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—— Abstract
The Colijn-Plazzotta ranking is a certain bijection between the unlabeled binary rooted trees
and the positive integers, such that the integer associated with a tree is determined from the
integers associated with the two immediate subtrees of its root. Letting a, denote the minimal
Colijn-Plazzotta rank among all trees with a specified number of leaves n, the sequence {an}
begins 1, 2, 3, 4, 6, 7, 10, 11, 20, 22, 28, 29, 53, 56, 66, 67 (OEIS A354970). Here we show
that a, ~ 2[2F0°82™)|" where P varies as a periodic function dependent on {log, n} and satisfies
1.24602 < 270082 < 1.33429.
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1 Introduction

Consider an unlabeled binary rooted tree ¢ with m(t) leaves. Colijn & Plazzotta [2] introduced
a ranking for the unlabeled binary rooted trees, according to which the rank f(¢) of ¢ is
determined from the ranks £(t) of its left subtree and r(t) of its right subtree: f(¢) =1
for m(t) = 1, and f(t) = f(¢(t))[f(¢(t)) —1]/2+ 1+ f(r(t)) for m(t) > 2. To compute
the Colijn-Plazzotta rank, or CP rank, of a tree ¢, the “left” and “right” subtrees of ¢ are
arranged in a canonical order, such that f(£(t)) > f(r(t)).

The ranking f bijectively associates positive integers to unlabeled binary rooted trees —
which number 1, 1, 2, 3, 6, 11, 23, 46, 98 for trees of n = 1 to 10 leaves (the Wedderburn-
Etherington numbers, OEIS A001190). Among trees with n leaves, CP ranks vary greatly; for
example, the 8-leaf symmetric tree has rank 11 and the 8-leaf caterpillar has rank 2,598,062.

The CP rank has been proposed for various uses in the mathematical study of evolutionary
trees [2, 3, 9]. It provides a tree encoding with the property that similar shapes often have
nearby ranks, even if they possess different numbers of leaves. As a result, it gives a basis
for computing a distance between unlabeled trees of differing size — a useful metric for the
evolutionary trees that might be produced from genetic sequences in pathogens and other
organisms. Because highly balanced shapes have the smallest rank among trees with a fixed
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number of leaves and highly unbalanced shapes have the largest rank, the CP rank can
serve as a measure of the balance of an unlabeled tree — for example, in studies that seek to
compare the balance of observed trees to that predicted by models of evolutionary processes.

The minimal and maximal CP ranks across all trees with a fixed number of leaves n
can assist in assessing the CP ranks of specific trees, for example by normalizing the CP
rank as a measure of tree balance. Rosenberg [9] studied the minimal and maximal CP
ranks across trees with n leaves, identifying the trees that give rise to those ranks. The
maximal rank, denoted b,,, recursively follows b, = b,_1(b,—1 —1)/2 4+ 2 for n > 2, with
by =1 [9, Theorem 9]. As a quadratic recursion of a form studied by Aho & Sloane [1], b,
has asymptotic growth b, ~ 232" for a constant 8 ~ 1.05653 [9, Corollary 14].

The minimal CP rank, denoted a,,, recursively follows [9, Theorem 6]

1 =
an = { ’ (1)
arns21(@pnya) —1)/2+ 1+ apnya), n>2.

For n equal to a power of 2, Rosenberg [9] showed that the recursion for a,, is related to that
for b,,, producing a, ~ 2a™ for a constant o = 34, a &~ 1.24602 [9, Theorem 13]. For general
n, however, Rosenberg [9] gave only an upper bound, a,, < ()™ [9, Proposition 15].

Here we obtain the asymptotic growth of a,. Informally, our main result, obtained in
Theorems 6 and 9 and summarized in Corollary 10, states that the minimal Colijn-Plazzotta
rank a, across trees with n leaves is approximately equal to 2[2P (log, ”)]”, where P is a
bounded periodic function of period 1. Moreover, the minimum and supremum of 2 are
given by constants ¢; &~ 1.24602 and co =~ 1.33429.

Extremal properties of the non-differentiable periodic functions arising from recursions
such as eq. 1 that involve |n/2] and [n/2] are often difficult to characterize; many examples
therefore rely on case-dependent approaches. The computation here uses an inductive method
for studying the extrema.

2  An elementary improvement to the bounds on a,,

We begin by providing a refined exponential upper and lower bound on a,, for n > 66 that
improves upon the (%)” exponential upper bound in [9].

» Proposition 1. For all integers n > 66, 3(1.2)" < a,, < (1.34)™.

Proof. We proceed via induction on n. For the base case, we verify computationally from
eq. 1 that 3(1.2)" < a, < (1.34)™ for all integers 66 < n < 132. For the inductive hypothesis,
assume that 3(1.2)F < aj, < (1.34)" for all k, 66 < k < n. Because we have already considered
66 < n < 132, suppose n > 132. Writing a,, = %a[n/g] (arn/21 — 1)+ a|n/2) + 1, by the
inductive hypothesis, we have for the lower bound

3L ] g yinga

Ay >

2
= 2(1.2)”"/21 - 3(1.2)”/21 +3(1.2)2 41

Y

3
2(1.2)”"/21 + {— 5(1.2) + 3} (1.2)2 41 > 2(1.2)" +1.2(1.2)2 41> 3(1.2)".
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For the upper bound, by the recursive formula for a,, and the inductive hypothesis,

1.34)Im/211(1.34)"/21 — 1
an < (1.34) [(23 ) } + (1.39)/2 1
! 1

(1.34)2M/2] — Z(1.34)/2] 4 (1.34)/2) 41

IA
N~ N~ N

1
(1.34)2/21 4 — 5+ 1) (1.34)7/2) 11

—

1 1
(1.34)%/21 4 5(134) n/2) 41 < 5(1.34)”+1 + 5(1.34)”/2 +1

Il
—_
=

34)" + [ = 0.33(1.34)" + 0.5(1.34)"/2 + 1] < (1.34)",

where the last step follows by noting that —0.33(1.34)™ + 0.5(1.34)"/2 + 1 < 0 for 1.34"/2 >
(0.5 4+ v/1.57)/0.66, or n > 21og[(0.5 + v/1.57)/0.66]/ log 1.34 = 6.6754. <

We continue now with a more precise analysis via the methods of [4].

3 Obtaining the periodically varying exponential order

Hwang et al. [4] studied recurrences with the nth term written in terms of |3 ] and [5].

Such recurrences can arise in tree problems, in which a quantity associated with the root is
written in terms of corresponding quantities for subtrees (see also e.g. [6, 8]). The floor and

ceiling function give rise to periodicity in the exponential orders of the associated sequences.

Theorem 5 of [4], which considers recurrences that involve [%], enables asymptotic
evaluation of a,, from eq. 1. Denote {t} =t — |¢|, writing {¢~} as the left-continuous version
of {t}: {t~} =1 for integer t, and {t~ } = {t} otherwise. In other words, {t~} =1 — {—t}.

» Theorem 2 ([4]). Suppose f(n) = 2f([5]) + g(n) for n > 2, where f(1) is given and
g(1) = 0. Suppose further that the function Gy, (t) = Y12 *g([2"t]) converges uniformly
to G(t) =372 2 % g([25t]) fort € [1,2].

Then for n > 1, we have f(n) =nP(logyn) — Q(n), with P and Q defined by

P(t) =2t} {G(Q{t_}) + 2f(1)}

Q(n) = G(n) —g(n) =y 27%¢(2"n).
k=1

The theorem states that for a class of recurrences in which f(n) is expressed in terms of
f([51), f(n) can be written in terms of a periodic function P that varies with the fractional
part of logy n. We rewrite a,, from eq. 1 in a form suited to the theorem.

Expanding eq. 1, for n > 2, we have a,, = %a%n/ﬂ — %a[n/g] +apn/2) + 1, with a; = 1.

We augment the definition by writing ag = 0. Writing a,, = 2g,, — %, we have gg = %, g1 = %,
and for n > 2, g, = Q%n/z] + hy, where by, = gny2) — Grnj2] + %, with hg = % and h; = 1375'
Let A, =logy gn. Then Ag = —2, A\ = log, %, and for n > 2, A\,, = 2Ap,, /21 + fn, where

tn = logy (1 4+ hn/g%n/ﬂ) for n > 2. We set 3 = 0; a value for yg is not needed.

» Proposition 3. Forn > 2, the sequence \,, can be written A, = nP(logsn) — Q(n), where

P(t)y =211} <2>\1 + 2—%(2““}) (2)
k=0
Q(n) = 2 puge,,. (3)
k=1
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Proof. First, A, has the correct recursive form for the theorem: A\, = 2\, /21 + pip, for n > 2,
with A and p in the roles of f and g. A; is given, equaling log, %7 and 1 = 0 by definition.

Note that the u,, depend on the A,, which is not the case for g(n) in Theorem 2 in
relation to f(n), so that Theorem 2 does not immediately apply. However, because f(n)
here is solved in closed form without error, we can check the conditions of the theorem —
which amounts to showing the convergence of an infinite series — and still apply the resulting
solution to A,,.

If we can show uniform convergence of Gm(t) = Y0 02 Fupey to G(t) =
>orco 2_’“/1(2:%1 on t € [1,2], then the proposition will follow by Theorem 2, with f re-
placed by A and g by u. To prove this uniform convergence result, we first note that

n — Yn + e n 1 i
1 — log, <1+ Iin/2) = 9inj2] 16) ~log, <1+ Iinj2y . )
In /21 Iins21 - 9m/21 Ifny2]
1 1 u u
<log, <1 + - + 216 ) = log, (1 + 216 )
9m/21 9m/21  Yiny2) Iiny/2]

The inequality follows from g|,/2) < grn/2), which holds because g, = %(an + %) and
{an}22, is strictly increasing [9, Lemma 5]. Then {g,}22 is also strictly increasing. We
conclude that there exists a constant upper bound on log, [1 + (}—é) / g%n /21] that is applicable
for all n > 1. Next, notice that

Gin/2 1 i 1
tn = logy <1 + én/ - + =0 ) > log, (1 — )
Itns21 921 Yiny2] 9in/2]

, we can conclude that for all n > 4,

fin > 1085 (1— 1/g7/21) > log (1— 1/g2) = log (3). Hence, > min (11, iz, s, ogs (1)
for all n > 1, showing that u,, is also bounded below by a constant applicable for all n > 1.

>jot

Because {g,}52 is strictly increasing and g, =

Because ., is bounded below and above by constants applicable for all n, there exists
a constant M such that |p,| < M for all n > 1. We use this constant to show that G, (t)
converges uniformly to G(t) = Y722 Fupory for ¢ € [1,2]. Indeed, if we let gp(t) =
27" uror47, we then have that Gy, (t) = Y% gr(t). Because |gi(t)| = 127 Fppory | < 27FM
forall t € [1,2] and k >0 and > ,2,27*M = 2M < oo, it follows by the Weierstrass M-test
that G, (t) converges uniformly to G(t) on t € [1, 2], as desired.

By Theorem 2, we deduce that A\, = nP(log,n) — Q(n), where P and @ are defined by

Pl =27 [0 420 =20 (20 32 M (1)
k=0
Q(n) :==G(n) = pin =Y 2 iy, (5)
k=1
<

Examples of ay, gn, hn, An, tin, P(logs n) and Q(n) for small values of n appear in Table 1.
Values for P(logy n) and Q(n) are numerical approximations, and values for A, and p,, are
rounded to four decimal places. To find the asymptotic growth of a,,, we use Proposition 3:

1 1

1
U = 200 — = = 2(2™) — 5= 9[gn P (logz m)=Qn)] _ 5= 2[2~ Q)] [2P(ogz )] _

1
2 2
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Table 1 Examples of an, gn, fin, An, in, P(logyn) and Q(n) for 0 < n < 5. a, is calculated
recursively using eq. 1, and g, is evaluated from a,, = 2g,, — % hy is evaluated as hn = g|n/2) —
grny21 + 1%, and Ap as Ap = log, gn. fin is defined as log, (1 + hn/g?n/ﬂ) for n > 2 with p; = 0.
The values of P(log, n) and Q(n) are approximated via egs. 2 and 3, using the values of u, and A;.

n | an In hn An L, P(logyn) Q(n)
0| O | 0.25 | 0.6875 -2 - - -
1 1 | 0.75 | 0.1875 | —0.4150 0 0.3173 0.7324
2 2 1.25 | 0.6875 0.3219 1.1520 0.3173 0.3127
3| 3 | 1.75 | 0.1875 0.8074 0.1635 0.3237 0.1639
4 1 4 | 2.25 | 0.6875 1.1699 0.5261 0.3173 0.0994
5| 6 | 3.25 | 0.1875 1.7004 0.0857 0.3496 0.0474

2P

1.34 -

1.32 4

1.30 4

1.28 1

1.26 -

1241 . . . .

0.00 0.25 0.50 0.75 1.00

t

Figure 1 2°® as a function of t. 2F® is a periodic function with period 1. The plot computes
all p, for 1 < n <2056 using p, = log, (1 + hn/g?n/2 ) for n > 2, where hn = g|n/2] — grny21 + %
3

and g, = % + 1 for n > 2 with g1 = 2 and hy = 35; an is defined by eq. 1. We use the y, to

approximate P(¢) as in eq. 2, evaluating P(t) for all ¢ = k/100000 for integers 0 < k < 100000.

We use a lemma from A to show in B that Q(n) — 0 as n — oco. It follows that a, ~
2[2P (log: ")]". The asymptotic exponential growth of a, thus depends only on the value
of {logyn}. Because P is a periodic function with period 1, we have that Pllog,(2n)] =
P(1+1logyn) = P(logyn). The base of the exponent of ag, is the same as that of a,, for any
n. A plot of 2P® as a function of ¢ € [0, 1] appears in Figure 1.

The function in Figure 1 appears to have many discontinuities, the most visually apparent
of which lies at ¢t = 0. In the next section, we show that 2F(*) has its supremum as P(t)
approaches 0 from the right and its minimum at ¢t = 0.

4 The upper bound on the exponential order

From Section 3, a,, ~ 2[2P(1°g2 ”)]”. Hence, to find upper and lower bounds on the exponential
order of a,,, we must find the extreme values of 2F°1°227) Because P is a 1-periodic function,
it suffices to find the extrema of 2°® on t € [0, 1).

We obtain the upper bound in Theorem 6 and the lower bound in Theorem 9. The
proof of Theorem 6 requires an inequality that concerns a certain sum involving the p,,. To
prove the inequality, Lemma 4 obtains a term-wise result for terms in the sum that have a
sufficiently high index. The term-wise result does not hold for terms with a small index, and
Lemma 5 addresses their sum all at once. The lemmas are proven in C.

18:5
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18:6 Periodic Behavior of the Minimal Colijn-Plazzotta Rank

> Lemma 4. fior g — 27  pporrey — A1 (27 — 1) > —[po — 27 o — A1 (277 = 1)] for all integers
k> 11 and all t € (0,1).

» Lemma 5. Forallt € (0,1),

10 10

> [2 s = 2 e ~ 2 < 1)] > = Y2 H - 2 - (2 - )
k=1 k=1

» Theorem 6. sup,c ;) 27" = lim;_,q+ 27,

Proof. Because 2% is a strictly increasing function with respect to x, finding the supremum
of 2P® on (0,1) is equivalent to finding the supremum of P(t). For ¢t € (0,1), {t~} = ¢.
Hence, applying the definition of P(t) from eq. 4,

lim P(t) = lim 21} (2)\1 + 22_"'“[2““}1) =20+ > 2 F gy
k=0

t—0+ t—0+
k=0

Proving that P(¢) < lim;_,o+ P(¢) for ¢t € (0,1) is equivalent to proving
(oo} (oo}

27t (2/\1 + Z Q_kﬂmkﬂ]) < 2M1 + Z 2_kﬂzk+1- (6)
k=0 k=0

Rearranging eq. 6 and noting 2 = >_p ( 27%, we must prove >_pe (27 % uor _2_k_t/l"2k+t‘| -
27kX1 (27t — 1)] > 0, or equivalently, extracting the k = 0 term,

p2 =27y = M @27 = 1)+ > [2—ku2k+1 — 27" gy — 27N (27 - 1)} >0. (7)
k=1
By Lemmas 4 and 5, we have the following:

10

I:ILLQ - 27t/L2 — A1(27t — 1)} =+ Z |:27k/j,2k+1 — 27k7tu(2k+q — 2ik>\1(27t — 1)i|
k=1
o)
+ > [Tk [fax 41 — 27 ppan) — A1 (27° = 1)]]

k=11

10 )
> [,uz —27 e — M (277 - 1)] {1 — ZQ_k — Z 2_]“] =0.
k=1

k=11

The chain of inequalities verifies eq. 7, proving the theorem. |

5 The lower bound on the exponential order

We can use techniques similar to those of Section 4 to find the minimum of 2°® for ¢ € [0,1).
Again, we need two lemmas, one for terms with a sufficiently large index, and another for
terms with small values for the index. The lemmas are proven in D.

» Lemma 7. For integers k > 11 and all t € (0,1):

27t’u|’2k+t‘| — 271/,L2k+1 — )\1(271 — 2725) > —[27t,[}42 — 271‘[l2 — )\1(271 — 27t)].
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» Lemma 8. Forallt € (0,1),

10
Z [27k7t,u,|'2k+t'| - 27k71u2k+1 — 27]6)\1(271 — 27t)}
k=1
10
>3 227y — 27y - (27 = 270).
k=1

» Theorem 9. minco 1) 2P(t) — 9P(0),

Proof. As before, 2% is an increasing function in z, so that finding the minimum of the
I-periodic 27 is equivalent to finding the minimum of P(t) over [0,1). We must show that

1 oo o0
P(0) = B |:2/\1 + Z 2k,LL2k+1:| <27t |:2>\1 + Z Zku(2k+t"‘:| = P(t),
k=0 k=0

for all t € (0,1). Equivalently, replacing 2 by "7 27%, we must show Y77 ([27F " prgurey —
27k ok — 27F ) (271 — 27%)] > 0. Using Lemmas 7 and 8,

2[2_k_t/,6"2k+t" - 2_k_1,u,2k+1 - 2_k)\1(2_1 - 2_t)]
k=0
10
>27 "y =2y = (27 =27 =y T2k [2% —2 Yy = A (27 =27
k=1

(oo}
=Y 2y =2 = (27 27
k=11

10 0o
=27 =27 e — M (271 = 27)) {1 DY z—k} = 0. <
k=1 k=11

6 Summary of exponential bounds
Theorems 6 and 9 produce the following corollary. We define two constants, ¢; and co:

¢ = 2P0 = 93N+ T (27 aii1) 1 9460208329836624
Co = limyoy, nyor 2700827 = 9CMFDLT 2 ek i) o 1 3349827071604892.

» Corollary 10. limsup,,_, [a,/(2¢5)] =1, and liminf, _,[a,/(2¢})] = 1.

Proof. a, ~ 2[2PU°e2"]" by Proposition 3, or lim, . [a,/(2[270°82)]")] = 1. By The-
orem 6, the supremum of 2°(1°827) on [0, 1) is attained as {logyn} — 07. By definition of
c2, the supremum is limjag, 0+ 2°0°82™) = ¢,. Hence, limsup,,_, oo [an/(2¢5)] = 1.
Similarly, by Theorem 9, the minimum of 2°(°¢27) is attained at {log,n} = 0. The
minimum is thus 279 = ¢;. We conclude that liminf,, ,oc[a,/(2¢})] = 1. <

Note that the constant ¢; is equal to the value of « in [9, Theorem 13|, which finds
asn ~ 2a"). We can also improve on the upper bound a,, < (%)" from [9, Proposition 15],
producing a corollary that gives the strictest exponential upper bound possible for a,,.

» Corollary 11. a, < 2¢% for alln > 1.

18:7
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Proof. By Proposition 3, a, = 2[27@M][2P0eeam)n _ 1 for all n > 1. In B, we prove
Q(n) > 0 for every integer n > 1. By Theorem 6, we have a,, = 2 [Q_Q(")] [2P(1°g2 ”)}n — % <
2 [27QM)] [2PUes2m)]"™ < 2 [2P(og2m)]™ < 2¢p. <«

A result of [4] (see also [5]) enables a computation of E[P(t)], producing an approximation
for the mean of the exponential order 2°°(*) over the unit interval for ¢: Theorem 3 of [4] obtains
the analogous quantity to E[P(¢)] for recursions f(n) = f(|n/2])+ f([n/2])+g(n). To obtain
our next result, we follow its reasonlng for a recursion of the form f(n) = 2f([n/2]) + g(n).

We w1sh to compute the mean fo t) dt. In the proof of Proposition 3, we showed that
Ek:o 2- Ml’zkﬂ is bounded above by a constant applicable for all ¢, so that the 1-periodic
P(t) is also bounded on unit intervals for ¢, say ¢ € [0,1]. To show that the bounded P(t) is
integrable on [0, 1], it remains to show that P(¢) is continuous almost everywhere.

We show P(t) = 27172\ + 3322, 2_ku(2k+{r}w) is continuous outside the countable
set S = Upey Sk, where S, = {t : t € [0,1] and 2" € N}. It suffices to show that
221+ Y e Q*kurzk“ﬁ}] = 2X1 + Y pe o 27 Pk is continuous for ¢ € (0,1)\S.

For a positive integer N, recall from the proof of Proposition 3 the uniform convergence
of Gm(t) = Y402 Fppaey on t = [1,2] (and uniform boundedness of |u,| by M for
all n). Choose ey > 0 such that Y227 v\ [27%puporse)| < en/2 for all ¢ € (0,1). For
all t € (0,1)\S, given N, there exists dy > 0 such that for all z € (¢t — on,t + On),
2M\1 + Zszo 2*’“#[2“@ =2\ + Zszo 2*’@#[2“1]. Therefore, for all z € (t — dn,t + dn),

‘(2)\1 + Z 2k,u|'2k+t") — (2)\1 + Z 2k,u|'2k+x'|>’ = Z 27k(ﬂ|—2k+t-‘ — M"2k+a:'|) .
k=0 k=0 k=N+1

Then [3707 vy 27 (iparsy — piparsan)| < 7y 27 pparen | 4 X0y 27 paren| <
en. Welet N grow large, concluding that P(t) is continuous almost everywhere and integrable.
For the integral, with G(t) = 32,22 " u[ors7, we have that fol P(t)dt = fol 2170\ dt +

fol 271G(2Y) dt = A\ /log 2 + fo 27'G(2") dt. Define pu(v) = pf,7. It remains to compute

1 2
1
—t oty 7p — -2 _ -2 ky
/02 G(2)dtf10g2/ v °G(v)dv = 10g2/ E 2% (2%

DcT 2 k -2 k
o log2mg>noo/ ZU 2 ’UQ ) dv 10g27nlg>nooz/ 2 /i2 v) dv
gm+t

li .
10g2 mi3s0 Z /Qk dy = log 2 mEHOO/ dy

To justify use of the dominated convergence theorem (DCT), we note that for

v € [1,2], | v 27 u(2M)] < Yty 27 u(2M)] < 00, v Ru(2R)| <
> o 1277 1(2k0)], a quantity that is uniformly bounded for all v. Next, notice that

om+1 gmt1l gmt1
/ y 2 uly) dy = Z/ y 2 uly) dy = Z/ y 2 u(ly]) dy
1 n—2 Jn—1 n=2 Jn—1
2m+1 2m+1
S [t Xy
1 s n(n—1)
Therefore,
gm+1 gm+1 00

I - 1 Hn 1 s
1 2pu(y) d li = .
log 2 mgrlo/l y ) dy = log 2 meso0 n; nn—1) log2 ngg n(n —1)
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We have proven the following proposition.

» Proposition 12. The mean value of P(t) on the unit interval [0, 1] is

1 oo
)\1 1 Hn
P(t)dt = .
/0 ®) log2+log2nz=:2n(n—l)

By Jensen’s inequality on the convex function ¢(z) = 2%, we obtain a numerical lower bound
on the mean of the exponential order 2°®),

1 1
/ 9P (1) gy — E[2P(1)] > 9FP(M] — 9fy PMI | 9360382564771475.
0

Note that the mean values of P(t) and 2FP(®)] represent means for uniformly distributed ;
they do not correspond to means over integers n with fixed |log, n|, as logy n does not have
a uniformly distributed fractional part over integers n with fixed |log, n].

7 Discussion

We have solved the problem of finding an exact expression for the asymptotic growth of a.,,
the minimal Colijn-Plazzotta rank among unlabeled binary rooted trees with n leaves. We
find that a, has periodically varying exponential growth, with exponential order depending
on {log, n} (Section 3). Its value lies in [1.246020832983662, 1.3342827071604892), where the
lower bound is achieved if {log, n} = 0 and the upper bound is approached as {log, n} — 0T
(Sections 5 and 4). We have obtained the tight upper bound a,, < 2¢4 for all n > 1, where
¢~ 1.3342827071604892 (Corollary 11), improving upon an earlier bound.

The growth of a,, is slowest when n is a power of two and fastest when n is slightly larger
than a power of two. This result captures the “jumps” that occur in CP rank near powers
of two. For example, in [9, Figure 1] the ratio a,/(2a™) for a ~ 1.24602 is near 1 if n is a
power of two but sharply increases when n is one larger than a power of two. The jumps are
visible numerically: ags = 2279 yet a3z = 20369, and ags = 2598061 yet ags; = 207440176.
The dependence of the exponential growth of a,, on {log, n} reflects these discontinuities.

Maranca & Rosenberg [7] studied an extension of CP rank to strictly and at-most-k-
furcating trees, k > 2, where each internal node of a strictly k-furcating tree has exactly &
children, and each internal node of an at-most-k-furcating tree has at least two and at most
k children. For such trees, the same questions about the minimal and maximal rank among
trees with n leaves can be posed. The work of [4] contains theorems that can potentially be
used for asymptotics in these more general cases, whose analyses we defer to future work.

The Colijn-Plazzotta rank has been suggested for use in tree balance indices [3, 9]. Our
results characterize the minimal value of the rank across trees with a fixed number of nodes, so
that a statistic such as [f(t) — a,]/(b,, — ay,) or [log f(t) —log a,]/(log b, —log a,,) normalized
to lie in [0, 1] can be used as a measure of the balance of a tree.
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Appendix
A Upper bound on x|p,|

We provide an upper bound for z|u,|. This bound is utilized in Sections 4 and 5, as well as
for a result in Section 3. First, we need an upper bound on |log, x| for all positive reals .

» Lemma 13. For allz > 0, |logy x| < (logy €) |z — 2|.

Proof. For z > 1, we show logz < 1(z — 1). Writing a function f(z) = log(z) — £ + 4,
we have f(1) =0 and f'(z) = —(1 — 2)?/(22%) < 0 for z > 1. As a function that begins at
0 for x = 1 and is nonincreasing for x > 1, f(z) < 0 for x > 1. For 0 < z < 1, we show

logz > %(w - %) This statement follows by noting % > 1 and applying the case of x > 1. <«

Next, we need a uniform lower bound on the expression 1 + g|, /2] /g%n/ﬂ — 1/g[n/21 +
11/(16g?n/21) for n > 66; the use of n > 66 follows Proposition 1.

» Lemma 14. For all integers n > 66, 1+ g|y,/2) /g%n/ﬂ —1/9mn21 + 11/(16g?n/21) > %

Proof. Because g, = (2a,, + 1)/4 is positive, we have that 1 + g|,,/2| /Q%n/ﬂ —1/grn/21 +
11/(16g%nm) >1—1/grn/21 = 1 — 1/g33, where the last inequality follows from the mono-
tonicity of g,. We have 1 — 1/g33 &~ 0.9999 > 1, as desired. <

We are now ready for the main result of this appendix.
» Lemma 15. For all integers x > 245, x|pz| < (2A1 + p2)/2.

Proof. First note that 1+ g|,/z) /g%m/21 —1/grz/21 + 11/(169%1/21) > 0 for = > 245 by the
stronger result in Lemma 14. Using Lemma 13,

9|x/2 1 11
x|p,| = x| logy <1+ gl/J — +16 5 )‘
I7z/21 9l=/2] 9T /2]
| ezl 1 - 11 ) "
crlogye)| 9y gram  106E,n  , Glejz)
= Jlw/2] 1 11 2 2
2 1+ 0y e + 1637, w21 9l=/2] 169[30/2}
1 el il 7 1 11
< z(logy e) ‘ Ifw/2)  Il=/2] I /2] ' ‘QLI/% _ }
= 9le/2] 1 11 2 2
2 1+ 0y e + 165, eyl Yl=/21 169[93/2]
9lz/2] 1 11
< #(logy e) [ o I o 9la/2) 1 11 }
= 9Lz/2] 1 11 2 2 -
20 Wt e T, e 9Tl 1697
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Using Proposition 1 with the fact that g, = (2a, + 1)/4, we have that for n > 66,

2 1 _ 4 4 ®)
(12" ~ gn  2a,+1 7 2(1.34)" +1
(12" 1 a, 1 (139" 1
5 +4<2+4—gn< > +4. (9)

The bounds in egs. 8 and 9 and Lemma 14 then yield

lz/2]
ol < z(logy e) [ [ 12— - +i 2 N m/ 2 2 1
e 2 ( (1. z)wzw) [w/21 16 \ (1.2) [z/2] 2

L=/2]
+(1434)2 2+i+ 9 +E 9 2
Q22T T (12)F/2T T 16\ (1.2)F/7]

_ 3$(1C;g2 e) {((1.34;@/% N 1)( Wﬂ) N — WQ] 151; ((12)2”2])2}
<2 (7 ) ) o

R N AT

Eq. 10 sums constant multiples of three terms of the form xa”, where a < 1. For a < 1,
function f(x) = xa® attains its maximum at Tma.x = —1/loga and is decreasing for > xpax.
With 1/1.34/1.2,1/4/1.2 and 1/1.2 in the role of a, .y evaluates to approximately 27.7880,
10.9696, and 5.4848, respectively. The sum of three decreasing functions is also decreasing.
It follows that for 2 > —1/log(v/1.34/1.2) ~ 27.7880, the quantity in eq. 10 is decreasing.

To show that the quantity in eq. 10 is less than (2X\; + ug)/2 for x > 245, it suffices to
show that if x = 245 is inserted into eq. 10, the result is bounded above by (21 + p2)/2;
indeed, with = = 245, we get 0.15718 in eq. 10, while (2A1 + p2)/2 ~ 0.1609640474436812. <
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B Properties of Q(n)
We give two results about Q(n): Lemma 16 for Section 3, and Lemma 17 for Section 6.
» Lemma 16. lim,,_,,, Q(n) = 0.

Proof. We apply Lemma 15. For all n > 245, noting (2X\; + p2)/2 < p2/2 because A; < 0,

22 um<22 | g, |<22’€ “2 giz*’“

k=1

For n > 245, we have Q(n) < [ua/(2n)] Y e 47% = pa/(6n), so Q(n) - 0 as n — co. <
» Lemma 17. For all positive integers n, Q(n) > 0.

Proof. By definition, p, = logy[1 + (g{n/2] — grn/2] + %)/g%n/ﬂ]' For any integer n > 1,
fion =108y [1 + (g — gn + 15)/92] = log,[1 + 11/(1642)] > 0, noting g,, > 0 because a,, > 0.

By definition of Q(n), for any positive integer n > 1, Q(n) = Y ;2,2 Fugw, =
Yooy 27 %151, > 0, where the last inequality follows because fior,, > 0 for each k > 1. <
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C Proofs of Lemmas 4 and 5 for Section 4

This appendix proves Lemmas 4 and 5, used in the proof of Theorem 6. First, we prove two
additional lemmas, Lemmas 18 and 19, needed for the proof of Lemma 4.

> Lemma 18. jign g +2); + po > [2F/(2F + D] (peroreey +2A1 + p2) for all integers k > 11
and all t € [logy(2~ 4+ 1),1).

Proof. Because we assume k > 11 and ¢t > 0, [281] > 245 and 2¥ + 1 > 245. We apply
Lemma 15 twice, to [2¥*!] and then to 2¥ 4+ 1. From the first application, we obtain
|—2k+t-| |/,L[2k+t‘|‘ < (2A1 + MQ)/Q, from which 2k "Lt[2k+t“| < (2)\1 + [1,2)/2

From the second application, we obtain (2% + 1) [ugr 1| < (2A1 + p2)/2. We then have

2k k
m#mk%] — Mok S mﬂ[zkﬂ] + |#2’«+1|
12X + po 1 21+ pe 1
< = 2A .
k11 2 211 2 oF 1 At )
Adding pigr 1 + [2%/(2F +1)](2A1 + p2) to both sides, we obtain the result. <

» Lemma 19. p, 42X\ + po > 0 for all integers x > 1.

Proof. For 1 < x < 244, we verify the finite number of cases computationally. For = > 245,
we can use Lemma 15 to obtain z|u,| < (2A1 + p2)/2. Noting that Ay < 0, we have
|tz < pa/(2x), from which p, > —ps/(27) because ps > 0. We then have u, + 201 + po >
2/ (22) + 2\ + pip > —pia/(2 - 245) + 2\1 + p A 0.31957706816604603 > 0. <

We are now ready to provide a lower bound on pior 1 — 27t/,l,|'2k+t‘|, applicable for all
k>1andallt € (0,1), and independent of k. In particular, we prove Lemma 4.

Proof of Lemma 4. The desired inequality is equivalent to
Mok 1 + 21 + po > 2_t(,u,|'2k+t'| + 2\ + /JQ). (]_]_)

By Lemma 19, fifor+1) + 2A1 + g2 > 0 for all positive integer values of [27'], and
specifically for k¥ > 11 and ¢ € (0,1). Therefore, the right-hand side of eq. 11 is strictly
decreasing in t other than at discontinuities: values of ¢ at which [2¥*] increments by 1. For
fixed k, the discontinuities are precisely those values of ¢ at which 2¥** is one of the integers
2k 2k 1 1,...,2F1 — 1, the values t = log,(2¥ +n) — k for integers n, 0 < n < 2F — 1.

To verify inequality 11 for all ¢ € (0, 1), it suffices to check points at which ¢ approaches
a discontinuity from the right. For ¢ — 0%, inequality 11 becomes pigryq + 2A1 + po >
27 (pgr 1 +2A1 + p2), which holds from the positivity of por 1 + 21 + 12 > 0 by Lemma 19.

At t = log(2¥ +n) — k for integers 1 < n < 2% —1, because the discontinuity is approached
from the right, ¢ > logy(2F + 1) — k, so that 27 < 2-leg2("+1)=K — 9k /(2% 4 1), Lemma 18
gives fiok 1 + 201 + pio > [2/(2F 4+ 1)) (ppareeq + 200 + p2) > 27 (pporee) + 200 + p2). <

Proof of Lemma 5. Moving terms with ¢ to one side, we must prove, for all ¢t € (0,1),

10 10
ZQik(Msz’»l + 2\ + ‘LLQ) > 27t Z 27k(,u[2k+q +2X\1 + /,62). (12)
k=1 k=1

Because pirge++] + 2A1 + p2 > 0 by Lemma 19 for all k, 1 < k < 10, and ¢ € (0,1), the
right-hand side of eq. 12 is decreasing except at values of ¢ where [2¥%*] increments by one:
set S = {logy(2¥ +n) —k:1 <k <10,0 <n <2¥—1}. Hence, to verify eq. 12 for all
t € (0,1), it suffices to examine only the limits as ¢ approaches points in S from the right.
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First, for 0 € S, as t — 0T, inequality 12 approaches Z,lcozl 27k (lgk 1y + 201 + p2) >
2-t 21160:1 27F (k11 + 2A1 + p2), which holds by Lemma 19, noting ¢ > 0.

Next, denote the points in finite set S’ = {logy(2¥ +n) —k: 1<k <10,1<n <2F -1}
by t1 < t2 < ... < tg, where K = |S’|. Notice that if ¢ € (¢;,t;+1] for some 4, then the
right-hand side of inequality 12 is maximized as t — tj'. Furthermore, for all ¢ € (¢;,t;i4+1]:

10 10
270 27 (upanre) + 200 + o) < lim 270N 727 (ppgreey + 200 + p2)
k=1 t—t) =1

10
< gt Z 27k(/.tl-2k+f,i+e-| + 2\ + ,ug),
k=1

where € > 0 satisfies t;4+¢ < t;41 foralli, 1 <i < K—1; we can take € = % ming<;<x—1(tit1—
t;). Hence, to prove inequality 12, it suffices to prove the stronger inequality

10 10

D 2 (g + 20 4 p2) > 271> 2P (ppgrnieg + 2M1 + p2). (13)
k=1 k=1

for each i, 1 <14 < K. The advantage of inequality 13 over 12 is that it can be computationally
verified by testing a finite number of points. In particular, we consider each t; € S’, choose
an appropriate € (e = 10716 suffices), and verify inequality 13 with that ¢; and e. |

D Proof of Lemmas 7 and 8 for Section 5

This appendix proves two lemmas used for Theorem 9. First, Lemma 20 gives a refined
upper bound for |u,| that improves upon Lemma 15. This lemma is needed for Lemma 7.

» Lemma 20. For all integers x > 267, 21198221 |y, | < (21 + p2)/2.

Proof. From eq. 10, |p,| < 3(logy€) [(vV1.34/1.2)" 4+ (1/v/1.2)* + 15/(8(1.2)")]. Because
olloga 2] < gloga = — 4 it follows that 2M108271 < 2(2UOg‘2 IJ) < 2z. Hence, it suffices to prove
that 22| p,| < (2A1 + p2)/2 for integers x > 267. That is, we can show the stronger inequality

VI3\® 1 15 1 + 1o
29”(31%6)[( 12 ) T iy sioe) ST 2

As in A, the left-hand side is the sum of three terms of the form za”, where a < 1. By
the same argument, this sum is decreasing for = > —1/log(v/1.34/1.2) ~ 27.7880. Hence, it
suffices to show that the sum is less than (2A; + p2)/2 at = 267, which can be accomplished
computationally. Therefore, 2108271 |pz] < (2A1 4 p2)/2 for x > 267. <

Proof of Lemma 7. Moving all the terms involving ¢t to one side, we must prove
2_t(/14"2k+t'| +2)\ + /,62) > 2_1(/1,2k+1 +2)\ + Mg). (14)

Lemma 19 finds that pioese) +2A; + p2 > 0 for all £ > 11 and ¢ € (0,1). Therefore,
except at discontinuities where 2¥*! is an integer and [2¥**] increments by 1, the left-
hand side strictly decreases as we increase t. It suffices to check inequality 14 at those
discontinuities and as t — 17. First, ast — 17, inequality 14 becomes 27 (gr+1 +2A1 +p2) >
27 (pgr+1 + 2X1 + p2), a result that follows because pigr1 +2X; + g > 0and 0 < t < 1.
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Next, because t € (0,1), 25** is an integer if and only if t = log,(2¥ +n) — k for an integer
1 <n <2F—1. Plugging t = log,(2*¥ +n) — k into inequality 14 yields [2% /(2% + n)](ugk 4 +
2A1 + p2) > 27 (pgker + 2X1 + p2). Because gk, + 2A1 + p2 > 0, it suffices to prove the
stronger inequality [2% /(281 — 1)) (pigk 4n +2A1 +p12) > 27 (pgrt1 +2A1 +p2), or equivalently,
24254 — Dl — bpges > =[5/ (2 = 1] 2 + ).

By Lemma 20, which applies for & > 11 because 2¥ + n > 267, we have
2“°g2(2k+")]|u2k+n| < (2M\1 + p2)/2 and 2" pgk | < (2A1 + p2)/2. Furthermore, by
Lemma 15, we have that 25%1|uori1| < (2\1 + p2)/2, from which (2841 — 1)|ugri1| <
(2M\1 + p2)/2. We then obtain

2k 1 2’f 1
oFrT —pH2k4n T ke > — Sht1 _ q H2kn| T |gHart
1 1 1 1 1
> =5 5rn T (2A ————(2) -~ (2 <
= 22<2k+1_1)( 1+l’l’2) 22(2k+1_1)( 1+ﬂ2) 2<2k+1_1)( 1+l’l’2)

Proof of Lemma 8. Moving all the terms involving ¢t to one side, we must prove

10 10

270 "2 R (g + 20+ p2) > )27 (g + 200 + o). (15)
k=1 P

The terms in both summands are positive (Lemma 19). Therefore, except at the discontinuities
in the left-hand side, the left-hand side strictly decreases with ¢. Hence, it suffices to check
inequality 15 precisely at the discontinuities of the left-hand side and as ¢t — 1~

As t — 17, the left-hand side of inequality 15 decreases to lim; ;-1 27¢ Zi():l 27k (lgks1 +
201 + p2) = 21160:1 2R (Ugrs1 + 201 + po), verifying inequality 15 at ¢ — 17,

Hence, it remains to check inequality 15 at the discontinuities of the left-hand side,
the points in S’ = {logy(2¥ +n) —k : 1 <k < 10,1 < n < 2% — 1} used in C. We can
computationally verify that inequality 15 holds for the finitely many points in S’. <
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