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Abstract 

The Global Navigation Satellite System (GNSS) has become more and more widely used 

in commercial applications such as smart phones, cars, and drones. GNSS is one of the core 

technologies used for automotive navigation. For consumer automotive applications, it is 

typically the only navigation system that provides precise absolute positioning and timing. 

As transportation technology moves towards greater autonomy, the need for and the reliance 

on precise GNSS with integrity becomes increasingly urgent. For terrestrial applications, 

multipath becomes the biggest challenge having GNSS with high accuracy and high 

integrity.  

This work explored and examined several approaches to detect and mitigate multipath using 

newly available resources and technologies. A multipath detection method using three-

dimensional (3D) building model with statistical ray tracing was developed that provides 

better resilience toward initial user position error than deterministic ray tracing and does not 

rely on redundancy in received GNSS measurements. A multipath mitigation method using 

multi-frequency signals was also developed that leverages the new civil signals and the 

correlation in multipath characteristics between different frequency signals from the same 

satellite to estimate and remove multipath effect on correlation function. Finally, a mapping 

methodology to infer obstacles in the environment using obscured and unobscured rays was 

proposed and algorithms were developed to generate 3D maps using GNSS measurements. 
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1. Introduction 

The Global Navigation Satellite System (GNSS) has become more and more widely used 

in commercial applications such as smart phones, cars, and drones. GNSS is one of the core 

technologies used for automotive navigation. For consumer automotive applications, it is 

typically the only navigation system that provides precise absolute positioning and timing. 

This is even true for autonomous road vehicles. Railway as well is moving towards use of 

GNSS for positive and automatic control due to its accuracy, ease of use and ubiquity. As 

transportation technology moves towards greater autonomy, the need for and the reliance 

on precise GNSS with integrity becomes increasingly urgent. For terrestrial applications, 

multipath becomes the biggest challenge to having GNSS with high accuracy and high 

integrity. This thesis presents and examines several approaches to detecting and mitigating 

multipath by leveraging the advancement in technology including higher computing power, 

growing availability of maps, and new addition of civil signals. This chapter discusses some 

of the fundamental background of GNSS multipath and introduces the most relevant prior 

art on GNSS multipath research. And the layout of the rest of the thesis is described.  

 

1.1 Background 

1.1.1 GNSS Error Sources 

GNSS range error can be categorized into several sources and is usually grouped by where 

they originate. There are several errors emanating from the space segment including 

ephemeris, satellite clock and signal deformation. The ephemeris errors are those resulting 

from a difference in satellite position as calculated from the orbital parameters used, usually 
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from the satellite’s broadcast message, and the true satellite position. Satellite clock errors 

are due to the difference between the implicit satellite time from the satellite broadcast and 

the true reference time used by the satellite system. The broadcast message can correct from 

some of the error such as drift rate. Signal deformation errors are caused by deviations of 

the broadcast signal from the true signal. Propagation errors include those caused by earth 

atmosphere or obstacles along the signal path. The most common errors caused by Earth’s 

atmosphere are ionospheric delay and tropospheric delay relative to radio propagation travel 

in a vacuum. Obstacles along the signal path can cause total obstruction of the signal, signal 

fading, signal scattering, or reflection of the signal. These are local to the user position and 

may differ significantly even for users that are quite nearby. A GNSS receiver hardware and 

software can also induce error in the signal’s range measurement and such errors are 

commonly grouped in receiver noise.  

Ephemeris and satellite clock errors can usually be corrected by obtaining information from 

GNSS correction source such as a Satellite Based Augmentation System (SBAS) or a 

Precise Point Positioning (PPP) service. Another way to compensate for combined 

ephemeris and clock errors is to use local area differential GNSS corrections. Atmospheric 

errors can be corrected by using an ionospheric / tropospheric model or differential GNSS 

(such as SBAS and local area corrections). The receiver noise effect can usually be 

smoothed out over time through carrier smoothing. Multipath errors, since they are localized 

to the user, must be corrected by the user equipment. This may be done through antenna 

technology, receiver processing or both. However, the residual errors can still be very large 

even with such mitigation.  
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1.1.2 GNSS Challenges in Urban Environments 

Multipath refers to the phenomenon when satellite signals are reflected before reaching the 

user receiver. Such reflections can cause significant error in user’s pseudo range 

measurements which then result in large errors in the navigation solution.  

The multipath environment in aviation is generally benign as the only surfaces that cause 

multipath are on the body of the aircraft. Standard conservative multipath models for 

airborne multipath have very low error contributions [1]. This is because there is little strong 

reflected signal. Even when there is a strong reflected signal, on commercial aircraft, large 

surfaces that can reflect signals to the GNSS antenna, usually located on the front top of the 

aircraft, are tens of meters away. The signal path difference between reflection and direct 

line-of-sight (LOS) is usually large enough that multipath error is easy to detect and correct. 

Also, the airborne user experience very few strong multipath signals given that there are 

few surfaces that can produce it. This allows for mitigation by outlier detection and 

exclusion. For example, if there is only one multipath-corrupted satellite signal, it can be 

easily detected by an outlier detection algorithm like the Fault Detection and Exclusion 

(FDE) algorithm in Receiver Autonomous Integrity Monitoring (RAIM). 

The growing use of autonomous systems such as self-driving cars and Unmanned Aerial 

Vehicles (UAV), has made localization and navigation with high accuracy and integrity in 

urban environments much more essential. Multipath is a significant source of error in the 

urban environment and can cause huge positioning error in user’s navigation solution. 

Buildings can not only block GNSS signals, causing these signals to be unavailable to users, 

but they can also induce reflection from multiple directions, even causing double- or triple-
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reflection. The reduced availability of signals as well as the complexity of multiple 

reflections make multipath error much harder to detect and correct.  

Integrity is essentially how much trust we can place on the navigation solution for our 

desired uses – which means being able to provide a high confidence bound on our position 

errors. Identifying and mitigating multipath is also key to having navigation integrity in the 

urban environment. If our error models do not consider multipath, the position bounds 

derived from those models will not be adequately safe. Conversely, if we always use the 

worst-case multipath model, our bounds could be excessively conservative and large 

making GNSS difficult to use for precise navigation. Hence identifying multipath and 

properly modeling its effect is important in providing position solution with integrity that is 

useful for urban applications. Identifying and reducing the effect of multipath would enable 

GNSS to be a primary component in many high integrity applications such as railway 

control and autonomous vehicle operating in urban environments. 

 

1.2 Prior Art 

Multipath errors have been an important consideration for GNSS almost since its inception 

and much research has be conducted on its detection and mitigation. We can classify the 

approaches taken into several categories: antenna, measurement, signal processing, and 

map based multipath prediction. This thesis exclusively deals with the effect of multipath 

on code phase measurements, so the literatures included here are also those directly related 

to the detection and mitigation of code multipath error. 

Antenna based approaches modify a traditional antenna structure to reduce or estimate 

multipath components. One approach is to the prevent multipath from entering the antenna. 
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Most antennas have some reduced sensitivity to multipath by having much higher gain for 

the right-hand circular polarization (RHCP) of GNSS signals. As single reflection 

multipath has mostly left-hand circular polarization (LHCP), this attenuates the incoming 

multipath. Multipath limiting antenna (MLA) adapts the antenna design to limit signals 

coming from very low and negative elevation angles relative to the antenna ground plane 

as multipath tends to come from such angles in many applications [2]. MLA tend to be 

bulky and the assumption that multipath is from low elevation relative to the ground plane 

does not hold in all environments or applications. Another approach is to estimate the 

multipath component using multi-antenna based spatial techniques. For example, a multi-

antenna system using a set of five antennas was proposed to estimate and remove multipath 

error based on the spatial correlation of received signals [3]. But this type of system is 

expensive and large in size, which makes it difficult to be implemented in commercial 

ground vehicles.  

Multipath prediction and mitigation based on maps and other measures of the external 

environment have also been proposed. Reference [4] proposes a multipath detection 

technique based on using an upward-viewing infrared camera to identify the open sky and 

hence directions where direct and multipath signals may come from. Satellites that are 

blocked by buildings, thus resulting in non-line-of-sight (NLOS) signals, were discarded 

when calculating position solutions. But this technique cannot reliably detect the case when 

both the line-of-sight (LOS) signal and the reflected signals arrive at the receiver.  

Multipath detection methods using 3-dimensional (3D) environmental building model for 

multipath prediction have also been heavily studied. Given that such maps are rapidly being 

generated for urban environments, particularly for autonomous driving applications [5], it 
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makes sense to use such models to aid GNSS integrity. One such method uses a simple 

building model derived from elevation-enhanced maps to predict NLOS signal propagation 

[6]. In [7], the authors incorporated the ray-tracing model with GPS/INS data fusion to 

reduce multipath error. And the authors in [8] simulated both LOS and NLOS signals 

through ray tracing and took into account the uncertainty of the building model.  

Measurement processing include examining the pseudo range and performing redundancy 

checks such as RAIM. These can detect and exclude excessive multipath or NLOS signals. 

However, redundancy checks are suitable for situations where there are relatively few 

faulted (multipath affected or NLOS) signals relative to overall signals. While this is an 

appropriate assumption for an aircraft in flight, a deep urban canyon may have as many or 

more multipath and NLOS signals as clean LOS signals.  

Multipath mitigation can also be achieved inside the GNSS receiver through various signal 

processing techniques and receiver architecture designs. Code based techniques focus on 

the effect on the autocorrelation function of the GNSS signal and attempt to either detect or 

mitigate the effect of multipath. Narrowly spaced early and late correlators can be used to 

reduce tracking error in the presence of multipath by reducing the effect of distortion on the 

correlation function [9]. The Multipath Estimating Delay Lock Loop (MEDLL) [10] uses 

multiple complex correlators to estimate the delays, amplitudes and phases of direct line of 

sight (LOS) and reflected multipath signals using maximum likelihood estimation theory 

and removes the estimated effect of multipath on distorted correlation function using the 

modelled multipath parameters. The Early-Late-Slope (ELS) technique [11] used two pairs 

of narrowly spaced early and late correlators to estimate the slope on each side of the 

correlation peak and achieves higher reduction of multipath error in differential GPS 
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position solution than the standard narrow correlator technique. The early-late-phase (ELP) 

technique described in [12] is a method to detect multipath based on the carrier phase 

difference between the early and late correlators and can be applied to both single- and dual-

frequency receivers. 

While multipath is often thought of as a nuisance to the radio navigator, it can also provide 

utility, especially if we are able to accurate predict it. For example, shadow matching [13] 

uses 3D building model to predict satellite visibility and compares the predicted satellite 

visibility with the measured visibility to determine position. Furthermore, having direct and 

multipath signals can help generate 3-D building maps with the quality of the modeling 

partly dependent on our ability to detect multipath and LOS signals. In [14], a 2.5D mapping 

algorithm using GNSS signals was proposed that computes building footprint by creating a 

2D density map that keeps a list of elements with the altitude and LOS / NLOS classification 

result at each 2D coordinate. It then estimates building heights by calculating the likelihood 

matrix from the density map to predict the most probable structure height at each 2D 

coordinate. A similar approach was proposed in [15] where low-SNR GNSS rays were 

projected onto the 2D ground plane to generate a 2D density map, and a clustering algorithm 

was used to identify building footprints; finally, 3D buildings were constructed using the 

building footprints and the low-SNR rays. A Bayesian approach using Loopy Belief 

Propagation algorithm for mapping was developed in [16] that uses GNSS SNR to predict 

the likelihood of a GNSS signal being blocked, and a factor graph to represent the posterior 

distribution of the 3D environment.  

 

1.3 Organization of Thesis 
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In this thesis, two approaches for detecting and mitigating GNSS multipath and NLOS 

pseudoranges are presented. This thesis also develops a methodology of generating 3D 

building maps using direct and multipath GNSS signals.  

Chapter 2 of this thesis provides the relevant background on GNSS multipath. 

Chapter 3 describes the developed approach to detect multipath using 3D building model. 

A statistical model was developed to improve prediction error caused by user position error 

and building model error in the deterministic approach. Simulation results and 

experimental results are presented. Results are also compared against the RAIM FDE 

algorithm to evaluate the performance of the algorithm. 

Chapter 4 describes the approach to detect and mitigate multipath using multi-frequency 

signals. This approach leveraged the new civil signals and the correlation of multipath 

characteristics across different frequencies to mitigate multipath. Two mathematical 

formulations are discussed, and simulations are performed to validate the multipath model 

and to compare the performance between the two formulations. 

Chapter 5 describes three probability-based voting algorithms to generate 3D building 

maps using GNSS signals and provides a methodology to infer obstacles in the 

surroundings using GNSS rays. Both simulation and experimental results are presented and 

performance of the three algorithms are evaluated and compared. 

Chapter 6 summarizes the key findings and the conclusions of the methods and algorithms 

presented in this thesis and provides ideas for future work.  
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2. The Multipath Problem 

Multipath in GNSS is the term used to describe the phenomena of having indirect signals, 

i.e. signals that have reflected off of another surface before encountering our receiver 

antenna, in our measurements. Multipath, particularly mitigating its deleterious effects on 

ranging and positioning, has been a major topic of research since the birth of GPS. This 

chapter provides the necessary background on multipath characteristics that forms the basis 

for the detection and mitigation approaches that will be introduced in the later chapters of 

this thesis. Section 2.1 provides an overview of multipath and how it can affect range error. 

Section 2.2 describes a simple physical model of reflection suitable for modeling multipath 

using deterministic ray tracing. Section 2.3 then presents the effect of multipath on GNSS 

auto correlation function (ACF). Modeling the effect on ACF provides another mechanism 

for determining the presence and characteristics of multipath.  

 

2.1 Overview of Multipath 

GNSS multipath comes in two major forms with each form creating different challenges in 

detection and mitigation efforts and has a different effect on GNSS range error. The two 

types of multipath are demonstrated in Fig. 1. The first type of multipath, shown in Fig 1a, 

occurs when the direct line-of-sight (LOS) signal from the satellite is blocked by obstacles 

and only the reflected signal is received at the receiver. The receiver mistakes the reflected 

signal as the LOS signal, and causes error in range measurement. This scenario is also 

commonly referred to as non-line-of-sight (NLOS). The second type of multipath, shown 

in Fig 1b, occurs when both LOS and reflected signals are received and the reflected signal 

interferes with the LOS signal. The reflected signals interfere with the direct signal, causing 
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distortion in the correlation function as well as signal strength variation. While both forms 

create errors in range measurement, the former can create unlimited range errors while the 

latter may only create more limited range errors and generally more rapid fluctuations in 

received signal strength.  

 

(a) 

 

(b) 

Fig. 1. (a) Multipath scenario where LOS signal is blocked and reflected signal is 

received - NLOS; (b) multipath scenario where both LOS and reflected signal are 

received. 
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We can show the effect of multipath on GNSS range error through simulation using the 

scenario shown in Fig. 2. A typical urban street with buildings on both sides of the street 

is shown in Fig. 2a. Fig. 2b shows the multipath range error versus the distance between 

the car and the building on the left. Depending on the relative location of GNSS receiver 

to the side of the street, the signal from a low elevation satellite can generate the two 

different types of multipath. If the car (receiver) is on the left as shown in Fig. 2a, its line 

of sight to the satellite is blocked by the building on the left and hence it cannot receive a 

direct LOS signal from the satellite. Instead, it only receives the reflected signal from the 

building on the right. Since this is the only signal, the receiver mistakes this reflected signal 

as the LOS signal and measures a range that is longer than reality, which therefore causes 

a positive range error. The multipath range error is given by the range difference between 

the LOS signal and the NLOS signal. If the car/receiver is on the right side on the street 

(closer to the building on the right), it will receive both the LOS and the reflected signals. 

The receiver will then process a signal that is a combination of these two signals. They will 

cause the receiver to measure a range that is derived from the LOS and NLOS signals 

resulting in errors in this range measurement. The magnitude of the range error depends on 

many factors such as the wavelength of the signal, and the true difference between LOS 

and reflected signal.  

 

2.2 Signal Propagation Model 
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GNSS multipath is the reflection of satellite signals and it follows the law of reflection for 

electromagnetic waves. The law of reflection states that the incident ray, the reflected ray, 

and the normal to the reflector surface all lie in the same plane. The angle of reflection is 

the angle between the surface normal and the reflection ray. The angle of incidence is the 

angle between the surface normal and the incident ray. Furthermore, the law has the angle 

 

(a) 

 

                       

(b) 

Fig. 2. (a) Urban scenario with buildings on both sides of the street and a low elevation 

satellite to the left; (b) multipath range error plotted against the distance to the left 

building.  
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of reflection being equal to the angle of incidence as shown in Fig 3. The law of reflection 

forms the basis of deterministic ray tracing. If we know the location and orientation of the 

reflector, we can trace the reflected GNSS ray from the satellite to the point of incidence 

and then to the receiver. The path that the reflected signal travelled provides us valuable 

information on how the range measurement is impacted by multipath. This is a reasonable 

but simplistic model for multipath that only takes into consideration specular reflection. 

More complex scattering and fading effect in signal propagation can also impact LOS and 

reflected signal paths and signal strength. For example, total blockage of signal does not 

occur as soon as the signal touches the boundary of the obstacle. But rather, the signal 

bends around the corner of the obstacle and causes decrease in signal strength rather than 

total loss of signal. But since GNSS signals are transmitting at such low power, the effect 

of diffraction is negligible, and a simple reflection model based on specular reflection is 

usually sufficient. For example, [6] and [8] both used ray tracing and building model to 

predict the presence of reflection signals according to specular reflection alone. However, 

the limitation of using deterministic ray tracing to predict multipath is that we need to know 

 

Fig. 3. Law of reflection.  
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the location of the user to predict the presence of multipath, but the location of the user is 

the very unknown that we are trying to estimate accurately under multipath. Chapter 3 deals 

with the detail of using ray tracing and building model to predict multipath and discusses 

how the limitation of deterministic ray tracing is handled.  

 

2.3 Correlation Function 

GNSS signals transmit Pseudo-Random Noise (PRN) codes modulated into a carrier signal 

and use correlation operation to measure the range of the incoming signal. PRN codes take 

on values of +1 or –1. The codes are designed with special correlation properties such that 

the correlation between different PRN codes is very low and the correlation between 

different code offsets of the same code is also low. For example, GPS C/A code repeats 

every 1023 bits (known as chips) and modulates at 1.023 megahertz (MHz) chipping rate.  

The auto-correlation function (ACF) for a GNSS signal is defined in the time domain as  

𝑅(𝜏) =
1

𝑇𝑐𝑜𝑑𝑒
∫ 𝑥(𝑡)𝑥(𝑡 − 𝜏)𝑑𝑡

𝑇𝑐𝑜𝑑𝑒

0

  

where 𝑥(𝑡) is the PRN code and 𝑇𝑐𝑜𝑑𝑒 is the period of 𝑥(𝑡). When 𝜏 = 𝑛𝑇𝑐𝑜𝑑𝑒 where 𝑛 =

0, ±1, ±2, ⋯, the ACF takes on the maximum value of 1. 

𝑅(𝜏) =
1

𝑇𝑐𝑜𝑑𝑒
∫ 𝑥2(𝑡)𝑑𝑡

𝑇𝑐𝑜𝑑𝑒

0

=
1

𝑇𝑐𝑜𝑑𝑒
∫ 1 𝑑𝑡

𝑇𝑐𝑜𝑑𝑒

0

= 1 

The ACF can be approximated as a triangular function with its peak at 𝜏 = 0, and with 

the base of the triangle equals to 2𝑇𝐶, where 𝑇𝐶 is the duration of a single chip.  

Each GNSS satellite transmits its signal with a unique PRN code sequence known by the 

GNSS receiver. And the receiver generates a replica of the code sequence and tries to 

match it with the received code using ACF. Once a match is found, the time of 
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transmission of the signal can be determined and the receiver can measure range, or more 

accurately pseudo range, using the difference between the time of transmission and time 

of arrival as measured by the receiver.  

In a standard GNSS receiver, two or three replicas are generated, and the goal is to have 

at least one replica falling on each side of the correlation triangle. The one on the rising 

side of the triangle is called the early correlator and the one on the falling side is called 

the late correlator, as shown in Fig. 4. The offset between the early correlator and the late 

correlator are fixed and the offset is called correlator spacing. A control loop is used to 

match the output of auto correlation function for early and late correlators. When the 

early correlator output matches the late correlator output, the midpoint of the early/late 

correlators is ideally where the correlation peak resides. The midpoint is where the 

receiver will assume the correlation is aligned. 

Mathematically, if the auto-correlation function is denoted as 𝑅(𝜏), the early (𝑆𝐸) and late 

(𝑆𝐿) correlator output can be expressed as: 

 

Fig. 4. Early and late correlators in a GNSS receiver. 
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𝑆𝐸 = 𝑅(𝜏𝑒 −
𝛿

2
) 

𝑆𝐿 = 𝑅(𝜏𝑒 +
𝛿

2
) 

where 𝜏𝑒 is the error of the code delay estimated at the receiver and 𝛿 is the early and late 

correlator spacing. And 𝜏𝑒 is estimated by having the control loop attempt to equalize the 

two correlator outputs as follows: 

𝑆𝐸 − 𝑆𝐿 = 0 

This is also the formula used to generate Fig. 2b.  

As shown in Fig. 5, when LOS signal and a reflected signal are both received, the 

mixture of both signals results in distortion in the shape of the correlation function. The 

blue triangle is the ACF of the LOS signal only and the left-most black dashed line 

represents the calculated peak of the LOS only ACF. The correlation function with the 

reflected signal is shown in red and is shown as being weaker as it is usually attenuated 

by the reflection. The overall correlation function is represented by the yellow dotted 

line. The assume alignment, i.e. the midpoint between the equalized early and late 

 

Fig. 5. Auto corelation furnction distortion in the presence of reflection.  
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correlator, of the correlation function from the combination of the LOS and NLOS 

signals, is given by the black vertical dashed line on the right. Note that this is not the 

peak but a receiver with 2 or 3 correlators cannot easily know this. The final range error 

caused by this distortion is the gap between the two black vertical dashed lines. And this 

error is the multipath range error.  

Now consider the same multipath scenario but narrowing the spacing between early and 

late correlators, it can be seen by comparing Fig. 5 and Fig. 6 that by simply narrowing 

the spacing between correlators, the measured multipath range error is significantly 

reduced [9]. And since the distortion of ACF is a strong indication of the presence of 

multipath, more correlators can be implemented in the receiver to better estimate the 

shape of the ACF to estimate and mitigate multipath. This is the idea behind Multipath 

Estimating Delay Lock Loop (MEDLL) [10]. Chapter 4 will discuss how to use multiple 

correlators to estimate multipath parameters and apply the MEDLL technique to multiple 

frequency signals to better aid the mitigation effort.  

 

Fig. 6. Multipath error with narrow correlators. 
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3. Three-Dimensional Building Model 

This chapter describes, develops and examines a multipath detection and exclusion 

method leveraging ray tracing on a three-dimensional (3D) building model to predict the 

signal paths at the estimated user position. The overall goal of the work is to allow us a 

way of providing integrity in situations that may overwhelm the detection capabilities of 

RAIM. For practicality, we have to handle imperfect building models and so sensitivity 

analysis on the building model is utilized to manage these errors. This not only helps 

understand how imprecision in our building model may affect detection but also provides 

a potentially useful mechanism to estimate the confidence level of the prediction. 

Satellite exclusion is then performed based on the parameters derived from our ray-

tracing model to test the overall performance and sensitivity. 

 

3.1 Ray Tracing Model 

Ray tracing can be used to predict the presence of both LOS and reflected signals given a 

satellite-user geometry. A 3D building model was developed for ray-tracing simulation and 

multipath prediction. The site chosen for simulation and testing is the Engineering 

Quadrangle (Quad) at Stanford University (Fig. 7). This site contains four buildings with 

each building being three-story high. The building model was constructed using building 

corner coordinates and building heights estimated from Google Earth. Detailed structure of 

the building walls and roofs were not captured in the model to simplify the simulation. Trees 

and other foliage were also not modeled for the same reason. The final building model 

contains the surface normal vector and the boundaries of each sidewall for all the buildings 

in the model. 
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The ray-tracing algorithm simulates the LOS signal path as well as all the building-reflected 

signal paths from the satellite to the user receiver. The LOS propagation is simulated by a 

 

(a) 

 

(b) 

Fig. 7. (a) Top view of the simulation and testing site at Stanford University; (b) 

Building model created from Google Earth for simulation. 
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straight-line segment connecting the satellite and the user receiver. Then the algorithm 

checks whether the propagation line passes through any sidewall within its boundaries. 

Single reflections are simulated using a vector-based ray-tracing method described in [17]. 

First of all, the satellite-user geometry is used to eliminate reflection surfaces. Sidewalls 

that are facing the wrong direction relative to the examined satellite are discarded before 

further simulation for reflection path. And for each of the potential reflection surfaces, a 

reflection image of the user receiver with respect to the surface is generated. A propagation 

from the satellite to the receiver’s image is then simulated (Fig. 8). If this propagation path 

intersects with the reflection surface corresponding to the receiver image within its 

boundaries, the actual reflection path from the satellite to the receiver will be simulated. 

And if this reflection path is not blocked by any other sidewall, the reflection path will be 

stored for further calculation. The algorithm continues to find valid reflection paths from all 

possible reflection surfaces given the satellite-user geometry. 

Ground reflection was not simulated since it is assumed that the GNSS antennas can 

effectively reject signals arriving at low or negative elevation angles. Simulations also 

showed that double reflection was likely not present in the specific environment. Analysis 

and simulations on diffraction were also conducted and the results showed that multipath 

range error caused by diffraction is minimal and can be neglected [18]. Therefore, 

diffraction and double reflection are both ignored in simulations used to generate model 

prediction on the experimental data. 

 

3.2 Simulation 
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Fig. 9 shows the simulation result for users on the ground for a satellite at 90-degree azimuth 

and 15-degree elevation. Fig. 9a shows the prediction of LOS coverage and Fig. 9b shows 

the regions where the received signal will be corrupted by signal reflections. The strip 

pattern in Fig. 9c is the result of interference between LOS signal and reflected 

signals. And the region with multiple-color strips in Fig. 9c is the region with large range 

error, which is caused when LOS signal is blocked and only reflected signals are received.  

 

Fig. 8. Simulation of single reflection paths. 
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3.3 Sensitivity Analysis 

 

(a) 

 

(b) 
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While ray-tracing algorithm is a deterministic algorithm, the prediction results are 

predicated on a precise knowledge of the building surfaces and the user location. Indeed, 

these two factors are related in ray tracing methods as we care about the relative relationship 

between the user location and building walls. To improve the robustness of the algorithm 

given building model uncertainty, a statistical sensitivity analysis with the ray-tracing 

algorithm was performed whereby building corner and height locations are taken as 

variable.  

Independent and identically distributed uniform noise based on our building model 

uncertainty was added to each of the building corner locations and heights. Monte Carlo 

simulation was then carried out on the model with noise for statistical analysis. By 

 

(c) 

Fig. 9. (a) Line-of-signt coverage; (b) number of single reflections; (c) multipath range 

error. Modeled satellite signal is from 90 degree azimuth (North being zero degree) and 

15 degree elevation. 
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comparing the difference in prediction between the original model and the model with noise, 

sensitivity to modeling uncertainty at a particular user location for a particular user-satellite 

geometry can be estimated.  

Therefore, sensitivity analysis helps quantify the confidence level of the model’s multipath 

prediction under modeling uncertainty. Fig. 10 and Fig. 11 are the plots for probability of 

disagreement for LOS prediction and reflection prediction, respectively, for a satellite at 90-

degree azimuth and 15-degree elevation. Let 𝑚0 = {𝑐0,𝑗} be the original model where 𝑐0,𝑗’s 

are the building corner coordinates. Then 𝑚𝑖 = {𝑐𝑖,𝑗} is the 𝑖𝑡ℎ simulation of the model with 

uncertainty, where 𝑐𝑖,𝑗 = 𝑐0,𝑗 + 𝑛𝑗 and 𝑛𝑗’s are uniformly distributed random variables on 

the interval [−1,1]. Let 𝑝𝑠 and 𝑝𝑟 be the position of the satellite and the position of the user, 

 

Fig. 10. Probability of disagreement for LOS prediction between the original model and 

the model with uncertainty for a satellite at 90-degree azimuth and 15-degree elevation. 
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respectively, then the probability of disagreement for LOS prediction for a satellite at 𝑝𝑠 

and a user at 𝑝𝑟 is estimated as follow:  

P(𝑚𝑖(𝑝𝑠, 𝑝𝑟) = Reflection | 𝑚0(𝑝𝑠, 𝑝𝑟) = LOS) =
∑ 𝟏(𝑚𝑖(𝑝𝑠, 𝑝𝑟) = Reflection)𝑖

𝑛
 

P(𝑀𝑜𝑑𝑒𝑙 𝑤𝑖𝑡ℎ 𝑢𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦 = Reflection | 𝑚0(𝑝𝑠, 𝑝𝑟) = LOS)

≅
∑ 𝟏(𝑚𝑖(𝑝𝑠, 𝑝𝑟) = Reflection)𝑖

𝑛
 

 

where n is the total number of simulations. And similarly, the probability of disagreement 

for reflection prediction is estimated as 

P(𝑚𝑖(𝑝𝑠, 𝑝𝑟) = LOS | 𝑚0(𝑝𝑠, 𝑝𝑟) = Reflection) =
∑ 𝟏(𝑚𝑖(𝑝𝑠, 𝑝𝑟) = LOS)𝑖

𝑛
 

Simulation result shows that for a low elevation satellite, reflection prediction is more 

sensitive to modeling uncertainty than LOS prediction.  

 

Fig. 11. Probability of disagreement for reflection prediction between the original model 

and the model with uncertainty for a satellite at 90-degree azimuth and 15-degree 

elevation. 
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3.4 Experimental Results  

A field test was performed on the Engineering Quad at Stanford University. L1 C/A GPS 

data were collected at 13 ground locations on the Engineering Quad using a NovAtel 

ProPak-V3 GNSS receiver (Fig. 12). Carrier smoothing interval was set to 2 seconds, which 

is the lowest value allowed by the receiver. But since carrier smoothing cannot be turned 

off completely, some multipath effect, particularly rapidly varying ones, will be smoothed 

out to some extent. The data collection time was chosen so that both NLOS and multipath 

receptions were predicted, based on the building model and satellite geometry, to be present 

at the test locations. In order to maintain a similar satellite geometry during the entire time 

of data collection, only 10 seconds of data were collected at each location. And the entire 

data collection process was completed in 12 minutes. Thirty minutes of extended data 

collection was also conducted, and data were processed using the precise point positioning 

(PPP) service provided by Natural Resources Canada (NRCan) to obtain the ground truth 

of the testing points. A sky plot of all the satellites in view at the time of the field test is 

shown in Fig. 13. There was a total of 10 GPS satellites in view. 

 

3.4.1 GPS Data Processing 

GPS L1 pseudorange data were post-processed to remove the common errors including 

ionospheric error, tropospheric error and satellite clock bias. Ionospheric error corrections 

were obtained from the Wide Area Augmentation System (WAAS). Tropospheric errors 

were estimated using the WAAS tropospheric delay model [19]. 
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3.4.2 Detection Algorithms 

A total of four algorithms for satellite exclusion were implemented on the collected GPS L1 

pseudorange data compared to an all-in-view (unmitigated) solution. Single point 

positioning solution was calculated at each testing location. The same positioning algorithm 

using unweighted least squares was applied to all detection algorithms [20]. 

1) The no exclusion algorithm: This algorithm uses all the received signals to calculate 

position solutions. This is the all-in-view solution.  

2) The residual checking algorithm: The traditional Receiver Autonomous Integrity 

Monitoring (RAIM) Fault Detection and Exclusion (FDE) algorithm based on consistency 

checking of pseudorange residuals is used [21]. This algorithm sequentially excludes 

signals that are inconsistent with the rest until the remaining residuals are consistent with 

each other according within a specific threshold. The algorithm then uses the remaining 

 

Fig. 12. Field testing locations on the engineering quad. 
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signals for position solutions. The detection threshold for RAIM-FDE corresponds to a 

false alarm rate of 0.1 assuming the multipath-free measurement errors follow a zero-mean 

Gaussian distribution. A detailed description and derivation of RAIM algorithm can be 

found in [21].  

3) The hard exclusion algorithm: This algorithm excludes signals based on the building 

model’s predictions of LOS and reflection. Satellite positions and an initial estimate of the 

user position were input into the model to generate a multipath prediction for each satellite 

in view. The initial user position is estimated from the all in view solution and the user 

height is estimated from the building model. Only the horizontal position from the all-in-

view solution was used because the relative height above ground for the user antenna can 

be easily measured for ground vehicles and we assume that the elevation of the local ground 

 

Fig. 13. Sky plot of all the satellites in view at the time of the field test. 
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level is known. The model outputs two parameters. The first parameter predicts the 

presence of the LOS signal. The second parameter predicts the presence of the reflection 

signals. The decision process of the hard exclusion algorithm is shown in Table I. Only 

satellite signals considered usable are those where we only predict LOS signals are present. 

All other cases are excluded as the measurement is considered containminated by 

multipath. This is an extreme approach aimed at maximizing integrity rather than 

availability. While the model can provide the multipath delay which provides an estimate 

of the its severity, this more granular information is not used in our current work but may 

be worth exploring in the future. Detection results from the hard exclusion algorithm 

showed that accurate detection of multipath signals based on the building model can be 

affected by two factors: the uncertainty in the model and the accuracy of the initial user 

position estimate. Therefore, two more detection algorithms were implemented to 

demonstrate the effect of each of these two factors on the model’s detection accuracy. 

4) The soft exclusion algorithm: The soft exclusion algorithm performs satellite 

exclusion based statistical results generated using uncertainty in the building model. 

Sensitivity analysis was performed at each testing location. Uniform noise with distribution 

U(-1 m, 1 m) was added to each of the building corner coordinates and building heights. 

100 Monte Carlo simulations were carried out on the model. Two sensitivity parameters, 

one indicating the estimated probability of having LOS signal and the other indicating the 

estimated probability of having reflection, were generated by averaging over the simulation 

results. For example, if 30 out of the 100 simulations predict “yes’ for LOS, the sensitivity 

parameter for LOS prediction is 0.3. The decision process of the soft exclusion algorithm 

is listed in Table II. The table incorporates a basic notion of severity of the multipath in its 



 31 

decision threshold. The threshold for having a reflection result in excluding the satellite 

signal is higher if a LOS is believed to be present (prediction is “yes”). This is because 

multipath error is bounded when LOS signal is present, and error caused by worse satellite 

geometry may exceed the error caused by multipath in this case. This higher threshold is a 

representation of the tradeoff between multipath error and satellite geometry. 

5) Hard exclusion initialized with RAIM (Hard + RAIM): This algorithm is the same 

hard exclusion algorithm as described before. But instead of using the no exclusion 

algorithm to obtain an estimate of user position, the position estimate from the RAIM 

algorithm was used. So this algorithm allows us to examine the sensitivity of hard 

exclusion’s detection performance to errors in initial position. The position solution using 

RAIM is better in this multipath environment than that from the all-in-view.  

TABLE I.  EXCLUSION DECISION FOR THE HARD EXCLUSION ALGORITHM 

LOS Reflection Decision 

Yes No Include 

Yes Yes Exclude 

No Yes Exclude 

No No Exclude 

 

TABLE II.  EXCLUSION DECISION FOR THE SOFT EXCLUSION ALGORITHM 

Sensitivity analysis 
Decision 

Probability of LOS Probability of reflection 

> 0.6 Yes < 0.8 No Include 

> 0.6 Yes > 0.8 Yes Exclude 

< 0.6 No < 0.6 No Exclude 

< 0.6 No > 0.6 Yes Exclude 

 

3.4.3 Results and Discussion  
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Performance of the five detection algorithms were evaluated. Fig. 14 shows the root mean 

squared (rms) 3D position error at each testing location for the five algorithms plotted 

against the distances to the first testing location. Position error from the no exclusion 

algorithm suggests that multipath was present at multiple testing locations with an extreme 

case at location 7. The hard exclusion algorithm removed several signals and reduced the 

large position errors that we believe to be due primarily to multipath signals. The 

performance of the hard exclusion algorithm at locations 3 and 13 was worse than the no 

exclusion algorithm. This is due to excluding so many signals that satellite geometry was 

significantly affected. The horizontal dilution of precision (HDOP) was calculated and 
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plotted in Fig. 15. HDOP at locations 3 and 13 shows that the hard exclusion algorithm 

 

Fig. 14. Position error at each testing location for the five detection algorithms. 

 

Fig. 15. Horizontal dilution of precision based on satellites used for position solution at 

each testing location for the five detection algorithms. 
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removed good signals that did not contain multipath at these locations. The result of the 

excessive exclusion was poor satellite geometry.  

Examination of the hard + RAIM results show much lower errors for locations 3 and 13 

which suggests that the initial position error can have a significant effect. The no exclusion 

and RAIM algorithm both have similar levels of errors for those two locations. But they 

have different enough positions, as shown in Fig. 16, to result in different decisions by the 

hard exclusion algorithm. Overall the hard + RAIM algorithm has error below 4 meters for 

all testing locations, which matches typical GPS performance. Fig. 17 shows hard exclusion 

results using the true location for initial position. The errors for this algorithm are the same 

as the errors for the hard + RAIM algorithm, which indicates that the RAIM solution is close 

enough to the true location of the user for the hard exclusion algorithm to make decisions 

consistent with the hard + RAIM algorithm.  
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Fig. 16. 2D position plot of ground truth, no exclusion solution, and RAIM solution for 

testing lcoation 3. 

 

Fig. 17. Position error at each testing location for the no exclusion algorithm, the hard 

+ RAIM algorithm, and the hard exclusion algorithm initialized with true location. 
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The soft exclusion algorithm also produces solutions with consistently low errors that is 

within the range of nominal GPS error. The uncertainty model in the soft exclusion is 

developed to handle building model uncertainty. But in doing that it also handles some 

initial position error. 

The soft exclusion algorithm and RAIM algorithm produce similar results at all locations. 

In order to investigate and further compare the performance of both algorithms, additional 

data collection was conducted at a different location within the Engineering Quad (Fig. 18). 

Position error for both algorithms were plotted over a time period of 0.6 minute in Fig. 19. 

It can be seen that in this scenario, RAIM failed to exclude all the erroneous signals and 

results in larger position error than the soft exclusion algorithm. RAIM algorithm requires 

that the majority of the signals are clean, and it works best when only one corrupted signal 

 

Fig. 18. Ground truth of receiver collecting data at an additional testing location. 
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exists among the received signals. RAIM also requires redundancy to check consistency 

among the signals. If there are only four signals present in a given scenario, RAIM cannot 

give any clear indication on whether any of the signals are corrupted by multipath. On the 

other hand, soft exclusion does not have either of the restrictions and can still detect 

multipath even in severe environments where the majority of signals are multipath or are 

blocked by buildings. Currently, the soft exclusion algorithm is based on a simple, 

uniformly distributed statistical model to simulate building uncertainty. Further analysis can 

be done to refine the statistical model to better capture the uncertainty in both the building 

model and user location, and to improve the algorithm’s prediction accuracy. 

  

 

Fig. 19. Comparison of position error between the soft exclusion algorithm and RAIM 

at additional testing location. 
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4. Multi-Frequency Multipath Estimation 

This chapter proposes and evaluates a multipath detection and mitigation method that 

uses multi-frequency correlation functions to identify, estimate, and remove multipath 

error from received signals. A dual frequency multipath model was developed using 

multipath relative delay, amplitude and phase, and the relationship of multipath delay and 

amplitude between two different frequencies. Multipath delay, amplitude and phase were 

randomly generated through simulation to evaluate the performance of the estimation 

algorithm.  

 

4.1 Multipath Parameter Estimation 

The auto-correlation function (ACF), 𝑅(𝜏), for a GNSS signal is defined in the time domain 

as  

𝑅(𝜏) =
1

𝑇𝑐𝑜𝑑𝑒
∫ 𝑥(𝑡)𝑥(𝑡 − 𝜏)𝑑𝑡

𝑇𝑐𝑜𝑑𝑒

0

  

where 𝑥(𝑡) is the PRN code and 𝑇𝑐𝑜𝑑𝑒 is the period of 𝑥(𝑡). When 𝜏 = 𝑛𝑇𝑐𝑜𝑑𝑒 where 𝑛 =

0, ±1, ±2, ⋯, the ACF takes on the maximum value of 1. 

Fig. 20 shows the auto-correlation function for a typical GPS L1 C/A signal. The ACF can 

be approximated as a triangular function with its peak at 𝑡 = 0, and with the base of the 

triangle equals to 2𝑇𝐶, where 𝑇𝐶 is the duration of the single chip.  

As shown in Fig. 20a, the ideal ACF is a triangular function. “Ideal” refers to that no 

precorrelation filter was applied to the signal and hence the signal used has infinite 

bandwidth. This produces an ACF with a sharp peak. A precorrelation filter is usually used 

to remove out-of-band noise and interference. But the filter also changes the shape of the 
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ACF and smooths out the edges, making multipath harder to distinguish. A narrower 

filtering bandwidth corresponds to a smoother shape of the ACF. Fig. 20b shows the 

filtering effect on the shape of the auto-correlation function. 

Let 𝑅𝑟𝑒𝑓(𝑡) be the standard filtered ACF with unit amplitude and with its peak at 𝑡 = 0. 

Then the ACF of any received GNSS signal can be expressed as a function of 𝑅𝑟𝑒𝑓(𝑡) 

corresponding to that signal’s pseudorandom code shifted by signal time delay 𝜏, scaled by 

signal amplitude 𝐴, and rotated by carrier phase 𝜃. If both direct signal and reflections are 

present, the received signal is the superposition of all of the components with a different 

amplitude, delay, and phase for each component.  

𝑆(𝑡) = ∑ 𝐴𝑖𝑅𝑟𝑒𝑓(𝑡 − 𝜏𝑖)𝑒
𝒋𝜃𝑖

𝑛

𝑖=0

+ 𝑛(𝑡) 

In the above equation, 𝑖 = 0 represents the direct LOS component of the received signal, 

and 𝑖 = 1, 2, … , 𝑛 are the reflection components. 𝑛(𝑡) captures white Gaussian noise in the 

received signal.  

Since the standard ACF 𝑅𝑟𝑒𝑓(𝑡)  is known to the receiver, we can estimate the signal 

parameters 𝜏𝑖̂, 𝐴𝑖̂, and 𝜃𝑖̂ by minimizing the following cost function 

𝐶 = ∫ (𝑆(𝑡) − ∑ 𝐴𝑖̂𝑅𝑟𝑒𝑓(𝑡 − 𝜏𝑖̂)𝑒𝒋𝜃𝑖 ̂

𝑛

𝑖=0

)

2
𝑇𝐶

−𝑇𝐶

𝑑𝑡 

If the receiver uses multiple complex correlators to generate sampling points 𝑆(𝑡𝑗) of the 

received signal at time 𝑡𝑗’s, the cost function can be written in discrete form with m being 

the sample times or sample points/delay relative to 𝜏 as 

𝐶 = ∑ (𝑆(𝑡𝑗) − ∑ 𝐴𝑖̂𝑅𝑟𝑒𝑓(𝑡𝑗 − 𝜏𝑖̂

𝑛

𝑖=0

)𝑒𝒋𝜃𝑖̂)

2𝑚

𝑗=0
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(a) 

 

(b) 

Fig. 20. (a) Auto-correlation function of GPS L1 C/A-code PRN01; (b) auto-correlation 

function of PRN01 after passing through an 8MHz low-pass filter.  
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4.2 Multi-Frequency Multipath Parameter Estimation 

The U.S. government is in the process of adding new navigation signals to the GPS 

constellation. In addition to the GPS L1 C/A legacy signal, two new civil signals, L2C and 

L5, are available on certain GPS satellites. These three civil signals are broadcasting on 

different radio frequencies: L1 C/A is broadcasting on a central frequency of 1575.42 MHz, 

L2C on 1227.6 MHz, and L5 on 1176.45 MHz. The diversity in frequency provides 

additional information that can help in estimating multipath parameters.  

If a satellite is broadcasting on multiple frequencies, the direct LOS signal path and 

multipath signal path are nearly identical on different frequencies. Therefore, multipath path 

delays are the same across different frequencies. Similarly, since reflectivity does not vary 

much across different GNSS frequency bands, the relative amplitude ratio between 

multipath and LOS component stays the same across different frequencies as well. In term 

of phase angle, since the wavelength of each frequency signal is different, signal traveling 

through the same path will likely end up with different phase angle and therefore cause 

different distortion in ACF. Fig. 21 demonstrates how different phase angles affect the shape 

of ACF. In a typical GNSS receiver, a received signal is demodulated into I (in-phase) and 

Q (quadrature) components. Fig. 21 shows the correlator outputs for both I-channel and Q-
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channel. The relationship of multipath delay, amplitude, and phase across different 

frequencies can be used in multipath parameter estimation.  

 

(a) 

 

(b) 

Fig. 21. (a) Auto-correlation function of a GPS L1 signal; (b) auto-correlation function 

of the corresponding GPS L2 signal. 
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For dual frequency signals, mathematically, these relationships can be expressed as 

following: 

𝜏𝑖
𝑝 − 𝜏0

𝑝 = 𝜏𝑖
𝑞 − 𝜏0

𝑞
 

𝜏𝑖
𝑘 − 𝜏0

𝑘 > 0, for 𝑘 = 𝑝, 𝑞 

𝐴𝑖
𝑝

𝐴0
𝑝 =

𝐴𝑖
𝑞

𝐴0
𝑞  

0 <
𝐴𝑖

𝑘

𝐴0
𝑘 < 1, for 𝑘 = 𝑝,  

where 𝑖 = 1, … , 𝑛, is the index of the multipath reflection and 𝑝 and 𝑞 can take on values of 

L1, L2C, or L5. The reflected signal always travels a longer path than the direct LOS signal 

and therefore is always delayed with respect to the direct signal. It is assumed that the 

reflected signal is always weaker than the LOS signal and therefore the amplitude ratio of 

the reflected signal to the direct signal is assumed to be always less than 1.  

The corresponding cost function for dual frequency estimation can be expressed as the 

weighted sum of the individual cost function as defined in 3.2 with weights on the signal on 

frequency p, q given by 𝑤𝑝 and 𝑤𝑞 , respectively.  

𝐶 = 𝑤𝑝𝐶𝑝 + 𝑤𝑞𝐶𝑞 

 

4.3 Change of Variables  

An optimization problem with non-linear constraints to solve the multipath parameters can 

be formulated as below: 

min
𝜏𝑖̂ ,𝐴𝑖̂,𝜃𝑖̂

𝑤𝑝𝐶𝑝 + 𝑤𝑞𝐶𝑞 

𝜏𝑖
𝑝 − 𝜏0

𝑝 = 𝜏𝑖
𝑞 − 𝜏0

𝑞
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𝜏𝑖
𝑘 − 𝜏0

𝑘 > 0, for 𝑘 = 𝑝, 𝑞 

𝐴𝑖
𝑝

𝐴0
𝑝 =

𝐴𝑖
𝑞

𝐴0
𝑞 , for 𝑖 = 1, … , 𝑛 

0 <
𝐴𝑖

𝑘

𝐴0
𝑘 < 1, for 𝑘 = 𝑝, 𝑞 

Theoretically, solving the above optimization problem should give us the correct answer. 

But practically, since this is not a convex problem, it is not guaranteed that the global 

optimal solution will be found. Additionally, since the complex exponential is a periodic 

function with its derivatives also periodic functions, and with the phase angle taking on 

values from −∞ to ∞, it is difficult for any optimization algorithm to find the global optimal 

on 𝜃𝑖’s. Therefore, a better formulation of the optimization problem is needed to improve 

the performance of the optimization algorithm to find global optimal solutions.  

Since 𝜃𝑖’s are the variables that are causing problems, we want to replace these variables 

with non-cyclical variables. First, by expanding the complex exponentials, we can rewrite 

them as follow:  

𝑒𝒋𝜃𝑖 = 𝑐𝑜𝑠𝜃𝑖 + 𝒋𝑠𝑖𝑛𝜃𝑖  

And we can rewrite the ACF of a received signal on frequency 𝑘 as 

𝑆𝑘(𝑡) = ∑ 𝐴𝑖
𝑘𝑅𝑟𝑒𝑓

𝑘 (𝑡 − 𝜏𝑖
𝑘)(𝑐𝑜𝑠𝜃𝑖

𝑘 + 𝒋𝑠𝑖𝑛𝜃𝑖
𝑘)

𝑛

𝑖=0

 

𝑆𝑘 = ∑ 𝑅𝑟𝑒𝑓
𝑘 (𝑡 − 𝜏𝑖

𝑘)(𝐴𝑖
𝑘𝑐𝑜𝑠𝜃𝑖

𝑘 + 𝒋𝐴𝑖
𝑘𝑠𝑖𝑛𝜃𝑖

𝑘)

𝑛

𝑖=0

 

Let 𝐴𝑖,𝐼
𝑘 = 𝐴𝑖

𝑘𝑐𝑜𝑠𝜃𝑖
𝑘 and 𝐴𝑖,𝑄

𝑘 = 𝐴𝑖
𝑘𝑠𝑖𝑛𝜃𝑖

𝑘,  

𝑆𝑘(𝑡) = ∑ 𝑅𝑟𝑒𝑓
𝑘 (𝑡 − 𝜏𝑖

𝑘)(𝐴𝑖,𝐼
𝑘 + 𝒋𝐴𝑖,𝑄

𝑘 )

𝑛

𝑖=0
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where 𝐴𝑖
𝑘 2

= 𝐴𝑖,𝐼
𝑘 2

+ 𝐴𝑖,𝑄
𝑘 2

. And the cost function becomes 

𝐶𝑘 = ∑ (𝑆𝑘(𝑡𝑗) − ∑ (𝐴𝑖,𝐼
𝑘̂ 𝑅𝑟𝑒𝑓

𝑘 (𝑡𝑗 − 𝜏𝑖
𝑘̂) + 𝒋 𝐴𝑖,𝑄

𝑘̂ 𝑅𝑟𝑒𝑓
𝑘 (𝑡𝑗 − 𝜏𝑖

𝑘̂))

𝑛

𝑖=0

)

2𝑚

𝑗=0

 

The constraints on 𝜏𝑖’s stay the same, but the constraints on amplitudes need to be rewritten 

as  

𝐴𝑖,𝐼
𝑝 2

+ 𝐴𝑖,𝑄
𝑝 2

𝐴0,𝐼
𝑝 2

+ 𝐴0,𝑄
𝑝 2 =

𝐴𝑖,𝐼
𝑞 2

+ 𝐴𝑖,𝑄
𝑞 2

𝐴0,𝐼
𝑞 2

+ 𝐴0,𝑄
𝑞 2 

In summary, the new optimization problem after change of variables is as follow 

min
𝜏𝑖̂,𝐴𝑖,𝐼̂,𝐴𝑖,𝑄̂

𝑤𝑝𝐶𝑝 + 𝑤𝑞𝐶𝑞 

𝜏𝑖
𝑝 − 𝜏0

𝑝 = 𝜏𝑖
𝑞 − 𝜏0

𝑞
 

𝜏𝑖
𝑘 − 𝜏0

𝑘 > 0, for 𝑘 = 𝑝, 𝑞 

𝐴𝑖,𝐼
𝑝 2

+ 𝐴𝑖,𝑄
𝑝 2

𝐴0,𝐼
𝑝 2

+ 𝐴0,𝑄
𝑝 2 =

𝐴𝑖,𝐼
𝑞 2

+ 𝐴𝑖,𝑄
𝑞 2

𝐴0,𝐼
𝑞 2

+ 𝐴0,𝑄
𝑞 2 , for 𝑖 = 1, … , 𝑛 

For the rest of this chapter, we will refer to the formulation before change of variables as 

the exponential formulation and the one after change of variables as the IQ formulation. 

 

4.4 Simulation Results 

Simulations were set up to evaluate the performance of dual frequency multipath estimation 

and mitigation. L1 and L2C signals were selected for simulation because these two civil 

signals have the same chipping rate and are have similar performance under multipath 

conditions. Due to a limitation of simulation, the real L2C pseudorandom code was not 

available to be implemented. Instead, the corresponding L1 C/A code from the same satellite 
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was used to simulate L2C signal. This also allows us to single out and observe the effect of 

multipath parameters on the estimation problem.   

Even though the estimation problem that was set up in the previous section can be used for 

any number of multipath components, for the purpose of evaluating the algorithm’s 

performance, the assumption of having only one dominant multipath in a received signal 

was made.  

Several design parameters were chosen to set up the simulation environment. Filtering 

bandwidth affects the shape of the correlation function. A lower bandwidth can smooth out 

the distortion of multipath and make it less distinguishable. A filtering bandwidth of 8 MHz 

was chosen because this value is achievable for GNSS receivers and still retains most of the 

distortion caused by multipath. 

More than one standard pair of early and late correlators are needed to estimate the shape 

of the correlation function. The more correlators are used, the better the approximation will 

be. But this benefit diminishes as the number of correlators increases. 50 correlators were 

chosen on the interval [−1.5, 1.5] chips to capture the trailing effect of multipath and the 

case when the receiver is tracking the NLOS signal instead of LOS. 

Another design parameter to consider was integration time. Since longer integration time is 

helpful in reducing noise, an integration time of 20 milliseconds was chosen to enhance 

performance under noise while still remain within the range of practical values. Coherent 

integration was used in simulation because navigation data were not simulated. For real 

signal with navigation messages, bit synchronization would need to be performed before 

implementing the 20-millisecond integration time.  
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A single multipath signal with randomly generated delay, amplitude ratio, and phase was 

simulated and added to the LOS signal. White Gaussian noise was added to provide a 

simulated incoming signal with C/N0 of 45 dB-Hz, which is the typical C/N0 value under 

nominal conditions. Lower C/N0 values result in more error in estimation because noise 

distort the correlation function and makes the distortion caused by multipath less noticeable. 

The multipath delay was chosen from a uniform distribution between (0, 2] chips. The 

amplitude ratio was chosen from a uniform distribution between (0, 0.9]. And the phase 

angle was chosen from a uniform distribution between [0, 2𝜋] radians. Multipath estimation 

was then performed on the received ACF with multipath and the estimated multipath 

component of ACF was removed from the received ACF. A pair of early and late correlator 

with spacing of 1 chip was used to obtain range measurement from the ACF after it was 

corrected for multipath. A spacing of one-chip was used because it is the standard correlator 

spacing used in most GNSS receivers and the benefit of multipath estimation can be 

observed fully without considering the multipath mitigation effect of narrower correlator 

spacing. 

Simulation results are presented in Fig. 22 for both single frequency multipath estimation 

and dual frequency multipath estimation, as well as for both the exponential formulation 

and the IQ formulation. First of all, it can be seen from Table III to VI that both single 

and dual frequency mitigation reduced multipath range errors significantly in terms of 

both root-mean-squared (rms) errors and worse case errors. But looking at Table III and 

IV, we see that dual frequency under exponential formulation did not produce any 

obvious improvement on rms errors or worse case errors over single frequency 

mitigation. On the other hand, comparing Table III and V and Table IV and VI shows 
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that under IQ formulation, dual frequency shows more obvious improvement on both rms 

and worse case errors over single frequency mitigation. This is because under exponential 

formulation, the complexity of adding an additional signal added significant burden on 

finding the global optimal solution due to the cyclical nature of the partial derivative of 

the cost function with respect to phase angles. Moreover, comparing Table III and V 

shows that both single and dual frequency mitigation under IQ formulation performs 

better than their corresponding exponential formulation, which further demonstrated that 

IQ formulation provides greater advantages in finding the global optimal solution. 

 

TABLE III.  RMS ERROR FOR SINGLE AND DUAL FREQUENCY MITIGATION WITH 

EXPONENTIAL FORMULATION (C/N0 = 45 DB-HZ) 

Algorithms L1 multipath error [m] L2 multipath error [m] 

No mitigation 8.6566 7.7729 

Single frequency 

mitigation 
5.0476 4.8385 

Dual frequency mitigation 5.1229 4.6187 

 

TABLE IV.  WORST CASE ERROR FOR SINGLE AND DUAL FREQUENCY MITIGATION WITH 

EXPONENTIAL FORMULATION (C/N0 = 45 DB-HZ) 

Algorithms L1 multipath error [m] L2 multipath error [m] 

No mitigation 28.0589 27.4729 

Single frequency 

mitigation 
11.1392 11.2101 

Dual frequency mitigation 11.1465 11.2091 
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TABLE V.  RMS ERROR FOR SINGLE AND DUAL FREQUENCY MITIGATION WITH IQ 

FORMULATION (C/N0 = 45 DB-HZ) 

Algorithms L1 multipath error [m] L2 multipath error [m] 

No mitigation 8.6566 7.7729 

Single frequency 

mitigation 
3.4787 4.3292 

Dual frequency mitigation 3.3823 3.8846 

 

TABLE VI.  WORST CASE ERROR FOR SINGLE AND DUAL FREQUENCY MITIGATION WITH 

IQ FORMULATION (C/N0 = 45 DB-HZ) 

Algorithms L1 multipath error [m] L2 multipath error [m] 

No mitigation 28.0589 27.4729 

Single frequency 

mitigation 
7.8265 11.8854 

Dual frequency mitigation 7.7295 7.9334 
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(a) 

 

(b) 

Fig. 22. (a) Multipath range errors at 50 different simulation runs with 45dB-Hz C/N0 

after single and dual frequency mitigation for exponential formulation; (b) Multipath 

range errors at 50 different simulation runs with 45dB-Hz C/N0 after single and dual 

frequency mitigation for IQ formulation. 
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In conclusion, results from both single frequency and dual frequency mitigation suggest 

that IQ-formulation achieves better convergence to global optimal solution. Under IQ-

formulation, dual frequency mitigation can provide a tighter bound on worst case 

multipath error than single frequency mitigation.  
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5. Three-Dimensional Map Generation Using GNSS 

Signals 

This chapter describes and examines three probability-based voting algorithms to 

generate three-dimensional (3D) occupancy map using GNSS signals. A 3D occupancy 

map is a way to represent a 3D environment by evenly discretizing the environment into 

3D voxels, each having an associated occupancy value that describes the probability of 

the presence of an obstacle at that voxel location in the environment. The map generation 

algorithms are designed to only require basic data (user position, satellite position, signal-

to-noise ratio) that are available from most Android smartphones allowing them to 

produce meaningful results solely based on crowdsourced data. The generation starts by 

creating rays from the user location to each received GNSS satellite.  The basic concept 

with each algorithm is to develop a probability model to assign the probability that the 

signal has a direct Line of Sight (LOS) to each of the satellite signals according to their 

signal-to-noise ratio (SNR) measurements. The map generation algorithms then use these 

GNSS rays and the probability of LOS to infer the 3D environment. Simulations were 

conducted to validate each of the three map generation algorithms. GNSS sensor data 

collected from Uber driver’s smartphones were used to evaluate and compare the 

performance of each algorithm. 

 

5.1 LOS and NLOS Classification 

Fundamental to each algorithm is classifying whether the signal is LOS or NLOS. As we 

may not have many metrics from the receiver to aid in this determination, a simple model 
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to predict the probability of LOS for each received GNSS signal based on the statistical 

model of SNR described in [16] was used. The model assumes that LOS signals follow 

the Rician distribution and the NLOS signals are log-normal distributed. Detail 

explanation of how these statistical models were developed and how the parameters were 

chosen can be found in [22] and [23]. Fig. 23 shows the probability density function of 

the LOS and NLOS distributions, given by 𝑓𝐿𝑂𝑆 and 𝑓𝑁𝐿𝑂𝑆, respectively. Given a SNR 

measurement, probability of LOS can be calculated using the likelihood ratio as follow, 

assuming an equal a priori probability of LOS and NLOS:  

Prob(LOS(𝑥)) =  
𝑓𝐿𝑂𝑆(𝑥) 𝑓𝑁𝐿𝑂𝑆(𝑥)⁄

1 + 𝑓𝐿𝑂𝑆(𝑥) 𝑓𝑁𝐿𝑂𝑆⁄ (𝑥)
 

Fig. 24 shows all the GNSS rays associated with a single user location using real GNSS 

data from an Uber driver’s smartphone. Probability of LOS are color-coded with red, 

yellow, and green representing low, medium, and high probability of LOS given the 

recorded SNR values, respectively. It can be seen from Fig. 24 that the red rays and most 

of the yellow rays were in fact blocked by buildings. Rays with medium probability of 

LOS are likely the ones with both LOS and NLOS components and are not very 

informative for map inference. Therefore, only rays with high or low probability of LOS 

are used in map generation algorithms. 
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5.2 Map Generation Algorithms  

 
(a) 

 
(b) 

Fig. 23. (a) LOS and NLOS probability distributions for SNR measurements. (b) 

LOS/NLOS log likelihood ratio as a function of SNR. 
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Three map generation algorithms were implemented and evaluated – the negative voting 

algorithm, the positive voting algorithm, and the combined voting algorithm. All three 

algorithms are probability-based voting algorithms. The 3D region to be mapped was first 

discretized into small 3D voxels with a desired resolution. Each voxel has an associated 

probability of occupancy to indicate how likely the voxel is occupied. The occupancy 

probabilities can be initialized based on a coarse map of the region if such information is 

available. But in this chapter, we assume no a priori information of the region is 

available, and the occupancy probabilities are initialized based on the map generation 

algorithm used. The map generation algorithm takes in GNSS rays that pass through the 

 

Fig. 24. GNSS rays associated with a single user location, plotted in Google Earth. Red: 

Prob(LOS) < 0.4; Yellow: 0.4 < Prob(LOS) < 0.8; Green: Prob(LOS) > 0.8. 
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3D region of interest and assigns votes to alter the probability of occupancy for the 

associated voxels according to the probability of LOS of each ray.  

 

5.2.1 Negative Voting Algorithm 

The negative voting algorithm works by using measurements to eliminate regions that are 

unoccupied (i.e. not blocked/not a building). Intuitively, it is like ice carving. All the 

voxels in the 3D region are initialized with probability of occupancy equals to 1, which 

means that the entire 3D region is initialized as completely occupied. And for each of the 

LOS rays, all the voxels along the path of ray are carved out by decreasing the probability 

of occupancy associated with those voxels. The probabilities of occupancy for the voxels 

that the LOS ray passes through are decreased by the probability of LOS of the LOS ray. 

 

5.2.2 Positive Voting Algorithm 

The positive voting algorithm uses the probability of NLOS to determine which voxels 

are occupied. Instead of voting down the probability of occupancy using LOS rays, the 

positive voting algorithm uses NLOS rays to predict the voxels that are likely to be 

occupied. The algorithm initializes the probability of occupancy for all voxels to 0. The 

algorithm can be broken down into three major steps. The first step is to project all the 

NLOS rays onto the ground plane to create a 2D density map of the region of interest. For 

each NLOS ray, the probability of occupancy for the voxels on the ground plane that the 

projected NLOS ray passes through were updated based on the probability of NLOS 

calculated from the associated SNR value. The second step is to identify the building 

footprints in the region using a threshold value or a clustering algorithm. The final step is 
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to reconstruct the 3D buildings using these footprints and the NLOS rays. A detailed 

description of the steps can be found in [15]. The positive voting algorithm implemented 

in this chapter is a slight variation of the algorithm described in [15]. In the first step, 

instead of calculating probability of NLOS using the mean value and the range of SNR 

measurements, the statistical model described in Section 5.2 was used. And in the second 

step, for simplicity, a single threshold value was used to determine building footprints.  

 

5.2.3 Combined Voting Algorithm 

The third and final algorithm implemented is the combined voting algorithm which uses 

both LOS and NLOS rays to assign probability of occupancy for each voxel that the rays 

pass through. This algorithm initializes all voxels with probability of occupancy equaling 

to 0.5. Then the same method as described in 5.3.2 is used to generate the 2D density 

map using NLOS rays and to identify building footprints. LOS rays are not used in the 

footprint generation step. Finally, both LOS and NLOS rays are used to increase or 

decrease the probability of occupancy of the voxels according to the probability of LOS 

for each ray. And the method to update probability of occupancy is the same as the 

methods described in negative voting and positive voting algorithms. 

 

5.3 Simulation Results 

Simulations were conducted to validate each of the three map generation algorithms. 

GNSS rays were simulated by randomly generating points on the ground of the 3D space, 

and then randomly generating unit vectors with positive z-components. Three rectangles 

of different size and volume were generated to resemble 3D buildings (Fig. 25). 



 58 

Simulations assume perfect knowledge of the rays so probability of LOS for LOS rays 

was set to 1 and probability of LOS for NLOS rays was set to 0.  

Fig. 26 shows simulation result for the negative voting algorithm. The yellow boxes 

represent the occupied voxels from simulation and the grey boxes represent the truth of 

three rectangular buildings. There is discrepancy at the top of the buildings because the 

top of the building is not fully observable by rays originated from the ground to the sky. 

This unobservability problem results in pyramid-shaped rooftops for buildings generated 

using negative voting algorithm. If the boundaries of the 3D space were expanded, the 

unobservability region at the top of the buildings will be reduced. And if the boundaries 

of the 3D space were expanded to infinity, the unobservability problem will be 

completely eliminated. Fig. 27 shows simulation result for the positive voting algorithm. 

It can be seen that the algorithm generated perfect building footprints in simulation, but 

the smallest building cannot be fully constructed in 3D. This is because the rays were 

generated from a uniform distribution and the smallest building has the least number of 

rays passing through it. Therefore, the smallest building did not receive enough votes to 

construct itself fully. However, if more NLOS rays were generated, eventually, the 
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probability of occupancy would saturate for the larger buildings, and enough rays would 

pass through the smallest building so that the smallest building will be constructed 

 

Fig. 25. Simulation scenario with three rectangles representing three 3D buildings. 

 

 

Fig. 26. Simulation result for negative voting algorithm with grey boxes representing 

the truth.  
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correctly and fully. Fig. 28 shows the simulation result for the combined voting 

algorithm. The combined voting algorithm was able to construct the smallest building 

 
(a) 

 
(b) 

Fig. 27. (a) 2D building footprints for positive voting algorithm. (b) Simulation result 

for positive voting algorithm. 
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fully, and it eliminated the unobservability problem on top of buildings in the negative 

voting algorithm.  

 

5.4 Experimental Results 

GNSS sensor data were collected from Uber drivers’ smartphones to further validate the 

algorithms and to compare performance. Validation was conducted on data from a region 

of interest in north San Francisco near Fisherman’s Wharf (Fig. 29). This region has two 

tall buildings in the middle. Each of the buildings is about 60 meters tall. This region was 

chosen because the two tall buildings provide distinct features for the algorithms to 

model and will generate strong multipath signals that may provide insightful information 

on the performance of different algorithms.  

Fig. 29 also shows a small sample of the location data collected from Uber drivers’ 

smartphones. For each user location, the smartphone also gives the satellite positions and 

SNR measurements for all the received satellite signals that are associated with that user 

location, and calculates horizontal accuracy based on Horizontal Dilution of Precision 

(HDOP). Location data with horizontal accuracy greater than 5 meters were discarded to 

reduce mapping error caused by inaccurate user locations. The SNR measurements were 

used to calculate the probability of LOS for each received signal. And to reduce 

misclassification of LOS and NLOS signals, only signals with probability of LOS greater 

than 0.8 (classified as LOS) or lower than 0.4 (classified as NLOS) were used in the 

algorithms to generate 3D maps. 
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Fig. 28. Simulation result for combined voting algorithm. 

 

Fig. 29. Region of interested in north San Francisco with boundaries marked out in 

white. Blue dots are user locations with horizontal accuracy lower than 5 meters and 

red dots are locations with horizontal accuracy greater than 5 meters. 
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Fig. 30 shows the experimental result for negative voting algorithm. The grey boxes are a 

coarse estimate of the true location and size of all the major buildings in the region of 

interest. These coarse estimates of truth were obtained from Google Earth. It can be seen 

that the two tall buildings in the middle of the region were completely and mistakenly 

carved out by algorithm. This is due to LOS / NLOS classification error. Strong NLOS 

signals reflected by the two tall buildings were misclassified as LOS and therefore carved 

away part of the building. With enough misclassification of rays, the buildings will 

eventually be completely carved away, and the negative voting algorithm cannot recover 

from the elimination.  

Fig. 31 shows the experimental result for positive voting algorithm. The 2D density map 

is overlaid on top of the top view of the region of interest in Fig. 31a. Darker 

 

Fig. 30. Experimental result for negative voting algorithm. 
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(a) 

 

 
(b) 

Fig. 31. (a) 2D density map overlaid on the top view of the region of interest for positive 

voting algorithm; (b) Experimental result for positive voting algorithm. 
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red in Fig. 31a represents regions with higher density. Therefore, darker red regions are 

likely where all the buildings reside. Fig. 31a shows that the algorithm can roughly 

identify the location of all the buildings in the region but cannot correctly identify the 

exact shape of the building footprint, especially for the two buildings in the center of the 

region. The inaccurate footprint is then used on the 3D construction step resulting in the 

error in the generated map. The reason that the algorithm cannot identify the correct 

footprint is that the street near the north boundary of the region is a dead-end street and 

therefore has very few driver location data available. This caused unobservability to the 

north of the buildings. Moreover, this region of interest is not flat but rather sits on a hill 

with the north side of the region lower than the south. To the north of the two tall 

buildings in the center is a platform that is higher than ground level. But since the 

algorithm assumes level ground in generating 2D density map, even though it was able to 

detect the platform to the north of the two buildings that is higher than the ground level, it 

was unable to distinguish it from the two tall buildings. This caused the building footprint 

in the center to be inaccurate and much larger than the actual buildings footprint. 

Fig. 32 shows the experimental result of the combined voting algorithm. This algorithm 

was able to reconstruct the majority part of the two tall buildings in the middle. It shows 

much greater resiliency to classification error than the negative voting algorithm and 

resolved the unobservability issue caused by insufficient data and level ground 

assumption in the positive voting algorithm. With NLOS rays and the positive votes to 

offset the decrease in probability of occupancy caused by false LOS rays, the combined 

algorithm restored the central buildings that were originally carved away by the negative 

voting algorithm. And the LOS rays also helped offset the error caused by inaccurate 
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building footprint by carving out the part of building built up by the positive voting 

algorithm based on an inaccurate footprint.  

In conclusion, the combined voting algorithm was able to leverage the strengths of the 

negative and positive voting algorithms and also to offset some of the weaknesses in each 

algorithm. Therefore, among the three map generation algorithms, the combined 

algorithm is the least sensitive to noise in measurements and error in classification of 

LOS and NLOS. 

 

  

 

Fig. 32. Experimental result for combined voting algorithm. 
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6. Conclusions 

GNSS multipath often remains the dominant source of error and uncertainty for many 

applications and especially for land vehicles operating in urban environments. This thesis 

examined two approaches for multipath detection and mitigation and also evaluated a 

method to generate 3D maps using LOS and NLOS GNSS rays.  

 

6.1 Conclusions 

Chapter 3 discussed a multipath detection and mitigation approach that uses 3D building 

maps and ray tracing to predict the presence of multipath signals at a given user location. 

This approach can identify multiple multipath signals simultaneously and does not 

require redundancy in GNSS measurements. Simulation and experimental results show 

that deterministic ray tracing is highly sensitive to error in initial user position estimate 

and building modeling errors. A stochastically determined model of the building 

dimensions which takes into account the uncertainty in user position and modeling error 

was found to improve the performance of ray tracing to detect multipath signals.  

Chapter 4 detailed a second approach to multipath detection and mitigation which utilized 

multi-frequency signals to estimate multipath parameters from the auto-correlation 

function. The correlation of multipath parameters among different frequencies improved 

the estimation accuracy of multipath parameters compared to single-frequency multipath 

parameter estimation. Two mathematical formulations of the dual-frequency estimation 

problem were presented: 1) exponential and 2) in phase quadrature (IQ) formulation of 

the combined effects Simulation results show that mathematical representation of the 

estimation problem greatly affects the optimization algorithm’s performance in 
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converging to the global optimal solution. The IQ formulation was shown to be less 

sensitive to convergence error compared to the exponential formulation.  

In Chapter 5, the thesis examined a set of methods to generate 3D building maps using 

GNSS signals. Three probability-based voting algorithms were evaluated. All three 

algorithms rely on the GNSS signals’ SNR measurements to classify the signals into LOS 

and NLOS. A statistical SNR model was used but classification errors are high. The 

combined voting algorithm demonstrates greater advantages than the other two 

algorithms in its ability to tolerate misclassification of LOS/NLOS and errors caused by 

insufficient data in the map generation process. 

 

6.2 Future Work 

Multipath detection using ray tracing and 3D building maps can be combined with the map 

generation algorithms to formulate a simultaneous localization and mapping (SLAM) 

problem to solve for user location and the 3D surroundings using GNSS signals.  

The mathematical formulation of the dual-frequency multipath parameter estimation 

problem can be expanded to incorporate additional frequencies and signals. For GPS, the 

higher chipping rate of L5 signal results in better performance in multipath and may 

provide additional insight and benefit to the multipath estimation problem.  

Multipath and NLOS signals can be better leveraged in the map generation algorithm by 

estimating reflection points on the reflector walls and using the reflection points to estimate 

obstable locations. A priori information of the surroundings can be incorporated into the 

map generation process to better aid the voting algorithms. 
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	1) The no exclusion algorithm: This algorithm uses all the received signals to calculate position solutions. This is the all-in-view solution.
	2) The residual checking algorithm: The traditional Receiver Autonomous Integrity Monitoring (RAIM) Fault Detection and Exclusion (FDE) algorithm based on consistency checking of pseudorange residuals is used [21]. This algorithm sequentially excludes...
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