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Chapter I
Introduction

Turbulent flow is characterized physically by somewhat random, chaotic
velocity and pressure fields, .and mathematically by a strong mixing of
modes by the nonlinear convection term. Orders of magnitude separate the
largest and smallest scales of motion. In turbulent pipe flow, for example,
the largest scale is on the order of the pipe diameter, D , while the small-
est scale might be &~ 10'3 D for a modest Reynolds number. Thus a grid

3 . 100

of approximately (103) points would be required to faithfully
represent all the scales of turﬂu]ence. This is clearly an impractical

task even with today's computers. Fortunately it now appéars that the smaller
turbulent scales can be treated in an approximate way without affecting the
characteristics of larger scale turbulence (which contain nearly all of the
energy). However, the three dimensional, random nature of turbulence requires
solution of time dependent partial differential equations in three space
dimensions, which means that a large computer is necessary.

The turbulent flow computation program at Stanford is progressing toward
the use of the ILLIAC IV computer system being put into operation at the Ames
Research Laboratory. (For the other work in this project, see [1].) This
report deals with one of the calculational methods, the spectral or Fourier
Transform, technique, which have been pioneered by Orszag and Patterson and
which we have been investigating for implementation on ILLIAC. The work pre-
sented includes a theoretical development of the Fourier Transform formulation
of turbulent shear flow in a box with periodic boundary conditions, a discussion
of the computational techniques and the structure of the FORTRAN IV program
BOX which is currently operating on the Stanford IBM 360/67, and a discussion

of the results of some computations performed by BOX..



Following Orszag, @, 5, 6, 7)we write the velocity field as an infinite
sum of Fourier components

v(x,t) = %A(g_,t)e‘—”i‘- (1-1)

and obtain an (exact) dynamical equation for the coefficients, A(k,t).

The expansion (I-1) is then truncated by assuming that A(k,t) is nonzero
only within a volume, Q , in k-space. The choice of Q is important in
that a judicious choice can considerably reduce the computation necessary.

We apply leapfrog time differencing to obtain the time variation of
the coefficients n+l . Leapfrog differencing was chosen because of its
superior stability and accuracy properties. The weak instability [8] is
eliminated by occasional forward time steps.

In any investigation of turbulent flows, the choice of output informa-
tion is difficult. As the BOX program is currently operating with approxi-
mately 4000 points in @ , there are 24,000 variables of interest at every
time step. Printing all of these values is useless, such massive data is
incomprehensible. We have chosen to calculate several volume-averaged
statistical quantities. The energy spectrum is readily available to a
Fourier program and is one of our displays. As we shall see, the real
velocity field is also available in the course of the computation. We cal-
culate the two space point correlation functions at each time step from this
data. Finally, as it can be related to our subgrid scale model, we choose

to display the triple correlation function

<::v (x) vy xfl)::>

as well.



The results of several calculations are presented in Chapter V.
Unfortunately, the present calculations possess a disturbing feature. The
flow we are studying should have a decaying total energy, but the calcula-
tions present a different result. The observed energy oscillates slightly
about its initial value for approximately 30 time steps, and then begins to
grow exponentially. We believe this is due to a programing bug, but are
unable to find any. Previous studies on a smaller volume in k-space did
not reveal such behavior, but the program has been changed in several

respects in the interim.



Chapter II

The Dynamical Equations

We are concerned with finding the solution of the Navier-Stokes

equations for an incompressible fluid
oV 2
PR A A A -Vp + W-y
Vev = 0 (I1-1)

where v(x,t) 1is the (three-dimensional) velocity field and p(x,t) 1is the
pressure. We want to study the velocity field in a box with sides of length

1 with periodic boundary conditions
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where each component of the vector h 1is an integer. This problem is per-
haps the simplest of turbulent flows, as there is no mean flow and no boundary
layer or superlayer. We must also provide initial data, that is v(x,0) .
We choose to use an initial field defined via a random vector potential.
The detailed presentation is in Chapter IV.

Consider now the effect of spatial averaging. We define the filtered

(or average) value of any gquantity as

where G 1is called the filter function. We can obtain an equation for
the filtered velocity field by multiplying the Navier-Stokes momentum equa-

tions by G and integrating



du .
§=-+ vV?g = yeVu ~ Vp (I1-3a)
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Veu = (11-3b)

The closure problem is exhibited in the term wu-<Vu , which cannot
be evaluated exactly in terms of filtered quantities.

In this work we overcome the closure problem by approximating

s

u-v

T T (11-4)

This approximation ignores the Reynolds stress terms, but includes the new
terms developed in [3]. It may be possible to model the Reynolds stress
terms, but using the standard eddy viscosity model results in very complex
relations in Fourier space, therefore we have only investigated the model
(I1-4) during the current research.

We now expand the filtered pressure and velocity in Fourier modes

i(x,t) %A(i,t) ekX

(11-5)

5(x,t) zk:m_,t) LS

The appropriate k values for the present problem (e.g., a unit cube) are

ki = 2m, - (n; =0, 1, #2, ...)

since these Fourier modes are periodic with a period of one.
To find the pressure we may use the filtered continuity equation.

Taking the divergence of (I11-3a) and using (II-4) results in

v’p = ve(uevu) . (11-6)
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Substituting the expansions (II-5), multiplying by e~ any integrating

over the box results in

k% = F(k) X [K"A(k')I[k-ACK")] (11-7)
K +k"=k
or
o= R X KA KAlek) (11-8)
K 2

In obtaining (II-8) from (II-7) we have used the relationship
k-A(k) = 0
which results from (II-3b), and defined
F(k) = fG(r) el kX 24 42

which assumes that G depends on |x-x'| only. .

We may now substitute (II-5) into (II-3) and use the approximation
=ikex

(II-4). Multiplying the resulting expression by e '== and integrating
yields
(k,t) )
A_’ n n .
5t kA = R0 X AGK')KAK') - ikp (11-9)
k|+kll_k

Substituting for p and arranging terms yields

9 2 2
a—t[A(L,t) ek t] = -1 F(k) &K 2|7 keAlek') - A(k-ﬁ')J

-
x| ke (k‘)] (11-10)

Equation (II-10) is the dynamic equation sought for the Fourier

coefficients. Note that the pressure has been eliminated from this equation



entirely. One of the advantages of the Fourier space methods is the con-
tinuous satisfaction of continuity, achieved by the implicit inversion of
the Laplacian for p in Fourier space.

We can express the right hand side of II-10 in terms of the convolution

sums

Pij (k) = %3 Aj(k') Ay (k-k')
by defining sij(g) so that
2
5% [Ai e vk t} = -i F(k) e~ Pt Zs 5(K) Pys(k) (I1-11)

Note that we need only determine six Pij since

Pigl) = 2 Ak Ajlkekt)

=§ (k-k") As(K") = Psi(K)

These convolution sums would ordinarily be prohibitively expensive. to
calculate; if we were to truncate k-space to a cube of side N each sum

would require N6

complex multiplications and additions. But Orszag has
shown that the use of fast Fourier transforms can reduce this figure to

6N3 1092 N operations, a quite substantial savings. As will be shown in
Chapter III, the aliasing difficulty induces us to use a somewhat strange

0 if

truncation in k space. We require that A(k)

lkj i.kjl

> 4k/3
for any two components i,j . The constant k provides the size of the
truncation volume, € , which is a octadecahedron (18 sides). With this

choice of @ , calculation of the six sij(g) for all k = Q requires a



a total of 18 three dimensional fast Fourier transforms. This may be
accomplished in a reasonable amount of time. [For k=8 we have found that
these require approximately 30 seconds of IBM 360/67 time, using an in-
efficient FFT subroutine.]

At present we are utilizing a leapfrog time differencing scheme on

egqn. (II-11). Thus we define

2
+] _ -1 . -vk~t
AT ()= AT (k) - 2at i F(k)e™Y J.Esij(-k-) Pl () (11-12)



Chapter III*

Aliasing and Convolution Sums

We found above that the dynamical equation for the Fourier expansion

coefficients can be written in terms of the convolution sums
Pis(k) = ‘/E‘, Aj(K') Aj(k-k') (I11-1)

We also noted that straight foward computation of these sums take of the

order of N6 operations each, if we restrict

K
< k-1 (111-2)

.|(<...2.E

(where k = N/2,) For N as small as 8 this is ~ 3 million bperations.
Our method of calculating the Pij(g) offers considerable savings
over this direct calculation for large N . It is based on a property of
discrete Fourier transforms that is analogous to the convolution theorem
for Fourier integral transformations, which states that the transform of

the convolution of two functions is simply the product of the transformations:

1(x) = j FE)glx-£)de > HI) = HE) ) . (111-3)

-C0

As we shall soon see, the finite discrete version of the convolution
theorem is more complicated due to the introduction of aliasing terms.
Aliasing is an error source that arises in non-linear computations involving
finite data sets. The interaction of two waves with wave vectors k and 5'
produces waves with the sum and difference wave vectors k + k' . If one
or the other of these should fall outside the range under consideration, e.g.,

the square @ 1in Fig T, it will be "aliased." That is, the components of

r3
This chapter has been previously presented as a paper at the ANS annual
meeting in Las Vegas in June 1972.



the wavevector will by shifted by N in such a way that the resulting

vector is within £ . Thus (ky, ky) could be replaced by (k,+N, ky-N)

for example. On a finite grid both the wave vector and its alias are identi-
cal but the waves may have very different properties. Thus, in a turbulence
calculation a large wavevector which should be heavily damped will be aliased

1

to a smaller wavevector that is not damped at all. Orszag introduced

specfal truncations that minimize the problem.
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Figure 1.
Now consider the functions
a(n) = A(n-K) ,
b(n) = B(n-K) (I11-5)
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These are non-zero only if n e Q, i.e.,
0 < n] < N ,
0 < n, <N .

(QS is just £ shifted by K in both directions.) The reason for the
shift is to simplify the regions that contribute to the aliasing error.
It can be shown that S(k) can be expressed as
S(k) = 2 a(m)b(N+k-m) . (111-6)
e
="
where N = (N,N) and the sum is over those points m whose coordinates are

integers. We then define the Fourier transforms of 4,0 by

2l (s-1)
a(s) = .1 alt)e e
EﬁQS
. &L (s-w)
b(s) = ) b(we (111-7)
well

and the inverse transform of the product of a and b by

T(R) = e T
R zﬂ a(s)b(s)e ,' (111-8)

- S

Were it not for aliasing T(k) would equal S(k) .

We can now use the discrete orthogonality theorem2
2mi .3 '
N-1T —— tt N

t=0
where

1t integral multiple of N

N
0 otherwise

13



is the Kronecker delta, modulo N , to show that

T(n) = T ¥(na) , (I111-10)
A

¥(n,aA) = ) a(p)b{Na+n-p) ,
pestg (I11-11)

where the components of A take on all integer values. Since a{p) and
b(p) are defined only for peQ., (n,A) =0 for any A having at least
one component that is negative or larger than one.
Now we define
o = (NMn-pn.p e 2}
So that % is a square {with sides of length 2N ) centered at the origin.
When A # 0, ¢, is ¢y shifted by the vector NA . It is clear that if

any component of A 1is negative of larger than 1 ,

¥(A,n) = 0. : (111-12)

Thus Eq(III-9) becomes

. T |
T(n) = ) 20 [v(n,A)] .

£y=0 Ap=

(IT1-13)
Comparing this with Eq(III-6) we see that the Ay = Ay =1 term is the
desired convolution sum and the other terms are the aliasing errors. The
number of aliasing terms is small because the non-linearity is quadratic.

The remaining error terms can be eliminated by defining the Fourier transforms

over 2N points rather than N points in each direction using a(k) =0

and b(k) = 0 for kén . We would then have

14



Plnany) = 0,0 = T alp)bln-p (111-14)
£
where 2 is the square of side 2N centered at the origin. Then, because

a and b are zero outside Q , we have
sk) = k) . (111-15)

However, this requires that the transforms be done over 4N2 points rather
than N2 s i.e., four times as much computation.

Another means of eliminating the remaining aliasing terms is to define
three sets of "shifted" transforms and to combine these Tinearly to obtain
S(k) . This is equivalent to the method above in every sense.

Orszag has shown that by reducing  in a particular way we need only
calculate one shifted transform to eliminate all aliasing. The reduced

region is
’ (I11-16)

i.e., an irregular octagon centered at the origin. Then a and b are

defined on 9 the same octagon shifted into the first quadrant of Figs 5

and 6. We then follow the earlier development, letting

N st
a'(s) = a(t)e ,
teQS .
R s (I111-17)
b'(s) = ) blwe ;
wef!
—— S )
A , . - &l
T'(n) = i) a'(s)b'(s)e
N™ seQ

15
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Figure 5 .

Figure 6.
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Following the methods used earlier one can show:

1 1

el = A]ZO AZZOWI(E,A) ' (111-18)

Notice that T'(n) 1is defined and non-zero for neq. , not o .

The advantage of this truncation scheme is that some y'(n,A) are
zero for certain ranges of n . Consider n in the first quadrant of Q'
(region I in Fig 7). The area ?91 ={n-plpeq, nea , n >0,
n, > 0} is disjoint from Q¢ ; thus for these n , ¥'(n,0) = 0.

Similarly, if we "rotate" Region I by 90° , o, (n) N\ =p for

| LS S
A = (0,1). Further rotations show that ¢, (n){} Q. =9 for A= (1,1),
Appp =70 s =

@AIV(_n_) ol=p for A=(1,0).

But if we now introduce the shifted transforms

2l . (s+1/2)

als) = § a(tel ,
teqy
2mi
~ T.W..(§.+]/2)
b(s) = ) b (we ,
wef!
—g
2mi
= ] ~ . 82D
T(n) = = ] a(s)b(s)e
N~ sef
2=
We arrive at
i
- = (ny+n,) 1 1 Aq+A
O R LR AN N N O D R TI C WY
’ A]=0 A2=O

17



Figure 7
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It is easy to see that we can now compute S(k)---

Case S(k)
— i
A - (kqtk, )~
1 20, k>0, e VT )|,
— i
1R, e - (k)
IT. ky > 0 ko < 0, 5 [ (Neytk) + e T(Ney*k) |
— i
1 ST - gtk
1. ky < 0, ky < 0 , 5 [T'(NejtNeytk) + e T(Ne +Ney*k) |,
koo - g (ktko)
Iv. ky < 0, ky > 0 ,  [T'(Nejtk) + e T(Neq+k)

The same truncation scheme works in the three dimensional case, re-
ducing the number of necessary shifted transforms from 7 to 1 . In three

dimensions, £ 1is an octodecahedron.

Thus to compute Q 1in the three dimensional case we must perform a

3 , resulting in

total of 18 fast Fourier transforms each of length N
approximately 18N3 1092 N3 operations. For N =8 (a relatively small
grid), this is 830 thousand, a saving of 70% over the direct method. For

N =32 , the saving is approximately 97%.

19



Chapter IV
The Program BOX

In this chapter we shall describe a program which has been written
to implement the Fourier transform method on the Stanford University IBM

360/67 computer.

A. Computational Methods - Block Diagram

BOX was written in Fortran and compiled under the level H compiler
with full optimization. A1l calculations were performed in single precision.
The IBM library subroutine FOURT was used to perform the necessary fast
Fourier transforms. More efficient routines are available when the number
of data are powers of two, but FOURT is employed since BOX was written as
a text of ideas, not as an efficient production routine.
A block diagram of BOX is provided in Fig IV-1. The functions of the
subroutines referred to in Fig IV-1 are discussed below. The major arrays
in the prog}am are A, AHAT, and Q. A contains the current Fourier coeffi-
cients. AHAT contains the real velocity field, and Q contains the summed
convolutions. The variable I1 1is a flay used to denote the type of transform
(shifted or not) to be performed next.
SUBROUTINES
INPUT reads in program parameters (see Section IV-b). Depending
on parameter it either reads in an initial Fourier coefficient
array, A , or calculates one from a random vector potential.
OQUTPUZ  This routine is the Fourier space output routine. At every
call it calculates the energy spectrum and writes it both on
the printer and on disk (Section IV-C describes the program

output).

20



Figure IV-1
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Figure IV-1 (continued)
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TEST checks the divergence of the velocity field. If k - A
exceeds ]0'4 the program is stopped and a message issued.
TEST also checks that A = 0 outside @ .

FOURT as mentioned above this is an IBM library routine which
performs fast Fourier transforms

BUILDQ  This routine is the heart of the program. It calculates
the convolution, sums products of components of AHAT,
inverse transforms, and then takes appropriate combinations
to build up Q.

OQUTPUT  This is the real velocity field output routine. It calculates
correlation coefficients and a quantity proportional to
skewness. (Sections IV-B and IV-C describe the selection
of correlations and the output in more detail.) This sub-
routine also checks to see if the calculation is completed.
If so, the Fourier Coefficients are written out on disk and
the program terminates.

INIT Subroutine INIT performs two functions, it calculates the
subgrid scale function F and tabulates it for later use
by SOLVE, and it performs a backward time step to initialize
the leapfrog time differencing.

SOLVE implements the leapfrog time differencing scheme.

B. Input Formats and Data

There are two basic forms of the input data and JCL. These correspond
to the choice of reading in an initial Fourier coefficient array on calcula-

ting one from a random vector potential. The input cards for the first case

23



are presented in Fig IV-3 and those for the second case in Fig IV-2. The

important differences are the inclusion of lines 32 and 33 and STEP B and

the omission of a line corresponding to 13 in the latter case (which reads

initial condition).

B.1 Initialization by the Random Vector Potential.

We begin by describing the lines of Fig IV-2, the differences encountered
in Fig IV-3 are described in the next section.

Line 1 Standard Stanford JOB Card

Line 2 Message to operator informing him that we shall write on tape
U 2328.

Line 3 It is necessary to run BOX in the OVERSIZE or LARGE partition
as we require too much core for the standard batch partition.

Line 4 describes the library in which BOX is found

| Line 5 informs the CPU that we want to execute program BOX

Line 6 at the end of the calculation we write out the final Fourier
Coefficient array on unit 8. This JCL card says that unit 8 is
the tape data set OUT11 and describes its attributes.

Line 7 at every time step we write spectral data on unit 9. This JCL
card says that unit 9 is the disk data set J283,SPECTR and
describes its attributes.

Line 10 says that unit 6 is the printer

Line 11 says that unit 5 corresponds to the cards that follow immediately

Lines input data which are read by SUBROUTINE INPUT:
12-25 ~

Line 12 FORMAT (3E15.6, 315). The variables are R, DELTA, NV, TF, OUT, IMODE
R - SUBGRID SCALE SPHERE RADIUS. In our calculations the filtering
function is

G(x-x') = 6(R-[x-x'])

24
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Figure IV-2

JCL and Input Data for Using the Random-Vector-Potential
Defined Initial Fourier Coefficient Array

//BOX JOB (J283,423,15,,2),SICILIAN
/* SETUP TAPE,'SICILIAN,J283,U2328,9~TRACK,WRITE'
/* SERVICE CLASS=0 '
//J0BLIB DD DSN=J283,LIB,UNIT=2314,VOL=SER=SYS15,DISP=0LD
//STEPA EXEC PGM=BOX :
//FTO8F001 DD DSN=0UT11,UNIT=TAPEY,DISP=(,KEEP),VOL=SER=U2328,
// LABEL=(11,BLP),DCB=(RECFM=FB, LRECL=60,BLKSIZE=3000)
//FTO9F001 DD DSN=J283,SPECTR,UNIT=2314,VOL=SER=SYS15,DISP=(,KEEP),
!/ SPACE=(TRK, (5,5),RLSE),DCB=(RECFM=FB, LRECL=80,BLKSIZE=80)
//FTO6F001 DD SYSOUT=A
//FTO5F001 DD =* :
0.0 00k 0,4 5 1 0
600. o1l

‘B et 0O S O WY AN RO b

(R JT- N7 JT- NI N R NT-R7-JT-)
WA P fd foad oot b b fd d bbb
WD b b b b b fod b b d

177
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27,
28,
29,
30,

32,
33,
34,
35,
36,
37.
38,
39,
40,
L1,
b2,
L3,
bby,
b5,
L6,
b7,
L8,
L9,
50,
51,
52,
53,
S5kt
55,
56.
57.
58.
59.
60,
61,
62,
63.
64,
65,
66,
67,

Figure IV-3

JCL and Input Data for Reading an
Initial Fourier Coefficient Array

//B0OX JOB (J283,423,30,,15),SICILIAN
/* SETUP TAPE,'SICILIAN,J283,U2328,9-TRACK,WRITE'
/* SERVICE CLASS=0
//STEPA EXEC PGM=BOX
//STEPLIB DD DSN=J283,LIB,UNIT=2314,VOL=SER=SYS15, DlSP-OLD
//FTO7F001 DD DSN=0UT12,UNIT=TAPEY9,DISP=0LD, VOL=SER=U2328,
// LABEL=(12,BLP),DCB=(RECFM=FB,LRECL=60,BLKSIZE=3000)
//FTO8F001 DD DSN=J283,0UT,UNIT=2314,VOL=SER=SYS17,DISP=(,KEEP),
// SPACE=(TRK,(80,1),RLSE),DCB=(RECFM=FB, LRECL=80,BLKSIZE=80)
//FTO9F001 DD DSN=J283,SPECTR,UNIT=2314,VOL=SER=SYS15,D1SP=(,KEEP
// SPACE=(TRK, (5,5),RLSE), DCBﬁ(RECFM FB, LRECL=80, BLKSIZF=80)
//FTO6F001 DD SYSOUT*A
//FTO5F001 DD =

0.0 .00

(=]
]
E~d

25 10 1

00 =3 O Ut & W N bt

00 = O U & W N b
VWOWOUOWYWwWWWOWwW WO WwIWwoWw

R PO R DO A NI N N R bbb ot fod b od et fomd b
GBI NI RS N R N N N N b ot ot b fd b b b ot

777
/*
//STEPB EXEC PGM=COPY

//STEPLIB DD DSN=J283,LIBC,UNIT=2314,VOL=SER=SYS15,DISP=0LD
//FTO6F001 DD SYSOUT= A

//FT09F001 DD DSN=0UT1L,UNIT=TAPE9,VOL=SER=U2328,DISP=(,KEEP),
// LABEL=(14,BLP),DCB=(RECFM=FB, LRECL=60,BLKSIZE=3000)
//FT10F001 DD DSN=J283,0UT,UNIT=2314,VOL=SER=SYS17,DISP=0LD
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which results in the subgrid function

If R=0 there is no subgrid model, F(k) =1
DELTA - time step size

NU - 4ﬂ2

times the viscosity
TF - total number of time steps in this calculation
OUT - frequency of output of the Fourier Coefficients
IMODE - Flag for initial condition. If IMODE = 0 the initial
condition is derived from a random vector potential. Otherwise
it is read in off of unit 7.

Line 13 FORMAT (2E 20.10). The variables are SIZE, B. The initial definition
of A(k) in terms of the random vector potential y(x) is given
here. The components of ¢y are chosen as uniformly distributed
random functions over the interval (0,1). By calling FOURT we

transform y(x) - w(k), we then define

2
A(k) = SIZE x e 2K (k x $(k))

Lines FORMAT (6I5). The variables are END, R1(J), R2(J), S1(J), S2(J).
14-25
These are read inside ado loop on J. They describe the desired
correlation and skewness data as follows

END - if END

' 777' the do loop is excited. This must
occur before J > 50
S1(J), S2(J), R1(J), R2(J) - the correlation coefficients are

calculated as

2 T« 2
J}X: Vq (Xq5%5,%35) zx: Vg, (X #R1,%,4R2,x,)

27



B.2

*
the triple correlation function (skewness ) is

2
;VS] (X] 5X2 sx3) Vsz(X]"‘R] ,X2+R2,X3)

9 3/2
{sz](x X o )]
X

X2(J) - is not presently in use

(There is another real space output capability which may be invoked
by including cards after 777 but before /*. This tracks the motion
of fluid particles during the calculation and prints out their
paths at the end. However, with present time steps only over

1 or 2 grid points and are not worth plotting, so this capability

is not in use.)

Reading Initial Data off Tape

Figure IV-3 presents the required JCL and input data. The additions

to that encountered above are

Lines
32 & 38

Lines
62-67

defines the data set (UNIT 8) off which the initial Fourier Co-
efficients are to be read. (In this case tape U2328)
In order to write the final Fourier Array on the same tape we
must have two job steps. As specified in lines 34-35 BOX writes
the final array on a DISC data set, J283 OUT. Program COPY is then
called STEP B. This program simply reads off J283.0UT (as specified
in Tine 67, and writes the same data on OUT14 on tape U2328 as
specified in Tines 65-66.

When using this technique one must be careful to eliminate
J283.0UT after the job is completed, as it takes ~ 80 tracks to

store all of this data.

*
See Leonard [3] for the connection
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Line 40 is different from Line 12 of Fig. IV-2 in that IMODE # O .
This is the flag which tells INPUT not to generate A(k) , but to read it
off unit 7. Since we do not need the random generator there is no line

corresponding to 1ine 13 in Fig IV-2.

C. Qutput Formats and Data

C.1 OQutput in Fourier Space
The Fourier Space Data are output in two forms. Every OUT timesteps
OUTPUZ writes out a large number of coefficients. Figure IV-4 presents a
section of the output of this form. As the coefficients are complex three-
dimensional vectors, each is represented by 6 real numbers. In the Fig they
are arranged
A(1,d,K) = Re[A]] Im[A, ] Re[A,] Im[Az] Re[A3] Im[A3]

Figure IV-5 presents a sample energy spectrum. The sum over all

.k values for which k -« k = k2 is presented. (Notice that they are tabulated

as k2 + 1). The energy per unit volume in k space is approximated by

2 2
’ ki:kzm(g_n/[ﬁ:kz 1}

This is a simple dependence upon the presented quantity, graphs of
the energy spectrum are presented in Chapter V.

C.2 Output in Real Space

As noted above, real velocities are available during the BOX's execu-
tion SUBROUTINE OUTPUT calculates the correlation coefficients and skewness
values requrested by the programmer (see Section IV-B.1). The format of
their presentation is provided in Fig IV-6. These are presented at every
time step. The first 5 columns tabulate input data (column 1 simply identi-
fies the case number). The columns headed EX1 and EX2 present the expected

values of the two velocities
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Fourier Coefficient Output Format

TIVE STEp= 9

Al 2.2,
Al 4,2,
Al 6,2,
Al 0,2,
L0106 2,
A{12,2,
A‘l’fv?v
Al 244,
Al 444,
A{ b,4,
Al Ryé4,
Al17,4,
All2:4,
A{laey, s,
Al 246,
Al 4q.¢,
Al 6.5,
Al 84¢€,
4{10,5,
Al12.0,
Alle, G,
Al 252,
Al 6,2,
Al 6,2,
Al By7,
ALLD, 2,
A012,2,
&.(1492,
Al 2.%,
Al bysy
A1 Faby
*ll 8?’?1
AdlOe 4,
All2,5%,
Alley &,
AL 208,
Al byt
AL 646

A B.a
A1 5,
afley
Alls4.
LY S
AL 4,
Af R,
A{10,
(12,2,
A{lé4y 2,
Al 204y
Al G444,
Al by%,
Al Re4,
Al1D.4,
ALL2y 4,
AllLsh,
A( 2’5:1
A0 44,5,
Al 6eby

T wm @ @ o @ wm

NN N T O 6

~

21= 0.64TT1E-03-0.81675E=-03
2)=-0,T220LE="2-N,94L565-02
21=-1.325383=11 N,28868F-11
2)==N 30DRRTATL AL 12641 S
2)==7.35007-="2=7,116247~91
21=~0.,27759F=31 C.161R2E-0G2
2V=-0,22025E=02 1.92527F-32
2)=-0,36259F=13 9,228615~-013
2)= 0.29015%5-32-0,25454E-197
2)= 0.742897=02-0, 7541 45wy
21=-0.292945-11=0,132070E~0]
2)=~3.637165~01 2,10353F-0)
2)==0,.35382E-901 0.850820-02
2)=~0.26318E-02 0.,19774F-02
21=-0.55460%~04-0, 120837-14%

2)= D.172577-02 1),598695-03

2)==C.1a4l75="12=",4T7734E-72
21=-0.88358%-02 N.£K885F-02
2)==0.20999E-21 (,15914F-02
2= 0.423865-22-0,314517-92
2)==0.84236F=N3 0,17147F-0n2
41=~0.675775=03~0,12837F~-02
4)= 0,351405-01-2,49625E-02
4)= Ce46872F D) N.45558F NQ
Gl= DL28542E-72-0,13734F 01
41==0.5T216F=01 D.85F13F nn
41==0.233T77° 23 2,45442F 00
6= (C,25314F~-D21 2,1585PE-01
431=-0.202N08E-23 N,39894€-03
4l= D,39281F-12 N.367735-n1
4= 0.755075-31 0.581216~-01
4)= 0.16275F SU-0.12035F 03
4}= C.59157% IN-",45253F N0
4)= 0.30735%-12 0,A2995F-01
41=2=-0.767855-02~-0.411T73F-n2
4)1==~0,45514%~33 0,5A&T3F-03
)= 0,333207-92-n,253855-9?2
41==0,255305-71 7,22571F-01
517=-0,373322-)1 0.208455-0]
Gi=-0, 194856-32 0,27793S-0n1
G1==0,329T6E~"2-0,27%45F-01
Gl= 0.87628F=02 N, T9623F=-02
6= Ueol0731%-32-0,31745%~-02
A1==Q.210772 99-0,30313F 0n
61= 0.178438 3) 0, 1R4TOF 0]
6= 0.25531F 234-",26803F AN
6= 2.S6510F 30 .50281F 0
61==3.885512-31 0,53319F 92
61=~-2,12311% 72=-0,21522¢ 19
6)==C.107085-01-0.132423E~-0]
6)1==0,322362-)2-0,16162F 3D
6)=-0,65524T "= ,A8259F )
6)= Q.15512E N0=0,172515 n1
6)= 0J13830F A1 0,.25515F 71
6)= 0.83300F (0~0.%3973F )
1= 0,606215-71-0.T75936E-)2
6)= N 1379AE-02 0 411TIF-N2
6= 0,134220-32 2,15484F-11
61==0,20640F 3] 0,13454F 00

Figure IV-4

D.86222E-03 N.416427~03
~0.27582F~01 0.207695F-02
0.55986E-01 0.429955-01
2.1%551% aC 0.27217% 90
0.92642E~01 0.25707% =01
-0.13000€-01-0.76791E-N1
0.19274E-01~0.15084E-01
0.62556E-03 (0.24119F-03
-0.12155E-02~0.970385~-3
0.25204E-01 0.53880F-03
0.14852F~C1-0.17578F=21
Je40346E-01-0.364662F-)1
0.45355E-02-0,12702F~12
-0.12152F-02 0.18134F-92
=J3.63391F-0% 0.236105-04
0.12292€E-02 0.17514F~02

~Je23049E-N2-0,230825-02 |
~0.573D0E~03~0. 15595¢~-02

0,94137€-02-0.53391F-93
~0.50482F~-02-0,32001E-02
U, LO480E-03-0, 239605 -1)2
0.68502F-02 2.57336F-23
0.99997E~-02 0,£8794F-01
0.19733F 00-0.29263F-01
~J.11362F 0N-N,48866F-21
0.10146F 01 0,13208C N
-0.13672F 00 Q.57T103F 931
Je65505E~01-C. 15462 00
~0.12814E-02 0.126725-~0]
0.45358F~01 2.579547-11
=0.10659F NO-N.12791% 00
0.,0662428 00-0.15009F 00
=0.53425F 0n-0,11514% 20
0.62258F~N1 0,178765-91
=0.39450F~-01~-",29838F~"1
~0.26980€-03 0,37710E-33
0.55863F=-1012-N,852165~02
JD.23319€E~01 0.17567F-D1
~0.45052E-21~0.55996F-11
0.584564%~01 0,539965-)1
2.26238E-71 0.57982F-21
=0.57595E-02~0.3577NE-)2
=0432373E-01-0.214065-02
0.24315E 00 0.10536Z 20
Q427465 00 0,21N45% 00
=J.12100E 201 0,13795¢ 171
-0, 20958E 01 0.40622% )t
D.Ll6198E J1-9.29912% 01
=0.12059E C0=-2.411448 2Q
~0. 1Y)T4E-0L 0.141082-21
-Je60368E-01-0.9236295~01
~0.12J335E IN~0,5T654% 00
~0.40173% 00 0,15807%-01
=2.337%22E GO0=-0, 10509% )2
0.14519E 00 0.74817F 05
0.75348BE-01 0,85969E-91
Ne30588F-02 0. 714625-02
0.10394F~21-0,155156=-91
=0457349E-01 0. 179745=-01

30

~0,32453F-03 7,876275-93
0.12171%-n2 0,7257558-12
0.21943F-01-0.62269%-32
Me25078F-01 0.293946-21
0.12443F-01 0.19588F-132

-0.137545-01-0.172775~11
0.113025-02 0,39542-32
N.630785-93-0.12525F-32

=242593:3F=02 N,140322%-72
0.76179%~02 0.351443-)2
Cal05545~01-0.556473F~2
J.B1€895-02-0,133755-2]

-2.13229F=-01 0.313235-32

~0.24077E8~02 0,.218995~92
0.10182F~06 0.239477-04

-0.35463F-03 0.82333%-03

~0.10713F~-02 0.399185-93
0.784405-03~0,27694C-02
0.37242%-02-0.15402%-22

-0,17893E-02-0.36337%~22

“0.52754F~03-0.,48557E~03
Q.20417F-02 0,19118F-22

=0.33140F-01 0.137215-91

-0.24177% 00-0.27922F 30

~N.24454E~-01 C.251$3F 00
0.19147¢ 20 0,20545E 0N

-N0.16760F 03 0.38685% J0
0.38417E-01 0.488325~-02

-0.48593%-03 0.704445~-02
0423593501 0.69394E-0¢

~0.109256F 02-0.11162E 09
0.36490C D0-0.65985E-01

=0.20224F 03-0.159628 20
N.422057-01 0.48463F-01

~0.31149F-01-0.22221E-21
0.36743E-03-0.415335-03
0.22543€-02-0.593315-02
G.386416-01-0.199425-02

=0.37576E-01-0.60165F-01
0.58064F-01 0.71555%~0}
03624259E-C1 2.39715F-)1
0.31079¢-05 0.438586~-02
~0.1360625-C1 0.66935E-72
0.43133%5 00 0.54033% 20

~0.359447~01~C.1L774%F 01

-3.12564% 01 0.54952% 00

-0.51024% 02 0.15812€ 01
0.,45129E C0~0.43395F 30

-0.24542% 00-0.49584% 00
0.991215-02 0.454395-01

=0.54995E-01 N.18846E O
J.53419% €9 0.1061%% 00

=0.45343F 00 (0.59184% 00
24132385 CC~Co202388-01
3.97920% 00 0.30839F nNQ
0.17575E 00 C.73305€-01
0.287905-02 0.90412F-03
0.15923E~C1~C.520315~01
0.11382F 00-0.10658E 0O



Figure IV-5

Fourier Spectrum Output Format

FNRI=2 SPECTRUM: Q

Kis2 +] A2

1 0.0 ,

? B8,4030 746469 01 52 6. T631929083F-03]
3 1o 6590TH2T7T0= 62 532 5. 2659604142--11
A 1.1903732654% 02 54 T.6104052872F=-C1
5 1.61493214725 (32 58 7.1631604433~-01
6 3.4802124023% 92 "56 0.0

7 3,0451269531F 02 57 2.398358845)7F-01
8 0.0 58 2.23567008977-01
9 2.0420295715F Q2 59 ’ 1.29526019210F-01
10 3.28346191415 02 60 2.3541857733%~01
11 3.050476N742F Q2 61 0.0

12 2.4680570984F 02 62 17532145977~ 01
13 : 5.6018524170FE C1 63 1.8015772104%-31
14 2.0437T483826F 02 - b4 0.7

15 3.7817651367E Q2 &< 4,1222982108E-03
16 2.9 66 9,11216139797-02
17 6.1114212036F 01 67 6.2544882298F~-02
18 2.7T6865T72266F 02 68 1. E6E1619226E~-N2
19 1.3092864990F 02 69 244003608825 ~-N2
20 9.3240539551F 01 70 3,7599179894F~02

21 6.0059265137C 01 71 2.3863831826F~07

22 9.,9248229980GF 01 72 0.0

23 4.7224685669F 01 73 © 6.0037858784F-N3

24 0.0 ) T4 B8.3619318902%~-03

25 249626327515F N1 75 2.19CT700LT7247-02

26 5.8117813110F 01 76 8.82188673287 -3

27 9., 4241187420F 01

28 “2e929409790GC 01

29 0.0

3n 4,80240936285 Q1

31. 2.926049804TE 01

32 : 0.0

33 4.,6168661118F On

34 1.5297866821F 01

35 1.437236735C% 01}

36 1,30114472771F C1

37 €.3230867386F Q0

38 5.0994491577F 00

393 1.06266424]1CF 91

40 0.0

41 2.952T7T656937F 00

42 8. 8849B49TN1E CO

43 3. 0262815857F N0

44 1.6066141129% 00

45 1.1828834777 Q0

44 2.921482301399F 10

47 1.3698244095F Q0

48 n,0

49 2.69511520806F=-0]

50 1455980697865 00O

1 1. 216060827715 €O
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EXT = EVS](X] ,X2,X3)
X

L]

EX2 22 Vgo (X1 +RT,%,4R2,x5)
X

The next two columns, labeled S1G1 and S1G2 present the expected square of

the velocities

2
S161 20 Vo (Xys%y,Xg)
% s 17273

1

2
S1G2 V52 (x]+R1,x2+R2,x3)

=M

while the final two columns present the correlation coefficients and

skewness values as defined in Section IV-B.1.
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Chapter V

Results and Conclusions

In this chapter we shall present the results of calculations performed
with BOX and some conclusions based on these results. We also include a
discussion of applying the method to the I11iac computer.

We have performed many experiments with BOX, varying time-step size,
viscosity; subgrid model and initial conditions. The results presented in

Figs V-1 through V-4 are taken from an experiment conducted with the parameter

values
DELTA = 0.004
NU = 0.4
SIZE = 600.0
B = .1

No subgrid model was employed. (We shall discuss the reason below.) A
total of 38 times steps were performed in these calculations.

Figure V-1 presents the energy spectrum at the beginning of the cal-
culation. The spectrum was observed at later points in the calculation to
be much the same as Fig V-1. The rapid decrease in Snergy in the high wave
Bk

modes is due to the exponential damping factor e~

Up to a constant multiple the total energy of the system is
o= DV ()
X

the total squared velocity in the system. Figure V-2 presents the evolution

of E], E2 and E3 in the present calculation. This figure illustrates the
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difficulties we have encountered in using this program. The energy
hovers about a constant value for some time, and then begins to increase.
At the end of the calculation we must be observing a numerical instability.
However, we do not understand what process causes the modest increase in
energy observed after, say 30 time steps. This does not appear to be an
instability and yet the physical flow we are investigating should be
dissipative. At present we suspect that a programming error may be responsi-
ble for the behavior, but we have been unable to find any.

Figure V-3 presents the correlation coefficient p]](R]) .

§V1(X1’X2’X3) Vq (%R 5X55%3)

Ry) = =
p-H 1 (?V?(X] ’XZ,XS)) (% V-I(X-l‘l‘R-‘ 9X25X3)2)

The shape is basically that observed in experimental studies of turbulent

shear flow [10].

Figure V-4 presents the observed evolution of the triple correlation

(or skewness) 2:V$(x],x2,x3) V1(x1+R],x2,x3)
X

S.(Ry) = :
1(Ry) [Zvﬁ(x . x )] 573
X

We expect the skewness of turbulent flow to resemble

\5]

Y

39



This shape is a necessary precondition to our subgrid model operating
properly. This shape results in the dissipation of energy by the subgrid
model we employ. Other shapes may result in addition of energy by the
model. This is why the calculations presented used no subgrid model. We
wanted the field to develop the correct skewness shape, so that the subgrid
model could be expected to work. Since we could not obtain the correct shape
we could not continue.

The BOX program, as presently written runs approximately 40 seconds
. of IBM 360/67 CPU time per time step. This has severly limited the amount
of experimentation we may perform. Switching to I11iac can be expected to
reduce this by a factor of at Teast 200. As the most time consuming opera-
tions are Fast Fourier transforms we expect the computation time to grow

3109N . Thus to treat a (32)3 Fourier grid on Il1liac

roughly Tike N
might take roughly 2 seconds per time step. This might be further reduced
by the use of more efficient FFT programs, perhaps by a factor of two or
more. It therefore appears that we should continue our investigations

on Illiac, if anywhere. We recommend a short period of further debugging
BOX, to determine the value of the observed instability. However, it may

be profitable to proceed directly to programming I1liac, as this will re-

quire new algorithms in any case.
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