
MODELING WATER VAPOR USING GPS

WITH APPLICATION TO MITIGATING INSAR

ATMOSPHERIC DISTORTIONS

A DISSERTATION

SUBMITTED TO THE DEPARTMENT

OF ELECTRICAL ENGINEERING

AND THE COMMITTEE ON GRADUATE STUDIES

OF STANFORD UNIVERSITY

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

Fayaz Onn

November 2006



© Copyright by Fayaz Onn 2007

All Rights Reserved

ii



I certify that I have read this dissertation and that, in my opinion, it is fully

adequate in scope and quality as a dissertation for the degree of Doctor of

Philosophy.

(Howard A. Zebker) Principal Advisor

I certify that I have read this dissertation and that, in my opinion, it is fully

adequate in scope and quality as a dissertation for the degree of Doctor of

Philosophy.

(David P. Hinson)

I certify that I have read this dissertation and that, in my opinion, it is fully

adequate in scope and quality as a dissertation for the degree of Doctor of

Philosophy.

(John M. Pauly)

Approved for the University Committee on Graduate Studies.

iii



iv



Abstract

Spatial and temporal fluctuations of water vapor content in the lower atmosphere cause

variable time delays in radio-frequency signals propagating from space-borne transmitters

to targets on the ground. These delays result in significant distortions in repeat-pass In-

terferometric Synthetic Aperture Radar (InSAR) images of crustal deformation and errors

in Global Positioning System (GPS) position estimates. Temporal variability of these er-

rors can be estimated directly from GPS data, but spatial variations of water-vapor-induced

distortions cannot easily be separated from signals due to true ground motion in InSAR

images.

The primary objective of this work is to reduce water-vapor-induced phase distortions

in InSAR images using GPS measurements. We present methods of estimating maps signal

delay - proportional to total column water vapor - from time series measurements acquired

from a sparse network of GPS receivers. Reducing the InSAR phase distortions with these

maps allows the detection of any smaller magnitude ground motion signals in the radar

image.

The fundamental problem in meeting our objective is estimating delay maps at the high

resolution of InSAR from spatially-sparse GPS measurements. We address this problem in

two steps. In the first step, we characterize the spatial variability of water-vapor-induced de-

lay in InSAR observations according to two physical mechanisms. The InSAR atmospheric

phase variability consists of a topography-dependent component due to vertically-stratified

water vapor and another component caused by horizontal turbulent mixing of water vapor.

Using only GPS data recorded at the radar observation times, we measure the effect of verti-

cal stratification and estimate a map showing topography-dependent water vapor variations

which reduces InSAR phase distortions in the interferogram by 46%. We use the same
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GPS measurements, corrected for altitude-dependent water vapor, to spatially interpolate

another map which then reduces the residual phase errors due to atmospheric turbulence by

6%. The accuracy of this correction is limited by the sparse network of GPS observations

in the imaged area.

In the second step, we have developed two techniques, one based on statistics of an

advected water-vapor-induced delay field and the other based on a model for advection

and diffusion of moisture, that allows us to incorporate additional GPS measurements from

before and after the radar image acquisition time to estimate water vapor maps that more

accurately correct the phase distortions due to turbulence. The first method is based on

the “frozen-flow” hypothesis of advecting slab of atmosphere driven by mean wind. In our

algorithm, we estimate mean flow over time from covariance analysis of the GPS delay

time series. The mean flow estimates provide denser networks of control points which we

spatially interpolate to generate a map of water vapor. This map reduces the residual phase

error by an additional 7% reduction over that achieved using only GPS data acquired at

the acquisition times. Much of the remaining error is due to short scale decorrelation noise

that cannot be reproduced using GPS data. Ignoring the high-frequency phase variations

by prior smoothing of the data, our method realizes a 31% additional reduction in phase

error.

In the second algorithm, we estimate maps of signal delay by solving an inverse prob-

lem of fitting a deterministic transport model of water total column water vapor to GPS

time series measurements acquired from a sparse network. This model generalizes the

“frozen-flow” hypothesis and and is derived from the conservation of mass and humidity

in the atmosphere. The model is parametrized by spatially-variable two-dimensional flow

field and turbulent diffusion. We develop a finite-difference scheme for regularized, least-

squares estimation of the flow field. These flow fields measure the vertically-integrated

wind in the atmosphere. We use these flow estimates in an iterative algorithm based to

generate a map of atmospheric delay from time series of delay measurements from GPS

acquired around the radar image acquisition times. This method yields water vapor maps

that reduce the phase errors by an additional 17% over the reduction achieved using only

data at the radar image acquisition time.
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Chapter 1

Introduction

We consider the effects of atmospheric water vapor on observations from two satellite-

based, active microwave remote-sensing systems, namely the Global Positioning System

(GPS) and Interferometric Synthetic Aperture Radar (InSAR).

Over the past two decades, space-based GPS and InSAR have revolutionized geodesy.

GPS was originally designed as a navigation and time transfer tool (Bevis et al. (1992)).

Advances in GPS technology over the past decade or so have made GPS the geodetic tool

of choice for studying crustal motion over time (Segall and Davis (1997)). A powerful

feature of GPS is its ability to provide measurements of a receiver’s position at fine time

resolution. Also, over the past twenty years InSAR has proven to be a powerful tool for

mapping and studying numerous geophysical phenomena on Earth. InSAR observations

have been widely used to derive high-resolution topographic maps of the Earth (Zebker

and Goldstein (1986)), observe ocean currents (Goldstein and Zebker (1987)) and measure

crustal deformation due to volcanoes and earthquakes (Massonnet et al. (1993), Massonnet

et al. (1994)), along with the many other applications of the technique. A key property

of InSAR is the fine spatial resolution ( 20 meters) combined with large coverage (100

kilometer wide swath) of observations.

GPS and InSAR are termed active remote-sensing techniques because they illuminate

an area on the ground with pulses of radio-frequency (RF) energy, in contrast to passive

systems which use naturally occurring sources of radiation such as solar radiation or elec-

tromagnetic emissions from the Earth’s surface and atmosphere. Unlike some water vapor

1
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remote sensing systems, GPS and InSAR are not restricted to daytime operation. Further-

more, since clouds are relatively transparent to RF signals, these two systems can be used

even in the presence of condensation and precipitation in the atmosphere.

GPS and InSAR are most often used to determine the position of targets on the ground

accurately. GPS methods measure time-varying positions of fixed points on the ground

over time while repeat-pass InSAR measures the three-dimensional locations of a field of

targets as well as the relative motion of those targets between two time instances, typically

months or years apart. These systems infer target positions by measuring the travel time of

electromagnetic signals propagating from the space-borne transmitters to those targets. In

Chapter 3, we give an overview of the GPS and InSAR remote sensing techniques.

The atmosphere, in general, and water vapor in particular affects GPS and InSAR sig-

nals similarly. The refractive index of water vapor at radio frequencies is about 20 times

greater than at optical wavelengths (Olmi (2001). This relatively large refractive index of

is due to the polar nature of the water vapor molecule (Solheim et al. (1999)). Since GPS

and InSAR signals propagate through the atmosphere, atmospheric water vapor reduces the

propagation velocity of GPS and InSAR signals, delaying the time taken for these signals to

reach the ground (Zebker et al. (1997)). These unknown delays cause errors when inferring

target positions from GPS and InSAR observations. Moreover, as the distribution of water

vapor in the atmosphere is highly variable, these time delays fluctuate significantly over a

wide range of temporal and spatial scales. Time delays due to atmospheric water vapor are

often regarded as high-frequency errors and short-scale variations in GPS and InSAR ob-

servations respectively. While techniques have been developed to estimate this rapidly fluc-

tuating delay component in GPS measurements (Bevis et al. (1992)), water-vapor-induced

delay distortions cannot be easily separated from signals due to ground motion in InSAR

observations (Hanssen (1998)). Zebker et al. (1997) show that a 20% change in spatial or

temporal relative humidity can result in 10−14 cm error in ground deformation retrievals.

In Figure 1.1(a), we show an InSAR image, called a radar interferogram, formed by

Peltzer et al. (1998) from two radar observations of the Landers, California area on Septem-

ber 27, 1992 and January 23, 1996. This image is one of seven similar images of the area

that the authors formed from 10 radar observations made on various dates after a Mw = 7.3

earthquake occured near Landers on June 28th, 1992. These dates ranged from August
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Figure 1.1 (a): InSAR image (Peltzer et al. (1998)) formed from two radar observations of Lan-
ders, California on September 27, 1992 and January 23, 1996. The image shows ground displace-
ment in the line-of-sight of the radar. The transect labeled 1 is an 80 km profile spanning the fault
show in black. The yellow diamonds indicate locations of GPS stations. (b): Transects from seven
InSAR images acquired along the location indicated by Profile 1 in (a). These seven images were
formed from 10 radar observations over Landers, California from August 7, 1992 to March 19, 1997

7, 1992 to March 19, 1997. The patterns in Figure 1.1(a) show post-seismic ground dis-

placement in the line-of-sight of the radar. The authors extracted many 80 km profiles

along transect 1 from the seven images they processed. These profiles are shown in Figure

1.1(b). Profile 3 in Figure 1.1(b) was obtained from the image shown in Figure 1.1(a).

The authors observe that ground displacements obtained from the InSAR profiles generally

show uplift in regions east (positive horizontal distance) of the fault (indicated by the black

line in Figure 1.1(a)) and subsidence west (negative horizontal distance) of the fault. The

authors also note that the large bumps in Profiles 2 and 3 in Figure 1.1(b) are not due to

post-seismic ground displacements but instead is most likely caused by water vapor effects

on the InSAR observations. This example shows that atmospheric water vapor introduces

distortions in InSAR images and these distortions are comparable in magnitude to signa-

tures due to crustal motion.

Several authors such as Zebker et al. (1997) and Hanssen et al. (1999) have used InSAR

images to observe water effects directly. In these studies, the authors formed InSAR images
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from radar observations acquired one day apart, thus minimizing the contribution of target

motion on the observations. Figure 1.2(a) shows an InSAR image formed by Hanssen et al.

Figure 1.2 (a): InSAR image (Hanssen et al. (1999)) formed from 1-day repeat pass radar obser-
vations of the Netherlands. The image measures radar signal delay difference, in mm, due to water
vapor distribution in the atmosphere on both dates. The diagonal band indicated by the arrows sug-
gests a precipitating cold front propagating from the northwest (b): Weather radar image acquired
on both dates and surface meteorological measurements (temperature in Celcius, percentage rela-
tive humidity and pressure in hectopascals). Also shown are surface wind measurements where half
wind barb corresponds to 2.5 m/s and a full barb to 5 m/s.

(1999) from two radar observations of the Netherlands on October 3 and 4, 1995. The

InSAR image measures the radar signal propagation delay difference, expressed in mm,

due to water vapor distribution in the neutral atmosphere on both those dates. In Chapter 4,

we will explain this delay in greater detail. The author compared this InSAR image with

a weather radar image as well as surface meteorological observations, as shown in Figure

1.2(b). The author concluded that the narrow diagonal band observed in the image is most

likely due to a precipitating cold front propagating from the northwest.

In Figure 1.3, we show a sequence of InSAR images of Hawaii formed by Zebker
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Figure 1.3 InSAR images (Zebker et al. (1997)) from a sequence of radar observations acquired
on 4 successive days (October 7-10, 1994). Radar observations were acquired at two frequencies,
C-band and L-band

et al. (1997) from 1-day radar observation pairs. The radar observations were acquired

at L-band (24 cm wavelength) and C-band (5 cm wavelength) frequencies. The images

show spatial and temporal variations in the phase of radar echoes (see Chapter 3 for further

detail on the InSAR technique) due to water vapor variations in the neutral atmosphere. The

authors note that the ratio of phase artifacts in the L-band and C-band images is equal to the

wavelength ratio, supporting the observation that the neutral atmosphere is nondispersive

at these frequencies.

The examples in Figures 1.2 and 1.3 indicate that atmospheric water vapor affects In-

SAR observations. The images above were formed from radar observations available at

short (1-day) time intervals, thereby minimizing the effect of ground motion on the ob-

servations. In studies of crustal deformation, however, InSAR images are generated from

radar observations often spaced months or years apart and water vapor effects generally

corrupt signatures due to ground motion (Figure 1.1, for example). Thus, as a practical is-

sue, it is important to mitigate the effects of water vapor in InSAR observations to increase

the accuracy of estimated displacement velocities. This problem is the main motivation

for this dissertation. In the following chapters, we will present methods for correcting
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water-vapor-induced artifacts in InSAR observations using timeseries measurements from

GPS.

1.1 Objectives

We focus on the temporal and spatial water vapor “noise” component in, respectively, GPS

timeseries observations acquired from a receiver network and an InSAR image of the same

area. Our primary objective of this work is to reduce water-vapor-induced delay distor-

tions in InSAR images using timeseries measurements of water-vapor-induced signal delay

obtained from a sparse network of GPS receivers. Specifically, we use the GPS observa-

tions to estimate maps of signal delay which we then subtract from the InSAR distortions,

thereby in principle allowing smaller magnitude ground motion signals to be detected.

As will be explained in Chapter 3 and Chapter 4, these GPS-derived maps of signal de-

lay are related to the spatial distribution of total overlying water vapor in the area containing

the GPS network. To convert these maps to absolute quantitative spatial measurements of

total column water vapor, additional meteorological measurements are required. In partic-

ular, surface pressure and temperature observations are needed to, respectively, correct the

maps for long-wavelength variations that are independent of water vapor and to compute

a scaling factor that converts signal delay in millimeters to total column water vapor with

units of kg/m2. However, the fluctuations of water vapor content in the neutral atmosphere,

relative to the variation of other meteorological variables, are the primary source of vari-

ations of the error component in GPS and InSAR observations. Thus, we focus here on

reproducing the spatial variations of distortions observed in the InSAR image from delay

fluctuations over time from GPS. The estimated maps show spatial variations that are due

primarily to atmospheric water vapor, and these maps can later be converted to total col-

umn water vapor maps given additional meteorological data which vary slowly in space

and time compared to water vapor.

A fundamental problem that we address in meeting our objective is to estimate total

column water vapor maps at the resolution of InSAR using GPS measurements acquired

at only a few, sparsely-distributed locations in the imaged area. Several authors (Williams

et al. (1998), Hanssen (1998), Li et al. (2006)) have suggested calibrating atmospheric
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artifacts in InSAR observations using GPS measurements. While calibration using GPS

is recommended because atmospheric water vapor similarly affects both GPS and InSAR

measurements, these authors note that the low spatial density of GPS networks limits their

effectiveness in reproducing the high spatial variability of water vapor effects in InSAR

data.

We overcome this sampling problem in two steps. First, we characterize the distortions

in GPS and InSAR measurements according to two physical mechanisms of water vapor

spatial variability, namely the vertical-stratification of humidity in the atmosphere and the

horizontal fluctuations caused by turbulent mixing of water vapor. These two models of

water vapor variability constrain the estimated signal delay maps from the spatially-sparse

GPS measurements. We separately estimate from the sparse GPS data a map showing

variability caused by the vertical-stratification of water vapor in the neutral atmosphere as

well as another map approximating variability caused by turbulent mixing of moisture.

In the second stepq, we increase the effective density of GPS observations by leverag-

ing its dense time sampling of water vapor. We use additional observations measured by

GPS before and after the InSAR acquisition times to improve the estimation of total col-

umn water vapor maps. In doing so, we assume that the effects of water vapor in GPS and

InSAR observations are dynamic in nature. In particular, we consider dynamic models in

which total column water vapor is transported and dispersed by wind. The timeseries mea-

surements of water-vapor-induced delay fluctuations from GPS then track, albeit at only

a few locations spatially, this dynamic atmosphere. Based on this idea, we develop algo-

rithms that allow us to incorporate the time-dependence of GPS measurements to improve

the estimation of the distortions in the InSAR image. This idea is supported by the results

of some authors (e.g. Wadge et al. (2002)) who have shown that high-resolution numerical

weather models can be used to predict the spatial distribution of water vapor, and con-

sequently of InSAR water-vapor-induced distortions, from meteorological measurements

acquired earlier.
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1.2 Contributions

In this work, we have used data from a network of GPS receivers to evaluate the effect

of water vapor on InSAR measurements. We have investigated the degree to which these

effects can be removed through calibration using the GPS data. The specific contributions

of this dissertation are as follows:

(1) We demonstrate how a sparse collection of GPS measurements acquired only at the

radar image acquisition instances can generate maps proportional to total column

water vapor that approximate: (i) topography-dependent InSAR atmospheric distor-

tions caused by vertical-stratification of the neutral atmosphere and (ii) shorter-scale

InSAR distortions resulting from the turbulent mixing of water vapor in the atmo-

sphere. We show that both these maps reduce the level of phase distortion in radar

interferograms with variations primarily due to the atmosphere.

(2) We develop two algorithms that use estimates of vertically-integrated wind to incor-

porate additional measurements from GPS acquired before and after the radar image

acquisition instances in the estimation of maps proportional to total column water va-

por. These maps better reduce the distortions in the radar interferograms compared

to corresponding maps generated using only GPS data acquired at the radar image

acquisition instanaces. The first algorithm uses statistical interpolation of a network

of control points with greater spatial density than is suggested by the configuration

of GPS receivers. This denser network is formed from GPS measurements acquired

around the radar acquisition instances. The second algorithm produces a map propor-

tional to total column water vapor from GPS measurements acquired from a sparse

network by using a deterministic transport model for water vapor.

(3) We develop two algorithms to estimate vertically-integrated wind over time from

ZWD timeseries sparsely measured by a GPS network. The first algorithm is based

on the statistics of a cloud of turbulently-mixed water vapor moving over the area

containing the GPS network under the action of mean wind. The second algorithm

is deterministic and is based a physical model of water vapor transport by spatially-

variable, vertically-integrated two-dimensional wind fields.
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1.3 Outline

Chapter 2 presents some background on water vapor in the atmopshere. We also mention

conventional remote sensing techniques for measuring water vapor and discuss briefly the

significance of water vapor in meteorological studies.

A brief overview of the GPS and InSAR techniques is presented in Chapter 3. The

observations from both these instruments are a sum of contributions from many different

processes. Through appropriate processing of these data, we present temporal and spa-

tial measurements of neutral atmospheric signal delay derived from the GPS and InSAR

observations, respectively.

Chapter 4 explains the relationship between meteorological quantities and delay mea-

surements in GPS and InSAR. As we are primarily interested in signal fluctuations over

space and time, we then characterize the variations in GPS and InSAR according to the

effects of: (1) vertical-stratification of the neutral atmosphere, and (2) turbulent-mixing of

water vapor. In this chapter, we also present an overview of existing approaches and related

work by other authors to reduce atmospheric distortions in InSAR images.

In Chapter 5, we show results of reducing the atmospheric distortions in the InSAR

image presented in Chapter 3 using the GPS measurements acquired only at the radar ac-

quisition time instances. In particular, we use these sparse GPS measurements to estimate

a map approximating variations due to the vertical-stratification of the neutral atmosphere

and another map approximating the fluctuations caused by turbulent mixing of water vapor.

We present an algorithm in Chapter 6, which we call the “frozen-flow” algorithm, that

uses GPS measurements acquired before and after the radar image acquisition instances

to improve the estimation of that component of InSAR atmospheric distortions due to

the turbulent-mixing of water vapor. The frozen-flow algorithm assumes a statistically-

stationary field of water vapor that is transported across the imaged domain by mean wind.

Based on this assumption, our algoritm produces a network of GPS measurements that is

spatially denser than suggested by the distribution of GPS receiver network. With more

point measurements available, we interpolate signal delay maps - proportional to total

column water vapor - that better reduces InSAR atmospheric distortions as compared to

corresponding maps generated using only GPS measurements acquired at the radar image
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acquisition times.

Chapter 7 presents another algorithm that estimates maps showing variations caused by

the turbulent mixing of water vapor from GPS timeseries measurements. This algorithm

is based on a physical model for 2D transport of water vapor in the atmosphere that gen-

eralizes the frozen-flow transport model in Chapter 6. Instead of interpolating dense net-

works of GPS measurements acquired before and after the radar image acquisition times,

we estimate maps of signal delay as solutions to an inverse problem of fitting the water

vapor transport model to timeseries measurements acquired from the GPS network. We

demonstrate that this algorithm also produces maps of signal delay that results in a greater

reduction of InSAR atmospheric distortions than corresponding maps generated using only

GPS data acquired at the radar image acquisition times.

In Chapter 8, we present results from a case study where we apply these techniques to

another GPS-InSAR dataset. We present our conclusions in Chapter 9.



Chapter 2

Water vapor in the atmosphere

Water vapor constantly circulates in the atmosphere, and is present even in otherwise clear

skies. Water vapor is primarily found in the troposphere, which is the lowest 10-12 kilo-

meters of the atmosphere. In fact, nearly one half of total water vapor in the atmosphere is

found between sea level and 1.5 km. Less than 5-6% of water vapor is found above 5 km

and less than 1% is found in the stratosphere (> 12 km) (AGU (1995)). The troposphere

contains 80% of the Earth’s total atmospheric mass and, in this layer, water is present in

all three phases: ice, water and vapor. In the troposphere, temperature decreases at an ap-

proximate rate of 6.5◦C per vertical kilometer. This implies that water vapor is primarily

concentrated near the surface of the Earth because warmer air can sustain more water vapor

than colder air.

In Figure 2.1, we illustrate the different layers in the atmosphere. In this work, we

focus on water vapor in the neutral or non-ionized portion of the atmosphere, which com-

prises primarily the troposphere and stratosphere. Water vapor influences global climate

in two ways: (1) it plays a fundamental role in Earth’s hydrological cycle and (2) it is the

dominant greenhouse gas in the atmosphere. The hydrological cycle describes the move-

ment of water, in all three phases, between the land, ocean and atmosphere. Solar heating

evaporates water vapor from the surface and, once in the air, water vapor is transported

by wind and moves quickly through the atmosphere. This cycle is completed when water

vapor condenses to form clouds and subsequently returns to Earth as rain. The distribution

of water vapor in the atmosphere is intimitately coupled with the distribution of clouds and

11
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Figure 2.1 Layers of the atmosphere

rain (Bevis et al. (1992)). Water vapor has a large latent heat associated with its change

of phase. Thus, as water vapor is transported by wind, latent heat is effectively restributed

in the atmosphere. Upon condensation, this latent energy is converted to sensible heat and

this represents a major source of energy for circulation systems associated with the weather

and climate.

Water vapor also impacts global climate through its role as the primary greenhouse gas.

Greenhouse gases are transparent to much of the Sun’s shortwave radiation but absorb or

trap longwave radiation emitted by the Earth’s surface. Without water vapor, surface air

temperature on Earth would be well below freezing (AGU (1995)).

Water vapor is one of the most variable constituents in the atmosphere (Hanssen (1998))
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and concentrations of moisture vary over a large range of spatial and temporal scales. Ac-

curate characterization of the variability of water vapor is essential for climate studies and

numerical weather prediction models. The accuracy of these models in forecasting short

term weather is limited by the lack of observations of water vapor at short temporal and

spatial scales. The need for high-resolution observations follows from that the variability of

water vapor in the atmosphere, which cannot be adequately predicted using ground-based

measurements of humidity alone. In particular, quantitative precipitation forecasting (QPF)

is affected by the lack of mesoscale (< 100 km) moisture observations. Improving QPF

requires water vapor observations at high spatial (< 20 km in the horizontal and < 200

meters in the vertical) and temporal (< 1 hour) resolutions (Weckwerth et al. (1999)). It is

also important to measure water vapor in the presence of clouds due to its close relationship

with precipitation.

Atmospheric water vapor is conventially measured either from the ground using in situ

devices such as radiosondes or from space using satellite passive remote sensing systems

such as microwave radiometers and infra-red (IR) sensors. Radiosondes are balloon-borne

instrument packages that measure pressure, temperature, humidity and wind at fine vertical

resolution. Figure 2.2 shows an example of a relative humidity measurement acquired

from a radiosonde launched from the Oakland airport in Northern California in 2002. We

observe from this figure the fine-scale vertical moisture distribution in the troposphere,

as measured by the radiosonde. Radiosondes, however, cannot measure the short-scale

horizontal variations of water vapor. Also, the relative high-cost and labor intensive nature

of setting up the instrument restricts launches to typically twice daily (Bevis et al. (1992)).

Consequently, radiosondes cannot observe the temporal variability of atmospheric water

vapor at time scales shorter than half a day.

Satellite-based passive remote sensing instruments can observe water vapor over large

spatial scales. Passive systems infer water vapor distribution by measuring the amount of

upwelling microwave radiation from the Earth absorbed by moisture in the atmosphere,

direct observation of thermal emission of water vapor at microwave frequencies or by ob-

serving the attenuation due to water vapor of near-IR solar radiation reflecting off Earth’s

surface and clouds. Figure 2.3 shows a map of total column precipitable water (PW) over

Southern California and the Pacific Ocean as measured by a microwave radiometer on
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Radiosonde measurements of relative
           humidity over Oakland, CA

Figure 2.2 High vertical resolution measurements of relative humidity from a radiosonde launched
from the Oakland International Airport, CA

board NASA’s Aqua satellite platform. PW is the amount of vertically integrated water

vapor and can be expressed as the height of an equivalent column of liquid water (Bevis

et al. (1992)). The spatial resolution of these observations is about 50 km. We see that

microwave radiometers, in contrast to radiosondes, can measure atmospheric moisture hor-

izontally over large spatial scales. Also, retrievals of water vapor from microwave radiome-

ters are complicated by the difficulty in characterizing the high variability of temperature

over land (Bevis et al. (1992)). Thus, water vapor observations from these instruments are

more useful over ocean than land.

Space-borne near-IR sensors, such as the MODIS instrument, have recently been shown

to measure water vapor distribution at higher resolution (1 km) (Gao and Kaufman (2003)).

Since such sensors measure the attenuation of reflected solar radiation, water vapor obser-

vations can only be provided over an area during daylight. Futhermore, the presence of

clouds degrades the quality of moisture retrievals (Li et al. (2005)).

With the rapidly expanding number of GPS satellites and low earth orbiting (LEO)

satellites equipped with GPS receivers in recent years, an active remote sensing technique

called microwave limb sounding has proven to yield profiles of humidity at high vertical
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Figure 2.3 Measurements of total column water vapor over Southern California and the Pacific
Ocean from a spaceborne microwave radiometer (AIRS). The spatial resolution of observations is
50 km

resolution. Atmospheric limb sounding relies on the radio occultation technique (Kursinski

et al. (1997). By measuring the amount of bending in the path of ray transmitted from a

GPS satellite to an LEO receiver, atmospheric parameters such as temperature and water

vapor quantity can be retrieved as a function of height. Figure 2.4 show vertical profiles of

temperature and humidity retrieved from the CHAMP experiment (Wickert et al. (2001)).
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Figure 2.4 Vertical profiles of temperature in Kelvin and specific humidity in g/kg retrieved from
the CHAMP experiment. These profiles are compared with results from meteorological analyses.



Chapter 3

GPS and InSAR

3.1 Introduction

Our primary objective is to estimate maps proportional to water vapor content from GPS

measurements and to use these maps to compensate water-vapor-induced distortions in In-

SAR observations. In this chapter, we first present an overview of GPS followed by a brief

description of InSAR. Our aim here is to show that the primary observable from GPS and

InSAR, the carrier phase, contains a component due to signal propagation in the neutral

atmosphere. The phase of this neutral atmospheric component is our “signal” of interest

because it is proportional to the line-of-sight integrated atmospheric water vapor. How-

ever, the phase observables from GPS and InSAR are generally a superposition of phase

components due to several physical processes including neutral atmospheric signal prop-

agation. In this chapter we describe how we estimate the neutral atmospheric component

from the GPS and InSAR observables. We then show timeseries measurements of neutral

atmospheric propagation effects estimated from raw data acquired from a GPS network.

We also present an InSAR image of the same area showing distortions caused by the neu-

tral atmosphere. In the following chapters, we will present algorithms for estimating maps

from these GPS measurements which we then use to correct the distortions observed in the

InSAR image.

17
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3.2 Global Positioning System

The Global Positioning System (GPS) is a widely used tool for making very precise geode-

tic measurements. In GPS, the position of a receiver on the ground is inferred from mea-

surements of distance between the receiver and at least four GPS satellites in view.

Since July 1992, there have been 24 satellites in the GPS constellation, orbiting the

Earth at an altitude of approximately 20,000 kilometers and with an orbital period of 12

hours. This configuration provides continuous coverage of any point on the globe by at

least four satellites.

The GPS satellites transmit coded messages modulated on two carriers at frequencies

f GPS
1 = 1.57542 GHz (λ GPS

1 = 0.19 meters) and f GPS
2 = 1.2276 GHz (λ GPS

2 = 0.24 me-

ters). These two frequencies are called L1 and L2, respectively. Three codes in total are

transmitted, two of which (“C/A” and “P”) are pseudorandom number (PRN) sequences

unique to each satellite and are used to infer receiver-satellite distances. The third code

contains information on satellite health, position, onboard clock and the positions of other

satellites in the constellation. The accuracy of distances, or ranges, inferred from these

codes is insufficient for high-precision geodetic applications, therefore, GPS signal carrier

phase is typically tracked to achieve sub-centimeter positioning accuracy.

GPS receivers track the carrier phase of signals using a delay-lock loop. Relative

motion between the satellite and the receiver on the ground shifts the received signal in

frequency by the Doppler effect. The GPS receiver determines the phase by mixing the

received, Doppler-shifted, signal with a local replica of the transmitted waveform. The dif-

ference, or “beat”, frequency component of the mixed signal is then integrated to give the

phase from which range to the satellite can be inferred. The distance ρk to GPS satellite k

expressed as cycles of carrier phase is

ρk = λNk +φGPS,k (3.1)

where Nk is an unknown integer number of cycles corresponding to the range to satellite k

when the receiver first locked on to the transmitted signal. φGPS is the GPS phase, expressed

as length via scaling by λ/(2π), from the k-th satellite carrier signal. For high-precision

positioning, the unknown integer ambiguity N must be resolved.
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While the carrier phase observables can provide distance measurements to the GPS

satellites, the satellite orbits must be known precisely so that the position of the receiver

on the ground can be inferred. Describing the positions and velocities of points on the

ground requires a well-defined reference frame or coordinate system that is fixed to the

solid Earth. The terrestrial reference frame currently used in geodesy is the International

Terrestrial Reference Frame (ITRF). In contrast, an inertial coordinate system, fixed with

respect to stars, is typically used to describe satellite orbits. To convert between these two

coordinate systems, effects such as Earth rotation, precession and nutation of the planet’s

axis as well as polar motion must be accounted for.

High-precision satellite orbits are computed from analyses of observations collected at

a network of ground tracking stations whose locations are known accurately a priori. The

ground tracking station positions are also used to define the ITRF. The International GPS

Service for Geodynamics (IGS) (http://igscb.jpl.nasa.gov/) is composed of a global network

of tracking stations and routinely provides high-precision GPS ephemerides (orbits), satel-

lite clock information and ionospheric information. In addition, IGS also provides earth

rotation parameters which are used to convert between satellite inertial and Earth-fixed

reference frames. In this work, we use estimates of orbits, clocks and earth orientation

obtained from IGS to process GPS data.

The observed GPS carrier phase, at L1 or L2 frequencies, consists of a superposition

of several components, and is expressed as path length in units of meters via scaling by

λ/(2π):

φGPS,k = ρk + c(Δtk
clock −Δtclock)+φGPS

iono +φGPS
NA −λNk +φGPS

errors (3.2)

In the above, φGPS,k denotes the carrier beat phase measured over time by the GPS receiver

from a signal transmitted from the k-th GPS satellite. The k-th satellite and receiver clock

offsets, which translate to equivalent path length errors by multiplication with the speed of

light c, are denoted as Δtk
clock and Δtclock respectively. φGPS

iono represents a contribution due

to signal propagation in the ionosphere while φGPS
NA is the contribution due to propagation

in the neutral atmosphere. The phase error term, φGPS
errors, incorporates the effects of orbit

inaccuracies, signal multipath and receiver antenna phase center variations.
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Depending on the application, one term in Eq. (3.2) above is the signal of interest while

the other terms are regarded as errors. In this work, we are primarily interested in the neutral

atmospheric propagation component, φGPS
NA . Hereafter, we shall refer to this component as

neutral atmospheric delay, for reasons that will be given in Chapter 4. Therefore, the other

terms in Eq. (3.2) need to be accounted for accurately so that the measured GPS carrier

phase yields the neutral atmospheric delay.

The k-th satellite-receiver geometric range ρk is related to receiver position x as follows

ρk =‖ Rρk
S −x ‖ (3.3)

where ρk
S denotes the position of the k-th GPS satellite in an inertial frame while the ro-

tation matrix R transforms the orbits to the terrestrial reference frame in which receiver

position x is defined. This rotation matrix incorporates the effects of diurnal planet rota-

tion, precession, nutation and polar motion. Here, we use the high-precision IGS estimates

of satellite orbits and Earth orientation parameters. Also, in this work, the GPS receiver

positions x are known a priori as the receivers used in this study are part of the SCIGN per-

manent network of GPS stations installed to measure cm-sized displacements due to crustal

motion. The error in the a priori receiver positions is typically less than half a meter. This

accuracy is sufficient to linearize Eq. (3.3) and solve for a correction to the a priori receiver

positions from the GPS observables.

The ionospheric component, φGPS
iono , can be removed by forming a linear combination

of the measurements at the two GPS frequencies, L1 and L2. This is possible because the

ionosphere is a dispersive medium and thus φGPS
iono is frequency dependent. The contribu-

tion due to satellite clock errors, cΔtk
clock is minimized because we use here high-precision

(accuracy less than 3 cm, see http://igscb.jpl.nasa.gov) clock information is from IGS.

The GPS data used in this work were processed using the GIPSY/OASIS-II software

originally developed at the Jet Propulsion Laboratory (JPL) (Zumberge et al. (1997)). Us-

ing GIPSY, we estimate three quantities from the raw GPS carrier phase observables, after

accounting for geometric range, ionospheric phase and satellite clock offsets as mentioned

above. These three unknowns are: (1) a small correction to the a priori guess for receiver

position, x, (2) receiver clock offsets cΔtclock and (3) zenith neutral atmospheric delay,
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φGPS,z
NA . Zenith neutral atmospheric delay (ZND) is the phase shift caused by signal propa-

neutral atmosphere
with 1 km scale
height of water vapor

minimum elevation
angle of GPS satellites

GPS signal incident
at angle 

GPS

“inverted cone”
of neutral atmosphere

Figure 3.1 The “cone-averaging” effect in GPS. A receiver on the ground records GPS signal
carrier phase observed at elevation angles above a minimum cut-off, typically 15◦. As the GPS
satellites fly over the ground, the volume of neutral atmosphere through which the GPS signal
propagate is approximately conical, with the vertex fixed at the receiver on the ground

gation in the neutral atmosphere and incident on the receiver in the zenith direction. GIPSY

estimates ZND by computing a weighted average of carrier phase observations recorded

over many elevation angles γ as the GPS satellites fly over the receiver on the ground.

The specific weighting, or mapping, function used is the Neill mapping function (Neill

(1996)). Thus, ZND measures the net effect of a volume of neutral atmosphere above the

receiver through which the GPS signals at various incidence angles propagate, as shown

schematically in Figure 3.1. This figure shows a conical volume above a GPS receiver on

the ground. This cone is defined by the elevation of angles of satellites transmitting to the

receiver. Typically, the minimum elevation angle at which signals are received is set to 15◦.
The figure also shows a layer of neutral atmosphere with a 1 km scale height and, due to

the observation geometry, the received GPS carrier phase is sensitive to neutral atmospheric

effects within this cone.

ZND represents the total signal delay caused by a mixture of dry gases and water vapor

in the neutral atmosphere, which slightly increases the refractive index of the propagation

medium from unity, the free space value. As a result, the propagation velocity of the
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electromagnetic waves in the neutral atmosphere decreases (Zebker et al. (1997)) and the

time taken for the GPS signals to reach a receiver on the ground is slightly longer than

implied by the satellite-receiver distance. These additional delays appear as phase shifts

φGPS
NA in the GPS carrier phase observables. ZND is typically described as a superposition

of two delay components: (1) hydrostatic delay and (2) delay due to atmospheric water

vapor,

(λ/(2π))φGPS,z
NA = lGPS,z

hyd + lGPS,z
wet (3.4)

Hydrostatic delay is primarily due to dry gases in the neutral atmosphere while wet delay

is solely caused by water vapor. Hydrostatic delay reaches about 2.3 meters in the zenith

direction, is well-constrained by surface pressure measurements and varies slowly in both

space and time (Bevis et al. (1992)). In contrast, wet delay magnitude is smaller (about

35 cm in humid regions) but its variability exceeds that of hydrostatic delay by an order of

magnitude (Elgered et al. (1991)). In Chapter 4, we will discuss hydrostatic and wet delays

in further detail. We mention this point of detail here because we use GIPSY to estimate

only the water-vapor dependent component of ZND, the zenith “wet” delay (ZWD), while

we fix the hydrostatic delay component to a nominal value of 2.1 meters. In particular,

GIPSY models ZWD as a first-order Gauss-Markov (Lichten and Border (1987)) stochastic

process

lwet(t +1) = αlwet(t)+w(t) (3.5)

where t denotes the sample time index and α is related to the drift rate and controls the

amount of ZWD variation between time steps. In the above, w(t) is an additive Gaussian

white noise stochastic process.

In Figure 3.2(b), we show several timeseries of ZWD estimated from GPS data ac-

quired from a network of 29 receivers. These receivers are part of the Southern California

Integrated GPS Network (SCIGN) operating in the greater Los Angeles metropolitan area,

and provide coverage for crustal motion studies in Southern California. The locations of

receivers in this network are shown in Figure 3.2(a). The average spacing of receivers in

this network is about 12 km. We computed a 24-hour timeseries ZWD, for each GPS site,

on two dates corresponding to dates of SAR image acquisition (see below for a discussion

on SAR), sampled every 5 minutes. We note that, here, we use α = 9.8×10−8 km/
√

s as
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the drift rate in the stochastic estimation of ZWD.
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Figure 3.2 (a): Shaded relief map of the Los Angeles/Orange County basin. Yellow triangles
indicate locations of SCIGN GPS receivers. (b): 24-hour timeseries of Zenith Wet Delay (ZWD)
from 29 SCIGN continuous GPS receivers for February 5th, 2000 (top) and November 27th, 1999
(bottom). The dashed vertical line in each plots indicates the time when radar observations over
Southern California were acquired

Estimates of ZWD derived from GPS observations are susceptible to several types of

errors, including (1) biases due to deviations of hydrostatic delay lGPS,z
hyd from the nominal

value we assumed, (2) unmodeled signal multipath and antenna phase center variation ef-

fects and (3) limitations in the assumption of equal mapping functions for both wet and

hydrostatic delays. We minimize these last two error sources by only using GPS carrier

phase observations recorded from satellites at elevation angles γ greater than 15◦ (Segall

and Davis (1997), Li et al. (2005)).



24 CHAPTER 3. GPS AND INSAR

paramter value
radar frequency 5.3 GHz (C-band)

radar wavelength, λ 5.67 cm
pulse bandwidth 15.55 MHz

pulse repetition frequency (PRF) 1679.9 Hz
sampling frequency, fs 19.2 Mhz

orbital altitude, Halt 790 km
orbit repeat time 35 days

look angle, θ 21◦ −26◦
swath width 100 km

spacecraft velocity, VSAR 7.5 km/s

Table 3.1 Parameters of the ERS-1 and ERS-2 imaging radar systems

3.3 InSAR

3.3.1 SAR

In synthetic aperture radar, a side-looking radar mounted on a satellite platform illuminates

a swath of ground repeatedly, at a rate denoted the pulse repitition frequency (PRF), with

pulsed waveforms of electromagnetic radiation as the sensor moves at velocity VSAR along

its flight track, as depicted in Figure 3.3. In this work, we use SAR (and InSAR) observa-

tions acquired from a radar system onboard the European Remote Sensing (ERS) satellites.

The wavelength of radiation used by the ERS radar is λ = 5.67 cm (C-band). The radar

antenna beam pattern in the direction perpendicular to the flight track when projected on

the ground defines the width of the imaged swath, typically 100 km. As the sensor moves

along its flight track, the antenna beam pattern sweeps over the target area resulting in an

imaged swath that is typically 100 km in length, as well. In Table 3.1, we show relevant

ERS radar system parameters.

The transmitted radar signals scatter off natural and man-made objects on the ground. The

SAR receives and samples (at a rate of fs) these backscattered radar echoes. The samples

are stored in complex format. The raw radar data, then, measure the amplitude and phase

of backscattered energy from all scatterers in the illuminated area. The radar returns thus
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Figure 3.3 SAR imaging geometry. Spacecraft flies along a track at velocity V emitting linear-
frequency modulated pulses at a rate of PRF. The orbital altitude is denoted Halt . The coordinate
system of the a SAR image is in terms of slant range (distance from transmitter to target on the
ground) and azimuth

contain information on the position of scatterers relative to the SAR, electrical properties

of the scatterers on the terrain below and the state of the neutral atmosphere and ionosphere

along the propagation paths between the ground and the space-borne sensor.

Without matched filter processing, across-track, or range, radar resolution to discrimi-

nate targets on the ground is proportional to the width of the transmitted pulse. For ERS,

this is approximately 5 kilometers. The resolution in the along-track, or azimuth, direction

before SAR processing depends on the antenna beamwidth, and is also approximately 5

kilometers.
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In SAR systems, high range resolution is often achieved by using a linear-frequency

modulated waveform to increase the bandwidth of the transmitted pulse. By processing

the received echoes with a matched filter tuned to the transmitted waveform, the range

resolution improves to less than 10 meters for ERS. A similar procedure is adopted to

increase resolution in the azimuth direction. Here, the replica or reference function used in

the matched filter is generated based on Doppler frequency shifts of echoes from successive

pulses that illuminate the same point on the ground as the satellite flies along its track. The

Doppler effect in the received echoes arises because of the relative motion between the

sensor and the ground. After applying the matched filter, the azimuth resolution for ERS is

around 5 meters. Thus, the fine azimuth resolution results from synthesizing a much larger

aperture, compared with the antenna size, by a Doppler-weighted linear combination of

successive pulses illuminating a point on the ground.

A SAR image consists of a two-dimensional array of complex values in range and

azimuth coordinates. Each element of the array, a pixel, has an amplitude and phase pro-

portional to the random superposition of echoes from many scatterers within a resolution

cell centered on that pixel. We note that, for ERS, the area on the ground defined by a pixel

and a resolution cell is slightly different. The range pixel dimension is dependent on the

sampling frequency fs and is about 20 meters when projected onto the flat ground. The

azimuth pixel dimension is given by VSAR
PRF and is about 4 meters. The size of a resolution

cell, in contrast, is determined by the width of the impulse response of the SAR imaging

system. As mentioned previously, the slant-range resolution for ERS is less than 10 meters

while the azimuth resolution is 5 meters. When projected onto the flat ground, the resolu-

tion cell size is slightly larger than a pixel size. Typically, 5 azimuth pixels are averaged

together - a procedure called “taking looks”- to give resulting pixels with square 20× 20

meter dimensions.

Because of the random superposition of echoes from scatterers, the amplitude varies

from pixel to pixel, displaying the speckle effect. The phase of each pixel is related to the to

all scatterers within the resolution cell and additional scattering phase shifts caused by elec-

tromagnetic scattering of the incident radiation off the targets in that cell. Because of the

random superposition of echoes from many targets in the cell, the net phase is uniformily

distributed between 0 and 2π and phases from adjacent pixels are typically uncorrelated.
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Figure 3.4 (a): SAR image over Landers, CA. The pixel spacing is about 90 meters, and the im-
aged swath is approximately 100 km ×100 km. (b): SAR interferogram over Landers, CA formed
from two ERS-1 SAR observations on April 24th and September 11th, 1992. The perpendicu-
lar baseline between the two radar observations was about 800 meters. Here, one cycle of phase
between 0 and 2π represents a height change on the ground of about 10 meters. (c): SAR interfero-
gram with topographic phase φ INSAR

topo removed using a Digital Elevation Model (DEM) of the area.
The colored fringes show coherent movement of scatterers on the ground between the two SAR
observation times. Here, a cycle of phase between 0 and 2π represents a range change of 2.86 cm

Figure 3.4 shows an example SAR image over Landers, California acquired from ERS-

1 radar observations in April 24th, 1992. The ground pixel spacing in this image is about

90 meters and the variation in observed brightness is due to the terrains reflectivity at the

C-band wavelength used.

3.3.2 Interferometric SAR

The phase of a SAR resolution cell contains information on the path length between the

sensor and that resolution cell on the ground. However, because of the random superpo-

sition of echoes from many scatterers in that cell, the net phase is effectively uniformily

distributed. However, if a second SAR image was acquired over the same area, but from a

slightly different viewing angle, the corresponding phase measured in that same resolution
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cell would be nearly equal to the phase observed in the first image.

Therefore, in interferometric SAR (InSAR), two SAR images are acquired over the

same area but from slightly different viewing geometries. InSAR results from repeat-pass

SAR observations of the same area, whereby two SAR images of the same terrain are

acquired by one satellite but at different times corresponding to multiples of the satellite’s

orbit period. The small difference in viewing angle arises because the satellite orbits do not

repeat exactly. This viewing angle difference is quantified by the spatial separation of the

antennas on each pass, and this separation distance is called the interferometric baseline.

Figure 3.5 shows the InSAR imaging geometry.

B
B

r1

r2

z

Halt neutral
atmosphere

H

1
2

reference surface

Figure 3.5 (a): InSAR viewing geometry. The two open circles denote the locations of the satellite
sensor on both passes 1 and 2 over the scene. A target at height z over the reference surface is at
distances r1 and r2 to the sensor at passes 1 and 2 respectively. B is the interferometric baseline,
while B⊥ denotes the component of interferometric baseline perpendicular to the look direction.
The look angle is denoted as θ . The shaded box denotes the neutral atmosphere, of thickness H,
through which the radar signals propagate

With two SAR observations over the same terrain, an interferometric combination is

formed by multiplying one SAR image by the complex conjugate of the other. The scat-

tering phases thus nearly cancel out in the phase difference of the product image. The 2D
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array of phase differences in the product image is called an interferogram. These phase

values are arranged in a range y and azimuth x coordinate system. The residual phase

in the interferogram, which we refer to as interferometric phase, is equal to path length

differences between a resolution cell on the ground and the two SAR antennas plus noise

φ INSAR(x,y) =
4π
λ

Δr +φ INSAR
noise (3.6)

where Δr = r1 − r2 denotes the path length difference, as shown in Figure 3.5. Here, the

range coordinate y of a scatterer is given by r1, the distance of the scatterer measured by

the first (master) SAR observation. Figure 3.4(b) shows an example interferogram over the

same Landers area as the SAR image in Figure 3.4(a). This interferogram was formed from

two ERS-1 SAR images acquired on April 24th and September 11th, 1992. The colored

fringes show the interferometric phase values between 0 and 2π .

The inteferometric phase φ INSAR observed for a pixel of the radar interferogram is a

superposition of phase due to several processes

φ INSAR = φ INSAR
topo +φ INSAR

de f o +φ INSAR
iono +φ INSAR

NA +φ INSAR
orbit +φ INSAR

f lat +φ INSAR
noise (3.7)

where φ INSAR
topo is the contribution to interferometric phase due to the height of resolution

cells above a reference surface which is typically the reference geoid, and φ INSAR
de f o is the

phase due to line-of-sight (LOS) range change caused by coherent motion of scatterers be-

tween the two SAR observation times. φ INSAR
iono is the differential phase shift due to signal

propagation in the ionosphere while φ INSAR
NA is due to propagation in the neutral atmosphere.

Since interferometric phase measures the difference in phase at two acquisition times, the

phase shifts associated with the atmosphere φ INSAR
iono and φ INSAR

NA are differences of propaga-

tion effects at those two times. In Eq. (3.7), φ INSAR
orbit is a component of measured phase due

to inaccuracies in the knowledge of satellite orbits while φ INSAR
f lat is the phase contribution

due to a curvature of the Earth. This phase component is removed using satellite orbit in-

formation and a reference Earth model. φ INSAR
noise is phase noise resulting from thermal noise

internal to the radar system and loss of coherence between the individual SAR observations

forming the interferogram.

The specific application of InSAR determines which term in Eq. (3.7) is the signal of
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interest. In this work, we focus on the phase component due to the neutral atmosphere,

φ INSAR
NA . We hereafter refer to this interferometric phase component simply as atmospheric

phase bearing in mind that it is actually a difference measurement of propagation effects

at two times and that atmospheric phase results only from neutral atmospheric effects. As

we explain below, the impact of the ionosphere on InSAR observables is usually minimal.

As with GPS neutral atmospheric delay, InSAR atmospheric phase can be similarly parti-

tioned into two contributions: (1) due to (mainly dry) gases in the neutral atmosphere in

hydrostatic equilibrium and (2) due to non-hydrostatic water vapor. Unlike GPS, however,

InSAR atmospheric phase components are differences of the states at the two acquisition

times:

φ INSAR
NA = φ INSAR

hyd +φ INSAR
wet (3.8)

The dominant source of atmospheric phase variability in radar interferograms is due to

fluctuations in water vapor content, while hydrostatic effects are usually minimal (Zebker

et al. (1997)). This will be explained in greater detail in Chapter 4. For the present, we

discuss the contribution of the other phase terms in Eq. (3.7) to the observed interferometric

phase. This discussion will explain how these terms can be accounted for in the estimation

of the atmospheric phase term φ INSAR
NA .

We see in Figure 3.4(b) that the observed fringes correlate with topography. The topo-

graphic phase is given by (Zebker and Goldstein (1986))

φ INSAR
topo =

−4π
λ

B⊥
r1 sinθ

z (3.9)

where r1 denotes range, θ is the viewing or look angle of the satellite, nominally 23◦ for

ERS-1, and B⊥ denotes the component of the interferometric baseline B perpendicular to

the look direction as shown in Figure 3.5. Here, z is the height of a particular resolution

cell above the reference surface and, thus, depends on local topography. The perpendicular

baseline for the two SAR observations forming the interferogram Figure 3.4 was about 800

meters and, from Eq. (3.9), one cycle of phase in the image corresponds to a height change

on the ground of about 11 meters. We remove the topographic phase contribution in Figure

3.4 by using a Digital Elevation model (DEM) of the area and Figure 3.4 shows the result.
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The phase signature in Figure 3.4(c) now is due to coherent motion of scatterers be-

tween the two SAR acquisition times. In this case, ground displacement was caused by

a M 7.3 earthquake near Landers, CA on June 28th, 1992. This deformation phase sig-

nature corresponds to the φ INSAR
de f o term in Eq. (3.7). Here, a cycle of phase from 0 to 2π

corresponds to a 2.86 cm LOS range change of scatterer positions between the 4.5-month

time interval. As mentioned in Chapter 1, atmospheric phase distortion φ INSAR
NA are a ma-

jor source of error in the interpretation of deformation interferograms, such as Figure 3.4,

because the magnitude of φ INSAR
NA is often comparable to the deformation signal of interest,

φ INSAR
de f o . In the case of the deformation interferogram Figure 3.4, however, the combination

of dry desert air and large displacements associated with the strong earthquake effectively

increases the signal-to-atmospheric-noise ratio for detecting the deformation.

Ionospheric effects in InSAR observations, φ INSAR
iono are generally minimal at C-band.

Phase trends in the image due to the ionosphere have long wavelengths and are usually

indistinguishable from phase ramps due to, for example, orbit inaccuracies φ INSAR
orbit . The

magnitude of the ionospheric phase shift is proportional to the density of free electrons

in the ionosphere which, in turn, depends on the amount of solar radiation. ERS satellite

fly in sun-synchronous, nearly polar orbits. As such, the radar views the same area on

the ground at the same local time. Thus, for short time intervals between observations in

repeat-pass interferometry, the amount of solar radiation generating free electrons should

be approximately equal such that the net effect on the phase difference should be minimal

(Hanssen (1998)). The orbit phase φ INSAR
orbit typically varies slowly over the interferogram

and is well-approximated by a low-order polynomial (Hanssen (1998)).

Some InSAR data used in this work are shown in Figure 3.6. We formed this SAR

interferogram from ERS-2 radar observations of the Los Angeles County, California area

(center latitude 33.5◦ N, 242.1◦ W) acquired on November 27th, 1999 (orbit 24072, frame

2925, track 170) and February 5th, 2000 (orbit 25074). On each date, the local SAR acqui-

sition time was 18.30 UTC and this is indicated in Figure 3.2. Hereafter, we refer to this

time instant as the SAR overpass time. The component of the interferometric baseline per-

pendicular to the radar look direction, B⊥ for this imaging experiment was 1 meter, thus the

topographic phase terms are negligible. Nevertheless, we did remove the small contribu-

tion of topography and Earth’s curvature to the interferometric phase using a USGS Digital
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Elevation Model (DEM) with 30 meter height postings and a reference Earth model. Due to

the short time separation (2 months) between SAR observations, we also assumed that any

phase due to crustal deformation was similarly negligible. Hence, we interpret the residual

phase as due primarily to (1) differences of neutral atmosphere delay at the two acquisition

times φ INSAR
NA , (2) temporal decorrelation, (3) slowly-varying phase trends due to imprecise

knowledge of satellite orbit parameters and (4) system noise. We used a total of twenty

looks in processing the interferogram yielding a ground pixel spacing of 40 meters, and the

data were unwrapped using the method of Chen (2001).

3.4 Conclusions

In this chapter, we have presented an overview of the GPS and InSAR techniques. The

primary observables in GPS and InSAR are RF carrier phases. Dry gases (in hydrostatic

equilibrium) and water vapor in the neutral atmosphere introduce time delays in the GPS

and radar signals and these delays manifest as phase shifts in these observations. In this

dissertation, we are primarily interested in the effects of water vapor on these observations.

We estimated several timeseries of ZWD from GPS data acquired from the SCIGN net-

work in Southern California (Figure 3.2). We also formed a radar interferogram from two

SAR observations of Southern California separated by two months. Correcting this inter-

ferogram for topographic phase, we produced an image showing spatial phase variations

primarily due to the heterogeneity of water vapor distributions at the two imaging times

(Figure 3.6). In Chapter 5, Chapter 6 and Chapter 7 we will present algorithms that use

the GPS ZWD timeseries to estimate maps of water-vapor-induced signal delay - propor-

tional to total column water vapor over the study area - which we then subtract from the

radar interferogram to reduce the observed water-vapor-induced phase distortions. In the

following chapter, we discuss in greater detail the dependence of neutral atmospheric delay

magnitude on meteorological quantities such as pressure, temperature and water vapor. We

also characterize the spatial and temporal variability of delay in terms of physical processes

of the neutral atmosphere.
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Figure 3.6 Interferogram over Los Angeles/Orange County basin derived from data acquired on
November 27th 1999 and February 5th 2000, with topographic phase removed. Yellow triangles
indicate locations of SCIGN GPS receivers in the range-azimuth grid of the radar interferogram.
The area of study (white box) is approximately 60 km × 60 km
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Chapter 4

The neutral atmospheric signal in GPS

and InSAR

4.1 Introduction

In the previous chapter, we described the fundamentals of GPS and InSAR. We showed that

the basic GPS and InSAR observable, the signal carrier phase, contains contributions from

many sources, among them the effects of the neutral atmosphere. We showed timeseries

estimates of neutral atmospheric delay obtained from a network of GPS receivers in Figure

3.2 and we presented a radar interferogram showing spatial variations of phase caused by

the difference of neutral atmospheric states at the two SAR observation times, Figure 3.6.

We also showed in Chapter 3 that neutral atmospheric delay in GPS and InSAR contains a

component due to water vapor in the atmosphere.

In this chapter, we describe how neutral atmospheric delay depends on meteorologi-

cal properties of the atmosphere, namely pressure, temperature and humidity. The back-

ground material presented here draws from studies of neutral atmospheric effects on radio-

frequency signals by Davis et al. (1985) and Smith and Weintraub (1953), among others.

We focus also on the temporal and spatial variability of GPS and InSAR data (Figures

3.2(b) and 3.6) which are driven primarily by fluctuations in water vapor content in the

lower atmosphere. These variations are a major source of error in InSAR images of crustal

deformation. Our objective in this dissertation is to use timeseries of ZWD from GPS to

35
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Figure 4.1 Schematic diagram illustrating the neutral atmospheric propagation medium and coor-
dinate system used in this study

infer maps approximating the atmospheric phase distortions observed in InSAR.

We then present an overview of existing approaches proposed by other authors for re-

ducing atmospheric phase distortions in InSAR interferograms using GPS and meteorolog-

ical data. This overview will allow us to compare our method and results obtained in subse-

quent chapters with the existing approaches. More importantly, this overview will highlight

some issues related to using GPS ZWD observations to correct InSAR atmospheric phase.

In the following chapters, we will address these issues.

4.2 Meteorological dependence

The neutral atmosphere propagation medium can be modeled as a three-dimensional half

space (z ≥ 0) bounded by the Earth’s surface, as shown in Figure 4.1. GPS and InSAR

signals are affected by the neutral atmosphere in similar ways because both the GPS and

radar signals are electromagnetic waves at approximately the same frequency propagating

through the same medium (Williams et al. (1998)). At these frequencies, the neutral at-
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mosphere is non-dispersive and the refractive index n of the medium is real-valued. The

neutral atmospheric refractive index deviates slightly from unity (the free-space value) and

rarely exceeds 400 parts per million (ppm). Following (Bevis et al. (1992)), we also denote

the scaled deviation of n from unity as refractivity N,

N = 106(n−1) (4.1)

We can determine the effect of the neutral atmosphere on the phase of GPS and radar

signals using the scalar wave equation

Δ2U + k2n2U = 0 (4.2)

where k = 2π/λ is the wavenumber of radiation. We assume a time-harmonic dependence

of the radiation and we neglect time variation of refractive index since the travel time of

the electromagnetic signals is much shorter than typical time scales of neutral atmospheric

variation. We express the radiation as

U(x,y,z) = A(x,y,z)e jφ(x,y,z) (4.3)

where A denotes the amplitude and φ denotes the phase. The amplitude A is very insensitive

to the presence of water vapor in the atmosphere and so we consider only the phase of

propagating GPS and radar signals. As the wavelengths of GPS and InSAR signals are

much shorter than typical spatial scales of variation in the neutral atmosphere, we can

adopt the geometrical optics approximation (Born (1959)). For a signal propagating in the

vertical direction, the solution for φ satisfying Eq. (4.2) is then given by

φ(x,y,z = 0) =
2π
λ

(∫ L

0
dz+10−6

∫ L

0
N(x,y,z) dz

)
(4.4)

and the phase is measured on the ground at z = 0 from a signal source at height z = L. The

first term in the parentheses is the geometric distance between the source and the ground

while the second integral denotes the excess path length traveled by the signal due to the

neutral atmosphere. It is this excess path length, in units of meters, that we refer to as
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neutral atmospheric delay because, dividing this term by the speed of light c yields the

additional time required for the propagating wave to reach the ground. We note that GPS

signal ray paths need not coincide with the vertical direction, in which case the integration

in Eq. (4.4) is along the slanted ray path. For non-nadir incidence, we can neglect effects

of ray bending due to refraction in the atmosphere as this effect is small compared to the

excess path length in Eq. (4.4) (Hanssen (1998)).

Zenith neutral atmospheric delay (ZND) measured over time by a GPS receiver on the

ground is

lGPS,z
NA (x,y, t) ≈ 10−6

∫ L

0
N(x,y,z, t) dz (4.5)

where we have now explicitly included the time-dependence of neutral atmospheric refrac-

tivity. GPS-derived measures of the vertical integration of refractivity above a point (x,y)

on the ground are approximate because, as explained in Chapter 3, GPS-derived ZNDs are

actually weighted averages of a conical volume of atmosphere above the receiver, as shown

in Figure 3.1.

The atmospheric phase observed in the SAR interferogram is given by

φ INSAR
NA (x,y; t1, t2) =

4π
λ cosθ

10−6
(∫ L

0
N(x,y,z, t1) dz−

∫ L

0
N(x,y,z, t2) dz

)
(4.6)

where t1 and t2 denote the two SAR observation times; these are spaced 2 months apart for

the InSAR data shown in Figure 3.6. The 1
cosθ factor in the above is a mapping function

that projects zenith-directed neutral atmospheric delay differences to the radar line-of-sight

(LOS), defined by the look angle θ nominally 23◦ for ERS-2. The additional factor of 2 is

due to two-way propagation of the radar signal through the neutral atmosphere. From Eqs.

(4.5) and (4.6), we see that GPS measures time variation of ZND at a fixed location while

InSAR measures the spatial variations of atmospheric phase, which is proportional to the

difference at two observation times of neutral atmospheric delays.

In Chapter 3, we alluded to the decomposition of neutral atmospheric effects in GPS and

InSAR observations into hydrostatic and water-vapor-dependent components, Eqs. (3.4)

and (3.8). We now explain this decomposition physically by examining the dependence of

neutral atmospheric refractivity on pressure, temperature and humidity. The refractivity N
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is given by Thayer (1974)

N = k1
Pd

T
+

(
k2

e
T

+ k3
e

T 2

)
+1.45W (4.7)

where Pd is pressure of dry air in hecto-Pascals (hPa), T is absolute temperature in Kelvin,

e is the partial pressure of water vapor in hPa and W is liquid water content in g/m3. The

constants are k1 = 77.6 KhPa−1, k2 = 71.6 KhPa−1 and k3 = 3.75× 105 K2hPa−1. Not-

ing that total atmospheric pressure (in hPa) P = Pd + e, an alternate formula for neutral

atmospheric refractivity is given by Davis et al. (1985)

N = k1
P
T

+
(

k
′
2

e
T

+ k3
e

T 2

)
+1.45W (4.8)

where k
′
2 = k2−Rd/Rvk1. Here, Rd = 287.053 J K−1kg−1 and Rv = 461.524 J K−1kg−1

are the gas constants of dry air and water vapor respectively. We will use Eq. (4.8) in this

dissertation.

The first term in Eq. (4.8) above is commonly referred to as hydrostatic refractivity

because the atmosphere, particularly dry air, is approximately in hydrostatic equilibrium

where the downward force of gravity on the air column is balanced by an upward-directed

pressure gradient force. Thus, from Eq. (4.8), the corresponding zenith hydrostatic delay

(ZHD) is

lzhyd = 10−6
∫ L

0
Nhyd dz = 10−6

∫ L

0
k1

P
T

dz (4.9)

where we have suppressed the (x,y,z, t) dependence of the various quantities above for

simplicity. ZHD can be approximated to an accuracy of 1 mm (Bevis et al. (1992)) given

accurate surface measurements of atmospheric pressure, Ps, using the Saastamoinen model

(Saastamoinen (1972))

lzhyd = k110−6 Rd

gm
Ps (4.10)

where gm is the local gravity at the center of the atmospheric column and Ps is in units

of hPa. Hydrostatic delay is the largest component of total ZND, typically around 2.1

meters. Also, because of its dependence on surface pressure (Eq. (4.10)), hydrostatic delay

is strongly dependent on altitude because the total amount of air contained in a column of

atmosphere decreases with increasing height.
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In Eq. (4.8), the term in parentheses denotes the contribution due to water vapor. The

associated delay, zenith wet delay (ZWD), is

lzwet = 10−6
∫ L

0
Nwet dz = 10−6

∫ L

0

(
k
′
2

e
T

+ k3
e

T 2

)
dz (4.11)

where, again, we have we suppressed the (x,y,z, t) dependence. The magnitude of wet

delay is much smaller than hydrostatic delay, typically less than 30 cm (Hanssen et al.

(1999)) as shown in Figure 3.2. We note from Eq. (4.11) that wet delay also depends on

temperature. However, the sensitivity of wet delay to a 1◦C change in temperature is 4-20

times smaller than a corresponding 1 hPa change in water vapor partial pressure (Hanssen

(1998)).

We now show that ZWD is proportional to total column water vapor. Following Bevis

et al. (1992), we define weighted mean temperature Tm as follows

Tm =
∫ H

0 (e/T ) dz∫ H
0 (e/T 2) dz

(4.12)

where H denotes the thickness, or scale height, of a layer of troposphere where water vapor

is most abundant. The equation of state for water vapor is e = ρvRvT , where ρv is water

vapor density (kg/m3). Using the equation of state and Eq. (4.12) in Eq. (4.11), ZWD can

be expressed as

lzwet = 10−6Rv(k
′
2 + k3/Tm)

∫ H

0
ρv dz (4.13)

The integral in Eq. (4.13) is total column water vapor above a point on the ground. Bevis

et al. (1992) found that the weighted mean temperature Tm is well-approximated by surface

temperature measurements using the empirical formula

Tm ≈ 70.2+0.72Ts (4.14)

where Ts is surface temperature in Kelvin. This empirical formula was derived from analy-

sis of 8718 radiosonde profiles spanning a two-year interval from sites in the United States.

Using the empirical formula above, the scale factor in Eq. (4.13) can be determined to

an accuracy of 2%. However, assuming a constant nominal value of Tm for all areas and
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seasons causes Eq. (4.13) to be accurate to about 15% (Bevis et al. (1992)). Thus, given

measurements of surface temperature, we see that ZWD from GPS and InSAR can be used

to accurately measure total column water vapor temporally or spatially.

The final term in Eq. (4.8) indicates the contribution of liquid water to neutral atmo-

spheric delay. This term essentially determines the impact of clouds on delay measure-

ments. ZND due to clouds is given by (Hanssen (1998))

lzcloud = 1.45WLcloud (4.15)

where Lcloud is the height of the cloud in meters. Hanssen (1998) shows that for certain

types of clouds, cumulus congestus and cumuloniumbus in particular, this component of

delay can reach 0.5 cm. However, for most other types of clouds, the corresponding ZND

is typically < 1 mm.

Atmospheric phase distortions in InSAR, shown in Figure 3.6, are similarly modeled as

φ INSAR
NA (x,y) =

4π
λ cosθ

10−6k1

(∫ L

0

P
T
|t1 −

P
T
|t2 dz

)
+

4π
λ cosθ

10−6
(∫ L

0
k
′
2

e
T
|t1 + k3

e
T 2 |t1 − k

′
2

e
T
|t2 − k3

e
T 2 |t2 dz

)
(4.16)

where we have supressed the (x,y,z) dependence in the various meteorological quantities

above and we have neglected the contribution due to liquid water. The terms in the first

parenthesis show hydrostatic delay difference at the two SAR observation times, φ INSAR
hyd ,

while the terms in the second parenthesis denote wet delay difference, φ INSAR
wet in Eq. (3.8),

Chapter 3. As in GPS, the hydrostatic delay difference in InSAR is correlated with topog-

raphy because of the altitude-dependence of surface pressure. Hereafter, we shall use the

term atmospheric phase to denote the observed phase signature in Figure 3.6 multiplied by

λ cos(θ)/(4π). That is, atmospheric phase will be expressed as equivalent zenith-directed

neutral atmospheric delay difference in millimeters.

In Figure 4.2, we plot the difference in GPS ZWD at the SAR overpass times, indicated

in Figure 3.2, against the InSAR atmospheric phase distortions averaged in a box of pix-

els centered on the GPS receiver locations. The correlation coefficient between these two

measurements is 0.91. Thus, GPS and InSAR measurements of neutral atmospheric delay
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GPS ZWD vs. InSAR phase residuals

Figure 4.2 InSAR atmospheric phase plotted against GPS ZWD difference from the 29-receiver
SCIGN network at the SAR overpass times. The phase residuals are averaged in 8 km by 8 km
blocks reflecting the fact that GPS ZWD combines many observations in a reversed cone above the
receiver. The use of 8 km by 8 km averaging windows exceeds the corresponding circular area of
the 8 km-diameter cone by about 28%. The slope of the line in the figure is 0.91, and not 1.0 due to
noise in both data sets.

are in reasonable agreement although there is noise in both datasets. The error in the GPS

measurements is about 5.6 mm. While neutral atmospheric delay can be estimated directly

from GPS data (Chapter 3), atmospheric phase distortions remain a major source of error

in InSAR images of crustal deformation. Therefore, Eq. (4.16) can, in principle, be used

to estimate the atmospheric contribution to observed interferometric phase. The suggested

method for calculating the neutral atmospheric contribution to InSAR observations, Eq.

(4.16), requires accurate measurements of atmospheric pressure, temperature, humidity and

liquid water content at the spatial resolution of InSAR. Slowly-varying surface pressure can

be measured using ground-based sensors and thus the hydrostatic delay difference contribu-

tion φ INSAR
hyd , although generally minimal, can be reliably inferred. However, conventional

meteorological instruments such as ground-based sensors, radiosondes and satellite-based

spectroradiometers cannot measure water vapor content at the fine resolution required to

characterize its variability. This limits the accuracy of wet delay difference φ INSAR
wet maps.

Instead, in this work, we approach the problem of InSAR atmospheric phase reduction by
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focussing on the temporal and spatial variability of neutral atmospheric delay measured

at high-resolution by GPS and InSAR. As will be discussed in the following section, this

variability is driven primarily by water vapor fluctuations in the lower atmosphere.

4.3 Spatial and temporal variability

Hydrostatic and wet delay vary both spatially and temporally. From Eq. (4.10), hydrostatic

delay follows the variation of atmospheric pressure at the surface. Since surface pressure

varies slowly over time and space, hydrostatic delay, while relatively large in magnitude,

shows smooth variation and can be estimated even with low-resolution meteorological sen-

sor measurements.

However, wet delay is more spatially and temporally variable than hydrostatic delay.

Daily variability of wet delay exceeds that of hydrostatic delay by an order of magnitude

(Elgered et al. (1991)). These variations are caused by transport and mixing of water vapor

in the neutral atmosphere in the lower atmosphere. These motions occur over a range of

spatial scales. Turbulent wind vortices are small-scale flow irregularities that efficiently

transport and mix water vapor and heat. At larger scales, weather systems determine the

flow characteristics. Since water vapor is an approximate tracer of atmospheric motions

(Ishimaru (1978)), its flow-induced spatial and temporal variations occupy a range of scales

as well. It is due to this variability that water vapor cannot be predicted with sufficient

accuracy using only surface measurements of humidity (Bevis et al. (1992)).

We saw in Chapter 3 that time variations of wet delay can be estimated from GPS data.

The GIPSY software we used models the temporal variability of wet delay as a first-order

Gauss-Markov stochastic process; reduction of these data yielded the estimated ZWD time-

series shown in Figure 3.2. Here we assume that the short-scale temporal fluctuations in the

ZWD timeseries are due to the mixing of water vapor in the atmosphere by irregular flow

patterns. As we assume a nominal value of 2.1 meters for hydrostatic delay in this work,

the timeseries of ZWD shown in Figure 3.2(b) may be biased by unmodeled hydrostatic

effects. These unmodeled hydrostatic delays depend on surface pressure. Consequently,

they vary slowly in time relative to water vapor turbulent fluctuations and are strongly cor-

related with the altitude of the GPS station. As we shall see in Chapter 5, these errors can
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be minimized by correcting the GPS data for altitude-dependent delay.

Hydrostatic delay is quite repeatable in time (Zebker et al. (1997)) and, therefore, hy-

drostatic delay minimally contributes to InSAR atmospheric phase variability and manifests

as slowly-varying phase trends similar to signatures caused by orbit inaccuracies. More-

over, residual hydrostatic delay will be correlated with topography. Water vapor, in con-

trast, varies significantly both spatially and temporally and so its contribution is not mini-

mized in the difference of two SAR observations forming the interferometric phase. In fact,

several authors such as Williams et al. (1998), Hanssen (1998) and Zebker et al. (1997))

note that the spatial distribution of water vapor is uncorrelated on time scales greater than

one day. In repeat-pass SAR interferometry, radar observations are made more than one

day apart and, therefore, the neutral atmospheric water vapor distribution on both passes

are uncorrelated. Therefore, we will assume that the short-scale variations in the observed

atmospheric phase distortions shown in Figure 3.6 are primarily due to the difference in

water vapor spatial distribution at the SAR overpass times.

We do not aim in this work to derive quantitative estimates of water vapor content from

InSAR and GPS data because: (1) InSAR atmospheric phase is a relative measurement of

water vapor at two imaging times and, thus, the measurements contain an arbitrary bias, (2)

we do not calibrate the data for hydrostatic effects as surface pressure measurements were

unavailable and (3) determination of absolute levels of water vapor content from GPS and

InSAR data requires surface temperature measurements over the study area (Bevis et al.

(1992)).

Instead, we seek to reproduce the spatial variability of atmospheric phase observed in

the InSAR data using timeseries of ZWD measured from a GPS network. We show be-

low that GPS measurements of ZWD and InSAR atmospheric phase distortions display

variability due to: (1) a topography-dependent variation resulting from the mean vertical

stratification of the neutral atmosphere and (2) short-scale variability caused by transport

and mixing of water vapor by turbulent wind vortices. Hereafter, we refer to the compo-

nent of InSAR atmospheric phase variability dependent on the vertical stratification of the

neutral atmosphere as topography-dependent atmospheric phase. We refer to the compo-

nent showing short-scale variability as turbulently-mixed atmospheric phase. In Chapter 5,

we will use the GPS ZWD measurements acquired exactly at the SAR overpass times to
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Figure 4.3 Zenith neutral atmospheric delays measured at the top (Point Q) and base (Point P) of
a mountain assuming a vertically-stratified neutral atmosphere indicated by the shading. The arrows
indicate microwave signals incident on the measurement locations in the zenith direction. The delay
due to the stratified neutral atmosphere measured at Q is denoted lz

NA(Q) while the corresponding
delay at P is lz

NA(P)

estimate both these types of variations observed in the InSAR data.

4.3.1 Vertically-stratified neutral atmosphere

Now, we discuss the effect of a neutral atmosphere that varies only in the z-direction on

estimates of ZWD. Consider measurements of zenith neutral atmospheric delay made at

points P and Q, respectively at the base and top of a mountain of height h as shown in

Figure 4.3. The difference in zenith delay between points P and Q is given by

lzNA(P)− lzNA(Q) = 10−6
∫ h

0
N dz

= (lzhyd(P)− lzhyd(Q))+(lzwet(P)− lzwet(Q)) (4.17)

Based on the formula for refractivity N, Eq. (4.8), we see that the difference in measured
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Figure 4.4 (a): GPS ZWD at the SAR overpass times plotted as a function of altitude. (b):
Atmospheric phase (blue) and GPS ZWD differences (red) plotted as a function of altitude.

delays between points P and Q depends on the vertical profile of pressure, temperature

and humidity. Since hydrostatic delay can be modeled accurately using surface pressure

measurements alone, the expressions in the first parentheses above are proportional to the

difference in surface pressure Ps at the altitudes of points P and Q. The difference in wet

delays between points P and Q is mainly determined by the vertical distribution of wa-

ter vapor in the lower atmosphere, although we note that temperature also decreases with

increasing height at an environmental lapse rate of 6.5◦C/km.

As water vapor column and surface pressure both decrease with increasing height, then

we expect lzNA(P) > lzNA(Q). We observe this behavior in Figure 4.4(a), where we have

plotted GPS ZWD, acquired at the times of SAR overpass against altitude. Thus, from

Figure 4.4(a), ZWD estimates from the GPS network measure the mean vertical stratifica-

tion of water vapor in the neutral atmosphere, albeit with a smaller dependence on surface

pressure due to unmodeled hydrostatic effects. Similarly, the InSAR atmospheric phase ex-

hibits a strong dependence on surface elevation, as shown in Figure 4.4(b). This quantity is

proportional to neutral atmospheric delay differences at the two SAR observation times (2

months apart). Also in Figure 4.4(b), we plot GPS ZWD differences in red and we observe

that GPS and InSAR show similar sensitivities to the mean vertical profile of the neutral

atmosphere. The high correlation between InSAR and GPS measurements in Figure 4.2 is
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thus largely explained by the similar vertical profiles shown in Figure 4.4(b).

We expect the topography-dependent component of ZWD variations in GPS and InSAR

observations to vary slowly in time, relative to the fluctuations caused by turbulent mixing.

This can be seen from the characterization of neutral atmospheric delay by Williams et al.

(1998) as a sum of the effects of a homogeneous and heterogeneous troposphere. The

authors note that the height-dependence of neutral atmospheric delay from GPS and In-

SAR is due to homogeneous troposphere, which is time-invariant and dependent on the

overall thickness of the neutral atmosphere plus some mean, constant atmospheric param-

eters. In contrast, the short-scale spatial and temporal delay fluctuations are due to the

heterogeneous troposphere, which results from atmospheric turbulence. Emardson et al.

(2003) found that mean vertical stratification of neutral atmospheric water vapor, exhibited

by height-dependence of GPS ZWD measurements, correlated over longer time scales than

horizontal variations.

We demonstrate the effects of the homogeneous and heterogeneous troposphere on de-

lay measurements by comparing the time-variation of the vertical trend of ZWD and fluc-

tuations of ZWD about this vertical trend. Figure 4.5 shows a histogram of the temporal

change in ZWD as a percentage of measured ZWD at a given time from all timeseries

shown in Figure 3.2(b). In particular, the plot in blue shows the distribution corresponding

to relative change of the ZWD vertical-stratification while the plot in red shows the distri-

bution of the relative change of the scatter about the vertical profile. Here, we have used

an exponential model to describe the vertical profile of ZWD. Thus, the histogram in blue

shows the relative change of the ZWD component described by the exponential model. We

will explain this model in further detail in Chapter 5. For now, we use this model to illus-

trate the differences between relative rate of ZWD change between the exponential vertical

trend of ZWD and the ZWD scatter about this trend. We observe from Figure 4.5 that

the relative temporal change of the vertical-dependence shows a smaller dispersion than

that of the residuals. This suggests that the scatter about the ZWD vertical profile shows

greater variability in time than the vertical profile itself. Therefore, we conclude that the

topography-dependent component of ZWD variations in GPS and InSAR observations to

vary slowly in time, relative to the fluctuations caused by turbulent mixing of water vapor.
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Figure 4.5 Histogram of temporal changes of ZWD as a percentage of ZWD measured at a given
time. Blue denotes the relative change of vertical (linear) trend of ZWD while red shows the relative
change of ZWD scatter about the vertical trend.

4.3.2 Variability due to turbulent mixing

Now, we discuss the short-scale spatial variation of wet delay caused by turbulent mixing

of water vapor in the neutral atmosphere. Turbulence is the phenomenon associated with

random perturbations of the mean flow of air in the atmosphere. Turbulence is a process

of the planetary boundary layer (PBL), which is the lowest 1-2 km of the troposphere.

Within the PBL, the atmosphere is directly influenced by the Earth’s surface and responds to

surface forcings with a timescale of an hour or less (Stull (1988)). Turbulence occurs as the

result of solar heating of the Earth’s surface, causing convection and wind shear (Hanssen

(1998)). Turbulence efficiently transports and mixes water vapor and, since water vapor is

concentrated in the lower atmosphere, the spatial and temporal fluctuations of water vapor,

measured respectively by InSAR and GPS, are thus mainly driven by turbulent processes.

In the following, we will show that this is indeed the case by comparing several types of

power spectra, computed from the InSAR atmospheric phase and GPS ZWD timeseries,

with the corresponding predictions from theory.



4.3. SPATIAL AND TEMPORAL VARIABILITY 49

The temporal and spatial phase fluctuations resulting from electromagnetic signal prop-

agation in a turbulent neutral atmosphere can be described by the power spectral density

(PSD) and structure functions of those fluctuations. The theoretical expressions for these

quantities assume a random model for a turbulent atmosphere whose statistics follow Kol-

mogorov turbulence theory. This theory predicts the mathematical form of the 3D structure

function and PSD of turbulent wind fluctuations. Since water vapor is an approximate tracer

for turbulent motions in the atmosphere (Ishimaru (1978)), then the corresponding structure

function and PSD of the water-vapor component of neutral atmospheric refractivity Nwet

also follows Kolmogorov statistics. The theoretical expressions for the PSD and structure

function of wet delay were originally presented in Tatarskii (1961). We summarize in the

following these theoretical results as applied to the two-dimensional InSAR atmospheric

phase one-dimensional and GPS ZWD timeseries. The derivation of these results is given

in Appendix B. For further details, the reader is referred to Hanssen (1998).

First, however, we recall that the correlation function of a wide-sense stationary random

function g of three dimensions is given by

C(r) = 〈g(x,y,z)g(x
′
,y

′
,z

′
)〉, where r =

⎡
⎢⎢⎣

x− x
′

y− y
′

z− z
′

⎤
⎥⎥⎦ (4.18)

By the Wiener-Khinchin theorem, the PSD of g is the Fourier transform of C(r)

S(k) =
∫ ∞

∞

∫ ∞

∞

∫ ∞

∞
C(r)e− jk·r dr, where k =

⎡
⎢⎢⎣

kx

ky

kz

⎤
⎥⎥⎦ (4.19)

is the three-dimensional wavevector. The structure function of g is defined as follows

D(r) = 〈(g(x,y,z)−g(x
′
,y

′
,z

′
))2〉 (4.20)

Since g is a second-order stationary process (Tatarskii (1961)), then

D(r) = 2C(0)−2C(r) (4.21)
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For the structure function of a random function g to exist, the function need not necessarily

be wide-sense stationary. In fact, the mean of the function g can vary linearly with position.

A transform relation between the structure function and the PSD is as follows

D(r) = 2
∫ ∞

∞

∫ ∞

∞

∫ ∞

∞
S(k)(1− e jk·r) dk (4.22)

The structure function for atmospheric refractivity is

D(r) = C2 ‖ r ‖2/3, li <‖ r ‖< lo (4.23)

where li and lo are the inner and outer scales of turbulence, respectively. li is typically

less than 100 meters while lo is on the order of the thickness of the boundary layer where

most water vapor resides, typically 1-2 km (Hanssen (1998)). This range of spatial scales

is called the inertial subrange. The associated PSD for Nwet is

S(k) ∝‖ k ‖−11/3, ko <‖ k ‖< ki (4.24)

where ko and ki are the wavenumbers corresponding to the outer and inner scales of turbu-

lence respectively. We see then that Kolmogorov theory predicts wet refractivity turbulent

variations with statistics that are isotropic, follow a power law, and are valid only within a

certain range of spatial scales.

To compute the corresponding quantities for the turbulently-mixed atmospheric phase,

we first assume equal structure functions and PSDs for the wet refractivity random func-

tions at both SAR acquisition times. Also, we assume that the two refractivity distributions

are uncorrelated. Then, using Eqs. (4.11), (4.23) and (4.24), the turbulently-mixed atmo-

spheric phase structure function Dφ is given by

Dφ (R) = Dφ (‖ R ‖) ∝ 2
∫ L

0
(L− z)[D(R,z)−D(0,z)] dz, whereR =

[
x− x

′

y− y
′

]
(4.25)

The factor of two in the above is due to the superposition of identical delay power spectra
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Figure 4.6 The Treuhaft-Lanyi structure function model Eq. (4.25) for neutral atmosperic delay
fluctuations due to turbulent variations of atmospheric water vapor

from the two SAR observations. The corresponding power spectrum

Sφ (u) = S(u,0) ∝‖ u ‖−11/3, withu =

[
kx

ky

]
(4.26)

where u is the wavevector in the x− y plane of the atmospheric phase. The structure func-

tion model, Eq. (4.25), was first derived in Treuhaft and Lanyi (1987) and used to study

fluctuations of wet delay observed in Very-Long-Baseline-Interferometry (VLBI). In Fig-

ure 4.6, we have numerically evaluated Eq. (4.25) and plotted the log of the result versus

log(‖ R ‖). We note that the slope of Dφ (R) is not constant and varies from 5/3 at short

spatial scales to about 2/3 at larger scales. Stotskii (1973) notes that, at spatial separations

larger than the thickness of the PBL (1− 2 km), turbulent eddies can be regarded as ef-

fectively two-dimensional and this results in the lower structure function slopes at those

scales.

Next, we discuss the statistics of temporal ZWD measurements. As GPS ZWD are

temporal observations, the empirical structure functions and PSDs computed are functions
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of time (seconds) and temporal frequency (Hz) respectively. However, we note that Kol-

mogorov turbulence theory predicts only the spatial statistics of wet refractivity fluctua-

tions. The frozen-flow hypothesis is commonly used to convert from spatial to temporal

statistics (Tatarskii (1961), Ishimaru (1978), Treuhaft and Lanyi (1987), Hanssen (1998)).

This hypothesis states that delay fluctuations observed over time at a fixed point are due

to spatial fluctuations of a refractivity random field moving across that fixed point by wind

with velocity V. Moreover, this hypothesis assumes that the spatial statistics of the moving

refractivity field are unchanged by its passage across the fixed point. As a consequence,

temporal frequency (in Hz) is related to spatial wavenumber by the following

f (Hz) = k (cycles/meter) ·V (meters/second) (4.27)

By the frozen-flow hypothesis, temporal fluctuations of wet delay measured at a point are

equivalent to a 1D profile through the 2D wet delay field Eq. (4.11) in the direction of wind

V . Assuming an observation location at (x,y) = (0,0) and the direction of motion along

the x-axis only, then the structure function of GPS ZWD timeseries is

DGPS(τ) = (1/2)Dφ (x− x
′
,0)|x−x′=Vxτ (4.28)

The factor of 1/2 arises because GPS observations are made at a single time while InSAR

atmospheric phase is a difference of observations at two times. Thus, the temporal struc-

ture function of ZWD essentially follows the Treuhaft-Lanyi model except that the spatial

coordinate is replaced by Vxτ . The corresponding equation for the PSD is

SGPS( f ) = (1/2)
∫ ∞

−∞
Sφ (kx,ky) dky|kx= f/Vx

(4.29)

Thus, SGPS( f ) ∝ f−8/3 for frequencies within the inertial subrange.

In Figure 4.7(a), we show the rotationally-averaged spatial structure function computed

from InSAR atmospheric phase (green line). Computation of a corresponding spatial struc-

ture function profile from the GPS ZWD data is incomplete due to the sparse and irreg-

ular distribution of the SCIGN GPS network. Reliable estimation is restricted to a few,

unequally-spaced samples of the 2D structure function. We have developed a method for
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Figure 4.7 (a): Rotationally-averaged spatial structure function profile from InSAR atmospheric
phase (green), empirical structure function at sparse lags from GPS ZWD at the SAR overpass times
(red) and averaged InSAR structure function values at those lags used in the estimation of GPS
structure function (blue). The black dashed lines indicate theoretical power law structure functions
from the Treuhaft-Lanyi model. (b): Temporal structure functions computed from the 29 SCIGN
GPS ZWD timeseries in a 6-hour time window centered around the SAR overpass times. Shown
also are theoretical 5/3 and 2/3 power law structure functions. The thick red line is the average of
structure function profiles from all GPS receivers

computing structure function values from the sparse array of measurements. In Chapter 5

and Chapter 6, we use this method to derive sparse estimates of the spatial auto- and cross-

correlation functions of ZWD.

In our approach, we first define a small set of points {Rk} over the extent of the structure

function where the value of the function is estimated. To estimate the function value,

we average squared differences of ZWD difference ΔlGPS,z
wet data from all pairs of GPS

receivers in the network whose spatial separations are approximately equal to Rk. Figure

4.8 shows a contour map of the InSAR atmospheric phase 2D structure function, range-

azimuth separations (lags) of all pairs of GPS sites (black crosses) and the set of points

{Rk} where we estimate structure function (red circles). We chose the set of estimation

locations, {Rk}, by applying the k-means (Gersho and Gray (1992)) clustering algorithm

to all range-azimuth lags derived from pairs of GPS sites (black crosses in Figure 4.8).
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Figure 4.8 Contour map of 2D structure function of the phase residuals. The black crosses denote
the range-azimuth separations (lags) of all pairs of GPS sites. The red circles indicate the locations
{Rk} where the 2D function is estimated by averaging products of GPS ZWD data whose spatial
separations are close to the designated points.

We let D̂l(Rk, ti) denote that GPS ZWD-derived estimate of the 2D structure function at

location Rk, computed as follows

D̂l(Rk) =
1

|S(Rk)|
|S(Rk)|
∑

(a,b)∈ S(Rk)
(lGPS,z

wet (ρa)− lGPS,z
wet (ρb))2 (4.30)

where

S(Rk) = {(ρa,ρb) : ρa −ρb ≈ Rk} (4.31)

Here, S(Rk) refers to the set of all of GPS site-pairs {(ρa,ρb)} whose difference is approx-

imately equal to Rk. The number of elements in the set S(Rk) is denoted |S(Rk)|.
Using this method, we obtained estimates of ZWD difference structure function from

GPS shown as red crosses in Figure 4.7(a). At a given Rk, the red crosses denote D̂l(Rk)

while the blue circles denote corresponding values from the 2D InSAR atmospheric phase

structure function averaged over those range-azimuth lags of the GPS sites contributing to
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the estimate of D̂l(Rk). We observe a qualitative agreement between the structure function

profiles computed from GPS and InSAR. Both profiles seem to follow a R2/3 dependence

for large spatial scales. In particular, the 2/3-dependence starts from R ∼ 2 km, which is

around the thickness of the PBL. At shorter spatial scales, the structure function profile

slope is steeper, but does not appear to conform to the expected 5/3 slope as predicted by

(Treuhaft and Lanyi (1987)). We note that short-scale decorrelation noise may impact the

shape of the structure function at these scales. In Williams et al. (1998), the authors state

that spatial structure functions computed from the SCIGN ZND data they used generally

conformed to the Treuhaft-Lanyi model at large scales. RMS InSAR atmospheric phase

values computed by Zebker et al. (1997) and Goldstein (1995) also appear to conform to

the model. In Hanssen (1998), however, the spatial structure functions from eight interfer-

ograms over the Netherlands appear to follow a 5/3 slope at large scales.

In Figure 4.7(b), we show temporal structure functions computed from the 29 GPS

ZWD difference timeseries shown in Figure 3.2(b). We used GPS data acquired in a time

window 6 hours long centered on the SAR overpass times to compute these statistics. The

temporal structure functions appear to follow τ2/3 for large time separations and this is

consistent with the Treuhaft-Lanyi model because, for a typical wind speed of 10 m/s, large

time separations correspond to large spatial scales by the frozen-flow hypothesis. Thus,

we expect the temporal structure function of ZWD timeseries to follow a 2/3-dependence

for large time separations. Williams et al. (1998) showed temporal structure functions

computed from SCIGN ZND timeseries which conformed to the Treuhaft-Lanyi model at

large time-separations.

In Figure 4.9(a), we show rotationally-averaged power spectra computed from the at-

mospheric phase shown in Figure 3.6. We computed the power spectrum from phase values

in a box of pixels 10 km × 10 km in size in the center of the study area shown in Figure 3.6.

We subtracted a low-order polynomial trend from these phase values before computing the

PSD. We observe that the empirical PSD generally follows a -8/3 slope on a log-log scale,

particularly in the range of wavelengths from ∼ 500 meters to 1.4 km. In the wavelength

range between 1.4 km to about 3 km, the slope approaches -5/3 indicating the “flattening”

of phase spectra caused by propagation through two-dimensional, instead of 3D, turbu-

lent water-vapor fields, as suggested by Stotskii (1973). At high frequencies, we observe
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Figure 4.9 (a): Rotationally-averaged spatial power spectrum computed from a 10 km ×10 km
window of detrended InSAR atmospheric phase. The black dashed lines show -8/3 and -5/3 power
laws. (b): Temporal power spectra computed from 29 detrended GPS ZWD timeseries in a 2-hour
time window centered on the SAR overpass times.

a similar flattening and this may be due to short-scale decorrelation noise, as noted by

Hanssen (1998). In Hanssen (1998), the author computed PSD from eight interferograms

over the Netherlands and found slopes of -8/3 for wavelengths between 0.5 km to 2 km,

slopes of -5/3 for scales greater than 2 km and slopes of -2/3 for scales less than 0.5 km.

Goldstein (1995) observed a PSD computed from phase signatures over the Mojave Desert,

CA showing a -8/3-dependence on spatial frequency. In Figure 4.9(b), we show temporal

power spectra computed from the 29 GPS ZWD timeseries in a 2-hour time window cen-

tered on the SAR overpass times. We detrended the GPS data by subtracting a low-order

polynomial from the timeseries prior to computing the spectra. The empirical power spec-

tra display slopes that vary between -5/3 to -8/3 on a log-log scale. The deviation at low

frequencies is most likely the result caused by detrending. Williams et al. (1998) observed

a -5/3 dependence on the temporal power spectra computed from SCIGN ZND.

From the discussion above, we see that the short-scale fluctuations of GPS ZWD and

InSAR atmospheric phase show a power-law dependence in their respective temporal and

spatial PSD. We note that the slope of our empirical atmospheric PSD differs from the slope
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predicted by Kolmogorov turbulence theory by 1. This is a consequence of the rotational-

averaging we applied to the 2D atmospheric phase spectrum. The theoretical slope of the

ZWD timeseries spectra is -8/3, from Eq. (4.29), while our measured slopes vary between

-8/3 and -5/3. We also observe that corresponding temporal and spatial structure func-

tions computed from these data appear to conform to the Treuhaft-Lanyi structure function

model. Thus, we conclude that the short-scale temporal and spatial fluctuations of GPS

ZWD and InSAR atmospheric phase are most likely due to turbulent mixing processes of

water vapor in the atmosphere.

4.4 Overview of other existing approaches

Existing approaches for correction atmospheric phase distortions in InSAR interferograms

can be categorized into two classes: (1) stacking and (2) calibration. Stacking involves

averaging multiple independent interferograms, formed from distinct SAR image-pairs, of

the same scene. Since the neutral atmosphere is uncorrelated on time scales greater than

one day (Hanssen (1998)), the level of atmospheric noise in interferograms can be reduced

by a factor of 1/
√

N by averaging N independent interferograms. The reader is referred to

Sandwell and Price (1998) and Sandwell and Sichoix (2000) for details on stacking.

Calibration approaches involves direct modeling of the atmospheric phase distortions

using independent sources of data, such as PW measurements from GPS. Several authors

such as Williams et al. (1998), Hanssen (1998) and Emardson et al. (2003) have proposed

using GPS data to correct InSAR atmospheric phase distortions. This proposition is the

primary focus of this dissertation and, in the previous section, we have presented an initial

demonstration of using GPS ZWD measurements to correct InSAR atmospheric phase dis-

tortions. We now review some existing calibration approaches using GPS as well as direct

meteorological measurements to reduce atmospheric effects in InSAR images.

Williams et al. (1998) showed that structure functions and power spectra computed

from timeseries of ZND obtained from a network of 50 GPS receivers as well as InSAR

atmospheric phase RMS fluctuations reported by Zebker et al. (1997) and Goldstein (1995)

conformed to the Treuhaft-Lanyi statistical model (Treuhaft and Lanyi (1987)). This sug-

gests that the short-scale fluctuations in GPS and InSAR measurements of wet delay are
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turbulence-driven. The authors also demonstrated an altitude-dependence in GPS ZND

data they used and they assumed a model of ZND that decreases linearly with height.

Williams et al. (1998) did not present InSAR observations of atmospheric phase, however.

They did propose, however, to reduce atmospheric distortions in InSAR by using GPS

ZWD estimates. Williams et al. (1998) point out that the low spatial density of continous

GPS networks compared to the scales of water vapor irregularities and resolution of InSAR

may not necessarily preclude using GPS ZWD measurements to correct atmospheric arti-

facts in InSAR. The power-law dependence of the atmospheric phase PSD indicates that

the largest amplitudes of atmospheric phase distortions are contained at low frequencies.

Therefore, even spatially-sparse ZWD observations from GPS can be used to correct these

long-wavelength components. Williams et al. (1998) note further that the ability of GPS

ZWD measurements to reduce atmospheric phase distortions also depends on the effec-

tiveness of the interpolator used to predict delay at an unsampled location as well as on

the accuracy of the measurements themselves. Through a 1D simulation, Williams et al.

(1998) found that when the accuracy of the control points was significantly less than the

RMS variations of the target profile, the improvement in interpolation error approached

1/
√

N where N denotes the number of control points used in the interpolation. In contrast,

when the accuracy of the measurements were on the order of the RMS variations of the

profile, the improvement did not decrease below 20% even as the number of control points

were increased. The authors note that, in the two-dimensional case, the actual distribution

of control points impacts the predictive performance of the interpolator. Finally, Williams

et al. (1998) found that kriging interpolation and bilinear interpolation yields lower residu-

als than inverse distance weighting (IDW) interpolation.

Hanssen (1998) compared the atmospheric phase signatures from a tandem interfero-

gram (acquired from SAR observations one day apart) with GPS ZWD differences acquired

from four receivers in the study area. He reported an RMS difference of 3 mm between

the GPS and InSAR measurements. The author also interpolated the point measurements

from GPS using isotropic harmonic spline interpolation and found a minimal reduction at-

mospheric phase dispersion after correction with the interpolated map. Hanssen mentioned

that the effectiveness of interpolating a IWV difference map from GPS depends on the spa-

tial density of GPS observations. However, the upper limit on the spatial variation of ZWD
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reproducible from GPS depends on the width of the averaging cone. The author also noted

that interpolating ZWD measurements from a GPS network can introduce ambiguous short

wavelength variations due to limitations of the interpolator and the irregular distribution of

the receivers.

In another calibratory approach, Wadge et al. (2002) reported used forward models

of atmospheric flow over Mt. Etna to calculate a three-dimensional water vapor field at

two SAR overpass times from which they obtained an estimate of InSAR atmospheric

phase. They also compared their result with measurements of wet delay acquired from

a network of GPS receivers on the mountain. The authors note that standard numerical

weather prediction models cannot adequately resolve the spatial variability of water vapor

at the resolution of InSAR and that this variability, as observed in InSAR atmospheric phase

distortions, is strong over Mt. Etna due to variable thickness of the neutral atmopshere and

complex local air flow over the mountain. They used a higher-resolution NH3D model that

incorporates orography of the mountain. This model was initialized using radiosonde data

acquired 150 km away from the mountain and 5 hours before the SAR overpass times. The

authors report that the range of spatial variation of ZWD differences produced by the model

was 50% greater than the variation observed from InSAR. The GPS and InSAR data agreed

to within 19 mm and subtracting the forward model output from the InSAR data reduced

the RMS phase fluctuations from 46 mm to 18 mm. The authors note that the quality of the

NH3D prediction is limited by errors in the radiosonde data used to initialize the model.

Delacourt et al. (1998) used a semi-empirical model for tropospheric delay, originally

developed for GPS to correct atmospheric phase artifacts in a SAR interferogram also over

Mt. Etna. This model assumed a “static” troposphere and used ground-based measure-

ments of pressure, temperature and humidity to model wet delay. The model contained

two parameters calibrated for their case study from radiosonde soundings. The authors

corrected atmospheric phase signatures obtained from 20 interferograms using their model

and found an average RMS residual of 28 mm. The authors interpret the residual atmo-

spheric phase as due to temporal inhomogeneities of water vapor which the ground-based

model cannot resolve.

Emardson et al. (2003) used ZWD measurements from the SCIGN GPS network to infer

the covariance matrix of InSAR atmospheric phase distortions at temporal and spatial scales
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commensurate with InSAR studies of deformation. However, the authors do not compare

GPS-derived statistics of ZWD with actual InSAR observations nor do they attempt to

use the ZWD measurements to correct InSAR atmospheric phase. The authors mention

that GPS cannot measure atmospheric phase at the resolution of InSAR because of the

“cone-averaging” effect in GPS estimation of ZWD. The authors analyzed timeseries of

ZND from 126 SCIGN GPS stations over a two year period. They computed empirical

structure functions from data obtained from different pairs of GPS receivers and found

that the ZWD data become uncorrelated at time scales > 1 day. Using a timescale of 7

days, they modeled the empirical structure functions as c ‖ R ‖α +kz where ‖ R ‖ denotes

horizontal length scale determined by separation of the GPS receivers and z is the height

difference between receivers. The authors found that the structure function dependence on

z was negligible compared to the length scale dependence. However, they found also that

mean vertical stratification of the neutral atmosphere, modeled by the z-dependence in the

above, remained correlated over time scales > 1 day compared to horizontal variations that

decorrelate at shorter time scales.

Li et al. (2006) mention that the reduction of atmospheric phase distortions in InSAR

using GPS is limited by: (1) the spatial resolution of GPS ZWD observations and (2)

limitations imposed by the choice of spatial interpolator. The authors present a statistical

minimum-variance interpolator, similar to kriging, for estimating the atmospheric phase

using GPS ZWD. The authors used the structure model derived in Emardson et al. (2003) to

characterize the covariance matrix of ZWD acquired from the SCIGN GPS network. They

assumed that this statistical model also describes atmospheric phase variations observed

in InSAR interferograms. Through a cross-validation procedure, the authors found that

their estimator reproduced GPS ZWD measurements with lower error compared to simple

IDW interpolation. The authors test their method of three interferograms over Southern

California and achieved about 1.2 mm atmospheric phase RMS reduction averaged over

all three cases. The authors note that their estimator cannot reproduce atmospheric phase

variations with wavelengths shorter than the GPS station spacing.

In all the studies mentioned above, the authors used independent data from GPS, ground-

based meteorological measurements and radiosondes to either explicitly model InSAR at-

mospheric phase or statistically characterize its fluctuations.
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In Wadge et al. (2002), however, the authors showed dynamical models of atmospheric

motions can be applied to meteorological data acquired at times around the SAR overpass

to infer atmospheric phase distortions in an interferogram. Extending this idea, a major

focus of this work is to use GPS ZWD measurements acquired before and after the SAR

overpass times to improve the estimation of InSAR atmospheric phase distortions.

In studies concerning explicit interpolation of GPS ZWD measurements acquired from

a network, Emardson et al. (2003) note that the minimum wavelength of atmospheric phase

variations that can be reproduced is determined by the inter-site spacing as well as the cone-

averaging effect from GPS estimation of ZWD. Thus, GPS data are most suitable to correct

longer-wavelength and higher power components of atmospheric phase.
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Chapter 5

Estimating atmospheric phase

signatures from GPS

5.1 Introduction

In this chapter, we present a simple method to reduce InSAR atmospheric phase distortions

using GPS ZWD measurements. InSAR atmospheric phase, Figure 3.6, can be regarded

as a “snapshot” of the difference between the states of the neutral atmosphere at the two

overpass times. The GPS ZWD measurements acquired at the SAR overpass times, shown

in Figure 3.2(b), are point measurements of the difference atmospheric phase field limited

to the locations of the 29 receivers. The InSAR phases, in contrast, are spatially resolved

to 40 meters over the entire image field. Therefore, to reduce InSAR atmospheric phase

distortions, we need to accurately infer ZWD at locations not coincident with the available

GPS stations. Here we examine interpolation methods to estimate ZWD between the GPS

locations, but still limited to the precise SAR overpass times. In Chapters 6 and 7 following,

we will present two algorithms that use ZWD measurements acquired before and after

the SAR overpass time to estimate a ZWD difference map that better approximates the

observed atmospheric phase distortions.

We saw in Chapter 4 that the atmospheric phase observed in the radar interferogram

shows spatial variability most likely due to two distinct physical processes: (1) topographic-

modulation of the mean ZWD and (2) turbulent mixing of water vapor in the atmosphere. In

63
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this chapter, we use the GPS ZWD point measurements to estimate two maps, one showing

topography-dependent spatial variations of wet delay and another approximating the varia-

tions due to turbulent mixing. Each of these maps is proportional to that component of total

column water vapor from Eq. (4.13) at the SAR overpass times. Thus, in this dissertation,

we refer to the ZWD map as estimated from the sparse GPS data as an integrated water

vapor (IWV) map and the difference of two IWV maps at the two SAR overpass times as an

IWV difference map. We will show that these maps can be used to reduce the global RMS

of atmospheric phase distortions observed in the interferogram.

5.2 Topography-dependent atmospheric phase

We have previously shown that GPS and InSAR delay data display similar altitude de-

pendence (Figure 4.4(b)). We now estimate this component of delay variation by fitting a

model of the vertical profile of neutral atmospheric delay to the GPS ZWD measurements.

The dependence of GPS ZWD on altitude has been observed previously by Elosegui

et al. (1998). The authors assumed an exponential law for water vapor density to model

the average vertical refractivity profile. Following this approach, we adopt a more general

model,

lvert(z) = Ce−αz + zαCe−αz + lmin (5.1)

The bias lmin above refers to the ZWD recorded at the highest-altitude station and equaled

31.2 mm for data acquired at the station WLSN on February 5th, 2000 and 61.2 mm for

data obtained on November 27th, 1999. We found empirically that the above model fits

the GPS ZWD observations better, at lower altitudes, than a simple exponential law. It is

important to correct the ZWD height dependence accurately because we need to remove

topography-related trends. Then, the residual fluctuations can be interpreted as turbulent

variations of water vapor. This motivates the use of the additional terms apart from the first

term in Eq. (5.1). In particular, since most GPS observations of ZWD occur at altitudes

less than 600 meters, we included the bias term lmin to minimize the weight of the sole

high-altitude wet delay observation acquired at station WLSN in fitting Eq. (5.1) to ZWD

data measured at all other low-altitude GPS sites.
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Figure 5.1 shows the resulting fit to the GPS ZWD data. The fit parameters are shown

in Table 5.1. We also show in Table 5.1 the goodness-of-fit of Eq. (5.1) lvert(zi) to the

GPS ZWD observations lGPS,z
wet (zk, ti) at the SAR overpass times in terms of the reduced

chi-square statistic

χ2
27 = (1/27)

29

∑
k=1

(lGPS,z
wet (zk, ti)− lvert(zk))2

σ2
GPS

ti = {t1, t2} (5.2)

The factor of 1/27 in the above corresponds to 27 degrees of freedom from 29 GPS ob-

servations and 2 model parameters, and σGPS denotes the GPS ZWD estimation error of

4 mm. The parameter C in Eq. (5.1) is proportional to the amount of precipitable water

vapor measured at sea-level while α denotes the decay rate of the vertical water vapor pro-

file with height. This rate is probably related to the scale height of the troposphere. While

explicit determination of the tropospheric scale height from GPS ZWD data is outside the

scope of this work, we note here that the approximately equal decay rate values on both

dates shown in Table 5.1 should not be interpreted to indicate similar atmospheric states on

both dates. Rather, the fits are primarily constrained by most of the ZWD measurements at

lower altitudes, and these measurements exhibit similar altitude-dependence (Figure 5.1).

Excluding the bias term lmin from the model, we find C = 114.1 mm, α = 1.7 km−1 for the

fit to data on February 5th, 2000 and C = 100.7 mm, α = 0.79 km−1 for the fit to ZWD

observations acquired on November 27th, 1999. In this study, we use the model in Eq.

(5.1) with the parameters shown in Table 5.1 to correct altitude-dependent ZWD in GPS

data and the topography-dependent component of InSAR atmospheric phase.

In Table 5.2, we show parameters inferred from a direct fit of the model in Eq. (5.1) to the

observed InSAR atmospheric phase. The resulting fit is shown in black in Figure 5.1(b).

The RMS atmospheric phase fluctuation after removing the topography-dependent model

is 8.6 mm, compared to 16.1 mm when the topography correction is ignored.

We use the parameters C and α inferred from the fits to the GPS ZWD data and a DEM of
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Table 5.1 Parameter estimates and goodness-of-fit for altitude-dependent atmospheric delay model
from GPS ZWD at the SAR overpass times

C (mm) α (km−1) lmin (mm) χ2
27

t1, Feb. 5th 2000 83.8 2.38 31.2 2.78

t2, Nov 27th 1999 39.5 2.35 61.2 2.40

Table 5.2 Parameter estimates for altitude-dependent atmospheric phase inferred from a direct fit
to observed InSAR phase

C (mm) α (km−1) lmin (mm)

t1, Feb. 5th 2000 110.0 1.3 30

t2, Nov 27th 1999 66.7 0.5 0



5.2. TOPOGRAPHY-DEPENDENT ATMOSPHERIC PHASE 67

Figure 5.1 (a): GPS zenith wet delay measurements (blue) plotted as a function of station altitude
at the SAR overpass times on Feb. 5th, 2000 (top) and Nov. 27th, 1999 (bottom). Shown in red are
least squares fits of Eq. (5.1) to the GPS ZWD data at the two SAR overpass times. (b): InSAR
atmospheric phase (blue) and GPS ZWD differences (red) as a function of altitude. In green, we
show a topography-dependent IWV difference map inferred using model parameter estimates shown
in Table 5.1 and a DEM of the area. This map is depicted in Figure 5.2(b). In black, we show a
topography-dependent model inferred from a direct fit of Eq. (5.1) to the InSAR atmospheric phase

the area to estimate topographic-dependence of atmospheric phase, and the result is shown

in Figure 5.2(a). We subtract this topography-dependent atmospheric phase model, Fig-

ure 5.2(a), from the total atmospheric phase observed by InSAR (Figure 5.2(b)) to yield

the turbulently-mixed atmospheric phase shown in Figure 5.2(c). As mentioned above,

removing the topography-dependent component of spatial variation reduces global root-

mean-square (rms) atmospheric phase fluctuations from 16.1 mm to 8.6 mm, a 46% reduc-

tion. This is the single most important correction to apply to interferograms to compensate

for atmospheric phase effects.
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GPS

Figure 5.2 (a): Map of altitude-dependent ZWD delay difference derived from parameters ob-
tained from least-squares fit of refractivity model to GPS ZWD measurements. (b): Unwrapped
atmospheric phase (box in Figure 3.6, Chapter 3) showing altitude-dependence. (c): Turbulently-
mixed atmospheric phase

5.3 Magnitude and correlation of the turbulent compo-

nent

After removing the component of spatial variation due to vertical stratification of the neu-

tral atmosphere, the GPS and InSAR residuals represent measurements of the turbulently-

mixed portion of ZWD variability. Here we compare these residuals in terms of their

magnitude and spatial correlation. In the following section and in Chapter 6, we will use

the results of this statistical comparison to reduce turbulently-mixed InSAR atmospheric

phase using GPS ZWD measurements.

In Figure 5.3, we plot GPS ZWD differences and turbulently-mixed atmospheric phase

at the positions of the GPS receivers. We see that GPS ZWD measurements and turbulently-

mixed atmospheric phase are quite similar. The GPS ZWD residuals at the 29 receiver

locations constrain the turbulently-mixed atmospheric phase field from InSAR. To quantify



5.3. MAGNITUDE AND CORRELATION OF THE TURBULENT COMPONENT 69

0 5 10 15 20 25 30
30

20

10

0

10

20

30

40

50

-

-

-

Z
en

it
h

 W
et

 D
el

ay
 d

iff
er

en
ce

 (m
m

)

GPS station number

WLSN

GPS ZWD
difference
uncertainty
= 5.6 mm

Figure 5.3 Comparison of GPS ZWD differences (red circles) and colocated turbulently-mixed
atmospheric phase measurements (blue squares) from the data shown in Figure 5.2(c). The blue
squares indicate phase measurements averaged in 8 km by 8 km blocks, so that the results will be
comparable to GPS zenith wet delay estimates which combine many observations over an inverted
cone above the receiver. The blue errorbars denote standard deviation of the phase samples in the 8
km by 8 km blocks.

this constraint, we start with the formal correlation of these data, γ , defined as follows

γ =

〈
(lGPS,z

wet (xa,ya, t1)− lGPS,z
wet (xa,ya, t2))ΔlINSAR

wet (xa,ya)
〉

√〈
(lGPS,z

wet (xa,ya, t1)− lGPS,z
wet (xa,ya, t2))2

〉〈
ΔlINSAR

wet (xa,ya)2
〉 (5.3)

where t1 and t2 are the SAR overpass times, (xa,ya) is a location of a GPS receiver and

ΔlInSAR
wet = φ INSAR

wet λ cosθ
4π . We assume that GPS ZWD difference data and turbulently-mixed

atmospheric phase from InSAR are both noisy measurements of actual ZWD difference

between the SAR overpass times, Δlwet = lwet(xa,ya, t1)− lwet(xa,ya, t2).

ΔlINSAR
wet (xi,yi) = Δlwet +nSAR

lGPS,z
wet (xa,ya, t1)− lGPS,z

wet (xa,ya, t2) = Δlwet +nGPS

where nSAR and nGPS are zero-mean and mutually-uncorrelated measurement noise with
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variances σ2
SAR and σ2

GPS respectively. Inserting the above into Eq. (5.3), the correlation

coefficient is expressed as follows

γ =
1√

1+ σ2
SARσ2

GPS
Δl4wet

+ σ2
SAR+σ2

GPS
Δl2wet

(5.4)

GPS ZWD estimation error, σGPS, is available from GIPSY processing of GPS carrier

phase observables. The uncertainty in the GPS ZWD estimates was about 4 mm. The red

error bar in Figure 5.3 shows the ZWD difference estimation error for data processed from

each GPS receiver. Assuming the ZWDs are uncorrelated at the two SAR overpass times,

the individual ZWD estimation errors of 4 mm sum together to give a ZWD difference

uncertainty of
√

2×4 = 5.6 mm, as shown in Figure 5.3. The blue errorbars in Figure 5.3

indicate the standard deviation of atmospheric phase samples within a 8 km ×8 km aver-

aging window. If we assume that the variance of noise in the phase measurements, σ2
SAR, is

negligibly small due to the averaging of many samples of turbulently-mixed atmospheric

phase in an 8 km by 8 km region, then

γ =
1√

1+ σ2
GPS

Δl2wet

=
1√

1+ 1
SNR

(5.5)

where SNR = Δl2wet
σ2

GPS
, the ratio of ZWD difference magnitude squared to GPS estimation error

variance. Figure 5.4 shows a plot of Eq. (5.5) and we note that the correlation between GPS

ZWD difference and InSAR turbulently-mixed atmospheric phase increases with increas-

ing SNR. The linear correlation coefficient between GPS ZWD and the turbulently-mixed

atmospheric phase (Figure 5.3) was 0.54. At this level of correlation, SNR ≈ 0.5 from

Figure 5.4.

The statistical significance of the linear correlation coefficient value of 0.54 can be

quantified by computing the following t-statistic (Press et al. (1986))

t = γ

√
N −2
1− γ2 (5.6)
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Figure 5.4 Relationship between the linear correlation coefficient and SNR assuming the additive-
noise model of GPS and InSAR observations of atmospheric delay.

where N = 29, the number of GPS sites in the study area. With γ = 0.54, t = 3.33. If the

InSAR turbulently-mixed atmospheric phase and GPS ZWD measurements are uncorre-

lated and normally-distributed, the statistic above is distributed according to the two-tailed

t-distribution, with N − 2 = 27 degrees of freedom. At a significance level of 0.01, the

critical value is 2.771 and, thus, the hypothesis of no correlation between the two datasets

is unlikely. Therefore, the linear correlation of 0.54 between InSAR atmospheric phase

and GPS measurements of ZWD is statistically significant. Such a high degree of corre-

lation confirms that GPS ZWD measurements, corrected for vertically-dependent trends,

represent point measurements of turbulently-mixed atmospheric phase from InSAR.

We now examine the spatial correlation of GPS ZWD measurements that have been

corrected for altitude-dependence. In Figure 5.5(a), we present the 2D spatial autocorrela-

tion function measured directly from the turbulently-mixed InSAR atmospheric phase. We

compare this result with the spatial correlation function of ZWD differences derived from

the GPS measurements. We derive the 2D GPS-derived spatial autocorrelation function of

ZWD by fitting a smooth function to a limited set of autocorrelation estimates obtained us-

ing the method described in Chapter 4, but computing autocorrelation instead of structure

function values. The functional form we use to model the spatial autocorrelation function

of wet delay derives from geostatistical variogram models. In particular, we choose to
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model the spatial autocorrelation function of ZWD as a product of an exponential correla-

tion model and a “hole-effect” model to approximate the observed spatial autocorrelation

function of the InSAR turbulently-mixed atmospheric phase (Goovaerts (1997)),

Ĉ(Rx,Ry) = Ce
−
√

(Rx
τx )

2
+
(

Ry
τy

)2

cos

(
π
(

Rx

Wx
+

Ry

Wy

))
(5.7)

We estimate the model parameters τx,τy,Wx,Wy and C from the best fit of the model above

to the limited set of autocorrelation estimates from the GPS ZWD data at each SAR over-

pass time. We construct two empirical autocorrelation function models, one each for ZWD

data from GPS acquired on November 27th 1999 and February 5th 2000 respectively, and

form a two-acquisition model of the spatial autocorrelation function of atmospheric phase

distortions. Table 5.3 displays the least-squares solution for model parameters. The pa-

rameter set, τx,τy,Wx,Wy and C, reflects the spatial correlation of neutral atmospheric path

delays between GPS sites on each SAR overpass time. We observe that the model pa-

rameter estimates are markedly different for the two dates considered, implying dissimilar

inter-site ZWD correlations on both dates. Interpreting the theoretical structure of spatial

correlation of water-vapor signal delays from GPS is outside the scope of this report and

remains for future work.

In Figure 5.5(b), we show the spatial autocorrelation function inferred from GPS ZWD.

Figure 5.5 shows that our model for the autocorrelation function, derived by fitting Eq. (5.7)

to sparse autocorrelation estimates from the GPS data, agrees with the empirical autocor-

relation computed from the turbulently-mixed atmospheric phase. Note that our choice

of model is motivated solely by the need to interpolate the sparse network of GPS ZWD

data to a regular two-dimensional grid, and not to validate theoretical autocorrelation mod-

els of water-vapor-induced delays with GPS and InSAR observations. Rather, a reason-

able autocorrelation function model that agrees with observations allows us to estimate the

turbulently-mixed atmospheric phase artifacts observed in SAR interferograms.

The relatively high correlation observed between GPS ZWD measurements and InSAR
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Figure 5.5 (a): 2D spatial autocorrelation function of turbulently-mixed atmospheric phase com-
puted from the InSAR phase (b): 2D autocorrelation function model inferred from least-squares
regression of Eq. (5.7) of autocorrelation function estimates computed from the sparse GPS ZWD
measurements.

phase residuals, plus the close correspondence between the spatial autocorrelation func-

tions inferred from these data, permits us to estimate an IWV difference map from the

GPS ZWD measurements at the SAR overpass times. We will use this map to reduce the

distortions caused by turbulently-mixed InSAR atmospheric phase variations.

5.4 Estimating the turbulently-mixed atmospheric phase

We wish to reduce the turbulent component of InSAR atmospheric phase variations by sub-

tracting a GPS-derived IWV difference map approximating the short-scale fluctuations. To

estimate this map at the InSAR resolution, we must model the ZWD at locations not cov-

ered by the sparse GPS receiver network. Our approach follows from the characterization

of turbulence-driven 3D wet refractivity fluctuations as a stochastic process with a structure
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Table 5.3 Spatial autocorrelation parameters of turbulently-mixed atmospheric phase inferred
from irregularly-spaced GPS autocorrelation samples

C (mm2) τx (km) τy (km) Wx (km) Wy (km)

t1, Feb. 5th 2000 0.11 41.54 13.19 42.5 381.9

t2, Nov 27th 1999 0.75 7.92 7.86 12.83 363.2

function and PSD derived from Kolmogorov turbulence theory, as we described in Chapter

4. We use a statistical interpolation method, called kriging (see Goovaerts (1997) for an

overview), to generate a minimum-variance estimate of ZWD at unsampled locations using

the 29 available GPS ZWD measurements. We apply this interpolation twice, for data sets

acquired at both SAR overpass times, and compute the difference of the results.

The kriging algorithm forms an estimate of ZWD l̂wet(x0,y0) at an unsampled location

(x0,y0) using a linear combination of the 29 available GPS ZWD measurements,

l̂wet(x0,y0) = wT lGPS,z
wet , w =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

w1

.

.

.

w29

,

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

lGPS,z
wet =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

lGPS,z
wet (x1,y1)

.

.

.

lGPS,z
wet (x29,y29)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(5.8)

The weights wi are chosen to minimize the mean-squared-error between the estimate l̂wet

and the random process lwet

w =
−1

min
w

〈(lwet −wT lGPS,z
wet )2〉, such that ∑ wi = 1 (5.9)

The constraint ∑ wi = 1 is to ensure lack of bias in the estimator. It can be shown
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(Goovaerts (1997)) that the optimal set of weights is given by

w = C−1d (5.10)

where

[C]i j = 〈lGPS,z
wet (xi,yi)l

GPS,z
wet (x j,y j)〉 = C(xi − x j,yi − y j) (5.11)

and

di = 〈lwet(x0,y0)l
GPS,z
wet (xi,yi)〉 = C(x0 − xi,y0 − yi) (5.12)

In the above, C(x,y) is the spatial autocorrelation function of the stochastic process lwet .

We assume that the GPS ZWD at both SAR overpass times and InSAR turbulently-mixed

atmospheric phase are samples of two, mutually uncorrelated stochastic processes with

a common autocorrelation function C. We use the spatial correlation function computed

directly for the turbulently-mixed atmospheric phase, as shown in Figure 5.5(a). In prin-

ciple, the theoretical forms of power spectra predicted by Kolmogorov theory can be used

to obtain a correlation model for kriging. However, the Kolmogorov model is idealized

in that the spatial correlation of the ZWD field is assumed to be isotropic. Neglecting

directional-dependence in the assumed autocorrelation model may result in an inferred

map that poorly approximates the observed InSAR turbulently-mixed atmospheric phase.

In general, anisotropic turbulent variations have been studied (Celani and Seminara (2006))

but treatment of the physical basis underlying anisotropic water vapor spectra is beyond the

scope of this work.

In Figure 5.6(b), we show a ZWD difference map generated using kriging from the 29

GPS measurements at the two SAR overpass times. Figure 5.6(c) shows the error magni-

tude resulting from subtracting the interpolated map from the observed turbulently-mixed

atmospheric phase, Figure 5.6(a). The RMS residual of the turbulently-mixed atmospheric

phase is 8.6 mm, and after correction with the IWV difference map generated by krig in-

terpolation, we observe a 0.5 mm reduction. But this reduction in RMS residual is for the

full range of wavelengths in the PSD of turbulently-mixed atmospheric phase. At higher

spatial frequencies in particular, the fluctuations are dominated by short-spatial-scale vari-

ations due to decorrelation as well as possible interpolation errors. Furthermore, there is
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Figure 5.6 (a): Turbulently-mixed InSAR atmospheric phase over study area. (b): IWV difference
map kriging interpolated from the 29 GPS ZWD difference measurements acquired at the SAR
overpass times. (c): error magnitude after correcting the turbulently-mixed atmospheric phase (a)
with IWV difference map (b)

an upper bound on the spatial frequency of turbulently-mixed atmospheric phase variations

that can be reproduced by interpolation of the GPS ZWD measurements. The IWV dif-

ference maps can therefore only be compared with turbulently-mixed atmospheric phase

variations at spatial frequencies less than this maximum, since fluctuations at higher fre-

quencies can be considered as noise.

The maximum spatial frequency of the useful phase signatures is about 1/8 km−1. This

value of the cut-off frequency follows from noting that the measurements of ZWD from

GPS are actually averages of the atmosphere in an inverted cone, with an 8 km diameter

at its base assuming a tropospheric scale height of 1 km (Figure, 3.1, Chapter 3). There-

fore, we filter out the shorter-scale variations using a box-car filter of dimensions 8 km ×
8 km, as suggested by the GPS averaging cone. This smoothing operation is desired if the

deformation map can be averaged to similar resolution and still maintain geophysical sig-

nificance, as is the case quite often. After filtering, the RMS residual of turbulently-mixed

atmospheric phase was 4.7 mm. Subtracting the (similarly filtered) kriged map from the

filtered phase yielded a residual RMS of 3.9 mm. Thus, with prior smoothing, we achieve

a 0.8 mm reduction in RMS residual, compared to 0.5 mm without filtering. This suggests
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Table 5.4 RMS atmospheric phase fluctuations before and after GPS-derived corrections

Atmospheric phase
distortions (mm RMS) 16.1

Entire spectrum Low-pass filtered
Corrected for topography-
dependence (mm RMS) 8.6 4.7

Corrected for turbulently-
mixed variations (mm RMS) 8.1 3.9

that “kriging” sparse data introduces into the IWV difference maps spurious high-frequency

artifacts which limit the RMS phase fluctuation reduction.

In Table 5.4, we summarize our results we obtained for this approach to reduce turbulently-

mixed atmospheric phase using GPS ZWD measurements.

5.5 Summary

In this chapter, we have used GPS ZWD measurements acquired at the SAR overpass times

to reduce atmospheric phase distortions in a radar interferogram. As GPS and InSAR are

similarly sensitive to the neutral atmosphere, and water vapor in particular, our approach to

reducing InSAR atmospheric phase distortions focused on reproducing two types of spatial

variations of these signatures from GPS ZWD measurements. Specifically, we used GPS

ZWD measurements to estimate the topography-dependent (Figure 5.2) and turbulently-

mixed (Figure 5.6) components of atmospheric phase. Correcting the observed InSAR

atmospheric phase with the topography-dependent estimate yielded a reduction in RMS

phase fluctuations of about 7.5 mm. In other studies concerning calibration approaches

using ground-based meteorological data, various authors have shown that standard models

used to extrapolate surface measurements of pressure, temperature and humidity in the ver-

tical can only be used to account for the topography-dependent atmospheric phase. In these

studies, the accuracy of the modeled atmospheric phase artifacts depends on the quality of

the various meteorological data used in the models. Here, we have shown that GPS ZWD
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measurements can be used to accurately estimate the topography-dependent component of

atmospheric phase spatial variation.

The extrapolation models used by the authors in other studies mentioned in Chapter

4 regard the lower atmosphere as static and, consequently, short-scale atmospheric phase

variations caused by turbulent mixing of water vapor cannot be adequately predicted using

ground-based meteorological measurements. Here, we estimated the turbulently-mixed at-

mospheric phase component using a statistical approach (kriging) similar to that used by Li

et al. (2006). As shown in Table 5.4, we achieved a 0.5 mm reduction in turbulently-mixed

atmospheric phase distortion RMS error. We noted a slightly larger reduction when prior

smoothing was applied. This supports the observation made by Li et al. (2006), Emardson

et al. (2003) and Hanssen (1998) that the minimum wavelength of variation reproducible

from interpolating GPS ZWD measurements is determined by the width of the averaging

cone used in GPS data reduction. Also, we find that interpolation can introduce spurious

high-frequency variations in the results which can contaminate the phase residuals after

correction. The accuracy of interpolating GPS ZWD measurements has been repeatedly

shown to be limited by the sparsity of the network, which sets a limit on our ability to

compensate InSAR data for atmospheric effects. In the following chapters, we propose

two algorithms that use GPS measurements of ZWD acquired before and after the SAR

overpass times to increase the effective sampling density of GPS observations.



Chapter 6

The “frozen-flow” algorithm

6.1 Introduction

In this chapter, we present an algorithm to derive a ZWD difference map from GPS time-

series exhibiting less turbulently-mixed InSAR atmospheric phase than with our approach

in chapter 5. Here, we concentrate on the turbulence-driven component of atmospheric

phase spatial variation. As shown in chapter 5, the topography-dependent component is

fairly well approximated by modeling the vertical-dependence of GPS ZWD data acquired

only at the SAR overpass times, because the vertical stratification of the neutral atmo-

sphere varies slowly relative to the fluctuations caused by turbulent mixing. In this and

the following chapters, we use GPS ZWD timeseries that have already been corrected for

vertical-dependence.

In our algorithm, we follow the approach of Chapter 5 and model turbulent wet refrac-

tivity fluctuations, and consequently the turbulently-mixed atmospheric phase, as a stochas-

tic process. We assume that this process is characterized by the spatial autocorrelation

function as shown in Figure 5.5(a). However, in addition we allow a temporal evolution

of this random wet refractivity field. Time-dependence is modeled here by the frozen-flow

hypothesis, introduced previously in Chapter 4. The SCIGN GPS network tracks the refrac-

tivity field over time by measuring timeseries of ZWD at those receiver locations in Figure

3.2(a). In the algorithm presented in this chapter, we leverage the dense temporal sampling

of GPS ZWD observations, via the frozen-flow hypothesis, to infer denser networks of

79
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point measurements from GPS for inferring IWV maps. We hereafter refer to these ZWD

point measurements in a network as control points. We noted in the previous chapter that

the accuracy of interpolating the ZWD difference maps is limited by the sparsity of the GPS

network. Our method here incorporates additional GPS ZWD data recorded prior to and

after the individual SAR overpass times into the spatial interpolation procedure, resulting

in a denser network of control points. The additional GPS measurements enable estimation

of IWV difference maps that better match (in terms of RMS residual) the turbulently-mixed

atmospheric phase distortions observed in the InSAR data (Figure 5.6(a)).

In Chapter 4, we used the frozen-flow hypothesis to relate temporal statistics computed

from GPS ZWD timeseries to Kolmogorov theory. Several authors have used frozen-flow

to relate temporal and spatial fluctuations of wet delay. Treuhaft and Lanyi (1987)) used

the hypothesis assuming a wind speed of 8 m/s to compare the temporal statistics computed

from VLBI observables with their spatial structure function model, Eq. (4.25). Hanssen

(1998) applied frozen-flow to correlate timeseries of ZWD differences from four GPS re-

ceivers with one-dimensional slices through the 2D InSAR atmospheric phase. These cuts

were taken along the mean horizontal wind direction and stretched by mean wind speed as

measured co-locally with the GPS receivers by radiosondes and surface-based sensors. He

found correlation levels greater than 0.75 between the GPS ZWD timeseries and retrieved

InSAR profiles. Here, we use the frozen-flow hypothesis to, first, infer flow speed and di-

rection from the GPS ZWD timeseries acquired from the network and, second, to use ZWD

measurements acquired before and after the SAR overpass times to increase the density of

the GPS network in the statistical estimation of IWV difference maps.

In Section III below, we describe how, based on the frozen-flow hypothesis and the

spatial autocorrelation functions of atmospheric delay, to include measurements of atmo-

spheric path delay from GPS, recorded prior to and after the SAR acquisition times, in the

spatial interpolation of atmosphere delay maps. Finally, in Section IV, we present spatially-

interpolated maps of atmospheric path delay which we then compare to the observed phase

screen in the radar interferogram.
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6.2 The “frozen-flow” algorithm

6.2.1 Estimating mean wind from the GPS network data

The frozen-flow hypothesis applied to 3D wet refractivity may be stated as follows (Hanssen

(1998), Williams et al. (1998), Ishimaru (1978) and Treuhaft and Lanyi (1987)):

Nwet(x,y,z, t) = Nwet(x−Vxt,y−Vyt,z,0) (6.1)

The frozen-flow hypothesis posits that a local slab of wet refractivity Nwet(x,y,z) is trans-

ported, or advected, across an area by mean horizontal wind V = [Vx Vy]
T , and that the

spatial statistics of this refractivity field are unaffected by passage of the column across the

area. We assume here that the mean wind V is spatially constant but time-varying over the

study area shown in Figure 3.6. Following Emardson and Webb (2002), we also assume

that the sparse network of GPS receivers measures this wind-driven, advecting refractiv-

ity field over time, and further that wet delay possesses homogeneous statistics in space

and wide-sense stationary statistics in time. Under these assumptions, the cross-correlation

between GPS ZWD lGPS,z
wet (x,y, t) at two locations in space and consecutive time instances

is,

C(R,ΔT ) =
〈

lGPS,z
wet (ρ +R, t +ΔT )lGPS,z

wet (ρ, t)
〉

=
〈

lGPS,z
wet (ρ +R−VΔT, t)lGPS,z

wet (ρ, t)
〉

= C(R−VΔT ) (6.2)

≈ C(R)−∇C|R · (VΔT ) (6.3)

where the autocorrelation function of ZWD measurements is given by

C(R, t) =
〈

lGPS,z
wet (ρ +R, t)lGPS,z

wet (ρ, t)
〉

, ρ = [x y]T , R = [Rx Ry]
T (6.4)

with t = {tmaster, tslave}. We see from Eq. (6.2) that the 2D cross-correlation function of

the ZWD field at consecutive time instants is related to the 2D autocorrelation function Eq.

(6.4) by a simple translation dependent on the mean wind. If we assume that the translation
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is small, in addition, the cross-correlation function can be linearized (Eq. 6.3). Our method

of using timeseries measurements of ZWD from GPS for estimating the spatial atmospheric

distortions from InSAR is to solve Eq. (6.3) for mean wind V(t) over time, and then relate

timeseries of ZWD to locations at the SAR overpass times, using Equation (6.1). This

provides a spatially denser network of control points for interpolation of ZWD difference

map than is possible by considering only ZWD data recorded at the SAR overpass times.

We solve Eq. (6.3) for mean wind in a least-squares sense by fitting the autocorrelation

function model shown in Figure 5.5(a) to empirical cross-correlations of GPS ZWD data

at consecutive time instants. Analogous to the method we used in Chapter 4 to estimate

structure functions from sparse GPS ZWD data (Eq. (4.30), we compute cross-correlation

functions of ZWD measurements at consecutive times tn
i and tn−1

i about the individual SAR

overpass times ti as follows

P̂l(Rk, t
n
i ) =

1
|S(Rk)|

|S(Rk)|
∑

(a,b)∈S(Rk)
lGPS,z
wet (ρa, t

n
i )lGPS,z

wet (ρb, t
n−1
i ) ti = {t1, t2} (6.5)

where S(Rk) = {(ρa,ρb) : ρa −ρb ≈ Rk}. We process GPS ZWD temporal observations

from all 29 receivers in the area of study, within a period of Twindow.ΔT seconds (Twindow

samples) prior to and after the SAR overpass times of t1 and t2. That is,

tn
i ∈ {t−Twindow/2

i , ..., t−1
i , ti, t

1
i , ..., tTwindow/2

i } (6.6)

In Eq. (6.5) above, P̂l(Rk, ti) refers to estimates of the 2D cross-correlation function of

GPS ZWD data recorded at receivers separated by about {Rk} and at consecutive times tn
i

and tn−1
i . Following Eq. (6.3) and using the 2D spatial autocorrelation function model, we

solve for a timeseries of mean wind estimates {V̂(tn
i )} in a least-squares sense as follows

V̂(tn
i ) = min

V
∑
k

(
P̂l(Rk, t

n
i )−

(
Ĉ(Rk)−∇Ĉ(Rk) · (VΔT )

))2

ti = {t1, t2} (6.7)

In Figure 6.1, we present mean wind estimates over time obtained by applying Eq. (6.5)
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Timeseries of translation vector V derived from
GPS ZWD on Nov 27 th 1999

Timeseries of translation vector V derived from
GPS ZWD on Feb 5th 2000
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Figure 6.1 Left: Mean wind vectors V̂(t1
n) estimated from timeseries of GPS ZWD observations

on February 5th 2000. Right: Mean wind vectors V̂(t2
n) estimated from timeseries of GPS ZWD

observations on November 27th 1999. In the figure above, least-squares estimation of mean wind
parameters V(t) was applied to GPS ZWD observations acquired 50 minutes prior to and 50 minutes
hours after the radar acquisition times, 18:31 UTC, on both dates

and Eq. (6.7) to the GPS ZWD timeseries recorded 50 minutes (Twindow.ΔT = 3000 sec-

onds) prior to and after the SAR overpass times on February 5th 2000 and November 27th

1999. We interpret these vectors as a vertical average of wind in the lower atmosphere since

the GPS ZWD measurements from which the wind estimates are inferred are themselves

proportional to total amount of water vapor contained in a vertical column of air. In Chap-

ter 7, we will show analytically that this interpretation is plausible. The vectors shown in

Figure 6.1 are instantaneous estimates of wind direction and magnitude affecting the entire

ZWD field which is sampled over time by the sparse and irregularly-spaced network of

GPS receivers.

6.2.2 Generating dense networks of ZWD control points

By the frozen-flow hypothesis, the timeseries of mean wind estimates shown in Figure 6.1

is then used to translate temporal observations of GPS ZWD spatially across the range-

azimuth grid of the radar interferogram, forming a denser network of GPS ZWD control
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points for subsequent interpolation (see Figure 6.2 below). A ZWD measurement made at

time tn
i from a GPS receiver located (xa,ya) will be advected to a new position (x,y) at the

time of SAR overpass ti = {t1, t2} determined by the vector summation of all mean wind

estimates between time tn
i and ti ,

[
x

y

]
=

[
xa

ya

]
+ V̂(tn

i )ΔT + V̂(tn−1
i )ΔT + ...+ V̂(ti)ΔT (6.8)

To illustrate, in Figure 6.2 we plot the resulting denser networks of GPS ZWD control

Figure 6.2 Left: Denser network of GPS control points inferred from observations collected
65 minutes about t1 on February 5th 2000, using corresponding mean wind timeseries estimates.
Right: Denser network of GPS ZWD control points inferred from GPS observations recorded 30
minutes about t2 on November 27th 1999, by applying mean wind timeseries estimates in according
to Eq. (6.8). Yellow triangles indicate locations of the 29 continuous GPS stations in the SCIGN
network. Red dots are locations of new control points obtained after application of the “frozen-
flow” hypothesis. The box denotes the region of study. Points spatially-translated out of the region
of interest (Figure 3.6) are discarded.

points after applying the timeseries mean wind estimates to temporal measurements of de-

lay recorded 30 minutes about the slave acquisition time and 65 minutes about the master
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acquisition time. The reason we used a time window that is asymmetric with respect to

the SAR overpass times will be explained in the following section. The yellow triangles

are the locations of actual GPS receivers, while the red dots are the inferred GPS esti-

mates obtained by advecting the measurements at the triangles to the SAR overpass times.

With more control points available, we then use interpolation to generate an IWV differ-

ence map that better reduces the turbulently-mixed atmospheric phase distortions observed

in the interferogram, Figure 5.6(a). We note that other interpolation techniques can be

used to generate the IWV difference map. Here, we choose kriging because we model the

turbulently-varying wet delay field as a stochastic process with a known autocorrelation

function. We note that we interpolate using only those points that fall within the study area,

including GPS ZWD samples originating from outside the region of interest. While GPS

ZWD observations translated outside the region of study may contain useful information

for the interpolation procedure, we find that these samples are less correlated with the un-

wrapped phase samples within the area of study. Accordingly, we exclude those external

points from the interpolation procedure.

6.3 Interpolating a IWV difference map

In this section, we compare the atmospheric phase corrected for topography-dependent spa-

tial variation (Figure 5.6(a)) with an IWV difference map generated from the denser GPS

ZWD control point network (red dots in Figure 6.2) inferred by our frozen-flow method.

We find that the larger set of GPS ZWD control points produces interpolated maps with

lower interpolation error RMS than the IWV difference map generated by interpolating

ZWD data acquired only at the SAR overpass times. Figure 6.3(a) shows the turbulently-

mixed atmospheric phase, displayed previously in Chapter 5. Figure 6.3(b) shows the result

obtained in Chapter 5 by interpolating the 29 GPS ZWD measurements acquired only at

the SAR overpass times. In Figure 6.3(c), we show the IWV difference map generated by

interpolation of the denser network of GPS ZWD observations. Figures 6.3(d) and (e) show

interpolation error magnitudes obtained by subtracting the interpolated maps from Figure

6.3(a). As can be seen, the IWV difference map obtained from the denser network of ZWD

observations produced by our method better compensates the small-scale phase artifacts
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Figure 6.3 (a): Turbulently-mixed atmospheric phase in the area of study as shown previously in
Figure 5.6(a) (b): Kriging-interpolated IWV difference map from network of GPS ZWD measure-
ments recorded only at the SAR overpass times. (c): Kriging-interpolated IWV difference map from
denser network of GPS ZWD measurements (Figure 6.2) obtained from application of “frozen-flow”
hypothesis to timeseries recorded at 29 SCIGN GPS stations. (d): Error magnitude from correcting
observed atmospheric phase (a) with the IWV difference map in (b). (e): Error magnitude from
correcting observed atmospheric phase (a) with the IWV difference map (c). The dotted line across
panels (a), (b) and (c) denotes location of a profile of turbulently-mixed atmospheric phase that is
compared with corresponding profiles from the kriging IWV difference maps in Figure 6.4
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Figure 6.4 Cuts in the range direction through the turbulently-mixed atmospheric phase and inter-
polated map. The phase residuals are shown in blue. The red curve represents a transect through the
krigged map interpolated from a denser network of GPS ZWD observations. The black curve is the
corresponding transect through the krigged map obtained without consideration of the “frozen-flow”
hypothesis, and follows the data less well than the curve derived from the denser network.

compared to the map generated from GPS ZWD measurements recorded only at the SAR

overpass times.

Figure 6.4 displays a transect through the turbulently-mixed atmospheric phase and the

kriging maps generated with and without application of the “frozen-flow” hypothesis, along

the dotted line in Figure 6.3.

We quantify the extent to which GPS ZWD measurements match observed atmospheric

phase distortions by computing the RMS of residual fluctuations, averaged over the 60 km

by 60 km area of study shown in Figure 3.6, before and after interpolated maps of GPS

ZWD are used to correct the InSAR phase. Our choice of RMS residual fluctuation as

a quantitative measure of agreement between the observed turbulently-mixed atmospheric

phase and the interpolated IWV difference maps from GPS assumes (1) that the observed

phase variations are due solely to turbulent atmospheric fluctuations and (2) that these fluc-

tuations are reproducible by spatially interpolating samples of ZWD from GPS. In regard to
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Table 6.1 RMS atmospheric phase fluctuations before and after GPS-derived corrections
RMS error (mm)

atmospheric
phase 16.1

Entire spectrum Low-pass filtered
corrected for

topography-dependent 8.6 4.7
variation

correction using GPS ZWD
at SAR overpass times only 8.1 3.9

correction using
“frozen-flow” method 7.5 2.7

(1), we know that crustal deformation due to groundwater level changes and oil field activ-

ity introduces significant deformation phase in radar interferograms acquired over the Los

Angeles Basin area (Watson et al. (2002)). While such deformation signals may be present

in the SAR data used here, the use of RMS interpolation error as a measure of similarity

could incorrectly compare these non-atmospheric phase signatures with the interpolated

maps generated from applying the frozen-flow hypothesis to GPS ZWD observations. That

is, the RMS of the residuals may contain a component due to uncorrected crustal deforma-

tion phase.

We also note that globally-averaged RMS residual computed after correcting the ob-

served phase with interpolated IWV difference maps will depend on spatial frequency (see

discussion below) and does not reflect the variable density of GPS ZWD observations over

the interferogram. These caveats notwithstanding, we use RMS residual phase fluctua-

tion as an indicator of similarity between the observed atmospheric phase artifacts and the

inferred delay maps.

Table 6.1 lists the RMS error after the interpolated IWV difference maps shown in

Figures 6.3(b) and (c) are subtracted from the turbulently-mixed atmospheric phase. We

note that the RMS residual of the turbulently-mixed InSAR atmospheric phase is 8.6 mm,

if no correction is applied.
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Figure 6.5 Error surface generated by applying the frozen-flow hypothesis to different durations
of ZWD measurements about the SAR overpass times (label “master” and “slave”). The minimum
RMS error of 7.5 mm is seen to occur when GPS ZWD data in a time window 65 minutes long
around the master acquisition time t1 and a window of length 30 minutes around the slave acquisition
time t2 is converted to equivalent spatial samples by our method.

Increasing the duration of time about the satellite acquisition times during which the frozen-

flow hypothesis is applied results in denser networks of ZWD control points, as more sam-

ples of GPS ZWD measurements are translated spatially across the grid of the radar in-

terferogram. However, the longer the time window about the acquisition times the greater

the error in the positioning of ZWD data on the interferogram grid. This positioning error

degrades the quality of interpolated maps of atmospheric delay. The result in Table 6.1 was

obtained by examining different time window lengths about the master and slave acquisi-

tion times during which the frozen-flow hypothesis was applied. Figure 6.5 shows the error

surface obtained after correcting the turbulently-mixed atmospheric phase for atmospheric

delay using interpolated from ZWD networks with varying density of control points. There

is undoubtedly a different optimal time window for any overpass time, and determining

this in the general case remains for future work. We find that applying our method to the

November 27th 1999 GPS ZWD timeseries 30 minutes about the radar observation time



90 CHAPTER 6. THE “FROZEN-FLOW” ALGORITHM

and 65 minutes about the satellite acquisition time on the February 5th 2000 GPS ZWD

timeseries produces the lowest residual delay map. This map is displayed in Figure 6.3(b)

and the associated magnitude of the residuals is shown in Figure 6.3(d).

GPS ZWD differences recorded only at the SAR overpass times reduces fluctuations of

atmospheric phase in the radar interferogram from 8.6 mm to 8.1 mm rms, if the entire spa-

tial phase spectrum is preserved (see Chapter 5). With prior smoothing, the corresponding

reduction is from 4.7 to 3.9 mm. From Table 6.1, incorporation of timeseries observa-

tions of ZWD from GPS, using the frozen-flow hypothesis, reduces the magnitude of phase

distortions to 7.5 mm rms for the full spectrum of the signal, and to 2.7 mm rms for the

averaged signal.

The results in Table 6.1 show quite clearly that prior smoothing of the unwrapped phase

residuals results in greater reduction in RMS of atmospheric phase after correction by the

interpolated maps, as we had noted in Chapter 5. Physically, this follows because there is an

upper bound on the spatial frequency of turbulently-mixed atmospheric phase fluctuations

that can be reproduced in the IWV difference maps obtained from GPS measurements.

This upper bound corresponds to the width of the GPS averaging cone. In addition, the

sample rate of GPS ZWD timeseries also dictates a maximum spatial frequency that is

reproducible by interpolation. For example, assuming a nominal wind speed of 8 ms−1,

the maximum frequency of atmospheric delay spatial signatures that can be recovered by

interpolation is 1
8 ms−1×300 s = 1/2.4 km−1. Finally, the finest-scale fluctuations observed

in the interferogram are due to temporal decorrelation and system noise which cannot be

accounted for by GPS ZWD measurements.

Application of our proposed method to ZWD data from a larger collection of GPS re-

ceivers over the same study area will likely provide better insight into the validity of frozen-

flow hypothesis as applied to GPS and InSAR data in addition to providing better statistics.

In Chapter 8, we will present results obtained from applying the frozen-flow algorithm de-

scribed in this chapter to ZWD measurements from a larger collection of GPS sites. With

the network used here, our results demonstrate that incorporation of additional ZWD con-

trol points from GPS timeseries data yields interpolated maps that correct observed phase

distortions to lower RMS error than maps interpolated from the few measurements recorded

only at the radar observation times.
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6.4 Discussion

Analysis of ZWD timeseries from a sparse network of GPS receivers permits a frozen-flow

algorithm as presented in this chapter, which proceeds in three steps:

(1) wind estimation,

(2) translation of temporal ZWD measurements to equivalent spatial samples to form a

dense network, i.e. Eq. (6.8),

(3) statistical (kriging) interpolation

The utility of IWV difference maps produced by our algorithm for reducing turbulently-

mixed InSAR atmospheric phase distortions depends on several factors:

(i) number of GPS ZWD control points

(ii) measurement noise in the GPS ZWD control points

(iii) accuracy of GPS ZWD at representing InSAR atmospheric phase

(iv) accuracy of the interpolator

The number of control points is set by the application of Step 2 to timeseries of ZWD, given

estimates of wind from Step 1. Thus, our method surmounts the limitations imposed by

the inherent sparseness of GPS networks in estimating the turbulently-mixed atmospheric

phase variations by using ZWD measurements acquired before and after the SAR overpass

times.

The ZWD measurement noise level depends on the noise level of the GPS carrier phase

observations. For this study, the measurement noise in the ZWD estimates was about 4

mm, as determined by GIPSY processing of the raw GPS observables.

Even assuming no measurement noise in GPS observables, we note that GPS and In-

SAR infer wet delay in different ways. This may affect the the accuracy of dense ZWD

networks, as generated by our method, for representing point measurements of observed

InSAR atmospheric phase. GPS and InSAR are similarly sensitive to water vapor in the

neutral atmosphere. However, InSAR directly measures wet delay as a component of total
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pixel interferometric phase. In contrast, ZWD is estimated by combining phase observa-

tions of the GPS carrier signal incident on a receiver at many different angles. Thus, GPS

ZWD estimates depend on the choice of parameters used in the estimation procedure, and

this affects its consistency with InSAR atmospheric phase observations.

Specifically, as noted in chapter 3, GPS ZWD are weighted averages of a (conical) vol-

ume of neutral atmosphere overlying the receiver while InSAR measures wet delay only

along the radar LOS. The minimum elevation angle γGPS is a GIPSY parameter and de-

termines the size of the conical volume of neutral atmosphere that is averaged to yield

a ZWD estimate, as indicated by Figure 3.1. Decreasing this minimum elevation angle

causes a larger volume of neutral atmosphere to be averaged in the estimation of ZWD.

This may result in a more accurate measurement of mean ZWD for that volume. How-

ever, for data acquired from a network of receivers, such as the SCIGN network used in

this work, reducing the minimum elevation angle will underestimate the spatial variation of

ZWD measured across the network relative to the observed variation of turbulently-mixed

InSAR atmospheric phase. This in turn leads to additional disagreement between ZWD

networks generated by our algorithm and the observed InSAR atmospheric phase, limit-

ing the effectiveness of the final GPS-derived atmospheric correction. In general, the error

level between GPS and InSAR observations of wet delay depends on the length scale of

water vapor variations in the neutral atmosphere. If the neutral atmosphere varies slowly

horizontally, then GPS and InSAR measurements of the associated delay should be ap-

proximately equal. However, since we have assumed turbulent-mixing of water vapor, then

wet refractivity varies significantly at short-scales and, thus, we expect GPS cone-averaged

ZWD to underestimate the variations of InSAR LOS wet delay measurements.

The drift rate parameter α in Eq. (3.5), which is another GIPSY processing parameter,

can also impact the similarity between ZWDs estimated at the SAR overpass times and

InSAR atmospheric phase measurements. This is because α controls the amount of time-

variation in the estimated ZWD timeseries.

Finally, GPS ZWD data may be biased due to unmodeled hydrostatic delays. We re-

call from chapter 3 that in GIPSY-estimation of ZWD, stable hydrostatic delay is assigned a

nominal value while ZWD is estimated from the raw carrier phase as time-varying (stochas-

tic) fluctuations about this nominal value. Nominal hydrostatic delay is another GIPSY
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parameter, and so the magnitude of hydrostatic bias in the ZWD timeseries depends on the

accuracy of this assumed value. Hydrostatic biases in GPS and InSAR are topography-

dependent since surface pressure decreases with increasing altitude. As we have corrected

the GPS and InSAR delay measurements for altitude-dependent trends, we expect residual

hydrostatic biases to be small. Nevertheless, the hydrostatic bias in the GPS and InSAR

observations of wet delay may be present and its magnitude is approximately equal to the

difference between our inferred model for vertical stratification of neutral atmosphere, as

shown in Figure 5.1, and the actual vertical distribution of surface pressure from which

hydrostatic delays can be computed using the Saastamoinen model, Eq. (4.10).

Additional error between GPS ZWD networks and InSAR atmospheric phase may be

introduced in the formation of networks by Steps 1 and 2 of our method. This error is

reflected in the agreement between empirical spatial autocorrelation functions computed

from the dense network and the assumed model.

Errors in estimates of wind obtained in Step 1 can cause the empirical autocorrelation

function of the dense ZWD network to deviate from the assumed model. The optimal set

of wind vector estimates in a given time window Twindow around the SAR overpass times

minimizes the difference between the empirical spatial autocorrelation computed from the

resulting dense ZWD network and the assumed model. The least-squares wind estima-

tion procedure described above minimizes this disparity at consecutive time steps only.

Figure 6.6 shows the empirical spatial autocorrelation function computed from the sparse

SCIGN ZWD observations at the SAR overpass times (red) and the autocorrelation (black)

estimated from the resulting dense network shown in Figure 6.2. In blue, we plot the

rotationally-averaged profile of the assumed 2D spatial autocorrelation model, Figure 5.5.

The RMS errors between the empirical spatial autocorrelations and the reference model are

11.7 mm2 and 7.4 mm2 for the dense and sparse SCIGN networks respectively. Hence,

the spatial autocorrelation of the dense ZWD control points is less similar to the assumed

model as than the autocorrelation of GPS data acquired only at the SAR overpass times.

Thus, a possible improvement to our implementation is to couple Steps 1 and 2 by in-

corporating a constraint so that the error between the assumed autocorrelation model and

empirical spatial autocorrelations computed from an expanding network is minimized as
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Figure 6.6 (Red): Empirical spatial autocorrelation computed from GPS ZWD observations at
the SAR overpass times obtained from the relatively sparse SCIGN network. (Black): empirical
spatial autocorrelation function inferred from the dense network in Figure 6.2. Profile of the spatial
autocorrelation model assumed is shown in blue



6.4. DISCUSSION 95

the time window Twindow is increased. Also, wind estimates from independent meteoro-

logical observations could be used instead of the vector estimates obtained by correlation

analysis.

The systematic error between the dense network control points and InSAR atmospheric

phase may also depend on the accuracy of the frozen-flow hypothesis in Step 2, as repre-

sented by Eq. (6.8). We use Eq. (6.8) to generate the dense network of control points from

GPS ZWD timeseries and estimates of wind. Our approach in Step 2 is essentially an ide-

alized Lagrangian transport model (Wilson and Sawford (1996)). In Lagrangian transport

problems, individual air parcels are tracked along trajectories x(t) determined by wind

x(t) = ρa +
∫ t

0
V(τ) dτ (6.9)

where ρa here refers to the location of a GPS receiver and t = 0 denotes a SAR overpass

time. By applying a Lagrangian approach, we essentially track columns of water vapor,

proportional to the measured ZWD from GPS, along trajectories determined by mean wind

estimates from Step 1. Our approach here is idealized because the frozen-flow hypothesis

as applied in Step 2 physically states that the total amount of water vapor contained in a

column of air stays constant as the column is advected over the study area by mean wind.

However, we note that the frozen-flow hypothesis is best applied to characterize the spatio-

temporal statistics of wet refractivity. The hypothesis may unrealistically describe actual

transport of total column water vapor over time as this hypothesis does not include the ef-

fects of turbulent diffusion of water vapor into and out of the advecting columns. A further

idealization is the assumption of spatially-constant wind. Thus, a possible improvement

for this step in our algorithm is to incorporate better transport models, such as stochastic

Lagrangian trajectory models (Wilson and Sawford (1996)), that include effects of water

vapor diffusion and spatially-variable wind to generate the dense ZWD network. We note

that the objective to be met in applying more sophisticated transport models is to mini-

mize the error between empirical spatial autocorrelations inferred from the resulting dense

control point networks and the assumed autocorrelation model. The application of better

Lagrangian models to the formation of dense ZWD networks for interpolating GPS-derived

IWV maps remains for future work. In Chapter 7, we will present a generalized algorithm,
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based on an Eulerian transport model, that includes turbulent diffusion and advection by

spatially-variable wind to describe the evolution of water vapor over the study area around

the SAR overpass times.

The autocorrelation model we assume may be biased by non-atmospheric phase sig-

natures in the radar interferogram, such as due to ground deformation. Thus, the spatial

autocorrelation in Figure 5.5(a) may not accurately represent spatial variations of wet delay

fluctuations and this may also explain some of the observed differences between autocor-

relations inferred from GPS and InSAR data.

The final factor influencing the accuracy of IWV difference maps inferred by our method

is the kriging interpolator itself. From the results shown in Tables 6.1, we observed that

prior smoothing of the frozen-flow ZWD difference map yielded a greater reduction in

atmospheric phase RMS relative to the map interpolated from GPS ZWD data acquired

only the SAR overpass times compared to when no smoothing was applied. This suggests

that the interpolator introduces spurious high-frequency artifacts in the resulting maps even

when additional control points are available, as noted by Hanssen (1998) and Li et al.

(2006).

We demonstrate, by means of numerical simulation, the dependence of kriging interpo-

lation performance with respect to:

(1) number of control points

(2) measurement noise level

(3) similarity between the autocorrelation of the control points and the target map

(4) assumed autocorrelation model and

(5) 2D sampling pattern.

We compute a simulation, quantifying krig-interpolation RMS error as a function of the

five factors listed above. The target map that we approximate by interpolation is 300×300

pixels in size and is shown in Figure 6.7(a). This map was generated as a sum of two Von
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Figure 6.7 (a): target map used in simulation is the sum of two Von Karman random process real-
izations. (b): realization of Von Karman random process with L0 = 150,β = −8/3. (c): realization
of Von Karman process with L0 = 30,β = −5/3. (d): spatial autocorrelation function of (b). (e):
spatial autocorrelation function of (c)

Karman random process realizations with PSD given by (Ishimaru (1978))

S(kx,ky) ∝
1

(
√

(1/L0)2 + k2
x + k2

y)β
(6.10)

We used L0 = 150,β = −8/3 to generate the first map, shown in Figure 6.7(b), while

the second map in Figure 6.7(c) was formed with parameters L0 = 30,β = −5/3. The

spatial autocorrelation functions of these two realizations are shown in Figures 6.7(d) and

(e). In this simulation, we extract control points from the map in Figure 6.7(a). These
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Figure 6.8 (a): uniform sampling pattern. (b): random sampling pattern. (c): clustered sampling
pattern.

control points were corrupted with Gaussian noise with standard deviation proportional

to the RMS fluctuations of the map itself. The number of control points we used in this

experiment was below 0.05% of the total number of grid cells. This percentage is on the

order of the proportion of total number of control points used in the frozen-flow algorithm

to generate the IWV difference map shown in Figure 6.3(c). We extracted these control

points according to three sampling patterns: (1) uniform (Figure 6.8(a)), (2) random (Figure

6.8(b)) and (3) clustered (Figure 6.8(c)). We generated the clustered sampling pattern as a

realization of a Poisson point process (Zimmerman et al. (1999)). We also used two types

of control points: (1) control points obtained directly from Figure 6.7(a) and (2) control

points obtained from the same map smoothed with a 40× 40 boxcar filter to simulate the

cone-averaging effect in GPS ZWD estimation.

Figure 6.9(a) shows the RMS error from krig interpolation of networks of control

points. Here, we use the sum of spatial autocorrelation functions, Figures 6.7(d) and (e),

as the autocorrelation model for kriging. The three colors denote the ratio of standard de-

viation of Gaussian noise corrupting the control points to RMS residual of the target map

(0.27), i.e. 1/SNR. The plots with circles show the results we obtained by using control

points extracted from the target map, Figure 6.7(a). The plots with diamonds show the

corresponding results when smoothed control points were used. We plot RMS error as a

function of number of control points to simulate interpolating denser networks of ZWD
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Figure 6.9 (a): RMS kriging interpolation error curves of the target map, Figure 6.7(a) as a
function of number of control points. The three colors denote 1/SNR levels of Gaussian noise added
to the control points. The diamonds indicate results obtained using smoothed control points, while
circles show RMS error curves using unsmoothed control points. (b): RMS kriging interpolation
error curves as a function of number of control points. Curves with circles show error curves using
the correct autocorrelation model with kriging, the sum of Figures 6.7(d) and (e). Curves with
diamonds show RMS error using autocorrelation model Figure 6.7(d) only. (c): RMS error as a
function of 1/SNR for the three sampling patterns shown in Figure 6.8.

point measurements generated by the frozen-flow algorithm. We ran a total of 600 simula-

tions to produce average RMS interpolation error curves shown in this figure. The results

in Figure 6.9(a) indicate that:

(1) interpolating smoothed control points significantly degrades the improvement in RMS

interpolation error relative to the improvement obtained by using unsmoothed con-

trol points. The degradation is particularly severe when the noise level is low and a

large number of control points are used.

(2) the improvement in RMS error with increasing number of control points is marginal

when the noise level is high. Assuming unsmoothed control points, only an 11% im-

provement in RMS residual, relative to when zero control points are used, is realized

using 80 control points at a SNR = 1.

The results in Figure 6.9(b) illustrate the impact on RMS interpolation error improve-

ment when the spatial autocorrelation of control points used in the interpolation differs

from the assumed model. In Figure 6.9(b), we examine the effect of an error in the as-

sumed autocorrelation model used in the krig-interpolation procedure. Error curves with
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circles in Figure 6.9(b) indicate results obtained by using the correct autocorrelation model,

while the corresponding error curves with diamonds were obtained by using the autocorre-

lation model shown in Figure 6.7(d) only. Here we use unsmoothed control points in the

interpolation. The results shown here suggest that krig-interpolation error performance is

sensitive to the choice of assumed autocorrelation model.

This result has implications for the general applicability of the frozen-flow algorithm

described in this chapter. In this study, we have assumed that the autocorrelation model

shown in Figure 5.5(a) describes the spatial fluctuations of wet delay difference in the in-

terferogram. However, as this model was measured directly from the InSAR atmospheric

phase, Figure 5.5 may be biased by other unmodeled phase signatures, due to ground de-

formation for example, and thus may not accurately represent turbulent variations of wet

delay. For improved reduction in the turbulently-mixed atmospheric phase component of

observed interferometric phase, it is thus neccessary to use an accurate spatial autocorrela-

tion model as the results in Figure 6.9(b) indicate.

Figure 6.9(c) shows RMS interpolation error at different noise levels and different spa-

tial configurations of control points in the network. We show results from interpolating 15

and 40 control points. The curves in blue, red and green denote uniform, random and clus-

tered sampling patterns respectively. We can thus expect such sampling patterns to arise

when using the “frozen-flow” algorithm to generate a dense network of control points. Fig-

ure 6.9(c) indicates that there is small dependence on interpolation performance due to the

configuration of the control point network.

6.5 Conclusions

We present a method for generating a spatially dense set of ZWD measurements from time-

series of GPS data. We find that interpolating this denser network of GPS data produced

maps that more closely match local atmospheric phase fluctuations in the SAR interfero-

gram than those derived by interpolating GPS ZWD measurements acquired only at the

SAR overpass times.

The turbulently-mixed atmospheric phase component from the radar interferogram in

Figure 3.6 showed spatial fluctuations of 8.6 mm RMS. We correct the phase distortions
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with maps proportional to total column water vapor interpolated from networks of GPS

ZWD measurements. Interpolating the few GPS ZWD measurements recorded only at the

SAR overpass times reduced overall fluctuation magnitude to 8.1 mm rms. In contrast,

interpolating the denser network of atmospheric delay measurements from GPS, obtained

by applying the “frozen-flow” hypothesis to timeseries of GPS data, reduces the magnitude

of phase fluctuations to 7.5 mm rms. When the data are averaged to remove short-scale

decorrelation effects, the corresponding error values are 4.7 mm, 3.9 mm, and 2.7 mm rms,

respectively.

The degree of spatial detail in the interpolated delay maps depends on the number of

control points available for interpolation. When we assume that the GPS ZWD data are

spatio-temporal measurements of a static wet refractivity field flowing across the region

of study under the action of time-varying mean wind, temporal observations of path delay

from GPS can be translated to additional spatial measurements by estimating the time-

varying mean wind from the suite of ZWD timeseries. This increases the number of control

points available for subsequent interpolation of delay maps. Comparison of wind estimates

with surface measurements and numerical weather prediction models remains for future

work.

We find that the performance of the frozen-flow algorithm is limited by the systematic

differences between InSAR and GPS measurements of wet delay. These differences cause

the dissimilarity between empirical autocorrelations computed from the ZWD control point

network and the assumed model obtained directly from the InSAR phase. Through a nu-

merical simulation, we showed that improvement in RMS error reduction achieved by using

additional control points is limited by accuracy of the control points at representing actual

point measurements of the target surface as well as by error in the assumed autocorrela-

tion model. Estimation of time-varying mean wind and formation of the dense network

of control points from GPS ZWD timeseries and the frozen-flow transport model also im-

pacts the agreement between the autocorrelations of these data. Characterization of the

spatial autocorrelation function of wet delay remains for future work. We also find that

krig-interpolation introduces spurious high-frequency artifacts in the interpolated result. In

the following chapter, we present a deterministic method for estimating IWV maps from

GPS ZWD timeseries. This method does not rely on interpolation nor require an a priori
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spatial autocorrelation model to describe variations of water-vapor-induced delay. These

variations are inferred directly from advection and turbulent diffusion of wet delay.



Chapter 7

Advection-diffusion modeling of wet

delay

In some cases, we may not have sufficient knowledge of the autocorrelation function of the

turbulently-mixed component of atmospheric water vapor, precluding teh approach of the

previous chapter. Here, we examine a physically-based method for compensating InSAR

images for phase distortion, that does not rely on such knowledge or assumptions.

The frozen-flow algorithm, described in Chapter 6 relates IWV difference maps from

GPS ZWD timeseries to atmospheric phase distortions in a radar interferogram. We pre-

viously modeled turbulently-mixed InSAR atmospheric phase as a stationary and homoge-

neous stochastic process with a known spatial autocorrelation function, and our approach

was to interpolate GPS point measurements of this random process statistically. We in-

creased the effective sampling density of GPS measurements using the frozen-flow hy-

pothesis, constructed a space-time ZWD autocorrelation model, and developed an idealized

Lagrangian transport model that incorporates GPS data acquired before and after the SAR

overpass times into the interpolation procedure.

We found that the accuracy of the atmospheric correction depends on the number of

control points available. We also found that the performance of the frozen-flow algorithm

depends on (1) the agreement between the empirical spatial autocorrelation computed from

the inferred dense network of ZWD control points and the assumed model and (2) the

krig interpolator used to generate IWV difference maps at InSAR resolution. The error

103
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between the empirical and model autocorrelation functions depends on the diffuse GPS

sampling of neutral atmospheric water vapor due to the cone-averaging effect (see Chapter

3), errors in the estimates of wind, and the simplicity of the frozen-flow transport model

we used to generate the dense network. Our transport model neglects physical effects such

as spatially-variable wind fields and turbulent diffusion of water vapor. We also note that

the interpolation algorithm introduces spurious high-frequency artifacts in the interpolated

result, lessening the expected improvement resulting from additional control points.

In this chapter, we develop another approach to estimate the turbulently-mixed InSAR

atmospheric phase distortions from GPS ZWD timeseries. Instead of interpolating individ-

ual samples of ZWD - which are each proportional to total column water vapor - as parcels

of troposphere transported in a “frozen” sense by a mean, spatially-constant wind, we now

estimate ZWD fields directly from measurements acquired at the fixed GPS receiver loca-

tions and recorded over an interval near the SAR overpass times using a physically-based

model.

This second algorithm uses a two-dimensional Eulerian transport model (Emeis (1997))

for total column water vapor, which describes the spatial and temporal variations of ZWD

fields deterministically. Whereas the Lagrangian approach in Chapter 6 tracks the trajec-

tory and composition of individual columns of water vapor (assumed time-invariant in the

frozen-flow transport model), the Eulerian model here describes the spatial and temporal

fluctuations of entire fields of IWV that result from advection and diffusion of water vapor

in the atmosphere by mean laminar flow and turbulent flow, respectively.

Our Eulerian transport model for ZWD is a conservation equation for mean IWV and is

derived from the conservation of mass and humidity in the atmosphere. As with mass, the

amount of moisture contained in a particular volume element of air is approximately con-

served as it is displaced by atmospheric flow (Ishimaru (1978)). The conservation equation

equates time rate of change of the average level of columnar water vapor with net transport

of moisture into that column. This transport is the sum of (1) advective transport due to

mean laminar atmospheric flow and (2) diffusive transport resulting from the mixing of hu-

midity by turbulent flow perturbations. We do not explicitly consider turbulent fluctuations

of flow in this work because such perturbations are typically modeled statistically and are

beyond the scope of this work. Also, the spatially-sparse GPS ZWD measurements cannot
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resolve fine-scale turbulent fluctuations. Instead, we consider only the effect of turbulent

flow fluctuations on mean level of IWV in a column of air by modeling turbulent mixing of

water vapor with a diffusive transport term in the IWV conservation equation.

Thus, our transport model is parametrized by spatially-variable two-dimensional mean

laminar flow, which is related to vertically-integrated wind in the atmosphere, and a diffu-

sion coefficient which incorporates the effects of turbulent mixing of moisture. We assume

that the ZWD timeseries measured at the SCIGN receiver locations are point measurements

of a ZWD field evolving according to the transport model. The turbulently-mixed atmo-

spheric phase observed in the radar interferogram is the difference of two evolving fields

evaluated at the SAR overpass times. The IWV difference map follows from least-squares

fitting of the transport model to ZWD timeseries measured at the receiver locations. The

spatial variation of turbulently-mixed atmospheric phase observed in the radar interfero-

gram is obtained from GPS ZWD timeseries through considering 2D advection by mean

flow and turbulent diffusion of water vapor, rather than a statistical characterization as we

used in the a priori spatial autocorrelation function model.

Inverse problems involving two-dimensional transport models for passive tracers in

geophysical flows are found in numerous fields, including oceanography, precipitation

studies and meteorology. Corpetti et al. (2002) estimated 2D flow fields from a sequence

of Meteosat IR images by regularized inversion of a transport model for air mass density.

Jinno et al. (1993) used a 2D transport model for rainfall intensity to estimate velocity,

diffusion and decay of small-scale rain cells from a network of rain gage measurements.

Ostrovskii and Piterbarg (1995) used a 2D transport equation to estimate spatially-variable

flow and turbulent diffusion of sea-surface temperature (SST) anamolies from sparse mea-

surements of ocean temperature covariances in the Pacific Ocean. Eskes et al. (1999) used

a 2D transport model in a 4D variational assimilation scheme for total column ozone mea-

surements from the GOME satellite.

In this chapter, we first present the derivation of the ZWD transport model used in this

work. This transport model is a conservation equation of mean IWV, and incorporates

turbulent mixing effects. We then describe the implementation of an algorithm where we

estimate IWV difference maps at the SAR overpass times using the GPS ZWD data and the

ZWD transport model. This algorithm iteratively combines maps obtained by least-squares
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inversion of the GPS ZWD measurements acquired before and after the SAR overpass

times. Following this, we describe how we estimate spatially-variable wind, required as an

input by our algorithm, using the same transport model and the GPS measurements.

7.1 Derivation of the 2D ZWD transport model

In this section, we derive a 2D ZWD transport model that describes the spatial and temporal

variations of mean ZWD fields, as measured by the GPS network. The derivation here

proceeds in two steps.

• First, we derive a conservation equation for IWV (proportional to ZWD), which

equates the time rate of change of total IWV in a column of air with net transport

of IWV into that column by total atmospheric flow.

• Second, we constrain the conservation equation to describe variations of only the

mean level of IWV in a column of air. By decomposing total atmospheric flow into

mean (laminar) and fluctuating (turbulent) components, the modified IWV conserva-

tion equation equates time variations of mean IWV in a column with a sum of (1)

advective transport by laminar flow and (2) diffusive transport resulting from the tur-

bulent mixing into the column. We use this modified conservation equation for mean

IWV as our ZWD transport model.

7.1.1 Conservation of IWV

Spatial variation of water vapor content results from the transport of water vapor by pro-

cesses in the lower atmosphere such as convection, advection by mean wind and mixing

by turbulent wind vortices. These processes are characteristic of the planetary boundary

layer (PBL), which is the lowest 1-2 km of the atmosphere and is directly influenced by

the Earth’s surface. Since atmospheric moisture is primarily concentrated near the ground

and atmospheric mixing is strongest within the PBL, the magnitude and fluctuations of wet

delay observed in GPS and InSAR are influenced by boundary layer processes. In general,

the partial pressure of water vapor e contained in a volume element of moist air is not con-

served as the parcel undergoes irregular motion in the PBL. However, specific humidity,
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defined as the mass of water vapor per unit mass of moist air, is approximately conserved

(Tatarskii (1961), Ishimaru (1978)). That is, the specific humidity q of water vapor in a

parcel of air remains approximately constant as it is displaced by turbulent motions assum-

ing no evaporation or condensation of water takes place. Thus, q can serve an approximate

tracer of motion of air masses in the boundary layer.

Wet delay, as measured by GPS and InSAR, is proportional to specific humidity q

averaged over the depth of the lower atmosphere, as

lzwet =
1
κ

∫ H

0
ρq dz (7.1)

where ρ is the density of moist air and

1/κ = 10−6[k2 + k3/Tm]Rv (7.2)

We recall from Chapter 4 that the constants k2 and k3 in the above relate neutral atmospheric

refractivity to water vapor partial pressure e and atmospheric temperature T , Eq. (4.11) in

Chapter 4. Tm is the weighted mean temperature which is a function of surface temperature

(Bevis et al. (1992)) and Rv is the specific gas constant for water vapor. In the above, H

denotes the scale height of that portion of the troposphere in which the majority of water

vapor resides. The derivation of Eq. (7.1) is given in Appendix A. We note that the quantity

represented by the integral above is IWV, proportional to measured ZWD. Following our

approach in Chapter 4, IWV in Eq. (7.1) is a sum of a time-invariant, topography-dependent

component (due to neutral atmosphere vertical stratification) and a dynamic component

resulting from water vapor transport. We ignore the vertically-stratified component because

we assume that the ZWD measurements have been compensated for altitude-dependent

delay. Our focus now is to describe the time-varying component of IWV.

First, we derive the conservation equation for IWV. Neglecting molecular diffusion of

humidity (as opposed to turbulent diffusion which we will incorporate into the conservation

equation later), the conservation of specific humidity and mass in the lower atmosphere can
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be expressed as follows (Stull (1988))

∂q
∂ t

+∇ · (V3Dq) = 0 (7.3)

∂ρ
∂ t

+∇ · (V3Dρ) = 0 (7.4)

where V3D = [u v w]T is the three-dimensional flow field in the PBL.

The equations above state that the temporal rate of change of mass and specific humidity

in a infinitesimal volume element is given by the net flux of mass and humidity through the

surfaces of that volume element (Brown (1991)). The conservation equations above can be

illustrated using the 1D example in Figure 7.1, where we show a hypothetical infinitesimal

volume element of air at a fixed location embedded in a 1D atmospheric flow V in the

positive x-direction. The time rate of change of a scalar quantity such specific humidity q

within that volume is equal to the difference in flux, ΔqV , into and out of the parcel sides

at x0 and x0 +dx,
dq
dt

≈−(q ·V )|x0+dx − (q ·V )|x0

dx
(7.5)

This can be generalized to three dimensions, yielding Eqs (7.4) and (7.4) above.

We assume that ∇ ·V3D = 0. Physically, this condition represents incompressible flow,

which is approximately satisfied for mesoscale PBL flows because density variations in the

lower atmosphere are typically small (Stull (1988), Brown (1991)). Note that assuming a

constant density of air in Eq. (7.4) yields the incompressibility condition. Adding Eq. (7.4)

multiplied by q to Eq. (7.4) multiplied by ρ gives

ρ
∂q
∂ t

+q
∂ρ
∂ t

+V3D · [ρ∇q+q∇ρ] = 0

⇒ ∂ρq
∂ t

+V3D ·∇ρq = 0

⇒ ∂ρq
∂ t

+∇ · (V3Dρq) = 0 (7.6)

The last two lines in Eq. (7.6) are equivalent if we assume incompressibility of the flow.
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total atmospheric flow V

influx of
humidity

outflux of
humidity

Y

Z

X

volume element of air

x0 x0+dx

Figure 7.1 One-dimensional schematic illustration of the conservation of a humidity q within a
parcel of air embedded in total atmospheric flow V . It is assumed that the flow V is uniform in all
three dimensions



110 CHAPTER 7. ADVECTION-DIFFUSION MODELING OF WET DELAY

Integrating in the vertical direction, we obtain

∂
∂ t

(∫ H

0
ρq dz

)
+

∂
∂x

(∫ H

0
uρq dz

)
+

∂
∂y

(∫ H

0
vρq dz

)
+wρq|H −wρq|0 = 0 (7.7)

The last two terms in Eq. (7.7) were obtained by applying Liebnitz’s rule to the integral

of spatial derivatives in the vertical direction in Eq. (7.6). Physically, these terms repre-

sent humidity sources such as surface evaporation and entrainment of dry air from above

resulting in net flux of water vapor into the PBL.

We define vertically-averaged, weighted horizontal flow components U and V as fol-

lows

U =
∫ H

0 uρq dz∫ H
0 ρq dz

, V =
∫ H

0 vρq dz∫ H
0 ρq dz

(7.8)

Subsituting Eq. (7.8) and Eq. (7.1) into Eq. (7.7), we arrive at a conservation equation for

IWV
∂ (IWV )

∂ t
+

∂ (U · IWV )
∂x

+
∂ (V · IWV )

∂y
+moisture sources = 0; (7.9)

where, from Eq. (7.1), IWV = κlzwet . Therefore, using the conservation of mass and hu-

midity, we have derived an equivalent two-dimensional conservation equation for IWV.

The conservation of IWV is illustrated in Figure 7.1 if, instead of a 3D volume, we

consider an infinitesimal 2D area element of dimensions dx× dy representing the base of

a column of water vapor. Eq. (7.9) states that the change in IWV measured within that

column is given by the net horizontal flux of IWV into that column. The horizontal flow

components U and V are vertical averages of the three-dimensional atmospheric flow field,

weighted by vertical profiles of moisture and air density.

In the special case of constant horizontal flow, no sources and an initial IWV distribu-

tion IWV0 at time t = 0, Eq. (7.9) yields

IWV (x,y, t) = IWV0(x−Ut,y−Vt) (7.10)

which is a mathematical statement of the frozen-flow hypothesis used in Chapter 6. Thus,

the conservation equation Eq. (7.9) generalizes frozen-flow transport by incorporating vari-

able atmospheric flow.
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The conservation equation for IWV can be expressed as a corresponding equation in

terms of ZWD, assuming κ in Eq. (7.1) does not vary spatially or temporally. Bevis

et al. (1992) empirically found that κ depends on surface temperature. We assume in the

following that surface temperature varies slowly than variations in humidity. Thus, κ is

effectively constant and we can replace the dependent variable IWV in Eq. (7.9) with

ZWD, lzwet .

7.1.2 Incorporating turbulent mixing effects

The total atmospheric flow [U V ]T in Eq. (7.9) can be decomposed into laminar flow, wave,

and random turbulent fluctuations, each of which contribute to overall IWV (and, hence,

ZWD) transport. Here, we neglect wave motion and consider only the effect of mean

laminar flow and turbulence on the transport of IWV. Total horizontal flow and measured

wet delay are decomposed into mean laminar and fluctuating turbulent parts, as follows

(Stull (1988))

U = U +U ′

V = V +V ′

lzwet = l
z
wet + lz

′
wet (7.11)

where the Ū , V̄ , and ¯lzwet denote mean values for horizontal flow and wet delay averaged

over an area on the ground, which we denote as a grid cell. Physically, the size of this

grid cell corresponds to the dimensions of the base of a column containing water vapor

and, in the following, we consider the conservation of IWV averaged over this column. In

the following section, we will describe an algorithm for generating maps of IWV from the

GPS ZWD measurements. The size of the grid cell determines the spatial resolution of

these maps.

We constrain the conservation equation for IWV, Eq. (7.9), to describe only the spatial

and temporal variations of mean IWV. We do not explicitly consider the subgrid turbu-

lent component of IWV, lz
′

wet , because the spatially-sparse observations of ZWD from the
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GPS network cannot resolve these short-scale fluctuations. Similarly, we limit our con-

sideration to advective transport due to the mean laminar component of total atmospheric

flow, V̄, and ignore resolving the fluctuating components, U ′ and V ′. Nevertheless, we do

incorporate the effect of turbulence in the conservation equation for mean IWV because,

apart from advection by the mean flow field, turbulence is also an effective mechanism for

transporting and mixing water vapor in the atmosphere (Stull (1988)). That is, turbulence

also contributes to overall spatio-temporal variation of observed ZWD. We model the effect

of turbulent mixing through an additional diffusion term in the conservation equation, as

shown below.

We follow the procedure of Reynolds averaging (Stull (1988), Brown (1991)) to modify

the conservation equation Eq. (7.9) to incorporate turbulent effects. Substituting Eq. (7.11)

into the conservation equation, and using lzwet in place of IWV , we get

∂ l
z
wet

∂ t
+

∂ lz′wet

∂ t
+∇ · V̄l̄zwet +∇ ·Vlz

′
wet +∇ ·V′lzwet +∇ ·V′lz

′
wet = 0 (7.12)

where ∇ = ∂/∂x+∂/∂y and the vector V = [U V ]T . We assume that the turbulent pertur-

bations of flow U ′,V ′ and wet delay lz
′

wet are zero mean. Averaging the above equation over

the size of a grid cell yields

∂ lwet

∂ t
+∇ · V̄l̄wet = −∇ ·V′lz′wet (7.13)

The equation above describes a conservation of mean ZWD when transport by total atmo-

spheric flow consists of both laminar and turbulent components. This equation states that

the time variation of mean IWV in a column of air (of size equal to a grid cell) is balanced

by the sum of net IWV transport through that column due to mean laminar flow and aver-

age turbulent flux. The right-hand-side term in Eq. (7.13) denotes this average flux of IWV

due to transport driven by random, short-scale turbulent eddies. We schematically illustrate

laminar and turbulent transport in Figure 7.2(a). In this figure, the time-rate of change of

a mean scalar such as IWV in the infinitesimal volume is now the sum of two net fluxes

into that volume: (1) a flux gradient due to advection of that mean scalar by average flow

V̄ and (2) a gradient of the smaller turbulent flux caused by random flow perturbations V ′.
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(a) (b)

V

K t

point source
of WV at t=0

mean flow V

influx of humidity
by mean flow

Y

Z

X

volume element of air

x0 x0+dx

outflux of  humidity
by mean flow

turbulent 
fluctuations V’

influx of humidity
by turbulent
diffusion

outflux of humidity
by turbulent
diffusion

Figure 7.2 (a): One-dimensional schematic illustration of the conservation of IWV in a volume
element of air embedded in a mean flow V̄ . The turbulent fluctuations of flow, V ′, also induces
transport of IWV into the volume via diffusion, in addition to advective transport by mean flow V̄ .
(b): Spatial distribution of mean scalar field F̄ at three time instants, assuming a point source at
t = 0
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Therefore, we see that turbulent transport of IWV also affects the level of mean IWV in a

column, in addition to the effects of advective transport caused by mean laminar flow.

Since we cannot explicitly resolve turbulent flow perturbations V′ or IWV fluctuations

lz
′

wet in Eq. (7.13), we instead model the strength of average turbulent IWV flux, V′lz′wet ,

using the flux-gradient or K-theory approach (Stull (1988)), where

V′lz′wet = −K∇lwet (7.14)

According to the model, the turbulent flux of ZWD is parametrized as proportional to the

negative local gradient of mean ZWD. The model states that turbulent transport of ZWD is

directed from regions of high IWV to areas of lower concentrations.

Substituting Eq. (7.14) in Eq. (7.13), we arrive at our transport model for mean ZWD

∂ l
z
wet

∂ t
+

∂Ū l̄zwet

∂x
+

∂V̄ l̄zwet

∂y
= K

(
∂ 2l

z
wet

∂x2 +
∂ 2l

z
wet

∂y2

)
(7.15)

The ZWD transport model above is known as an advection-diffusion equation. K represents

the turbulent diffusion coefficient in units of m2/s.

As an illustration of the spatial and temporal variation of mean ZWD described by

the transport model, Eq. (7.15), we show in figure 7.2(b) the evolution of l̄zwet at four

successive time steps. In this simulation, we use a grid with a cell spacing of 0.1 meters, a

mean velocity V = 2 m/s and a diffusion coefficient K = 0.1 m2/s. At t = 0, mean ZWD is

initially concentrated spatially at a single point. The spatial distribution of the mean ZWD

evolves over time as an expanding 2D Gaussian function. The spread and amplitude of the

Gaussian distribution respectively increase and decrease as Kt.

To apply this model to our data, we assume that the SCIGN GPS receivers measure

ZWD fields that evolve according to Eq. (7.15). The receivers measure these fields at only

the few, sparsely-distributed locations in the study area. Given estimates of mean laminar

flow, V , we apply an algorithm that iteratively generates an IWV difference map at the

SAR overpass times by fitting Eq. (7.15) to the GPS ZWD measurements recorded in an

interval about the SAR overpass times. Thus, the IWV difference maps we estimate from

our algorithm show spatial variations of mean ZWD, ¯lzwet , due to advection and turbulent
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diffusion of water vapor. We then use this map to correct the turbulently-mixed atmospheric

phase observed in the interferogram. We describe this algorithm in the next section.

7.2 Algorithm implementation

In this section, we describe our algorithm for estimating IWV difference maps. We will

use these maps to reduce InSAR turbulently-mixed atmospheric phase distortions and we

present our results in the following section.

Our algorithm proceeds in two steps:

(1) estimating spatially-variable mean laminar flow from GPS ZWD data

(2) generating IWV difference maps using the flow estimates and GPS ZWD timeseries

measurements.

In both steps of our algorithm, we fit a finite-difference approximation of the ZWD trans-

port model, Eq. (7.15), to GPS ZWD timeseries measurements. In this section, we first

describe this finite-difference representation. Following that, we explain how we use this

discrete model in both steps of our algorithm to estimate, respectively, mean laminar flow

and IWV difference maps.

7.2.1 Finite-difference ZWD transport model

We begin the implementation by first sampling the continuous mean ZWD field, l̄zwet(x,y, t),

on a discrete square grid over the study area with spacing Δ in both x and y dimensions and

at discrete time steps separated by period Δt

x = iΔ, y = jΔ, t = kΔt (7.16)

where

i = 1, ...,M

j = 1, ...,M

k = 0,1, ...,Twindow
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Figure 7.3 (a): Computational grid over the region of interest in the radar interferogram (Figure
3.6). The 8×8 grid shown here is for illustrative purposes only. In this work, we use a 30×30 study
grid. (b): Structure of computational grid used in this study. The flow velocities are specified at
the sides of the grid cells containing wet delay values. (c): Turbulently-mixed InSAR atmospheric
phase (Figure 6.3(a)) downsampled to the resolution of the computational grid, Δ = 2.3 km

Time k = 0 denotes a SAR overpass time and Twindow refers to the time window in which we

apply the ZWD transport model to the GPS ZWD timeseries. In this study, we use a 30×30

(M = 30) grid over the study area, as shown schematically in Figure 7.3(a). Figure 7.3(c)

shows the turbulently-mixed InSAR atmospheric phase from Figure 6.3(a) downsampled

to the spatial resolution of the assumed grid, Δ = 2.3 km. The rms phase fluctuation of the

downsampled image is 6.5 mm. We select the grid dimension M according to a trade-off

between computational efficiency and the smallest wavelength of wet delay variations we

can reproduce. The smallest wavelength of ZWD variations is determined by the spacing of

the GPS receivers in the network and the width of the averaging cone. The IWV difference

maps generated by our algorithm, which we describe later, then are spatially-resolved at

a grid cell size of 2.3 km. While computational requirements associated with the imple-

mentation of our algorithm limit the spatial resolution, we will show that this resolution is

sufficient to infer IWV maps that reduce the turbulently-mixed InSAR atmospheric phase

distortions. In principle, specialized sparse matrix least-squares solvers could be used to

reduce the number of computations required to estimate IWV maps at finer resolution. For

simplicity, we use the coarser grid here. The time period Δt above is determined by the

temporal sampling of wet delay measurements, as set by the GIPSY processing software,
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and here Δt = 30 seconds.

The finite-difference approximation of the transport model Eq. (7.15) at a particular

grid cell (i, j) is

lzwet(i, j,k +1)− lzwet(i, j,k)
Δt

= −
[

(lzwetŪ)|(i+ 1
2 , j,k)− (lzwetŪ)|(i− 1

2 , j,k)

Δ

]

−
[

(lzwetV̄ )|(i, j+ 1
2 ,k)− (lzwetV̄ )|(i, j− 1

2 ,k)

Δ

]

+K

[
lzwet |(i, j+1,k)−2lzwet |(i, j,k) + lzwet |(i, j−1,k)

Δ2

]

+K

[
lzwet |(i+1, j,k)−2lzwet |(i, j,k) + lzwet |(i−1, j,k)

Δ2

]
(7.17)

for j = 1, ...,M and i = 1, ...,M. In the above, the spatial index is offset by 1
2 to indicate

that the mean laminar flow components, Ū and V̄ , are evaluated on a separate grid offset

by one half of a cell width with respect to the grid cell centers where mean wet delay l̄zwet

is given. This is shown schematically in Figure 7.3(b). This staggered arrangement of the

two grids reduces oscillations when estimating the mean laminar flow velocities from the

GPS ZWD data (Ferziger and Peric (1991)). We explain next our technique for estimating

mean laminar flow.

7.2.2 Estimating spatially-variable mean flow

The first step of our algorithm involves estimating mean laminar flow parameters, Ū and

V̄ , of the ZWD transport model Eq. (7.15). We will use these estimates in the second step

of algorithm, which estimates IWV difference maps.

We estimate mean flow velocities by fitting Eq. (7.15), through its discrete represen-

tation Eq. (7.17), to the measured ZWD from GPS. However, here we neglect turbulent

diffusion of mean ZWD in the transport model, thereby limiting the model to only ad-

vective transport of mean IWV by laminar flow. That is, we set the turbulent diffusion

coefficient K in Eq. (7.15) to zero. We neglect turbulent diffusion because decomposition

of total atmospheric flow into laminar and turbulent components (Eq. (7.11)) allows us to
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separate the transport mechanisms due to each of these flow components in the derivation

of complete transport model, Eq. (7.15). GPS measures the spatial and temporal variation

of IWV that result from both advective and turbulent diffusive transport, but here we fit

only the advective transport component to the measured data to estimate mean flow.

In the discrete representation of the ZWD transport model, ignoring turbulent diffusion

(K = 0), the set of finite-difference equations Eq. (7.17), for all grid cells (i, j) forms a

system of linear equations given by

lk+1 − lk
Δt

= −Akvk (7.18)

lk denotes an M2 × 1 vector whose elements are the wet delay values at all grid cells ar-

ranged in column-major order. We assume that ZWD is known at the center of every grid

cell. Thus, the unknowns in Eq. (7.18) are the mean laminar flow velocities evaluated at

the sides of grid cells, as depicted in Figure 7.3(b). Both components of these 2D flow un-

knowns are contained in the vector vk. In particular, the first M2 +M elements of the vector

are all x-directed flow unknowns U evaluated on the auxillary grid that is staggered in the

x direction with respect to the ZWD grid by half a grid cell. The second set of M2 + M

elements are all y-directed flow unknowns arranged on another auxillary grid staggered in

the y-direction by half a grid cell width.

The non-zero elements of the M2 × 2(M2 + M) matrix Ak are the finite-difference ap-

proximations to ∇lzwet , but evaluated at the sides of all grid cells where the unknown flow

velocities are to be estimated. Since wet delay are only known at grid cell centers, we infer

values at grid cell sides by averaging mean ZWD from adjacent grid cells.

To illustrate, consider the grid cell P with adjacent cells A, B, C and D, as shown in

Figure 7.3(b). If element m of the vector lk gives the mean ZWD of this grid cell, the m-th

row of matrix A is

[
· · · −(lzwet(A)+lzwet(P))

2Δ
(lzwet(C)+lzwet(P))

2Δ · · · −(lzwet(D)+lzwet(P))
2Δ · · · (lzwet(B)+lzwet(P))

2Δ · · ·
]

(7.19)

The locations of the non-zero elements in the m-th row above correspond to the locations

of unknowns U(i−1/2, j), U(i+1/2, j), V (i, j−1/2) and V (i, j +1/2) on the staggered
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grid, which are given on the sides of grid cell P as shown in Figure 7.3(b). Wet delay values

at the grid cell borders are inferred by averaging known mean ZWD of neighboring cells.

The dot product of the m-th row above with the vector vk is the net ZWD advective flux

into that grid cell P.

Our method for estimating spatially-variable mean flow fields consists of measuring the

ratios of spatial gradients (Eq. (7.18) right-hand-side) to time rate of change (Eq. (7.18)

left-hand-side) of ZWD at every grid cell. However, ZWD is measured by GPS at only

a few, sparsely-distributed grid cells. Our method for computing mean flow assumes that

mean ZWD is known at all grid cell locations. Therefore, we first infer wet delay at the

grid cells outside the GPS network, and at each time step, using inverse distance weighted

(IDW) interpolation of given ZWD data recorded at that time instant. This approximates

the spatial gradients of the delay field which comprise the elements of the matrix Ak. We

mention here that without prior interpolation of wet delay at unsampled locations, it is

necessary to supplement Eq. (7.18) with constraints on the expected gradients of the delay

field. We chose the interpolation method because a priori wet delay spatial gradients are not

available. While other interpolators such as kriging (Goovaerts (1997)) can often produce

better representations of the wet delay field, here we use IDW for simplicity.

Using the sequence of measured and IDW-interpolated ZWD observations and their

spatial gradients, we solve Eq. (7.18) in a least-squares sense for flow velocities. This

system of equations is underdetermined, so that an infinite number of solutions is possible

for flow velocities. We limit the solutions to flow fields satisfying the following constraints

∂U
∂x

+
∂V
∂y

= 0 (7.20)

∂U
∂y

− ∂V
∂x

= 0 (7.21)

The first constraint Eq. (7.20) corresponds to incompressible flow in two-dimensions dis-

cussed previously. The second constraint Eq. (7.21) assumes an irrotational flow field.

These conditions are physically consistent with a description of mean laminar flow (Brown

(1991)). We apply these regularization constraints to every location on the staggered flow

grid where the velocities are estimated.
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We also note that time, length, wet delay and flow speed quantities in Eq. (7.18) are not

generally of the same order of magnitude. To avoid introducing bias in the least-squares

estimates of mean flow, we equalize the magnitudes of the terms in Eq. (7.18) by scaling

these quantities as follows

t → t/T ∗, x → x/L∗ lzwet → lzwet/l∗ (7.22)

where T ∗, L∗ and l∗ are characteristic time, length and wet delay scales. In the following,

we fix L∗ = Δ = 2.3 km, the grid cell dimension, l∗ = 10 mm and T ∗ = Δt = 30 seconds,

the ZWD timeseries sampling period.

Using the finite-difference approximation Eq. (7.18), regularization constraints, Eqs.

(7.20) and (7.21), as well as the non-dimensional quantities above, we estimate flow veloc-

ities as follows

v̂ = min
v

‖(lk+1 − lk)− T ∗

L∗l∗
Akv‖2 +‖ 1

L∗H1v‖2 +‖ 1
L∗H2v‖2 (7.23)

where H1 and H2 are 2M(M + 1)× 2M(M + 1) matrices whose elements are the finite-

difference approximations of the incompressiblity and irrotationality constraints respec-

tively. We note that choice of the characteristic scale factors effectively sets a weighting on

the data term in the cost function Eq. (7.23) relative to the regularization terms. The impact

of the characteristic scale factors in our mean flow field estimation procedure is discussed

in a later section.

In the following section, we show mean laminar flow estimated from GPS ZWD data,

through minimization of the cost function Eq. (7.23). Before presenting these results,

however, we first explain the second step of our algorithm, which estimates IWV difference

maps from the GPS ZWD timeseries.

7.2.3 Estimating IWV difference maps

The second step of our algorithm is an iterative least-squares inversion procedure where we

fit the finite-difference approximation, Eq. (7.17), of the ZWD transport model to the sparse
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GPS ZWD timeseries measurements. The inversion yields IWV difference maps spatially-

resolved to the grid cell size of 2.3 km. Thus, in constrast to the first step of our algorithm,

we do not explicitly interpolate IWV difference maps from the sparse GPS ZWD mea-

surements. Rather, we infer ZWD through repeated fitting of the finite-difference transport

model to the sparse GPS measurements, given estimates of spatially-variable mean flow

obtained from the first step. In contrast to the first step also, we include turbulent diffusion

in the finite-difference transport model (K �= 0). We show estimated IWV difference maps

in the following section.

At each time step k, the set of finite-difference equations Eq. (7.17) for all grid cells

(i, j), with K now as an additional nonzero parameter of the model, forms another system

of linear equations, given by

lk+1 = lk −Δt[Bklk +K∇2lk] (7.24)

In Eq. (7.24), lk denotes the M2 × 1 vector of mean ZWD grid cells arranged in column-

major ordering, as before. Here, the M2 ×M2 matrix Bk contains flow-dependent weights

that implement a finite-difference approximation of the ∇ ·Vl
z
wet term in Eq. (7.15). We

note that since 2D mean flow are now known through the first step of our algorithm, the

unknowns in Eq. (7.24) are ZWD at all grid cells where no GPS receivers are located.

We can explain the configuration of matrix B by considering the m-th row of this matrix.

From Eq. (7.24, the dot product of this row with lk contributes to the ZWD element m at

the subsequent time step. Let the m-th element of lk correspond to grid cell P, as before.

Grid cell P is shown in Figure 7.3(b). The m-th row of matrix B is

[
· · · −UA

Δ
(UP+VP)

Δ · · · −VD
Δ · · ·

]
(7.25)

where we show only the non-zero elements of that row. In the above, VA and VP denote

the y-directed mean flow velocities evaluated at the centers of grid cells A and P respec-

tively. UD and UP denote the x-directed flow velocities at the centers grid cells D and P

respectively. Since we only evaluate flow velocities at the sides of grid cells in our imple-

mentation, we infer x- and y-directed flow at grid cell centers from bilinear interpolation

of the bordering velocities. The weights in the m-th row of matrix B above are positioned
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according to the column-major ordering of grid cells mentioned previously. In particular,

the weight (VP +UP)/Δ in the above constitutes the (m,m) element of matrix B. Thus,

we see that the dot product of the m-th row of B with the mean ZWD array l yields the

net transport of IWV into grid cell P due to mean laminar flow, and this transport of IWV

contributes to overall ZWD recorded at grid cell P (and, hence, element m of lk) at the next

time step. We note that only grid cells A and D contribute to determining the advective

transport of ZWD into grid cell P because, in our implementation, the gradient of ZWD

flux into grid cell P is approximated by a “backward” finite-difference

∂ (Ul
z
wet)|P

∂x
≈ (UPlzwet(P))− (UAlzwet(A))

Δ
∂ (Vl

z
wet)|P

∂y
≈ (VPlzwet(P))− (VDlzwet(D))

Δ

The M×1 vector ∇2lk is a collection of second derivatives of the wet delay field at every

grid cell, and this term denotes the contribution to mean ZWD transport due to turbulent

diffusion. Analogously, the m-th row of the matrix ∇2 is

[
· · · 1

Δ2 − 4
Δ2

1
Δ2 · · · 1

Δ2 · · · 1
Δ2 · · ·

]
(7.26)

where, now, the (m,m) element of matrix ∇2 is the weight −4/Δ2.

In the second step of our algorithm, we begin by initializing an empty map with GPS

ZWD data acquired some time k = Twindow after each SAR overpass at only those grid cells

in the map occupied by the GPS network. We then find the IWV map lk at the previous

time step k = Twindow − 1 that produces a prediction of the IWV map at time k = Twindow,

lTwindow , which matches in a least-squares sense the GPS ZWD measurements at that time

but at only those grid cells occupied by the GPS sites. Subsequently, we adjust lTwindow−1

by replacing the values inferred at those grid cells occupied by the GPS sites with ZWD

measurements now acquired at time k = Twindow−1. The resulting map at time k is then the

observation used to infer the IWV map at time k = Twindow −2. This procedure is repeated

backwards until the SAR overpass times k = 0.

We summarize our algorithm in the flow chart Figure 7.4. Mathematically, the IWV
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Initialize empty grid at locations
of GPS sites with ZWD measured
                        at time k+1

Regularized least-squares inversion
of 2D generalized transport model
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Figure 7.4 Flow chart describing iterative algorithm for estimating wet delay map using the gen-
eralized transport model Eq. (7.15 and timeseries of GPS ZWD measurements
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map at time 0 ≤ k ≤ Twindow is the map given as follows

l̂k = min
lk

‖lGPS
k+1 +Bklk‖+α‖∇2lk‖ (7.27)

where lGPS
k+1 is the IWV map estimate at time k +1 with values at the 29 GPS site locations

now replaced by ZWD measurements acquired at time k + 1. The regularization matrix

∇2 is used to penalize the second-derivatives of the estimated wet delay field, thereby

smoothing the resulting map. Physically, Eq. (7.27) above represents advection by mean

flow given by the elements of Bk and turbulent diffusion due to the regularization term of

the IWV map at time k to produce the ZWD observed by GPS at the subsequent time step

k + 1. A similar procedure was implemented to solve for a map of wet delay based on

ZWD timeseries recorded prior to the SAR overpass times. We then use the average of the

resulting IWV difference maps propagated to the SAR overpass times (k = 0).

7.3 Results

In this section, we present our results from applying our algorithm to the measured ZWD

timeseries from the network of 29 GPS receivers. We show below estimates of spatially-

variable mean laminar flow, obtained from the first step of our algorithm, and IWV dif-

ference maps at the SAR overpass times generated by the second step. We show that the

IWV difference maps we estimate approximate the observed turbulently-mixed InSAR at-

mospheric phase distortions (Figure 6.3(a)) with lower error compared to corresponding

IWV difference maps interpolated using only GPS ZWD observations recorded at the SAR

overpass times, as they did in the frozen-flow algorithm of the previous chapter.

In Figure 7.5, we show estimates of mean flow velocities at the SAR overpass time,

18.31 UTC, obtained by applying Eq. (7.23) to timeseries of ZWD acquired on February

5th, 2000. In Figure 7.6, we show the flow velocities at 18.31 UTC on November 27th,

1999. The rms error from fitting the constrained finite-difference conservation equation to

the GPS ZWD data was about 1 mm.

Before applying our algorithm to estimate IWV difference maps for correcting InSAR
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Figure 7.5 (a). Spatial distribution of flow field velocities V at 18.31 UTC, February 5th, 2000.
Eq. (7.23) was applied to timeseries of ZWD from the 29 GPS receivers at locations indicated by
the green triangles. (b): Flow speed computed from velocity solutions on a 30 × 30 grid, with grid
cell spacing of Δ = 2.3 km

Figure 7.6 (a). Spatial distribution of flow field velocities V at 18.31 UTC, November 27th, 1999.
Eq. (7.23) was applied to timeseries of ZWD from the 29 GPS receivers at locations indicated by
the green triangles. (b): Flow speed computed from velocity solutions on a 30 × 30 grid, with grid
cell spacing of Δ = 2.3 km
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Table 7.1 Average cross-validation RMS error (mm) for estimating ZWD timeseries using the
proposed algorithm and IDW-interpolation

LS-inversion of IDW
transport model interpolation

Feb. 5th, 2000 5.3 7.4
Nov. 27th, 1999 4.5 7.2

atmospheric phase distortions, we first tested our algorithm using a cross-validation proce-

dure. In this procedure, we removed one GPS site from the dataset and used our algorithm

with the GPS ZWD timeseries measurements from the remaining 28 GPS receivers to es-

timate both spatially-variable flow fields and the withheld ZWD timeseries. The time win-

dow for this cross-validation experiment was 3000 seconds. We repeated this procedure for

all 29 ZWD timeseries. Table 7.1 shows the cross-validation results. Specifically, the mid-

dle column shows the average rms error in mm for estimating a single ZWD timeseries by

applying our algorithm to ZWD timeseries measurements from the remaining 28 receivers.

The results in Table 7.1 are averaged rms errors, computed over 3000 seconds, obtained

from applying the cross-validation procedure to all 29 measured timeseries.

For comparison, we also inferred the withheld ZWD timeseries by simple IDW-interpolation

of the 28 GPS ZWD timeseries. The rightmost column in Table 7.1 shows the average RMS

error in mm for interpolating a single ZWD timeseries using data from the remaining 28

receivers. Again, the results in the rightmost column are averages of rms errors computed

from cross-validating all 29 measured GPS ZWD timeseries. We observe that over a time

window of 3000 seconds centered on the SAR overpass times, our algorithm can estimate

a withheld GPS ZWD timeseries with 2.4 mm better accuracy, on average, than by simply

interpolating the remaining ZWD measurements.

In Figure 7.7, we show IWV difference maps estimated from the GPS ZWD timeseries

measurements. These maps use different time windows about the SAR overpass times in

which GPS ZWD observations were incorporated into the inversion procedure Eq. (7.27).

Here, we use estimates of mean laminar flow at 2.3 km resolution as derived by our algo-

rithm (Figures 7.5 and 7.6 show, for example, flow estimates at the SAR overpass times
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only), and a diffusion coefficient K = 3000000 m2/s which we found produces an IWV

difference map that best matches (in terms of RMS error) the observed turbulently-mixed

InSAR atmospheric phase (lower right corner of Figure 7.7). This value of the diffusion

coefficient was constant for all time windows. Our algorithm produces IWV difference

maps at the coarse 2.3 km resolution. In Figure 7.7, we have upsampled these maps at the

full InSAR resolution (40 meters) for better visualization of our results.

In Figure 7.8(a), we show the global rms error as a function of time window duration

for IWV maps estimated at the 2.3 km resolution. In various time windows about the SAR

overpass times, we estimated these maps using our algorithm and then subtracted the re-

sults from the downsampled InSAR atmospheric phase (Figure 7.3(c)). We see from Figure

7.8(a) that, over 100 minutes, the rms error of observed turbulently-mixed InSAR atmo-

spheric phase distortions was reduced from 6.5 mm to 5.5 mm. The residual phases after

correction by the inferred maps are short-scale phase fluctuations that are not reproduced

by the advection and diffusion of temporal ZWD variations from GPS. For consistency

with our results in Chapter 6, Figure 7.8(b) shows the corresponding RMS error curve ob-

tained when prior smoothing was applied using the 8 km ×8 km boxcar filter. We note

that the residuals may contain location phase features due to ground motion (Watson et al.

(2002)) unmodeled by the inversion procedure or necessarily measured by the sparse net-

work of GPS receivers. Subtracting an IDW-interpolated IWV difference map from GPS

data acquired only at the SAR overpass times results in about 0.3 mm reduction in global

RMS without prior smoothing and, with smoothing, the RMS error drops to 3.8 mm from

4.7 mm. Table 7.2 lists the results of RMS atmospheric phase after correction with IWV

difference maps generated by the algorithm presented here.

Therefore, using the method described by Eq. (7.27), observations of ZWD from GPS

acquired before and after the SAR overpass times can be incorporated into the estimation

of a more accurate approximation of atmospheric phase artifacts observed by the SAR

interferogram.
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Figure 7.7 Estimates of ZWD difference at the SAR overpass time using GPS ZWD timeseries
measurements and Eq. (7.27). We show maps, in the middle column, generated by using data
recorded at, within 10 minutes, 25 minutes, 35 minutes and a 100 minutes over the SAR overpass
times. The error magnitude from subtracting the map estimates from the observed turbulently-
mixed atmospheric phase phase is shown in first column. The turbulently-mixed atmospheric phase
is shown in the lower right corner
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Figure 7.8 (a): RMS error as a function of time window length about SAR overpass times in which
GPS ZWD measurements were used to infer IWV difference maps at the coarse 2.3 km resolution.
(b): RMS error as a function of time window length with prior smoothing using the 8 km ×8 km
filter suggested by the cone-averaging effect in GPS

7.4 Discussion

We now discuss the results we obtained from least-squares inversion of the SCIGN GPS

ZWD timeseries using the 2D transport model for wet delay. The algorithm presented

in this chapter proceeded in two steps: (1) estimation of spatially-variable wind from the

conservation equation for wet delay and (2) iterative least-squares estimation of a IWV

difference map from the ZWD timeseries by using the wind estimates in a transport model

for wet delay.

Comparing the results in Table 7.2 with our results in Chapter 6, Table 6.1, we find that

the frozen-flow algorithm achieves a better correction of turbulently-mixed InSAR atmo-

spheric phase distortions than the advection-diffusion algorithm presented in this chapter.

Specifically, the residual rms phase fluctuation smoothed by the 8 km ×8 filter (suggested

by the GPS averaging cone) after the frozen-flow correction is 2.7 mm while the corre-

sponding rms phase fluctuation after the advection-diffusion correction is 3.1 mm. These

results indicate that the frozen-flow algorithm delivers superior GPS-derived corrections
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Table 7.2 RMS atmospheric phase fluctuations before and after GPS-derived corrections
RMS error (mm)

atmospheric
phase 16.1

corrected for
topography-dependent 8.6

variation
resampled to

M = 30× 30 grid 6.5
Entire spectrum Low-pass filtered

rms error 6.5 4.7
correction using GPS ZWD
at SAR overpass times only 6.2 3.8

correction using
advection-diffusion algorithm 5.5 3.1

compared to the advection-diffusion algorithm. However, we note that the frozen-flow al-

gorithm assumes accurate a priori knowledge of the spatial variation of the observed InSAR

atmospheric phase, through an autocorrelation model. In contrast, the advection-diffusion

algorithm presented here does not assume an a priori model for expected spatial variation

of atmospheric phase. Instead, the advection-diffusion algorithm infers this variation indi-

rectly through advective and turbulent diffusive transport of ZWD. The improved correction

achieved by the frozen-flow algorithm, as shown in Table 6.1, is then a consequence of us-

ing an a priori autocorrelation model that is measured directly from the InSAR atmospheric

phase.

We note that an autocorrelation function that is measured directly from the InSAR

data may not always accurately describe variations solely due to the atmosphere. Non-

atmospheric phase signatures, such as those due to ground deformation, will affect the gen-

eral shape of the autocorrelation model, and using such a model might result in errorneous

compensation of atmospheric phase components of the observed interferometric phase. To

properly correct for atmospheric phase distortions, it is necessary to use an autocorrela-

tion model that accurately describes only the atmospheric component of interferometric

phase. However, most autocorrelation models for turbulently-mixed atmospheric phase

are idealized and do not always accurately describe the observed variations. In particular,



7.4. DISCUSSION 131

most models are isotropic and thus neglect directional dependence of InSAR atmospheric

effects. As we noted in Chapter 6, the frozen-flow algorithm is sensitive to the choice

of assumed autocorrelation model and, consequently, an inaccurate model would further

corrupt the residual ground deformation phase signatures after correction. In contrast, the

advection-diffusion algorithm presented in this chapter is more general because of fewer

a priori assumptions on the nature of InSAR atmospheric phase variations. We reserve

for future work the incorporation of a statistical autocorrelation model of turbulent phase

flucutations into the ZWD transport model.

We find that estimates of spatially-variable wind depend on the choice of normalization

constants T ∗,L∗ and l∗ in Eq. (7.23). Since the estimated flow speeds are proportional to

ratios of temporal to spatial gradients of wet delay, we expect a characteristic flow speed

V ∗ ≈ L∗

T ∗
∂ lzwet/∂ t
∂ lzwet/∂x

(7.28)

We find that the large flow speeds observed in Figures 7.5 and 7.6 are due to the large ratio

of assumed characteristic length to time scales, L∗
T (∗ ≈ 77 m/s. Typically, the characteristic

length scale L∗ is fixed to the dimensions of the grid cell and the time scale is set to be

the sampling period. We find that increasing the characteristic time scale T ∗ by decimating

the GPS ZWD timeseries results in a decrease in average flow speed, as shown in Figure

7.9. Thus, we see that the choice of time scale affects the overall magnitude of flow speeds

inferred by our algorithm. For future work, the ambiguity in the choice of time scale can be

circumvented given an a priori bound on maximum flow speed, V ∗. Then, the time scale can

be determined from the Courant condition, T ∗ < L∗/V ∗ (Ostrovskii and Piterbarg (1995)).

In addition, we would then have to include non-linear inequality constraints explicitly in

the inversion procedure.

The estimated flow fields also depend on the spatial and temporal gradients measured

from the smooth, IDW-interpolated delay fields. The choice of interpolator impacts the

estimation of the flow fields because it affects the spatial gradients of ZWD from the sparse

measurements. A possible improvement to this step of the algorithm is to incorporate esti-

mates of water vapor gradients inferred from the GPS ZWD measurements themselves, as
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shown by (Bar-Sever et al. (1998)), in the spatial interpolation of ZWD. The temporal gra-

dients of ZWD are strongly influenced by the choice of the drift rate parameter, described

in Chapter 3, used to estimate ZWD over time from the raw GPS carrier phase observables.

While it is not possible to determine the appropriate choice of drift rate parameter without

independent water vapor timeseries measurements (e.g. from ground-based water vapor

radiometers), the 2D transport model for water vapor described here suggests that temporal

and spatial gradients of water vapor are coupled through the flow field.

We also note that varying the normalization constants effectively changes the relative

weighting between the data fitting and regularization terms in Eq. (7.23). However, we

find that the impact on data fitting error is minimal for the choice of time scales shown in

Figure 7.9 as the RMS error was less than 2 mm in all cases. This is because we have not

incorporated an explicit weighting factor on the regularization terms in Eq. (7.23), as is

conventionally done in regularized inverse problems. We neglected using an explicit regu-

larization weighting factor because it was not possible to determine a priori the appropriate

level of misfit to the GPS ZWD timeseries. Such an a priori constraint on the misfit can
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be obtained, for example, by validating wind estimates produced by our methods with at-

mospheric motion vectors (AMV) inferred from analysis of sequences of water vapor IR

images from the GOES satellites. Furthermore, comparison of our flow estimates with

AMVs can also benefit the determination of an appropriate time scale T ∗ as, generally, the

choice of this time scale depends on typical flow speeds V ∗ over the length scale of a grid

cell (2.3 km assumed here) expected for vertically-averaged wind in the lower atmosphere.

These AMV estimates can be obtained from the Cooperative Institute for Meteorological

Satellite Studies (CIMSS) at the University of Wisconsin-Madison.

In our algorithm for iterative estimation of IWV difference maps from GPS timeseries,

the diffusion coeffient K we used to produce the ZWD difference maps shown in Figure 7.7

is unphysically large. This is primarily because the diffusion term in Eq. (7.27) is used to

smooth the ZWD difference map solution and is not directly incorporated in the data fitting

component of the cost function. We chose this approach because we found that regular-

ization with the diffusion operator smooths out errors caused by the initial ill-posedness

of the inverse problem Eq. (7.27) and numerical instabilities. Thus, the magnitude of the

diffusion coefficient K represents the combined effect of actual turbulent diffusion and reg-

ularization weighting. Apart from this, we find that the ratio of characteristic length to time

scales used in the least-squares inversion also contributes to the magnitude of the diffusion

parameter. In Figure 7.10(a), we plot the optimal diffusion coefficient K derived from our

algorithm versus time scale T ∗ = Δt. Here, we applied our algorithm to estimate ZWD

difference maps from the GPS ZWD timeseries decimated to different time scales. We

fixed the length scale L∗ at the grid cell size, 2.3 km. At each time scale then, we inferred

the corresponding optimal K from that IWV difference map which best matches the ob-

served InSAR phase. The RMS error between the estimated ZWD difference map and the

turbulently-mixed atmospheric phase is shown in Figure 7.10(b). We observe that, except

for GPS timeseries decimated to 300 seconds, the optimal diffusion coefficient decreases

with increasing time interval between ZWD measurements indicating that the parameter K

in our algorithm depends on the choice of time scale. We note from Figure 7.10 that the

RMS error increases with increasing time scale. This is partly the result of fewer available

measurements contributing to the estimation of the ZWD difference map as we decimated
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the ZWD timeseries to greater time intervals. We note also that decimating the ZWD time-

series to larger time intervals may not accurately represent measurements of 2D transport

of total column water vapor by Eq. (7.15) at those time scales. This is because the dec-

imated timeseries will in general be different from ZWD timeseries estimated from raw

GPS carrier phase observables initially decimated to those time scales.

7.5 Conclusions

In this chapter, we derived a transport model, parametrized by spatially-variable mean flow

fields and a diffusion coefficient, that describes the spatial and temporal changes of IWV

fields. We described an algorithm to estimate IWV maps at the SAR overpass times by

solving an inverse problem of fitting ZWD timeseries, measured from a GPS network, to

the transport model. We used these maps to correct the turbulently-mixed component of

InSAR atmospheric phase variations observed in Figure 3.6.

The transport model is parameterized by spatially-variable 2D laminar flow fields. We

estimated these velocity fields by fitting a finite-difference approximation of transport equa-

tion, ignoring turbulent diffusion, to the GPS ZWD timeseries. The velocity fields follow

a flow model that posits non-divergent and irrotational laminar motion of air masses in

the lower atmosphere. We then used estimates of flow velocity in the iterative algorithm

to produce an IWV map approximating the observed turbulently-mixed atmospheric phase

distortions in the radar interferogram. The IWV difference maps produced by the algorithm

show spatial variations of ZWD due to advective transport and turbulent diffusion of water

vapor in the atmosphere.

We tested our algorithm with a leave-one-out cross-validation procedure using the GPS

ZWD timeseries. We found that our algorithm predicts the withheld GPS timeseries with

an average RMS error of 2.4 mm less than the prediction error achieved by simply interpo-

lating the other ZWD measurements.

We applied our algorithm to timeseries of ZWD from GPS acquired in a 100-minute

window about the SAR overpass times. Our implementation generated IWV maps at a

resolution much coarser (2.3 km) than the resolution of InSAR observations. However, we

found that this was sufficient to reduce turbulently-mixed atmospheric phase distortions by
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1.6 mm, assuming prior smoothing. Our algorithm produced IDW maps that further re-

duced RMS turbulently-mixed atmospheric phase by 0.8 mm over that achieved by simply

interpolating GPS ZWD measurements acquired only at the SAR overpass times.

Our results indicate that the advection-diffusion algorithm presented in this chapter per-

forms worse than the frozen-flow algorithm presented in the previous chapter. However, we

argue that in the frozen-flow algorithm, the spatial variations of turbulently-mixed atmo-

spheric phase are assumed to be known a priori, via an autocorrelation model, whereas the

advection-diffusion algorithm does not require any prior knowledge of spatial variations of

IWV. Instead, the variations are inferred indirectly through the ZWD transport model. We

suggest that incorporation of an a priori atmospheric phase autocorrelation model into the

advection-diffusion algorithm would be a fruitful direction for future work.

Finally, we note that the spatially-variable flow fields and the diffusion coefficient we

used in our algorithm showed unphysically large values. This is a primarily an artifact of

the choice of short time scales (30 seconds) and large spatial scales (grid cell size of 2.3

km) used in our implementation.



Chapter 8

A case study

In this chapter, we present a second analysis of GPS ZWD and InSAR dataset, acquired

on May 14th, 2005 and July 23rd, 2005. Our objective here is again to reduce atmospheric

phase distortions in this radar interferogram using timeseries estimates of ZWD from GPS.

As discussed before, we do not infer quantitative measurements of water vapor from the

GPS and InSAR data since this requires measurements of surface temperature over the

study area to convert ZWD to total column water vapor and surface pressure data to cali-

brate out hydrostatic delays.

We aim to reproduce the spatial variation of atmospheric phase observed in the radar

interferogram from the GPS ZWD timeseries. As before, we decompose spatial variations

of wet delay into (1) a topography-dependent component due to vertical stratification of

water vapor and (2) fluctuations caused by turbulent mixing of moisture in the lower atmo-

sphere. We apply the methods presented in Chapter 5, Chapter 6 and Chapter 7 separately

to estimate these two types of variations from the GPS data. These estimates will then be

used to reduce total atmospheric phase distortions observed in the InSAR image.

In contrast to the 29 receivers from which we obtained the ZWD estimates shown in

Figure 3.2, here we acquired data from 46 GPS receivers. This allows us to examine the

performance of our methods using GPS data acquired from a denser network of receivers.

137
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Figure 8.1 (a): Shaded relief map of the Los Angeles/Orange County basin. Yellow triangles
indicate locations of SCIGN GPS receivers. (b): 24-hour timeseries of Zenith Wet Delay (ZWD)
from 46 SCIGN continuous GPS receivers for July 23rd, 2005 (top) and May 14th, 2005 (bottom).
The dashed vertical line in both plots indicate the time when radar observations over Southern
California were acquired

8.1 GPS and InSAR observations

We obtained GPS raw carrier phase observations from 46 GPS receivers in the SCIGN

network on May 14th and July 23rd, 2005. Using GIPSY, we reduced the raw GPS data to

produce timeseries of ZWD sampled every 300 seconds. As in Chapter 3, we used GIPSY

to solve for receiver position corrections, receiver clock offsets and ZWD from the carrier

phase observables. We assumed a nominal value of 2.1 meters for zenith hydrostatic delay

and we used a drift rate parameter α = 8× 10−8 km/
√

second for the first-order Gauss-

Markov process used to model ZWD temporal variations. While processing the data, we

used only GPS observations from satellites above a minimum elevation angle of 15◦, and

we used a Neill mapping function (Neill (1996)) to project GPS carrier phase observations

at various elevation angles to the vertical. In Figure 8.1(a), we show the locations of the

SCIGN receivers over the study area, while Figure 8.1(b) shows the resulting estimated

ZWD timeseries from the 46 GPS receivers on both dates. The formal ZWD error, σGPS,

from GIPSY processing was about 3 mm for estimates on both dates.
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We formed a SAR interferogram from two ENVISAT observations of Los Angeles

County, California area (33.5◦ N, 242.1◦ W) acquired at 18:01 UTC on May 14th, 2005

and July 23rd, 2005. The parameters of the ENVISAT SAR system are very similar to those

of ERS-2, as given in Table 3.1. The SAR overpass times are indicated by the black dotted

line in Figure 8.1. The perpendicular component of the interferometric baseline for these

observations was 98.7 meters. We removed the contribution to interferometric phase due to

topography, φ INSAR
topo , using a DEM of the area derived from the results of the Shuttle Radar

Topography Mission (SRTM) in 1999. We also removed a polynomial surface from the

inferred phase image to correct a slowly-varying phase trend caused by errors in the orbit

information used during SAR processing. The interferogram corrected for topography and

orbit trends is shown in Figure 8.2. Due to the relatively short (2 months) time separation

between SAR observations, we assumed that the contribution to interferometric phase due

to tectonic effects was minimal. However, as in the previous example, we point out that

phase signatures resulting from surface displacement caused by groundwater pumping and

oil field activity have been observed in this area (Watson et al. (2002)). We interpret the

residual phase as due primarily to (i) differences in neutral atmospheric delay (ii) temporal

decorrelation, (iii) localized deformation signals and (iv) system noise. We used twenty

looks during SAR processing and the resulting interferogram has a ground pixel spacing of

40 meters. We unwrapped the interferogram using the method of Chen (2001).

8.1.1 Vertical-dependence of GPS and InSAR delays

We first examine the vertical profile of GPS and InSAR observations, in order to estimate

the topography-dependent atmospheric phase variations in the radar interferogram. Fig-

ure 8.3(a) shows GPS ZWD acquired at the SAR overpass times (blue squares) plotted as

a function of height. We observe that the InSAR atmospheric phase exhibits a dissimi-

lar altitude-dependent profile than was observed in the previous dataset. The atmospheric

phase decreases with height for altitudes ≤ 500 meters but then increases with height at

the higher altitudes. In the profile shown in Chapter 4, the InSAR atmospheric phase de-

creased with height for altitudes up to 2000 meters. We explain the profile observed in

this dataset by noting that the InSAR atmospheric phase is proportional to a difference of
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Figure 8.2 Interferogram over Los Angeles/Orange County basin derived from data acquired on
May 14th 2005 and July 23rd 2005, with topographic phase removed. The area of study (white box)
is approximately 60 km × 80 km
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Figure 8.3 (a): GPS ZWD acquired at the 46 SCIGN stations at the SAR overpass times plotted
as a function of altitude (blue). The best-fit vertical profile Eq. (5.1) is shown in red. We removed a
bias of 18 cm in the GPS ZWD measurements acquired on July 23rd. (b): GPS ZWD differences at
the SAR overpass times (red) and InSAR atmospheric phase (blue) plotted as function of altitude.
In green, we show the profile of Eq. (5.1) fitted directly to the InSAR phase

neutral atmospheric delay vertical profiles at the two SAR overpass times. Assuming that

neutral atmospheric delay decreases with height according to our model Eq. (5.1), the ob-

served InSAR phase profiles would then be described by the difference of the two model

functions. This difference model can exhibit increasing delay difference with height, de-

pending on the relative magnitudes of the parameters C and α at the two SAR overpass

times. We fit the model for vertical profile of neutral atmospheric delays, Eq. (5.1), to the

measured ZWD and the resulting fits are shown in red. Table 8.1 gives the parameters C

and α inferred from the fits, as well as the χ2
44 goodness-of-fit statistic computed as follows

χ2
44 = (1/44)

46

∑
k=1

(lGPS,z
wet (zk, ti)− lvert(zk))2

σ2
GPS

ti = {t1, t2} (8.1)

where the factor of 1/44 in the above corresponds to 44 degrees of freedom from 46 GPS

observations and 2 model parameters. The large value for the July 23rd, 2005 parameters
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lmin and C in Table 8.1 is due to a bias of about 18 cm we observed in the GPS ZWD time-

series estimated on that date. We believe that this bias is an artifact of GIPSY processing

of GPS observables. We also note from Table 8.1 the large value for the χ2 goodness-of-fit

on July 23rd, 2005 relative to the goodness-of-fit on May 14th, 2005. This large value is

because the formal error σGPS = 3 mm which we used to compute the chi-squared statistic

underestimates the RMS of postfit-residual scatter around the model Eq. (5.1), as shown in

Figure 8.3(a). The residual scatter is most likely due to ZWD fluctuations resulting from

turbulent mixing of water vapor. Thus, this large χ2 value does not necessarily suggest that

the vertical dependence of GPS ZWD measurements on July 23rd, 2005 is poorly explained

by the model Eq. (5.1).

Table 8.1 Parameter estimates and goodness-of-fit for altitude-dependent model fit to GPS ZWD
data

C (mm) α (km−1) lmin (mm) χ2
44

t1, Jul. 23rd 2005 (GPS) 294.0 0.96 243.4 21.05

t2, May. 14th 2005 (GPS) 103.5 0.79 80.0 5.70

In Figure 8.3(b), we plot InSAR atmospheric phase as a function of altitude (blue). The

RMS atmospheric phase fluctuation was 26 mm. GPS ZWD differences are shown in red.

In green, we show a vertical profile for atmospheric phase obtained from fitting our model

Eq. (5.1) directly to the InSAR phase. The parameters estimated from the fit are shown in

Table 8.2.

The large chi-squared goodness-of-fit statistic observed in Table 8.2 results from significant

scatter of the observed InSAR atmospheric phase about the inferred model, as indicated in
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Table 8.2 Parameter estimates and goodness-of-fit for altitude-dependent model fit to InSAR
atmospheric phase

C (mm) α (km−1) χ2
44

t1, Jul. 23rd 2005 196.7 3.2

386.82
t2, May. 14th 2005 256.7 2.4

Figure 8.4 (a): Unwrapped atmospheric phase over the study area in Figure 8.2. (b): topography-
dependent ZWD difference map constructed from a fit of Eq. (5.1) to the observed InSAR atmo-
spheric phase. (c): topography-dependent IWV difference map constructed from a fit of Eq. (5.1)
to the GPS ZWD observations at the SAR overpass times

Figure 8.3(b). The standard deviation of ZWD difference computed from interferometric

correlation according to the formula given in Hanssen (1998) is about 5 mm. This does

not take into account phase fluctuations due to the turbulent-mixing component of water

vapor. The phase noise level in this InSAR observation is higher than in the InSAR data

shown in Figure 3.6. This is because of the greater degree of spatial decorrelation in the

SAR observations. There is a larger perpendicular baseline B⊥ (85 meters) between the

two SAR passes here (Zebker and Villasenor (1992)) than for to the observations made in

1999/2000 (1 meter).

Figure 8.4(b) shows a IWV difference map inferred from the parameters in Table 8.2

and a DEM of the area. Figure 8.4(c) shows a ZWD difference map constructed using
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the GPS-derived parameters in Table 8.1. These maps are both estimates of topography-

dependent atmospheric phase. However, we find that correcting the observed atmospheric

phase in Figure 8.4(a), expressed as wet delay difference in mm, with the GPS-derived

estimate of topography-dependent atmospheric phase results in a higher RMS residual. In

contrast to the data shown in Figure 4.2, the GPS ZWD measurements here do not accu-

rately reproduce the vertical-stratification of neutral atmospheric delays as observed in the

radar interferogram. This are two possible reasons for this. First, the inferred fit of the

model Eq. (5.1) to GPS ZWD observations underestimate the variation at higher altitudes

due to sparsity of GPS sites at those heights. Second, the larger interferometric baseline

B⊥ between SAR observations results in greater sensitivity of the interferometric phase to

topography and topographic errors in the DEM which we used to form the image shown in

Figure 8.2. Thus, it is possible that a portion of actual topography-dependent atmospheric

variation was removed when we initially corrected the interferogram with the DEM. Fur-

ther, we find that subtracting the IWV difference map Figure 8.4(b) from the atmospheric

phase, Figure 8.4(a), yielded no reduction in RMS atmospheric phase residuals.

Therefore, the atmospheric phase shown in Figure 8.4(a) is mainly modeled as due

to turbulent variations of water vapor. In the following section, we further examine the

statistical spatial and temporal fluctuations of the observed atmospheric phase and GPS

ZWD, individually corrected for altitude-dependent wet delay using the model Eq. (5.1).

8.2 Spatial and temporal variability

We first correct the GPS ZWD timeseries for vertical-dependent wet delay by fitting our

model Eq. (5.1) to the GPS data. Since the GPS ZWD measurements do not reproduce

the altitude-dependent trend of the InSAR phase data, we did not use the parameters of the

InSAR fit to infer the altitude-dependent delay profiles of GPS ZWD data. Instead, both

datasets were corrected for altitude-dependent trends separately, through fits to the model.

Figure 8.5 shows a comparison between ZWD differences measured at the 46 GPS sites

at the SAR overpass times and corrected for vertical-dependent delay with turbulently-

mixed component of InSAR atmospheric phase in 8 km ×8 km boxes surrounding the

receiver locations. Thus, Figure 8.5 compares GPS and InSAR measurements of wet delay
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Figure 8.5 Comparison of GPS ZWD differences at the SAR overpass times (red) with InSAR
atmospheric phase (blue) averaged in a box of dimensions 8 km ×8 km centered on the receiver
locations. GPS ZWD difference formal error is

√
2×3 = 4.25 mm

after both datasets have been individually corrected for altitude-dependent delay. We com-

pare GPS ZWD difference measurements with averaged phase in these boxes because of

the cone-averaging effect in GPS ZWD estimation, as mentioned in Chapter 3. The formal

error of the GPS ZWD differences shown in Figure 8.5 is
√

2× 3 = 4.25 mm. The cor-

relation coefficient γ between GPS and InSAR measurements of wet delay differences is

0.74. We consider the statistical significance of this correlation by computing the t-statistic

Eq. (5.6). The computed statistic was 7.30. If the GPS ZWD and InSAR measurements

were actually uncorrelated with normally-distributed measurement noise, then the t-statistic

would follow a t-distribution with N−2 = 44 degrees of freedom. At a significance level of

0.01, the associated critical value of this distribution is 2.41. Since the computed statistic

is greater than the critical value, we see that the computed correlation between GPS and

InSAR wet delay difference measurements is statistically significant. We conclude that

the GPS ZWD estimates acquired at the SAR overpass times approximates the observed

InSAR atmospheric phase at the locations of the GPS receivers. From the discussion in

the previous section and the results shown here, we note that while the altitude-dependent
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Figure 8.6 (a): Rotationally-averaged spatial PSD computed from the atmospheric phase in the
center of the study area in Figure 8.2. A polynomial phase trend was subtracted from the phase val-
ues prior to computing the PSD. (b): Temporal PSD computed from detrended GPS ZWD difference
timeseries measurements in a 40-minute time window about the SAR overpass times

profiles of GPS ZWD measurements and InSAR atmospheric phase do not agree, there is

nonetheless a statistically significant correlation between the turbulently-mixed component

of delay in these two datasets.

We now examine the spatial and temporal variability of InSAR atmospheric phase and

GPS ZWD timeseries, respectively. Figure 8.6(a) shows the rotationally averaged PSD

computed from the atmospheric phase in the study area shown in Figure 8.2. We note

that we subtracted a polynomial phase trend from the phase values prior to computing the

spectrum. Figure 8.6(b) shows temporal PSDs computed from GPS ZWD difference time-

series acquired in a 40-minute window about the SAR overpass times. The GPS data were

similarly detrended prior to computing the spectrum. From the computed PSDs, we see

that the fluctuations in InSAR and GPS measurements display a power-law wavelength

and frequency dependence that is generally consistent with Kolmogorov theory. The ob-

served power spectra slopes vary between -5/3 and -8/3 for different frequency/wavelength

regimes. We observed this behavior for the data shown Chapter 4 and we noted that other

authors (e.g. Hanssen (1998), Williams et al. (1998)) have also observed similar power

law behavior in their analysis of GPS and InSAR wet delay measurements. Therefore,

the short-scale variations observed in the GPS ZWD and InSAR atmospheric data here are
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Figure 8.7 (a): Spatial autocorrelation function computed from InSAR atmospheric phase shown
in Figure 8.4. (b): Comparison between InSAR autocorrelation profile (blue) and autocorrelations
inferred from the GPS ZWD difference measurements at the SAR overpass times. (c): Spatial
autocorrelation function computed from InSAR atmospheric phase after removing a polynomial
phase trend

most likely due to turbulent mixing of water vapor.

Figure 8.7(a) shows the empirical 2D spatial autocorrelation function computed from

the turbulently-mixed InSAR atmospheric phase shown in Figure 8.4(a). We quantify the

distance over which these fluctuations are correlated by computing the correlation length

lcorr,

lcorr =
1

C(0)

∫
C(r) dr (8.2)

The correlation length of the turbulently-mixed atmospheric phase fluctuations in Figure

8.4(a) was about 7 km. Figure 8.7(b) shows the sparse autocorrelation values in red es-

timated using the method described in Chapter 4, from the GPS ZWD data acquired at

the SAR overpass times. In Figure 8.7(b) also, we show in blue the rotationally-averaged

autocorrelation function of Figure 8.7(a). The error between the sparse GPS ZWD and

InSAR atmospheric phase autocorrelation values at those sparse lags was 105.4 mm2. We

observe from Figure 8.7(b) that the GPS ZWD difference measurements significantly un-

derestimates the spatial variations of atmospheric phase at short scales. The mean-squared

fluctuations of GPS ZWD are about a factor of 2 lower than the mean-squared variations

of InSAR atmospheric phase. In Figure 8.7(c), we show the empirical 2D spatial auto-

correlation computed from the InSAR atmospheric phase after a removing a polynomial
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phase trend from the image. We observe that the mean-squared turbulently-mixed atmo-

spheric phase fluctuations after detrending are a factor of two lower. Furthermore, the

correlation length of the detrended atmospheric phase fluctuations was reduced to about

2 km. This suggests that the large-scale correlations observed in Figure 8.7(a) are mostly

the result of a large-scale gradient in the turbulently-mixed atmospheric phase. We also

spatially detrended the GPS ZWD measurements and compared sparse autocorrelation val-

ues computed from the ZWD residuals with Figure 8.7(c). We found, however, that the

relative error between autocorrelations of detrended GPS and InSAR measurements was

higher than the relative error between the autocorrelation profiles shown in Figure 8.7(b).

Therefore, we do not attempt to corect the GPS ZWD measurements for large-scale trends.

In the following section, we use the methods described in Chapter 6 and Chapter 7 to

estimate the turbulently-mixed InSAR atmospheric phase distortions from the GPS ZWD

measurements.

8.3 Estimating the turbulent phase variations

8.3.1 Frozen-flow algorithm

We applied the frozen-flow algorithm presented in Chapter 6 to GPS ZWD measurements

acquired around the SAR overpass times. The GPS measurements were first corrected for

vertically-dependent delay trends by fitting the model Eq. (5.1) to the data.

We used the 2D autocorrelation function in Figure 8.7(a) computed directly from the

InSAR atmospheric phase as the autocorrelation model of wet delay spatial fluctuations.

As mentioned previously, we corrected the InSAR data for altitude-dependent delay using

the topography-dependent map (Figure 8.4(c)) derived from directly from the phase data,

Figures 8.8(a) and (b) show the vertically-integrated, two-dimensional wind solutions in-

ferred from correlation analaysis of the GPS ZWD timeseries on both dates. Figures 8.8(c)

and (d) show, in red, the denser networks of ZWD control points generated by applying the

frozen-flow transport model to GPS ZWD measurements acquired in a 130-minute window

after the SAR overpass times.

Figure 8.9(b) shows the combined result of kriging interpolating the denser networks



8.3. ESTIMATING THE TURBULENT PHASE VARIATIONS 149

Figure 8.8 (a): Polar motion plots of vertically-integrated wind solutions in a time window of
duration 130 minutes after the SAR overpass time (18:01 UTC) on Jul. 23rd, 2005. (b): Polar
motion plots of wind solutions on May 14th, 2005. (c): Denser network of ZWD control points
inferred by applying the “frozen-flow” algorithm (Chapter 6) to GPS ZWD timeseries on Jul. 23rd,
2005 and using wind solutions in (a). (d): Denser network of ZWD control points inferred by the
“frozen-flow” algorithm for data acquired on May 14th, 2005
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in Figures 8.8(c) and (d). This map is a linear combination of two maps generated by in-

terpolating the control point networks twice using both autocorrelation functions shown in

Figure 8.7. We found that using only the autocorrelation model with a large correlation

length (Figure 8.7(a)) to interpolate the dense network of ZWD control points results in

a smooth IWV difference map. Using an autocorrelation model with a large correlation

length, a large number of control points contribute approximately equally to the estima-

tion of ZWD difference at an unsampled location, results in a smooth interpolated map.

However, by also using the autocorrelation model with a shorter correlation length (Figure

8.7(c)), fine-scale variations can be inferred and superimposed on the smooth map. Figure

8.9(d) shows the error magnitude from correcting the observed turbulently-mixed InSAR

atmospheric phase distortions with the interpolated IWV difference map, Figure 8.9(b).

The RMS error was reduced from 26 mm to 21.6 mm.

Figure 8.9(a) shows an IWV difference map estimated from the GPS ZWD data ac-

quired only at the SAR overpass times using the 2D spatial autocorrelation function dis-

played in Figure 8.7(a). We found that a linear combination of this map with a separate

IWV difference map interpolated using the autocorrelation model in Figure 8.7(c) yielded

no improvement. Short-scale variations cannot be reliably inferred from ZWD measure-

ments available only at the sparse receiver locations. We correct the observed turbulently-

mixed InSAR atmospheric phase distortions, Figure 8.4(a) with this interpolated map. The

magnitude of the residuals after correction is shown in Figure 8.9(c). The RMS error after

correction was reduced to 23 mm from 26 mm. Thus, the frozen-flow algorithm yielded

an IWV difference map that improved the reduction of atmospheric phase distortion by an

additional 1.4 mm over that achieved by using GPS ZWD data acquired only at the SAR

overpass times.

As with our results in Chapter 6, we find that prior smoothing improves the reduction of

atmospheric phase distortion. Using a boxcar filter of dimensions 8 km ×8 km, suggested

by the size of the GPS averaging cone, the RMS of atmospheric phase distortions was

reduced from 18.5 mm to 12.3 mm by using the frozen-flow algorithm. In comparison, the

RMS variations dropped to 14.6 mm by using GPS ZWD observations recorded only at the

SAR overpass times. We note that, with prior smoothing, the improvement achieved by

the frozen-flow method over that attained using only the sparse ZWD measurements was
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Figure 8.9 (a): IWV difference map generated by interpolating the 46 GPS ZWD difference mea-
surements acquired at the SAR overpass times using the spatial autocorrelation model Figure 8.7(a).
(b): IWV difference map generated by interpolating the dense network of control points shown in
Figures 8.8 (c) and (d). (c): Error magnitude after subtracting (a) from the InSAR atmospheric
phase, Figure 8.4(a). (d): Error magnitude after subtracting (b) from the InSAR atmospheric phase
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Table 8.3 RMS atmospheric phase fluctuations before and after GPS-derived corrections
RMS error (mm)

atmospheric
phase 26.0

Entire spectrum Low-pass filtered
corrected for

topography-dependent 26.0 18.5
variation

correction using GPS ZWD
at SAR overpass times only 23.0 14.6

correction using
frozen-flow method 21.6 12.3

2.3 mm. This suggests that the interpolator introduces spurious high-frequency artifacts in

the interpolated results, as we had noted before in Chapter 6. We summarize our results in

Table 8.3.

8.3.2 Advection-diffusion modeling of GPS ZWD

For comparison, we present IWV difference maps estimated using the least-squares in-

version of GPS ZWD timeseries using a generalized transport model for wet delay, as

described in Chapter 7. We use a 30 × 30 (M = 30) computational grid covering an

area slightly larger than the study area shown in Figure 8.2. The resulting grid cell size

Δ = 2.67 km. Figure 8.10 shows a sequence of ZWD diffference maps generated using the

advection-diffusion algorithm. We also show the change in error magnitude after correct-

ing the turbulently-mixed atmospheric phase (lower right in Figure 8.10) with the estimated

maps as the time window about the SAR overpass times is increased. For comparison, the

first row in Figure 8.10 shows results we obtained by considering only GPS ZWD mea-

surements acquired at the SAR overpass times. The IWV difference map shown in the first

row was generated using IDW-interpolation.

In Figure 8.11(a), we show the RMS error as a function of time window duration about
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Figure 8.10 IWV difference maps from the GPS ZWD timeseries measurements and Eq. (7.27).
We show maps, in the middle column, generated by using data recorded at, within 3 minutes,
25 minutes, 100 minutes and a 180 minutes over the SAR overpass times. The error magnitude
from subtracting the map estimates from the observed turbulently-mixed atmospheric phase phase
is shown in first column. The turbulently-mixed atmospheric phase is shown in the lower right
corner
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(a) (b)

Figure 8.11 (a): RMS error between IWV difference maps inferred by the advection-diffusion
algorithm and the turbulently-mixed InSAR atmospheric phase in Figure 8.4(a). (b): RMS error be-
tween ZWD difference maps and turbulently-mixed InSAR atmospheric phase with prior smoothing
using an 8 km ×8 km filter

the SAR overpass times in which GPS ZWD measurements are used in the advection-

diffusion algorithm to produce IWV difference maps. For comparison, the dotted line

shows the level of turbulently-mixed atmospheric phase distortion reduction achieved by

correcting the phase in Figure 8.4(a) with an IDW-interpolated IWV difference map using

only GPS ZWD observations acquired at the SAR overpass times. Here, we have ap-

plied corrections to the full-resolution atmospheric phase by bicubic upsampling the IWV

difference maps generated by our algorithm at coarse (2.67 km) resolution to the InSAR

resolution (40 meters). Figure 8.11(b) shows the corresponding RMS error when the data

and IWV difference maps were smoothed with an 8 km ×8 km boxcar filter suggested by

the size of the GPS averaging cone, as we had done previously in Chapter 5, Chapter 6 and

Chapter 7. Table 8.4 summarizes the results.
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Table 8.4 RMS atmospheric phase fluctuations before and after GPS-derived corrections
RMS error (mm)

atmospheric
phase 26.0

Entire spectrum Low-pass filtered
corrected for

topography-dependent 26.0 18.5
variation

correction using GPS ZWD
at SAR overpass times only 23.2 14.9

correction using
advection-diffusion algorithm 21.7 12.5
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Chapter 9

Conclusions

Temporal and spatial fluctuations of water vapor in the neutral atmosphere introduce excess

path lengths in GPS signals and corresponding phase artifacts in InSAR interferograms.

Water-vapor-induced phase distortions in InSAR interferograms are a major source of er-

ror in studies using InSAR observations to monitor ground deformation. While the error

component due to water vapor can be estimated from GPS signals over time, it is not gener-

ally possible to separate out phase distortions caused by water vapor spatial variations from

InSAR images alone. In this dissertation, we have presented several techniques for us-

ing GPS data to calibrate out the atmospheric phase distortions in the radar interferograms.

The fundamental problem that we address in this work is how to reduce InSAR atmospheric

phase distortions using ZWD measurements over time at only a few, irregularly-distributed

locations within the area imaged by the radar.

9.1 Contributions

The ideas and approaches we used in this dissertation to reduce InSAR atmospheric phase

distortions comprise our contributions to solving this problem, as follows:

(1) We have shown that a sparse collection GPS ZWD measurements acquired only at the

SAR overpass times can be used to generate maps proportional to total column water

vapor that approximate: (i) the topography-dependent InSAR atmospheric phase dis-

tortions caused by vertical-stratification of the neutral atmosphere and (ii) the InSAR

157
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atmospheric phase distortions resulting from the turbulent mixing of water vapor in

the atmosphere. We have shown that both these maps reduce the level atmospheric

phase distortion in radar interferograms.

(2) We have developed two algorithms that can potentially surmount the limitations im-

posed by the sparseness of the GPS receiver network in the estimation of maps pro-

portional to total column water vapor at InSAR resolution. These algorithmn use

estimates of vertically-integrated wind to incorporate additional measurements of

ZWD from GPS acquired before and after the SAR overpass times. Both algorithms

produce improved maps of the atmospheric phase distortion in radar interferograms.

The first algorithm statistically interpolates a network of control points with greater

spatial density than is suggested by the configuration of GPS receivers. This dense

network is formed by applying the frozen-flow transport model and wind estimates to

ZWD timeseries measured at sparse locations. The second algorithm incrementally

constructs a map proportional to total column water vapor at the SAR overpass time

from repeated least-squares inversions of ZWD timeseries measured from a sparse

network of GPS receivers.

(3) We have developed two algorithms to estimate vertically-integrated wind over time

from ZWD timeseries sparsely measured by GPS over an area. The first algorithm is

statistical and is based on the frozen-flow hypothesis of a wet refractivity field with

time-invariant statistics advecting over the area containing the sparse network. The

second algorithm is deterministic and is based on least-squares inversion of ZWD

timeseries using a physical model of passive scalar transport by spatially-variable,

vertically-integrated two-dimensional wind fields.

Our results suggest that the frozen-flow algorithm performs at least as well as the

advection-diffusion algorithm at correcting InSAR atmospheric phase distortions using

GPS ZWD measurements. However, we noted that this improved performance is a result

of using an a priori model of spatial variations of atmospheric phase, as given by the spatial

autocorrelation function measured directly from the InSAR data. The advection-diffusion

algorithm does not assume any model for ZWD gradients; instead, the spatial variation of

atmospheric phase is inferred from the transport model fitted to the GPS ZWD timeseries.
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9.2 Future directions

Despite much effort in the field of radar interferometry devoted to solving this problem,

atmospheric phase distortions remain a major source of error in InSAR images. We hope

that the ideas presented in this dissertation can prove useful towards improving the quality

of InSAR observations for geophysical studies. We also hope that our work can provide

avenues for further research.

A possible avenue for further work is to better characterize the spatial autocorrelation

function of InSAR atmospheric phase. Improved modeling of the spatial autocorrelation

function of wet delay is important for accurate statistical estimation of InSAR atmospheric

phase distortions. An autocorrelation model measured directly from InSAR observations

may be biased by phase signatures due to non-atmospheric effects, such as the desired de-

formation phase. This is likely when the autocorrelation function is computed over large

distances. To better characterize spatial autocorrelation of wet delay, two possible ap-

proaches might be considered:

(1) empirically measuring spatial autocorrelation functions at different locations and

over shorter distances within an imaged scene from products of two interferograms

with one common SAR scene. This can provide insight into the space-varying be-

havior of the autocorrelation function at the time of common SAR scene.

(2) when a GPS network is available, an autocorrelation model can be obtained from

the ZWD measurements. This model can be used in the frozen-flow algorithm to

generate a dense network of ZWD control points. The empirical autocorrelation of

this virtual network can be compared against the autocorrelation function measured

from the InSAR phase. The agreement between these two autocorrelations would

be a function of wind estimates and time window around the SAR overpass times

in which the frozen-flow algorithm is applied. This might provide an indication of

the temporal and spatial scales of validity of the frozen-flow hypothesis and might

further suggest how general models for spatial autocorrelation of turbulent wet delay

fluctuations can be derived from a combination of theory (such as Kolmogorov turbu-

lence theory) and mean wind estimates. Conversely, if the frozen-flow hypothesis for
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wet delay fluctuations holds, then the shape of empirical autocorrelation functions

computed from InSAR phase from (1) above may be related to mean wind.

Another possibility for future research is to validate flow estimates obtained by the

frozen-flow and advection-diffusion algorithms presented in this dissertation with wind

data obtained from spaceborne sensors. Atmospheric motion vectors (AMV) derived from

analysis of sequences of water vapor IR images from the GOES satellites are a possible

source of independent wind measurements. These estimates are produced by the Coopera-

tive Institute for Meteorological Satellite Studies (CIMSS) at the University of Wisconsin-

Madison. In particular, CIMSS produces wind estimates at different altitudes as well,

thereby permitting the comparison between vertically-averaged estimates from these data

and solutions produced by our algorithms. CIMSS also produces sequences of total col-

umn water vapor images over time. These measurements can also provide insight into the

applicability of the frozen-flow hypothesis and the 2D transport model for describing water

vapor variations over space and time.

Better characterization of the physics of water vapor transport may improve the un-

derstanding of the spatial variations of atmospheric phase observed in InSAR images. In

particular, it is important to include the effects of topography and small-scale wind pertur-

bations in the models describing moisture transport. The latter may be realized by:

(1) using Lagrangian particle dispersion models (Wilson and Sawford (1996)) to better

track and characterize individual columns of water vapor, as measured by GPS, as

they are transported across space over time

(2) incorporating more sophisticated velocity models in the Eulerian advection-diffusion

approach, as opposed to simple irrotational and incompressible flow. A possibility

here would be statistically model small scale fluctuations using the Kraichnan (1968)

model



Appendix A

Dependence of Zenith wet delay on

specific humidity

Zenith wet delay is expressed as

lwet = 10−6
(∫ H

0
k
′
2
Pv

T
+ k3

Pv

T 2 dz

)
(A.1)

where k
′
2 = 17±10 K mbar−1 (Bevis et al. (1992)). Defining weighted mean temperature

as

Tm =
∫ Pv

T dz∫ Pv
T 2 dz

(A.2)

the expression for wet delay becomes

lwet =
∫ H

0

1
κ

Pv

T
dz (A.3)

where 1/κ = 10−6
[
k
′
2 + k3/Tm

]
Rv. The mean temperature Tm can be modeled empirically

using measurements of surface temperature with a relative error of 2% (Bevis et al. (1992)).

Thus, the factor in the integrand above is independent of height and

lwet =
1
κ

∫ H

0
ρq dz (A.4)
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Specific humidity is expressed as (Kursinski et al. (1997))

q =
[

md

mv

(
P
Pv

−1

)
+1

]−1

(A.5)

where md and mv are the molecular masses of dry air and water vapor respectively, md/mv =

1.61, P is the total atmospheric pressure and Pv the partial pressure of water vapor. Substi-

tuting Eq. (A.5) in Eq. (A.4) gives

lwet =
1

κRv

∫ H

0

P[
mv
md

(
1
q −1

)
+1

]
T

=
1

κRv

md

mv

∫ H

0

Pq[
1+

(
md−mv

mv

)
q
]

T
(A.6)

The quantity
[
1+

(
md−mv

mv

)
q
]

T is the virtual temperature, Tv, which is the temperature of

dry air with the same density as moist air (Stull (1988)). Applying the ideal gas law for

moist air P = ρRdTv, with Rd the specific gas constant of dry air, the expression for wet

delay Eq. (7.1) is obtained

lwet =
1
κ

∫ H

0
ρq dz (A.7)



Appendix B

Structure functions and PSD of phase

and ZWD

B.1 Introduction and preliminaries

In this appendix, we present the derivation of PSDs and structure functions of 2D InSAR

turbulently-mixed atmospheric phase and 1D GPS ZWD timeseries. The derivations here

parallel calculations by Tatarskii (1961) and Ishimaru (1978) and the reader is referred to

these works for further details.

In the following, we let the random field N(x,y,z, t) denote the turbulently-mixed water-

vapor component of neutral atmospheric refractivity. We assume stationary statistics for N

and the mean of N is zero. We assume further that refractivity distributions at SAR overpass

times, t1 and t2, have identical statistics and are mutually uncorrelated.

We will use the following notation in the derivations presented here:

(1) The 3D structure function for N is

D(r) = 〈(N(x,y,z)−N(x′,y′,z′))2〉, wherer =

⎡
⎢⎢⎣

x− x
′

y− y
′

z− z
′

⎤
⎥⎥⎦

= C2 ‖ r ‖2/3, li <‖ r ‖< lo (B.1)
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from Kolmogorov turbulence theory (Tatarskii (1961)). In the above, r denotes the

3D spatial separation vector, while li and lo are the inner and outer scales of turbu-

lence, respectively. li is typically less than 100 meters while lo is on the order of the

thickness of the boundary layer where most water vapor resides, typically 1-2 km

(Hanssen (1998)).

(2) The 3D PSD for N is

S(k) ∝‖ k ‖−11/3, where k =

⎡
⎢⎢⎣

kx

ky

kz

⎤
⎥⎥⎦ and ko <‖ k ‖< ki (B.2)

In the above, k denotes the 3D wavevector, while ko and ki are the wavenumbers

corresponding to the outer and inner scales of turbulence respectively.

(4) Integrated water vapor (IWV) is

l(x,y, t) =
∫ L

0
N(x,y,z, t) dz (B.3)

where L denotes the distance from a signal source at height L to point on the ground.

(5) Dφ (R) and Sφ (u) respectively denote the 2D structure function and power spectrum

of InSAR turbulently-mixed atmospheric phase, where

R =

[
x− x′

y− y′

]
and u =

[
kx

ky

]
(B.4)

(6) DGPS(τ) and SGPS( f ) denote the 1D structure function and PSD of GPS ZWD time-

series, where τ is time-lag in seconds and f is frequency in Hertz.

B.2 2D structure function of InSAR atmospheric phase

InSAR turbulently-mixed atmospheric phase is proportional to l(x,y, t1)− l(x,y, t2), where

t1 and t2 are the SAR overpass times. Since we have assumed that the two refractivity
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fields at both SAR overpass times are uncorrelated random fields with identical statistics,

then IWV fields l at the two times are also mutually uncorrelated and share identitical

statistics. Therefore, in the following, we will derive the 2D structure function for the IWV

at the first SAR overpass time only, l(x,y, t1).

The 2D structure function of InSAR atmospheric phase is derived as follows (we omit

the time variable t1):

Dφ (R) ∝ 〈(l(x,y)− l(x′,y′))2〉

=

〈[∫ L

0
N(x,y,z)−N(x′,y′,z) dz

]2
〉

=
∫ L

0

∫ L

0

〈[
N(x,y,z)−N(x′,y′,z)][N(x,y,z′)−N(x′,y′,z′)

]〉
dz dz′ (B.5)

We use the identity

(a−b)(c−d) = (1/2)[(a−d)2 +(b− c)2 − (a− c)2 − (b−d)2] (B.6)

to expand the integral in Eq. (B.5) above, yielding

Dφ (R) ∝
1
2

∫ L

0

∫ L

0

(〈[
N(x,y,z)−N(x′,y′,z′)

]2
〉

+
〈[

N(x′,y′,z)−N(x,y,z′)
]2

〉
−

〈[
N(x,y,z)−N(x,y,z′)

]2
〉

+
〈[

N(x′,y′,z)−N(x′,y′,z′)
]2

〉)
dz dz′

=
1
2

∫ L

0

∫ L

0

(
D(R,z− z′)+D(−R,z′ − z)−D(0,z− z′)

−D(0,z′ − z)
)

dz dz′

=
∫ L

0

∫ L

0
D(R,z− z′)−D(0,z− z′) (B.7)

where, in the last line above, we have used the fact that the structure function of refractivity

is an even function in all three coordinate dimensions. Now, for an even function g, it is

true that ∫ L

0

∫ L

0
g(x1 − x2) dx1 dx2 = 2

∫ L

0
(L−ξ )g(ξ )dξ (B.8)

where ξ = x1 − x2. Therefore, the structure function of InSAR atmospheric phase can be
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expressed as

Dφ (R) ∝
∫ L

0
(L−ξ ) [D(R,ξ )−D(0,ξ )] dξ (B.9)

where ξ = z− z′. Eq. (B.9) is similar to results obtained by Treuhaft and Lanyi (1987).

Substituting the theoretical form for the structure function of wet refractivity Eq. (B.1) into

Eq. (B.9) above, and numerically integrating the result yields the profile shown in Figure

4.6, chapter 4.

B.3 2D PSD of InSAR atmospheric phase

In this section, we derive the form of the two-dimensional power spectrum of InSAR

turbulently-mixed atmospheric phase. First, we note that, by the Wiener-Khinchin theo-

rem,

S(k) =
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
C(r) e− jk·r dr (B.10)

where C(r) = 〈N(x,y,z)N(x′,y′,z′)〉 is the 3D correlation function of the wet refractivity

random field, which is assumed to be stationary.

Therefore, the PSD of 2D atmospheric phase, Sφ (u) is the Fourier transform of the

correlation function of IWV. Specifically,

Sφ (u) =
∫ ∞

−∞

∫ ∞

−∞

〈
l(x,y)l(x′,y′)

〉
e− ju·R dR

=
∫ ∞

−∞

∫ ∞

−∞

[∫ L

0

∫ L

0

〈
N(x,y,z)N(x′,y′,z′)

〉
dz dz′

]
e− ju·R dR

= 2
∫ ∞

−∞

∫ ∞

−∞

[∫ L

0
(L−ξ )C(R,ξ ) dξ

]
e− ju·R dR (B.11)

where the last line in the above proceeds from applying Eq. (B.8) to the double z-integral

of the correlation function, which we recognize as an even function in all three coordinate

dimensions. Rearranging the order of the various integrals in the above, we arrive at an

expression for the 2D PSD of InSAR atmospheric phase

Sφ (u) = 2
∫ L

0
(L−ξ )F(u,ξ ) dξ (B.12)
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where F(u,ξ ) =
∫ ∞
−∞

∫ ∞
−∞ C(R,ξ ) e− ju·R dR, is the two-dimensional Fourier transform of

the 3D correlation function of wet refractivity. That is, F represents the 2D PSD of a slice

of the 3D refractivity correlation function C at ξ . Alternatively, F(u,ξ ) is also given by

F(u,ξ ) =
∫ ∞

−∞
S(kx,ky,kz) e+ jkzξ dkz (B.13)

Assuming that the signal propagation path length L is very large compared to the verti-

cal correlation length of refractivity, then

Sφ (u) ≈ 2L
∫ ∞

0
F(u,ξ ) dξ

= 2L
∫ ∞

0

[∫ ∞

−∞
S(u,kz) e+ jkzξ dkz

]
dξ

= L
∫ ∞

−∞

[∫ ∞

−∞
S(u,kz) e+ jkzξ dkz

]
dξ

= L
∫ ∞

−∞
S(u,kz)

[∫ ∞

−∞
e+ jkzξ dξ

]
dkz

= L
∫ ∞

−∞
S(u,kz)δ (kz) dkz

= LS(u,0) (B.14)

Therefore, the 2D PSD of InSAR atmospheric phase is equal to the 3D refractivity PSD

evaluated at kz = 0. In particular, substituting the Kolmogorov PSD for 3D refractivity Eq.

(B.2) in Eq. (B.14) above, we find that Sφ (u) ∼‖ u ‖−11/3

B.4 1D structure function of GPS ZWD

In this section, we derive the 1D structure function of GPS ZWD turbulence-driven fluctu-

ations. Since GPS ZWD measurements are made at a fixed point on the ground over time,

the structure function derived here will describe the variance of the difference of two ZWD

measurements separated temporally, rather than spatially as was done previously.

However, we note that the statistical characterization of turbulent fluctuations which

follows from Kolmogorov theory only predicts the spatial variations of refractivity and

IWV. To compute temporal statistics of GPS ZWD observations, we use in the following
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the “frozen-flow” hypothesis which posits a slab of neutral atmospheric wet refractivity

moving at velocity V over a GPS receiver at a fixed point on the ground. The “frozen-

flow” hypothesis assumes further that this moving slab has time-invariant spatial statistics

described by Kolmogorov theory. As a consequence of this hypothesis, ZWD fluctuations

observed over time at a fixed point is determined by the spatial fluctuations of refractivity

along a particular 1D profile through the refractivity field as that slab moves over the fixed

point. Thus, to determine the temporal structure function of GPS ZWD, it is sufficient to

compute the structure function of only a 1D profile through the 2D field of IWV.

For simplicity, we assume that the refractivity field is moving in the x-direction, that is

V =Vx. The ZWD timeseries measured by a GPS receiver at (x,y) = (0,0) can be expressed

as

g(t) = l(x,0, t)|x=Vxt =
∫ L

0
N(x,0,z, t) dz|x=Vxt (B.15)

where the mapping x = Vxt is a direct consequence of the “frozen-flow” hypothesis.

The temporal structure function of GPS ZWD is derived as follows

DGPS(τ) = 〈(g(t)−g(t ′))2〉, where τ = t − t ′

=

〈[∫ L

0
N(x,0,z)−N(x′,0,z) dz

]2
〉

, where
x = Vxt

x′ = Vxt ′

=
∫ L

0

∫ L

0
〈[N(x,0,z)−N(x′,0,z)][N(x,0,z′)−N(x′,0,z′)]〉 dz dz′ (B.16)

=
1
2

∫ L

0

∫ L

0

(〈[N(x,0,z)−N(x′,0,z′)]2〉+ 〈[N(x′,0,z)−N(x,0,z′)]2〉
−〈[N(x,0,z)−N(x′,0,z)]2〉
−〈[N(x′,0,z′)−N(x,0,z′)]2〉) dz dz′, using Eq. (B.6)

=
1
2

∫ L

0

∫ L

0

(
D(x− x′,0,z− z′)+D(x′ − x,0,z′ − z)

−D(0,0,z− z′)−D(0,0,z′ − z)
)

dz dz′, where x− x′ = Vx(t − t ′)

= 2
∫ L

0

∫ L

0
D(x− x′,0,z− z′)−D(0,0,z′ − z)

=
∫ L

0
(L−ξ )[D(x− x′,0,ξ )−D(0,0,xi)] dξ , textrmusingEq.(B.8)(B.17)

Therefore, we see that when wind V is known, the temporal structure function for GPS
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ZWD can be obtained from the spatial structure function of IWV, Eq. (B.9) as follows

DGPS(τ) = Dφ (Vxτ,0) (B.18)

We see then that the temporal structure function of ZWD as measured by GPS follows

the Treuhaft and Lanyi model (Treuhaft and Lanyi (1987)), which is plotted in Figure 4.6,

except that the horizontal axis in meters is replaced with time lag in seconds by the “frozen-

flow” hypothesis.

B.5 1D PSD of GPS ZWD

In this section, we derive the 1D temporal PSD of GPS ZWD fluctuations. Following our

approach in the derivation of the ZWD temporal structure function, we assume the “frozen-

flow” hypothesis to convert between spatial and temporal statistics. Also, we assume as

before that the flow of a refractivity slab is x-directed with velocity V = Vx.

Let the temporal correlation function of GPS ZWD fluctuations measured at (x,y) =

(0,0) be R(τ). The corresponding temporal PSD of ZWD measured by a GPS receiver is,

by the Wiener-Khinchine theorem

SGPS( f ) =
∫ ∞

−∞
R(τ) e− j2π f τ dτ

=
∫ ∞

−∞
〈g(t)g(t ′)〉 e− j2π f τ dτ, where τ = t − t ′

=
∫ ∞

−∞
〈l(x,0)l(x′,0)〉 e− j2π f τ dτ, where

x = Vxt

x′ = Vxt ′

=
∫ ∞

−∞

[∫ L

0

∫ L

0

〈
N(x,0,z)N(x′,0,z′)

〉
dz dz′

]
e− j2π f τ dτ

=
∫ ∞

−∞

[∫ L

0

∫ L

0
C(x− x′,0,z− z′) dz dz′

]
e− j2π f τ dτ (B.19)

where, from “frozen-flow”, x− x′ = Vxτ . Also, C in the last line above denotes the 3D cor-

relation function of wet refractivity. Since C is an even function in the vertical coordinate,
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we use Eq. (B.8) again to express the 1D PSD of GPS ZWD as

SGPS( f ) = 2
∫ ∞

−∞

[∫ L

0
(L−ξ )C(x− x′,0,ξ ) dξ

]
e− j2π f τ dτ (B.20)

As before, if we assume that the signal propagation path length is much larger than the

vertical correlation length of refractivity fluctuations, then the following approximation

can be made

SGPS( f ) = 2L
∫ ∞

−∞

[∫ L

0
C(x− x′,0,ξ ) dξ

]
e− j2π f τ dτ (B.21)

The quantity in the paranthesis above is the 1D correlation function of GPS ZWD mea-

surements. We observe that this correlation function is obtained from the 3D correlation

function of refractivity by integrating out the z dimension and evaluating the 3D surface at

the plane y = 0 (since the motion of the refractivity slab was assumed to be x-directed). By

the properties of Fourier transforms then,

SGPS( f ) =
∫ ∞

−∞
S(kx,ky,0) dky, where kx = f/Vx (B.22)

Substituting in Eq. (B.22 the 3D PSD for refractivity as predicted from Kolmogorov theory,

Eq. (B.2, we find that SGPS( f ) ∼ f−8/3.
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