efficiency comparable to what can be

achieved by using just one emitter instead of many. The optimized drive obtained

on solving problem (2.16) is depicted in Fig. 2.2b — as can be seen from Fig. 2.2c,

the transduction spectrum in the presence of the optimized drive shows improvement

relative to the one with constant (unoptimized) drive.

Statistical studies of performance of the optimization procedure for different sets of

emitter frequencies is shown in Fig. 2.3 — Fig. 2.3a shows the optimized transduction

efficiencies and Fig. 2.3b shows the improvement in the transduction efficiencies. We



CHAPTER 2. CONTROL DESIGN FOR QUANTUM TRANSDUCERS 17

10−2 10−1 100

C

10−1

100

m
ax

(f
[|φ
〉])

Homogeneous
Unoptimized
Optimized

0.00 0.05 0.10 0.15 0.20

f [|φ〉]

0

5

10

15

D
is

tr
ib

ut
io

n
of

ei
ge

ns
ta

te
s Unoptimized

Optimized

0.00 0.05 0.10 0.15 0.20

f [|φ〉]

0

20

40

D
is

tr
ib

ut
io

n
of

ei
ge

ns
ta

te
s Unoptimized

Optimized

0.00 0.05 0.10 0.15 0.20

f [|φ〉]

0

20

40

60

80

D
is

tr
ib

ut
io

n
of

ei
ge

ns
ta

te
s Unoptimized

Optimized

(a) (b)

(c) (d)

Figure 2.4: (a) Comparison of the superradiance metric for ensembles with inho-
mogeneous broadening ∆ = 200γ with and without optimized drives applied (data
for optimized and unoptimized cases are dodged in the plot for visual clarity). After
generating the optimized drives used in Fig. 2.3, we compute the metric for all eigen-
states of each of the 100 random ensembles with inhomogeneous broadening ∆ = 200γ
by numerically diagonalising the propagator over one time period of the effective
Hamiltonian. Each plot point and associated error bars correspond to the mean and
standard deviation (over the collection of ensembles with ∆ = 200γ) of the maximum
value of the superradiance measure f [|ϕ⟩] over all Floquet eigenstates |ϕ⟩. The dashed
line denotes the same for a homogeneous ensemble. As we increase Γ to decrease the
cooperativity, the metric is larger on average in the unoptimized case. We attribute
this to the simultaneous increase in the unoptimized drive Ω (t) = (Nγ + Γ) /2 over-
shadowing the constant inhomogeneous broadening ∆ = 200γ (see Appendix B). (b,
c, d) Density plots (obtained by kernel density estimation using Gaussian kernels) of
the superradiance measure for eigenstates of the 100 ensembles with inhomogeneous
broadening ∆ = 200γ, (b) C = 0.01, (c) C = 0.1, (d) C = 1.

observe that the improvements are larger at higher inhomogeneous broadening. Fur-

thermore, the cooperativities of the emitters set a limit on improvement that can be

obtained by shaping the laser pulse — as can be seen from Fig. 2.3b, the improvements

are generally smaller for lower cooperativities.
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While it is intuitively expected that improvement in transduction efficiency with the

application of an optimized drive is due to recovery of superradiance, this can be made

more concrete by studying the Floquet eigenstates of the optimized (time-dependent)

effective Hamiltonian. The ‘superradiance’ in an eigenstate |ϕ⟩ of the propagator over
one time period of the effective Hamiltonian, can be quantified with the metric,

f [|ϕ⟩] = 2

N
√
γµγopt

∣∣⟨G|Lopt|ϕ⟩⟨ϕ|L†
µ|G⟩

∣∣. (2.43)

For a homogeneous ensemble, the metric is 1 for two eigenstates formed by the drive-

induced hybridization of superradiant states corresponding to the microwave and

optical transitions. Furthermore, it is 0 for the remaining eigenstates since they

are subradiant/dark. Since the eigenstates for an inhomogeneous ensembles are not

perfectly superradiant or subradiant, their corresponding metric lies between 0 and 1

and quantifies the extent of their subradiant or superradiant character. Figure 2.4a

indicates that an application of the optimized drive statistically increases the value

of this metric, indicating partial recovery of superradiance. The density plots in

Fig. 2.4(b, c, d) show the distribution of the superradiance metric of the eigenstates

of an inhomogeneously broadened ensemble.

The results discussed above indicate that pulse-shaping the laser can be used to im-

prove the performance of transduction systems. However, the optimized laser pulses

can only be computed if the emitter frequencies are known. For systems with large

number of emitters, such characterization might not be practical at scale and it would

be desirable to find an optimized pulse which is robust to the specific frequencies of

the emitters and depends only on their distribution. To design such a laser pulse, we

modify the optimization problem (2.16) to

max
Ω(t)

1

Ns

Ns∑
n=1

∫ ∞

−∞
dt
∣∣∣a(n)opt(t)

∣∣∣2
s.t. i

d|ψ(n)
e (t)⟩
dt

= H
(n)
eff (Ω(t)) |ψ(n)

e (t)⟩+ aµ(t)L
†
µ|G⟩,

a
(n)
opt(t) = −i⟨G|Lopt|ψ(n)

e (t)⟩, (2.44)
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Figure 2.5: Transduction efficiency improvement with uncustomized optimization.
(a) Amplitudes of the frequency components comprising the uncustomized drive. (b)
Density plots of the transduction efficiency through 100 ensembles (test set) with
∆ = 200γ, C = 0.1 for three cases – (green) no optimised drive is applied and
the input photon is fixed at the resonance of a homogeneous ensemble, (orange)
no optimised drive is applied but the input photon is frequency-shifted to match
the highest peak of the unoptimized transduction spectrum for each inhomogeneous
ensemble, and (blue) the uncustomized optimized drive is applied and the input
photon is fixed at the resonance of a homogeneous ensemble.

where we generate Ns inhomogeneous emitter samples from the same inhomogeneous

broadening distribution and find a laser pulse that Ω(t) that optimizes the average

transduced power over all the samples. The superscript over a quantity in problem

(2.44) indicates that that quantity is computed for a specific sample. We design such

a drive, shown in Fig. 2.5a, for a training set of Ns = 100 random ensembles with

inhomogeneous broadening ∆ = 200γ and with the input-photon being incident at

the resonance of a homogeneous ensemble. Figure 2.5b shows the resulting improve-

ment in transduction efficiency from applying the optimized drive to a test set of 100

random ensembles that are generated from the same inhomogeneous broadening dis-

tribution, independently of the training set. While there is significant improvement

over the unoptimized case, we point out that simply shifting the spectrum of the

input photon without shaping the driving laser pulse results in similar improvements.

Therefore, it is not expected that this optimized drive is restoring superradiance in

the emitter ensemble, rather it is effectively matching the resonance of the trans-

duction spectrum to the input photon in a manner robust to the specific emitter
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Figure 2.6: Temporal mode overlap-based design of drives. The amplitude |aopt (t)|2 of
the output photon’s temporal wave-packet after transduction by an ensemble ofN = 3
emitters, with C = 0.1, ∆ ≈ 61.61γ, and under the application of drives obtained
by locally solving problem (2.45) for (a) c0 ≈ 1.331, c1 = 0 (b) c0 ≈ 1.331, c1 ≈
247.02. The improvement in transduction efficiencies are (a) 4.466× and (b) 3.977×,
respectively.

frequencies. This could still be technologically useful since this optimized drive is

agnostic to the specific emitter frequencies, thus obviating the need to characterize

the emitter resonances. Furthermore, if many transducers are to be operated simulta-

neously, experimentally realizing and supplying drives customized to each transducer

can be challenging to scale — having a common, uncustomized drive would solve this

problem.

Quantum information can be encoded in the temporal modes of photons for the

purposes of quantum communication [95]. Such encoding would necessitate a trans-

duction process that preserves the fidelity of the transduced photon’s wave-packet to

specific temporal modes. We demonstrate that it is possible to extend our design

method to compensate for inhomogeneous broadening and produce improvements in

transduction efficiency while preserving the overlap with a specified temporal mode.

To achieve this, we pose the design of the drive as maximising the overlap of the

output photon’s temporal wave-packet with a specified Hermite-Gaussian function

[96] while simultaneously minimising its overlap with unwanted Hermite-Gaussian
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functions. For example,

max
Ω(t)

∣∣∣∣∫ ∞

−∞
dt c0φ0(t)aopt(t)

∣∣∣∣2 − ∣∣∣∣∫ ∞

−∞
dt c1φ1(t)aopt(t)

∣∣∣∣2 (2.45)

subject to i
d|ψe (t)⟩

dt
= Heff (Ω(t)) |ψe (t)⟩+ aµ(t)L

†
µ|G⟩, (2.46)

aopt(t) = −i⟨G|Lopt|ψe (t)⟩. (2.47)

where φ0 (t) and φ1(t) are the 0th- and 1st-order Hermite-Gaussian functions (nor-

malized to unity) [96] and the coefficients c0, c1 ≥ 0 represent their weights. We solve

problem (2.45) for an input microwave photon with a Gaussian wave-packet incident

on a randomly generated inhomogeneous ensemble with N = 3 emitters for two cases:

c1 = 0 and c1 ̸= 0. Fig. 2.6 shows that, in both cases, we observe improved trans-

duction efficiencies and the fidelity to the 0th-order mode is higher when c1 ̸= 0, in

which case the output photon’s shape closely resembles a Gaussian function. In case

the input photon occupies a mode other than the 0th-order mode, this approach can

be extended to design drives that improve the overlap of output photons with other

Hermite-Gaussian modes too.

2.3 Optimality of drive design

We address the question about the optimality of the laser pulses calculated using the

gradient-based optimization algorithm. Since the optimization problem (2.16) is non-

convex, we can only solve it locally and calculating the solution globally will likely

be hard. However, one method to assess how close the laser pulses obtained above

are to the globally optimal solution is to calculate upper bounds on the achievable

transduction efficiency and compare it to the locally optimized results.

The physically motivated idea behind calculating such an upper bound is to note that

the efficiency is limited by the amplitude of the emitters in their excited state while

interacting with the input photon, as well as the time that the emitters spend in the

excited state. More rigorously, in the presence of the incident single-photon wave-

packet as well as a decay of the excited state, the time-integrated norm of the excited
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state amplitude |ψe(t)⟩ cannot be arbitrarily high. Consequently, an upper bound on

the transduction efficiency can be obtained by simply maximizing the emitted photon

energy as only constrained by this norm, which translates to solving the following

optimization problem

max
Ω(t)

∫ ∞

−∞
|aopt(t)|2 dt

subject to

∫ ∞

−∞
∥|ψe(t)⟩ − |ψe,0(t)⟩∥22 dt ≤ ε

aopt(t) = −i⟨G|Lopt|ψe(t)⟩, (2.48)

where |ψe,0(t)⟩ is a reference state, ∥.∥2 denotes the l2-norm, and ε is parameter that

can be considered as the solution of the following optimization problem:

max
Ω(t)

∫ ∞

−∞
∥|ψe(t)⟩ − |ψe,0(t)⟩∥22 dt

subject to i
d|ψe (t)⟩

dt
= Heff (Ω(t)) |ψe (t)⟩+ aµ(t)L

†
µ|G⟩. (2.49)

We point out that since by construction ε provides an upper bound on the integrated

norm of the difference of the excited state from the reference state for all allowed laser

pulses, the optimization problem 2.48 is a relaxation of the original non-convex op-

timization problem (problem 2.16). Therefore, the solution of problem 2.48 provides

an upper bound to the (global) solution of problem 2.16.

Problem (2.48) is a quadratically-constrained quadratic program and bounds on its

optimal value can be calculated by using the principle of Lagrangian duality [97, 98],

as we describe in the next section. However, computing ε, which is required to solve

problem 2.48, again requires solving a non-convex problem (problem 2.49). In order

to get around this issue, as explained below, we construct a provable upper bound,

εc on ε which can also be used together with problem 2.48 to obtain an upper bound

on the transduction efficiency. We point out that this bound will be looser than the

one obtained on using ε, i.e., the tighter the bound on the norm of the excited state,

the better the bound on the transduction efficiency.



CHAPTER 2. CONTROL DESIGN FOR QUANTUM TRANSDUCERS 23

2.3.1 Lagrangian duals

In this section, we first show that the Lagrange dual for optimization problem (2.16)

leads to a trivial bound, then we derive the Lagrange dual for the distance-constrained

problem (2.48), and finally provide a derivation for the upper bound εc on the optimal

value of problem (2.49).

For notational clarity, we rewrite problem (2.16) in the following manner,

max
Ω(t),y(t)

∫ ∞

−∞
y(t)†voptv

†
opty(t) dt (2.50)

subject to
dy(t)

dt
= −i(H0 + Ω(t)H1)y(t)− ivµaµ(t), (2.51)

where y (t) := |ψe (t)⟩ and H0, H1, vµ, vopt are defined in Eqs. 2.20, 2.21, 2.22.

Introducing the dual variables η (t), the Lagrangian for problem (2.16) is:

L(y(t),Ω(t); η(t)) =
∫ ∞

−∞
y(t)†V y(t) dt+ (2.52)

2

∫ ∞

−∞
Re

[
η(t)†

(
dy(t)

dt
+ iH1Ω(t)y(t) + iH0y(t) + ivµaµ(t)

)]
,

(2.53)

where Re[.] denotes the real part of a complex number and V := voptv
†
opt. We point

out that V is a positive-definite matrix.

Integrating by parts the term with the derivative of the state in the equation above,

we have,

L(y(t),Ω(t); η(t)) =
∫ ∞

−∞
y(t)†V y(t) dt+ lim

T→∞
2Re

[
η(T )†y(T )− η(−T )†y(−T )

]
+

(2.54)∫ ∞

−∞
2Re

[
z(t)†y(t)

]
dt+

∫ ∞

−∞
2Re

[
i η(t)†vµaµ(t)

]
, (2.55)
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where

z(t) := −dη(t)
dt

− iH1Ω(t)η(t)− iH0η(t). (2.56)

The Lagrange dual function g (η (t)) is given by,

g(η(t)) := sup
y(t),Ω(t)

L(y(t),Ω(t); η(t)), (2.57)

where sup denotes the supremum. As the matrix V is positive-definite, the supremum

of the Lagrangian over y (t) is unbounded as the norm of y (t) increases, and hence the

dual function is unbounded too. Therefore, in this case, Lagrangian duality reveals a

trivial upper bound on the transduced power.

On the other hand, the Lagrangian for problem (2.48) is

L(y(t);λ) =
∫ ∞

−∞
y(t)†V y(t) dt+ λ

(
ε−

∫ ∞

−∞
∥y(t)− y0(t)∥22 dt

)
(2.58)

=

∫ ∞

−∞
y(t)† (V − λ1) y(t) dt+ λ

(
ε−

∫ ∞

−∞
∥y0(t)∥22 dt

)
+

∫ ∞

−∞
2Re

[
z(t)†y(t)

]
dt

(2.59)

where y0 (t) := |ψe,0 (t)⟩ is the reference state, λ is a dual variable and z (t) := λy0 (t).

The corresponding dual function is,

g(λ) = sup
y(t)

L(y(t);λ) (2.60)

=


∫∞
−∞ z(t)† (λ1− V )−1 z(t) dt+ λ

(
ε−

∫∞
−∞ ∥y0(t)∥22 dt

)
, if λ1− V ≥ 0

∞, otherwise

(2.61)

To obtain the least upper bound, the dual function has to be minimised, leading to
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the following Lagrange dual problem,

min
λ,β(t)

∫ ∞

−∞
β(t) dt+ λ

(
ε−

∫ ∞

−∞
∥y0(t)∥22 dt

)
subject to β(t) ≥ z(t)†(λ1− V )−1z(t)

λ1− V ≥ 0,

where we have introduced additional dual variables β (t).

The analytical upper bound on ε∗ can be derived by rewriting Eq. 2.18 as,

dy(t)

dt
= (−iHsys(Ω(t))−D)y(t)− ivµaµ(t) (2.62)

where Hsys (Ω (t)) is defined in Eq. 2.2 and,

D :=
∑
i

(
Γµ

2
σi†
µ σ

i
µ +

Γopt

2
σi†
optσ

i
opt

)
+

1

2
L†
µLµ +

1

2
L†
optLopt. (2.63)

Using the fact that D† = D, the time-evolution of the norm of the state can be

written as,

dy(t)†y(t)

dt
= −2y(t)†Dy(t) + 2Re

[
−iy(t)†vµaµ(t)

]
(2.64)

≤ −2dminy(t)
†y(t) + 2Re

[
−iy(t)†vµaµ(t)

]
, (2.65)

where dmin is the smallest eigenvalue of D.

From the inequality (2.65) we have,

∥y(t)∥22 ≤
∫ t

0

e−2dmin(t−τ)2Re
[
−iy(τ)†vµaµ(τ)

]
dτ (2.66)

≤
∫ t

0

2e−2dmin(t−τ)∥y(τ)∥2∥vµaµ(τ)∥2 dτ (2.67)

≤
∫ t

0

2e−2dmin(t−τ)∥vµaµ(τ)∥2 dτ := d(t), (2.68)

where, to go from (2.67) to (2.68) we use the fact ∥y (t) ∥2 ≤ 1, ∀t .
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Therefore, ∫ ∞

−∞
∥y(t)− y0(t)∥22 dt ≤

∫ ∞

−∞
(∥y(t)∥2 + ∥y0(t)∥2)2 dt (2.69)

≤
∫ ∞

−∞

(√
d(t) + ∥y0(t)∥2

)2
dt := εc (2.70)

2.3.2 Results

Fig. 2.7 shows numerical studies of the upper bounds calculated on the transduction

efficiency together with its comparison with the locally optimized results. In our stud-

ies, we solve problem 2.48 to compute both a certifiable bound, which uses the upper

bound εc on ε, and a heuristic bound calculated with only locally optimal solutions of

problem 2.49. As physically expected, the bounds decrease on average with increasing

inhomogeneous broadening and are higher for higher cooperativities. Furthermore,

the optimized transduction efficiencies are within an order of magnitude of the bound,

which provides us with an estimate of the performance of the optimization method.
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Figure 2.7: Heuristic and certifiable upper bounds and unoptimized and optimized
transduction efficiencies calculated for ensembles with N = 3 emitters and coopera-
tivities (a) C = 0.01, (b) C = 0.1, (c) C = 1. For each ∆, 100 random ensembles are
generated with inhomogeneous broadening equal to ∆. For each such ensemble, opti-
mized drives are designed to improve transduction efficiency by using a local optimizer
to solve problem (2.16). Then, using the state obtained by solving the input-output
equation with the aforementioned optimized drive as the reference state, heuristic
and certifiable bounds are calculated. Each plot point corresponds to the mean over
the 100 ensembles with inhomogeneous broadening equal to the corresponding value
of ∆ and the shaded regions represent the standard deviation.
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2.4 Conclusion

In summary, we employed gradient-based inverse design of the temporal shape of the

driving field as a technique to compensate for the effects of inhomogeneous broad-

ening to help realize more efficient transducers. We demonstrated that optimized

driving fields can lead to improvement in transduction efficiencies and showed that

this improvement can be correlated with restoration of superradiant effects. Finally,

to characterise the limits of the performance of time-dependent drives obtained by

optimization-based design, we calculated upper bounds on optimal transduction effi-

ciencies.



Chapter 3

Classically computing performance

bounds on noisy quantum circuits

One of the most promising computational tasks at which fault-tolerant quantum com-

puters could potentially outperform classical computers is the problem of finding the

ground state of a given many-body Hamiltonian — a problem that naturally arises in

studying equilibrium properties of condensed matter systems [21]. Moreover, classi-

cal optimization problems can also be framed as finding ground states of commuting

Hamiltonians [22]. There has been extensive research on ground state-finding al-

gorithms [23, 24, 25], for example, those based on phase estimation and adiabatic

evolution [99, 100], and heuristic approaches like quantum adiabatic algorithms or

variational quantum algorithms [26, 27, 28, 29].

Presently realizable noisy-intermediate scale quantum devices, however, are not fault-

tolerant and consequently noise places a severe constraint on the performance of

these quantum algorithms. It has thus become of interest to develop no-go results by

providing theoretical bounds on the minimum energy that a noisy quantum circuit

can achieve for a given Hamiltonian — if a classical algorithm [30, 31, 32] could obtain

an energy better than this lower bound, then we can conclude that a reduction in

noise rate is necessarily needed for a possible quantum advantage.

The impact of noise on quantum algorithms can be assessed by directly simulating the

28
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circuit, e.g. by tensor network methods [101, 102, 103] — in fact, the classical simu-

lation is made easier by the presense of noise [104, 105]. However, most of the tensor

network methods lack rigorous accuracy guarantees and cannot certify an accurate

simulation of the quantum circuit, especially in low noise regimes. Alternatively, this

problem has been approached analytically using tools from quantum information the-

ory. For instance, Refs. [33, 34, 35] analyzed the increase in entropy of the quantum

state due to noise, and showed that it can allow for an analytical lower bound on the

attainable minimum energy. However, while providing rigorous no-go results, these

analyses were circuit-architecture independent and were thus expected to underesti-

mate the impact of noise. Certain circuit architectures are expected to significantly

worsen the impact of noise, and this phenomena has been theoretically demonstrated

in random quantum circuits models [106, 107]. However, it remains unclear if it is

possible to provide an architecture-dependent lower bound for a specific engineered

quantum circuit.

We propose a method for efficiently computing rigorous bounds on the performance of

any specified quantum circuit in the presence of a constant rate of depolarizing noise.

The key insight behind our proposed method is the formulation of a Lagrangian dual

corresponding to the circuit dynamics, which allows us to account for the circuit ar-

chitecture in addition to the increase in the entropy, or equivalently, the decrease in

the purity of the quantum state. We show that the Lagrangian dual yields a hier-

archy of classically computable lower bounds on energy, with respect to a specified

Hamiltonian, obtained at the output of a noisy quantum circuit. We provide numeri-

cal and analytical evidence that this formulation can capture the circuit-architecture

dependent propagation of errors through the noisy quantum circuit and thus provide

more stringent lower bounds than currently available.

3.1 Notation

Given a finite-dimensional Hilbert space H, we use D1(H) to denote the set of all

density matrices on H, and M(H) to denote the set of Hermitian linear operators

on H. Unless otherwise mentioned, for any linear operator A on H, ∥A∥ will denote
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its operator norm i.e. the maximum singular value of A and ∥A∥F =
√

Tr(A†A) will

denote its Frobenius norm.

We use the computer-science big-O notation for function asymptotics. In particular,

given two functions f, g : [0,∞) → [0,∞), f = O(g) if, for some c > 0, f(x) ≤ cg(x)

as x→ ∞ and f = Ω(g) if, for some c > 0, f(x) ≥ cg(x) as x→ ∞.

3.2 Duality based bounds

3.2.1 Single-qubit example

As a simple illustrative example of the Lagrangian dual formulation, we first consider

a single-qubit circuit [Fig. 3.1(a)] — consider a qubit initially in |0⟩, with a gate

U = e−iθY being applied on it followed by depolarizing noise with probability p.

We would like to find the parameter θ to minimize the energy corresponding to the

Hamiltonian H = ∆Z — in the absence of noise (p = 0), it is straighforward to verify

that this would be accomplished by setting θ = π/2 to obtain an energy −∆.

However, in the presence of depolarizing noise, the qubit will necessarily be in a

mixed state. The extent to which the state is mixed can be quantified with a purity

measure, for instance the von Neumann entropy of the qubit state, its trace purity

or even higher order Renyi Entropies [108]. For concreteness, we use the trace purity

measure of a state ρ: P (ρ) = Tr(ρ2) — P (ρ) = 1 if and only if ρ is a pure state,

else P (ρ) < 1. Now, since the state ρθ at the output of the single-qubit circuit in

Fig. 3.1(a) is obtained by applying the depolarizing noise channel to a single qubit

pure state, P (ρθ) = P0 := p2/4 + (1 − p/2)2 < 1. Since ρθ is necessarily mixed, it

cannot produce the pure ground state of the Hamiltonian H perfectly irrespective

of the choice of θ – in fact, this simple observation can be used to lower bound the

energy that can possibly be obtained at the output of the circuit by minimizing it

with respect to states with purity at-most P0 i.e. solving the following optimization
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problem,

minimize
ρ∈D1(C2)

Tr(Hρ)

subject to P (ρ) ≤ P0, (3.1)

where D1(Cd) is the space of density matrices on the Hilbert space Cd. The opti-

mization problem in Eq. 3.1 is solved by ρ = (1−p/2)|1⟩⟨1|+(p/2)|0⟩⟨0| with energy

−∆(1 − p). This bound clearly exhibits the intuitively expected dependence on the

noise rate p — if p = 0, then the energy attained coincides with the ground state

energy of −∆, and if p = 1, it is simply the energy obtained by the maximally mixed

state.

However, this bound does not account for the unitary being applied on the qubit, and

a better bound can be obtained by explicitly accounting for the circuit. To do so, we

use the method of Lagrange duality [109, 110]. For this, we extend the problem in

Figure 3.1: Comparison of bounds, with and without accounting for circuit con-
straints, on the minimum energy corresponding to the Hamiltonian H = ∆Z attain-
able by the output of the single qubit circuit shown in the schematic. The circuit
consists of a Y-axis rotation followed by depolarizing noise acting with probability p.
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Eq. 3.1 by adding an additional constraint due to the circuit:

minimize
ρ∈D1(C2)

Tr(Hρ)

subject to ρ = Eθ(ρ0),
P (ρ) ≤ P0, (3.2)

where ρ0 = |0⟩⟨0| and Eθ is the channel corresponding to the unitary e−iY θ followed

by the single-qubit depolarizing noise. Note that the purity constraint P (ρ) ≤ P0

is redundant and is already implied by the circuit constraint ρ = Eθ(ρ0). However,

as we will see in the following discussion, while redundant constraints do not impact

the solution of an optimization problem, depending on the specific technique used to

obtain a lower bound on the problem, they can have a considerable impact.

To provide a lower bound on this optimization, we construct its Lagrangian L(σ, λ)
by introducing Lagrange multipliers σ ∈ M(C2), and λ ≥ 0,

L(ρ, σ, λ) = Tr[Hρ] + Tr[σ(ρ− Eθ(|0⟩⟨0|))]
+ λ(P (ρ)− P0). (3.3)

L(ρ, σ, λ) can be considered to be a modified energy function which, in addition to

the energy Tr[Hρ], also penalizes violation of the two constraints: ρ = Eθ(ρ0) imposed

by the circuit and P (ρ) ≤ P0 on the purity of the state ρ. Minimizing the Lagrangian

with respect to ρ, we obtain the dual function,

g(σ, λ) = min
ρ

L(ρ, σ, λ), (3.4)

which is a function of σ, λ, the dual variables. It follows from the principle of Lagrange

duality that for any σ and λ ≥ 0, g(σ, λ) is a lower bound on the energy attained by

the circuit. This can easily be seen from Eq. 3.3 by noting that when L is evaluated

at the circuit output ρθ = Eθ(|0⟩⟨0|), we obtain

L(ρθ, σ, λ) = Tr[Hρθ] + λ(P (ρθ)− P0) ≤ Tr[Hρθ],



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 33

Figure 3.2: Schematic depiction of the problem setting. The unitaries (colored boxes)
implement a quantum algorithm to prepare an approximation of the ground state of
a target Hamiltonian H in the absence of noise. Each layer of unitary is followed by
single-qubit depolarizing noise (gray circles) on the qubits applied with a probability
p.

since P (ρθ) ≤ P0 and λ ≥ 0. Since from Eq. 3.4 g(σ, λ) is the smallest attainable value

of L(ρ, σ, λ) on varying ρ, we obtain g(σ, λ) ≤ Tr[Hρθ]. We emphasize that the dual

function g(σ, λ), evaluated at any σ, λ ≥ 0, is a lower bound on the energy Tr[Hρθ]

attained by the circuit, and the best lower bound can be obtained by maximizing

g(σ, λ) with respect to σ, λ. Furthermore, since the construction of the dual function

explicitly accounts for the circuit constraint, it gives a better bound than obtained

from the problem in Eq. 3.1 i.e. by just accounting for the final purity of the state.

This is exhibited in Fig. 3.1(b), where maxσ,λ≥0g(σ, λ) compared with −∆(1− p) and

it can be seen that the dual function provides a better lower bound for most values

of θ. For the simple example of a single qubit, the duality-based bound that we can

compute coincides exactly with the circuit output and thus models it exactly. As we

will see in the next sections, this will not be the case for circuits over a large number

of qubits.

3.2.2 General formulation

We can now extend the duality lower bound to more general quantum circuits [Fig.

3.2] — consider a quantum circuit of depth d, consisting of unitaries U1, U2 . . . Ud

that has been designed to approximate the ground state of a target Hamiltonian H

of N qubits. In the presence of noise, the state becomes increasingly mixed as the
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unitaries are applied on it — while it is typically hard to compute exactly how mixed

the state is, an analytical upper bound on several purity measures can be obtained.

In particular, Refs. [33, 35] establish explicit upper bounds for two purity measures

after t time-steps — the information content of the quantum state, as well as its trace

purity.

Lemma 1 [Refs. [33], [35]] Suppose ρt is the quantum state on N qubits obtained

from an initial pure state after applying t unitaries and single qubit depolarizing chan-

nels, then

I(ρt) := N + Tr[ρt log2(ρt)] ≤ N(1− p)t,

Ptr(ρt) := Tr(ρ2t ) ≤ 2−N(1−(1−p)t),

where p is the probability of applying the depolarizing noise at each time-step inde-

pendently on each qubit.

Both the information content and trace purity can be viewed as measures of how

mixed the given state is. Both are largest for a pure state (I(|ψ⟩⟨ψ|) = N and

Ptr(|ψ⟩⟨ψ|) = 1), and are lowest for the maximally mixed state (I(I/2N) = 0 and

Ptr(I/2
N) = 2−N).

In the remainder of this subsection, we denote by Pt an upper bound on the purity

of the state at tth time-step — we will formulate the results of this subsection for

general convex purity measures, and specialize them to concrete purity measures

(such as information content or trace purity) in the following sections. Now, as with

the single-qubit case, the energy attained at the output of the circuit can now be

written as,

minimize
ρ1,ρ2...ρd∈S

Tr(Hρd)

subject to ρt = Et(ρt−1), t ∈ {1, . . . , d},
P (ρt) ≤ Pt, t ∈ {1, . . . , d}, (3.5)

where Et(·) is the quantum channel that applies the unitary Ut for the t
th layer of the
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circuit followed by depolarizing noise acting individually on the qubits, and ρ0 is a

fixed and known initial state. Importantly, in Eq. 3.5, S is the set ofN qubit operators

over which we allow the states ρ1, ρ2 . . . ρd to vary — this set can be chosen to be any

set containing density matrices over N qubits D1((C2)⊗N) since the circuit constraints

(ρt = Et(ρt−1)) enforce ρ1, ρ2 . . . ρd to be valid density matrices. For instance, S can

be chosen to be just the set of N -qubit Hermitian operators, or the set of N -qubit

Hermitian operators with unity trace. As we will see below, the choice of this set

together with the purity measure determines the form of the dual function.

To construct the dual function corresponding to Eq. 3.5 — we introduce the dual

variables σ⃗ = {σ1, σ2 . . . σd}, which are N−qubit Hermitian operators, corresponding

to the circuit constraints and λ⃗ = {λ1, λ2 . . . λd ≥ 0} corresponding to the purity

constraints. The Lagrangian is now constructed by adding penalties corresponding to

the circuit constraints and purity constraints at each time-step to the output energy:

L(ρ⃗, σ⃗, λ⃗) = Tr[Hρd] +
d∑

t=1

Tr

[
σt
(
ρt − Et(ρt−1)

)]
+

d∑
t=1

λt

[
P (ρt)− Pt

]
,

=
d∑

t=1

Tr(ρtHt) + λt

[
P (ρt)− Pt

]
, (3.6)

where Hd = H + σd, Ht = σt − E†
t+1(σt+1) for t ∈ {1, 2 . . . d− 1} The dual function is

obtained by minimizing the Lagrangian with respect to ρ1, ρ2 . . . ρd ∈ S i.e.

g(σ⃗, λ⃗) = min
ρ1,ρ2...ρd∈S

L(ρ⃗, σ⃗, λ⃗),

=
d∑

t=1

min
ρt∈S

[(
Tr(ρtHt) + λtP (ρt)

)
− λtPt

]
,

=
d∑

t=1

(
FS,P (Ht, λt)− λtPt

)
(3.7a)
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where

FS,P (H,λ) = min
ρ∈S

(
Tr[Hρ] + λP (ρ)

)
. (3.7b)

As with the single-qubit example, the dual function is a lower bound on the energy

produced at the circuit output for any σ⃗, λ⃗ ≥ 0 i.e.

g(σ⃗, λ⃗) ≤ Tr[ρdH] for all σt ∈ M((C2)⊗N), λt ≥ 0.

The function FS,P (H, λ) can be interpreted as a generalized free energy corresponding

to the Hamiltonian H at temperature λ which depends on both the domain S and the

purity measure P . For instance, if the purity measure is taken to be the information

content I(ρ) = N − Tr[ρ log2(ρ)], then it reduces to the Gibbs free energy with an

offset of Nλ. However, by choosing different purity measures P as well as different

domains S, the dual function allows us to obtain a family of bounds on the noisy

quantum circuit. As we will see in the next section, certain choices of P and S
provide lower bounds that can be classically computed.

Consider first the best lower bound that can be obtained from the dual function. In

the following proposition, we show that the best lower bound attained by the dual

function is exactly equal to the energy attained by the quantum circuit, and choice

of dual variables σ1, σ2 . . . σd that yields the largest value dual function corresponds

to the Heisenberg picture evolution of the Hamiltonian H.

Proposition 1 For the dual function defined in Eq. 3.7, it follows that its maximum

over the dual variables is equal to the output energy of the noisy circuit i.e.

maximum
σ1,σ2...σd∈M((C2)⊗N )

λ1,λ2...λd≥0

g(σ⃗, λ⃗) = Tr[HEdEd−1 . . . E1(ρ0)],

and the maximum is attained at

σd = −H, σt = −E†
t+1E†

t+2 . . . E†
d(H),
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and λ1 = λ2 = . . . λd = 0.

Proof : The proof of this proposition follows simply by noting that, from definition,

FS,P (0, 0) = 0.

Now, if σd = −H, and σt = −E†
t+1E†

t+2 . . . E†
d(H), then Ht = 0. Hence, we obtain that

at this value of σ⃗ and at λ⃗ = 0, g(σ⃗, λ⃗) = Tr[ρ0E†
1E†

2 . . . E†
d(H)] = Tr[HEdEd−1 . . . E1(ρ0)].

Since Tr[HEdEd−1 . . . E1(ρ0)] is also an upper bound of g(σ⃗, λ⃗), the proposition follows.

□

This proposition establishes that finding the best dual bound is equivalent to exactly

simulating the circuit, which we expect to be hard to do on classical computers. This

hardness fundamentally stems from the fact that the dual variables σ1, σ2 . . . σd are

operators in an exponentially large space. However, since the dual function g(σ⃗, λ⃗)

is a lower bound on the output energy for any σ⃗, λ⃗, a natural approach to evaluate a

lower bound would be restrict σi to subsets of M((C2)⊗N) where the dual function

could be evaluated efficiently — the specific subset would depend on the choice of

the purity measure. In Section 3.3, we will see that the dual function obtained on

choosing the purity measure to be trace purity and the domain S = M((C2)⊗N) of

N -qubit Hermitian operators can be evaluated efficiently if σ1, σ2 . . . σd are chosen to

be matrix product operators (MPOs) of bond-dimension poly(N). In Section 3.4, we

will consider the dual function obtained on choosing the purity measure to be the

information content of the state, in which case σ1, σ2 . . . σd can be restricted to the

space of geometrically local Hamiltonians, allowing for an exact evaluation of the dual

function.

Restricting the dual variables σ1, σ2 . . . σd to a subset of M((C2)⊗N) raises the ques-

tion of whether the maximum value that the dual function can attain within this

restricted set of dual variables gives a better lower bound on the energy compared to

neglecting the circuit constraints and just accounting for the purity of the final state

i.e. does the duality based bound still account for the circuit architecture. Our next

proposition answers this question affirmatively, and shows that a better lower bound

can be obtained as long as the restricted set of dual variables contains 0.
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Proposition 2 Suppose Sσ ⊂ M((C2)⊗N), such that 0 ∈ Sσ, then

maximum
σ1,σ2...σd∈Sσ
λ1,λ2...λd≥0

g(σ⃗, λ⃗) ≥ minimize
ρ∈S,P (ρ)≤Pd

Tr(Hρ)

Proof : Since 0 ∈ Sσ,

maximum
λ≥0

g({0 . . . 0}, {0 . . . λ}) ≤ maximum
σ1,σ2...σd∈Sσ
λ1,λ2...λd≥0

g(σ⃗, λ⃗).

Now, we can note that

g({0 . . . 0}, {0 . . . λ}) = FS,P (H,λ)− λPd.

It can be noted that g({0 . . . 0}, {0 . . . λ}) is simply the dual function of the convex

problem

minimize
ρ∈S

Tr(Hρ)

subject to P (ρ) ≤ Pd.

Furthermore, this convex problem trivially satisfies the Slater’s conditions [111, 109].

This can be checked by noting that the Slater’s conditions are satisfied if there is

a ρ ∈ S such that P (ρ) < Pd — this follows by noting that P (I/2N) < Pd and

I/2N ∈ D1((C2)⊗N) ⊆ S. Since Slater’s conditions are satisfied, this problem is

strongly dual and consequently the optimal duality-bound is equal to the solution of

the optimization problem i.e.

maximum
λ≥0

g({0 . . . 0}, {0 . . . λ}) = minimize
ρ∈S,P (ρ)≤Pd

Tr(Hρ),

which proves the proposition. □

While this proposition indicates that accounting for the circuit constraints while con-

structing the lower bound results in an improvement over only accounting for the final

purity even with restricted space of dual variables, it says nothing about the extent
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to which the bound improves. We expect the improvement to be strongly dependent

on the purity function P , the domain set S, and the dual set Sσ used in formulating

and evaluating the bound. In the next section, we consider a specific formulation of

the dual function that uses the trace purity measure, and show that the lower bound

obtained on accounting for the circuit constraints can be exponentially better than if

the circuit constraints were not accounted for.

3.3 Trace purity-based lower bound

3.3.1 Formulation

In this section, we consider now a specific choice of the purity function and the

domain S that results in a dual function that can be computed exactly when the dual

variables are parametrized as matrix product operators with poly(N) bond dimension.

We choose the purity measure to be trace purity P (ρ) = Ptr(ρ) = Tr(ρ2), and the

domain S in Eq. 3.5 to be the space of Hermitian N -qubit operators M((C2)⊗N). It

then follows that FS,P (H,λ) defined in Eq. 3.7b evaluates to

FS,P (H,λ) = −Tr(H2)

4λ
,

and therefore, we obtain that

g(σ⃗, λ⃗) = −Tr[ρ0E†
1(σ1)]−

d∑
t=1

(
Tr(H2

t )

4λt
+ λtPt

)
,

where Hd = H + σd and Ht = σt −E†
t+1(σt+1). Furthermore, for this dual function, it

is possible to perform the maximization over λ⃗ analytically to obtain

h(σ⃗) = maximum
λ⃗≥0

g(σ⃗, λ⃗),

= −Tr[ρ0E†
1(σ1)]−

d∑
i=1

√
PtTr(H2

t ). (3.8)
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From the expression for h(σ⃗), we immediately notice that if σ1, σ2 . . . σd are restricted

to be matrix product operators with bond dimension D, then h(σ⃗) can be evaluated

classically in time NdD4. However, as we established in proposition 1, the best lower

bound is obtained h(σ⃗) when evaluating it at σ⃗ corresponding to a Heisenberg picture

evolution of Hamiltonian H. While for most problems of interest (e.g. where H is

a local or spatially-local Hamiltonian), H can be represented as a matrix product

operator of a modest bond dimension, the unitaries involved in the circuit can, in

general, grow its bond dimension exponentially. A natural choice of σ1, σ2 . . . σd would

then be to perform time-evolving block decimation (TEBD) [112, 113, 114, 115, 116]

on the Heisenberg evolution and compress the operators in each step into bond-

dimension D i.e. at σ⃗h,D = {σh,D
1 , σh,D

2 , . . . , σh,D
d }

σh,D
d = −H and,

σh,D
t = ΠDE†

t+1(σ
h,D
t+1 ) for t ∈ {1, 2 . . . d− 1}, (3.9)

where ΠD compresses an N -qubit operator to an operator with a bond-dimension D

[41].

Duality-bound and TEBD truncation errors. If a Heisenberg picture TEBD simu-

lation, for some bond dimension D, of the noisy quantum circuit is exact, then by

Proposition 1, the duality based bound h(σ⃗h,D) is exactly equal to the expected en-

ergy at the output of the circuit. In practice, for small bond dimensions D, the TEBD

algorithm is not exactly correct but incurs an error. However, as shown below, an

upper bound on this error can also be efficiently computed for the TEBD algorithm.

Consequently, tracking the error incurred in the TEBD algorithm allows us to cal-

culate another lower bound on the output of the quantum circuit i.e. if the TEBD

algorithm produces an estimate ETEBD the output energy E of the circuit within an

additive error δ, then ETEBD − δ also lower bounds the energy E. A natural question

to ask is if the duality based bounds are more informative than the bound obtained

from just a TEBD simulation.

Consider now the problem of estimating the TEBD error following Ref. [113]. The
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TEBD estimate of the energy at the circuit output, ETEBD, can be expressed as

ETEBD = Tr

(
E1(ρ0)

( d∏
t=2

ΠDE†
t

)
(H)

)
,

while the true energy at the circuit output can be expressed as

E = Tr

(
E1(ρ0)

( d∏
t=2

E†
t

)
(H)

)
.

Denoting by ρt the state of the qubits in the quantum circuit at time-step t, ρt =

EtEt−1 . . . E1(ρ0), we note that

E − ETEBD

= Tr

(
ρ1

( d∏
t=2

E†
t −

d∏
t=2

ΠDE†
t

)
(H)

)
,

=
d∑

t=2

Tr

(
ρ1

( t−1∏
s=2

E†
s

)(
E†
t − ΠDE†

t

)( d∏
s=t+1

ΠDE†
s

)
(H)

)
,

=
d∑

t=2

Tr

(
ρt−1

(
σh,D
t−1 − E†

t (σ
h,D
t )

))
=

d−1∑
t=1

Tr
(
ρtHt

)
,

where, in the last step, we have used the fact that, by definition, Ht = σh,D
t−1−E†

t (σ
h,D
t )).

Now, an upper bound on the error |E − ETEBD| can be obtained via

|E − ETEBD| ≤
d−1∑
t=1

|Tr(ρtHt)| ≤
d−1∑
t=1

∥Ht∥F , (3.10)

where ∥A∥F =
√

Tr(A†A) and we have used the fact that, by the Holder’s inequality,

|Tr(ρtHt)| ≤ ∥ρt∥1∥Ht∥ ≤ ∥Ht∥F since ∥ρt∥1 = 1 and ∥Ht∥ ≤ ∥Ht∥F . We point out

that an important reason why we express the error bound in terms of the Frobenius

norm of Ht, instead of its operator norm, is because the Frobenius norm can be

efficiently computed if Ht is a matrix product operator of a small bond dimension

(which is the case while performing the TEBD simulation). The deviation bound in
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Eq. 3.10 implies a lower bound

E ≥ ETEBD − δ = −Tr[ρ0E†
1(σ1)]−

d∑
i=1

√
Tr(H2

t ). (3.11)

This bound is significantly worse than the duality-based bound in Eq. 3.8 as Pt ≪ 1

for all time steps t. The key reason why just accounting for a worst-case accumulation

of TEBD errors yields a loose lower bound is that the upper bound in |E − ETEBD|
does not account for the decrease in the trace purity of the quantum state in the

presence of noise, which is explicitly factored into the formulation of the dual.

In Fig. 3.3, we numerically exhibit the difference between the bound in Eq. 3.11 and

h(σ⃗h,D) for a 1D circuit on N = 40 qubits [Fig. 3.3(a)], which is chosen to find the

ground state of a commuting 1D Hamiltonian (see the figure caption for the exact

circuit and Hamiltonian). As can be seen from Fig. 3.3(b), the lower bound computed

from the trace purity based dual is significantly larger, and thus more representative of

the impact of noise on the output energy, than the lower bound provided by Eq. 3.11.

We point out that the dual variables σ⃗h,D obtained by TEBD in the Heisenberg picture

are not necessarily the globally optimal choice in the space of all MPOs with bond

dimension D to evaluate the dual function h(σ⃗). The function h(σ⃗) can potentially be

optimized beyond the TEBD-based value to obtain better lower bounds. In practice,

we observe that local optimization of h(σ⃗) with a gradient-based method starting

from the initial point of σ⃗ = σ⃗h,D yields only a modest improvement over h
(
σ⃗h,D

)
.

Next, we study the improvement that the duality based bounds that account for the

circuit constraint provide over bounds in existing literature that just account for the

information content at the circuit output. In particular, we numerically compare the

best lower bound ℓdualD that we can obtain by evaluating h(σ⃗) at σ1, σ2 . . . σd ∈ MPOD

(the space of all N -qubit MPOs of bond dimension D),

ℓdualD = maximize
σ1,σ2...σd∈MPOD

h(σ⃗),



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 43

Figure 3.3: (a) Schematic of benchmark circuits considered for 1D spin systems: col-
ored boxes indicate unitaries and grey circles depolarizing noise. Two-qubit unitaries
are chosen to be exp(−iθX ⊗X) and single-qubit unitaries are independently Haar
random. The Hamiltonian is chosen to be H = −UH

(∑
i Zi

)
U †
H , where UH is the

first layer of unitaries, making H a 4-local commuting Hamiltonian. The first layer
of unitaries UH thus transforms the initial state |0⟩⊗N into the ground state of H.
The last (d− 1)/2 layers are chosen to be the inverse of the previous (d− 1)/2 layers
— in the absence of noise, the output of the circuit is the ground state of H. (b)
Plot shows trace purity-based dual bound (h(σ⃗h,D) in Eq. 3.8) (solid lines, circular
markers) and bound obtained by only considering the TEBD errors (ETEBD − δ in
Eq. 3.11) (dotted lines, diamond markers) for the ground state (G. S.) energy of the
target Hamiltonian, as a function of circuit depth d for a system of N = 40 spins,
with two-qubit gate parameter θ = 0.05, depolarizing noise rate of p = 3% and vary-
ing MPO ansatz bond dimensions D. Grey dashed line indicates G.S. energy, grey
shaded area indicates region of trivial bounds (less than G.S. energy), blue dashed
line indicates energy of the completely mixed state 1/2N . The y-axis is scaled by a
constant multiplicative factor in the trivial region for visual clarity. The Hamiltonian
is shifted and scaled such that its spectrum is in [0, 1].

to the lower bound ℓI analyzed in Ref. [34],

ℓI = minimize
ρ:I(ρ)≤N(1−p)d

Tr(Hρ),

i.e. where they accounted only for the decreased information content I(ρ) = N −
Tr[ρ log2 ρ] of the final state as per Lemma 1. First, we show that there exists a Hamil-

tonian and a 1D circuit where ℓdualD , with D = O(N) [117], scales super-exponentially

with the depth of the circuit and thus captures the propagation of errors through the
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circuit, while ℓI scales at-most exponentially with the circuit depth.

Proposition 3 There exists a 1D circuit and a N-qubit Hamiltonian H with Tr(H) =

0 and ∥H∥ = N , such that ℓI = −N(1−p)O(d), while ℓdualD = −N(1−p)Ω(d2)+O(
√
N)

for a choice of D ≤ O(N).

Proof sketch (see appendix D for details): Consider a Clifford circuit chosen at random

from the ensemble of entangle-unentangle circuits analyzed in Ref. [106] — it was

shown for this ensemble that, for a 1D circuit, on average, the energy of the output

state with respect to a 2-local Hamiltonian converges to the energy of the maximally

mixed state as∼ poly(N)×(1−p)Ω(d2). Consider now the HamiltonianH = −∑N
i=1 Zi

and initial state |0⟩⊗N . In the Heisenberg picture, each Zi will be mapped to exactly

one Pauli string under the action of Clifford gates [118, 119]. Since a Pauli string is

representable as an MPO of bond dimension 1, σt obtained from Heisenberg picture

evolution will be a sum of N MPOs of bond-dimension 1 and will thus be a MPO

of bond-dimension at most N . Thus, from Proposition 1, the purity-based dual

exactly matches the energy of the output of the quantum circuit, which will scale as

−N(1−p)Ω(d2) [106, 120]. As the bound without circuit constraints is agnostic to the

unitaries in a circuit, it is also a lower bound on the circuit where all the unitaries

are just the identity operation. For this trivial circuit, the energy of the state after d

layers of just depolarizing noise scales as −N(1−p)d. Hence, the lower bound without

circuit constraints ℓI = −N(1− p)O(d).

3.3.2 Numerical studies

For non-Clifford circuits, MPO parametrization with bond dimension poly(N) is no

longer expected to fully capture Heisenberg picture evolution. Even so, we numerically

demonstrate for a 1D spin system that the circuit dual function Eq. 3.8 can be used

to compute circuit-specific bounds that perform better than bounds that only take

into account the information content of the output state. We compute the bounds

by evaluating the dual function h(σ⃗) at the dual variables obtained from TEBD on

the Heisenberg picture as in Eq. 3.9. Fig. 3.4 shows numerical studies of the bounds

h(σ⃗h,D) computed in this manner — we consider a 1D spin system of size N = 40 and
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Figure 3.4: Comparison of the trace purity-based dual bound (h(σ⃗h,D) in Eq. 3.8) and
the bound based on just the information content of the output state (ℓIλc

in Eq. 3.13)
for 1D many-body spin systems. Both bounds are lower bounds on the ground state
(G. S.) energy of the same target Hamiltonian as considered for the results in Fig. 3.3.
Plots show the bounds as a function of brick-wall quantum circuit depth d [Fig. 3.3(a)]
for a system of N = 40 spins, varying MPO ansatz bond dimensions D, with depo-
larizing noise rates of (a) p = 3%, (b) p = 5%, (c) p = 10%, and (d) p = 20%.
Two-qubit unitaries in the brick-wall circuit are chosen to be exp(−iθX ⊗ X) with
θ = 0.1 and single-qubit unitaries are independently Haar random. Grey dashed line
indicates G.S. energy, grey shaded area indicates region of trivial bounds (less than
G.S. energy), blue dashed line indicates energy of the completely mixed state 1/2N .
The y-axis is scaled by a constant multiplicative factor in the trivial region for visual
clarity. The Hamiltonian is shifted and scaled such that its spectrum is in [0, 1].

circuits designed to prepare the ground state of a commuting local Hamiltonian (see

figure caption for details). The plots in Fig. 3.4 show the bounds for MPO ansatzes

with different bond dimensions D plotted against the circuit depth d for circuits with

noise rates p = 3% [Fig. 3.4(a)], p = 5% [Fig. 3.4(b)], p = 10% [Fig. 3.4(c)], and

p = 20% [Fig. 3.4(d)]. However, for the lowest noise rate p = 3%, the circuit dual
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Figure 3.5: Trace purity-based dual bounds (h(σ⃗h,D) in Eq. 3.8) for a 1D system of
N = 32 spins, the same target Hamiltonian as considered for the results in Fig. 3.3
(see description of Hamiltonian in caption of Fig. 3.3), and brick-wall quantum circuits
[Fig. 3.3(a)] where two-qubit unitaries are chosen to be exp(−iθX ⊗X) and single-
qubit unitaries are independently Haar random. Plots show dual bounds as a function
of noise rate p and circuit parameter θ for circuit depth d = 25 and bond dimensions
(a) D = 32 and (b) D = 64. The Hamiltonian is shifted and scaled such that its
spectrum is in [0, 1].

bounds at intermediate depths are trivial i.e. lower than the ground state energy of

H — this can be attributed to the fact that the intermediate depth regime is the

regime where the MPO ansatz is least representative. For shorter depths, the bond

dimension of the Heisenberg picture operator would have not grown very much while

for very long depths, the action of the depolarizing noise reduces the bond dimension

of the Heisenberg picture operator.

Figure 3.4 also compares the trace purity-based dual bound to the information content-

based bound. However, since the duality-based bound is exactly computable on a

classical computer, to make a fair comparison we need to use a certifiable method

for computing the information-content based bound. In particular, using Lagrangian

duality, the information content-based bound can be reframed in terms of the Gibbs

free energy of the problem Hamiltonian i.e.

ℓI = minimize
ρ:I(ρ)≤N(1−p)d

Tr(Hρ)

= maximize
λ≥0

λSd +G(H, λ), (3.12)
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Figure 3.6: (a) Schematic of quantum circuits considered for 2D spin systems on
a square lattice: colored boxes indicate unitaries and grey circles depolarizing noise.
Each unitary layer consists of two-qubit unitaries exp(−iθX⊗X) (blue boxes) followed
by independently Haar random single-qubit unitaries (green boxes). The first d/2
layers serve to increase the entanglement in the state. The remaining layers invert
the action of the previous d/2 such that, in the absence of noise, the output of the
circuit is the ground state of H = −∑⟨i,j⟩ ZiZj where Zi is the Pauli-Z operator

for the ith spin and ⟨i, j⟩ indicates nearest-neighbors. (b) Circuits considered have a
brick-wall structure: two-qubit unitary layers cycle between gates on odd horizontal
edges (U1), even horizontal edges (U2), odd vertical edges (U3), and even vertical
edges (U4). Single-qubit gates (Us) are applied on every qubit after every two-qubit
gate layer. (c) Structure of the MPO considered for 2D spin systems: yellow squares
indicate tensors at each site in the 2D lattice and lines emerging from them indicate
tensor indices. Horizontal lines indicate bond indices with dimension D and diagonal
lines indicate physical indices.

where Sd = N −N(1− p)d and G(H, λ) = −λ log Tr exp(−H/λ) is the Gibbs free en-

ergy of H at temperature λ. However, since H is generally a many-body Hamiltonian,

an accurate evaluation of G(H, λ) can only be guaranteed at sufficiently high tem-

peratures [121]. Thus, instead of evaluating the bound ℓI in Eq. 3.12, we introduce a

lower bound λc on the temperature λ and evaluate

ℓIλc
= maximize

λ≥λc

λSd +G(H,λ), (3.13)

For spatially local Hamiltonians, λc can be chosen depending on the norms of the

local terms in the Hamiltonian, the dimensionality of the lattice, and the interaction

range. In our calculations, we make the choice of λc = 8e3 — this is based on Ref. [121]
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Figure 3.7: Trace purity-based dual bounds (h(σ⃗h,D) in Eq. 3.8) for the ground state
energy of the target Hamiltonian H as a function of noise rate p and circuit parameter
θ for a system of N = 36 spins arranged in a 6× 6 lattice, circuit depth d = 32 and
MPO bond dimensions (a) D = 64 and (b) D = 362. The Hamiltonian is shifted and
scaled such that its spectrum is in [0, 1].

which, to the best of our knowledge, provides the only rigorous algorithm that works

for evaluating G(H,λ) at temperatures above λc.

We see from Fig. 3.4 that the dual provides a tighter lower bound on the output than

the bound based on just the information content of the output state. The information

content-based bounds shown in Fig. 3.4 are also trivial (i.e. lower than the ground-

state energy) for intermediate and short depths — this is due to the temperature

lower bound that needs to be introduced to ensure computability of the Gibbs free

energy. We also observe that the separation between the information content-based

and circuit dual bounds increases with the bond dimension D as the MPO ansatz

becomes more expressive with increasing bond dimension. In the limit of large circuit

depth at non-zero depolarizing noise rates, the state of the circuit approaches the

completely mixed state, and we observe that both bounds also approach the energy

corresponding to the completely mixed state.

Finally, we demonstrate that the dual bounds are able to capture the extent of entan-

glement being generated in a circuit. In the brick-wall quantum circuits we consider,

the two-qubit gates in the circuit exp(−iθX ⊗ X) are parametrized by an angle θ

which controls the entanglement being produced — for example, at θ = 0, π/2, there

is no entanglement at all. Fig. 3.5 shows the bounds as a function of the angular
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parameter θ and the noise rate p, for constant bond dimensions D and circuit depths

d, for a 1D system of N = 32 spins and Fig. 3.7 shows the same for a 2D system of

N = 36 spins in a 6 × 6 lattice. For the 2D system, we consider the MPO ansatz

to have a ‘snake-like’ bond structure on the 2D lattice [Fig. 3.6] — such a snake-like

structure is a numerically convenient approach for performing TEBD for 2D systems.

This ansatz is useful for moderate system sizes but due to gates along the vertical

edges of the lattice the bond dimension required grows rapidly. For larger system

sizes, we expect that a tensor network ansatz that matches the architecture of the

circuit [122, 123, 124] would give better bounds. For both the 1D and 2D systems,

the target Hamiltonians are shifted and scaled such that the ground state energies

are zero and any bounds lower than zero are considered trivial and represented as

zero in the plots — the black regions in the plots thus correspond to trivial bounds.

We observe that, near θ = 0, π/2, where the entanglement is small, the MPO ansatz

of constant bond dimension used for the bounds is able to capture it and we obtain

non-trivial bounds for small noise rates p ≈ 6%. For values of θ away from these lim-

its, the region of triviality is larger but non-trivial dual bounds can still be obtained

for higher noise rates.

3.4 Using duality with information content

In the previous sections, we have investigated the impact of noise using the trace

purity as a measure of the mixedness in the noisy circuit. The trace purity-based

dual function Eq. 3.8 contains terms with Frobenius norms
√

Tr(H2
t ) which, in the

worst case, could grow exponentially with the system size N . Hence, the trace purity-

based dual tends to become trivial in the limit of large system size and intermediate

circuit depths. An alternative better conditioned purity measure is the information

content based on the Von-Neumann entropy, I(ρ) = N − S(ρ) = N + Tr(ρ log2(ρ)).

In this section, we formulate a duality-based bound using the information content as

a purity measure. However, as we illustrate below, the duality bound here is harder

to compute than the one based on trace-purity for general spin model — to still

gauge the efficacy of this bound, we numerically study in the simpler but physically



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 50

relevant case of Gaussian fermions. While our results are suggestive that using the

information-content based bounds could be useful for spin models, the associated

dual function is harder to compute classically — we leave it as an open problem to

develop classical algorithms to compute informative bounds using this strategy for

spin models.

Considering the information content, the free energy defined in Eq. 3.7b becomes the

Gibbs free energy with an offset,

FS,P (H,λ) = inf
ρ⪰0,Tr(ρ)=1

(
Tr[Hρ] + λI(ρ)

)
,

= Nλ+ inf
ρ⪰0,Tr(ρ)=1

(
Tr(Hρ)− λS(ρ)

)
,

= Nλ− λ log Tr exp (−H/λ) , (3.14)

which together with Eq. 3.7 yields,

g̃(σ⃗, λ⃗) = −Tr[ρ0E†
1(σ1)]

+
d∑

t=1

(
− λt log Tr exp (−Ht/λt) + λt(N − It)

)
, (3.15)

where It = N(1 − p)t is the analytical bound on the information content under

depolarizing noise defined in Lemma 1.

To benchmark the performance of the information content-based dual, we consider

Gaussian fermionic systems where the dual function Eq. 3.15 can be computed ex-

actly. We study N fermions arranged on a lattice and choose H to be a quadratic

Hamiltonian,

H = i
∑

α,α′,x,x′

hα,α
′

x,x′ c
α
xc

α′
x′ ,

where c1x, c
2
x are the Majorana operators for the fermion at point x on the lattice,

and hα,α
′

x,x′ are real numbers specifying H. We additionally assume the unitaries in

the circuit that prepares the ground state of H from an initial vacuum state to be

Gaussian unitaries.
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Figure 3.8: Schematic of SSH model quadratic fermionic Hamiltonians with alternat-
ing hopping strengths in 1D and 2D.

Since both Gaussian unitaries and the depolarizing channel map a quadratic Her-

mitian operator to another quadratic Hermitian operator, Proposition 1 indicates

that the dual function is maximized for σt which themselves are quadratic Hermitian

operators. This motivates the following ansatz for σt

σt = i
∑

α,α′,x,x′
d(x,x′)≤r

sα,α
′

x,x′;tc
α
xc

α′
x′ ,

for real sα,α
′

x,x′;t. In our study, we restrict σt to be local operators with interaction

range r while maximizing g(σ⃗, λ⃗) to obtain the lower bound — when r ∼ lattice

size, we expect to obtain the best possible lower bound but since the ansatz always

includes the point σ⃗ = 0, we expect from Proposition 2 to obtain a bound better

than that predicted by only considering the information content of the output state,

even for small r. Choosing σt to be quadratic Hermitian operators allows for exact,

classically efficient computation of the Gibbs free energy terms in the dual function

and, furthermore, even the circuit output can be computed exactly by considering

the covariance matrix describing the state — see appendix B for details. We obtain

bounds by maximizing g(σ⃗, λ⃗) through a gradient-based local optimization algorithm

(L-BFGS-B), starting from the initial point where σt are chosen to be the Heisenberg

picture evolution of −H, but projected on to the space of quadratic fermionic Hamil-

tonians with interaction range r after each time step — much like the compression

into MPOs of bond dimension D in Eq. 3.9.
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Figure 3.9: Comparison of information content-based dual bounds with and without
circuit constraints, and the output energies of noisy Gaussian circuits for systems
consisting of (a) N = 48 fermions arranged in a 1D lattice, (b) N = 49 fermions
arranged in a 7× 7 2D lattice. Dual bounds are shown for ansatzes with varying in-
teraction range r. The horizontal axis represents the depth d of a Gaussian brick-wall
circuit that outputs the ground state of the SSH model. Fermions are independently
subject to depolarizing noise with probability p = 5% after every unitary layer. The
Hamiltonians are shifted and scaled such that their spectrum is in [0, 1].

Figure 3.9 shows a numerical study of the bounds that we obtain — we consider sys-

tems with∼ 50 fermions arranged both on 1D [Fig. 3.9(a)] and 2D lattices [Fig. 3.9(b)]

and experiencing depolarizing noise at a rate of 5%. H is chosen to be a SSH model,

nearest neighbor Hamiltonian with alternating hopping strengths [Fig. 3.8]. For the

1D benchmarks, we choose

H =
∑
x

(
va,ba

†
xbx + vb,ab

†
xax+1 + h.c.

)
, (3.16a)

and for 2D benchmarks, we choose

H =
∑
x,y

( ∑
p,q∈

{(a,b),(e,f)}

(
vp,qp

†
x,yqx,y + vq,pq

†
x,ypx+1,y + h.c.

)

+
∑
p,q∈

{(a,e),(b,f)}

(
vp,qp

†
x,yqx,y + vq,pq

†
x,ypx,y+1 + h.c.

))
, (3.16b)



CHAPTER 3. PERFORMANCE BOUNDS ON QUANTUM CIRCUITS 53

where we choose va,b = vef = vx, vb,a = vf,e = wx, va,e = vb,f = vy and ve,a = vf,b = wy.

For the numerical studies shown in Fig. 3.9, H is shifted and scaled such that the

ground and highest excited state energies are zero and one, respectively. We consider

circuits of depth d consisting of two-mode Gaussian unitaries arranged in a brick-

wall layout, where the first d/2 layers are composed of randomly generated two-mode

Gaussian unitaries that serve to increase the entanglement in the state. The remaining

layers invert the action of the previous d/2 such that, in the absence of noise, the

output state is the initial state, which is chosen to be the ground state of H. In

Fig. 3.9, for comparison, we also include the exact output of the noisy Gaussian

circuit, as well as the bound obtained by neglecting the circuit constraints and only

considering the information content of the output state. As expected, we find that on

accounting for the circuit constraint, we obtain bounds that are more representative

of the output. We also observe that the dual bounds get closer to the output as the

dual ansatz’s interaction range r increases, since the ansatz becomes more expressive.

3.5 Conclusion

We demonstrated a method to rigorously lower bound the performance of any given

quantum circuit subject to a constant rate of depolarizing noise. We achieved this by

constructing a Lagrangian dual specific to the circuit, which takes into consideration

not only the decreasing purity of the state through the circuit due to noise, but also

the details of the gates in the circuit, allowing the study of the effect of entanglement

generation in the circuit that can worsen the detrimental effects of noise. We presented

numerical studies in spin systems and showed that it is possible to efficiently calculate

circuit-specific lower bounds that are tighter than bounds obtained by just considering

the information content of the output state. We provided an interpretation of the

trace purity-based dual evaluated at dual variables obtained from time-evolving block

decimation (TEBD) in the Heisenberg picture in terms of the compression errors. We

showed that the dual can be formulated in terms of the information content instead

of trace purity — we computed information content-based circuit dual bounds for

Gaussian fermionic systems where the Gibbs free energy can be computed exactly.



Chapter 4

Point-coupling Hamiltonian for

frequency-independent linear

optical devices

We propose a Hamiltonian that can model an arbitrary frequency-independent linear

optical device acting on propagating optical modes. The Hamiltonian assumes that

the optical modes couple to each other at a single-point in space — we therefore call it

the point-coupling Hamiltonian. For a given frequency-independent classical scatter-

ing matrix implemented by the linear optical device, we provide a recipe to construct a

point-coupling Hamiltonian describing the device. We formally integrate the Heisen-

berg equations of motion for the point-coupling Hamiltonian, and use the resulting

solution to calculate its quantum scattering matrix [125, 126, 127]. It is shown that

an application of the quantum scattering matrix on an incoming quantum state is

equivalent to applying the inverse of the classical scattering matrix on the annihilation

operators of the optical modes in the incoming quantum state, thereby reproducing

the commonly used procedure for analyzing the quantum physics of linear-optical

devices. We also ‘diagonalize’ the point-coupling Hamiltonian to calculate its nor-

mal modes — this provides a connection between the Hamiltonian presented and the

quantization approach described in Ref. [128]

54
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Finally, in order to demonstrate the utility of the point-coupling Hamiltonian pro-

posed, we use it to rigorously derive and implement a matrix-product-state (MPS)

[129, 42] based update to simulate time-delayed feedback systems with linear optical

devices providing feedback [39, 40]. Time-delayed feedback systems typically have

a low-dimensional quantum system, such as a two-level system, coupling to a well-

defined optical mode and the emission from the quantum system is used to re-excite

the quantum system via a feedback path. The feedback path can be constructed

using a linear-optical device such as a mirror, or using another quantum system.

Time-delayed feedback systems possibly provide a platform for generation of highly

entangled states for quantum computation [130, 131], quantum simulation [132] as

well as implementation of quantum memories using long-lived bound states [133].

MPS based simulations of such systems were proposed in Ref. [39], although the for-

mulation relied on hard boundary conditions e.g. it assumed that the feedback to the

quantum system was provided by an ideal mirror. Using the point-coupling Hamil-

tonian, we outline a method to extend the MPS based simulation of this system to

account for the situation wherein the mirror is described by a scattering matrix, and

thus enable an analysis of the impact of non-ideality in the mirror on the dynamics

of the feedback-system. We expect the point-coupling Hamiltonian proposed to be

of utility in analyzing quantum systems with complicated linear optical devices that

can only be described by a full scattering matrix, and cannot be well-approximated

by hard boundary conditions.

4.1 Point-coupling Hamiltonian

4.1.1 Dynamics in the Heisenberg picture

Consider N propagating optical modes (which can physically be waveguide modes,

or collimated optical beams) interacting with each other through a linear-optical

device (Fig. 4.1). Note that optical modes that are identical but for the direction

of propagation are counted as separate modes. Labelling by an(ω) the annihilation
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Linear optical 
device

Figure 4.1: Schematic of a linear optical device acting on N optical modes. The
frequency-domain and position-domain annihilation operator fo the nth optical mode
are denoted by an(ω) and an(xn) respectively where xn is the position of the point
under consideration in the coordinate system attached to the nth optical mode (note
that we each optical mode to, in general, have its own independent coordinate system
with the linear optical device being at xn = x0n in the coordinate system of the nth

optical mode.).

operator of the nth optical mode at frequency ω, we propose the following Hamiltonian

for describing the dynamics of the system:

H =
N∑

n=1

∫ ∞

−∞
ωa†n(ω)an(ω)dω +

N∑
n=1

N∑
m=1

Vn,ma
†
n(x

0
n)am(x

0
m), (4.1)

where an(xn) is the position-domain annihilation operator for the nth optical mode

at coordinate xn along its direction of propagation:

an(xn) =

∫ ∞

−∞
an(ω)e

iωxn
dω√
2π
. (4.2)

Here the position xn is expressed in units of time such that the group velocity, assumed

to be frequency independent and uniform across all the optical modes, is unity. The

coordinate of the linear-optical device along the direction of propagation of the nth

optical mode is x0n. Note that we allow for the coordinate xn for different optical modes

to be expressed in different coordinate systems — in general, each optical mode can

have its own coordinate system with the x axis of the coordinate system being along

its direction of propagation. For e.g. the x axis for a forward propagating mode will
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be in a direction opposite to the x axis for a backward propagating mode, or modes

waveguides oriented in physically different directions will have differently oriented

coordinate systems. We note that an(ω), and consequently an(xn), satisfy the usual

bosonic commutation relations: [an(ω), a
†
m(ω

′)] = δn,mδ(ω − ω′), [an(ω), am(ω′)] =

0, [an(xn), a
†
m(x

′
m)] = δn,mδ(xn − x′n) and [an(xn), am(x

′
m)] = 0. Moreover, as a

consequence of the Hermiticity of H, the coupling coefficients Vk,m satisfy Vn,m =

V∗
m,n.

The dynamics of this Hamiltonian can be easily analyzed using the Heisenberg’s

equations of motion, which are given by:

i
dan(ω; t)

dt
= ωan(ω; t) +

N∑
m=1

Vn,m√
2π
am(x

0
m; t)e

−iωx0
n ∀ n ∈ {1, 2 . . . N}. (4.3)

As is shown in appendix E, these equations can easily be integrated to relate the

position-domain annihilation operators at time t = t0+ τ and displaced by a distance

x ∈ (−∞,∞) from the linear optical device to the position-domain annihilation

operators at time t = t0:
a1(x

0
1 + x; t0 + τ)

a2(x
0
2 + x; t0 + τ)

...

aN(x
0
N + x; t0 + τ)

 =

[
I− iV

(
I+

iV

2

)−1

Θ(0 ≤ y ≤ τ)

]

a1(x

0
1 + x− τ ; t0)

a2(x
0
2 + x− τ ; t0)

...

aN(x
0
N + x− τ ; t0)

 ,
(4.4)

where V is a N×N Hermitian matrix formed by Vm,n as its elements, I is the identity

matrix of size N and Θ(x1 ≤ x ≤ x2) is defined by:

Θ(x1 ≤ x ≤ x2) =


1 if x ∈ (x1, x2)

0 if x ∈ (−∞, x1) ∪ (x2,∞)

1
2

if x ∈ {x1, x2}

. (4.5)
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To intuitively interpret the result in Eq. 4.4, note that if y < 0, then the position-

domain annihilation operator at t = t0 + τ is simply a propagated version of itself at

t = t0. This is a simply a consequence of the physical points described by x < 0 lying

before the linear optical device along the propagation direction, and consequently

being unaffected by scattering from the linear-optical device. This situtation is the

same for x > τ , since the scattered light from the linear-optical device has not had

sufficient time to propagate to the points in question from the location of the linear

optical device (i.e. from x = 0). For 0 < x < τ , the optical mode annihilation

operator at t = t0 + τ is a sum of a propagated version of itself and contributions

from other optical modes as scattered by the linear optical device, and Eq. 4.4 can

be simplified to: 
a1(x

0
1 + x; t0 + τ)

a2(x
0
2 + x; t0 + τ)

...

aN(x
0
N + x; t0 + τ)

 = S


a1(x

0
1 + x− τ ; t0)

a2(x
0
2 + x− τ ; t0)

...

aN(x
0
N + x− τ ; t0)

 , (4.6)

where

S = I− iV

(
I+

iV

2

)−1

=

(
I− iV

2

)(
I+

iV

2

)−1

. (4.7)

Since S relates the optical mode annihilation operators before and after scattering

from the linear optical-device has occurred, it can be interpreted as the classical

scattering matrix corresponding to the linear optical-device. It can readily be verified

that a consequence of V being Hermitian is that the matrix S is unitary. Moreover,

if S has the diagonalization S = U diag
[
eiϕ
]
U†, it follows from Eq. 4.7 that:

V = −U diag

[
2 tan

(
ϕ

2

)]
U†. (4.8)

Therefore, given the classical matrix S of a linear-optical device, Eq. 4.8 allows us

to construct the matrix V and by extension the point-coupling Hamiltonian that

can model the device. As examples, we consider some commonly used linear optical
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(a) (c)

(b)

Figure 4.2: Schematic figures showing the action of (a) phase-shifter with imparted
phase φ acting on a optical mode denoted by a, (b) beam-splitter with parameters
(θ, φ) acting on optical modes denoted by a1 and a2 and (c) an optical circulator
designed acting on optical modes a1, a2 and a3. The relationship between the input
and output signals of the linear-optical device are also shown in the diagrams.

devices (Fig. 4.2) and construct the point-coupling Hamiltonians that describe their

dynamics:

(a) Phase shifter : The classical scattering matrix S of the phase-shifter [Fig. 4.2(a)]

is a single-element matrix: S = [eiφ]. From Eq. 4.8, we obtainV = [−2 tan(φ/2)].

The Hamiltonian for the phase shifter can thus be written as:

Hphase-shifter =

∫ ∞

−∞
ωa†(ω)a(ω)dω − 2 tan

(
φ

2

)
a†(x = 0)a(x = 0), (4.9)

where a(ω) [a(x)] is the frequency-domain (position-domain) annihilation oper-

ator for the optical mode that the phase-shifter is acting on.

(b) Beam-splitter : The beam-splitter [Fig. 4.2(b)] is described by the following

classical scattering matrix:

S =

[
cos θ sin θ eiφ

− sin θ e−iφ cos θ

]
. (4.10)
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Again, using Eq. 4.8, we obtain

V =

[
0 2i tan(θ/2) eiφ

−2i tan(θ/2) e−iφ 0

]
, (4.11)

from which we can construct the beam splitter Hamiltonian:

Hbeam-splitter =
∑

k∈{1,2}

∫ ∞

−∞
ωa†k(ω)ak(ω)dω +

[
2i tan

(
θ

2

)
eiφa†1(x1 = 0)a2(x2 = 0) + h.c.

]
,

(4.12)

where a1,2(ω) [a1,2(x1,2)] are the frequency-domain (position-domain) annihila-

tion operators for the optical modes that the beam-splitter is acting on.

(c) Optical circulator : The optical circulator [Fig. 4.2(c)] routes an excitation in

optical mode 1 to optical mode 2, optical mode 2 to optical mode 3 and optical

mode 3 to optical mode 1. It can thus be described by the following 3 × 3

classical scattering matrix:

S =


0 1 0

0 0 1

1 0 0

 , (4.13)

and therefore

V =


0 2i −2i

−2i 0 2i

2i −2i 0

 , (4.14)
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from which we can construct the optical circulator Hamiltonian:

Hcirculator =
∑

k∈{1,2,3}

∫ ∞

−∞
ωa†k(ω)ak(ω)dω

+

[ ∑
k∈{1,2,3}

2ia†k(xk = 0)ak+1(xk+1 = 0) + h.c.

]
, (4.15)

where a1,2,3(ω) [a1,2,3(x1,2,3)] are the frequency-domain (position-domain) anni-

hilation operators for the optical modes that the optical circulator acts on, and

a4(ω)/a4(x4) is to be interpreted as a1(ω)/a1(x1).

4.1.2 Quantum scattering matrix of the point-coupling Hamil-

tonian

While the previous subsection analyzed the point-coupling Hamiltonian in the Heisen-

berg picture, in this subsection we analyze its dynamics in the Schroedinger picture.

In particular, we consider the problem of exciting the linear-optical device with an

input state, and attempt to calculate the output state produced by the device.

The key object relating the input state (assumed to be the asymptote [134] to the

system at t → −∞) of the system to its output state (assumed to be the asymptote

[134] to the state of the system at t→ ∞) is the quantum [134]:

S = lim
t+→∞
t−→−∞

eiH0t+e−iH(t+−t−)e−iH0t− , (4.16)

where H0 is the Hamiltonian of the optical modes without accounting for the linear-

optical device:

H0 =
N∑
k=1

∫ ∞

−∞
ωa†k(ω)ak(ω)dω. (4.17)

Consider now the computation of the following K photon matrix element of the

scattering matrix (x ≡ {x1, x2 . . . xK}, x′ ≡ {x′1, x′2 . . . x′K}, µ = {µ1, µ2 . . . µK} and
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µ′ = {µ′
1, µ

′
2 . . . µ

′
K}):

S(x,µ;x′,µ′) = ⟨vac|
[ K∏

i=1

aµi
(xi)

]
S
[ K∏

i=1

a†µ′
i
(x′i)

]
|vac⟩. (4.18)

Note that the relations exp(−iH0t)ak(xk) exp(iH0t) = ak(xk + t) and

exp(iHt)ak(xk) exp(−iHt) = ak(xk; t) together with H0|vac⟩ = H|vac⟩ = 0 imme-

diately imply the following relationship between the scattering matrix element in

Eq. 4.18 and the Heisenberg picture optical mode position-domain annihilation oper-

ators:

S(x,µ;x′,µ′) = lim
t+→∞
t−→−∞

⟨vac|
[ K∏

i=1

aµi
(xi + t+; t+)

][ K∏
i=1

a†µ′
i
(x′i + t−; t−)

]
|vac⟩. (4.19)

Using Eq. 4.4, and in the limit of t+ → ∞ and t− → −∞, it follows that :

aµi
(xi + t+; t+) =

N∑
νi=1

Sµi,νiaνi(xi − x0µi
+ x0νi + t−; t−), (4.20)

where Si,j are the elements of the classical scattering matrix S. With this, the

following explicit expression for S(x,µ;x′,µ′) as given by Eq. 4.19 can be obtained:

S(x,µ;x′,µ′) =
∑
PK

K∏
l=1

Sµl,PKµ′
l
δ
(
(xl − x0µl

)− (PKx
′
l − x0PKµ′

l
)
)
, (4.21)

where PK is a K element permutation. It can immediately be noticed that the

quantum scattering matrix elements are completely determined in terms of the clas-

sical scattering matrix elements Si,j. From Eq. 4.21, we can also evaluate the fre-

quency domain scattering matrix elements S(ω,µ;ω′,µ′) (ω = {ω1, ω2 . . . ωK}, ω′ =
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{ω′
1, ω

′
2 . . . ω

′
K}, µ = {µ1, µ2 . . . µK} and µ′ = {µ′

1, µ
′
2 . . . µ

′
K}):

S(ω,µ;ω′,µ′) =

∫
RK

∫
RK

S(x,µ;x′,µ′)

[ K∏
l=1

ei(ω
′
lx

′
l−ωlxl)

2π

]
dKx dKx′ (4.22)

=
∑
PK

K∏
l=1

SPKµl,µ
′
l
e
−iωl

(
x0
PKµl

−x0
µ′
l

)
δ(PKωl − ω′

l). (4.23)

Note that the frequency domain scattering matrix doesn’t have any connected parts

[126] i.e. scattering of aK photon wave-packet from the linear optical device conserves

the individual input frequencies. This is a direct consequence of the ‘linearity’ of the

optical device. To gain more insight into the form of the scattering matrix in Eqs. 4.21

and 4.22, consider the calculation of the output state corresponding to a K-photon

input state |ψin⟩:

|ψin⟩ =
∑
µ

∫
RK

ψin(ω,µ)

[ K∏
l=1

a†µl
(ωl)

]
|vac⟩dKω, (4.24)

where the amplitude ψin(ω,µ) can be chosen, without any loss of generality, to

be symmetric with respect to a simultaneous permutation of the indices µ and ω:

ψin(ω,µ) = ψin(PKω,PKµ) ∀ K-element permutations PK . The output state is then

given by:

|ψout⟩ =
∑
µ

∫
RK

ψout(ω,µ)

[ K∏
l=1

a†µl
(ωl)

]
|vac⟩dKω, (4.25)

where ψout(ω,µ) is given by:

ψout(ω,µ) =
1

N !

∑
µ′

∫
RK

S(ω,µ;ω′,µ′)ψin(ω
′,µ′)dKω′. (4.26)

Assuming that the coordinate systems of the optical modes are chosen such that
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x0k = 0 ∀ k ∈ {1, 2 . . . N}, from Eqs. 4.22 and 4.26 we obtain:

ψout(ω,µ) =
1

N !

∑
µ′

∑
PK

[ K∏
l=1

Sµl,PKµ′
l

]
ψin(ω,PKµ

′). (4.27)

Therefore,

|ψout⟩ =
∑
µ

∫
RK

ψin(ω,µ)

[ K∏
l=1

ã†µl
(ωl)

]
|vac⟩ dKω, (4.28)

where ãi(ω) =
∑N

i=1 S
∗
j,iaj(ω). The application of the quantum scattering matrix of

a linear optical device to an input state is equivalent to replacing the annihilation

operators in the input state with S† times the annihilation operators. This is the

usual procedure used to analyze the impact of a linear optical element on an input

state [135], and our analysis derives it from a Hamiltonian based description of the

linear optical element and thus lends rigor to this procedure.

4.1.3 Normal modes of the point-coupling Hamiltonian

In this subsection, we diagonalize the point-coupling Hamiltonian and explicitly calcu-

late the normal modes of the linear-optical device. Given that the frequency-domain

annihilation operator of the nth normal mode is bn(ω), it should satisfy the following

commutation relations:

[bn(ω), H] = ωbn(ω), (4.29a)

[bn(ω), b
†
m(ω

′)] = δn,mδ(ω − ω′), (4.29b)

where H is the point-coupling Hamiltonian. Eq. 4.29a is a consequence of the Hamil-

tonian H being expressible as a sum of independent continua of harmonic oscillators

in the normal mode basis:

H =
N∑

n=1

∫ ∞

−∞
ωb†n(ω)bn(ω)dω, (4.30)
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and Eq. 4.29b is a result of the different normal modes being physically independent

modes. As is shown in appendix F, using Eqs. 4.29a and 4.29b, the normal mode

annihilation operators bn(ω) can be chosen to be:

bn(ω) =

∫ x0
n

−∞
e−iω(x−x0

n)an(xn)
dxn√
2π

+
N∑

m=1

S∗
m,n

∫ ∞

x0
m

e−iω(x−x0
m)am(xm)

dxm√
2π
, (4.31)

where Sn,m are the elements of the classical scattering matrix. To obtain a physical

interpretation of this result, consider creating a photon in the normal mode described

by bn(ω) and calculating its projection on the modes described by am(xm) — this

projection is given by the expectation ⟨vac|am(xm)b†n(ω)|vac⟩ which can be readily

evaluated using Eq. 4.31:

⟨vac|am(xm)b†n(ω)|vac⟩ =

eiω(xm−x0
m)δm,n if xm < x0m

eiω(xm−x0
m)Sm,n if xm > x0m

. (4.32)

This is exactly the same field profile that would be obtained on classically exciting

the linear optical device through the nth input port at frequency ω, and calculating

the fields scattered in all the output ports — the nth normal mode is simply the

continuum of quantum harmonic oscillators associated with this field profile.

Finally, Eq. 4.31 can be inverted to relate the annihilation operators an(x) to the

normal mode annihilation operators bn(ω) (refer to appendix F for details):

an(xn) =

∫ ∞

−∞

dω√
2π
eiω(xn−x0

n)

bn(ω) if xn > x0n∑N
m=1 Sn,mbm(ω) if xn < x0n

, (4.33)

where, again, we see that the modes described by an(x) are identical to the normal

modes at points before the linear-optical device (i.e. xn < x0n in Eq. 4.33) and

their linear combination at points after the linear-optical device. Eqs. 4.31 and 4.33

thus provides a connection between the point-coupling Hamiltonian for linear-optical

device and a direct quantization of the normal modes of the device [128].
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Figure 4.3: Schematic figure of the time-delayed feedback system. A two-level sys-
tem with de-excitation operator σ couples to a waveguide which supports both for-
ward propagating and backward propagating waveguide modes with frequeny-domain
(position-domain) annihilation operators a+(ω) and a−(ω) (a+(x+) and a−(x−)) re-
spectively. A mirror, modelled as a beam-splitter on the forward and backward
propagating waveguide mode with parameters (θ, φ), is located as x± = 0 and the
two-level system couples to both the waveguide modes at a distance td from the mirror.
The decay rates of the two-level system into the forward and backward propagating
waveguide modes are denoted by γ+ and γ− respectively. Finally, we also consider the
dynamics of this system when the two-level system is driven by an external laser pulse
— Ω(t) denotes the complex amplitude of the laser pulse that drives the two-level
system.

4.2 Matrix-product-state based simulations of time-

delayed feedback systems

In this section, we use the point-coupling Hamiltonian proposed in the section 4.1 to

develop an MPS update for a two-level system coupled to a waveguide with a partially

transmitting mirror. Using the formulated MPS update, we study the impact of the

less than unity reflectivity of the mirror on the dynamics of the time-delayed feedback

system.

The system under consideration is a two-level system with a time-delayed feedback

shown in Fig. 4.3. The Hamiltonian for this system can be expressed as a sum of a two-

level system Hamiltonian, waveguide Hamiltonian and the mirror Hamiltonian (which

is modeled as a point interaction between the forward and backward propagating

modes):

H(t) = HTLS(t) +Hwg +Hmirror +Hwg-TLS, (4.34)
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where HTLS(t) is the Hamiltonian of the two-level system including a coherent drive,

Hwg is the Hamiltonian describing the forward and backward propagating waveguide

modes, Hmirror is the Hamiltonian of the mirror providing feedback to the two-level

system and Hwg-TLS is the interaction Hamiltonian between the two-level system and

the two waveguide modes:

HTLS(t) = ωeσ
†σ + Ω(t)

(
σeiω0t + σ†e−iω0t

)
, (4.35a)

Hwg =
∑

k∈{+,−}

∫ ∞

−∞
ωa†k(ω)ak(ω)dω, (4.35b)

Hmirror = 2i tan

(
θ

2

)[
eiφa+(x+ = 0)a†−(x− = 0)− e−iφa−(x− = 0)a†+(x+ = 0)

]
,

(4.35c)

Hwg-TLS =
[√
γ+σ

†a+(x+ = td) +
√
γ−σ

†a−(x− = −td) + h.c.
]
. (4.35d)

Here σ is the de-excitation operator for a two-level system with resonant frequency

ωe, a+(ω) and a−(ω) are the frequency-domain annihilation operators for the forward

and backward propagating waveguide modes respectively and a+(x+) and a−(x−) are

the position-domain annihilation operators for the forward and backward propagating

waveguide modes respectively. Note that the x-axis for the coordinate systems for

the forward and backward propagating waveguide modes are chosen to be in their

direction of propagation with the same origin. A mirror, modeled with a beam splitter

Hamiltonian between the forward and backward propagating waveguide modes with

parameters (θ, φ), is located at x± = 0. The two-level system interacts with the

waveguide (with a decay rate γ+ into the forward propagating waveguide mode and

γ− into the backward propagating waveguide mode) at a distance of td from the

mirror — this corresponds to the point with coordinates x+ = td and x− = −td in

the coordinate systems of the forward and backward propagating waveguide modes.

Furthermore, the two-level system is driven with a laser pulse at frequency ω0 and

pulse-shape Ω(t).

We first go into a frame rotating as per the Hamiltonian H0 = ω0σ
†σ+Hwg+Hmirror.
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In this frame, the state of the system evolves as per the Hamiltonian H̃(t):

H̃(t) = δeσ
†σ + Ω(t)σx +

(√
γ+σ

†a+(x+ = td; t)e
iω0t +

√
γ−σ

†a−(x− = −td; t)eiω0t + h.c.
)
,

(4.36)

where δe = ωe − ω0 and a±(x± = ±td; t) are the Heisenberg picture operators corre-

sponding to a±(x± = ±td) with respect toH0 at time t, subject to the initial condition

a±(x± = ±td; t = 0) = a±(x± = ±td). From Eq. 4.4 and for t > 0, we obtain:

a+(x+ = td; t) = e−iω0(t−td)

A+(t) if t < td

A+(t) cos θ + eiφA−(t− 2td) sin θ if t > td
, (4.37a)

a−(x− = −td; t) = e−iω0(t+td)A−(t), (4.37b)

where we have defined the operators A±(t) via:

A±(t) =

∫ ∞

−∞
a±(ω)e

−i(ω−ω0)(t∓td)
dω√
2π
. (4.38)

An MPS update for the state of the system in the rotating frame with respect to H0

can now be framed using the procedure outlined in Ref. [39] — the first step is to

discretize the waveguide Hilbert space. Using a discretization step ∆t, we can define

the waveguide bin operators A±[k] in terms of the operators A±(t) via:

A±[k] =

∫ (k+1)∆t

k∆t

A±(t)
dt√
∆t
, (4.39)

which satisfy the commutation relations [A+[i], A
†
+[j]] = δi,j and [A−[i], A

†
−[j]] = δi,j.

The state of the entire system, including the waveguide and the two-level system, can

be represented by a matrix-product state with the two-level system corresponding to

the first site in the matrix product state, and the subsequent sites corresponding to

the waveguide bins. The Hilbert space of the kth waveguide bin is spanned by the

tensor product of the Hilbert spaces of the harmonic oscillators whose annihilation

operators are A+[k] and A−[k]. To compute the the state at t = k∆t from the state at
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t = (k+1)∆t, we act on the matrix product state with the unitary operator U [k+1, k]

defined by:

U [k + 1, k] = e−iH[k+1,k], (4.40)

where

H[k + 1, k] =

∫ (k+1)∆t

k∆t

H̃(t) dt

= δe∆t σ
†σ + Ωkσx +


σ†(√γ+∆t eiω0tdA+[k] +

√
γ−∆t e−iω0tdA−[k]

)
+ h.c. if k ≤ nd

σ†(√γ+∆t eiω0td
(
A+[k] cos θ + eiφA−[k − 2nd] sin θ

)
+
√
γ−∆te−iω0tdA−[k]

)
+ h.c. if k > nd

,

(4.41)

where nd = ⌊td/∆t⌋ and Ωk = Ω(k∆t)∆t. The application of U [k + 1, k] on the

matrix product state at time step k requires the implementation of a long-range gate,

since it acts on the site corresponding to the two-level system, the kth waveguide bin

and the (k − 2nd)
th waveguide bin. Following the approach introduced in Ref. [39],

we implement this long range gate using a sequence of swap operations [136] followed

by a short-range gate corresponding to U [k + 1, k] [137]. The update is implemented

using the tensor network state python library tncontract along with qutip [138].

We first validate our MPS update implementation against the implementation intro-

duced in Ref. [39] for an ideal mirror (i.e. θ = π/2). Fig. 4.4 shows a comparison

between the two implementation for two distinct settings — Fig. 4.4(a) in which the

emitter is initially prepared in its excited state and allowed to decay into the waveg-

uide without any external driving, and Fig. 4.4(b) in which the emitter is initially in

its ground state and then driven by an exponentially decaying pulse (Ω(t) = Ω0e
−αt).

We simulate both of these settings for different mirror phase φ— as is known in such

feedback systems with ideal mirrors, a properly chosen mirror phase can result in the

emitter not decaying completely into the waveguide mode, rather exciting the bound

state that exists between the emitter and the waveguide mode. We observe such

incomplete decay for φ = 0, and a complete decay of the emitter into the waveguide
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mode for other mirror phases. Moreover, the MPS update implementation presented

in this section agrees perfectly with the MPS update implementation introduced in

Ref. [39]. This perfect agreement can be analytically explained by considering the

normal modes of the point-coupling Hamiltonian describing the mirror (as described

in section 4.1.3). Using Eq. 4.31 for a perfect mirror (θ = π/2), the two normal modes

bL,R(ω) can be expressed in terms of a±(x) via:

bL(ω) =

∫ 0

−∞
a+(x+)e

−iωx+
dx+√
2π

− eiφ
∫ ∞

0

a−(x−)e
−iωx− dx−√

2π
, (4.42a)

bR(ω) =

∫ 0

−∞
a−(x−)e

−iωx− dx−√
2π

+ e−iφ

∫ ∞

0

a+(x+)e
−iωx+

dx+√
2π
. (4.42b)

Clearly, b†L(ω) only creates excitations to the left of the mirror (which do not interact

with the two-level system) while b†R(ω) only creates excitations to the right of the

mirror (which interact with the two-level system). Indeed, using Eq. 4.33, it can

easily be seen that the interaction Hamiltonian between the waveguide and the two-

level system (Hwg-TLS defined in Eq. 4.35d) can be entirely expressed in terms of

bR(ω):

Hwg-TLS =

∫ ∞

−∞

[(√
γ+σ

†ei(ωtd+φ) +
√
γ−σ

†e−iωtd
)
bR(ω) + h.c.

]
dω√
2π
, (4.43)

which is identical to the interaction Hamiltonian used in Ref. [39].

Next, we study the impact of the non-ideality (i.e. the mirror reflection being less

than 1) in the mirror on the dynamics of the feedback system. Changing the mirror

reflection is equivalent to changing the parameter θ describing the mirror. Fig. 4.5

shows the impact of θ on the dynamics of the feedback system. Again, we simulate

two different settings — Fig. 4.5(a) in which the emitter is initially prepared in its

excited state and allowed to decay into the waveguide without any external driving,

and Fig. 4.5(b) in which the emitter is initially in its ground state and then driven

by an exponentially decaying pulse (Ω(t) = Ω0e
−αt). We note that unlike the case of

an ideal mirror, having a less than unity reflectivity implies that there is no bound
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Figure 4.4: Validation of our MPS update implementation against the implementation
introduced in Ref. [39] for an ideal mirror (i.e. θ = π/2) for two simulation settings: (a)
Simulation of an undriven two-level system (Ω(t) = 0) which is initially in its excited
state for different mirror phases φ and (b) simulation of a two-level system initially
in its ground state and driven by an exponentially decaying pulse (Ω(t) = Ω0e

−αt for
t > 0) for different mirror phases φ. |ε(t)| is the probability amplitude of the two-
level system being in the excited state computed using |ε(t)|2 = ⟨σ†σ⟩. It is assumed
that γ+ = γ− = γ/2, δe = ωe − ω0 = 0, ω0td = π, γtd = 2 and α = 2γ. For the
discretization into an MPS, we use γ∆t = 0.05, and truncate the dimensionality of the
Hilbert space of each waveguide bin to 2 for both forward and backward propagating
modes. A threshold of 0.01 is used in all the Schmidt decompositions performed
while applying the swap gates and the short-range gates. Refer to appendix G for
convergence studies of the MPS simulations.

state that the emitter can decay into. Consequently, the emitter always decays to the

ground state — however, as is seen in Fig. 4.5, the decay rate can be controlled by

controlling the reflectivity of the mirror. While this seems reminiscent of the Purcell

effect, we note that even with a less than unity reflectivity, the emitter does not de-

cay exponentially into its ground state — this is a consequence of the non-Markovian

nature of the feedback system.

Finally, we point out that an alternative to using the point-coupling Hamiltonian

for analyzing the feedback system considered in this section is to directly formulate

the Hamiltonian using the normal modes of the mirror-waveguide system. Such a

formulation would also be able to capture the impact of the mirror reflectivity on the

dynamics of the two-level system if it was accounted for in the construction of the



CHAPTER 4. POINT-COUPLING HAMILTONIAN FOR LINEAR OPTICS 72

0 10 20 30 40 50
Time �t

0.0

0.2

0.4

0.6

0.8

1.0

|"(
t)

|

cos ✓ = 0.2

cos ✓ = 0.4

cos ✓ = 0.6

cos ✓ = 0.8

cos ✓ = 1.0

0 10 20 30 40 50
Time �t

0.00

0.02

0.04

0.06

0.08

0.10

|"(
t)

|

cos ✓ = 0.2

cos ✓ = 0.4

cos ✓ = 0.6

cos ✓ = 0.8

cos ✓ = 1.0

(a) (b)

Figure 4.5: Impact of mirror reflectivity on the dynamics of the time-delayed feedback
system for two simulation settings: (a) Simulation of an undriven two-level system
(Ω(t) = 0) which is initially in its excited state for different mirror reflectivities
cos θ and (b) simulation of a two-level system initially in its ground state and driven
by an exponentially decaying pulse (Ω(t) = Ω0e

−αt for t > 0) for different mirror
reflectivities cos θ. |ε(t)| is the probability amplitude of the two-level system being in
the excited state computed using |ε(t)|2 = ⟨σ†σ⟩. It is assumed that γ+ = γ− = γ/2,
δe = ωe−ω0 = 0, ω0td = π, γtd = 2, φ = 0 and α = 2γ. For the discretization into an
MPS, we use γ∆t = 0.05, and truncate the dimensionality of the Hilbert space of each
waveguide bin to 2 for both forward and backward propagating modes. A threshold
of 0.01 is used in all the Schmidt decompositions performed while applying the swap
gates and the short-range gates. Refer to appendix G for convergence studies of the
MPS simulations.

normal modes. The point-coupling Hamiltonian provides an alternative, and equiva-

lent (as shown in section 4.1.3), approach for modelling linear-optical devices. Apart

from the didactic importance of this result, we expect it to be of utility in under-

standing complicated feedback systems with multiple linear optical devices providing

feedback.

4.3 Conclusion

In summary, we have solved the problem of calculating the Hamiltonian for a frequency-

independent linear-optical device from its classical scattering matrix. It is shown

that an application of the quantum scattering matrix corresponding to the proposed
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Hamiltonian on an input state is equivalent to applying the inverse of the classical

scattering matrix of the linear-optical device on the annihilation operators in the input

state. We also diagonalize the point-coupling Hamiltonian and provide a connection

between the point-coupling Hamiltonian and the quantization of normal modes of

the linear-optical device [128]. Finally, we demonstrate the practical utility of the

proposed Hamiltonian by using it to rigorously formulate an MPS-based update for

a time-delayed feedback system wherein the linear-optical device providing feedback

is described by a full scattering matrix as opposed to a hard boundary condition.



Chapter 5

Conclusions and outlook

In this thesis, I have presented optimization and tensor network simulation based

computational solutions to surmount or understand certain obstacles on the path to

realizing quantum computation at scale.

First, I presented a strategy to inverse design the temporal shape of the driving field of

a quantum emitter ensemble-based microwave-to-optical single-photon transducer to

compensate for the effects of inhomogeneous broadening and improve efficiency, serv-

ing to enable quantum communication between superconducting quantum computers

over optical fibre networks. This design strategy is applicable to different physical

platforms including color centers or rare-earth ions in solid-state hosts. For future

work, the optimization-based design technique can be extended to ensembles that are

orders of magnitude larger by frequency-binning the randomly distributed transition

frequencies [139]. In some physical systems the transition frequencies of the emitters

can be modulated (for e.g., via Stark effect in VSi centers in SiC). Previous research

[140] has shown that direct modulation of the transition frequencies can also be used

to compensate for inhomogeneous broadening in a cavity-QED setting. It is expected

that optimization-based design for transducers can also be applied with the direct

modulation as the degree of freedom instead of the driving field.

Second, I described a numerical method, based on Lagrangian duality, to efficiently

compute rigorous lower bounds on the performance of any given quantum circuit sub-

ject to depolarizing noise. The computed bounds are dependent on the architecture
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of the specified circuit, and provide a way of determining the possibility of a quan-

tum computational advantage. This method opens the door to promising avenues of

future research. Larger-scale tensor-network numerics can allow the study of higher

dimensional circuits, with a number of qubits reaching state-of-the-art experiments.

Moreover, extensions of the method to continuous-time would better capture experi-

mental systems, and even allow the application of this method to understanding the

performance of quantum adiabatic algorithms [24]. Finally, the Lagrangian dual for-

mulation of lower bounds, apart from being a numerical tool, could also shed rigorous

theoretical insights in understanding resilience of quantum circuit architectures to

noise.

Finally, I described a method to analytically calculate the Hamiltonian given the

classical scattering matrix for an arbitrary frequency-independent linear optical de-

vice that couples optical modes at a single spatial location. I presented that such

a Hamiltonian model can be used to generalize tensor network-based simulations of

time-delayed feedback quantum optical systems to include arbitrary linear optical de-

vices. Thus, this method opens up the way to simulate more exotic feedback systems

in the future, possibly with use in realizing quantum computation, simulation and

memories.



Appendix A

Maximising transduction efficiency

through a homogeneous ensemble

For a homogeneous ensemble, as there are only two bright states {S†
+,1|G⟩, S†

−,1|G⟩}
that couple to the waveguides, the ensemble can be equivalently considered to be a

single emitter system with the coupling rates to the waveguides enhanced by N . The

effective Hamiltonian of the equivalent single-emitter system is,

Heq =

(
δµ −

i(Γ +Nγ)

2

)
S†
µ,1Sµ,1 +

(
δopt −

i(Γ +Nγ)

2

)
S†
opt,1Sopt,1 + Ω(S†

µ,1Sopt,1 +H. c.).

(A.1)

The transduction spectrum τ (ω) through this system is given by [20],

τ(ω) =
∑

s∈{+,−}

⟨G|LoptS
†
s,1|G⟩⟨G|Ss,1L

†
µ|G⟩

ω − Es,1

(A.2)

where E±,1 are the eigenvalues of Heq. Assuming δµ = δopt = 0, Eq. A.2 leads to,

|τ(ω)| = NγΩ

|(ω − E+,1)(ω − E−,1)|
(A.3)
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where E±,i =
(
− i(Γ+Nγ)

2
± Ω

)
. For |Ω| ≤ (Nγ + Γ) /2, |τ (ω) | peaks at ω = 0, with

|τ(0)| = NγΩ

Ω2 +
(
Nγ+Γ

2

)2 . (A.4)

Hence, |τ (0) | is maximised when Ω = (Nγ + Γ) /2 and in that case, |τ (0) | = Nγ
Γ+Nγ

.

We point out that when |Ω| ≫ (Nγ + Γ) /2, the transduction spectrum has two peaks

at ≈ ±Ω, with |τ (±Ω) | = Nγ
Γ+Nγ

. As high drive strengths can be experimentally un-

desirable, we use the constant drive of least strength that maximises the transduction

efficiency, i.e., Ω = (Nγ + Γ) /2, as the benchmark against which the optimized drives

are judged.



Appendix B

Hybridization of eigenstates of a

homogeneous ensemble with the

introduction of inhomogeneity

Consider the following separation of the effective Hamiltonian of an inhomogeneous

ensemble into a Hamiltonian representing a homogeneous ensemble (H0) and a per-

turbation term representing the inhomogeneity (V ),

Heff = H0 + λV (B.1)

H0 =
∑
i

[
−iΓ

2
σi†
µ σ

i
µ −

iΓ

2
σi†
optσ

i
opt

]
+
∑
i

Ω(σi†
µ σ

i
opt +H. c.)− i

2
L†
µLµ −

i

2
L†
optLopt

(B.2)

V =
∑
i

[
δiµσ

i†
µ σ

i
µ + δioptσ

i†
optσ

i
opt

]
. (B.3)

Defining, |E±,i⟩ = S†
±,i|G⟩, the eigenstates and eigenvalues of H0 are,
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H0|E±,1⟩ =
(
−i(Γ +Nγ)

2
± Ω

)
|E±,1⟩ (B.4)

H0|E±,i⟩ =
(
−iΓ

2
± Ω

)
|E±,i⟩, i ̸= 1 (B.5)

(B.6)

With the introduction of the perturbation, the first order correction to the eigenstate

|E+,(1)⟩ is,

|E+,1⟩ → |E+,i⟩+ λ
∑
i ̸=1,

s∈{+,−}

|Es,i⟩
⟨Es,i|V |E+,1⟩
Es,i − E+,1

+ λ|E−,1⟩
⟨E−,1|V |E+,1⟩
E−,1 − E+,1

. (B.7)

The second term in Eq. B.7 evaluates to zero and,

V |E+,1⟩ =
(
δ1µ + δ1opt

)
2

|E+,1⟩+
(
δ1µ − δ1opt

)
2

|E−,1⟩. (B.8)

Thus, the perturbation changes the eigenstate as,

|E+,1⟩ → |E+,1⟩ −
λ(δ1µ − δ1opt)

4Ω
|E−,1⟩. (B.9)

This indicates that the relevant frequency scale to compare the inhomogenous broad-

ening to is the drive strength Ω, which explains the variation of the superradiance

metric with cooperativity in the unoptimized case in Fig. 4a. The unoptimized

drive strength is chosen to be Ω(t) = (Nγ + Γ) /2 and as cooperativity is reduced by

increasing Γ, the unoptimized drive strength increases, whereas the inhomogeneous

broadening remains constant. Consequently, the hybridisation of the eigenstates away

from that of a homogeneous ensemble decreases and the superradiance metric is higher

on average.



Appendix C

Free fermion formulation

In this section, we describe our approach to numerical studies of Gaussian fermionic

systems. We describe the fermionic system model and how the energy of the state

at the output of the noisy circuit and the information content-based dual function

(3.15) can be efficiently calculated by utilizing covariance matrices and quadratic

Hamiltonian transformations.

C.0.1 Model

We consider N fermions arranged in a lattice and define for each lattice site x the

Majorana operators c1x, c
2
x as satisfying the following anti-commutation relations,

{c1x, c1x′} = {c2x, c2x′} = δxx′

{c1x, c2x′} = 0, ∀x, x′ ∈ lattice. (C.1)

We choose the target Hamiltonian H to be quadratic,

H = i
∑

α,α′,x,x′

hα,α
′

x,x′ c
α
xc

α′
x′ .
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Defining the operator valued vector,

c⃗ =
(
c11, c12, . . . , c1N , c21, c22, . . . , c2N

)T
, (C.2)

the target Hamiltonian can be written as H = i⃗c Thc⃗ where the matrix h specifying

the Hamiltonian H is real and anti-symmetric. The ground state energy of the target

Hamiltonian can be computed by diagonalization of its compact representation h

[141].

C.0.2 Calculation of the noisy circuit output

The output energy, with respect to the quadratic target Hamiltonian H, can be

computed from the covariance matrix of the state at the end of the circuit. We define

the covariance matrix of a state ρ as,

γα,α
′

x,x′ = iTr(ρ[cαx , c
α′
x′ ]), (C.3)

where [., .] denotes the commutator. The energy of a state ρ with respect to the target

Hamiltonian H is then [141],

Tr(ρH) = −Tr(hγ)

2
. (C.4)

The covariance matrix of the state after each instance of Gaussian unitary or noise

in the circuit can be calculated by evolving the covariance matrix γ0 of the vacuum

(γ0 can be analytically calculated [141]) using the following transformations,

1. Unitary: Any Gaussian unitary can be expressed as U = exp(−iHU), where

HU = i⃗c ThU c⃗ is the generating quadratic Hamiltonian, and it transforms the

covariance matrix of the state as [141],

γ → e2hUγe−2hU . (C.5)

2. Noise: Depolarizing noise with probability p acting on the fermion at lattice
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site x transforms the covariance matrix in the following manner [141, 142],

γ → pγ̃ + (1− p)γ, (C.6)

where the matrix γ̃ is obtained from the input covariance matrix γ by zeroing

out the rows and columns corresponding to the fermion at site x, i.e.,

γ̃α,α
′

x′,x′′ =

0, if x′ = x or x′′ = x

γα,α
′

x′,x′′ , else.
(C.7)

C.0.3 Calculation of the dual function

We choose the dual variables σ1, σ2, . . . , σd to be quadratic Hamiltonians, i.e. we

consider the following ansatz,

σt = i
∑

α,α′,x,x′
d(x,x′)≤r

sα,α
′

x,x′;tc
α
xc

α′
x′ = i⃗c T stc⃗, t ∈ {1, . . . , d},

where d(x, x′) is a distance measure between two lattice sites and the coefficients

sα,α
′

x,x′;t are real and can be arranged into an anti-symmetric matrix st. σt are thus local

Hamiltonians with interaction range r.

In order to evaluate the circuit dual function (3.15), we calculate the effect of the

circuit channels on the dual variables first, i.e. E†
t (σt). Each such channel is the

composition of a Gaussian unitary channel and the depolarizing channel and both the

unitary and noise channels map quadratic operators to quadratic operators. Hence,

the channel’s action can be expressed as a transformation of the compact Majorana

representation st of the dual variable σt using the following transformation rules,

1. Unitary: Any Gaussian unitary can be expressed as U = exp(−iHU), where

HU = i⃗c ThU c⃗ is the generating quadratic Hamiltonian. Conjugation of the

dual variable σt = i⃗c T stc⃗ by U transforms it into another quadratic operator
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σ̃t = UσtU
† = i⃗c T s̃tc⃗, with the transformed Majorana representation s̃t,

s̃t = e2hUste
−2hU . (C.8)

This transformation can be derived by expanding the conjugation using the

Baker-Campbell-Hausdorff formula eBAe−B = A+[B,A]+ 1
2!
[B, [B,A]]+ 1

3!
[B, [B, [B,A]]]+

. . ., and using the commutation relation,

[cα1
x1
cα2
x2
, cα3

x3
cα4
x4
] =− cα1

x1
cα3
x3
δα2,α4δx2,x4 + cα1

x1
cα4
x4
δα2,α3δx2,x3

− cα3
x3
cα2
x2
δα1,α4δx1,x4 + cα4

x4
cα2
x2
δα1,α3δx1,x3 . (C.9)

2. Noise: The noise channel Nx corresponding to depolarizing noise on the fermion

at site x with probability p transforms the dual variable σt as,

Nx(σt) = (1− p)σt + pTrx(σt)⊗
1

2
, (C.10)

where Trx(.) denotes partial trace over fermion at site x. Expanding out the

partial trace term using linearity,

Trx(σt)⊗
1

2
=

∑
α′,α′′,x′,x′′

isα
′,α′′

x′,x′′;tTrx(c
α′
x′ cα

′′
x′′ )⊗ 1

2
,

=
∑

α′,α′′,x′,x′′

isα
′,α′′

x′,x′′;t(1− δx,x′)(1− δx,x′′)cα
′

x′ cα
′′

x′′ , (C.11)

where we obtain the second line by using Tr(cα
′

x′ ) = 0 and sα
′,α′

x′,x′;t = 0 ∀(x′, α′).

Thus, the noise channel transforms the dual variable into another quadratic

operator σ̃t = i⃗c T s̃tc⃗ with the transformed Majorana representation,

s̃t = pst + (1− p)zt, (C.12)

where, using (C.11), the matrix zt is obtained from st by zeroing out the rows
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and columns corresponding to the fermion at site x, i.e.,

zα
′,α′′

x′,x′′;t =

0, if x′ = x or x′′ = x

sα
′,α′′

x′,x′′;t, else.
(C.13)

To calculate the dual function (3.15), we need to calculate the Gibbs free energy of

Ht = σt − E†
t+1(σt+1) where Ht is a quadratic operator itself because, as mentioned

earlier, the channel E†
t+1 maps quadratic operators to quadratic operators. Therefore,

Ht = i⃗c Thtc⃗ where the Majorana representation ht can be obtained using the trans-

formations described above. We calculate the free energy by diagonalizing Ht. This

can be achieved by diagonalizing ht — as ht is anti-symmetric, it is possible [141] to

find an orthogonal transformation O such that,

OThtO =
⊕
α,x

(
0 ϵx;t

−ϵx;t 0.

)

We define the operator valued vector ⃗̃c = OT c⃗ = (c̃11, c̃
1
2, . . . , c̃

1
N , c̃

2
1, c̃

2
2, . . . , c̃

2
N)

T and,

due to the orthogonality of O, the operators c̃αx satisfy the Majorana anti-commutation

relations (C.1). Using the newly defined Majorana operators, Ht can be written in a

diagonal form as,

Ht = i
∑
x

ϵx;t
(
c̃1xc̃

2
x − c̃2xc̃

1
x

)
.

Using the diagonal form, the Gibbs free energy for Ht is,

F(Ht, λt) = log Tr exp

(
− i

λt

∑
x

ϵx;t
(
c̃1xc̃

2
x − c̃2xc̃

1
x

))

= log
∏
x

Tr exp

(
−iϵx;t
λt

(
c̃1xc̃

2
x − c̃2xc̃

1
x

))
.

The operator exponentials above can be represented in the Fock space basis of the



APPENDIX C. 85

fermion at site x,

exp

(
−iϵx;t
λt

(
c̃1xc̃

2
x − c̃2xc̃

1
x

))
=

(
eϵx;t/λt 0

0 e−ϵx;t/λt .

)

The free energy then simplifies to,

F(Ht, λt) =
∑
x

log(eϵx;t/λt + e−ϵx;t/λt),

and therefore it can be calculated just from the diagonalization of the 2N × 2N

dimensional matrix ht.



Appendix D

Existence of quantum circuit and

Hamiltonian where dual bound

scales super-exponentially with

circuit depth

We first recall the main result of Ref. [106] which analyzed error propagation in a

family of random quantum circuits. Specifically, they considered brick-wall quantum

circuits of depth d (assumed to be even) with unitaries U1, U2 . . . Ud, where

Ud/2+1 = U †
d/2, Ud/2+2 = U †

d/2−1, Ud/2+3 = U †
d/2−2 . . . Ud = U †

1 .

The unitaries U1, U2 . . . Ud/2 are chosen randomly depending on the circuit architec-

ture. We will specifically consider the 1D case, where U1, U3, U5 . . . are formed by

applying random 2-qubit gates between qubits (1, 2), (3, 4)(5, 6) . . . and U2, U4, U6 . . .

are formed by applying random 2-qubit gates between qubits (2, 3), (4, 5), (6, 7) . . . .

All the two qubit gates are chosen independently at random from an ensemble that

forms a 2-design. Furthermore, we consider the noisy setting where depolarizing noise

with probability p is applied to each qubit after every unitary layer. Ref. [106] es-

tablishes the following result characterizing the average energy of the output state
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for a 2-local Hamiltonian. While the result of Ref. [106] holds for arbitrary two-local

Hamiltonians, we will only consider the Hamiltonian H = −∑N
i=1 Zi.

Lemma D.0.1 (Ref. [106]) The expectation value E of the Hamiltonian H = −∑N
i=1 Zi

with respect to the the output state of a circuit chosen randomly from the ensemble

described above satisfies,

Prob
(∣∣∣E +N(1− p)Ω(d2)

∣∣∣ ≤ α0

√
N
)
≥ 1− 2e−2α2

0/2d
2

.

Proof: Consider the Hamiltonian H = −∑N
i=1 Zi, and choose the two qubit gates to

be a Haar-random Clifford gate — since Haar-random Clifford gates form a 2-design

[143], we can use lemma A.1. H satisfies Tr(H) = 0 and has operator norm ∥H∥ = N .

We evaluate the dual function at the dual variables obtained by Heisenberg picture

evolution of −H,

σd = −H, σt = −E†
t+1E†

t+2 . . . E†
d(H).

Note that for Clifford circuits, Zi will be mapped to a single Pauli string [119], which is

expressible as an MPO with bond dimension 1, and consequently σt will have a bond-

dimension of at-most N . Since the Heisenberg picture evolution can be captured

exactly with a MPO ansatz of bond dimension O(N), the dual bound ℓdualD with

D ≤ O(N) is exactly equal to the energy E of the output of the noisy quantum

circuit. Now, from lemma A.1, it follows that there must exist at least one 1D circuit

such that

ℓdualD = −N(1− p)Ω(d2) +O(
√
N),

with D ≤ O(N).

We now consider the lower bound ℓI obtained by only considering the information

content of the state at the output of the circuit and neglecting the circuit constraints:

ℓI = minimize
ρ:I(ρ)≤N(1−p)d

Tr(Hρ).

A negative upper bound on ℓI which converges to Tr(H/2N) = 0 exponentially with
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d can be obtained by computing Tr(Hρ) at

ρ =

(
pd|0⟩⟨0|+ (1− pd)

I

2

)⊗N

where pd = (1− p)d.

Note that this ρ satisfies I(ρ) = N(1 − p)d, and consequently Tr(Hρ) is an upper

bound on ℓI . For H =
∑N

i=1 Zi, we then obtain Tr(Hρ) = −N(1− p)d which implies

ℓI ≤ −N(1− p)O(d). □



Appendix E

Solving Heisenberg equations of

motion for point coupling

Hamiltonian

The Heisenberg equation of motion (Eq. 4.3) can be easily integrated from t0 to t0+τ

(where τ > 0) to obtain:

an(ω; t0 + τ) = an(ω; t0) exp(−iωτ)− i
N∑

m=1

Vn,me
−iωx0

n

∫ t0+τ

t0

am(x
0
m; t

′)e−iω(t0+τ−t′) dt′√
2π

(E.1)

Therefore, it follows from Eq. 4.2 that an(xn; t0 + τ) is given by:

an(xn; t0 + τ) = an(xn − τ ; t0)− i
N∑

m=1

Vn,m

∫ t0+τ

t0

am(x
0
m; t

′)δ(xn − x0n − t0 − τ + t′)dt′

= an(xn − τ ; t0)− i

[ N∑
m=1

Vn,mam(x
0
m; t0 + τ − (xn − x0n))

]
Θ(x0n ≤ xn ≤ x0n + τ)

(E.2)
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where the function Θ(x1 ≤ x ≤ x2) is defined in Eq. 4.5. Imposing Eq. E.2 at

xn = x0n ∀ n ∈ {1, 2 . . . N}, we obtain:

an(x
0
n; t0 + τ) = an(x

0
n − τ ; t0)−

i

2

N∑
m=1

Vn,mam(x
0
m; t0 + τ) ∀ n ∈ {1, 2 . . . N} (E.3)

from which we can obtain an(x
0
n; t) in terms of operators at t = t0:

a1(x
0
1; t0 + τ)

a2(x
0
2; t0 + τ)
...

aN(x
0
N ; t0 + τ)

 =

(
I+

iV

2

)−1


a1(x

0
1 − τ ; t0)

a2(x
0
2 − τ ; t0)
...

aN(x
0
N − τ ; t0)

 (E.4)

where V is a N × N Hermitian matrix formed by Vm,n as its elements and I is

the identity matrix of size N . Substituting Eq. E.4 into Eq. E.2 together with the

substitution xn = x0n + y, we obtain Eq. 4.4



Appendix F

Calculating normal modes of the

point coupling Hamiltonian

Since the normal mode annihilation operator bn(ω) is expressible as a linear com-

bination of the annihilation operators an(xn), we assume the following ansatz for

bn(ω):

bn(ω) =
N∑

m=1

∫ ∞

−∞
Fn,m(ω, x)am(x+ x0m)

dx√
2π
, (F.1)

where Fn,m(ω, x) is a function that is to be determined. Using Eq. 4.29a, we obtain

the following differential equation for Fn,m(ω, x):

i
∂F(ω, x)

∂x
+ δ(x)F(ω, 0)V = ωF(ω, x). (F.2)

Here F(ω, x) is a N×N complex matrix with the functions Fn,m(ω, x) as its elements.

The solution for Eq. F.2 is of the form:

F(ω, x) =

F+(ω)e
−iωx x > 0

F−(ω)e−iωx x < 0
. (F.3)
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To evaluate the matrices F+(ω) and F−(ω), we use the boundary condition obtained

on integrating Eq. F.2 across a small interval around x = 0:

−i
[
F(ω, x = 0+)−F(ω, x = 0−)

]
+

1

2

[
F(ω, x = 0+) +F(ω, x = 0−)

]
V = 0, (F.4)

from which it immediately follows that F+(ω) = F−(ω)S
†, where S is the clas-

sical scattering matrix of the linear-optical device. Moreover, using Eq. F.2 along

with Eq. 4.29b, we obtain F †
−(ω)F−(ω) = I – any choice for F(ω) is valid as long as

it satisfies this constraint. Choosing F−(ω) = I and F+(ω) = S†, we obtain Eq. 4.31.

To derive Eq. 4.33, we assume the following anstaz for an(xn) in terms of bn(ω):

an(x+ x0n) =

∫ ∞

−∞

∑
n,m

Gn,m(x, ω)bm(ω)
dω√
2π
, (F.5)

where Gn,m(x, ω) is a function that is to be determined. Note that Gn,m(x, ω) =√
2π[an(x + x0n), b

†
m(ω)] and therefore from Eq. F.1 it follows that Gn,m(x, ω) =

F∗
m,n(ω, x). We thus immediately obtain:

Gn,m(x, ω) =

δn,meiω(x−x0
n) if x < x0n

Sn,me
iω(x−x0

n) if x > x0n

. (F.6)

Substituting this into Eq. F.5, we immediately obtain Eq. 4.33.



Appendix G

Convergence of

matrix-product-state simulations

Simulating time-delayed feedback with MPS, as described in section 4.2, requires

discretizing the waveguide modes which are described as continuas of harmonic os-

cillators into waveguide bins (Eq. 4.39). This introduces a simulation parameter δt

which controls the coarseness of this discretization. Moreover, application of a unitary

impacting multiple bins in the MPS requires us to perform Schmidt decompositions

on the state, and neglect Schmidt vectors with coefficients smaller than a specified

tolerance. For the MPS-based simulation to be accurate, it is necessary to ensure that

it has converged with respect to these two parameters. In this appendix, we present

convergence studies with respect to these parameters to show that the choice of ∆t

(= 0.05/γ) and tolerance (0.01) assumed in section 4.2 indeed results in accurate

simulations.

For the convergence study, we study the problem of an emitter decaying into the

waveguide with a time-delayed feedback provided by the mirror and calculate the

probability amplitude |ε(t)| of the two-level system being in its excited state at time

t calculated using |ε(t)|2 = ⟨σ†σ⟩. We also assume that the mirror is perfect with

phase φ = 0 (which, as can be seen from Fig. 4.4(a) results in the two-level system

93



APPENDIX G. 94

0 10 20 30 40 50
Time �t

0.2

0.4

0.6

0.8

1.0

|"(
t)

|

��t =0.05

��t =0.1

��t =0.15

��t =0.5

��t =1.0

ODE

0 10 20 30 40 50
Time �t

0.0

0.2

0.4

0.6

0.8

1.0

|"(
t)

|

tol = 0.01

tol = 0.05

tol = 0.1

tol = 0.25

tol = 0.5

ODE

(a) (b)

Figure G.1: Convergence studies on the MPS simulations for the time-delayed feed-
back system introduced in section 4.2. The undriven two-level system (Ω(t) = 0) is
initially in its excited state and is allowed to decay into the forward and backward
propagating waveguide modes with an ideal mirror (θ = π/2, φ = 0) providing feed-
back. |ε(t) simulated using MPS update for (a) different discretization time-steps
∆t and (b) different tolerances that govern the number of Schmidt vectors retained
after every Schmidt decomposition on the MPS. The dotted black line shows |ε(t)|
obtained on solving the ODE (Eq. G.1) with a very small time-step (γ∆t = 0.001).
|ε(t)| is the probability amplitude of the two-level system being in the excited state
computed using |ε(t)|2 = ⟨σ†σ⟩. In the simulations shown in (a) the Schmidt toler-
ance is assumed to be 0.01 and in the simulations shown in (b) γ∆t = 0.05. It is also
assumed that γ+ = γ− = γ/2, δe = ωe − ω0 = 0, ω0td = π and γtd = 2.

not completely decaying into the ground state). In this case, the time-dependence

of the complex amplitude of the excited state ε(t) is given by the following ordinary

differential equation (ODE) [144]:

dε(t)

dt
= −γ

2
ε(t)− γ

2
ei(2ω0td+φ)ε(t− 2td), (G.1)

where γ = γ+ + γ− is the total decay rate of the two-level system into the forward

and backward propagating waveguide modes and this equation is solved subject to

the initial condition ε(0) = 1. ε(t) obtained on solving this ODE thus provides a

benchmark simulation that the MPS simulation can be compared against to gauge

its convergence.
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Fig. G.1 shows the results of the convergence studies. The dependence of |ε(t)| ob-
tained from the MPS update on the discretization time-step ∆t is shown in Fig. G.1(a)

— it can be seen that choosing ∆t < 0.15/γ is sufficient to ensure that the MPS

simulation has converged and agrees with the ODE simulation. A similar study per-

formed with respect to the tolerance used in the Schmidt decomposition is shown in

Fig. G.1(b) from which it can be seen that a tolerance smaller than 0.1 is sufficient to

ensure that the MPS simulation has converged and agrees with the ODE simulation.
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