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ABSTRACT

The computation of unsteady three-dimensional fluid flows on a large
number of mesh points is now possible. 1In this report, dynamical equations
for the large-scale, energy containing eddies are derived by applying
spatial filters to the momentum and continuity equations. Noting that the
large-scale motions vary across an averaging volume, we find that the fil-
tered advective term is not energy-conserving and in fact produces a sig-
nificant energy extraction from the large eddies due to triple correla-
tions or skewness of the velocity derivative of the large-scale field. The
remaining energy loss is attributable to the subgrid-scale Reynolds stress
terms. Similar results are also obtained when filtering the convective-
diffusion equation for a passive scalar. In this case, triple correlations
involving the filtered velocity and passive scalar fields yield signifi-
cant loss of large-scale scalar variance. It is expected that application
of these results to flow computation will lead to an improvement in large-

eddy simulations of turbulent flows.



1. Introduction

Computer simulations of three-dimensional turbulent flows which
explicitly account for the motions of eddies ranging in size down to the
inertial subrange are now possible. In most cases of interest, motions on
the order of the dissipation length scale cannot be treated explicitly.
Modifications of the Navier-Stokes equations must then be introduced to
simulate properly the ener;y cascade. Considerable "damming up" of the
turbulence energy in the large scales would occur, for example, if the
unmodified equations were used with an energy-conserving finite-difference
scheme on the advective term.

One approach to the problem is to use an eddy viscosity to account
for the influence of the subgrid-scale motions on the large-scale fluctua-
tions (Lilly, 1967). 1In this model, the energy cascade is then viewed
solely as an energy loss of the large-scales due to an artificial viscosity
arising from subgrid-scale motions. The advective term for the large-
scale motions is unmodified.

In this report, the derivation of smoothed or filtered momentum and
continuity equations for the large-scale, energy-containing eddies is re-
examined., Noting that the large-scale motions vary in a non-negligible
way over an averaging volume, we investigate a more accurate, modified
advective term in the momentum equations for these motions. This term is
nonconservative and is shown to lead to significant energy extraction from
the large scales due to triplg correlations of these motions. The subgrid-
scale Reynolds stress term is still present but plays a reduced role as
far as the energy cascade is concerned. Similar arguments are applied to

the analysis large-scale fluctuations of a passive scalar.



2. Problem of Numerical Simulation

We consider an incompressible flow whose time evolution is given by
the Navier-Stokes and continuity equations for the velocity components

ui(E,t), i=1,2,3 and the pressure p(x,t);

ou
i, 3 = _Llop_ 2
St + . (uiuj) 5 BXi + vV uy , (2.1)
ou
i —
= - 0 . (2.2)
i

These equations, along with appropriate initial and boundary conditions,
will yield a flow field for all later times (although for turbulent flows
this field is likely to be unstable with respect to small perturbations
in the initial or boundary condition).

Due to the wide range of length scales present in real turbulent flows,
however, the full numerical simulation of these flows is not yet possible.
In turbulent pipe flow, for example, the largest correlation lengths
or eddies are several times the pipe diameter, say 3D , while away from
the wall the smallest scale is the dissipation length, which is on the
order of (v3/e)]/4, where Vv is the viscosity and € is the energy-

dissipation rate. Using
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where q 1is the R.M.S. turbulence velocity and U is the mean velocity,
we find that the ratio of the largest scale to the smallest scale,&a, is*

. 3/4
3D ~ DU 3/4
= —— = 3 — = .3(Re) R
@ (v3/€)1/4 v

where Re 1is the Reynolds number. The required number of mesh points on
, . . 3 9/4
a three-dimensional grid would be m&{ x Re . From the table below we

see that even a modest Re of 104 requires 8 x 109 bits of storage

for each time step (assuming four 64 bit words per mesh point) which is

Number
Reynolds Ratio Mesh
No. ‘ &? Points
Re ¢a3
“
104 3 x 102 3 x 107
5 x 10° f 103 1x 10°
5 x 10° 6 x 103 2 x 10M

eight times the capacity of the ILLIAC IV disc. The storage required for
the intermediate Reynolds number case (Re = 5 x 104) would take up a
significant fraction of the laser mass memory, UNICON. Of course, use of
the laser memory for data retrival during computation is impractical
anyway, because of the relatively low transfer rate of 3 x lO6 bits/sec.
Furthermore,‘if a turbulent boundary layer is present, such as in
pipe flow, an additional number of mesh points would be required. Near
the boundary the smallest scale is 0(%), which yields a scale ratio of
order Re. In the boundary léyer, only a fixed number of mesh points,
independent of Re, are required normal to the boundary so that the total

additional number of points required would be of order Re2.

See also C. W. Hirt, Phys. Fluids Supp. II, 219 (1969).



The above results are nicely illustrated by Laufer's measurements
(1954) of turbulent spectra in pipe flow, shown in Fig. 1 for Re = 5 x lO5
and D = 25 in. Note that at the center of the pipe the ratio of the

largest scale (% 100 cm) to the smallest scale (a few hundredths of a

cm where the dissipation tail of the spectrum is observable) is several

thousand. Closer to wall (r'/a = .0082), the dissipation range is not
evident even down to 2 x 10_2 cm. Indeed, the above arguments indicate
that the smallest scale near the wall is probably 10—3 cm.

The present capability of ILLIAC IV is about 106 mesh points and
the most ambitious full simulation reported to date in terms of total
number of mesh points is a study by Orszag and Patterson (1972) of three-
dimensional homogeneous isotropic turbulence using approximately (32)3
mesh points in Fourier space performed on a CDC 6600 and later on a 7600.
The Reynolds number based on Taylor microscale was RA = 35, within the
range of wind tunnel experiments.

In most situations, however, full simulations are not practical,
or even possible. On the other hand, most of the momentum transport and
turbulent diffusion is carried out by the large-scale energy-containing
eddies. Therefore, simulation of these large-scale fluctuations is often
of great interest. Hence, we turn to the problem of deriving momentum
and continuity equations for these large-scale turbulent fluctuations.

3. Filtered Momentum and Continuity Equations

Roughly speaking, the la;ge—scale spatial fluctuations represent
a spatially smoothed version of the actual flow field. Mathematically,
the transformation to a smoothed field is equivalent to a projection of
the vector (in infinite-dimensional function space) representing the

original flow field onto a finite dimensional subspace. As demonstrated
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(Laufer, 1954) - One dimensional velocity spectra
in a pipe . Re = 500,000. r'/a is the fractional
distance from the boundary to the center.



below, the projection operator may be represented by an integral

operator.

If f(x) is a function containing all the scales we define, quite

generally, the large-scale or resolvable-scale component of f to be

denoted f and given by'a truncated expansion of f in terms of a set

of basis functions ¢i(x), i.e., if

o]
f@ = 2 6, (3.1)
i=1
then
_ N
fm = 2 £6,® . (3.2)
i=1
The coefficients fi are given by
£, = /wi(_}g)f(z)dz (3.3)
where the Y, {i=1, -- } are adjoint to the ¢y
S, e =5, (3.4)
Thus the filtered field ?}5) may be obtained from the f(x) by the
following operation
f® = fH(z,_rs")f(_:g')dz' (3.5)
where
‘ N
H(x, x") = 3 ¢. 0V, (x") . (3.6)
i=1 + 7 *

As an example in one-dimension, let the ¢i(x) be the functions



1 > IX - X.! i A/Z ’
b, = + (3.7)
* o, lx - x| > A/2
1
with X, = (n - 1)A + A/2 (L<n<N) .

Then the wi are given by

b = Fo . (3.8)
Therefore,
N ¢, (%), (x")
H(x,x') = Y ——1————3—1——— - (3.9)
i=1 ‘

and f given by (3.5) corresponds to an approximation of f in terms of
a piecewise constant function. Of course, smoother expansion functions are
required to obtain well behaved derivatives of f.

From (3.9) we see that H(x,x') is either 0 or 1/A. TFor purposes
of our subsequent analysis it will be convenient to obtain a grid-free
representation of H(x,x'). This can be done by averaging H in x or

x' over a grid interval. The result is the triangle-shaped difference

kernel,
A L.
G(x - x') = %fH(x,x')dx (3.10)
(o}

1 (i _ lx - x' ), Ix - x'f < A
A A

o

,'X-—X', > A

To simplify our discussion we shall henceforth define the large-scale

component gf f tobe given by a convolution of f with a filter function

G(_)_{_) s

f(x) = fc(;ﬁ— x') f(x")dx' (3.11)
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all the while remembering that in practice one generally must deal with
kernels which are not of the convolution type. Some examples of filters
are shown in Fig. 2. The filter shown in Fig. 2a was used by Lilly (1967).
It may be argued from the above discussion that the one shown in Fig. 2b
is perhaps more representative of finite difference schemes based, for
example, on expansions in terms of piecewise continuous polynomials.
In Fig 2c we show the filter exactly corresponding to a truncated Fourier
expansion with +ki| < m/A.
Note that by integration by parts we find that

—g;f(-i- = 5;3: " , (3.12)

if f vanishes on the boundaries. Filtering Eqs. (2.1) and (2.2) there-

fore gives

55, L5,

*5-1-:—- —B—X— (u u,) = - ‘5 aXi + VW U‘i (3-13)
8ﬁi
3§i = 0 . (3.14)

To avoid writing dynamical equations for uiuj » We must approximate
it in terms of combinations of the G£ and their derivatives.
If we decompose uy into its resolvable-scale and subgrid-scale

components, u, = u, + ui , then

1

uiuj = uiuj - Tij + E.nkkéij (3.15)
where
T, o= - (M. -%n.6.) (3.16)
ij ij ~ 3 "kk°ij ’
n.. = u'u, + w,u' + u'y’ (3.17)
ij ij i] i7j
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Figure 2
Possible spatial filters defining large~scale
quantities with G = GleG3 . The filters of

la and 1b have identical second moments. The
filter of lc is equivalent to the finite Fourier

expansion method.



The averaged momentum and continuity equations become

1, 92 T3 . .8 p,1 dTij 2_

5t T ok, (Y Ty o3 e * ——-l%c’:‘i W, . (3.18)
aEi
N o . (3.19)

To proceed one must model Tij in terms of the . The function nkk
appearing in Eq. (3.18) may be combined with E- and therefore need not be
calculated explicitly.

The usual approach (Lilly, 1967) is to approximate

uy 3 & uiuj (3.20)

(which essentially lumps the difference into the definition of nij ) and

model T,, by an eddy viscosity hypothesis,

ij
du, , ou
1, = Kl—*t (3.21)
ij BXj Bxi ’

where K 1is an eddy viscosity coefficient, variable in space and time.
Lilly (1967) has shown that if K is taken to be similar to an expression

used by Smagorinsky (1963)

ko= ()|t + J)] (3.22)

where A 1is the mesh spacingA(or width of the G function), then the
resultant energy dissipation ;f the large scales is consistent with the
Kolmogorov power spectrum. Furthermore, the constant c¢ is dependent only
on Kolmogorov's universal constant o . Deardorff (1970) has used this

approach to simulate turbulent channel flow with some success but found

10



that the eddy viscosity constant c¢ had to be chosen somewhat lower than
that calculated by Lilly otherwise the turbulence was excessively damped
(see also Deardorff (1971)).

In a recent simulation of an atmospheric boundary layer Deardorff
(1973) abandoned the above eddy viscosity model and resorted to developing
dynamical equations for the subgrid Reynolds' stresses and other relevant
subgrid fluxes. The presence of a stably stratified layer apparently

could not be accomodated with the use of an eddy coefficient. Perhaps the

use of the modified or filtered advective term Sg_ (E;Gﬁ), i.e. avoiding

the use of the approximation (3.20), would have remedied the situation.

It is shown below that the filtered term plays an important role in the
energy extraction from the large scales whereas the unfiltered term,

3%— (Eiﬁg) is energy-conserving up to finite differencing errors.
3

The implications of the assumption E;Gﬁ = E;Gﬁ are illustrated
in Fig. 3. This assumption is satisfied if the E£ remain constant over
an averaging volume (Fig. 3a). One might compensate by dealing with a
subgrid component ué which is effectively larger than that obtained when
the variation of G£ over an averaging volume is explicitly accounted

for (Fig. 3b). 1In the former case the modeling of the subgrid terms is

clearly more critical. An exceptional case is the truncated Fourier

expansion (filter of Fig. 2c) where the difference between E;Gﬁ and G;Gﬁ
is identically zero in the dynamical equations for the large-scale flow.

We comment further on this case in the next section.

4., Energy Loss of the Large-Scale Turbulence

In the above model, all the energy dissipation of the large scales
is viewed as a result of Reynolds stress of the subgrid scale turbulence

and modeled by an eddy viscosity times the squared deformation temnsor of

11
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Figure 3

Two possible definitions of the subgrid-scale
component u'k
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the large-scale flow. However, a different mechanism appears to be respon-

sible for a substantial portion of the large-scale dissipation arising

from the fact that E;Gj - u, is not generally negligible as discussed

1

!

above.
Assuming that the influence of the molecular viscosity term is

negligible, energy loss of the large scales will occur through the action

of the nonlinear, resolvaBle—scale and subgrid scale terms, Sg— (Gia )

BTi . ’ ]
and -§§~l » respectively. The rate of energy cascade due to the former
3§ .
we denote €Rrs and to the latter, €56s° If € 1is the total loss rate,
then
€ = Epgt Egpg - (4.1)

Multiplying Eq. (3.18) by ﬁi and volume averaging we find that

i, <ai 53, )> 4.2)
g
€568 < i _Egl> (4-3)

where < > denotes volume averaging

™
I

Y Flo
el b

]
=R

QL

> = L h(x)dx (4.4)

We concentrate on the evaluation of ¢ In terms of the triple

RS®

correlation tensor, defined by

Sik,j@ = <Gi(—¥)ak(§)aj(§+§)> , (4.5)

(an overbar denotes a quantity corresponding to the filtered flow field

u. can be written as
ul) €Rs

m
1]

RS -/E;(_E_) 8_2_3_ §ij ,i(_‘;) dg (4.6)
13



Because of the presence of the filter G , the behavior of Sij i
3

only in the domain [§| < A is important. We assume that the velocity
fluctuations in this range of scales are homogeneous and isotropic in

which case §ij k(g) can be written in terms of a single scalar function
H

k(r) (r = |&|) (Hinze, 1959).

=\ &:& 8. 1 €.
- - - dk k~j k 1
Sik,j(g) = q3 (k-‘ r ‘;) - =58 T (4.7)

+l——————d(r2E) 8 i+6 S
4r dr ij r kj r

where 52 is the filtered turbulence intensity
= <u.u,> . (4-8)

Performing the differentiations and contractions required by (4.6), we

find that
R LG L (4.9)
where
B(r) = —1-2- %r- (r3 —g—% + 4r21"2) (4.10)
2r

For a spherically symmetric filter (4.9) reduces to

co

€ps = - 4ﬂ53~/PG(r)f(r)r2dr (4.11)
o

To proceed further we must obtain at least an approximate form for

k(r) . This function is a scalar triple correlation having the basic

k(r) = <Gi(§-)ﬁl(-§ + élr)>/c_13 (4.12)

14
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-2 Bﬁl 1 aul
From symmetry requirements and the fact that <uo —— > = = ——->>= 0,
, 1 ox 3 8xl

one can show that k has the small r expansion (Hinze, 1959),

R g
B = 5 + % +.. . (4.13)
this yields for f(r) the éxpansion
Sttt 9
B(r) = ;§#° Ty A h (4.14)

Assuming that the ﬁi fluctuations include a portion of the inertial
subrange and the smallest scale in the subrange is < A , then k(r) is

linear in that subrange with aknown coefficient (Kolmogorov, 1941),

R() = -2 <«r <« L) (4.15)
15q

where Lo is the scale of the energy-containing eddies. The resultant
behavior of f(r) is

(r) = - §3 (A <<r<<L) (4.16)
q

Note that using the inertial subrange form of f(r) in (4.9) yields
€pg = € - This is no accident. In fact 2&3f(r) represents the advec-
tive term in the Karman-Howarth equation, (von Karman and Howarth, 1948)
a dynamical equation for the correlation Qii(r) = <§i(x)ui(x = élri> .
and in the inertial subrange of the filtered flow this term is solely
responsible for the energy loss of Qii(r) . Thus qu(r) = - 2¢ for
A << r << Lo' Equation (4.15) then follows by using (4.10).

The corrections to (4.16) for small r however will give €. < € .

RS

This is shown qualitatively in Fig. 4. The behavior indicated by curve

5 _1te
A assumes that the quadratic term %% k0 r2 dominates the small r

behavior up to the inertial subrange asymptote. Calculations based on

15



Figure 4

Two possible interpolations of k(r) between
known asymptotic forms.
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turbulence as given by Burgers' equation (Burgers, 1940) ("Burgerlence'")
suggest that k(r) will approach its asymptotic form more quickly as
shown by curve B. These.calculations are presented in the Appendix.
Furthermore, turbulence measurements in an atmospheric boundary layer
(McConnell, 1973) and an air jet (Clay, 1973) have shown that the inertial
subrange behavior of k(r)/ given by (4.15) persists down to about a
Kolmogorov length n wheréas curve A assumes a lower bound on the linear
range of k(r) at = 5n . This is illustrated in Fig. 5 where the data
points are from McConnell's measurements.
Nevertheless, as a tentative lower bound to the amount of energy loss

attributable to ¢ we will use curve A for k(r) . With the filter

RS
1.6\ 2 2
G = (Z‘/; exp(—6|§_| JAD) (4.17)

(4.9) gives

_ 2_3_!"2
€gs = ~ 78 ¢ ko A (4.18)

plus a negligible contribution from the asymptotic form of f(r).

tee

We relate ko to skewness by noting-that
(G
Bxl 11 8x3
1
a3
= gs’sll,l(é) l§=o (4.19)
1
-3ttt
= qk ,

(o)

17
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Figure 5

(McConnell, 1973) - Triple correlation
function in an atmospheric boundary
layer . = Kolmogorov length = 1 mm.
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and therefore

- 2 3/2 (4.20)
- Bz L 2
= %8 S <(8x1) > A

where S is the skewness defined by

CERAEDT e

Following Lilly (1967) we complete the calculation by relating

ou, )
<: . :> to the Kolomogorov spectrum. In the inertial subrange the
1

energy spectrum of turbulence is
E) = a2/ (4.22)

However, the filtering process will truncate the high wave number end of
this spectrum so that the spectrum of the filtered turbulence is
2

B = oe?/3%38w| (4.23)

where @(k) is the Fourier transform of the filter function G(x) ,

Ck) = fei-li'-’-‘c(xm . (4.24)

Of particular interest is the integral

[}

XA d
f K2E (k) dk / G |2 2%_ = -3 @ e
o}

2@

(4.25)
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where again we have used isotropy in the final step. Combining (4.20),

(4.23) and (4.25), €rs takes the form

@ 3/2
d
_ 35| [ L3 / 3012 |2
ks T 48 5 |15 ,/k ke Jle®["Zn]  ATe  (4.26)
o}

For the Gaussian filter (4.17) we have

~ 2.2

G(k) = exp(-A"k"/24) (4.27)
Using o = 1.62 (Wyngaard and Pao, 1972), we obtain

€pg = 0.49 se . (4.28)

Experimentally determined values of skewness vary slightly, depending
on Reynolds number, from Sn0.40 for wind-tunnel grid trubulence (RA =
50-100) to S =0.60 - 0.85 for atmospheric turbulence (RA % 103 - 104)
(Wyngaard and Pao, 1972). Thus, without more information on the behavior

of k(r) we obtain the tentative lower bound for SRS

€gg 2 0-3€ * 0.1c¢ (4.29)

The SGS term BTij/axj must account for the remainder of the losses.
As mentioned earlier, with the use of the truncated Fourier represen—

tation G{ﬁj has the same large-scale Fourier components as does Giaj

Therefore, for this case,

RS iox, Y%

= <@, 2 GE)> (4.30

20



The interpretation is related to the fact that large wave number
Fourier modes need the assistance of small wave number modes to transfer
energy from large scales to small scales. In the Fourier method the
sharp cutoff in wave-number space precludes such a transfer whereas the
localized spatial filters of Figs. 3a and 3b produce smooth, gradual
filtering in wave number space which evidently allows for energy transfer
to the subgrid scales. /

5. Turbulent Diffusion of a Passive Scalar

If the numerical simulation is to include the large-scale fluctuations
of a passive scalar field VY(x,t), one must consider the filtered equa-

tion of motion

3y FI - (5.1)
R R

where K 1is the diffusivity. Decomposing uj and Y 1into large-scale

and subgrid-scale components gives for the convection term,

uj'%gf = Gj %%— + subgrid contributions (5.2)
] h|

Analogous to the preceding results, the filtered large-scale convection
term on the RHS of (5.2) will produce a loss in scalar variance ¥ due
to the mixed triple correlation <$(§)Gl(§)@(§_ + élr)> . This correlation
is cubic for small r (Corrsin, 1951) and linear ( = §£ ) in the re-
solvable-scale portion of the convective subrange. Again, the amount of
scalar variance dissipation due to the filtered large-scale convection term
depends on the extent to which this linearity penetrates into the small

r regime.

21



6. Conclusions

Numerical simulation of all the scales of a turbulent flow, even at
modest Reynolds numbers, is generally not practical. However, most infor-
mation of interest can be obtained by simulating the motion of the large-
scale, energy-containing eddies. The large-scale fluctuations satisfy
filtered or averaged momentum and continuity equations. Averaging the
non-linear advection term &ields two terms. One is the Reynolds' stress
contribution from the subgrid-scale turbulence and the other is the filtered

advection term for the large scales,

a(GiG.)
ox

3

A significant portion of the large-scale dissipation is provided by appro-

priate treatment of this term. In evaluating this term, the variations of

3(u,u,)
3; within an averaging volume defined by G(x) should be explicitly
J - -
B(uiu,)

accounted for. One obvious possibility is to represent X as a

- - ]

9(u u,)

weighted average of the values of "X at neighboring grid points.

3

Another possibility is to use the Taylor expansion for Gi(E')ﬁj(E') up

to 0(|x - x'l3) in the definition

Giﬁj = /G(_}g-zg') Ei(_g')ﬁj(z'mg (6.1)
with the result
3 3 J 2% J

22



where <y is the one-dimensional second moment of G,

o 0
Y = fxzdx G(x,y,z) dy dz (6.3)
2o fr®S
ﬁsing the methodé of the previous section, one can show that the
approximation (6.2) would yield the same value of €pg 28 determined
from curve A .
An interesting finite-difference approximation to the differential

operator on the RHS of (6.2) may be constructed for the case vy = A2/3

as follows

2
WA 3 2y o 1

> O (W Gy £ 805 (6.4)
+

+ %—Z 8, (W) (x1,%y,%5 * A)
+ 1 .

where ax is the centered difference operator
1

vix, + A,xz,x3) = P(x; = 8,xy,%4)

Bxl (1‘)) (xl,xzsx:‘}) = 2A (6.5)

The truncation error is fourth order.

The SGS term aTij/an must produce the remaining dissipation and
probably can be modeled by the eddy viscosity model of (3.21) and (3.22).
The value of the eddy coefficient in (3.22) will be somewhat smaller than
that calculated by Lilly (1967) (c = 0.17). Numerical experiments will
probably be required to obtain a satisfactory value.

Similar considerations apply to the simulation of large-scale fluctua-

tions of a passive scalar.

23



Acknowledgments
The author gratefully acknowledges the important comments of Drs.
J. W. Deardorff, D. K. Lilly, J. H. Ferziger, W. C. Reynolds who read a
draft of the manuscript. Contributions by Drs. C. H. Gibson, and S. Corrsin
were also most helpful. Messrs. John Clay and Steve McComnell kindly

made available their experimental measurements prior to publication.

24



References

Burgers, J. M. (1940). Proc. Roy. Netherl. Acad. of Sci. (Amsterdam)
43, 2-12. Or see Burgers, J. M. (1948) in Advances in Applied
Mechanics, Vol. 1, R. von Mises and Th. von Karman, eds. Academic
Press, N.W., pp. 171-199.

Clay, J. (1973). Private communication.

Corrsin, S. (1951). J. Aero. Sci. 18, 417-423.

Deardorff, J. W. (1970). J. Fluid Mech. 41, 453-480.

Deardorff, J. W. (1971). J. Comp. Phys. 7, 120-133.

Deardorff, J. W. (1973). '"The Use of Subgrid Transport Equations in a
Three-Dimensional Model of Atmospheric Turbulence," presented at
1973 Joint Applied Mechanics and Fluids Engineering Conference,
Georgia Inst. of Tech., June 20-22, 1973. ASME preprint 73-FE-21.

Hinze, J. 0. (1959). Turbulence, McGraw-Hill, New York, Ch. 3.

Hirt, C. W. (1969). Phys. Fluids, Supp. II, 219-227.

Karman, Th. von and Howarth, L. (1938). Proc. Roy. Soc. London 169A,
192-215.

Kolmogorov, A. N. (1941). C. R. Acad. Sci. (USSR) 31, 538-540.
Laufer, John (1954). NACA 1174.

Lilly, D. K. (1967). '"The Representation of Small-Scale Turbulence in
Numerical Simulation Experiments," In Proceedings of the IBM Scientific
Computing Symposium on Environmental Sciences, IBM Data Processing
Division, White Plains, N.Y., pp. 195-210.

McConnell, S. (1973). Ph.D. Dissertation, Univ. of California at San Diego.

Orszag, S. A. and Patterson, G. S., Jr. (1972). Phys. Rev. Lett. 28, 76-79.

Smagorinsky, J. (1963). Mon. Weather Rev. 91, 99-164.

Wyngaard, J. C. and Pao, Y. H. (1972). '"Some Measurements of the Fine
Structure of Large Reynolds Number Turbulence,”" in Statistical Models
and Turbulence, Lecture Notes in Physics Vol. 12 Springer-Verlag,
pp. 384-401, :

25



Appendix

Resolvable Scale Dissipation Burgerlance
For vanishingly small viscosity (v +-0+) the solutions to Burger's

equation

&
Bu _ D

= V>

Ju 2u
= 4 5
ox

ot U ax
will approach the piecewise linear function
u = x/t+ C(x)

where C(x) 1is piecewise-constant, i.e. u will be linear with slope

1/t except for discontinuities as shown below.

U

e
] -

Without sacrificing the generality of the calculations we may assume

that u(x,t) 1is periodic in x with period % and given by

u(x,t) = x/t (lxl < 2/2)
Using the filter
x + A/2
-— 1 ]
u(x,t) = _A]; /u(x t) dx
x - A/2
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we see that u is periodic with period 2 and given by

u(x,t)

]
X

s (lxl </Q:/2—A/2)

(i) (1ot

The dissipation of the unfiltered field is

|
X

™

I

1
mlm
rr N
N

N
\/

2/2 2/2 9
= —-]E-:i? / u’/2 dx = +——]—“§- xzdx = +—4Q-——§
Lt 12t
-2/2 -2/2
The resolvable-scale dissipation of the filtered field is
e. = -{3d @w2
RS ox
/2 x+A/2
- "2'%& / u(x,t) —g;{- f ax',0)% ax' | ax
/2 x-A/2

After a tedious but simple calculation we find that

7 2%
RS 96 3
t

7
g€

Thus only 1/8 of the large-scale dissipation is due to subgrid stresses.

If we approximate

3 @

9x

el
[=}]
(=]
(=}
(=3}

1duu
2 ox

pua, A
X 24

~
~

N =

w

the resultant resolvable-scale dissipation is given by
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of slightly more than half

L/
A
24 9
-2/2
2/2

the actual
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