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Abstract

The Global Positioning System (GPS) is a satellite-based radio navigation system. The
Local Area Augmentation System (LAAS) is a version of Differential GPS (DGPS)
designed to reliably support aircraft precision approaches. The Integrity Monitor Testbed
(IMT) is a prototype of the LAAS Ground Facility (LGF) that is used to evaluate whether
the LGF can meet system integrity requirements. To insure high integrity, the IMT has a
variety of monitors to detect all possible failures. It also contains a failure-handling logic,
known as Executive Monitoring (EXM), to exclude faulty measurements and recover

once the failure disappears.

Spatial ionospheric gradients are major threats to the LAAS. These ionospheric
anomalies can be modeled as sharp “wave fronts” in which a linear change in vertical
ionosphere delay occurs over a short horizontal distance. One focus of this thesis is
exploring methods to quickly detect ionospheric gradients given the required low

probability of false alarm.

The first part of the thesis introduces GPS, LAAS, and the IMT and explains the
algorithms and functionalities of IMT integrity monitors in detail. It then analyzes the
failure responses of the integrity monitors under the most general measurement failure
model. This analysis not only qualitatively maps the integrity monitors into the entire
failure space, but also provides a tool to quantitatively compare the performance of

different integrity monitors.

In addition, the analysis examines the limitations of the existing monitors in detecting
small but hazardous ionospheric gradients. The divergence Cumulative Sum (CUSUM)
method is then derived and assessed. It can reduce the time required to detect marginal
ionospheric gradients by about 30%. With the divergence CUSUM method implemented

in the IMT, system integrity and performance are greatly improved.



Different monitors can respond to the same failures. The last part of this thesis shows that
the combination of these different monitors can detect certain failures more quickly than
any individual monitor. This idea leads to a new method, called failure-specific testing,
which can significantly improve the detection speed of small failures, including
ionospheric gradients. Used as aids to diagnosis and exclusion, failure-specific tests can
soften the current EXM logic so that the LAAS can meet the tighter continuity

requirements that apply to Category III precision landings.
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Chapter 1 Introduction

1.1  Global Positioning System

1.1.1 System Overview

The Global Positioning System (GPS) is a satellite-based radio navigation system funded
and operated by the United States Department of Defense (DoD). It provides
instantaneous position, velocity and time (PVT) information almost anywhere on Earth at
any time and in any weather. Though the system was designed for the U.S. military,

today there are over twenty million GPS users worldwide [15].

GPS offers two kinds of service: the Precise Positioning Service (PPS) and the Standard
Positioning Service (SPS) [42]. PPS includes a feature, called Anti-Spoofing (AS), and
can be accessed only by DoD-authorized users equipped with appropriate encryption
keys. However, SPS is open to all civil users. Selective Availability (SA), which
intentionally degraded the SPS signals, was deactivated on May 2, 2000. With SA off, a
stand-alone GPS user can typically estimate position with an accuracy of better than 10

meters and time to better than 100 nanoseconds [15].

GPS is comprised of three main components [42]:

1. Space Segment: The baseline GPS constellation consists of 24 satellites orbiting
the Earth in almost circular orbits at an altitude of 20,200 km and a period of
nearly twelve hours. Each satellite repeats the same track and crosses the same
Earth-fixed point every two orbits. These space vehicles (SV) are arranged in six
orbital planes with four primary satellite slots in each orbit. Keplerian elements
that fully describe the motion of a GPS satellite can be found in Appendix A.
Each satellite broadcasts time-tagged ranging signals and navigation data.

2. Control Segment: GPS is monitored and operated by the GPS Joint Program

Office Operational Control Segment. Five monitor stations, distributed around the



world, continuously track the satellites in view, and transmit raw data and
navigation messages to the Master Control Station (MCS) via ground and satellite
links. The MCS, located in Colorado Springs, computes the ephemerides and
clock parameters that are uploaded to the satellites via an S-band radio frequency
link from one of several dedicated ground antennas at least once a day.

3. User Segment: GPS receivers track and decode the signals from the satellites. A
GPS receiver computes the location of the satellites based on their ephemerides
and also measures the distance to the satellites based on the travel time of the
radio signals. The receiver then deduces its own location based on a simple
mathematical principle called trilateration in three-dimensional space. Accurate
timing is the key to measuring distance to satellites. Atomic clocks carried aboard
the satellites are nearly perfect and nearly perfectly synchronized. In order to use
inexpensive quartz oscillators, the receivers can utilize an extra satellite range
measurement. With the distance measurements from at least four satellites, not
only can the receiver calculate its position, but the receiver can also remove its

clock bias.

1.1.2 Signals
Each GPS satellite transmits signals on two L-band frequencies: f,, at 1575.42 MHz and
f1, at 1227.60 MHz [42]. The first waveform in Figure 1-1 shows the carrier f,,. More

frequencies are being added for both civil and military purposes [15,22]. The third
frequency (LS5) will be at 1176.45 MHz.

Each satellite transmits two different ranging codes: a coarse/acquisition (C/A) pseudo-
random noise (PRN) code modulating the L1 carrier phase, and a precision (encrypted)
[P(Y)] code modulating both the L1 and L2 carrier phases [42]. Each C/A code repeats
every 1023 bits (or chips) in one millisecond, or equivalently, at a chipping rate of 1.023

Mcps. The second waveform in Figure 1-1 shows a segment of the C/A code. A P(Y)-

code is an extremely long sequence (about 10" chips). Each GPS satellite is assigned a

unique PRN code; thus we can identify specific GPS satellites by their PRN numbers.



The auto- and cross-correlation properties of these spread spectrum codes enable GPS
ranging. Specifically, the auto-correlation function of each code has only one main peak.
This main peak of the auto-correlation function helps the GPS receiver acquire the GPS
signals. The slope of the peak directly determines ranging precision. Additionally, the
cross-correlation between any two codes has no significant peaks. The lack of correlation
between different PRN codes enables the satellites to transmit on the same frequencies

simultaneously without interfering with each other.

Both GPS frequencies are also modulated by binary navigation messages transmitted at a
rate of 50 bits per second (bps) [42]. The third waveform in Figure 1-1 shows several
navigation data bits. One message consists of five 300-bit subframes, and it contains the
satellite health status, ephemerides, clock bias parameters, and almanacs. Ephemeris data
describe the current SV orbits. Almanacs are the reduced-precision versions of ephemeris

data for all SVs. Appendix A describes the navigation message contents in detail.

O Carrier /,, =1575.42 MHz
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Figure 1-1 GPS Signal Structure



The structure of these three signal components, i.e., carriers, ranging codes, and
navigation data, is diagrammed in Figure 1-1 [42]. A code and a message are combined
using modulo-2 addition, and then the composite binary signal modulates the carrier with
binary phase shift keying (BPSK). The unit “meter” is often interchanged with “second”

for convenience in this thesis — the distinction between them is simply the scaling factor

(¢) that represents the speed of light in a vacuum (about 3x10° m/s).

1.1.3 Measurements and Position Estimation

GPS receivers track satellites, decode navigation messages, and produce code and carrier

phase measurements for PVT determination.

The GPS signal acquisition process consists of a search for both PRN code shift and local
carrier frequency offset. After the receiver “smells” a signal, the receiver continues code
tracking using a delay lock loop (DLL) and phase tracking using a phase lock loop (PLL)
[5,42].

‘ode F Numertcal Controlled P Loop 5
Generatorn Code Clock Filter [hsermmmaton 4

Figure 1-2 Delay Look Loop



Figure 1-2 shows the DLL structure [42]. The DLL correlates the received signal with a
slightly earlier replica of the signal and a slightly later replica of the signal. If the
received signal is locked, the early correlator samples the auto-correlation function peak
on the rising edge, and the late correlator samples the falling edge of the peak. A
discriminator function is formed by differencing the early and late correlation functions
(Z, and Z, in Figure 1-2). The DLL maintains code lock by feeding back the output of
the discriminator to the local code generator such that the discriminator output is driven
to zero [5]. The difference between the signal reception time determined by the receiver
clock and the transmission time “marked” on the signal is the apparent transit time of the

signal from the satellite to the receiver. Pseudorange, p , is this measured transit time

multiplied by the speed of light. It is not the true range from the satellite to the receiver

since the receiver clock is not synchronized with the satellite clock.

Having removed the PRN code from the signal, the GPS receiver continues phase
tracking with a phase lock loop [42]. It locally generates a carrier frequency and tries to
exactly match the frequency and phase of the incoming signal. Once the carrier phase is
locked, the navigation data bits can be readily extracted. The carrier phase measurement,

¢, is the difference between the phases of the receiver-generated carrier and the carrier

received from a satellite. The receiver can make out a partial cycle, but it has no idea of
the number of whole cycles between the satellite and the receiver. The distance between
the satellite and the receiver is equal to an unknown number of whole cycles plus the
measured fractional cycle. This unknown number of whole cycles is named the “integrity

ambiguity.” The derivative of ¢ is the Doppler measurement that can be utilized to

determine the receiver’s velocity.

Code and carrier phase measurements can be modeled as [42]:

p=r+cb, -B)+1+T+M +¢, (1-1)
¢=r+cb,-B)-1+T+NA+g, (1-2)

where



* p is measured code phase measurement, or pseudorange.
* ¢ is measured carrier phase measurement.

* r istrue range from a satellite to a receiver.

* b, isreceiver (or user) clock bias. Both b, and user position must be solved for.

* B’ is satellite clock bias. Both B’ and b, represent the amount of time by which

the satellite and receiver clocks are advanced relative to GPS Time (GPST). The
satellite clock bias is modeled as a quadratic function of time, and the parameters
of this model are estimated by MCS and uploaded to the satellites. They are
broadcast as part of the navigation message [42].

* [ isionospheric delay.

* T is tropospheric delay.

* M is multipath error. 7, T, and M will be discussed in Section 1.1.4 in detail.

* N isinteger ambiguity. It is generally unknown to users, but it can be solved for
using several techniques if needed [10,29]. The problem of precise relative
positioning with carrier phase is actually a problem of integer ambiguity

resolution [42].

e A iscarrier wavelength. For L1, A, = ~19 cm.

* ¢ represents other code phase measurement errors.

* &, represents other carrier phase measurement errors.

If p, is the pseudorange obtained after accounting for the satellite clock offset and the

other measurement errors, then Equation (1-1) can be rewritten for the ‘“corrected”

pseudorange measurements, p_, as:

p.=r+cb =J(x" —x)? +(y"” =)> +(z" —2)> +c-b, (1-3)

™ z™), is calculated based on its

where the position of the nth satellite, (x", vy
ephemeris, and the user position, (x, y, z), is unknown. Together with the unknown

receiver clock bias, b, , there are four unknowns in Equation (1-3). These four unknowns



can be solved for if measurements from at least four satellites in view are available at a

single measurement epoch.

We can solve these equations by first linearizing them at initial estimates, then solving
for corrections by the least-squares method (the system of equations is over-determined if
there are more than four measurements), and finally improving the solution estimates
with these corrections [42]. This process can be carried out iteratively, and the position

estimates often converge quickly in two to four iterations.

1.1.4 Error Sources

Code and carrier phase measurements contain a variety of biases and errors, as indicated
in Equations (1-1) and (1-2). These errors reduce the positioning accuracy. Figure 1-3
shows the major GPS measurement errors. They can be grouped basically into three

sources: satellite-related, receiver-related, and propagation medium-related errors [42].
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Figure 1-3 GPS Measurement Error Sources



e Satellite-related errors:

1.

Satellite ephemeris: The true position and velocity of a satellite are different
from the estimates computed by the Control Segment. The ranging error due
to the satellite ephemeris data error is about 1 — 2 m in the root mean square
(rms) sense.

Satellite clock: The satellite clock bias that cannot be corrected by the GPS

Control Segment causes about 1 — 2 m ranging error in the rms sense.

* Propagation medium-related errors:

3.

Tropospheric delay: The troposphere includes the segment of Earth’s
atmosphere that is up to 8 — 13 km above sea level. Dry gases and water vapor
in the troposphere can refract GPS signals. The tropospheric delay can be
estimated using atmospheric models [42]. If not corrected, the resulting error
is about 2 m at sea level for satellites directly overhead (it is larger for low-
elevation satellites).

lonospheric delay: The ionosphere is a layer of ionized gases in Earth’s
atmosphere that lies approximately 50 km to 1000 km above the surface. The
ionosphere affects GPS signal propagation by delaying code phase
measurements while advancing carrier phase measurements. Opposite signs
thus appear in front of the ionosphere error component, / , in Equations (1-1)
and (1-2). In addition to this code-carrier divergence property, the ionosphere
is also dispersive, i.e., the magnitude of the ionospheric delay is inversely
proportional to the signal frequency. The ranging error, depending on the
satellite elevation, is about 2 — 10 m due to the ionospheric delay. The GPS
navigation data contains an ionospheric model that can remove approximately

half of this delay [18].

* Receiver-related errors:

5.

Multipath: Reflected signals from surfaces near GPS antennas can interfere
with the direct signals from the satellites. Because there are always reflecting
surfaces in practice, multipath is hard to avoid. Using a multipath limiting
antenna and placing it away from severe reflective environments can mitigate

multipath [48]. Multipath affects both code and carrier phase measurements. It



causes about 1 — 5 m error in pseudorange measurements. On the other hand,

only about 1 — 5 cm carrier phase measurement error is due to multipath. This

is so small that it is not separately listed in Equation (1-2). Instead, €, is

assumed to contain the multipath component.

6. Receiver noise: Thermal noise, multi-access interference, and signal
quantization noise can cause receiver error [42]. With modern microprocessor
and chip technology, a GPS receiver introduces less than 0.5 m code
measurement error and about 1 — 2 mm carrier phase measurement error due

to receiver noise.

1.2 Differential GPS

As noted before, the positioning accuracy of stand-alone SPS users (with SA off) is about
10 m horizontally and 15 m vertically. With differential GPS (DGPS), much higher

positioning accuracy can be achieved.
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1 Reference
Station
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Figure 1-4 Differential GPS Configuration



DGPS takes advantage of the fact that differential users in the same region have common
measurement errors in general. As shown in Figure 1-4, a reference station at a known
location calculates the difference between the measured and expected pseudoranges, and
sends differential corrections to users in this region via a communication link. The users
can eliminate the majority of pseudorange error and achieve a higher accuracy with
DGPS. Table 1-1 summarizes these errors in GPS and error mitigation in DGPS [42]. In
differential mode, the user’s distance from the reference receiver is assumed to be tens of

kilometers and signal latency is tens of seconds.

Error Source Error Size in GPS Residual Error
in DGPS
Satellite Clock Model 1 -2 m (rms) 0.0 m
Satellite Ephemeris Prediction | 1 —2 m (rms) 0.1 m (rms)
Tropospheric Delay ~ 2 m in zenith 0.2 m (rms) plus
direction at sea level altitude effect
Ionospheric Delay 2 — 10 m in zenith direction | 0.2 m (rms)
Multipath Code: 1 -5m Uncorrelated
Carrier: 1 =5 cm between antennas
Receiver Noise Code: 0.5 m (rms) Uncorrelated
Carrier 1 — 2 mm (rms) between receivers

Table 1-1 A Summary of Measurement Errors in GPS and DGPS

Since the reference and user receivers are tracking signals from the same GPS satellite at
the same time, satellite clock error is eliminated nearly completely in differential mode.
Satellite ephemeris error can also be nearly eliminated for the same reason. Note that
residual differential ephemeris error will grow as the separation between the lines of sight
from the satellite to the user and reference station increases. When the user is 100 km

away from the reference station, the residual range error is less than 0.05 cm [42].

DGPS can also reduce the range error due to ionospheric and tropospheric effects.

Clearly, the corresponding residual differential error depends upon the spatial ionospheric
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and tropospheric correlation properties. When the separation between the reference and
user receivers is large, the ionospheric and tropospheric propagation delays in these two

signal paths can be very different.

DGPS effectively mitigates satellite clock error, satellite ephemeris error, ionospheric
delay, and tropospheric delay in its service coverage. However, multipath and receiver
noise are uncorrelated at the reference and user receivers, and therefore cannot be
corrected by DGPS. On the contrary, the DGPS user has increased multipath and

receiver noise since these errors from the reference and user receivers are combined.

1.3 Local Area Augmentation System

The U.S. Federal Aviation Administration (FAA) is developing the Local Area
Augmentation System (LAAS) to support aircraft precision approaches. This local-area
ground-based DGPS is responsible for generating and broadcasting carrier-smoothed
code differential corrections and approach-path information to user aircrafts [81]. It also
places the responsibility for detecting and alarming space-segment and ground-segment
failures on the LAAS Ground Facility (LGF). The LGF must insure that all ranging
sources for which LAAS corrections are broadcast are safe to use. If a failure occurs that
threatens user safety, the LGF must detect and alert users (by not broadcasting

corrections for the affected ranging source) within a certain time-to-alert.

Figure 1-5 describes how LAAS operates. The LGF installs four Reference Receivers
(RR), RR antenna pairs, redundant Very High Frequency (VHF) Data Broadcast (VDB)
equipment linked to a single VDB antenna, and equipment racks on the airport property
where LAAS service is provided [79]. The LGF tracks, decodes, and monitors GPS
satellite information and generates differential corrections. It also performs integrity
checks on the generated corrections. The correction message, along with suitable
integrity parameters and approach path information, is then broadcast to airborne users

using the VDB from the ground-based transmitter. Pseudolites, which transmit GPS-like

11



signals, may be deployed on the airport ground in order to improve satellite geometry

[25,51].
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Figure 1-5 LAAS Components (Courtesy of FAA)

LAAS Precision Operation CATI CATII CAT III
Accuracy [m] Horizontal 16.0 6.9 6.1
95% Vertical 7.7 2.0 2.0
Time-to-Alert [s] 3 2 2
Integrity Alert Limit [m] H: 40 H: 17.3 H: 15.5
V: 10-15 V:53 V:53
P,,, /Approach 2x107 2x107 2x107
5x107%/ 4x107°/ 107/
Continuity Failure Rate approach 15 sec last 15 sec
Availability 0.99 - 0.99999 | 0.99 - 0.99999 | 0.99 - 0.99999

Table 1-2 Requirements for LAAS Precision Approach
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The performance of all navigation systems, including LAAS, can be evaluated with
respect to accuracy, integrity, continuity, and availability [16,69].
1. Accuracy: Measure of navigation output deviation from truth.
2. Integrity: Ability of a system to provide timely warnings when the system should
not be used for navigation.
3. Continuity: Likelihood that the navigation system supports accuracy and integrity
requirements for the duration of intended operation.
4. Availability: Percentage of time the system supports accuracy, integrity, and

continuity requirements before approach is initiated.

The currently suggested requirements for LAAS precision approaches are summarized in
Table 1-2 [16,19,81]. P,,, is the probability of Hazardously Misleading Information
(HMI). For example, if HMI causes a user vertical navigation error that exceeds a 10-
meter Vertical Alert Limit (VAL), the LGF must detect the failure and alert the user
within a 3-second time-to-alert (TTA) for CAT I LAAS precision approaches. Note that
LAAS Categories (CAT) II and IIT have much stricter requirements both on integrity and
continuity than LAAS CAT L.

The FAA commenced the LAAS CAT I development phase in April 2003 and expects to
have this system operational in 2006. Based on results of the LAAS CAT II/III research
and development efforts, the FAA will make a decision on the feasibility of awarding a

full-scale development and production contract in early 2005 [78].

1.4 Integrity Monitor Testbed

1.4.1 Functions

The Stanford University Integrity Monitor Testbed (IMT) is a prototype of the LAAS
Ground Facility (LGF) that is used to evaluate whether the LGF can meet the integrity
requirements that apply to CAT 1 aircraft precision approach [33,48,49,64,67,89]. A

comprehensive set of monitoring algorithms is implemented in the IMT in order to detect
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an array of possible failures in the GPS Space Segment, the GPS Ground Segment, and
the LGF itself. Some failures may trigger more than one monitoring algorithm, so a
complex failure-handling logic, called Executive Monitoring (EXM), is included in the
LGF to coordinate different integrity monitors and to isolate faults. The details of the

monitoring algorithms and the EXM will be discussed in Chapter 2.

1.4.2 Hardware Configuration

The LGF requires redundant DGPS reference receivers to be able to detect and exclude
failures of individual receivers. Figure 1-6 shows the configuration of the three IMT
antennas on the Stanford HEPL laboratory rooftop. Although limited by the space
available on the rooftop, these antennas are sufficiently separated to minimize correlation
between individual receiver multipath errors [30]. The current IMT employs three
NovAtel OEM 4 receivers that are connected to three separated GPS Pinwheel antennas.
Each receiver can track as many as twelve satellites simultaneously. A channel means
one satellite tracked on one reference receiver (RR). For example, Figure 1-6 depicts a

channel (RR 2, PRN 7), or simply channel (2, 7).
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Figure 1-6 IMT Antennas Configuration

Each receiver samples GPS signals and provides receiver measurement packets every 7T,
seconds, where

T,=05 (1-4)
in the current IMT architecture. In other words, the sampling rate is equal to two epochs per

second. These GPS measurements are fed into the IMT processor for further calculations.

The Stanford IMT is configured by software in such a way that it can be used either in
real-time or in post-processing. Figure 1-7 illustrates this mechanism. When Point 1 is
closed, GPS receiver packets are directly fed into the IMT processing unit. This is
referred to as real-time IMT operation. If Point 2 is closed, then the packets can be saved
into a non-volatile storage device. Depending on whether Point A or B is closed, the
saved data packets can be used to perform nominal or failure testing. This is called post-
processing IMT operation. One fixed data set of receiver packets saved in storage can

thus be processed repeatedly, and this makes debugging and testing easier.
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Figure 1-7 Real-Time vs. Post-Processing IMT

1.4.3 Verification Testing

LGF verification testing can be divided into two components: nominal testing and testing
with simulated failures. Nominal testing is to check whether the IMT generates false alarm
that endangers the system continuity. Nominal test results will be presented largely in
Chapter 2. Because of the complexity of the monitoring algorithms, it is also necessary to
demonstrate that the IMT can meet specified integrity requirements under a variety of
possible failure situations. Failure tests will be discussed in Chapters 4 and 5, when the
performance of newly designed integrity monitors is compared with that of existing ones.

Additional failure test examples can be found in [28,33,34,89].
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To test the IMT response to failures, simulated errors are injected into the system. The

top plot of Figure 1-8 shows a ramp failure commencing at time #,. Without integrity
monitors, the Vertical Position Error (VPE) of a LAAS user starts to increase at ¢, and
finally exceeds a specified Vertical Alert Limit (VAL) at ¢,, as illustrated in the middle

plot. If the failure is not detected and the user is not alerted within a given time-to-alert,
the ramp failure is said to cause Hazardously Misleading Information (HMI). The bottom
plot of Figure 1-8 shows the response of an integrity monitor test statistic. The magnitude
of the test statistic exceeds its threshold at #,, and the failure is detected. The user will
then be alerted not to use the failed measurements before the VPE reaches VAL. The
figure demonstrates that the integrity function is to protect users from HMI. This

dissertation concerns itself with the design of monitors to detect a variety of failures.
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Figure 1-9 Two Failure Testing Methods

Two methods are used to inject failures into the IMT, as illustrated in Figure 1-9. One is to
program a WelNavigate 40-channel GPS signal simulator to generate failed radio
frequency signals that are then fed into the IMT. However, as already indicated in Figure 1-
7, the post-processing IMT offers another way to inject failures. We have a program that
can modify stored IMT receiver measurements collected under nominal conditions to inject
failures after the fact, and then we let the IMT post-process these packets. Meanwhile, it is
also possible to directly inject failures during the IMT processing by changing the IMT

source code properly.

In this thesis, the post-processing version of the IMT is used to carry out all tests on a 24-

hour nominal GPS data set collected on March 10, 2003.
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1.5 Previous Work

The U.S. FAA has been developing the LAAS as the primary navigation system to
support Category I, II and, III aircraft precision approaches. There have been many
studies done on LAAS. Dr. Enge discussed the fundamental operation of the LAAS and

established the connection between accuracy, integrity, and continuity [16].

In order to meet the stringent integrity requirement shown in Table 1-2, LAAS needs to
implement a comprehensive set of integrity monitoring algorithms in order to detect a
wide range of possible failures. Many monitoring algorithms have been designed. For
example, the code/carrier integrity monitoring technique was developed in [75]. Signal
quality monitoring was investigated to target deformations of the C/A-code broadcast by
GPS satellites [1,61,82]. Several methods were developed to validate the GPS ephemeris
and clock data for each satellite [36,51]. Besides integrity monitors in the range domain,
an integrity monitor in the position domain was also studied [27]. Dr. Pullen, Dr. Pervan,
and their colleagues built the original LAAS Ground Facility (LGF) prototype, known as
the Integrity Monitor Testbed (IMT), and used it to evaluate whether the LGF can meet

the CAT I integrity requirements. My work relies on this testbed.

The ionosphere provides the most worrisome challenge to LAAS and the LAAS integrity
algorithms. Christie obtained statistical bounds for the ionospheric decorrelation effects
on a LAAS architecture [9]. An ionospheric anomaly observed from Wide Area
Augmentation System (WAAS) supertruth data on April 6, 2000 was reported by Datta-
Barua [12]. Dehel then confirmed this ionospheric anomaly based on independent data
from the International GPS Service (IGS) [13]. Luo discussed the ionosphere threat
model and assessed the ionospheric impact on LAAS [32]. Her simulations showed that
ionospheric gradients could potentially lead to vertical positioning errors as large as 19
meters for LAAS users if no integrity monitors are used to detect the gradients. A major

focus of this thesis is exploring methods to more quickly detect ionospheric gradients.

The divergence Cumulative Sum (CUSUM) method is developed to quickly detect

marginal ionospheric gradients in this thesis. The CUSUM method was invented in 1954
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[50]. It has been widely applied in continuous inspection for quality control. Pullen used
CUSUMs to validate protection level overbounds for GPS augmentation systems [66].
The CUSUM method was also successfully used for LGF error sigma-mean monitoring

by Lee [28].

1.6 Contributions

Three major contributions are described in detail in the text of this thesis. Brief
summaries of these efforts are provided here. Figure 1-10 shows the relationship among
these contributions. The first contribution is a comprehensive analysis of the existing
LAAS monitor suite. This analysis uncovers the limitations of the existing monitors. The
Cumulative Sum (CUSUM) method is therefore added to the monitor suite to improve
the detection of ionospheric gradients. It is my second contribution. Based on the results
of the comprehensive analysis, combining proper monitor test statistics to form failure-

specific tests, as the third contribution, can further improve the system integrity.

1.6.1 First Comprehensive Analysis of Monitor Suite

In this thesis, a generic failure model, in which a step failure is injected into both the code
and carrier measurements of a GPS receiver channel (a channel is a satellite tracked on
one receiver), is created. The failure responses of every integrity monitor proposed for
the LGF are derived analytically using this general measurement failure model. The
analysis includes channel code step failures, channel phase step failures, satellite clock
step failures, satellite clock ramp failures, receiver clock step failures, and ionospheric
gradients. My work identifies which integrity monitor can detect which failure modes. It
delivers a clear overall picture of each monitor’s function against the entire set of
possible threats. These results offer valuable information on how to construct effective
failure-specific test (FST) statistics. More importantly, the failure analyses provide a tool

to evaluate quantitatively and compare the performance of the IMT integrity monitors.
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Figure 1-10 Relationship among Contributions

1.6.2 Cumulative Sum (CUSUM) Method to Detect Ionospheric Gradients

The generic Cumulative Sum (CUSUM) quality-assurance method is applied in this
thesis to the detection of unusual ionosphere divergence and the divergence CUSUM
method is developed that is able to quickly detect marginal ionospheric gradients. Failure
tests demonstrate that the divergence CUSUM method is faster in detecting small
ionospheric gradients than existing methods, such as the acceleration-ramp-step, code-
carrier divergence, and innovation tests. The CUSUM method improves upon the
detection speed of the existing code-carrier divergence method by about 30%. When
combined, the divergence CUSUM and acceleration-ramp-step monitors offer the lowest
bounds on detection time. This method can and should be utilized in future precision

approaches and landings.
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1.6.3 Combining Monitors for Faster Detection of Specific Failures

Some failures excite multiple monitors, and these failures are best detected by combining
the monitors. Monitor combinations detect certain failures more quickly than any
individual monitor [70]. These combinations yield powerful failure-specific tests (FSTs),
which are pioneered in this dissertation for LAAS. This thesis first gives a mathematical
derivation to prove that the FST constructed in an ideal case is able to detect failures
more quickly than individual monitors with the same probability of false alarm.

Unfortunately, the sum of squared normalized IMT test statistics is not y ?-distributed in
practice. A vy -distribution overbounding method is developed in this thesis to determine

the threshold for FSTs. Using the results of the failure analyses, two FST statistics are
constructed and tested with IMT data. These test statistics can significantly improve the
detection speed of small satellite clock failures and ionospheric gradients. Fault-specific
tests are needed so that the LAAS can meet the tighter continuity requirements that apply

to Category III precision landings.

1.7 Thesis Outline

Chapter 2 discusses the IMT functions, including the IMT integrity monitoring
algorithms and the EXM, in detail. Chapter 3 creates a generic measurement failure
model and then analytically derives the failure responses of integrity monitors under the
generic and several other known failure modes. Chapter 4 explores the divergence
CUSUM method that is able to quickly detect marginal ionospheric gradients. Chapter 5
theoretically demonstrates the idea of failure-specific tests (FST) and develops two FST
statistics. Chapter 6 summarizes the accomplished work and provides some thoughts on

the direction for future research. This outline is also illustrated in Figure 1-10.
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Chapter 2 Integrity Monitor Testbed

2.1 IMT Functions

As noted in the introduction, the IMT is an LGF prototype that is used to evaluate
whether or not the LGF can meet integrity requirements. This chapter will explain the

IMT functions in detail.
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Figure 2-1 IMT Functional Flow Diagram

Figure 2-1 is the functional flow diagram of the IMT. The processing core in the IMT is
divided into three parts [81,89]:
1. Nominal processing, including carrier smoothing and the calculation of

differential corrections, as will be explained in Section 2.3.
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2. A variety of integrity monitor algorithms that are grouped into Signal Quality
Monitoring (SQM), Data Quality Monitoring (DQM), Measurement Quality
Monitoring (MQM), Multiple Reference Consistency Check (MRCC), ou-
monitor, and Message Field Range Test (MFRT) classes. These are targeted at
detecting a wide range of possible failures in the GPS Signal in Space (SIS) or in
the LGF itself. SQM targets deformations of the C/A-code broadcast by GPS
satellites [1,61,82]. DQM checks the validity of the GPS ephemeris and clock
data for each satellite that rises in view of the LGF and at each time new
navigation data messages are broadcast [36]. MQM confirms the consistency of
the pseudorange and carrier-phase measurements over the last few epochs to
detect sudden step and any other rapid errors [26,89]. MRCC examines the
consistency of corrections for each satellite across all reference receivers

[26,56,89]. The ou-monitor helps ensure a Gaussian distribution for the

correction error with zero mean and that the broadcast o, ,, overbounds the

actual errors in the broadcast differential corrections [7,59,66]. MFRT verifies
that the computed averaged pseudorange corrections and correction rates fit
within the message field bounds [26].

3. Executive Monitoring (EXM) includes complex failure-handling logic. Each
integrity monitor may generate one flag (failure) per channel or per satellite, and
it is the EXM that coordinates all the monitors and combines these flags. It then
isolates failed measurements detected by individual monitors at the system level
and reintroduces these measurements after the failure is clearly determined to be
over. The first phase of EXM (EXM-I) excludes measurements flagged by any of
the “QM” monitors. The measurements that survive EXM-I are then used to
compute corrections and B-values, and the second phase of EXM (EXM-II) tries a
series of exclusion steps based on MRCC, the ou-monitor, and MFRT flags
[26,64].

If the integrity monitors are not able to detect a hazardous failure and the corresponding
erroneous measurements are not excluded by the EXM, the failure can enter the

calculation of differential corrections and cause Hazardously Misleading Information
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(HMI) to be contained in the corrections. These monitor algorithms, EXM-I, and EXM-II
will be explained in approximately chronological processing order. In addition to the
IMT processing core, the LGF also contains other essential components, such as VHF
Data Broadcast (VDB), through which the LAAS corrections will be broadcast to users.
These components are not part of the IMT, which is focused on integrity monitoring and

failure resolution, so they will not be discussed in this thesis.

2.2 Gaussian Overbounding Method to Determine Thresholds

Each LGF integrity monitor calculates test statistics, compares the values of its test
statistics to the corresponding thresholds, and then decides if a failure is happening.
Proper valued thresholds are often the key to achieving the desired performance of the
monitor. Therefore, before the integrity monitor algorithms are explained, it is important

to first explain the general threshold determination method utilized by the IMT.

Some thresholds can be determined theoretically. However, in most cases, theoretical
models for the Probability Density Function (PDF) of a test statistic that are accurate
beyond two to three standard deviations do not exist. In addition, the observed PDF
obtained from nominal testing is often not very close to that of any well-known statistical
distribution. Without an analytical PDF model for a test statistic, we will encounter

difficulties in determining its threshold with a specified false alarm probability.

To overcome these difficulties, we typically calculate the threshold from a Gaussian
distribution that overbounds the two tails of the apparent (observed from data)
distribution. Gaussian distributions are used since avionics assume that measurement
errors are Gaussian [39,40,41]. The code-carrier divergence test statistic will be used here
as an illustration since the divergence rate is analyzed in the greatest detail in this
dissertation. Divergence (or, more exactly, divergence rate) is the estimated change rate
of ionosphere delay, I, over time. Section 2.4.3 will discuss the divergence in detail.
Moreover, the overbounding procedure outlined here will be applied to most of the

integrity monitor test statistics — not just the divergence test statistic.
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The threshold determination method consists of the following steps:

1.

Run the IMT on one or more sets of pre-stored, nominal data, and collect nominal
divergence results shown as dots in Figure 2-2-A. These results are from all
channels on the three IMT reference receivers, since the same threshold will be
used for all the channels (recall that a channel is one satellite tracked on one
receiver). However, if a test statistic has different distributions on different
receivers, then different thresholds should be derived and applied for each
receiver. For example, the SQM received signal power test has different
thresholds for different receivers, as will be discussed in Section 2.4.2.

Calculate the sample standard deviation, O of the test statistic in nine

elev?
elevation bins of 10 degrees each, and interpolate them at other elevations with a
reasonable high-order polynomial curve (a 4th-order polynomial curve is used in
this case), as shown by the dashed line in Figure 2-2-B. The binning is due to the
fact that the distribution of divergence and most of the other test statistics in the
IMT is satellite elevation angle dependent. Measurement errors tend to grow at
low elevation angles because multipath is more severe and the obliquity factors
for the ionosphere and the troposphere are larger. Thus, test statistics for low
elevation satellites have greater variability. Divergence is elevation angle
dependent due to the obliquity factor [42]. The same process is repeated to

calculate the sample means, w,,, , of the test statistic. For the purpose of threshold

derivation, the divergence means are assumed to be zero for two reasons. First,
the actual means are very close to zero and will be closer to zero if a longer data
set is tested. Second, the means, if nonzero, are very small, compared to the
standard deviations. Nominal testing shows that most of the IMT test statistics

have zero means.
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3. Subtract u,, from each data point, and then divide the result by its standard

deviation, o at the corresponding elevation. Figure 2-2-C is the divergence

elev ®

after this normalization process. It shows that the distribution of the normalized

divergence is quite consistent at different elevations. This indicates excellent u,,,

and o, interpolations achieved in Step 2.

elev

4. Compute the distribution of the normalized divergence from its histogram. Figure
2-2-D is a plot of the histogram of the normalized divergence using 500 bins.
When the number of points in each bin is divided by the total number of points in
all bins, the histogram is transformed into the discretized, apparent PDF as shown
by the dotted line in Figure 2-2-E, where the y-axis has a logarithmic scale.

5. Compute the standard deviation of the normalized divergence. To protect
continuity, a zero-mean Gaussian distribution with an inflated standard deviation
is used to overbound the tails of the data distribution. In other words, in each bin
at the two tails, the desired Gaussian distribution has a larger probability (i.e., the
integral of its PDF over the range of the corresponding bin) than the discretized,

apparent data distribution. The standard deviation inflation factor f should be

minimized during the overbounding process in order to protect integrity. The
process is accomplished numerically in Matlab. As demonstrated in Figure 2-2-E,

the solid line overbounds the tails of the dotted blue line. The inflation factor, f,

in this example is equal to 1.5156. Figure 2-2-F illustrates that the actual
Cumulative Density Function (CDF) is also overbounded by the Gaussian
distribution. In this figure, a non-linear transformation is used to change the CDF
of a Gaussian variable into a straight line whose slope is related to the standard

deviation of the Gaussian distribution. This figure suggests that the value of f

can be smaller if we apply the overbound method directly to the CDF. This CDF
overbound method is widely used [74].

6. Multiply the original standard deviations by f. The final standard deviation of

the divergence test statistic is considered to be fo as shown by the solid line

elev

in Figure 2-2-B.
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7. Finally, the elevation-dependent threshold is modeled by
Threshold ,,, = u,,, =6fo,,, (2-1)

elev
The solid line in Figure 2-2-A is the divergence threshold. The figure shows that
the magnitude of all divergence points is below the corresponding threshold, as

expected from nominal testing.

Since a Gaussian variable, X ~ N(u,,,, f°0_., ), overbounds the actual distribution, the
probability of false alarm with the threshold from Equation (2-1) is less than

>6f0,, )=20(6) =1.9732x10™ (2-2)

Prqx - Melev
The overall continuity requirement in Table 1-2 is subdivided into many sub-allocations
for the many different tests [64,81]. With the threshold at a 6-sigma level for each test,

the system meets the overall continuity requirement.

2.3 Carrier Smoothing and Pseudorange Corrections

Carrier smoothing and the generation of differential corrections are the backbone of LGF

processing under nominal conditions. For each channel (m,n) at epoch k, the IMT

applies carrier smoothing to reduce raw pseudorange measurement errors with the
following filter [81]:

P s (k) = NL 0 (k) + N;V— 1 (P p k=D +0,,, () =0, (k= 1) (2-3)

s s

where
N, =t,/T, =100/0.5 = 200 (2-4)
The smoothing filter uses a time constant, T, of 100 seconds, and it assumes the satellite

is continuously tracked on the receiver. If this is not the case, the filter needs to be reset
when receiver m loses phase lock on satellite n or when demanded by EXM (i.e., due to
a monitor alert). Figure 2-3 shows the single difference of raw pseudorange

measurements, P, and smoothed pseudorange, p,, from Channel (RR 0, PRN 7) for 30

seconds. Note that p_ is smoother than p after carrier smoothing. Because the elevation
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angle of PRN 7 reaches as high as 85° when passing over Stanford University, this

satellite will be frequently used as a preferred example.
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Figure 2-3 Pseudorange and Smoothed Pseudorange

In the IMT, corrections are generated on both pseudorange and carrier-phase

measurements [26]:
P seann (k) =P n(k) =R, (k) -T,, (k) (2-5)
Oemn (k) =9,.,(k) =R, (k) -1, (k) =b;,.,(0) (2-6)
where p . is the smoothed pseudorange correction, and ¢, is the raw carrier correction.

Geometric range, R is the distance from reference antenna m to satellite n. Using the

m,n °

known location of the reference antenna, both R, , and the satellite clock correction,

n

T are computed from DQM-approved satellite navigation data. The initial

m,n°

intermediate raw carrier correction (at epoch 0), ¢,,,(0), is equal to

$,.,0)-R,, 0)-T,, (0). Equation (2-6) makes the value of ¢ smaller, and it also

c,m,n
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cancels the integer ambiguity in ¢, , since the phase maintains lock starting at epoch 0. If

a cycle slip happens at one epoch, then that epoch is regarded as epoch O from that time

on.

2.4 Signal Quality Monitoring (SQM)

The purpose of SQM is to detect and identify anomalies in the received GPS ranging
signals, including satellite signal anomalies and local interference. It consists of three
functions: the correlation peak symmetry test, the received signal power test, and the

code-carrier divergence test [81].

2.4.1 Correlation Peak Symmetry Test

The primary focus of SQM is to ensure that the correlation peak has sufficient symmetry.
Reference receivers that incorporate SQM report C/A-code correlation measurements at
several different correlator spacings. These measurements are processed by the SQM
algorithms to determine if the ideal triangular C/A-code correlation shape has been
appreciably altered by the presence of signal-deformation failures, otherwise known as
“evil waveforms.” The SQM prototype was developed separate from the IMT, and it has
been integrated into the IMT over the past few years. The details of its algorithms and

performance can be found in [1,17,43,60,61,62].

2.4.2 Received Signal Power Test

SQM has a separate algorithm to confirm that received satellite signal power is within
SPS specifications [77]. Signal power levels significantly below specified levels can
increase ranging errors and may result in integrity risk. The signal-power monitor takes

an average of reported receiver carrier-to-noise power density ratio, C/N,, for each

channel (m,n ) at the current epoch, k, and at the previous epoch, k —1 [89]:

CINy womn (k) = %(C/N (k=1)+C/N,,,, (k) 2-7)

0,m,n
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The calculated C/N, ,,,(k) is then compared with a threshold value. If

C / N (k) is larger than the threshold, it passes this signal power test. Otherwise, a

0_avg,m,n

flag is generated for this channel.

Different thresholds are used for different receivers because of different antenna sites,
antenna gain variations, different cable losses, and different hardware configurations.

Though the distribution of signal power, C / N 0_avg in [dB- Hz], shown as the dotted

line in Figure 2-4-A, is unlikely to be Gaussian, its threshold is still set at u,, -6 fo

elev elev

using the method discussed in Section 2.2. Its standard deviation inflation factor equals
1.7451 for RR 0. Figure 2-4-B shows the thresholds for the three receivers. Figure 2-4-C

shows nominal C / N results received from all satellites on RR 0, while Figure 2-4-

0_avg

D shows nominal C / N results from a channel. All points are well above the

0_avg

corresponding thresholds.
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Figure 2-4 Received Signal Power Thresholds and

Nominal Test Results

In this test, the same threshold is applied to all satellites tracked on the same receiver.

Variations among GPS satellites may cause a wide range of measured C/ N at a

0_avg
given elevation angle, as demonstrated in Figure 2-4-C. The received signal power can be
more precisely monitored in the future if different thresholds are derived and used for
different satellites even on the same receiver.

As can be seen in Figure 2-4-D, when the satellite elevation is low, C / N is also low

0_avg
and has a large variance, which makes it difficult to tightly monitor the signal power of
satellites when they first rise into view of the LGF. Averaging C/N, measurements over
a 100-second interval, as suggested in [20], has been tried in the IMT, but because of the
dominance of long-delay multipath on the IMT antennas at low elevation angles, the

C/N, variance reduction is small.
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2.4.3 Code-Carrier Divergence Test

The code-carrier divergence test is used to detect ionospheric storms and ensure that the
divergence of code and carrier for any given satellite is sufficiently small. It uses a
geometric moving averaging (GMA) method to estimate the code-carrier divergence,

Dvgc,, , (k) [81]:

rd _Tv

Dvgc,, (k) = Dvgc,, ,(k=1) + Ldzm’n (k) (2-8)
d Ty

where the time constant of averaging, t,, equals 200 seconds, the IMT GPS

measurement update rate 7, = 0.5 seconds as in Equation (1-4), and z is defined as the

raw code-minus-carrier measurement. From Equations (1-1) and (1-2) on Channel (m,n),

2y (k) =p,,, (k) =9, (k)

(2-9)
=2I,,(k)+M,  (k)-N, , (k)\
and
dzm,n (k) = Zm,n (k) - Zm,n (k - 1)
=21, -1,k =-1)+(M,, &) -M,,(k-1)
’ ’ ’ ’ (2-10)
- (N, (k) =N, (k=D
= b, +(M,,()-M,,(k-D)
The estimated ionospheric gradient is equal to:
. I, (k)y-1, (k-1
1,,k) = ) ~ L (£ -1 2-11)

T

N

The integer ambiguity, N is cancelled in Equation (2-10) since no cycle slip is

m,n °

assumed. If a cycle slip is detected by another monitor, the GMA filter needs to be reset.

One slight improvement in convergence speed of the GMA method is to use a variable
time constant, T (k), instead of a fixed value when a new satellite rises into view or filter
reset occurs after a satellite is temporarily excluded [53], i.e.,

MDvgcmn(k -1+ Ldzmn(k) (2-12)
T (k) ’ T ’

Dvgc,, , (k) = o

with
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kT,
k)= [ R <TalT, (2-13)
T, else
With varying time constant, T(k), used in the first T, seconds, divergence should

converge faster. However, in practice, the calculated noisy divergence results in the first

T, seconds are ignored, regardless of whether Equation (2-8) or (2-12) is implemented.

The standard deviation inflation factor is equal to 1.5156, as already shown in Figure 2-2-
E on page 29. All nominal divergence test results shown in Figure 2-2-A are well

bounded by the thresholds, as expected. Figure 2-5 illustrates nominal divergence test

results from one channel.
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Threshold : 3 s
004+ RN : ST R S R ............. ...........
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Figure 2-5 Nominal Code-Carrier Divergence Test Results from

Channel (0, 7)

2.5 Data Quality Monitoring (DQM)

The purpose of DQM is to verify that satellite navigation data is of sufficient fidelity.
DQM continually checks the validity of the GPS ephemeris and clock parameters for
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each satellite that rises into view of the LGF [36,65]. DQM works in tandem with the

MEFRT function, as will be explained in Section 2.10.

For a newly risen satellite, DQM compares the satellite orbit locations over the next 6
hours at 5-minute intervals based on the received new ephemeris message to those
generated from the most recent almanac message. Ephemeris data describe the orbit of a
satellite, while the almanac is a subset of the clock and ephemeris data that covers all
satellites in the GPS constellation but with reduced precision. DQM then insures that the
ephemeris-based satellite positions agree with the almanac-based positions to within 7000
meters (this is limited by the accuracy of the almanac). Figure 2-6-A shows that it takes
DQM about 18 seconds to finish validating a new ephemeris by examining two points
every epoch (except for the first epoch). There are 71 points total that span 70x5 =350
minutes or about 6 hours. All points are below the threshold of 7000 meters. Status Value
4 in Figure 2-6-C represents the ephemeris validation process for newly risen satellites

using this ephemeris-almanac test.

When navigation messages are updated (typically every two hours), DQM compares
satellite position based on old and new ephemeris to insure that the new ephemeris is
consistent with the old, validated over the past 2 hours and the upcoming 2 hours. Figure
2-6-B again shows that it takes about 18 seconds to finish validating a new ephemeris by
examining two points every epoch (except for the first epoch). A total of 71 samples of
the satellite position difference are calculated with a 206-second interval between any
two neighboring samples. They span 70x206 =14420 seconds, or nearly 4 hours. All
results are below the threshold of 250 meters, as expected. Status Value 3 in Figure 2-6-C
represents the ephemeris re-validation process using this ephemeris-ephemeris test. In
fact, DQM also compares the satellite positions based on the received new ephemeris
message and the most recent almanac message for updated navigation messages, as it

does for a newly risen satellite.
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Figure 2-6 DQM Ephemeris Status of a Typical Satellite

and the Validation of a New Ephemeris

Figure 2-6-C shows how the health status of a satellite’s ephemeris evolves. When a
satellite rises and becomes visible to the IMT, there is no old ephemeris but only an
almanac. DQM begins its validation process (with Status Value 4) when at least two
reference receivers have separately obtained identical new navigation data. After the
initial ephemeris is validated (Status Value 0), the navigation data is updated once every
two hours (and the Status Value jumps to 3 for three times in six hours). If the Status is 4
or 5, it means that the IMT has no validated ephemeris for a satellite. Status 1 implies a
bad ephemeris, and the corresponding satellite should be excluded. In all other cases (0,
2, and 3), there is always a validated ephemeris, and the messages from this satellite are

safe to use.

The Yesterday-minus-Today Ephemeris (YE-TE) test is a more precise validation of
ephemerides for newly risen satellites than the ephemeris-almanac test. The concept of
the YE-TE test is to confirm that today’s broadcast ephemeris data for each GPS satellite
is correct by comparison with the most recently validated ephemeris data. The

comparison can be based on satellite positions computed from the old and new ephemeris
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or the individual orbit parameters of the old and new messages. The YE-TE test has

become a part of DQM, and the details of this test can be found in [65].

2.6 Measurement Quality Monitoring (MQM)

MQM confirms the consistency of the pseudorange and carrier-phase measurements over
the last few epochs to detect sudden step and any other impulsive errors due to GPS SIS
clock anomalies or LGF receiver failures. It consists of three monitors: the receiver lock
time check, the carrier acceleration-ramp-step test, and the carrier-smoothed code
innovation test. MQM generates a flag for the appropriate channel if it detects a failure in

the measurements from the channel.

2.6.1 Receiver Lock Time Check

This check ensures continuous receiver phase lock on each channel by computing the
numerical difference of the lock times reported by each reference receiver. The top plot
in Figure 2-7 shows typical nominal lock time results reported from one GPS receiver
channel. A long straight line in the top plot indicates that the receiver keeps track of the
satellite for about six hours. The bottom plot is the zoomed-in version of the final period
(about half an hour) when the satellite sets. It shows that the receiver frequently loses

track of satellites at low elevation angles.

This type of failure is most likely not hazardous, and it frequently occurs when the
receiver tends to track satellites at low elevation angles, as observed in Figure 2-7. On the
other hand, cycle slips that are not reported by the receiver can be hazardous. One cycle
is only 19 cm long, so single-cycle slips do not result in 7.7-meter vertical positioning
errors or HMI. Hazardous multiple-cycle slips would be detected quickly by the

acceleration-ramp-step test.

The IMT implements this check in such a way that EXM will not reject measurements
from a channel as hazardous even if this check fails. Instead, the IMT initializes and

resets several memory buffers properly before using it, including re-initializing its carrier
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smoothing filter discussed in Section 2.3. Not generating flags from this monitor protects

continuity.
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Figure 2-7 Nominal Lock Time Test Results from Channel (0, 7)

2.6.2 Carrier Acceleration-Ramp-Step Test

The carrier acceleration-ramp-step test is designed to detect impulses, steps, ramps,

excessive accelerations, or other rapid changes in carrier phase measurements.

On channel (RR m, PRN n) at each epoch &, the last 10 continuous epochs (i.e., from

epoch k-9 to epoch k) of ¢, written as ¢, are calculated first by the following

m,n

formula:
* 1
q)m,n (k) = q)c,m,n (k) - Eq)c,m,j (k) (2_14)
N, el
where ¢, , is calculated from Equation (2-6). The subtraction in Equation (2-14) cancels

any possible receiver clock drifts. §,, is the set of N, satellites tracked on receiver m

and should be exactly the same in calculating all these ten fitting points of q):;m (k);
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otherwise, it will be meaningless to fit a curve based on these ten points and it will be

difficult to determine whether a rapid change in ¢

m,n

is caused by a measurement failure

or due to a changein §,,.

These ten fitting points, ¢ :M (k) , are used to fit the following quadratic model with the

least-squares method [81]:

d*o (k,t) 2 do. (k,t .
¢Zl’;’f )-%+ q)’”’;f SING, (2-15)

¢:1,n (k’t) =

In the current IMT implementation, # =0 is set at epoch k-9, =T, is set at epoch

k -8, and so on. The acceleration and ramp are defined as the coefficients in the curve:

d*¢" (k,t
Accm’n (k)= —q)m’"Z( )
dt (2-16)
do’ (k,t
Ramp,, , (k) = —q)m’"( )
di (2-17)

Besides the acceleration and ramp, a third test statistic expresses the apparent change (or

“step”) in the latest measurement and is defined as:

Step,, (k) =9, (k) =0, ,(k-1,10-T,) (2-18)
where q);,n (k) is the actual value at the current epoch k from Equation (2-16), and

¢, ,(k=1,10-T,) is the predicted value at 10-7, from the fitting curve (2-15) modeled at

epoch k-1.

The solid line in Figure 2-8-A is the Gaussian distribution with an inflated 0 used to
determine the threshold for acceleration. Its standard deviation inflation factor equals
1.6514. Figure 2-8-B illustrates that all nominal acceleration test results from three
receivers are well bounded by these thresholds, as expected. Typical nominal results from
one channel are showed in Figure 2-8-C. Thresholds and nominal test results of ramp and

step are shown in Figures 2-9 and 2-10, respectively.
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Figure 2-8 MQM Acceleration Threshold and Nominal
Test Results
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Figure 2-10 MQM Step Threshold and Nominal Test
Results

If at least one of the acceleration, ramp, and step test statistics on a channel exceeds the
corresponding threshold, the channel fails and is flagged for later exclusion by EXM-I. If

*

a channel contains a huge measurement failure, the calculated ¢, = for other non-failed

channels will be polluted by the failure through the averaging function in Equation (2-
14). The failure may then possibly cause multiple flags even on non-failed channels. In
order to avoid these false alarms and to protect continuity, determination logic needs to

be implemented within the acceleration-ramp-step calculation.

Figure 2-11 is the diagram of the determination logic in the acceleration-ramp-step
calculation. After calculating acceleration, ramp and step test statistics for all channels on
a given reference receiver, flags can be generated simply by comparing their magnitudes
to their corresponding thresholds. If there is no flag, then all channels pass the test;
otherwise, potential false alarm needs to be differentiated from real flags. The logic does
this by finding the maximum flagged acceleration, ramp, and step test statistics among all

channels first. In other words, it finds the maximum acceleration value if there are one or
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more acceleration flags. Similarly, it finds at most two maximums from the ramp and step
test statistics. If there is only one maximum or if two or three maximums occur on the
same channel, that channel is believed to contain failed measurements and is excluded.
The acceleration-ramp-step calculation is then repeated right after the exclusion. If these
maximums occur on different channels, MQM simply retains the calculated results and
exits its logic, instead of excluding multiple channels that could damage the system’s
availability. This does not mean that these channels will be approved. Instead, EXM-I
will more accurately continue with these flags based on information from other integrity
monitors. It is quite rare to have failures happening on multiple channels at the same

time, so the number of iterations in this logic usually is not more than two.
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Figure 2-11 Acceleration-Ramp-Step Determination Logic

2.6.3 Carrier-Smoothed Code (CSC) Innovation Test

The CSC innovation test is used to detect impulse and step errors on raw pseudorange

measurements. The innovation test statistic is defined as [81]

Inno,, (k)= p,,, (&)= (p,,..(k=D+9,,0) -9, (k-1) (2-19)
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where p, . 1s the carrier-smoothed code filter output from Equation (2-3). Chapter 4

shows that the innovation and divergence tests are mathematically equivalent except for
different smoothing time constants and scaling factors. This is one of the findings in this

thesis, and will be further discussed in Section 4.1.

Plot (A) in Figure 2-12 is a Gaussian distribution used to determine the threshold of this
test. The standard deviation inflation factor equals 1.7686. Plot (B) shows that all
nominal innovation results from three receivers are well bounded by the threshold, as

expected. Typical nominal results from one channel are shown in Plot (C).

If two or all of the innovations in three successive epochs are over thresholds, a real flag
will be generated from this CSC innovation test, and the channel will be excluded by
EXM-I. Otherwise, if only the current epoch’s innovation is over the threshold, the
measurement can still be used, but the smoothing-filter update for this epoch does not use

its raw pseudorange. Instead of using Equation (2-3) on page 31, the code is smoothed by

Pymn k) =0, nlk=D+0, k)=, , (k-1 (2-20)
Since the possible carrier phase measurement error is believed to be much smaller than
the code error at the current epoch, Equation (2-20) updates the carrier-smoothed code
based only on the carrier phase measurement. Thus, the erroneous code measurement is

rejected, but the smoothing filter does not need to be reset.
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Figure 2-12 MQM CSC Innovation Threshold and

Nominal Test Results

2.7 Phase One of Executive Monitoring (EXM-I)

In the previous sections, the SQM, DQM, and MQM integrity monitor algorithms were
discussed. Each monitor algorithm is targeted at detecting certain failures and may
generate one flag per receiver-satellite pair. This section will explain how the first phase
of EXM (EXM-I) acts on any quality monitor (QM) flag and excludes measurements
with at least one flag from any of SQM, DQM, and MQM. The measurements that
survive EXM-I can then enter the second phase (the functions below the EXM block in
Figure 2-1 on page 23).

In the current IMT implementation, two matrices, called tracking (T) and decision (D)
matrices, are created to support EXM. Each entry in the matrices is for a single channel (a
satellite tracked on one reference receiver). The T-matrix records which satellites are
physically tracked on each receiver. The D-matrix is constructed by combing the three

QM flags in a logical-OR operation (i.e., a flag in any QM algorithm leads to a flag in D).
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The details of EXM-I fault handling logic and its 11 isolation action cases are given in
[26]. All but two of these cases can be regarded as combinations of three fundamental
situations:

1. Flag on a single satellite on a single reference receiver;

2. Flags on a single satellite and multiple reference receivers;

3. Flags on multiple satellites on a single reference receiver.

Resolution is straightforward in Case 1: the single flagged measurement is excluded.
Cases 2 and 3, where multiple flags exist on a single satellite or reference receiver, lead
to the exclusion of that satellite or receiver entirely. When combinations of Cases 2 and 3
occur, all suspect satellites and receivers are excluded — no attempt is made to guess
whether a satellite or receiver is the cause. These rules are conservative but make sense
when not enough redundancy is present to clearly determine which elements have failed.

The LGF continuity risk probabilities allocated to satellite or LGF hardware failures are

on the order of 107 per 15 seconds, and the EXM exclusion logic is based on the
assumption that failures and fault-free alarm are truly rare. Therefore, any cases with

multiple flags should be treated very cautiously.
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A common set of visible satellites that survive EXM-I is selected so that the receiver
clock adjustment calculations (as will be discussed in Section 2.8) use the same set of
satellites. The common set consists of at least four satellites that are all tracked on at least
two common receivers. A common set that consists of all three receivers has higher
priority than one consisting of two receivers. For example, Figure 2-13 shows a table
similar to the form of the D and T-matrices. The common set that the IMT will select is
the one circled by the solid line instead of the dashed line. If fewer than four satellites are
tracked by all three receivers, the largest common set that can be formed from any two
receivers is chosen. If a common set of at least four satellites cannot be approved, and
this event was not predicted by the LGF “constellation alert” algorithm (which considers
known satellite outages), all measurements are excluded, and the IMT is reset. Figure 2-
14 shows an example of the number of satellites in the common set over time. These

satellites are tracked on all three receivers.

2.8 Multiple Reference Consistency Check (MRCC)

After EXM-I, the remaining measurements are used to compute candidate corrections.
Next, B-values are computed to express the consistency of these corrections for each
satellite across all reference receivers. MRCC is a process of computing and checking
these B-values to be able to broadcast them to users and to isolate any receivers or

receiver channels that create anomalously large errors in the corrections.

After computing the individual corrections for pseudorange and carrier phase for each
channel using Equations (2-5) and (2-6), a receiver clock adjusted correction is computed

as follows to allow measurements to be compared across receivers [81]:

1
k) = k)y— —— (k 221
P seamn (K) = 0o (K) N 25’( ) (2-21)
1
. k) = k) ——— (k 2-22
Do n k) =0, (K) N jegkqic,m,,( ) (2-22)

The receiver clock adjustment also makes the broadcast corrections as close as possible

to zero in order to minimize the number of bits required to send. S, denotes a set of N,
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ranging sources in the maximum common set (as explained in Section 2.7). The same set

of satellites should be used in Equations (2-21) and (2-22).

B-values are generated by the following formulas [81]:

1 1

B m,n (k) = pSL'll in (k) YR pxca in (k) (2_23)
P Mn(k)ie ~(k) - Mn(k)—lgen(k) -
B(I),Wl,ll (k) = 1 E (q)ca,i,n (k) - q)ca,i,n (0))
M” (k) €S (k)
1 ( ) (2-24)
- q)cain(k)_q)cain(o)
Mn<k>—1,;e;k> - -
where ¢, ,(0) is evaluated at the first measurement epoch for channel (m,n). The B-

values need to be reset every time the common set, S_, changes or when Receiver m

loses tracking on Satellite n. Note that the sum of all B-values from a satellite is exactly

equal to zero.

B-values are best thought of as estimates of pseudorange error under the hypothesis that a
given reference receiver has failed. The first term in the right side of Equation (2-23) is

the averaged satellite pseudorange correction, p_,,.,(k), as will be discussed in Section

2.10. In the case that a given reference receiver has failed, the best estimate of the “true”
pseudorange correction is the correction generated by taking the average of all receivers
except the one hypothesized to have failed. This is the second term in the right side of

Equation (2-23). Note that the calculation of the first term, p,,,.,(k), includes the

supposedly failed receiver. The difference between these two terms is the B-value that is
broadcast to users so that they can compute the position error bound that applies to this

hypothesis [33,56].

Not every channel can have a B-value. The following rules can be used to determine
whether a channel has a B-value:

1. If S, consists of three receivers, all channels in S. will have B-values. Satellites

tracked on two receivers can have B-values as well.
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If S, consists of two receivers, only channels in S, will have B-values.

If S, does not exist, then no B-values (or pseudorange corrections as discussed in

Section 2.10) can be generated and no LAAS service can be provided at this

moment.
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The nominal test results and thresholds of B, are illustrated in Figure 2-15. Plot (A)

shows B, from those satellites tracked by three receivers. We use a three-step function

to model its thresholds, and the magnitude of each step is obtained by the Gaussian

overbounding method described in Section 2.2. Plot (B) shows Bp from satellites that

have only two B, and the threshold is about V3 times larger than in Plot (A) at the

same elevation. Plot (C) shows an example of Bp from Channel (0, 7). The threshold

frequently jumps up and down during the last 30 minutes, since PRN 7 sets during this
period of time causing the receivers to frequently lose tracking on this satellite at low
elevations.

B, is another type of B-value based on carrier-phase measurements. Calculating B, is

0
not required in CAT I LAAS, since CAT I LAAS does not broadcast carrier phase

corrections. The current IMT also calculates B, for research purposes. It assumes that all
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calculated B, can never exceed the threshold for B, and that there is no flag generated

from the B, test.
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Figure 2-16 MRCC Fault Detection Flowchart

After B-values for both pseudorange and carrier-phase measurements are computed, the

next step of MRCC is to compare each B-value with its threshold. If any B-values exceed
their thresholds, the IMT finds the largest Bp and Bq, that are over the thresholds
(currently there is no B, flag; therefore, no maximum B, needs to be found). Figure 2-

16 is the diagram of the MRCC fault detection process, which has some similarities with
the MQM determination logic in Figure 2-11. This process basically determines whether

there are any B-values over threshold, whether they are large B-values of different types

(B, and B, ), and whether the different types of the largest B-values are on the same

channel.
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Figure 2-17 EXM-II Pre-Screen Flowchart

The MRCC isolation procedure, which is also called the EXM-II “pre-screen,” picks up
the detection status returned from Figure 2-16 and continues to isolate errors. Figure 2-17
illustrates this procedure. If MRCC fault detection returns a status of 0, i.e., no B-values

are over threshold, then the MRCC isolation procedure does nothing. If the status is 2,

i.e., the largest Bp and Bq, are not on the same channel, the pre-screen is not able to

handle this complex situation. MRCC then passes the task to the similar, but more
comprehensive, logic of EXM-II, as will be discussed in Section 2.11. In all other cases,
it removes the channel with the largest B-value and then re-computes B-values with a
reduced common set. If no MRCC flags remain, the pre-screen was successful. The
reason for the pre-screen is that a single measurement fault will affect multiple B-values
due to clock adjustment and correction averaging. If MRCC flags still exist, it means that
the pre-screen may have mishandled the failure, so the original B-values are retrieved and

MRCC also passes the task to EXM-II.
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2.9 ou-Monitor

The B-values resulting from MRCC are used as inputs to the ou-monitor. This monitor is
designed to guarantee that the pseudorange correction error distribution is bounded by a

zero-mean Gaussian distribution with a broadcast o, ,,, value. Two different monitors,

the estimation and Cumulative Sum (CUSUM) algorithms, have been implemented for
both mean and sigma violations. The details of these monitors are covered in [28], and

the CUSUM algorithm will be explained in Chapter 4.

2.10 Message Field Range Test (MFRT)

The MFRT is executed as the last step in EXM-II before measurements are approved for

broadcast. It confirms that the computed averaged pseudorange corrections, p_, , are
within a bound of =125 meters, and that the correction rates, R o, , are also within a

threshold of +0.8 m/s [64]. These thresholds are determined based on nominal data from
low-elevation satellites using the method discussed in Section 2.2, and then the same
thresholds are applied at other elevations to protect continuity.

The term p,_ . is actually the first term in the right side of Equation (2-23), i.e.,

corr

P searin (K) (2-25)

pcorr,n (k) =
Mn(k) i€, (k)

R, is the change rate of p_,, and is computed by

corr

1
Ry ) = 2Py (K = Py (k=) (2-26)

Recall from Chapter 1 that CAT I LAAS has a Vertical Alert Limit (VAL) of 10 meters.
Consequently, carrier phase corrections are not required. However, they may be needed
for CAT II and III because of their more demanding VAL of 5.3 meters. In this case,

carrier-phase corrections, ¢ can be similarly calculated by

corr ?

1
] )= 0esa O 2-27
M, (k) M()"’M() Dain(0) -

Peorr.n (K
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Nominal p_,. test results are shows in Figure 2-18. Plot (A) in Figure 2-18 indicates that

corr

P..,, appears elevation dependent, though currently a constant threshold is applied. Plot

(B) shows gradual changes in the actual satellite clock, ionosphere, troposphere (no
ionosphere or troposphere corrections are applied), and IMT multipath punctuated by
occasional jumps. Small jumps (typically under one meter) occur when the satellite
navigation data changes and is revalidated by DQM. These jumps occur on the aircraft as
well (it switches ephemeris on the same epoch) and are thus not a concern. However,
several back-and-forth jumps appear to be caused by changes in the common set used to
perform clock corrections. When a low-elevation satellite is tracked on two of three IMT
receivers but loses and regains lock on the third receiver, it comes in and out of the
common set as currently constructed, which means that the ionosphere and troposphere
errors on the low-elevation satellite (which could be tens of meters near solar maximum)

come in and out of the satellite clock correction, causing p_ . jumps of as high as several

meters.

Common-set-driven jumps in p_ do not threaten users because the corrections for all

approved satellites jump by the same amount; thus, the common change in user
pseudoranges after applying LGF corrections goes entirely into the user clock bias
solution and does not affect user position solutions. However, frequent common-set-
changes stress EXM processing and should be reduced to the extent possible. The current
IMT limits the common set to satellites above 10 degrees elevation in order to minimize

the in-and-out common set issue.
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All these jumps in p,, canresultinlarge R, —amplitudes which we are trying to avoid

with some patches in the algorithm and software. Figure 2-19 shows a segment of

nominal R, testresults that are well bounded by the threshold +0.8 m/s.

2.11 Phase Two of Executive Monitoring (EXM-II)

Once corrections, B-values, ou, and MRCC flags have been generated, the second phase
of executive monitoring (EXM-II) is performed. This section will explain how EXM-II
coordinates these flags and prevents faulty measurements from being sent to approaching

aircraft by the LAAS VHF data broadcast.

The logic used to handle MRCC flags is complicated because each measurement

exclusion attempt usually requires the IMT to reduce the common set, S,. When this
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happens, corrections and B-values must be recomputed for all remaining measurements,
and then EXM-II must confirm that this new, reduced set of measurements passes

MRCC.
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Figure 2-20 EXM-II Flowchart

Figure 2-20 shows a diagram of the EXM-II flowchart. In this diagram, the block named
“EXM-II Pre-Screen” was explained in Figure 2-17 on page 61. When the EXM-II pre-
screen fails to isolate failures, it then passes the task to the block named “EXM-II
Isolation.” The block named “EXM-II Isolation” operates using logic similar to EXM-I.
In other words, single B-value flags on individual channels are removed, but if more than
one B-value is flagged on a given satellite or receiver, the entire satellite or receiver is
excluded. In order to bound the processing time required by EXM-II, the IMT exercises a
limit of four attempts to exclude measurements and repeat the EXM-II isolation-MRCC

fault detection process before it “gives up” and excludes all measurements. It should be
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very rare for EXM-II to need to make more than one or two exclusions. Meanwhile, all
measurements must also pass the ou-monitor and MFRT tests — any flags from these

tests also necessitate EXM-II exclusions.

Finally, EXM-II is responsible for managing excluded ranging sources and/or receiver
channels. If measurements are excluded due to failures detected by the ou-monitor or
MEFRT, they will be excluded for the entire period in which the satellite in question
passes over the LGF because, for the faults targeted by these monitors, it is difficult to
verify during the current pass that a detected failure is no longer present. In most other
cases, excluded measurements enter “self-recovery” mode, in which the carrier
smoothing filters are re-initialized. During self-recovery, if the re-smoothed measurement
passes all tests with thresholds tightened to 3-sigma levels, the measurement is declared
safe for use again and is reintegrated into the set of usable measurements [26,33].
Tightened thresholds are also applied to those measurements that were excluded because
of ou-monitor or MFRT flags in the previous pass. Tightened thresholds at 3-sigma

levels help insure that the probability of reintroducing a still failed measurement is below
1.94x10~ [81], assuming the corresponding missed-detection probability, P,,,, is equal
to 0.001. P,,, will be explained in Section 3.9.2 in detail. If a failed channel does not

pass the tightened thresholds, it enters self-recovery mode again and repeats the recovery
process. If self-recovery is failed a second time, the affected channel enters “external
maintenance” mode and cannot be used again until the affected equipment is certified to

be healthy by an external agency, such as FAA maintenance personnel [26].
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Chapter 3 Monitor Step Responses

3.1 Objective

Integrity monitors are designed to detect certain hazardous failures. If they fail to detect a
hazardous failure, erroneous measurements due to the failure can result in hazardously
misleading information (HMI) in LAAS differential corrections and then lead to a large

aircraft positioning error.

SN\ Clock Errors

Ephemers Data Errors
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!!"I“‘ l'h:!h Delays

Figure 3-1 IMT Monitors in the Entire Set of Threats

In order to check whether the IMT can detect the entire set of possible threats, it is
important to first identify which IMT integrity monitors can detect which failures. Figure
3-1 categorizes the integrity monitors into groups so that all integrity monitors in each
group target the same failure source. For example, the acceleration-ramp-step, GMA
divergence, innovation, and the CUSUM (developed in Chapter 4) monitors can all detect

ionospheric gradients but with a different detection performance. Therefore, it is also
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important to examine the degree to which each monitor can reliably respond to various
failure modes. Given the knowledge of each monitor’s behavior under different failure
conditions, the overall IMT system integrity and performance can be evaluated.
Highlighted monitors in Figure 3-1 are analyzed in detail, while those in gray are not
examined in this thesis due to the complexity of their algorithms or even lack of
analytical solutions. The work here is the first comprehensive analysis of an integrity

monitor suite.
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Figure 3-2 The Objective of Failure Effects Analysis

The IMT and its integrity monitors were discussed in Chapter 2. When code and carrier
phase measurements are delivered into the IMT, a set of test statistics is calculated, as
illustrated in Figure 3-2. However, it is often difficult to identify which monitors can
detect what kinds of failures by just inspecting their algorithms and equations. A major

reason for this is that the connections between threat symptoms and monitor test statistics
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are complicated and indirect. For example, the divergence test statistic, Dvgc, is the

smoothed version of raw divergence, dz, where dz is the change rate of z, while z is
code-minus-carrier, as expressed in Equations (2-8)-(2-10). A second example is the
innovation test statistic from Equation (2-19). The innovation method depends on both
code and carrier phase measurements; however, it actually never detects satellite clock
failures that affect both code and carrier phase measurement errors. If the satellite clock
failures lead to the same size errors in both code and carrier phase measurements, then
the innovation test will not detect the fault, because it is based on carrier-smoothed code
measurements. This chapter analyzes the ability to detect several known hazards across

the set of IMT monitors.

Channel (r, p) Satellite p Receiver r

Failure Code Phase Satellite Ionospheric | Receiver

Modes Meas. | Meas. Clock Divergence Clock

Acc , Ramp
and Step

Inno

Dvgc

Peorr

Table 3-1 Effects of Known Failure Modes on IMT Monitors (Goal)

As illustrated in Figure 3-2, this chapter derives the mathematical relationship between

failure inputs (Vp and V¢ ) and failure effects, highlighted in red, on these test statistics.

By manipulating and simplifying these equations, the failure effects can be obtained
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directly in terms of Vp and V¢. It is then possible to determine which monitors detect

which failures. One goal of this chapter is to complete Table 3-1 analytically to present a
clear picture about the responses of each test statistic (row) under each failure mode
(column). More importantly, based on the analysis, the performance of integrity monitors
can also be evaluated quantitatively. As will be seen in Chapter 5, this analysis also

provides valuable information to construct effective failure-specific tests.

3.2  Channel Step Failures

Failures can occur in both the LAAS ground segment and the GPS space segment, and
they can be in the form of a step, ramp, or any other complicated function. Thus, not all
failures can be easily modeled analytically. In this chapter, our focus is to analyze failures

in the range domain, since most failures appear as disturbances in code, p, and/or

carrier, ¢ , measurements.

If a certain failure occurs at epoch k,, a test statistic s on a channel (r, p), denoted by
s, , (k) , can be written in the following general form:

5, (k) =5, (k) + Vs, , (k) (3-1)
i.e., the original nominal response, s, , (k) , becomes sf’p (k) under the failure condition.
Their difference, Vs, , (k) , is the failure effect and is of interest in this chapter. Since the
failure starts at k,, Vs, (k) can also be written as Vs,  (k)-u(k -k,), where u(k) is

the discrete-time unit step function, i.e.,

I, k=0

u(k) = (3-2)
{0, else

The Dirac delta function, & (k) , is also used in this chapter, and its definition is:

a@)=¥’k=0 (3-3)

0, else
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If Vs, (k) is zero, we can easily conclude that the monitor is not designed to detect the

corresponding failure. The monitor may, however, be capable of quickly detecting the

failure if Vs, (k) changes sufficiently and immediately.

Note that in the derivations that follow, characters m, r, and i are used to index

reference receivers, while n, p,and j index satellites.

3.2.1 General Failure Model

The analysis starts with a generic failure model in which a step failure is injected into

both the code and carrier measurements of channel (r, p) starting from k,, i.e.,
prx’p(k) = pr’p(k)+€-u(k—k0) (3-4)

o, (k) =0, , (k) +0 -u(k —k,) (3-5)
where the magnitudes ¢/ and 0 can be independent but do not need to be. This channel
step failure model is simple, but it is very important. First, step or step-like failures do
occur in practice (e.g., receiver carrier-phase cycle slips). Second, any arbitrary error can
be mathematically constructed as the sum of a sequence of delayed step functions. In
other words, after the step responses of all integrity monitors under this general failure
model are obtained, responses under any other complicated failure condition can be
calculated. Superposition can be used since linearity exists between failure inputs and
responses for most integrity monitors, as will be seen later. Third, satellite and receiver
failures can be decomposed to multiple channel failures as well. Therefore, the analysis

of a step failure occurring on a single channel is the foundation of this whole chapter.

In this failure model, measurements from an individual channel are assumed not to
interfere with those from other channels in the same GPS receiver. This assumption is
reasonable since the possible interference among different channels can be nearly

negligible compared to failures.
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As pointed to in Section 2.3, carrier smoothing and the generation of differential
corrections are the backbone of LGF processing under nominal conditions. Several
integrity monitors are even designed to detect failures in carrier-smoothed code

measurements, p, . Therefore, the analysis begins with the calculation of p , .

Starting from Equation (2-3), p, , under the failure becomes:

P, () =p,,,(K)+Vp,, (k) (3-6)
Atk =k,,

o7 (ko) = Ni 7, (k) + (o, Gy =) +07, () =07, Ky =)

s

Nis(p,,p(kow)

(3-7)
N -1

- (00, (kg =D+ V., (ky =D+, , (k) +6 =0, (ky =1)

s

= px,r,p (kO) + (ﬁ -

N, -1

N

« —e>)
At any epoch k >k,

X 1 X NS _1 X X X
2y (0) = 2P (k) + {2, (k=1 07, (6) =7, (k =1)

s

1
Vs(p,,p<k)+ 0)
N -1

- (0, (k=1)+Vp, (k=1)+¢, (kK)+6 =¢,_ (k=1)-6)

s

—p. )+ Ni(f +(N,~1)-Vp,, (k1) (3-8)

N

=P, )+ €+(NS _1)

s

N, -1
=p”,p(k)+ f—( N )

N

k=k,

(Vp,, (ko) - f)}

k—ky+1

(L-96 )]
Equations (3-7) and (3-8) together lead to:

ﬁ_(NS—l)
NS

k=ko+1

Vps,r,p(k) =

(f—ﬂ)]'u(k—ko) (3-9)
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Equations (2-5) and (2-6) then become:
Pierp ) =03, ,(K) =R, (k) =7, (k)
=p,,,(K)+Vp , (k)-R,  (k)-T, (k) (3-10)
= psc,r,p (k) + Vps,r,p (k)

and

0, () =07, (k) =R, (k) =, (k) =%, (k)
= Q)r,p (k) +0 ‘u(k —k,) - R, , (k) -T,, (k) —q)d?,?p (k) (3-11)
=¢C’r’p(k) +0 u(k-k,)

Several test statistics, such as the acceleration-ramp-step, B,, and ¢ rely only on

corr ?

carrier phase measurements. Equation (3-11) confirms that they will not respond to code

failures.

In the following sections, the failure effects on each integrity monitor will be analyzed

under this general failure model.

3.2.2 Innovation Failure Effects

Equation (2-19) implies that innovation test statistics are channel-based; i.e., one
channel’s innovation is independent of any other channel measurements. Therefore, the
most general failure has no impact on the innovation of other channels except the failed

channel (r, p).

From Equations (2-19), (3-4)-(3-6) and (3-9), the innovation at epoch k =k, is:

Inno’ (k) = pr, (ko) = (0%, , (ko =1+, (ky) =47, (ko =1)
—p, k) +0=(p,, (ko =1+, (k) +0 =, (ky - 1)) (3-12)
= Inno, ,(k,)+({-0)

At any epoch k >k,
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Inno’ (k) = p=, (k) ~ (p7, , (k =)+, (k) ~ 47, (k - 1))
—p,, 0+ 0=(p,,, (k=D+Vp,,  (k=D)+¢,,(k)+6 9, ,(k-1)-0)
— Inno, (k) +(¢-Vp,, (k-1) (3-13)

k—kg

N, -1 )
=1nno,,p(k)+( ~ ) (¢-0)

s

Equations (3-12) and (3-13) can be combined as:
Inno; (k) = Inno, ,(k)+Vinno, ,(k)

Tt (3-14)
=1nno,,p(k)+(Ngf 1) (6-0)-ulk—k,)

Equation (3-14) shows that the magnitude of Vinno, ,(k) has its maximum at k, and

then decreases exponentially over time. Thus, the innovation test most likely catches

channel step errors within the first several epochs after the error occurs.

3.2.3 Acceleration-Ramp-Step Failure Effects

Based on the assumptions made in Section 3.2.1, Equations (2-14)-(2-18) show that
acceleration, ramp and step on a receiver are independent of other receivers, and that they
do not depend on code measurements. Thus, only the channels on receiver r are of
concern. In order to simplify the analysis, it is assumed that the same set of satellites is
continuously tracked on receiver r during the period of time that is considered. In other

words, S, (k) is equal to S, (k, —1) for any k = k,. The magnitude of the failure effects

will be different only by a scaling factor if S, (k) changes.

For the failed channel (r, p),

0% () =07, () ——— o7, (k)

N, (k) &t
1
= K+0-ulk-k)—-—|0 -ulk-k (k 3-15
Berp ()46 ulk = ko) N,<k>( " °)+.,~e,<f>)°’””()] .
LNl
=0, (0 S S0 k= ky)
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For any other channel (r,n) with n = p,

o5, (k) =67, (k) -

1
_—
N ® ;(4;( )

1
=0, () - W(e k=K So (k)) (3-16)
. 1
= q)r,n (k) - W@ I/l(k - kO)

®

At epochs from k =k, to k, +8, the last ten points of ¢, ,(k), on which an interpolation

curve in Equation (2-15) is based, are partially polluted by the failure. Since the
interpolation curve is solved by the least-squares method, it is impossible to obtain the
failure effects in closed form. However, they can still be determined analytically at other

particular epochs. For a step statistic at k =k,

Step:,p (ko) = (I):Xp (ko) _q):,xp (ko - 1’tk0 )
N, (k)1
N, (k)
N, (k,) - 1e
N, (k)

= q)r*,p(ko)"‘ 0 _q):,p(ko_l’tko) (3-17)

= Stepr,p (kO) +

At k =k, +9, the failure has entered all ten points, so the interpolation curve has the

same shape as the one without the failure, except for a bias in the constant term, i.e.,

. . N (k)-1
* (k) = kK)+——6 3-18
b, , (k) =, , (k) + N ) (3-18)
T (k)y=d,.  (k)- 3-19
¢0,r,n:p( ) q)O,r,n( ) Nr (k) ( )
and, for example,
Step , (k) =¢,% (k) =9, (k = 1,1,
\ N (k)-1 . N, (k)-1
= -0 - - - 9| fork=k,+10 3-20
¢, , (k) + N (6 -0, ,(k-L,)+ N (6 0 | for ot ( )
= Step, , (k)
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More detailed derivations are not given here. The final failure effects for the acceleration-

ramp-step test are summarized as follows:
Ace?, (k) = Acc, , (k) u(ky, —1-k)
+ Acc, (k) - (u(k - ky) —u(k -k, —=9)) for any n
+ Acc, , (k) - u(k =k, = 9)

Ramp:,n (k) = Rampr,n (k) ’ u(ko -1- k)

+ Ramp’, (k) (u(k = k) —u(k -k, = 9)) for any n
+ Ramp (k) -u(k -k, -9)

Step; (k) = Step, (k) u(k, —1-k)

N, (k,) —16
N, (k)

+ Step? (k) - (u(k ko = 1) - u(k - k, —10))

+ Step, (k) u(k -k, —10)

+(Steprqp(ko)+ )-6(k—ko)

Step?,., (k) = Step, , (k) - u(k, ~1-k)

+(Step,’n(k0)— 6)~6(k—k0)

N, (ky)
+ Step”, (k) - (u(k —ky = 1) —u(k -k, —10))
+ Step, , (k) u(k -k, —10)

(3-21)

(3-22)

(3-23)

(3-24)

For example, Equation (3-21) states that the failure has an effect on acceleration at

epochs from k, to k, +8 but no effect at k <k, -1 or k =k, +9. The same notation is

used in Equations (3-22)-(3-24).

3.2.4 Code-Carrier Divergence Failure Effects

Equation (2-12) shows that divergence in one channel is also independent of other

channels. For simplicity, kT, =7, is assumed, which is valid most of the time in practice.

Thus, T (k) is equal to a fixed constant T, in this analysis.

Under the failure, code-minus-carrier becomes:
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z;, (k) =p;, (k)= , (k)
=p,,(k)+lulk-ky)-¢, (k)-8 ulk-ky) (3-25)
=z, (k) +(£-0) uk —k,)

and

dz (k) =2 (k) =27, (k=1)
(2, (k) +(1=0) uk—ky))-(z, , k=1)+ (£=0) -ulk-1-k,)) (3-26)
—dz, (k) +(0-0)-5 (k —k,)

Divergence can then be calculated with dz; , based on Equation (2-12). At k =k,

X rd _Tv X 1 X
Dvge; ,(ky) = Dvge; ,(ky - +—dz, (k)
Ty Ty
T, -1, 1
- Dge,, (ky =) +T—(dzr,p (k,)+(¢-0)) (3-27)
d d
(-6
= Dvgc, ,(ky)+
Ty
and at k >k,
X ‘cd _Tv 1
Dvge; (k) = (Dvgcr‘p (k=1)+VDvge, (k- 1))+ —dz, (k)
Ty Ty
‘cd _Tv
= Dvge, , (k) + VDvgc, ,(k-1) (3-28)
Ty
k—k,
Td _Tx
= Dvgc, , (k) + ( ) VDvgc, (k)
d

Equations (3-27) and (3-28) together lead to:
Dvgcrxqp (k) = Dvge, (k) +VDvge, (k)

k=ko /-9 (3-29)

T
T4 culk —ky)

S

Ty

= Dvgc, , (k) + (
, T,

Equation (3-29) is quite similar to (3-14), since the innovation and divergence methods

are mathematically equivalent, as will be discussed further in Chapter 4.
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3.2.5 MRCC B-Value Failure Effects
As explained in Chapter 2, not every channel can generate B-values. A necessary but

insufficient condition for channel (7, p) to have B-values is that M , = 2, i.e., satellite p

is tracked on at least two receivers. If the channel does not have B-values, its
measurements will not enter Equations (2-21)-(2-24). Moreover, satellites that have B-

values may or may not be in the common set, S.. If a satellite is not in S, its

measurements will not affect the B-values of other satellites.

Satellite p can be tracked on one, two, or three reference receivers. The common set
(discussed in Section 2.7), S., may or may not contain satellite p. Due to these
complicated relationships among the tracking status of channel (r, p), satellite p, and

the common set, there exist many possible scenarios. This section analyzes only the most

important case in detail, i.e., both satellite p and the failure channel (r,p) are in S_. In

this case, channel (r, p) has B-values.

All channels that have B-values in this most important case can be further divided into

the following four groups. For each group, p  is calculated using Equation (2-21).

1. The failed channel (r, p):

X X 1 X
psca,r,p (k) = pxc,r,p (k) TN E pff,”,j (k)

NC (k) JES. (k)
1
= pscr (k)+vpsr (k) BTN Vpxr (k)+ pscr (k) (3_30)
srsp SIsp NC (k) »Isp jezk) rsJ
N_.(k)-1
= k) +—=""""vp_ (k
psca,r,p( ) NC (k) px,r,p( )

2. Non-failed channels (r,n) with n = p:
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1
p ;ca,r,r# (k) = p ;(c,r,n (k) IR p :c,r, j (k)
! N, (k) je;m !

1
=pscrn(k)_— Vpsr (k)+ pscr (k) (3_31)
. N, (k) o jE;k) o

1
=P, k)-——Vp., (k
psca,r,n( ) NC (k) pA,r,p( )

3. Non-failed channels (m, p ) with m = r:

p:ca,m;er,p (k) = psca,m,p (k) (3_32)
4. Other non-failed channels (m,n ) with m=r and n = p:
p:ca,maer,n;ep (k) = psca,m,n (k) (3_33)

Having obtained p’ , pseudorange B-values can be calculated from Equation (2-23). For

the failed channel (r, p), for example,

1 1
B:, (k)= Preain K) = Y Py (O
pr.p M, (k) ety " M, (k) =1t ™
1 N_.(k)-1
= c( ) Vps,r,p(k)'l' Epscaivp(k)
M, (k)| N.(k) iS50 (3-34)
1
- psca,i, (k)
M, (k) -1 EU ’
N, (k)-1
= Bp,r,p (k) + Vps,r,p (k)

M, (k)N (k)

B; for the other three groups of channels can be derived in a similar way.

More detailed derivations are not given here. The results can be summarized as follows:

1. If channel (r,p)isin S, :

N (k)-1
. k)=p,, ky+———Vp_ . (k 3-35
psca,r,p( ) pAcu,r,p( ) Nc(k) pA,r,p( ) ( )
1
. k)=p,, ky-——Vp, . (k 3-36
psca,r,n:p( ) psca,r,n( ) Nc(k) ps,r,p( ) ( )
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p:ca,m:r,n (k) = psca,m,n (k) for any n (3_37)

Bl.,(k)=8B,, (k)+ M ,(k)-N, (k)

p.r.p

Vp $,r,p (k) (3_38)

N_(k)-1
B k)=B k) - - \% k 3-39
b 00 = By 00 = G ey VP ® (3-39)
1
B k)=B k) -———V k) with r€S, (k 3-40
p,r,n#p( ) p,r,n( ) Mn(k)NC(k) ps,r,p( ) Wi r n( ) ( )
1
B, (k)+ vo,,, k) if reS (k
B =) i oML - N § - S"Ek; (3-41)
Bp,m,n "
2. If channel (r,p)isnotin S :
sca,r (k)+V s, r (k) ] = =
O (0= | s 2T T = and = p (3-42)
O scamn (k) else
B;,r’p(k)=Bp,r’p(k)+M B Vp,,, k) (3-43)
p
B’ k)=B k)- Vp,, (k 3-44
omer.p (K) omp (K) Mp(k)'(Mp(k)—l) P, (k) ( )
B ,...,(k)=B,, (k) forany m (3-45)

The failure effects of B (k) for any m and n, whether channel (r, p)isin §, or not,

p,m,n
can be summarized as:

B* (k)=B

p.m,n p.m,n

(k)+VB, . (k,r,p) (3-46)

where VB, (k,r, p) is either zero or linearly proportional to Vp (k).

p,m,n

In the same way, ¢ (k) can be calculated from Equation (2-22) and then qu (k) from
Equation (2-24). The results are given in Equations (3-35)-(3-45) with ¢ replacing p
and O -u(k -k,) replacing Vp . (k) due to the difference between Equations (3-10)

and (3-11). The failure effects of B (k) can also be summarized as:

¢,m,n

B;,.(k)=B,, (k)+VB,, (kr,p) (3-47)

¢.m,n
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where VB, (k,r, p) is either zero or linearly proportional to 0 -u(k - k,) .

¢,m,n

3.2.6 MFRT Failure Effects
The term p_,, is calculated from Equation (2-25) — it is actually just the first term in the
right side of Equation (2-23). Therefore, a portion of the results in Section 3.2.5 can be

utilized directly in this section. R, is the change rate of p_,, ,, as shown in Equation

(2-26). For simplicity, S_(k) and M, (k) are assumed not to change during the period of

time that is considered.

The failure effects can be summarized as follows:

1. If channel (r,p)isin S, :

y N (k)-1
k)= k) + < k 3-48
pcorr,p( ) pcorr,p( ) Mp(k) . NC (k) ps,r,p( ) ( )
1
carrrz(k)_—V s,r (k) j es, (k
P corrmep (K) = o ML N, i reésnik; (3-49)
) r
pcorr,n "
x N .(k)-1
R k)=R k) + < Vp,. (k)-Vp, . (k-1 3-50
pcorrvP( ) Pcoan( ) 7’1A Mp(k)Nc(k)( pA,r,p( ) p_&,r,p( )) ( )
Vp,. (k)-Vp, (k-1

R, . (k)- Pery 8~ V0o, & 21 if r€S, k)
Ry L,k)=1 """ T,-M,(k)-N_(k) . (3-51)

e if ré&s, k)

R, (K) '
2. If channel (r,p)isnotin S :
p:()rr, (k) = pcorr, (k)+ Vps,r, (k) (3_52)
p p Mp (k) p

p:orr,n==p (k) = pcorr,n (k) (3_53)
R;L'mr’p (k) = RP(»m-v[’ (k) + TY . Mp(k) (Vps,r,p (k) - Vpx,r,p (k - 1)) (3_54)
R;W,”#p (k)=R, (k) (3-55)
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where

vp,,, (k)= Vp,,,(k=1)

k—ko

(3-56)

s N

=Ni (¢+(N, —1)6)-6(k—k0)+(N;v_1) (0=0)-ulk -k, -1)]

The results for ¢ = are nearly the same as Equations (3-48), (3-49), (3-52) and (3-53),

corr

except that p and Vp,, (k) need to be replaced with ¢ and 6 -u(k - k,) , respectively.

3.3 Channel Code Step Failures

In this section, a step failure is injected into the code measurements of channel (r, p).

This is just a special case of the general failure model with:
6 =0 (3-57)
in Equation (3-5). All of results in Section 3.2 are valid here, and some of them can be

further simplified.

The following is the summary of the channel code step failure effects:

Vp”,p (k) = [1—(]\];\,_1) ]ﬁ'u(k—ko) (3-58)
o,k =0, ,0(k) (3-59)
N -1\7"
Inno; (k) = Inno, , (k) + ( ;V ) Coulk —k,) (3-60)
‘cd _TV k—kg g
Dvgc; (k) = Dvge, , (k)+( > ] —u(k—k,) (3-61)
Ty Ty
1 (N, -1\
\Y% -V -)=—|- . - -
Py ) =Vp,, (k=1 = ( 0 ) £ uk - k,) (3-62)

The test statistics B, p;,,,and R} are certainly the same as those in Section 3.2 but

with simplified Vp , (k) and Vp (k)-Vp . (k-1) as expressed in Equations (3-
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58) and (3-62), respectively. The acceleration, ramp, step, B,, and ¢_ . test statistics are

corr

not affected by any possible code failure, as clarified in Section 3.2.

The analytical results obtained in this section can be used to fill the first column in Table
3-2, but due to limited space in each cell, the results are just qualitatively summarized.
The character ‘v’ indicates that a monitor responds to the fault, while ‘x’ shows that the
monitor does not directly respond to the fault. The cells corresponding to the

acceleration, ramp, step, B,

,» and ¢, test statistics are marked ‘x’ since these test

corr

statistics are not affected by any possible code failure.

Channel (r, p) Satellite p Receiver r
Failure Code | Phase Satellite Ionospheric | Receiver
Modes Meas. | Meas. Clock Divergence Clock
V¢, , =0
Acc, Ramp

and Step X
Inno v
Dvgc v
B, v
B, X
Peor v
Borr X
R, v

Table 3-2 Effects of Channel Code Step Failures on IMT Monitors
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3.4 Channel Phase Step Failures

In this section, a step failure is injected into the carrier phase measurements of channel
(r, p). This is also a special case of the general failure model with:

/=0 (3-63)
in Equation (3-4). All of the results in Section 3.2 are valid here, and some of them can

be further simplified.

The following is the summary of the channel phase step failure effects:

k=Ko +1

-1
Vp”’p (k) = (N;V ) 0 -u(k-ky) (3-64)
N o-1\7"

Inno; (k) = Inno, , (k) - ( ]YV ) 0 -uk -k,) (3-65)

< T k—kg 6
Dvgc; (k) = Dvge, (k) - ( dr : ) T—'u(k -k,) (3-66)

d d

Vpx,r,p (k) - Vp S,F\p (k - 1)
k—k
- 0 3-67

_ L (Nx—l)e@(k—ko)—(N;‘V 1) 6-u(k—k0—1)] G-67

X
corr

The acceleration, ramp, step, qu ,and ¢, test statistics are exactly the same as those in

Section 3.2. BJ, p,,,,and R are also the same as in Section 3.2 but with simplified

Vp,,,(k) and Vp,  (k)-Vp (k-1) asexpressed in Equations (3-64) and (3-67),

respectively. The results are summarized in Table 3-3.

87



Channel (r, p) Satellite p Receiver r
Failure Code | Phase Satellite Ionospheric | Receiver
Modes Meas. | Meas. Clock Divergence Clock
Vo, =0 | Vp,, =0
Acc, Ramp

and Step X v
Inno v v
Dvgc v Vv
B, v v
B, X v
P eor 4 v
Peorr X v
R, v v

Table 3-3 Effects of Channel Phase Step Failures on IMT Monitors

3.5 Satellite Clock Step Failures

If a satellite (PRN p ) has a clock error, the error will not only affect both code and
carrier phase measurement failures, but will also enter channels (m, p) on all reference
receivers that are tracking the satellite, i.e., all mE S I So a satellite clock step failure is

equivalent to multiple channel step failures happening at the same time. The results in

Section 3.2 can be heavily utilized here using the supposition method.

Consider the most general satellite failure that is modeled by:
P, (K)=p,, ,(k)+L-u(k-k,) forany m€S (k) (3-68)

¢, (k) =0, ,(k)+0 uk-k,) forany meS , (k) (3-69)

where / and 0 are independent. The failed satellite p is assumed to be in the maximum

common set, S.. The impact on other satellites (PRN n) that are in S, (.e.,
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M, (k) =M ,(k)) is also assessed here. Equations (3-9) and (3-56) are now valid for any

mes , (k),ie.,

N, -1
vp,,., (k) = (e—( N ]

VP K=V, (k=1)

1

k=K +1

(é—e)]-u(k—kn

k—kg

(¢+ (N, —1)6)-6(k—k0)+(N;V_1)

s s

From Equations (3-38)-(3-41) and with supposition,

B;YW (k) = B, .., (k) +
N, (k) -1 _(Mp(k)_l) N, (k)-1
M, (k)- N, (k) M, (k) (M, (k)-1)- N, (k)
=B, k)
B, (k) =B, (k) +
1 1
M (k)-1 -
(( e )Mn<k>~(M,,(k)—1)~Nc(k> M, (k)N (k)
= By (k)

From Equations (3-48)-(3-51) and with the supposition method,

N, (k)-1

x = M A (NN (DY
Pl ) = Paar, () + M, () e

VP, (K)

N, (k)-1

= P o, (k) +
pwrr,p( ) Nc(k)

VP (K)

p:orr,n:y (k) = pcorr,n (k) - MI’L (k) Vp s,m,p (k)

M, (k) N (k)

1
=0 corrn (k) = m Vo, ., k)

Nc(k)—l(

Ry s =Ry 0+ e (9, (00 =V K- )

Pe

R, .y =R, (k) (vp, ., k)= Vp,,, k-D)

TN, (k)
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(z—e)-u(k-ko-nj

JVps,m,p (k)

)Vps,m,p (k)

(3-70)

(3-71)

(3-72)

(3-73)

(3-74)

(3-75)

(3-76)

(3-77)



The failure effects on B, (k) and ¢,,,, are almost the same as in Equations (3-72)~(3-75),

corr

except that p and Vp , (k) need be replaced with ¢ and 6 -u(k -k, ), respectively.

The effects on innovation, divergence, and acceleration-ramp-step are exactly the same as

those in Section 3.2, since they are channel-independent.

Now turn to the satellite clock step failure that is modeled by:

B" (k) =B"(k)-VB” -u(k - k,) (3-78)
Note that B here is the satellite clock bias as in Equations (1-1) and (1-2), while B, and
B, represent B-values as in Equations (2-23) and (2-24). Measurement errors due to the

satellite clock failure can be described by Equations (3-68) and (3-69) with:
(=0 =VB’ (3-79)

since the failure has an equal impact on code and carrier measurements.

Equations (3-70)-(3-71) in the previously general case are then simplified to:
VP, (k) =VB” -u(k -k;) (3-80)
Vo, ., K)=Vp,, (k=1)=VB"-d(k-k,) (3-81)
Equations (3-72) and (3-73) show that both VB, (k) and VB, (k) are equal to zero. Both
Vinno(k) and VDvgd(k) are also equal to zero because of the equality in Equation (3-79).
This means that none of the innovation, divergence, B 0 and B, algorithms are able to

detect satellite clock step errors. In fact, they do not respond to any type of satellite clock

failures. The effects on test statistics p_,., R, ,and ¢, are summarized as follows:

Peor corr

VDo () = Voo, (k) = N;VLJ:-VB" ulk = ky) (3-82)

Vg () = Vo0 (k) = = N;(k)'VBP uk—k,) (3-83)
N (k)-1

VR k)y=———-VB”-8(k-k 3-84

s 0= OB bk k) 35)
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1
T -N_(k)

VR ‘VB” -3 (k -k,) (3-85)

P (6

The failure effects of the acceleration, ramp, and step test statistics are still given by

Equations (3-21)-(3-24) but with 6 = VB” .

All these results are summarized in Table 3-4.

Channel (7, p) Satellite p Receiver r
Failure Code Phase Satellite Ionospheric | Receiver
Modes Meas. | Meas. Clock Divergence Clock
V¢, ,=0 | Vp,, =0 | V¢, =Vp,
Acc, Ramp

and Step X v v
Inno v v X
Dvgc v vV x
B, ' ' X
B, X v X
0 corr v v v
Do x v v
R, v v v

Table 3-4 Effects of Satellite Clock Step Failures on IMT Monitors

3.6 Satellite Clock Ramp Failures

Satellite clock drifts have been observed in the form of ramp-like functions [68]. A

satellite (PRN p ) clock ramp failure is modeled by:
B (k)=B"(k)—(k—-ky) T, VB” -u(k -k,) (3-86)

where the clock ramp magnitude, VB”, is in m/s. Measurement errors due to this failure

can be described by Equations (3-68) and (3-69) with:
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(=0 =(k-k,) T, -VB” (3-87)
for allme S » (k). Although this model lets the clock drift run forever, the failure will

likely be detected by the GPS Operational Control Segment (OCS) before it becomes too

large.

The ramp function can be decomposed into a sequence of delayed step functions, i.e.,
(k—ky) T, -VB” -u(k —k,) (3-88)
=T -VB"(u(k -k, =)+ u(k =k, =2) +u(k —k, =3) +...)
where satellite clock step failures have been analyzed in Section 3.5. Using superposition,
Equation (3-70) becomes:
VO, (k) =(k=ky)Ts-VB" -u(k —k,) (3-89)

and then (3-71) is transformed to:

Vp, ., (k)=Vp . (k=1)=T,-VB" -ulk -k, -1) (3-90)

Finally, the clock ramp failure effects can be summarized as follows:
Acc,, (k) = Acc,, , (k) u(k, - k)
+ Acc, (k) - (u(k = ky =1) = u(k =k, —=9)) forany n (3-91)
+ Acc,, , (k) u(k =k, -9)

Rampfn,p (k)= Ramp,, , (k)-u(k, —k)

+ Ramp?, (k) (u(k —ky =1) ~u(k ~k, =9)) (3-92)
Nu =1 0o ok -

+(Rampm,p (k)+W VB ) I/t(k kO 9)

Ramp’,,, (k) = Ramp,,, (k) u(k, k)
+ Ramp, , (k) - (u(k =k, =1) —u(k —k, =9)) (3-93)
1
R - “VB” |-u(k -k, -
+( amp,, , (k) N ) ) u(k -k, -9)
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Stepfn,p (k) = Step,, , (k)-u(k, —k)

N, (k)-1
—_m> 7 T -VB? |- _ -1
+(Stepm,p(k)+ "o © \Y ) S (k -k, 1) 00
+Step;,, - (ulk —ky —2) —u(k -k, -10))
+Step,,, (k)-u(k -k, -10)
Stepfn,mép (k) = Step,, , (k) -u(k, - k)
1
- T -VB” |-8(k -k, -1
+(Step = ) €=k b (3-95)
+ Step?,, - (uk = ky —2) —u(k -k, —10))
+ Step,, , (k) -u(k -k, —10)
N, (k)-1
\% k)=V k)= ——""(k-ko)'T,-VB” -u(k -k 3-96
pcorr,p( ) q)corr,p( ) N((k) ( 0) s l/l( 0) ( )
1
\Y v = - —ky)T, VB -u(k - 3-97
pc'orr,naép (k) q)corr,ﬂ#p (k) ]\]C (k) (k kO) s u(k kO) ( )
N, (k)-1
VR =" _.VB" -u(k -k, -1 3-98
Peorr P (k) NC (k) V u(k ko ) ( )
1
VR k)=—-———"VB” -u(k -k, -1 3-99
pwrn”#ﬂ( ) NC (k) u( 0 ) ( )

As pointed out in Section 3.5, any satellite clock failures, including satellite clock step

and ramp failures, have no effect on the innovation, divergence, B o and B¢ . Note that

the satellite clock ramp component, VB’ linearly enters the MQM Ramp test statistic,

as shown in Equation (3-92).
The IMT qualitative responses under satellite clock ramp failures are summarized in the

same column of Table 3-4 as under satellite clock step failures. Note that their analytical

solutions are different.
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3.7 Receiver Clock Step Failures

If a reference receiver (with index r ) has a clock step failure, the error will appear not
only on all its channels, but also on both code and carrier phase measurements output by

receiver r . A receiver clock step failure is modeled by:
bX(k)y=b.(k)+Vb, -u(k -k,) (3-100)
Measurement errors can then be described by Equations (3-4) and (3-5) with:
(=0 =Vb, (3-101)
for all n€S,. The results in Section 3.2 can be used again with superposition since

linearity exists between failure inputs and responses for most integrity monitors.

From Equations (3-15) and (3-16) and using the superposition method,

N, (k) -1

(k) =0,k
¢, (k) =¢,,(k)+ N (&)

+(N, (k) _1)(_%(/<))]8 ‘uk —k,)

r

(3-102)
=9,, (k)
This shows that the failure has no effect on ¢, so the acceleration-ramp-step test that is

solely based on ¢~ does not respond to this failure.

From Equations (3-30) and (3-31) and using the supposition method,

N, (k)-1
N (k)

1

N, <k>—1)(——)]Vps,,,n (k)

x k) = k) +
O rearn () = 0 0 (K) N_(k)

(3-103)
= psca,r,n (k)
This means that the failure has no effect on p,; thus B, R, , and similarly B, do

not respond to the failure.

Though more detailed derivations are not given here, it is straightforward to show that
none of the monitors (including innovation, divergence, acceleration-ramp-step, B-
values, and MFRT) will detect receiver clock failures. In DGPS, any possible receiver

clock drifts are canceled in the corrections; therefore, they actually should not lead to any
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flags. In other words, receiver clock steps are not hazardous to users and should not be

detected nor excluded. The results are summarized in the last column of Table 3-5.

Channel (7, p) Satellite p Receiver r
Failure Code Phase Satellite Ionospheric Receiver
Modes Meas. | Meas. Clock Divergence Clock
v¢,,=0 | Vp,,=0 | Vo,,=Vp,, Vo, =Vp,,
Acc, Ramp

and Step X v v X
Inno v 4 X X
Dvgc v v X x
B, v 4 X X
B, X v X X
[ v v v x
Do x v v x
R, v v v x

Table 3-5 Effects of Receiver Clock Step Failures on IMT Monitors

3.8 Ionospheric Gradients

3.8.1 Failure Model

The ionosphere, a layer of ionized gases, lies approximately 50 km to 1000 km above the
Earth. The ionosphere has a property of code-carrier divergence, i.e., it affects GPS signal

propagation by delaying code-phase measurements, p , while advancing carrier-phase
measurements, ¢ [42]. Thus, opposite signs appear in front of the ionosphere error

component, I , in the GPS measurement Equations (1-1) and (1-2).
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The physical characteristics of the ionosphere can vary widely. A handful of very large
spatial ionospheric gradients have recently been discovered during ionosphere storms.
Ionospheric gradients are potentially major threats to the LAAS. Chapter 4 will discuss

the potential impact of large spatial ionospheric gradients on the DGPS in detail.

[ [m]

-

Time [sec]|

Figure 3-3 Ionospheric Gradient Failure Model

Figure 3-3 is the diagram of the ionospheric gradient failure model based on the Wide
Area Augmentation System (WAAS) supertruth data that is used in this analysis and in
later chapters [12,31]. In Figure 3-3, an ionospheric gradient with a magnitude of I
passes over the LGF with a duration of 173 seconds. Our analysis assumes that, at any
given time, all reference receivers are impacted with the same ionospheric delays in the

measurements from only one satellite (PRN p ) [31].

3.8.2 Failure Analyses

Based on the ionospheric gradient failure model in Figure 3-3, measurement errors due to

the gradient can be described by Equations (3-68) and (3-69) with:
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(=-0=(k-ky)T, 1" (3-104)

where the ionospheric gradient, 17, is in meters per second. Note that Equation (3-104)
models the ionospheric gradient with an infinite duration for simplicity in this failure
analysis. In practice, some integrity monitors will eventually detect this gradient before
the ionospheric delay becomes very large. This failure model is quite similar to that of the
satellite clock ramp failures in Section 3.6, except that the errors in code and carrier
measurements have opposite signs under ionospheric gradients due to the ionosphere

divergence property discussed in Section 1.1.4.

The gradient failure can be a sum of step functions as well, i.e.,

(k=ky)-T, 1" -u(k —k,)

. (3-105)
=T 1" (u(k —ky =) +u(k =k, —2) +u(k =k, —3) +...)
Using superposition, Equations (3-70) and (3-71) become:
k—ky+1
. N, -1
Vo, (k) =(k=ky) Ts- 17" 1—2( ]bV ) ]-u(k—ko) (3-106)

and

k=k,

N -1 k-k .
1-2| — 1- O NWT - I7  u(k-k,-1) (3-107
) s

s

Vps,m,p (k) _Vps,m,p (k —1) =

s

Tonospheric gradient failure effects are summarized here for any m&€S , (k),

k—k,
- N, -1
Inno,, (k) = Inno,, (k)+2-N T 1" 1—( Ib\f ) ]-u(k—ko) (3-108)
k—k,
x . T, -1,
Dvgc, (k)= Dvge,, ,(k)+2-17-|1- ‘u(k —ky) (3-109)
Ty

The acceleration, ramp, and step test statistics are the same as those in Equations (3-91)-

(3-95), except that VB” needs to be replaced with —7”. The effectson p_., R, ,and

Peorr

¢, are the same as in Equations (3-74)-(3-77) but with Vp (k) and

Vo, ., (k)=Vp , (k-1) from Equations (3-106) and (3-107), respectively. B, and
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B, never detect any ionospheric storms, as shown by Equations (3-72) and (3-73). These

results are also summarized in Table 3-6.

Channel (7, p) Satellite p Receiver r
Failure Code | Phase Satellite | Ionospheric | Receiver
Modes Meas. | Meas. Clock Divergence Clock
ve,,=0 | Vp,,=0|Ve,,=Vp,, | Ve,,=-Vp,, | V¢,=Vp,
Acc, Ramp

and Step X v v v X
Inno v v X v X
Dvgc v v X v X
B, v v X X X
B, X v X X X
Peor v v v v x
Peorr x v v v x
R, v v v v x

Table 3-6 Effects of Ionospheric Gradients on IMT Monitors

3.9 Summary

3.9.1 Qualitative Results

This chapter started with the effects analysis of the fundamental channel step failures in
Section 3.2, followed by the analysis of each individual fault mode in Sections 3.3-3.8.
Table 3-7 qualitatively summarizes the results that have been obtained in these sections.
The character ‘v’ indicates that a monitor responds to the corresponding fault, while ‘x’
shows that the monitor does not directly respond to the fault. None of monitors detect
receiver clock failures, and this is acceptable because any possible receiver clock drifts

are canceled in the DGPS differential corrections, as discussed in Section 3.7. The

98



acceleration-ramp-step test detects only carrier phase measurement failures, while it does
not respond to any code failure. Table 3-7 clearly shows that the innovation method never
detects satellite clock failures, as discussed at the beginning of this chapter. The table also
demonstrates that the performance of the innovation and divergence tests is similar. The
B-value test can detect channel failures; however, it cannot detect satellite clock failures
and ionospheric gradients, since the failure analyses assume that these two kinds of

failures have the same impact on all reference receivers at any given time.

Channel (r, p) Satellite p Receiver r
Failure Code Phase Satellite Ionospheric | Receiver
Modes Meas. | Meas. Clock Divergence Clock
V¢, , =01 Vp,, =01 Ve, =Vp, | Vb,,=-Vp,, | Vo, , =Vp,,
Acc, Ramp

and Step X v v v X
Inno v v X v X
Dvgc v v X v X
B, v ' X X X
B, X v X X X
Do v v v v x
Peorr x v v v x
- v v v v x

Table 3-7 Effects of Known Failure Modes on IMT Monitors

The IMT has more monitors than those listed in the table, and other failure modes
certainly also exist. This chapter does not attempt to cover all monitors and all failure
modes. One reason is because of complexity, i.e., the responses of a test statistic may be
nonlinear, may not have a closed form solution, or it may even be impossible to
determine the magnitude of the responses without having actual GPS measurements. A

typical example is the acceleration-ramp-step test. The same failure with the same
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magnitude can have different acceleration, ramp, and step test responses, depending on

the actual value of the ten points, ¢, from Equation (2-14). Without having the actual

values of these ten points, ¢, even a numerical solution to the least-squares problem is

impractical. The analysis concludes that the IMT detects the entire set of threats analyzed

in this work.

3.9.2 Quantitative Results on Minimum Detectable Errors

In addition to providing a clear overall picture of each monitor’s function, the failure
analyses in this chapter can be utilized to quantitatively evaluate and compare the
performance of the IMT integrity monitors. In this section, the size of minimum
detectable errors (MDESs) achieved by different monitors will be calculated. The MDEs
are the smallest magnitudes of threatening failures that can be detected within a certain

missed-detection probability, P,,, and are an important metric for LAAS integrity

analysis [64].

As shown in Equation (2-1), the detection threshold, D,, is set at 6 fo for a zero-mean
Gaussian test statistic to protect continuity based on the required probability of false
alarm (2x107). If the dashed curve in Figure 3-4 represents the PDF of the test statistic
after a failure is injected, then the shaded area will be below the threshold and will not be
detected. Integrity monitors are required to detect threatening failures within three
seconds at least 99.9% of the time [39], and thus P,,, is usually set at 0.001 [64,72]. For

the same Gaussian distribution, the point with its CDF at 0.001 is 3.1fo from the mean.

Thus, the size of MDEs is (6 + 3.1)f0 =9.1fo.

The MDEs for any given monitor do not directly translate into range error bounds. After
all, some monitors are detecting rates or accelerations. For example, the code-carrier
divergence test detects channel code step errors, as shown in Table 3-7, and the MDEs of
this test are expressed in meters/second. The MDEs of the test must be transformed from

m/s (rate) to meters (offset). The analysis developed in this chapter provides this
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transformation and makes the calculations of the range MDEs directly in terms of actual

failures possible.

PDF

- - b

Figure 3-4 Minimum Detectable Errors and P,

The first example happens to calculate and compare the MDEs of the divergence,

innovation, and B-value monitors under the channel code step failure mode that was

analyzed in Section 3.3. Equations (3-60), (3-61), and (3-38) are repeated here:

Inno; (k) = Inno, ,(k) + VInno, , (k)
k—k,

N, -1
> ) 0oulk = ky)

N

(3-110)

= Inno, (k) + (

Dvgc} (k) = Dvge, , (k) +VDvgc, (k)

K-k,
=Dvgc,p(k)+(”_ ) Lok~ ky)
’ Td Td

(3-111)
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B;,r,p (k)=B,, ,(k)+VB,, (k)
k—ky+1
N (k) -1 N -1\ " (3-112)
-8, ksl I C-ulk —ky)
p M (k)N (k) N,

These three equations show that the responses of the innovation, divergence, and B test
statistics under a channel code step error with a magnitude of ¢ are Vinno, ,(k),

VDvgc, (k), and VB (k) , respectively. Therefore, if VInno, ,(k), VDvge,  (k),

p.r.p

and VBP’,’ » (k) are set at 9.1fo, where the inflated standard deviations, fo, of the

corresponding test statistics were derived in Chapter 2, then /¢ values representing the

magnitude of minimum detectable code step errors can be calculated.

Minimum Detectable Channel Code Step Errors
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Figure 3-5 Minimum Detectable Channel Code Step Errors

The calculated minimum detectable code step errors are shown in Figure 3-5. During the

calculation, k -k, in both Equations (3-110) and (3-111) is set at 0, so the innovation

and divergence methods will likely detect their MDEs immediately. Figure 3-5 shows

that the MDEs of the innovation and divergence test statistics are very close to each

other. The standard deviation, fo, of Bp is a three-step function versus satellite
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elevation (as derived in Section 2.8), and so is its MDE. Though Bp has smaller MDEs

than those of the innovation and divergence test statistics, its MDE curve is only a low

bound since k -k, in Equation (3-112) is set at o in the calculation. Unlike the

innovation and divergence tests that tend to detect channel code step errors immediately,

the B test responds to channel code step errors slowly.

As a second example, it is possible to calculate and compare the size of minimum
detectable ionospheric gradients based on the innovation, divergence, and ramp tests. The
failure effects of ionospheric gradients were analyzed in Section 3.8. Equations (3-108),

(3-109), and (3-92) are repeated here:
Inno;, (k) = Inno,, ,(k) + Vinno,, (k)

k—k
. N -1\ ° (3-113)
= Inno,, ,(k)+2-N T -1"- 1—( ]bV ) ]-u(k—ko)
Dvgc,, (k) = Dvgc,, (k) +VDvgc, (k)
k—k,
. -T 0 (3-114)
— Dvge,  (k)+2-1"- 1—(” ) ]-u(k—ko)
Ty

Ramp,, (k) = Ramp,, (k) +VRamp,, (k)
= Ramp,,, (k) - u(k, - k)

+ Rampy, , (k) (u(k -k, = 1) = u(k -k, —9)) (3-115)
Ny B =1 i)k -k -
+ (Rampm,p (k) —W 1 ) M(k kO 9)

For the ramp test statistic, only the last term in Equation (3-115) can be used in this

example, since the ramp response for k, +1=<k <k, +8 1is not solvable analytically.

N, (k)-1
N, (k)

inflated standard deviations, fo, of the corresponding test statistics were derived in

Similarly, if VInno,,  (k), VDvgc, » (k), and 17 are setat 9.1 fo , where the

m,p

Chapter 2, then I’ values, which represent the magnitude of minimum detectable

ionospheric gradients, can be calculated. This calculated I” can further be converted to

minimum detectable vertical ionospheric gradients based on the obliquity factor. The
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obliquity factor is used to account for a longer path (and ionosphere) delay for a lower

elevation satellite [42], and its formula will be given in Chapter 4.

Figure 3-6 shows the MDEs of these three monitors in terms of vertical ionospheric
gradient magnitudes. The dashdot and dotted lines are the MDEs for the innovation and
divergence methods, respectively. They appear with the same shape, and both require 173
seconds for detection since the value of k —k, in both Equations (3-113) and (3-114) is
set at 173x 2 =346 epochs in the calculation. Because the code-carrier divergence test is
able to detect smaller MDEs than the innovation method with the same probability of
false alarm, the GMA divergence method is more effective in detecting ionospheric

gradients. The dashed lines are those for the ramp test, assuming N, (k) =10 in Equation

(3-115). The ramp test can detect its MDEs in about 5 seconds.
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Figure 3-6 Minimum Detectable Ionospheric Gradients

Note that Figure 3-6 does not show ramp test results for low elevation satellites. At low

elevations, it seems improper to calculate MDEs using only the last term in Equation (3-
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115). The second term in Equation (3-92) can largely determine the ramp test
performance in this case, though its analytical solution is not available. Also, in the real

operation of a future LAAS system, ionospheric gradients below 0.01 m/s probably

should not be detected.
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Chapter 4 Cumulative Sum (CUSUM) Method to Detect

Ionospheric Gradients

4.1 Introduction

Section 3.8.1 introduced the ionosphere and the hazard associated with ionospheric
gradients. Figure 3-3 on page 95 showed the diagram of the ionospheric gradient model

based on WAAS supertruth data. In accord with the model given in Section 3.8.1, an

ionospheric gradient with a magnitude of I passes over the LGF with a duration of 173

seconds.

Satellite

I mis

— /

Total Electron Content
in Ionosphere

T m/s /

User

Figure 4-1 Different Ionospheric Delays in Two Different Paths Due to an

Ionospheric Gradient

The potential impact of large spatial ionospheric gradients on the DGPS is of great

concern. Since anomalous code-carrier divergence undermines the accuracy and integrity
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of carrier-smoothed code and may not be common to both the LGF and aircraft, the
ionospheric gradients could potentially create hazardous errors for LAAS users [9,31,32].
Figure 4-1 shows the diagram of different ionospheric delays in two different paths from
a satellite to the LGF and to an aircraft due to an ionospheric spatial gradient, I .
Calculations in [32] show that the worst vertical positioning error due to ionospheric
gradients can be as large as 19 meters if no integrity monitors are implemented to detect
the gradients. To support aircraft precision approach, LGF must detect the ionospheric

gradients as quickly as possible subject to the required low probability of false alarm.

The current IMT employs several monitors that can detect ionospheric gradients, as
already analyzed in Chapters 2 and 3. The code-carrier divergence test (discussed in
Section 2.4.3) most-directly targets ionosphere gradients. It uses a geometric moving
averaging (GMA) method to estimate the code-minus-carrier divergence. A fixed time

constant, T ,, is used in Equation (2-8). The GMA method gives low-noise divergence
estimates by averaging multipath differences, M (k) — M (k —1). Though this method is

very stable, generally speaking, it is slow to detect ionospheric gradients, I, since
changes in / are also averaged. For example, another IMT integrity monitor, the
acceleration-ramp-step test, can often detect a relatively large ionospheric gradient within
several seconds, while the GMA divergence test may need more than 100 seconds to

detect it.

Equation (2-12) is a slightly improved version of the GMA method. It uses a variable
time constant, T (k), instead of a fixed value when a new satellite rises in view or a filter
reset occurs after a satellite is temporarily excluded [53]. With a reduced time constant,
T (k) , the divergence test statistic, Dvgc , should converge faster. However, in practice, it
offers little help for two reasons. First, since the reduced t (k) is used only during the
first 200 seconds, while ionospheric storms can occur at any time, the speed of
convergence will be the same as in (2-8) after 200 seconds. Second, even during the first

200 seconds, the calculated divergence results are quite noisy and therefore often ignored

in the IMT.
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Running in parallel with the GMA divergence monitor, the carrier-smoothed code (CSC)
innovation test using Equation (2-19) on page 50 is another monitor that can respond to
ionospheric gradients. Together with Equations (2-3) and (2-9), the innovation test

statistic can be rewritten as:

N, -1
Inno,, , (k) = ];7 Inno,, ,(k-1)+dz,, , (k) 4-1)

m,n

Comparing Equation (2-8) on page 37 with (4-1) leads to the conclusion that the
innovation method is mathematically equivalent to the GMA divergence method except
for a different smoothing time constant and scaling factor. The time coefficient

N, -1
N

s

_199/ in the i ~ ~ =T, 1995/
= AOO in the innovation method is very close to o AOO in the

GMA divergence method, so these two monitors are expected to perform similarly.
Failure test results in Section 4.4 will show that the innovation monitor detects
ionospheric gradients slower than the GMA divergence monitor. The smaller the
smoothing time constant, the faster the filter converges. However, a smaller time constant
results in a larger standard deviation inflation factor when its threshold is derived, and
therefore it decreases the detection speed. This is the fundamental tradeoff in setting the
time constant. Recent studies have discovered that the time constant used in the GMA

divergence test is nearly optimal in terms of detection speed [86].

The acceleration-ramp-step test (discussed in Section 2.6.2) is the third monitor that can
rapidly detect large ionospheric gradients often within several seconds. As pointed out in
Section 3.2.3, it is difficult and perhaps even impossible to evaluate analytically the
performance of this test. Failure tests conducted in Section 4.4.2 reveal that the
acceleration and ramp test statistics are usually more effective in detecting ionospheric
gradients than the step test statistic. However, the failure tests also disclose that the
acceleration-ramp-step test is incapable of detecting small gradients if, for example, their
magnitude is less than 0.012 m/s at 50° elevation, as will be shown in Figure 4-13 on
page 131. The reason why the acceleration-ramp-step test detects relatively large

ionospheric gradients within several seconds but fails to detect small ones is that this test
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does not use the filtering method. A large failure can immediately result in test statistics
that are large enough to exceed the corresponding thresholds, and the failure is detected.
If a failure is too small to result in large enough test statistics, the failure will not be

detected.

Other monitors in the IMT can also respond to ionospheric gradients, such as the MRCC
B-values, but they are not specifically designed to detect ionospheric gradients. In [67],
an adaptive filtering of divergence was proposed. This method could have potential for
early detection of ionospheric gradients embedded in small multipath differences,

M (k) = M (k —1), when multipath limiting antennas are used in the future.

Thus, designing a fast, non-GMA-based divergence monitor that can quickly detect
relatively small but hazardous gradients (those that the acceleration-ramp-step monitor
fails to detect) is of importance. In this chapter, a new method, the divergence cumulative
sum (CUSUM) method, which is designed to quickly and reliably detect marginal
ionospheric gradients, will be explored. The CUSUM method is very effective in
detecting small persistent changes [21]. It has already been successfully used for LGF

error sigma-mean monitoring [28].

This chapter is organized as follows. Section 4.2 explains the general CUSUM algorithm.
Its application to code-carrier divergence is discussed in Section 4.3. Section 4.4 presents
CUSUM nominal and failure test results and then compares the CUSUM method with

other existing IMT monitors. Conclusions are given in Section 4.5.

4.2 CUSUM Algorithm

The CUSUM method achieves a theoretical minimum time-to-detection of a change in
the parameters of a random process under two assumptions [21]. First, the input to the
CUSUM follows a Gaussian distribution, and different epochs are statistically
independent from each other. Second, the true mean and standard deviation (under

nominal conditions) are known. The method has been widely applied in continuous
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inspection for quality control. In this section, the CUSUM algorithm used to detect

changes in the process mean, u, is explained. Its application to code-carrier divergence

is explored in Section 4.3.

The formula of the CUSUM mean method can be derived by using a statistical approach

[2,21]. Consider a sequence of independent Gaussian random variables, x(k). The

Probability Density Function (PDF) of any one of these random variables is

1 _(x-w)?

PM(X)=\/%0€ 20 (4-2)

The PDF is also a function of the process mean, w . As shown in Figure 4-2, the mean in

the nominal case is equal to u,, called the in-control mean. When the mean changes to a
given out-of-control mean, Ww,, then some failure has happened in the random process. In

this mode, the variance, o2, is a known constant and does not change before and after

the failure.
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Figure 4-2 The PDF of a Gaussian Random Process with Means u, and

w,

In the analysis of the CUSUM mean method, a log-likelihood ratio, s, is first defined [2]:

Py, (x = x(k))

W= )

(4-3)

It is the ratio of the probability of x at x(k) if w = u, to the same probability if u=u,.

If the probability distributions in (4-2) are applied, Equation (4-3) can be changed into
[2]:

— + —

s(ky = R0y - o TR B TR (v - k) (4-4)
o 2 o

where a constant value K, also called the windowing factor, is the middle point between

two means as shown in Figure 4-2, i.e.,

_to W
2

K (4-5)

The CUSUM method then accumulates information from past observations by summing

up s(k) as follows [2]:
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C(k)

is(i) =C(k-1+s(k) (4-6)

i=1

where C (k) is the so-called cumulative sum.

Let us consider the case when w, > u,. In the nominal situation, when the actual mean of
a process is W,, Figure 4-2 shows that the value of x(k) is less than K with a high
probability. In other words, most probably p, (x = x(k)) is larger than p, (x = x(k));
thus, s(k) is usually negative in both Equations (4-3) and (4-4), and C(k) has a negative

drift. The CUSUM method resets C(k) when its value goes below zero. Because of the

windowing factor, K, resets are common under nominal conditions. For this test, the g
Fast Initial Response (FIR) CUSUM, in which the value of C(k) is reset to g if

C(k) <0, is used. The value of the first point CUSUM, C(0), is also initialized to g

Here, h is the CUSUM threshold, and its derivation is explained below. FIR CUSUMs
are recommended for the case where there may be multiple causes for an out-of-control

signal and the failure needs to be detected as quickly as possible if the process is still out
of control after the process is restarted. Using a start value of 5 is a common

recommendation [21].

On the other hand, when the actual mean is changed to w,, the value of x(k) is larger
than K with a high probability. In other words, most probably p (x = x(k)) is larger
than p (x = x(k)); thus, s(k) is usually positive in both Equations (4-3) and (4-4), and
C(k) shows a positive drift after the change. The value of C(k) is compared with the
threshold, %, at every epoch. If C(k) < h, the hypothesis of w =u, is true; otherwise,

the hypothesis of u = u, becomes valid and the failure is detected. Examples of positive

drift, negative drift and resets can be observed in Figure 4-12 on page 130.
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CUSUM FIR ARL and Threshold h
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Figure 4-3 FIR ARL and 4/ in the g FIR CUSUM with In-

Control ARL of 10’

The average run length (ARL) is one standard measure of CUSUM performance. It is the

expected number of independent epochs required for C(k) to exceed h when starting

from a given initial value. The in-control ARL should be sufficiently long in order to
result in a low probability of false alarm. Based on a sub-allocation of the specified

Category I continuity risk allowed per 15-second interval under nominal conditions (in
Table 1-2), ARL is set to 107 in this application [66,81]. On the contrary, a short out-of-
control ARL is desired to detect failures as quickly as possible. The top plot in Figure 4-3
is the overall FIR ARL versus w, when the input, x(k), has a standard normal
distribution (i.e., w, =0 and o’ =1). The plot shows that the CUSUM takes less time

to detect large mean shifts than to detect small ones on average, since fewer data points

need to be accumulated for the CUSUM value to exceed the CUSUM threshold.
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Figure 4-4 Discretized Markov Chain Model

The CUSUM threshold, £, is a function of w, (or, equivalently, K ) and the specified in-
control ARL for standardized normal observations. It can be computed by performing a
numerical search of the Markov Chain model of the CUSUM [21,66]. Figure 4-4 shows a
discretized Markov Chain model. Given an 4, the range of the CUSUM value from O to
h is divided into M segments that result in M +1 states. Adding in State M +1 which
corresponds to all possible CUSUM values beyond /, there are M +2 states total. Since
the CUSUM value is incremented every epoch, the distribution of the CUSUM state at
epoch k depends only on its state at the previous epoch k —1 and the distribution of the
incrementing value at epoch k. With a standard normal distribution of x under nominal

conditions, a “one-step” (M +2)x(M +2) transition matrix, P, can be derived from

Equations (4-4)-(4-6) (given a W,). Its element, P,

ijo

is the transition probability from

state 7 to state j.
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For example, P ,, is the transition probability from state O to state % (typically M is a
0,—
2

very large even integer). The CUSUM value, C(k —1), falls between - _h and _h in
2M 2M

State 0. Since M is a very large number, both boundaries approach 0. Thus, the CUSUM

value in State 0 can be quantized to 0. Similarly, C(k —1), that falls between (M =Dh

and M in State %, is quantized to g In the g FIR CUSUM method, the

CUSUM can transit from State O (i.e., C(k —1) =0) to State % (.e., Ck)= %) if one
of the following conditions is met:
1. C(k)=C(k-1)+s(k)=s(k) is in the range of State % . In other words,

(M +1)h
<7

(M =1)h
———<C(k)=s(k 4-7
5 (k) = s(k) Y] 4-7)
With Equation (4-4), (4-7) can be rewritten into:
2 2
0- M-Dh g gy WMEDh (4-8)
W —u, 2M w-u, 2M
which corresponds to a probability of
2 2
p (S M=Dh gy <O MEDR G (4-9)
W -u, 2M W—wy 2M

2. C(k)=C(k-1)+s(k)=s(k) is below — % In this case the CUSUM will also

be in State % after a reset. This portion corresponds to a probability of

2
L Y PP AR (4-10)
U, =Y M

With u,, K (from Equation (4-5)), and the distribution of input (i.e., X ~ (u,,0 ) in
the nominal situation), the two probabilities in (4-8) and (4-9) can be calculated. The

transition probability, P ,,, is the sum of these two probabilities.
0,—
2
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After P is derived, the following formula, which is given in [21], can be used to find

ARLs:
(I-P )2 =1 (4-11)

where the “reduced” transition matrix, P

r

«a» 18 P without the last row and column. In

other words, P

red

disregards the transitions to and from state M +1. I is the
(M +1)x (M +1) identity matrix, 1 is a vector of length M +1 all of whose elements are

1, and ? is the vector of ARL values for CUSUMs starting in the corresponding States 0,
1, ..., M . The middle element in ? is the ARL value for the CUSUM value starting from

g, i.e., the g FIR ARL. This process of calculating ARL value given an h, can be

iterated on different /4 until the calculated nominal ARL is equal to 10”. This 4 is the
threshold that has been numerically searched for. The bottom plot of Figure 4-3 is the

threshold, &, as a function of w, with the specified in-control ARL.

The CUSUM formula for X ~ N(u,o ) is as follows [2]:

C* (k)= |CT (k=1 + =0 (x(k) - K) (4-12)
o
where the superscript “+” outside of the rectangle bracket represents the reset process:

C+(0)=C+(k)=%ifC+(k)<0 (4-13)

The CUSUM, C(k), from Equation (4-6) is also shown with a superscript “+” in (4-12),
since its only function is to detect positive mean changes and its value is positive. A

parallel CUSUM C ™, used to detect negative mean jumps (i.e., u, <u,), is completely

analogous to C ™, i.e.:

C (k) = [C™(k 1) = =R (x(k) - K) (4-14)
(0}
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C~ is similarly reset to > when its value is larger than zero. In practice, the two-sided

CUSUM algorithms used to detect both positive and negative mean shifts are

implemented in parallel. This chapter will focus on C* for illustration without losing

generality.

4.3 Divergence CUSUM Algorithm

Now the CUSUM formulas from the previous section are applied to the code-carrier
divergence problem. The algorithm in this section is based on the generic CUSUM
algorithm described in the last section, but it also adds a real-time divergence mean
estimation and a delayed version of raw divergence. As will be seen, these
embellishments improve overall performance. Since each channel has an independent

CUSUM, the channel index — (m,n ) — will be omitted for brevity.

4.3.1 Delayed Version of Raw Divergence as Input
Since this method is aimed at detecting mean changes in raw divergence, dz(k), from
Equation (2-10), dz(k) is naturally selected as the input to the CUSUM. The more

general form of dz(k) is defined as:

dz(k) = (z(k) - 2(k - k,))

_I)=Itk=k) 1 (

h Tk M(k)-M(k -k,)) (4-15)

k) + (M (k) - M (k - k,))

2T k,
where k, is not necessarily equal to 1. The magnitude of M (k)- M (k —k,) is several
meters and does not change much with k,, while the magnitude of ionospheric gradients,
I(k), is approximately several centimeters per second. Therefore, dz can have a higher

SNR with a larger k,, although a larger k, implies a longer monitor lag. Some delay is

acceptable for small anomalies since the smaller the gradient, the less imminent the threat
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(if a threat exists at all). On the other hand, if the gradient is large, it is quickly detected
by the CUSUM test (if not detected even sooner by the separate acceleration-ramp-step

test). Based on these considerations and the optimization method as will be discussed in

Section 4.3.6, k, is set at 40 epochs, which is equivalent to 20 seconds at the 2 Hz IMT

update rate.

Plots (A) and (B) in Figure 4-5 show dz(k) with k, =1 and k, = 40, respectively. With
the same small amount of /(k) embedded in dz(k), the noise component in Plot (B) is
nearly 15 times smaller than in Plot (A). Smaller noise in dz results in smaller standard
deviations of dz and effectively a larger out-of-control mean, u,, after normalization

(discussed in Section 4.3.5). The top plot in Figure 4-3 shows that a short ARL (i.e., a
shorter detection time) is needed to detect a larger mean change. Thus, with the delayed

version of dz(k) as the input, the CUSUM should more rapidly detect small gradients.

Raw Divergence dz with k0=1

dz [mvs]

0 10 20 30 40 50 60 70 80 90
Elevation [°]

Figure 4-5-A: k, =1
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Figure 4-5-B: k, =40
Figure 4-5 Raw Divergence dz from All Channels (Note
the Difference in Scale on Plots A and B)

Multipath error, M (k), is a temporally correlated random variable. Correlation time in
multipath is about 46 — 194 seconds as reported in [45]. Therefore, with k, = 40 epochs
(or, equivalently, 20 seconds), M (k) and M (k —k,) can be highly correlated with each
other, and their difference, M (k) - M (k —k,), can be assumed to be independent of
Mk+i)-M(k+i-k,) for i=0. In fact, M(k)- M (k-k,) dependence is less

important in the CUSUM method than in the GMA divergence and innovation tests, since
the CUSUM reset removes its previous “history.” The residual dependence is
accommodated by inflating the standard deviation obtained from nominal testing in each
of these three methods. The standard deviation of the raw divergence will be derived in

Section 4.3.4.
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4.3.2 Real-Time In-Control Mean Estimation
The true mean and standard deviation of dz(k) should be (approximately) known, as
required by the CUSUM algorithm. Because the mean, u,, is non-zero and changes with

elevation angle and ionosphere state, it is estimated in real-time by the following GMA

method (the Geometric Moving Averaging method was discussed in Section 2.4.3):

T(k)-T, T
ky=—"u,(k-1 *—dz(k 4-16
W, (k) ) o ( )+r(k) z(k) (4-16)
with
r(k)={kT“ k<T o /T, (4-17)
T x> €lse

The CUSUM starts to be updated after 2t when u, (k) has nearly converged. A large

T, and resulting smooth estimates of wu, (k) are preferred, since the mean estimator in

Equation (4-16) is not used as an integrity monitor. However, the mean estimation cannot

converge the actual u,(k) immediately, which leads to a delay. The larger T the

max *

longer the delay. The value of T, is set at 400 seconds, doubling the time constant used

X

in the GMA divergence test.

The in-control mean estimation can converge to the out-of-control mean, u,(k), in case
that an ionospheric gradient occurs. In order not to be “polluted” by the gradient, the in-
control mean, u,(k), is assigned the value that is k, epochs earlier than the observed
value:

Mo (k) <= g (k — k) (4-18)
The value of k, should not be too small; otherwise, w,(k —k,) can still possibly be
polluted by u, (k). If k, is too large, u,(k —k,) may not approximate the current in-

control mean level. A large k, also requires a large memory to store u,(k) during the

last k, epochs. The parameter k, is set at 500 epochs (equivalent to 250 seconds) for the

following reasons. First, the duration of ionospheric gradients is about 173 seconds.

Second, CUSUM detection time is typically around 50 — 150 seconds, as will be seen in
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Section 4.4.2. Third, the mean estimation delay in Equation (4-16) should also be
considered. In reality, the in-control mean changes little in 250 seconds, and this explains
why the CUSUM performance in the failure tests conducted in Section 4.4.2 is not very

sensitive to the value of T, and ;.

X

The solid line in Figure 4-6 is an example of u,(k) from a single channel. While the in-

control-mean, u,(k), changes little in 250 seconds, it does change significantly over the

course of a satellite pass, as shown in this figure. This illustrates the need for real-time

mean estimation.
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Figure 4-6 u,(k) and wu,(k) on Channel (0, 7) with T, =400

Seconds

4.3.3 Construction of the OQut-of-Control Mean

The out-of-control mean, wu,(k), is constructed by:
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W, (k) = wo (k) +v(k) (4-19)
where v(k) can be regarded as the “target” (out-of-control) magnitude of the ionospheric
gradients that are to detected. It is designed as:

v(k) = Iy, - OF (k) (4-20)
where 1 o 1s a fixed value and represents the vertical ionospheric rate at an elevation of

90°. At other elevation angles, v(k) is magnified by the obliquity factor OF (k) that
equals [42]:
)

1_(RE Cos(eelev(k))) ] (4_21)
R, +h

OF (k) =

where 0,, (k) is the satellite elevation angle. The value of v(k) is only satellite

elev

elevation dependent. With this construction of u,(k), the windowing factor, K, in

Equation (4-5) becomes:

vk

K (k) = u, (k) + 5

(4-22)

K is no longer a constant in our application.

The value of I,,, which represents the “target” (vertical) gradient to be detected, is

clearly important since it represents the out-of-control value for which the CUSUM is
theoretically optimal [21]. The CUSUM method is designed to detect effectively

ionospheric gradients with a magnitude of /,, which the existing acceleration-ramp-step

test fails to promptly detect. Failure tests conducted in Section 4.4.2 show that the
acceleration-ramp-step test is fast and reliable in detecting vertical ionospheric gradients

whose magnitudes are larger than about 0.011 m/s. Therefore, I, is set at 0.0095 m/s so

that the CUSUM method can most effectively detect ionospheric gradients of this

magnitude, which cannot be reliably detected by the acceleration-ramp-step test. This is

the design goal of the divergence CUSUM method. Actually this heuristic choice of I,

can also be based on a more formal optimization, as will be discussed in Section 4.3.6.
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The dashed line in Figure 4-6 is an example of w, (k). The gap between the red and blue
lines is v(k) . This figure also shows that variations in u, (k) are very small compared to
v(k), which indicates that the real-time mean estimation in the CUSUM method achieves

its purpose.

4.3.4 Off-Line Calculated Inflated Standard Deviation

To protect continuity, the variance, o (k) , of the input, dz(k), is pre-computed based
on the statistical analysis of nominal data sets. From the raw divergence, dz(k), in

Figure 4-5-B, its standard deviation and inflation factor were calculated with the
Gaussian overbounding method described in Section 2.2. Normalization in this
overbounding method allows us to combine data for all elevation angles. Figure 4-7
shows the observed data distribution as the solid line and the PDF of a Gaussian with an
inflated standard deviation as the red line. Its standard deviation inflation factor equals
2.4502. The dashed line in Figure 4-8 is the inflated standard deviation of the CUSUM

input versus elevation angle. The inflated standard deviation for elevations below 5° may

not be properly derived in Figure 4-8 since there is no “constraint” at 0’ elevation in the
high-order polynomial curve used to derive the standard deviation. However, this does
not cause any serious problem because, the “mask” angle in the IMT is set at 57, i.e., the
IMT does not generate differential corrections for any GPS satellite whose elevation is

below this mask angle.
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4.3.5 Normalization

Figure 4-8 also illustrates that the standard deviation, 0, of dz is elevation dependent. In
order to keep the standard deviation of the CUSUM input constant, a normalization
process is applied to dz(k) as follows:
dz(k) = w, (k)

o (k)

v(k)
o (k)

X (k) =
(4-23)

Vk) =

After this normalization, the distribution of the actual CUSUM input, X (k), is

overbounded by a standard Gaussian. The variance, O * . of the raw divergence, dz, is
largely due to the multipath noise difference. Therefore, after this normalization process,

the variance of X (k) can be bounded by a constant (which is equal to 1) over time even

when spatial ionospheric gradients occur. This feature is required for CUSUM optimality,
and it is thus reasonable to apply the CUSUM mean method to the ionosphere divergence

problem.

The following two formulas can be derived from Equations (4-19), (4-22) and (4-23):
w, (k) =V (k) (4-24)
and

Vi)

K(k) = (4-25)

The CUSUM formula (4-12) in the divergence application thus becomes:

+

40, ) (4-26)

C* (k)= [C*(k —1)+V(k)(X(k) -
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Figure 4-9 V and CUSUM Threshold, &, as a Function of

Satellite Elevation

Since both v(k) from Equation (4-20) and o (k) from Figure 4-8 are elevation

dependent, V (k) is also elevation dependent, as shown in the top plot of Figure 4-9.

Note that V (k) , which is equal to V(’I‘( )
(0]

, 1s completely determined by o (k) from Figure

4-8 and v(k) from Equation (4-20). No polynomial curve is used to derive V (k).
Therefore, the irregular behavior in V (k) comes from the obliquity factor, OF (k), and

the high-order polynomial curve for o (k).

With X (k) as the input to the CUSUM after normalization, the CUSUM threshold, 4, a
function of K, also becomes elevation dependent. Given an elevation (for example,
50?), V at this elevation from the top plot of Figure 4-9 can be found (V equals 0.353 at
507), and the threshold % can then be interpolated from the bottom plot of Figure 4-3 (&
equals 36.7 at u, =V =0.353). The bottom plot of Figure 4-9 shows the resulting

threshold, /4, as a function of elevation (& equals 36.7 at 50°). The irregular behavior in
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h comes from the obliquity factor, the high-order polynomial curve for o (k), and the

CUSUM threshold curve from the bottom plot of Figure 4-3.

4.3.6 Formal Optimization of Parameters

The divergence CUSUM algorithm must determine the value of parameters k,, k,, T

max ?

and I,,. These parameters were discussed in Section 4.3 and set at k, = 40, k, =500

epochs, T, =400 seconds, and I,, =0.0095 m/s. In fact, the values of these parameters
were not selected independently. Instead, they affect each other and should be optimized
at the system level. For example, k,, k,, and t_, all have some delay effect on the

CUSUM method. Since ionospheric gradients have a limited duration, the delay effect

needs to be considered when deciding the value of the “target” magnitude of ionospheric

gradients, I,.

These four parameters are optimized primarily from the nominal and failure test

performances (failure tests are discussed in Section 4.4.2). In order to simplify the
optimization process, the parameters k; and T, are determined based on the discussion

X

in Section 4.3.2. This may be done because the CUSUM performance is not very

sensitive to these two values. The remaining two parameters, k, and I,, are selected

based on a series of failure tests. The best detection performance (in terms of averaged

detection time) is searched for with k, ranging from 2 to 80 and I,, ranging from 0.008
m/s to 0.012 m/s. Step sizes in k, and I,, can be coarse first and then adjusted down to 2

epochs and 0.0005 m/s. Note that the standard deviations of raw divergence must be

computed every time a different k, is used. The CUSUM method achieves the fastest

detection speed on average with k, =40 and I,, =0.0095 m/s.
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4.4 Test Results and Performance Comparison

The divergence CUSUM algorithm (4-26) has been implemented in the IMT in order to
evaluate CUSUM performance and make a fair comparison with other monitors in the

same environment. The tests took various forms and are presented below.

4.4.1 Nominal Testing

Figure 4-10-A shows nominal C7 (k) test results from all channels versus satellite
elevation. As expected, all points are below the corresponding threshold shown as a solid
line. Figure 4-10-B is C* (k) from Channel (RR 0, PRN 7). This satellite (PRN 7) will be

heavily used in subsequent failure testing, since it makes a lengthy pass in view of the
IMT and reaches an elevation of greater than 80 degrees. Figure 4-11 shows the sky plot

of PRN 7 in the nominal data set.
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Figure 4-10 Nominal CUSUM Test Results
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Elevation Plot of PRN 7
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Figure 4-11 Satellite Elevation Plot of PRN 7

4.4.2 Failure Testing

Failure testing is necessary in order to compare the performance of the CUSUM to other
integrity monitors and to the theoretical predictions of Chapter 3. Figure 3-3 (on page 95)
shows the failure model for ionospheric gradients. The duration of ionospheric gradients
is set at 173 seconds based on the WAAS supertruth data [12,32]. In Figure 4-11, the
circles on the plot are the points where gradient anomalies start to be injected on all three
channels of PRN 7. Each failure test case is independent of the others, as it acts upon a
different “swath” of nominal data. During the failure tests, EXM is partially disabled as
needed so that the detection times of all relevant monitors can be measured. Note that
ionospheric gradients may be simulated with an infinite duration in order to fully measure

and compare the performance among different monitors.
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Elev. Time to Flag [sec]

[°] | Acc-Ramp-Step | Innovation | GMA Divergence | Divergence CUSUM
20 15.5 32,5 | >500 | >500 | 373.5 462.0 200.0 220.0
30 2.0 2.5 | >500 | >500 | 303.0 | 455.5 198.5 310.5
40 | 248.0 | 259.0 | >500 | >500 | 276.5 309.0 151.0 179.5
50 | >500 | >500 | >500 |>500 | 204.0 205.5 91.0 135.5
60 | >500 | >500 | >500 | >500 | 167.0 174.5 116.5 122.5

70 2.0 20 |[381.0|>500 | 188.5 195.5 61.5 78.5
80 | 126.5 | 215.5 | 478.5|>500 | 153.5 166.5 55.5 119.0
80 1.5 1.5 | >500 | >500 | 154.5 171.5 111.5 124.0
70 | 115.0 | 134.0 | >500 | >500 | 170.5 191.5 94.0 97.5

60 >500 % 0 0 154.0 202.5 154.5 175.0

50 2.0 % 0 0 192.5 203.0 126.5 137.5

40 50.0 0 >500 | o 249.0 275.0 166.0 178.5

30 | 199.0 | 4375 [265.0| 239.0 | 3485 178.5 220.5

20 70.0 | 149.0 0 0 356.5 358.0 314.0 0

Table 4-1 Failure Test Results by Injecting Ionospheric Gradients of 0.011x OF m/s
at Different Elevations (All Monitors Considered Here Have the Same False Alarm

Rate)

The first set of failure tests checks the performance of the CUSUM method in the
presence of ionospheric gradients that cannot be reliably detected by the acceleration-
ramp-step test. Table 4-1 shows the time needed for the acceleration-ramp-step,
innovation, GMA divergence, and divergence CUSUM monitors to detect an ionospheric
gradient that is equal to 0.011 m/s multiplied by the corresponding obliquity factor in
each test case. The symbol “o0” indicates that the corresponding monitor fails to detect
the gradient during the interval simulated. For each monitor, the two earliest detection

times among the three IMT receivers tracking PRN 7 are listed. According to the EXM
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logic detailed in Section 2.7, when one channel is detected as failed, the EXM will
exclude this channel and its erroneous measurements will not propagate to other
channels. If two or more channels have failed, the corresponding satellite will be
excluded on all reference receivers. The cells marked in gray in Table 4-1 reflect the
monitor that first excludes the satellite in that test case. The table shows that the CUSUM
method excludes the satellite first in nine out of the fourteen cases, while the acc-ramp-
step method detects the failure first in the remaining five cases. The CUSUM method is a
reliable method and its performance changes gradually, while the performance of the
acceleration-ramp-step method is dramatically different in different cases, since random
measurement noise plays a decisive role when a statistic is close to its threshold. The
CUSUM method is always better than the GMA method except for the last test case, and

the innovation method is the worst in this test set.

Divergence CUSUM ¢ on (RR 2. RPN 7)
GO I T T T T T T

.................................................................

| | |
-800 500 400 -300 -200 -100 0 100 200
GPS Time - 223985 [sec]

Figure 4-12 Failure Testing CUSUM Results with an Ionospheric
Gradient of 0.011x OF m/s Injected at 50° Elevation

Figure 4-12 shows the CUSUM response over time for the rising 50° failure test case in

Table 4-1. Before the fault affects IMT measurements, C* (k) is repeatedly reset to
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as its value becomes negative. Once the anomaly is injected at the GPS time of

h* (k)
2

223,985 seconds, the CUSUM statistic rapidly rises and crosses the threshold after 91.0

seconds.

Averaged Detection Time on PRN 7 at 50°

% r 1 r
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Figure 4-13 Failure Test Result by Injecting Different Magnitudes

of Tonospheric Gradients at 50° (All Monitors Considered Here
Have the Same False Alarm Rate)

The second set of failure tests injects ionospheric gradients with different magnitudes into

the measurements of PRN 7 when it is at 50° elevation (both rising and setting). The
injected vertical gradient varies from 0.008 m/s to 0.018 m/s, with a 0.001 m/s increase at
each step. Figure 4-13 is a plot of the averaged detection time for the four monitors. The
averaged detection time at each elevation angle is the value obtained by averaging the
two earliest detection times from three channels in both the rising and setting test cases.

From Table 4-1, for example, the averaged time to detect a vertical ionospheric gradient

of 0.011 m/s at 50° by the CUSUM method is equal to:
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1/91.0+135.5 N 126.5+137.5

2 2

=122.6 sec (4-27)

The figure clearly shows that the acceleration-ramp-step test can detect relatively large
gradients quickly. The CUSUM method does not detect large failures faster than the
acceleration-ramp-step monitor, but it is usually better than the GMA divergence and
innovation tests. It is also the fastest in detecting small gradients, as expected. The
acceleration-ramp-step and CUSUM methods together give the lowest bounds on

detection time.

The third set of failure tests repeats the second set but at 80” elevation (rising and
setting). Figure 4-14 shows the performance of the four monitors. It shows the same
phenomena as Figure 4-13. The acceleration-ramp-step and CUSUM methods together

again give the lowest bounds on detection time. Their performance curves intersect at

approximately / = 0.01 m/s at 80° instead of 0.012 m/s at 50°

Averaged Detection Time on PRN 7 at 80°
300 T r T r
4 E E ~g&- Acc-Ramp-Step

; 5 Innovation
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' : —e— Divergence CUSUM
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L o e . eeeemmees

Averaged Detection Time [sec]
N
o
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Vertical lonospheric Gradient [m/s]

Figure 4-14 Failure Test Result by Injecting Different Magnitudes

of Ionospheric Gradients at 80° (All Monitors Considered Here

Have the Same False Alarm Rate)
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Figures 4-13 and 4-14 compare the performance of the four integrity monitors in terms of
averaged detection time at elevations of 50° and 80°, respectively. The next step is to
compare them across the whole failure space of ionospheric gradients, i.e., with
ionospheric gradients of any magnitude and at any elevation. Failure tests similar to the
second and third failure test sets were performed at elevations of 15”, 20°, 30, 40°,

60°, and 70°. Figure 4-15-A shows the fastest detection speeds achieved by the
acceleration-ramp-step, innovation, and GMA divergence tests in the IMT. The gray
scheme indicates average detection time, with black representing a fast detection speed
and white representing a slow detection speed. If the average detection time is larger than
300 seconds or a monitor fails to detect a failure, it is identified by a blank area in the
figure. The short detection time in the top half of the figure is largely accomplished by
the acceleration-ramp-step test. Figure 4-15-B shows the comparison after the divergence
CUSUM method is integrated into the IMT. Compared with Figure 4-15-A, this figure
clearly demonstrates that the overall performance is improved by the CUSUM method,
especially in the bottom half, since the CUSUM method is fastest (in relative terms) at
detecting small gradients. Moreover, the gradients can be detected earlier at low
elevations, and this is crucial to the LAAS operation, since moving ionospheric gradients

will generally affect low-elevation satellites first [32].

Overall, these failure tests demonstrate that the divergence CUSUM method can most
quickly detect hazardous ionospheric gradients that the acceleration-ramp-step test fails
to detect first. The CUSUM method reduces the average detection time of the previous

GMA divergence method by about 30%.

4.4.3 Minimum Detectable Vertical Ionospheric Gradients
It is important to determine the minimum detectable vertical ionospheric gradients with
the required missed-detection probability (e.g., P,,, =0.001) in the presence of the

integrity monitor. As defined in Section 3.9.2, the MDEs are the smallest magnitudes of

threatening failures that can be detected within a certain missed-detection probability,
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P,,. Figure 3-6 on page 103 showed the minimum detectable ionospheric gradients
achieved by the innovation, divergence, and ramp tests. This section will use the
discretized Markov Chain model to calculate theoretically the MDEs achieved by the

divergence CUSUM method. Calculated MDEs are a function of elevation angle.

To evaluate the MDEs using the CUSUM method, the out-of-control ARL needs to be
calculated first based on a discretized Markov Chain model [63]. The example here is to
calculate the ARL at 50° with a vertical ionospheric gradient, I . From the algorithm in
Section 4-3, fo , h,and V at this elevation can be determined. They are equal to 0.0339
m/s, 36.7, and 0.353, respectively. The input to the CUSUM after normalization, X , has
a normal distribution with the actual mean at:
I-OF, Beter
fo

and standard deviation at 1. In addition, u, =0 and u, =V, as given in Section 4.3.5.

Ml,act = (4_28)

With all the above information and Equation (4-26), the (M +2)x (M +2) transition

matrix, P, can be derived. Section 4.2 explained how to derive the matrix, P, in detail.

The CUSUM has an initial value at g according to the definition of the g FIR ARL

[21]. In other words, the CUSUM is initially in State % with a probability of 1. The

corresponding vector of state probabilities, ¢(0), at epoch 0 is [0, ..., 0, 1,0, ..., 0]. The
elements in ¢ are the probabilities of the CUSUM in States O, 1, ..., M +1. The

probability of the CUSUM in different states evolves once per epoch based on the

transition probabilities, i.e.:
(k) =@k -1)-P =¢(0)-P* (4-29)
Note that the last element in (k) is the probability of the CUSUM in State M +1 at

epoch k, or, equivalently, the probability that the CUSUM value exceeds the detection
threshold, 4. The top plot of Figure 4-16 shows the number of epochs needed for
CUSUM to transit to State M +1 with a probability of 0.999 or greater for different w, .,
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at 50”. Based on the IMT GPS measurement update rate, 7, = 0.5 seconds, and Equation

(4-23), this result can be mapped one-to-one to the bottom plot of Figure 4-16, which is
the time needed to detect minimum detectable vertical ionospheric gradients 99.9% of the
time. Dots in Figure 4-16, for example, show that the ARL is 346 epochs (or,

equivalently, 173 seconds) in detecting an actual out-of-control mean failure, u, ., of

0.4953 (or, equivalently, a vertical ionospheric gradient of 0.0133 m/s). Therefore, the
minimum detectable vertical ionospheric gradient that can be detected by the CUSUM
method within 173 second is 0.0133 m/s, as also identified by a dot in Figure 4-18.
Figure 4-17 shows how the probability of State M +1 changes with time under a vertical
ionospheric gradient of 0.0133 m/s at 50°. It is obviously a monotonic increasing
function since there is no chance for the CUSUM to transit from State M +1 to any other
states once it exceeds the threshold, as also indicated in Figure 4-4. It takes 346 epochs to

reach the probability of 99.9%.

ARL and Detection Time at 50° with PMD<0.001

I 1 I I I I I T
", ' ' ' ' ' '
PoRUTY L U A A S S R S
£ 1000 fi---Aoegomeeeee Eros e et gressseess fpieseies g :
2 N : : : : : :
' "5 ' ' ' ' '
o : TR : : : :
2 : T : E i Z
= 500 - o R v A T -
« : : Bl o :
i i i ' i i

0 | | | |
0.3 0.35 04 0.45 0.5 0.55 0.6 0.65
Actual Normalized Out-of-Control Mean Ky act

—_ \ T T T T
T, BOD Pl sl .
g |\
£ e 3 : : !
- 400f-------- S S S S S SR S S -
s M ; : :
i P
- . e : i
2 i I RS S SO |
@ ' ' -
n '

0 | | | |

0.008 0.01 0.012 0.014 0.016 0.018

Minimum Detectable Vertical lonospheric Gradients [mis]

Figure 4-16 Divergence CUSUM ARL at 50°

138



Probability of State M+1
1 T T T T T

Qe o )
'S () ()

Probability of State M+1

o
[N

| i i |
0 50 100 150 200 250 300 350
Epochs

Figure 4-17 The Probability of the CUSUM in State M +1 versus
Time under a Vertical Ionospheric Gradient of 0.0133 m/s at 50°

Minimum Detectable Vertical lonospheric Gradients
0.045 r r v : : :

---- Ramp
o Innovatien
% 004------ i et IR GMA Divergence i
— —— Divergence CUSUM with 20 sec Lag
i) g g —— Divergence CUSUM
S 003 F------- it T B ey § e (R Sy Py ey Py P zH
e S S S T A S S A
=
© : ! y ! ' ' ' :
[ : : : 1 : = ' 1
¢ 003f------ R e s i, w2 poiins -
' ' oy ' 1ol ' T Il
2 = N 0 : e T
- ' e “\L
2 : : W i e
-g 0.025 fooonmmsbensnsns bansnanstansn et onsdnnsnmnstnasnapednnsnansthnonas
¥ Vi 0
@ : e’
e ' N & _,.v”: ' R O i I
s A : N :
LR SEEEE SRS e e RS S L L N
= With La ! : : : .
S 7 NN
= sl e e e SN sl pmssnl sl sasss -
@ 0.016 : ] ! ! 3 ' ]
> i 4 ; ; : : ; !
Withqut Lag ; ! ! ' 4
0.01 beeoeee fooocy [hocezce [hocosce focecce (. (. Frogases [

Elevation [°]

Figure 4-18 Minimum Detectable Vertical Ionospheric Gradients

139



The MDEs at other elevations can be obtained with the same method as just described.
The solid (bottom) line in Figure 4-18 shows the MDEs for the divergence CUSUM
method. In the calculation of the CUSUM MDEs on this line, the delay effect from

Equation (4-15) is ignored. If the delay is assumed to be k, =40 epochs (or,

equivalently, 20 seconds), then the CUSUM MDEs are also calculated and shown in the

figure. The MDEs with and without consideration of the delay are very close.

For convenience, the MDEs from the other three IMT monitors (as already shown in
Figure 3-6) are also plotted in Figure 4-18. In this figure, the innovation, GMA, and
divergence CUSUM monitors all detect their MDEs within 173 seconds, while the ramp
test can detect its MDEs in about 5 seconds. The figure shows that the divergence
CUSUM method can detect smaller ionospheric gradients and thus detect the same
ionospheric gradients faster than the GMA and innovation tests. As already pointed out in
Section 3.9.2, ionospheric gradients above 0.01 m/s can be hazardous for a future LAAS
system. Figure 4-18 demonstrates that the CUSUM method can quickly and reliably

detect marginal ionospheric gradients. It achieves the design goal.

4.5 Conclusion

In this chapter, the CUSUM algorithm was explained and applied to the code-carrier
ionosphere divergence problem, for which pre-existing IMT monitors are slow to detect.
The divergence CUSUM monitor is designed to detect more rapidly relatively small (but
still potentially hazardous) gradients that the acceleration-ramp-step monitor fails to

detect.

Our nominal and failure test results have demonstrated that the CUSUM method
successfully achieves this goal. The acceleration-ramp-step test detects large ionospheric
gradients in seconds, while the CUSUM method is fastest in detecting the small
ionospheric gradients that the acceleration-ramp-step test completely fails to detect. The

CUSUM method improves upon the detection speed of the previous GMA estimation
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method by about 30%. Thus, the divergence CUSUM and acceleration-ramp-step
monitors combined offer the lowest bounds on detection time. This improvement is
significant in terms of reducing the risk posed by ionosphere spatial gradient anomalies.
Calculations in [32] demonstrate that the worst vertical positioning error can be reduced
from 19 meters to 5 meters when the CUSUM and acceleration-ramp-step methods are

implemented together.

This method is suggested for future Category II/III precision landings supported by
LAAS. Because of its simple computation and excellent performance, applying variants
of the CUSUM method to detect other kinds of failures is of great interest for future

study.
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Chapter 5 Failure-Specific Tests

5.1 Introduction

The analysis in Chapter 3 described how several different integrity monitors would
respond to the same failures. Figure 5-1 demonstrates this fact again based on the more
general failure space of GPS measurements. In this figure, the x-axis is the code

measurement error, Vp , and the y-axis is the carrier phase measurement error, V¢ . For

example, the MQM acceleration, ramp, and step test statistics all respond to satellite

clock failures (characterized by Vp = V¢ ). Similarly, different monitors, such as the

acceleration-ramp-step, innovation, and GMA divergence monitors, all can detect

ionospheric gradients (characterized by Vp = -V¢ ) but with different detection speeds.

If several different test statistics that can respond to the same failures are combined
together into a new test statistic, this new test may be able to detect the failures faster
than each of these individual monitors. Here, this new test statistic is named the “failure-
specific test (FST) statistic” and the individual monitors are called “component

monitors.” The idea of FSTs was pointed out by Pullen in [70].

This chapter demonstrates theoretically the concept of failure-specific testing in Section
5.2. Two practical FSTs are given in Sections 5.3 and 5.4. Also, in Section 5.3, the
overbounding method used to determine the thresholds of FST statistics is discussed in

detail.
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5.2 Illustrative Example

IMT test statistics are modeled as Gaussian variables. When they are combined, the

distribution of the combined statistic needs to be known. Assume that X,, X,, ..., X,

are K independent Gaussian random variables with mean, u,, and variance, Of , for
i=1, ..., K, written as

X, ~N(u,,0%) (5-1)
A new random variable, Y, models the FST statistic, and is defined as the sum of these

K squared independent standard normal variables:

Y= 2(%) (5-2)
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In this case, Y has a X2 -distribution with K degrees of freedom [8,38,71]. It is
expressed as:
Y~ %k (5-3)
The mean and variance of a XIZ{ -distribution are [38]:
EY)=K (5-4)
and

Var(Y) = 2K (5-5)

A * -distribution is a special case of the gamma distribution, y (o, ) [38]. These two

distributions have the following relation:

5 K
Xk =Y (?2) (5-6)

Le., o =§ and B = 2. The definitions of the parameters for the %> and y distributions

differ among references. The ones defined in MATLAB are used here [35].

Each Gaussian random variable, X,, can be regarded as a test statistic in the IMT, such as
the outputs of the innovation or ramp monitors. If the threshold for X, is set at u, = 60,
(for briefness, o, actually represents inflated standard deviation; the inflation factor is

derived using the Gaussian overbounding method discussed in Section 2.2), then the

probability of false alarm is equal to:

Pr(x, - | > 60, )= 2-1>r(u > 6) =2-0(6) =1.9732x10"° (5-7)
o

A threshold for the new test statistic, Y, needs to be determined before its performance is

evaluated. In order to make a fair comparison between Y and X, the threshold of Y is

set so that the probability of false alarm is also equal to 1.9732 x 10", the same as that

of each separate monitor, X,.
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Since the IMT has three reference receivers, this section takes the case of K =3 for

3 ~ 2
illustration, i.e., Y =E(u) . Y is . -distributed, or, equivalently, y(%,Z)—
=1 o

distributed. Since
Pr(Y > 43.4518) =1.9732x107° (5-8)
the threshold of Y is set at 43.4518.

After the threshold of Y has been determined, its detection speed can then be evaluated.

Continuing with the example of K = 3, this section considers the following three cases:

1. Allof X,, X,, and X, are precisely at their detection thresholds, and thus, each of

these three X, generates a flag:

X =W, =60,
X, =W, £60,,then y=6>+6 +6> =108 > 43.4518 from Equation (5-2).
X; = Uy 60,

This is the worst case for ¥ with three X, flags, since the value of Y is now at its

minimum.

2. Two of the X, values are precisely at their thresholds, and the third one is at its

mean:
X =W, =60,
X, =W, *60,,then y=6>+6"+0="72>43.4518.
X3 = Uj

This is the worst case for ¥ with two X, flags.

3. Only one of X, is precisely at its threshold, and the others are at their means:

X =u, £60,
X, =W, ,then y=6>+0+0=36<43.4518.
X3 = U3

This is the worst case for ¥ with one X, flag.
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These three scenarios provide desirable results for Y. The first two cases indicate that Y

is capable of detecting failures earlier than each individual X,. In Case 3, ¥ does not

flag, and in fact it should not. The reason is as follows. X,, X,, and X, are typically

values from three channels tracking the same satellite. Thus, Y, the squared sum of the

three values, represents the status of the satellite. In other words, X, is used to detect

channel failures, while Y is designed to detect satellite failures. If Y is larger than its
threshold, the whole satellite, including all three of its channels, should be excluded. In
Cases 1 and 2, the satellite will be excluded since Y is larger than its threshold.
According to the EXM discussed in Section 2.7, the satellite should also be excluded,
since there are multiple flags on the same satellite. In Case 3, since there is only one
flagged channel, the EXM will not exclude the satellite. Neither will the FST Y.
Therefore, Y not only follows the EXM failure exclusion rules, but also is able to detect

failures more quickly than X,. However, there is some likelihood that the results from Y

and from the EXM will be inconsistent. This is because their false alarm scenarios do not
completely overlap, though they both have approximately the same false alarm

probabilities.

The example of K =3 illustrates that the new FST statistic, Y, the sum of squared
Gaussian random variables, can detect failures faster than the component test statistics. In

the following sections, two practical IMT FSTs are designed and analyzed.

5.3 Failure-Specific Test for Satellite Clock Failures

5.3.1 Construction

Figure 5-1 shows that acceleration, ramp, and step test statistics all respond to satellite
clock failures. In our first example, these three test statistics from three channels
corresponding to the same satellite are squared and summed to construct a new FST

statistic named H which is designed to quickly detect satellite failures.

sv,ars

Mathematically, it is constructed as follows:
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1 2
Hsv,ars,n (k) = 6 L (xjcc,i,n (k) + xr2a171p,i,71 (k) + xftep,i,n ) (5_9)
where
Acc, (k)
Xgecin (k) = ————— (5-10)
’ facco acc (k)
Ramp. (k
xramp,i,n (k) = A (5—1 1)
fmmpo ramp (k)
Step. (k
'xstep,i,n (k) = [)l—’”() (5—12)
fslepc step (k)

for receiver indexes, i =0, 1, and 2. Satellites are indexed by PRN n. As can be seen
from Equations (5-10)-(5-12), acceleration, ramp, and step test statistics are normalized

by their inflated standard deviations (the inflation factors and standard deviations were

discussed in detail in Chapter 2). Thus, H integrates nine unit normal random

sv,ars

variables (in the overbounding sense) at each epoch, k, and ideally 9H should be

sv,ars

¥4 -distributed. For a probability of false alarm equal to 1.9732x10~, the threshold for

9H, ,,, is 59.1281, or, equivalently, 391281/~ 6.5608 is the threshold on H

sv,ars sv,ars *

Figure 5-2 shows IMT nominal test results for H from all satellites, with a

maximum of 8.4697. Since the acceleration, ramp, and step statistics are normalized,

H appears to be roughly, but not entirely, independent of satellite elevation. In other

sv,ars

words, the normalizations are approximately correct but are not perfect.

Figure 5-3-A shows the actual distribution of 9H compared with the PDF of ng .

The plot shows that they look quite different and that the theoretical threshold is not large

enough to cover all nominal test points. One of the reasons why 9H is not ng -

distributed is that the three component test statistics are not exactly Gaussian distributed
which violates the Gaussian assumption on the input random variables. If the averaged

value of three accelerations is regarded as one random variable, and ramps and steps are
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also averaged, then H from Equation (5-9) actually combines only three independent

sv,ars

unit normal variables. In Figure 5-3-B, the actual distribution of 3H is compared

sv,ars

with the PDF of 7. The tail of the actual distribution of H is clearly much more

sv,ars

overbounded by %Xf-distribution than by éxf-distribution, in terms of overbounding

the tail of the actual distribution. However, the new threshold of H at

sv,ars

BAI8 =14.4839 obtained from Section 5.2, becomes slightly larger than necessary, as

will be seen from our nominal and failure tests later on. It is clear that 3H is not 7 ; -

sv,ars

distributed, either.

H from All Satellites

0 10 20 30 40 50 60 70 80 9[]
Elevation [°]

Figure 5-2 Nominal H Test Results

sv,ars
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The reasons why neither the x92 - nor the xf -distribution can be used to approximate the

distribution of H can be summarized as follows:

sv.,ars
1. X, are not perfectly normalized. The standard deviation, O,, cannot be precisely

estimated and may not be equally well estimated in different elevation bins. They

can be further away from actual values after being multiplied by an inflation

factor, f;. This can be the primary reason.
2. X, are not exactly Gaussian distributed, although a Gaussian distribution is used
to overbound the two tails of the actual distribution of X, in order to derive a

conservative threshold.

3. X, can be correlated. For example, divergence estimates through different IMT

reference receivers should be highly correlated. Similarly, the acceleration, ramp,
and step statistics from three channels can be somewhat correlated with each
other.

4. Nominal data sets may contain small but significant abnormalities. It is not
guaranteed that the nominal data sets that are used never contain any abnormal

multipath or ionospheric gradients.

Therefore, it is not surprising to see that the actual H is not 7 -distributed. It is

sv,ars

necessary to find a practical method to determine the threshold for H

sv,ars *

5.3.2 Practical Overbounding Method

As shown above, H 1S not XZ -distributed, and its threshold cannot realistically be

derived from the 7 *-distribution. The objective in this section is to find a tractable
distribution that can overbound the tail part of the actual distribution and then to derive
the threshold based on this distribution while maintaining the same probability of false
alarm. A proper threshold should not only be conservative in nominal testing (to meet the
continuity allocation), but should also still lead to short detection times in failure testing.

This section develops a practical method to build FST thresholds: carry out nominal and
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failure tests first, then recognize the range for a desirable threshold, and finally search for

a reasonable and tractable distribution that yields a threshold in this range, if possible.

PDF of 3H
sv.ars
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Figure 5-4 vy (9.255, 0.8)-distribution after Deleting Five

Largest Tail Points

The 7 * -distribution is a special case of the gamma distribution as illustrated in Equation

(5-6). The y -distribution has one more parameter to be tuned than the ¥ > -distribution.
Since 3H , ,, is reasonably close to %1, or equivalently y (%,2) (see Figure 5-3-B), the

vy (o, B) -distribution was chosen to overbound the tail of the actual distribution of
3H, . . The parameters o. and 3 are determined by using a free numerical search in

the ranges 1=a <10 and 0.2 < <3. The object of this search is to minimize the
resulting threshold subject to the requirement to overbound the tail of the actual

distribution of 3H , .. The solid line in Figure 5-4 shows the PDF of y (9.255, 0.8) that
results from the numerical search. It overbounds the tail of the distribution of 3H

sv,ars

except for the five largest tail points. With the same probability of false alarm from this
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y -distribution, the threshold of H is @ =10.5212, shown as the dashed line

sv,ars

in Figure 5-4. This resulting threshold bounds all points, including the five largest tail

points.

Maximal HSV - and Minimal Threshold

—— Maximal Hsmls

] S R R e e —— Minimal Threshold

i | i‘:"l‘:':-i'-’i e A
"0 5 10 15 20 25 30 35 40 45 50
# of Tail Ponints Cut Off

Figure 5-5 Maximum H and Minimum Threshold

sv,ars

after Deleting Largest Tail Points

The reason why the resulting y -distribution was not used to overbound the five largest

tail points is that these tail points are most likely driven by small non-hazardous
anomalies. These small anomalies, which pass undetected by the existing IMT integrity
monitors, can result in a large value in the FST statistic because of the FST’s ability to

detect small failures. They should not contribute to the distribution of 3H but will

sv,ars

still be bounded by the threshold being derived. The star line in Figure 5-5 is the

maximum value of the remaining H after a certain number of the largest H

sv,ars sv,ars

observations (shown on the x-axis) are deleted. Each time a tail point is deleted, an

optimal vy -distribution that overbounds the actual distribution and also leads to a

minimum threshold is found. The dotted line in Figure 5-5 is the minimum threshold
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versus the number of tail points deleted. Note that both the star and dotted lines have an

“L” shape, and both decrease very quickly as the worst “tail” points are deleted.

The overbounding method determines the number of tail points (five points in this case)

that need to be deleted based on nominal and failure test results. The threshold should be

larger than the maximum value of H 8.4697, from nominal testing so that no false

alarm is generated in nominal tests. On the other hand, it should not be so large that the
FST becomes incapable of detecting failures. Based on Figure 5-5, the choice was to
delete the five largest tail points out of about one million points total, since the two

curves decrease with a slower rate after that.

In brief, this practical overbounding method is used to search for an optimal Yy -

distribution that can yield a proper threshold within a desirable range predetermined from

nominal and failure tests. The optimal y -distribution does not overbound the whole tail

of the data distribution, though tail points are bounded by the resulting threshold. More
nominal and failure tests are needed to validate that the thresholds obtained from this
method are conservative. There is also sufficient margin for raising the thresholds if

necessary to protect continuity.

5.3.3 Failure Test Results

After the threshold of H is set at 10.5212, failure testing can be used to make

sv,ars

comparisons between H and the three individual IMT integrity monitors from which

sv,ars

it is generated. In order to do this, a satellite clock failure that caused the following

carrier phase measurement error was designed:

2

Vo =0- % +0.014 -1 + rand[- 0.006 : +0.006] (5-13)

where the third term “rand [— 0.006 : +0.006]” represents a uniformly distributed random

noise in the range of *0.006 meters. The failure is injected into the carrier-phase

measurements of PRN 7 with a duration of 173 seconds. Note that the acceleration-ramp-
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step method cannot distinguish whether the carrier phase measurement error is due to a

satellite clock failure or due to an ionospheric storm.

Figure 5-6 shows the failure test results, where the failure occurs at GPS time 223985
seconds. The second term in Equation (5-13) is a ramp error, and it causes a sharp mean
increase in the ramp test results shown in Figure 5-6-B. Meanwhile, all the acceleration,
ramp, and step test results clearly appear to have larger standard deviations during the
failure condition period due to the uniform random noise component (i.e.,
rand [— 0.006: +0.006]), as can be observed in Plots (A), (B), and (C), respectively. The
acceleration and ramp tests flag within 174.5 seconds after the failure is injected, and the

step test does not flag. Conversely, H , . detects the failure after only 35.5 seconds,

which is much more rapid than the individual acceleration, ramp, and step tests. This

advantage also holds for faults other than the one described by Equation (5-13).
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Figure 5-6 Failure Test Results of (A) Acceleration, (B)
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5.4 Failure-Specific Test for Ionospheric Gradients

The FST H , . in the previous section combined the acceleration, ramp, and step test
statistics generated from the same MQM monitor. A second practical FST, named
H,, , , is analyzed in this section. H , is the sum of squared and normalized

divergence, innovation, and ramp test statistics from three different monitors. As

illustrated in Figure 5-1, these three monitors all respond to ionospheric gradients, so
H, , is designed to more quickly detect ionospheric gradients than any of the

individual component monitors. Mathematically, it is constructed as follows:

1 2
Hsv,dir,n (k) = 5 E ('xjvgc,i,n (k) + xino,i,n (k) + xfamp,i,n ) (5_14)
i=0
where
Dvgc, , (k)
xdvgc,i,n ( = (5- 1 5)
fdvgco dvge (k)
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Inno, , (k)

xinna i,n (k) = (5—16)
- finnao inno (k)
Ramp, (k
X ramp.in (K) = o &) (5-17)
’ fmmpo ramp (k)

Figure 5-7 shows the actual distribution of 3H , ., together with the PDF of %+ . Unlike

3H, ., the tail part of 3H  , ’s distribution is overbounded by the PDF of % . This

overbounding occurs because the standard deviations and inflation factors might be

overestimated in the elevation bins to which the largest tail points belong.
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Figure 5-7 The Distribution of H
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The same practical vy -distribution overbounding method developed in Section 5.3.2 is

again applied here to determine the threshold of H . Figure 5-8-A shows that both the

sv,dir

maximum H and the minimum threshold dramatically decrease if the largest tail

sv,dir
points are deleted. Again, the five largest points are removed, and the threshold for

22.8564

H =7.6188 from the optimal 7y (8.550, 0.600)-distribution. This ¥y -

sv,dir

distribution, together with the threshold, is shown in Figure 5-8-B.

To compare the performance of H with that of the other three monitors, an

sv.,dir

ionospheric gradient with a magnitude of 0.014 m/s at 50° (or, equivalently, 0.0111 m/s
vertically) is simulated as follows:

Vp =+0.014-¢

{Vq) =-0.014-¢ (>-18)

and then it is injected into the measurements of PRN 7 with a duration of 173 seconds.

The resulting failure test outputs are shown in Figure 5-9. The GMA divergence and

innovation tests do not reach their thresholds before the gradient ends, as shown in

Figures 5-9-A and 5-9-B, respectively. The ramp test statistic jumps to a high level but is

still below its threshold, as shown in Figure 5-9-C. None of these three monitors detect

this particular failure, except for an acceleration flag generated 175 seconds after the

failure is injected. This acceleration flag is a “lucky” one, since random measurement

noise plays a decisive role when the acceleration test statistic is close to its threshold. In

contrast, the FST H is able to detect the failure in only 15.5 seconds, as shown in

sv,dir
Figure 5-9-D. It not only detects this small ionospheric gradient much more quickly, but
there is also significant margin for us to raise the threshold if needed to protect

continuity, as demonstrated in Figure 5-9-D.
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With this definition of H our failure tests over the entire failure space of

sv.,dir °
ionospheric gradients described in Chapter 4 can be repeated. Figure 5-10-A, copied from

Figure 4-15-B, shows the averaged detection time after the divergence CUSUM method

was integrated into the IMT. If the FST H is also implemented in the IMT, then the

sv.,dir
ionosphere gradient detection performance is significantly improved, as shown in Figure

5-10-B. Note that these results do not necessarily mean that the divergence CUSUM

method is not needed once H is implemented. Most likely future LAAS systems will

sv,dir
employ FSTs to “soften” EXM logic rather than as additional integrity monitor statistics.

This will be discussed in Section 5.5.

5.5 Discussion and Conclusions

This chapter first demonstrated theoretically that an ideal FST, which is the sum of
squared independent standard normal random variables, could detect failures more

quickly than the component monitors. It then demonstrated that the satellite clock FST,

H and ionospheric gradient FST, H could significantly increase the speed of

sv,ars sv,dir °

detection of satellite clock failures and ionospheric gradients, respectively.

In fact, the potential advantages of FSTs can be explored further. First, if a search of all
possible failure modes were conducted, one would find that FSTs detect some failure
scenarios that are not detected by the existing individual integrity monitors. Second, more

FSTs can be constructed, with each one designed to target a specific failure source, such

as H targeting satellite clock failures and H

sv,ars

targeting ionospheric gradients.

sv,dir

Meanwhile, FSTs can be constructed in various ways. An FST can consist of the same
statistic from three channels to indicate the status of that statistic. Here is an example for

the acceleration statistic:

2
Hsv,acc = 2 xjcc,i,n (k) (5_19)

W | =
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An FST can also be composed of all statistics from a channel to detect channel failures

such as:

1 2 2 2 2
Hchannel,m,n = N E ('xacc,m,n (k) + xramp,m,n (k) +...+ 'xinno,m,n (k) + 'xdvgc,m,n (k))

(5-20)

where a total of N test statistics are combined. Based on channel FST statistics, satellite

and receiver failure-specific tests can be further constructed. For example,

2
H = H

sV, n channel ,i,n

W | =

and

1
Hrr,m = E Hchannel,m,j
N J

m

are designed to detect satellite and receiver failures, respectively.
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Finally and more importantly, FSTs can be used to “soften” the current EXM logic so
that LAAS can meet tighter continuity requirements in the future, as pointed out in [70].
The current EXM excludes failed measurements based on flags generated by integrity
monitors. If there are multiple flags on multiple reference receivers, then these multiple
receivers will be excluded and LAAS corrections must then cease (and no further service
can be provided until the system is manually reset). This severe consequence may result
from the combination of an actual failure with one or more false alerts, since the chance
that two different failures occur at the same time is very low. If only one failure occurs,
most likely there will also be only one flag generated from one of the FSTs that targets
this failure mode. Therefore, FSTs help EXM differentiate real flags from false alarms
and the LGF can thus delay or prevent LAAS corrections from being mistakenly shut

down.

In future work, more FST statistics, like H and H need to be constructed. One

sv,ars sv.,dir °
and only one of these FST statistics should respond to a failure that has a specific FST
statistic associated with it. Figure 5-11 shows a potential structure of soft EXM with
these FST statistics. Measurement-specific integrity monitors generate Boolean (0/1)
outputs (“1” represents a flag), with one output for each channel. In order to identify real
flags from the outputs, soft EXM can utilize FST flags, with one FST flag corresponding
to one failure. A real channel flag should accompany one FST flag; otherwise, a channel
flag without a corresponding FST flag can be regarded as a false alert. Thus continuity is
protected. FSTs need Boolean outputs as well, since FSTs do not know which channel (or
channels) a failure comes from. Soft EXM based on the measurement-specific and
failure-specific flags provides a clearer picture of what has happened than do Boolean
outputs. It will be easier and quicker to identify real failures and then to recover failed
channels. Soft EXM logic also can be designed to handle all possible interactions

between integrity monitor flags and FST statistics in the future.
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Also, more nominal and failure testing is needed to confirm that the thresholds of H

sv,ars

and H selected here are indeed conservative such that there is margin for threshold

sv.,dir

relaxation in a practical LGF implementation.
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Chapter 6 Conclusions

6.1 Summary of Contributions
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Figure 6-1 Relationship among Four Contributions

My contributions are summarized in this section. Figure 6-1 describes the relationship

among these contributions. An existing set of LAAS integrity monitors are designed to

detect a variety of possible failures. The first contribution, which was discussed in

Chapter 3, i

and failure

s the first comprehensive analysis of this LAAS monitor suite. These analysis

tests uncover the limitations of the existing monitors in detecting small but

hazardous ionospheric gradients. Thus the Cumulative Sum (CUSUM) method is applied

to more quickly detect marginal ionospheric gradients. The CUSUM method is the
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second contribution in this thesis and was explored in Chapter 4. The failure effect
analysis also provides valuable information on how to combine monitor test statistics to
construct effective failure-specific test (FST) statistics. This third contribution, FST, was
investigated in Chapter 5. All these contributions are based on my correlated work on the
Integrity Monitor Testbed (IMT) design, development, and verification. IMT was
explained in Chapter 2.

6.1.1 First Comprehensive Analysis of the Existing LAAS Monitor Suite

LAAS integrity monitors are designed to detect a collection of hazardous failures. This
thesis creates a generic failure model, in which a step failure is injected into both or either
the code and carrier measurements of a GPS receiver channel. This channel step failure
model is simple, but it is very important. First, step or step-like failures do occur in
practice. Second, any arbitrary error can be mathematically constructed as the sum of a
sequence of delayed step functions. Third, satellite and receiver failures can be
decomposed into failures on multiple channels. Linearity exists between failure inputs
and responses for most integrity monitors. Therefore, superposition can be used to

analyze other failure modes based on this generic failure model.

The thesis derives analytically the step responses of most of the LAAS integrity monitors
using this step failure model. In this analysis, measurements from an individual channel
are assumed not to interfere with those from other channels in the same GPS receiver.
The analysis of ionospheric gradients assumes that all reference receivers are impacted

with the same ionospheric delays in the measurements from one satellite [31].

The thesis then analyzes several other known fault modes based on the step failure model
using the superposition method. These fault modes include channel code step failures,
channel phase step failures, satellite clock step failures, satellite clock ramp failures,

receiver clock step failures, and ionospheric gradients.
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Table 6-1, which is a duplicate of Table 3-7, summarizes qualitatively the results of the
failure analyses. It shows which integrity monitor can detect which failure modes. Here

are the key findings:

Channel (r, p) Satellite p Receiver r
Failure Code Phase Satellite Ionospheric | Receiver
Modes Meas. | Meas. Clock Divergence Clock
V¢, , =01 Vp,,=01|Ve,, =Vp, | Vb,,=-Vp,, | Vo, , =Vp,,
Acc, Ramp

and Step X v v v X
Inno v v X v X
Dvgc v v X v X
B, v ' X X X
B, X v X X X
Do v v v v x
Peorr x v v v x
o v v v v x

Table 6-1 Effects of Known Failure Modes on IMT Monitors

1. The acceleration-ramp-step test detects only carrier phase measurement failures. It
does not respond to any code failure, as designed.

2. The carrier-smoothed code (CSC) innovation test never detects satellite clock
failures.

3. The CSC innovation method is mathematically equivalent to the geometric
moving averaging (GMA) code-carrier divergence method except for a different
smoothing time constant and scaling factor.

4. The B-value test can detect channel failures; however, it cannot detect satellite
clock failures and ionospheric gradients since they affect three reference receivers

at the same time.
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5. None of the IMT monitors detect receiver clock failures, and they should not,
since in DGPS any receiver clock drifts are removed by the corrections.

6. One monitor can respond to several different failure modes, and several different
monitors can detect the same type of failure.

7. The LAAS monitor suite detects the entire set of possible threats analyzed in this

work

Importantly, we find that noise causes the alarm for ionospheric gradients to be later than
we would like. This finding motivates my work on the CUSUM method to detect
ionospheric gradients and my work on failure-specific tests. My failure analyses extend
to evaluate and compare quantitatively the noise performance of the IMT integrity
monitors and potential new monitors. Two examples of performance comparison based

on the Minimum Detectable Errors (MDEs) are given for illustration in Section 3.9.2.

6.1.2 Cumulative Sum (CUSUM) Method to Detect Ionospheric Gradients

Severe ionospheric gradients are the most dangerous threats to LAAS. Potentially they
could lead to vertical positioning errors as large as 19 meters for LAAS users if no
integrity monitors are used to detect the gradients [32]. A major focus of this thesis is
exploring methods to detect quickly anomalous ionospheric gradients subject to the

required low probability of false alarm.

In this thesis, failure analyses and tests with (simulated) ionospheric gradient failures
have been used to quantify the limitations of the existing monitors in detecting small but
hazardous ionospheric gradients. This thesis applies the generic CUSUM quality-
assurance method to the detection of unusual ionosphere divergence and develops the
divergence CUSUM method that is able to more quickly detect marginal ionospheric

gradients.

This thesis compares the performance of the CUSUM to the other relevant IMT integrity

monitors and analyzes the minimum detectable ionospheric gradients achieved by these
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monitors. Figure 6-2 shows a set of failure tests conducted in Chapter 4. These failure
tests demonstrate that the divergence CUSUM method is fastest in detecting the small
ionospheric gradients that the acceleration-ramp-step test fails to detect. The CUSUM
method improves upon the detection speed of the existing GMA method by about 30%.
When combined in the IMT, the divergence CUSUM and acceleration-ramp-step
monitors offer the lowest bounds on detection time. The divergence CUSUM method has

achieved its design goal.
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Figure 6-2 Failure Test Result by Injecting Different

Magnitudes of Ionospheric Gradients at 50° (All Monitors

Considered Here Have the Same False Alarm Rate)

The CUSUM method speeds up detection of anomalies that take time to build up in
smoothed pseudoranges before they threaten users. This improvement is significant in
terms of reducing the risk posed by ionosphere spatial gradient anomalies. Calculations in
[32] demonstrate that the worst vertical positioning error can be reduced from 19 meters
to 5 meters when the CUSUM and acceleration-ramp-step methods are implemented.

This method can and should be utilized in future precision approaches and landings.
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6.1.3 Combining Monitors for Faster Detection of Specific Failures

Some failures excite multiple monitors, and these failures are best detected by combining
the monitors. Monitor combinations detect certain failures more quickly than any
individual monitor [70]. These combinations yield powerful failure-specific tests (FSTs),

which are pioneered in this dissertation for LAAS.

These failure-specific test statistics are the sum of K squared independent standard
normal variables, and ideally they have a 7 ; -distribution. This thesis first gives a
mathematical derivation to prove that the FST constructed in an ideal case is able to

detect failures more quickly than individual monitors with the same probability of false

alarm.

Unfortunately, the sum of squared normalized test statistics is not »?2-distributed in
practice. This thesis develops an overbounding method to determine the threshold for
FSTs. It uses a y (o, ) -distribution to overbound the tail of the apparent distribution
observed from nominal testing. The several largest tail points are excluded from the
overbounding. The parameters o and 3 are determined by using a numerical search
method in the range of I=a <10 and 0.2 <f =<3, so that not only can the selected
optimal y (o, ) -distribution overbound the tail of the apparent distribution, but also the

derived threshold is not overly conservative.

The failure analyses in Chapter 3 offer valuable information on how to construct effective

FST statistics targeting specific failure modes. This thesis constructed two FST statistics

and tested them with IMT data. The FST, H which combines the acceleration,

ramp, and step test statistics, detects satellite clock failures more quickly than the

acceleration-ramp-step monitor. The FST, H which combines the divergence,

sv,dir *
innovation, and ramp test statistics, significantly reduces the time required to detect

ionospheric gradients, even compared to the CUSUM method.
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In principle, FST statistics can be constructed to target each failure mode, each satellite,
and each reference receiver, although only a subset of these are likely to significantly
improve IMT detection times. As pointed out in [70], these fault-specific FSTs can soften
the current EXM failure exclusion logic so that the LAAS can meet the tighter continuity

requirements that apply to Category III precision landings.

6.2 Related Work on IMT Design, Development, and Verification

As described in detail in Chapter 2, the Integrity Monitor Testbed (IMT) is a prototype of
the LAAS ground facility (LGF) developed at Stanford University. It is used to evaluate
whether the LGF can meet the integrity requirements of the LAAS-supported precision
approaches. The IMT consists of a variety of integrity monitors that are designed to
detect all possible failures as well as Executive Monitoring (EXM), which includes a

comprehensive failure-handling logic.

In this thesis, the IMT software development, including all integrity monitoring
algorithms and the EXM logic, have been finished. During the IMT software
development, many data structures and functions from previous Stanford LAAS flight-
test prototypes have been redesigned. The details of the IMT software development are

not covered in this thesis due to the complexity of the software but can be found in [87].

IMT software development has also improved the monitoring algorithms in several
places. For example, the IMT implements the receiver lock time check (discussed in
Section 2.6.1) in such a way that EXM will not reject measurements from a channel as
hazardous to protect continuity even if this check fails. Instead, the IMT initializes and

resets several memory buffers properly before using it, including re-initializing its carrier

smoothing filter. In addition, the ten previous points of q):;m (k) in Equation (2-14) are

now recomputed when the ephemeris of a satellite has just been validated by DQM to

smoothly transition between old and new ephemerides. Also, the fault-determination
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logic shown in Figure 2-11 has been added inside the acceleration-ramp-step test

algorithm to avoid possible false alarm (i.e., alarm generated on non-failed channels).

The IMT has become an indispensable tool for design, development, and testing of new
integrity monitors such as the divergence CUSUM method and FST developed in this
thesis. Both the ou-monitor (discussed in Section 2.9) and position domain monitor

(discussed in [27]) were also developed and tested using this tool.

Of all contributions, this part is not only the most time and energy consuming, but also
the most rewarding. Deeply understanding the workings of the IMT is the key stepping

stone to the three fundamental contributions described above.

6.3 Future Work

The following areas require further attention:
1. The CUSUM method can be applied to detect other kinds of failures because of
its simplicity and excellent performance. For example, the CUSUM method can
possibly be used to detect sudden and large mean and standard deviation changes

in reported receiver carrier-to-noise ratio, C/N . These changes, probably due to

shadowing and strong multipath fading in GPS signal propagation, can cause code
error and result in integrity risk. Using the CUSUM method to provide a real-time
posterior distribution of sigma based on the current CUSUM state has been
investigated in [63].

2. Besides the failure-specific tests (FSTs) for satellite clock failures and ionospheric

gradients (i.e., H and H

sv.ars w.air )» more FST statistics in various forms can be
constructed. For example, based on Figure 5-1, FST statistics could target code
and carrier-phase measurement errors. FST statistics could target channel,
satellite, and reference receiver failures by using Equations (5-20)-(5-22).

3. As discussed in Section 5.5, “soft” EXM logic can be designed with the help of
failure-specific tests so that the LAAS can meet the tighter continuity

requirements that apply to Category III precision landings.
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Stanford’s LAAS IMT can detect and exclude failures such that it meets the LGF
integrity requirements for Category I landings [89,69]. Categories (CAT) II and III have
much stricter requirements both on integrity and continuity than CAT I, as shown in
Table 1-2. To meet the requirements for CAT II/III approaches, the existing LGF system
requires additional system elements, improved algorithms, and justifications for relaxing

over-conservative assumptions built into integrity assessment [69].

Category I LAAS is a single-frequency (L1 at 1575.42 MHz) differential GPS system. As
a new GPS civil signal (L5 at 1176.45 MHz) will join the current civil signal, L1, over
the next ten years [15], this frequency diversity will definitely be utilized to improve the
performance of GPS itself and almost all GPS applications, including LAAS. L1 LAAS
will eventually transition to L1/L5 LAAS. The three fundamental contributions

developed in my thesis will become more important for this future L1/L5 LAAS.

First, the methodology used in the comprehensive analysis of the LAAS monitor suite is
valid not only for L1-only LAAS but also for both L5-only and L1/L5 integrated LAAS
systems. Moreover, a comprehensive analysis, similar to the one conducted in Chapter 3,
for the L1/L.5 LAAS monitor suite can evaluate and compare the performance of different
monitors under each failure mode with each frequency. The analysis can then identify
which monitor can detect which failure mode more effectively using which frequency.
Therefore, with the help of this analysis, L1/L5 LAAS can employ the most effective
monitors only. This efficiency should simplify the monitor architecture that might

otherwise become very complicated due to the introduction of L5.

Second, the divergence CUSUM method will also retain its importance in the future.
Although dual frequency measurements can be used to estimate the ionospheric delay in
avionics [42], these airborne estimates will be no longer available if LAAS loses one
frequency due to radio frequency interference. Therefore, using single-frequency LAAS,

powered with the divergence CUSUM method as a backup, future LAAS can maintain a
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higher availability and continuity, and is able to smoothly transition from L1/L5 LAAS to
a single-frequency LAAS.

Third, failure-specific tests (FSTs) will also retain their importance in a future L1/L5

LAAS. With additional monitor test statistics from L5 LAAS, it will be easier to

construct more effective FST statistics.
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Appendix A Keplerian Orbit Elements and the GPS Navigation

Message

As described below, five Keplerian parameters can completely describe an ideal orbital
plane and an ideal elliptical orbit. However, in the presence of perturbing forces on GPS
satellites, their orbits need to be described by an expanded set of 16 quasi-Keplerian
parameters in order to provide acceptable orbit accuracy to GPS users. These parameters,
also called ephemeris parameters, are contained in the navigation message that is
broadcast by a GPS satellite. The position and velocity vectors of a satellite can be
calculated based on its ephemeris. This appendix gives a brief summary of Keplerian

parameters and navigation messages that are fully explained in [42].
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Figure A-1 Six Keplerian Elements [42]
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A GPS satellite follows Kepler’s three laws of planetary motion and Newton’s laws of
motion under the assumption that both the Earth and the satellite are spheres of uniform
composition and that there are no other external forces beyond the gravitation of these
two bodies. Under these idealized conditions, the motion of a GPS satellite, its position
and velocity, can be determined by six Keplerian elements, i.e., {a, e, i, Q, w, and

v}, as shown in Figure A-1 [3,42]. x,, y,, and z, are three axes of an inertial and

terrestrial Cartesian coordinate system. These orbit elements are defined as follows:

1. Semi-major axis, a: The motion of a GPS satellite is an elliptical orbit with the
Earth at one of the foci. a is the semi-major axis length of the ellipse. Figure A-2
shows the diagram of an ellipse.

2. Eccentricity, e: If ¢ is the distance from the center of the ellipse to a focus, then
the eccentricity e is defined by:

e=S (A-1)
a

Note that e =0 for a circular orbit. With a and c, the semi-minor axis length, b,

is determined by the following formula:
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b=+a*-c? (A-2)

These two parameters a and e together characterize the size and shape of
the orbital ellipse in two dimensions.

3. Inclination, i: This is defined as the angle between the orbital plane of the
satellite and Earth’s equatorial plane.

4. Right ascension of the ascending node (RAAN), Q: The vernal equinox is the
direction determined by the intersection of the equatorial plane of the Earth with
the plane of the Earth’s orbit around the sun, and the ascending node is the point
on the satellite’s orbit that moves in the northerly direction and intersects with the
equatorial plane. The parameter, Q, is the angle between the direction pointing to
the vernal equinox and the ascending node measured in the Earth’s equatorial
plane. The angles i and Q together specify the orientation of the orbital plane of
the GPS satellite relative to the inertial and terrestrial reference frame.

5. Argument of perigee, w: Perigee is the point in the satellite orbit where the
satellite is closest to the center of the Earth. The parameter, w, is the angle
between the ascending node and the perigee measured in the orbital plane. It
determines the orientation of the ellipse in the orbital plane.

6. True anomaly, v: After the orbital ellipse has been specified, v is used to locate

the satellite in the orbit at a given instant. The parameter v(¢) is the angle between

the perigee and the satellite position (at the given time 7) measured in the orbital

plane.

The first five Keplerian parameters {a, e, i, Q, and w } specify the ideal elliptical orbit
[42]. Given v at an epoch, the satellite position can be easily calculated in an orbital
coordinate system and then transformed into the WGS 84 Earth-Centered, Earth-Fixed
(ECEF) coordinate system. The satellite velocity vector can also be computed based on

Kepler’s laws.

However, these five Keplerian parameters are not enough to accurately describe the
actual motion of a GPS satellite, since the Earth is not a uniform sphere, and there are

other forces besides the central gravitational force at play. The main forces perturbing the
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motion of a GPS satellite include the gravitational effects of the equatorial “bulge,” lunar

and solar gravity effects, and solar radiation pressure [42].

In the presence of the perturbing forces, the orbit of a GPS satellite can still be regarded
as Keplerian but with an expanded orbital parameter set in order to account for these
perturbations. The expanded set of quasi-Keplerian parameters consists of 15 elements.
Together with an identifier parameter, called Issue of Data—Ephemeris (IODE), there are

16 parameters in each ephemeris broadcast by a GPS satellite. They are [42,83]:

1. to, ephemeris reference time
2. Ja square root of the semi-major axis
e eccentricity

4. I inclination angle at the reference time

5. Q, longitude of the ascending node at the beginning of the GPS week

6. ® argument of perigee

7. M, mean anomaly at the reference time

8 An correction to the computed mean motion

0. i rate of change of inclination with time

10. Q rate of change of RAAN with time

11-12. C,., C,, amplitudes of harmonic correction terms for the computed
argument of latitude

13-14. C,., C,, amplitudes of harmonic correction terms for the computed orbit
radius

15-16. C,., C,, amplitudes of harmonic correction terms for the computed

inclination angle
These orbital parameters are calculated by the Master Control Station (located in

Colorado Springs, Colorado) based on code and carrier phase measurements at six

monitor stations around the world. The orbital data are uploaded to the satellites typically
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once a day, and the ephemeris parameters broadcast by a satellite change every two hours

[42].

Each satellite broadcasts its own ephemeris. Meanwhile, each satellite also transmits an
almanac in its navigation message. The almanac is a subset of the clock and ephemeris
data that covers all satellites in the GPS constellation but with reduced precision. The
almanac enables a receiver to determine approximately when a satellite will rise above
the horizon if an approximate user position is given. This assists in user receiver signal

acquisition [42].

In addition to the ephemeris and almanac, a GPS satellite also broadcasts other
information in its navigation message. The navigation data message is transmitted at 50
bits per second and so each bit is 20 ms long. It takes a total of 12.5 minutes to transmit
the complete navigation message that is composed of 25 frames. Each frame is 1500 bits
or, equivalently, 30 seconds long. A frame is further formatted into five subframes. Each
subframe is six seconds long and contains ten 30-bit words. Figure A-3 diagrams the
organization of a GPS navigation message [42]. Typically, subframes 1-3 repeat the same
information from frame to frame. Subframes 4-5 of the consecutive frames contain
different “pages” of the navigation message. The summary of the subframe information

content is as follows [42,83]:

Subframe 1: satellite clock corrections, health indicators, age of data
Subframe 2-3: satellite ephemeris parameters
Subframe 4: ionosphere model parameters, UTC data, almanac and health status

data for satellites numbered 25 and higher

Subframe 5: almanac and health status data for satellites numbered 1-24
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Figure A-3 GPS Navigation Message Organization [42,84]

The first word of each subframe is the Telemetry (TLM) that contains a fixed 8-bit
synchronization pattern and a 14-bit message. The second word is the Hand-over word
(HOW) that provides time information in order for a receiver to acquire the P(Y)-code

segment [42].

Subframe 4 provides the time difference between the GPS time and the Coordinated
Universal Time (UTC) in whole seconds and the rate and time difference estimate
between them modulo one second. This allows a receiver to calculate an accurate

estimate of UTC from GPS.
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