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Abstract

A method is proposed for direct fourth order accurate numerical
solution of Poisson equation in three dimensions.

The three dimensional equation is first reduced to two dimensions
by Fourier transformation in the third direction, and is finite dif-
ferenced in the two remaining dimensions. By épp1ying certain trans-
formations the system is further reduced to a tridiagonal system, for
which fast solvers exist. After solving the system for the transformed
variables, an inverse Fourier transformation is performed to obtain the
solution. In this report there is a description of the method followed

by a FORTRAN program and results of a simple example.



I. Introduction

The Poisson equation Vzp = q arises in many applications. In
incompressible fluid dynamics, for example, the pressure is given by
the solution of a Poisson equation. Better known examples occur in
electromagnetic theory.

In the present case it was required to solve a Poisson equation in
connection with a turbulent jet simulation. The required accuracy
was of fourth order in the mesh size h . The peculiar boundary conditions
‘which have been employed here can be thought of as simulating a two
dimensional Taminar or turbulent jet. Other cases of boundary conditions
will be summarized in Appendix A.

Many direct methods of solution have emerged in the last ten years.
The work of Hockney (1965), Buneman (1969), Buzbee, Golub and Nielson
(1970) and Buzbee (1973) are only a few examples.

A1l previous work that the authors are aware of approximate the
equation to second order accuracy. This work extends previous effort
to cases where more accurate solutions are required, and in the following
a fourth order direct method is described. We also note that for special
cases, still higher accuracy is obtainable with Fourier methods.

Although only a specific set of boundary conditions is treated here
in detail, all of the common boundary conditions that are usually
specified, i.e., Dirichlet, Neumann, and periodic boundary conditions
occur on at Teast one boundary. Extensions to combinations other than
those given here is a relatively minor undertaking once this case is
understood. Also, the Helmholtz equation, which includes a term pro-

portional to the dependent variable, can be solved by a simple extension.




A FORTRAN program for the case of a cube of (33)3 mesh points is

included in Appendix B. A simple example is worked out, and the results

show that indeed a fourth order accuracy is achieved.



II. Mathematical Formulation

The Poisson equation to be solved is

vzp = q (1)

in a cube defined by
0 <x <1 . 0<y«<1 . 0 <z <1

with the boundary conditions

p = 0 at x=0
P =
x 0 at x =1
-QR = = =
5y 0 at y=0 and y =1

Also, p periodic in the 2z direction with period 1 .
For cartesian coordinates equation (1) becomes

2 2 2

2 B+ C 5+ 0 5 = q(x.y,2) (2)
X oy 9z

Fourier transforming equation (2) in the z direction gives

a2

X

N

+ 2 = 4 (3)

o5
~<

where k = 2nf and f is the spatial frequency in the z direction.
This reduces the three dimensional problem to a sequence of two dimensional
problems, one for every wave number k. After solution of equation (3) is

achieved an inverse Fourier transform is performed on p to obtain p .



The Fourier transform will not be pursued here, it will only be
mentioned that the obvious realization of the Fourier transform is by
the discrete Fourier transform and the well known Fast Fourier Transform

algorithms (see, for example, Cochran et al., 1967).




ITI. Finite Difference Formulation

A. Difference Approximation

~

We shall temporarily drop the sign in equation (3). Let

AXx = Ay = h (see Fig. 1)
Y A ® .,
)/—By
el
p=0 ap
X 0
: - - “ - - _ e Jet axis
flow direction
h 3p _ X
“’”“ 3y 0/\

Figure 1

A fourth order approximation to a first derivative has been given

by Kreiss (see Orszag & Israeli, 1974).

U _ DOu (4)
Ix ~ 1,2
1+ Ln?p,0




where D0 is the central difference operator
Do Uy ~ (un+1 - un—1)/2h

and D, and D_ are the forward and backward difference operators:

Dy up = (upyq - u)/h
D_u, = (un - un_])/h
DD u. = (u - 2u_+u )/h2
+°- "n n+1 n n-1

Similarly, for a second derivative we have

2%y . 0,D_u (5)
2 7 1.2
X 1+ 17 h D+D_

If one applies this scheme to the two dimensional Laplace equation

Vzp = 0 one gets

[0, + 12 0,00, (0,0, + 00, ]p = 0 (6)

when equation (6) is expanded, the nine point compact scheme is recovered.

We apply the approximation (5) to equation (3) and obtain

(D,D (D.D )
[ 1+ -;x * T +2_ ¥ - kz] P = q (7)
T4z h® (00, 1+ qzh° (00,

after multiplication by the denominators and rearrangement we get




2 2,2
{[1 i KTg-E](D+D_)X [ - o, + [ - ﬁz«zh@mo_)x(mo_)y-kz} p
= {} + 15 b2 (D,D)), + 75 h? (0,0)) + oz b’ (D+D_)X(D+D_);} q (8)

Note the presence of an operator on the right hand side.

Expansion of equation (8) in stencil form gives

2,2 2,2

20-k°h° - 96-10k°h” - 24-kn? 1= 10 - ]
| : {
| ! J i | i
96-}0k2h2 - -480-1'00k2h2 - 9671Ok2h2 p = (10 --100 - 10 qh®
l ! | 1 I i
24-k%n2 = 96-10k%h% - 24-K%h2 1-- 10 -= 1
(9)
B. Boundary Conditions
For boundaries with Dirichlet conditions the application of (9, is

essentially trivial; we merely set the appropriate values to the givgn
data. Neumann conditions can likewise be treated as in the second order
method. Consider, for example,the line y = 0 (j=0). We add an arti-
ficial row of points at j = -1 and require that p(i, -1) = p(i,0),
q(i, -1} = q(i,0) i =20, ...,N . Once we defined this line, points on
y = 0 can be treated as if they were interior points. The same proce-
dure is used for lines y =1, x =1 . The corner points at x =1,

y=0andy =1 are specified as follows:

it
f

p(N+1, -1) p(N,0) , p(N+1, N+1) p(N,N) ,

Q(N“’] s ".I)

q(N,0) , q(N+1, N+1) q{N,N)




When the difference scheme is applied to points in a natural
ordering (i =1, j =0, ..., N5y i=2,j=0,...,N; etc.) a system of
linear equations is obtained. In matrix notation, it has the block

tridiagonal form shown in Fig. 2.

VA4 o £C D

p],O \\\ ] r—q -
O O Cc O 1,0
\\ PILN \\ 1.0
N h O \\\ \\ O
Ve N N N \
B \\ NN B 2\ . N (10)
O \\ \\ \ O \\ \\§

o © \ \ o o
O 0O q
_ PN B | [NBN]
1 B A+B‘j\ tD C+Dj\
where: Figure 2
. .
-384-110k%h2  96-10KkZh° ~
O
96- 10k2h2 ~480-100k2h? 96-10k%h?
A - ~ - ~ - - ~ -
o 96-10k2h? ~480-100k2h? 96-10k2h2
_ 96-10k2h? -384-110k2h?
[ 120-11k%12 24-k2p? e
24- k2h2 96-10k2h2 24- k2h2
B - ~ . - - ~ - - ~ — -
28-k2p2 96 Jokd? o 4-k2h2
| O 24-k2h2 120-11k%h2_

o




110 10 ]
10 100 10 O
~ ~
~ . ~. ~
B ~ ~ ~
~ " S
O 10 100 10
L ' 10 110_]
11 1 ]
O
1 10 1
N AN ~
= N N ~
1 10 E
O 1 1
- o

This completes the specification of the finite difference problem.

Again, we note that the elements of the matrices depend on the particular

boundary conditions chosen but similar structures are obtained for any

other boundary condition set.

Iv.

Direct Solution

The block system (10) can be written as:

AE] + BEZ = ca1 + 052

Byq * APy * BPyyq = Doy 0Oy DRy, T=2, .

Boy.; * (A +B) Py = Dgy_y + (C+D) Gy

10




where:

P 0 9 .0
_ _ 2
Py = q; = h
Pion |94 ,N_]

It is important to note that A,B,C and D are constant matrices.
From matrix theory it is known that if Mx = Ax then (sM+ tI) X =
(sh + t) x where s and t are arbitrary constants and I s the identity
matrix. Now, by inspection one can see that A, B, C, D can be written

in the form sM + tI , where M 1is the matrix.

1 0 1
™~ - h ~ ™ “~
e \\ \ - .
M= ST - (12)
h ™~ ~ h ™~ = -
1 0 1

—

and, explicitly

A = (96 - 10kh2) M - (480 + 100k2h

B = (24 - k2h2) M + (96 - 10k%h%) I

C = 10M + 1001

D = M+ 101

11




Thus, if V is the modal matrix for M ij.e.,

-1

vV MV = A

where A is diagonal then

v v = (96 - 10k%n?) & - (480 - 100KPh7) T =
vley = (24 - k%n8) a o+ (96 - 10K%R) T = ag
vilov = toa+ 1001 = 4
viov = a+t01 = i
Multiply equations (11) by v!
vlaw g+ v lewls, = vilew g+ vilow T,
v lew g, + v TawTTs, + vlew g (13)
- v'lovv‘1a}_] fvlow @ VoWl = 2, N
vlaw g+ TR, = vlowTg v emwTg,
Now, define V']E} = ;. V']B} = P; . After substitution the equations
(13) reduce to
APy * Mgy = ATy AT,
APy * WPy * MgByyy = Mg ATy Y A8y T2
' (14)

Agby_y + (pthg)By = MG g + (AcHAy)

12

~

N



Equations (14) represent a block tridiagonal system whose components

are diagonal matrices as shown in Fig. 3.

fey Moy

NERJE
N . N~ o

A A
& A ¢ B

Ff,]

> AN
AN N O
AN N N\ N
N N N\ FE . N N | _
N AN AN N
N \ \‘\ AN
O \\ N L O ~ N |
- p,  AHAS . AT
B ATB Figure 3 D ¢D

By reordering rows, the system can be transformed to a separate block

tridiagonal system as shown in Figs. 4,5 (see also Lomax and Steger, 1975).

\\ the ithblockoq B \ O_ i__-
\ | T s

O X o

Figure 4

13




The ith block is of the form

b, 1 3, 7 Y —
8 i p1,1 < di —} q1,1
by 3 by d; < d;
\ N \ \ \
\ \ \ \ N \
\ \ N \ N \
\ SR = \ \
\ A \ \ \ \
\ \\ N \ \\ \
b1 3, b1 di Cs d1
b: a,+b, < d, c¢,+d.| |~
i i Br s T 77 i Ay s
LN i _J | N ]
Figure 5
a:, b., c:, d. are the ith diagonal elements of AA’AB’AC’ and A

i* 74 i i D’

respectively.

To obtain E} one should first multiply a} by v to obtain GPER
then solve (15) (by any of a number of standard methods) for ﬁi and
finally multiply 51 by V . It should be noted that V 1is an

ToyT .

orthogonal matrix, so V~
Another point to be mentioned is that V and VT are composed of

Fourier coefficients so that p, p and §, q are actually discrete Four-

ier transform pairs and, for large N, the Fast Fourier Transform algo-

rithm (FFT) should be used to obtain VTE} and Vﬁi instead of direct

multiplication. The operation counts given in the next section shows

that FFT algorithms should be used whenever N s greater than 32.

To complete this description, the eigenvalues and eigenvectors of

the matrix M, given by (12), should be computed.

14




It can be shown that for an (N+1) x (N+1) matrix the eigenvalues are

A = ZCOS-I\%:TT j=0,...,N (17)

and the corresponding eigenvectors are

yANRS i=o0

7 jm . )
u/'l\TJ‘rT cos sz (2i41) , J =

1
—
«
-
=
—
——
[es]
—

The modal matrix V s thus

vV = [XO, cees XN]

and the spectral matrix A 1is

15




V. Operation Count

The efficiency of the method can be evaluated on the basis of number
of multiplications and divisions. We will count only the operations

required to solve equation (3) for NxN points.

1. Multiplication of Vg, NS
2. Multiplication of R.H.S. of (15) ~3n2
3. Inversion of the tridiagonal system (15) ~gN2
4. Multiplication of VP, N3

3 o2

total 2N~ +9N

Tfh or Vp. the number of

If FFT algorithm is used to multiply V j

2

operations required is 4N Tog,N + 1482 (not including reordering) (Sweet, 1973).

It turns out that FFT algorithms should be applied whenever

3 2 2

N™ > 4N7Tog,N + 14N

or N > 32.

The number of operations using this method can be compared to an
iterative method. For example, for SOR method using optimum relaxation
factor which reduces the initial error by a factor of h2 (Dorr, 1970),

the operation count is
343
N §-N ]ogzN

For N = 32 the gain is more than 3 times with twice the accuracy.

16




VI. Example

A simple example for which an exact solution is known has been
used to verify the effectiveness of the proposed method. We have

treated the Poisson equation with the source:

q - 14?. n? sin(@5mx) cos(2ny)

The exact solution is
p = sin{@5nx) cos(2my)

The maximum error detected was

e = 5.128 1076

17




1.

2.

Dirichlet-Dirichlet at y =0 and y =1

(X5 = JGE

Dirichlet-Neumann at y = 0

(X;)

i

Appendix A

Other Cases of Boundary Conditions

A: = 2 cos .(Alilll_

J N+2

sin E(1+&2£j;1)

and y =1

- 23+1 )
;o= 2 cos j‘fk$§L‘

[N+2_ . w(2j+1)(i+1)
2N+3 ST ToNF3

18

(other conditions unchanged)

(N+1) x (N+1)

(N+1) x (N+1)




3. Periodic in y direction with period 1.
In this case it is recommended that equation (3) be reduced to a
one-dimensional problem by Fourier transforming it in the y direction.

This gives

N
~
~ A

2
d 2 2
- + = A..
» (ky" + k)P = g (A-1)
Equation (A-1) can now be solved to fourth order accuracy by usual

finite difference schemes. It requires an inversion of a pentadiagonal

system of equations.

Note
If Neumann conditions are specified at all boundaries, the system (15)
becomes singular. In order to get a solution it is required to assign

a value to the pressure at some arbitrary point along the boundary.

19
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Appendix B

SUBROUTINE PSNEQN

*******************************************************************

LANGUAGE: FORTRAN ; COMPUTER:CDC7600 ; TIME PER CALL:7 SEC

THIS SUBROUTINE SOLVES A POISSON EQUATION DELSQUAPRE(P)=Q
FOR 33 CUBE POINTS AT EACH CALL.

PR1 AND P11 ARE THE REAL AND IMAGINARY PARTS OF Q.

THE SUBROUTINE RETURNS THE SOLUTION IN PR1 AND PI1,

BOUNLARY COHDITIONS:
P=0 AT X=0 , DP/DX=0 AT X=1 , DP/DY=0 AT Y=0 AND Y=1
P 1S PERIODIC ALONG THE Z DIRECTION WITH PERIOD 1.

*
*
*
*
*
*
*
*
*
*
*
TRR, TR ARE TRIGONOMETRIC FUNCTI0:!S REQUIRED FOR FFT SUBROUTIKE., #
C1(K) IS THE WAVE HWUMBER, *
LAIMDA ARE THE EIGENVALUES OF THE BASIC MATRIX M. *
A,B,C,D ARE THE EIGENVALUES OF THE MATRICFS A,R,C,D, RESPECT. *
XBAR ARE THE EIGENVECTORS OF M, *
X,Y,X1,Yl ARE DUMMY VARIABLES. *
*

*

%*

*

*

*

*

*

SUBROUTINE FFT IS THE FAST FOURIER TRANSFORM ALGORITHM.
ISIGN=1 IS FOR A FORWARD TRANSFORM, WHILE ISIGN=-1 IS FOR A
BACKWARD TRANSFORM,

SUBROUTINE ORDER REORDERS THE ELEMENTS AFTER FACK FFT CALL.
SUBROUTINE TRID INVERTS A TRIDIAGONAL SYSTEM OF EQUATIO!NS.

ﬁ-*#*#**ﬂ-******#***?&***##

‘k********************’k********************************************

LARGE PR1(33,33,32),P11(33,33,32)

DIMENSION X(33 33) Y(33 33) X1(33) Y1(33),XBAR(33,33),

* N(4),M1(12), F2(12) TRR(32 h) TRI(32 L), E(32) C1(32)
COTMON/SCN/X Y, X1, Y1 XBAR, h Ml M2, TPP TRl,n Fl ISIGN,A,R,C,D

REAL LAMDA

DATA E/0.,1.,2.,3.,4.,5.,6.,7.,8.,9.,10,,11,,12.,13.,14,,15,,-16.,

*—15.,-1&.,-13. -12.,-11.,-10.,-9.,- 8.,-7., 6.,-5., -4 -3 -2.,-1./

PATA TRR/1G6=*1,,-1.,~- 980785280&03230 - 923879532511286

- 831&696123025&& -.707106781186546,-.555570233019600,
-.382683&32365088 -.195090322016126 O 395090322010126,
.382683432365088, 555570233019600,.7071067811865&6,
.831&696123025&&,.923879532511286,.080785280&03230,
8*1.,-1.,-923879532511286,-.707106781186544,~.382683432365088,
.0,.382683432365088,.707106781186546,.923879532511286,
8*1.,-1.,-923879532511286,-.707106781186544,~.3826834323G5088,
.0,.382683432365028,.707106781186546, .923879532511226,
4»1,,-1.,-.707106781186546,.0,.707106781186546,
h«l.,-1.,-.7071067811865u6,.0,.707106781186546,

h*l.,—l.,- 707106781186546,.0,.707106781186546,
b#1.,-1.,~-.707106781186546,.0,.707106781186546,8+*(1.,1,,-1.,.0)/

DATA TRI/16* n,.o, .195090322016126,.382683&32365088,

* 555570233019600 .707106781186546, .831469612302544,

* .923879532511286,.930785280403230,1.,.9807852804032530,

* .923879532511286,.831&696123025&&,.7071067811865&6,

’P%*ﬁ-ﬂ-*ﬂ-****#

20




22

1n

20

26

¥ % % % % % % ¥ %

*
*

.555570233019600, . 322683432365088,.195090322016126,
8+.0,.0,.382683432365088,.707106781186546,.92387953251128G,
1.,.923879532511286,.707106781186546, .382683432365088,
3%.0,.0,.382683432365088, ,707106781186546,.923879532511286,
1.,.923879532511286,.707106781186546, .382683432365088,
4*.0,.0,.70710678118A546,1.,.707106781186546,
4%.0,.9,.707106781186546,1.,.707106781186546,
4*.0,.0,.707106781186546,1.,.707106781186546,
4*,0,.0,.707106781186546,1,,.707106781186546,3%(.0,.0,.0,1.)/

N(1)=16

N(2)=8

N(3)=U4

H(L)=2

H=1./32.

PA1=3.14159265358979

PA12=PAl+PAI

CO=l, *PA| 2%H#**2

DO 22 K=1,32

C1(K)=CO*E(K) ##2

SQRT1=SQRT(1./33.)

PO 10 1=1,33

XBAR(1,1)=SQRT1

CONT I NUE

SQRT2=SQRT(2./33.)

DO 20 J=2,33

DO 20 I=1,33

XBAR(1,J)=SQRT2*COS(PAI*(J=1)*(2*1-1)/G6.)

CONTINUE

ISTGN=1

CALL FFT

CALL ORDER

DO 26 K=1,32

DO 26 J=1,33

DO 26 1=2,33

PR1(1,J,K)=PR1(1,J,K)*H**3

PI1CI,J,K)=P11(1,J,K)*H**3

CONTINUE

DO 46 K=1,32

SMALLIN(X(1,1),PR1(1,1,K),1089)

SMALLINCY(1,1),P11(1,1,K),1089)

LA S A AR R R AR R R RS R R R AR AR RRRRRRRRRAREALREEREESEEEEEEREEEEEERNSEEESE]

'DO 12...' COMPUTES (Q SNAKE)=(V TRANSPOSE)X(Q PAR) (SEF TEXT) =

DSDCOoo

A AR A AR A AR AAREAE R SRR RRE RS RRRERRAR YRR XRRXERARRX AR RRRE R RS E R R

DO 12 1=2,33

DO 14 J=1,33

DUM1=0.0

DUM2=0.0

DO 16 M=1,33
DUM1=DUM1+XBAR(M,J)*X(1,6M)
DUM2=DUM2+XBAR(M, J) =Y (I ,M)

21




OO

16

14

18
12

29

30

28

38

40

CONTINUE
X1(J)=DUM1
Y1(J)=DUM2
CONTINUE

DO 18 J=1,33
X(1,d)=X1(J)
Y(1,J)=Y1(J)
CONTINUE
CONTINUE

LA AL SRR R AR R RSl R RS R R R AR R R R R N Y

* 'DO 28..."' SOLVES SYSTEM (15) OF THE TEXT.

*

AR A AR AS AR SRR R R RR R RRRE R R AR ER YR R LR TR R R R X R R R R e g ey

DO 28 J=1,33
LAMDA=2, *C0OS
5=96.-10.*C1
P=-480.-100.
A=S=LAI'DA+P
S=24.-C1(K)
P=96.-10.*C1
R=S+«L AMDA+P
C=10.*LAMDA+
D=LAMDA+10,
X1(2)=C=*X(2,
Y1(2)=C*Y(2,
DO 29 1=3,32
X1(1)=D*X(1-
Y1(1)=D*Y(I-
CONTINUE
X1(33)=D=*X(3
Y1(33)=D=*Y(3
DO 30 1=2,33
X(1,Jd)=X1(1)
YO, d)=Y1(1)
CONTINUE
CALL TRID(J)
CONTINUE

(PAI%(J=1)/33.)
(K)

*C1(K)

(K)

100.

J)+D*X(3,J)
J)+D+*Y(3,4)

1,0)+C*X(1,d)+D*X(1+1,J)
1,0)+C*Y(1,d)+DxY(1+1,J)

2,0)+(C+D)*X(33,J)
2. 0)+(C+D)*Y(33.4)

AR S AR AR SR RERAERER R R R R X EEERE LR SRR ERE R ER BN R Y R R R R R R R R O R

* 'DO 36...°

COMPUTES (P BAR)=(V)X(P SNAKE) (SEE TEXT)

*

LA R AR A AR RS LSRR SRR XE LA S R AR R AR SRR RR LR AR B ER TR RP T JR P P IR

DO 36 1=2,33
DO 40 J=1,33
DUM1=0,0
DUM2=0.0

DO 38 M=1,33
DUM1=DUM1+XB
DUM2=DUM2+XB
CONTINUE
X1(J)=DUM1
Y1(J)=DUM2
CONTINUE

ARCJ, MY*X (1, M)
ARCJ, MY*Y (I, M)

22




41
36

46

10

100

110

120
200

DC 41 J=1,33

X(I,J)=X104)

Y(1,d)=Y1(J)

CONTINUE

CONTINUZ
SMALLOUT(X(1,1),PR1(1,1,K),1089)
SMALLOUT(Y(1,1),P11(1,1,K),1089)
CONTINUE

ISIGN=-1

CALL FFT

CALL ORDER

RETURH

END

SUBROUTINE FFT
LARGE PR1(33,33,32),P11(33,33,32)

DIMENSION X(33,33),Y(33,33),X1(33),Y1(33),XRAR(33,23),
* N(4),M1(12),M2(12),TRP(32,4),TRI(32,4),E(32),C1(32)
COMMON/SCM/X, Y, X1,Y1,XBAR, N, M1, M2, TRR, TRI ,E,C1,1SICN,A,B,C,D

LR A SR A AR AL A RS S ELELEEARE R EER RS ALY R AR R R R R TR LTI E TR TR BRI g

* THE FORWARD FFT RETURNS 32 TIMES THE REQUIRED RESULT.

*

AR A AR AR A SRS SRS AR R R AR TR SRR R R R TR R R R TR R T T R R G )

DO 200 J=1,33

DO 200 1=2,33

DO 100 M=1,4

JJ=N(M)

KK=0

P 1=KK+JJ+1

KK=11+JJ=-1

DO 10 K=11,KK

L=K-JJ

Z=-PR1(1,J,L)

T=-P11(1,Jd,L)
PR1(1,dJ,L)=PR1(1,d,K)+PR1(!,J,L)
PLICT,J,L)=P11(1,d,K)+PI1C(},J,L)
Z=PR1(1,d,K)+Z

T=P11(1,Jd,K)+T
PR1(1,J,K)=Z*TRR(K,M)=-T*TRI (K,M)*|SIGN
PI1C1,Jd,K)=Z+TPI(K,M)*ISIGN+T*TRR(K,M)
IF(KK.NE.32) GO TO §

CONTIWUE

DO 110 K=2,32,2
PR1(),J,K)==PR1(1,J,K)+PR1(I,J,K-1)
PI1(I,d,K)==P11(),J,K)+P11(1,J,K=1)
DO 120 K=1,31,2
PR1(1,J,K)=2,%PR1(!,J,K)=-PRI(I,d,K+1)
PI1(t,d,K)=2.%P11(1,J,K)-PI11(1,J,K+1)
CONT I HUE

RETURN

END
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SUBROUTINE ORDER
LARGE PR1(33,33,32),P11(33,33,32)
DIMENSION X(33,33),Y(33,33),X1(33),Y1(33),XPAR(33,33),

* N(4),M1(12),M2(12),TRR(32,4),TRI(32,4),E(32),C1(32)
COMMON/SCM/X, Y, X1,Y1, XBARP,N,M1,M2, TRR, TR} ,E,C1,ISIGN,A,R,C,D
DATA M1/2,3,4,6,7,8,10,12,14,16,20,24/

DATA M2/17,9,25,21,13,29,19,27,23,31,26,30/
DO 10 J=1,33
DO 10 1=2,33
DO 20 L=1,12

11=M1(L)

12=M2(L)
DUM1=PRI(1,J,12)
PR1(1,J,12)=PR1(1,J,11)
PR1(1,J, 11)=DUM]1
DUM1=P11(1,J,12)
PI1C1,d,12)=P11(1,J,11)
PI1(1,J,11)=CUM1
CONTINUE

CONTINUE

RETURHN

END

SURROUTINE TRID(J)
LARGE PR1(33,33,32),P11(33,33,32)
DIMENSION X(33,33),Y(33,33),X1(33),Y1(33),XRAR(33,33),
* M(4),M1(12),M2(12),TRR(32,4),TRI(32,4),E(32),C1(32)
COMMON/SCM/X, Y, X1, Y1, XBAR, i, M1, M2, TRR, TRI, E, C1, 15101, A, B,C,D
X1(2)=R/A
X(2,Jd)=X(2,J)/A
Y(2,d)=Y(2,J)/A
DO 1 I=3,32
Z=1./(A=-B*X1(1-1))
X1(1)=B*Z
X(H,d)=(X(1,J)=-B*X(1-1,d))*Z
YCOU,d)=(Y(1,d)=-B*Y(1-1,J))=*Z
CONTINUE
1=33
2=1./(A+B=-B*X1(1-1))
XCH,d)=(X(1,J)-B#*X(1=-1,J))*Z
YOI,J)=(Y(1,Jd)=-B*Y(1-1,J))=*Z
DO 2 1=1,31
JJ=33-1|
X(\Jd, \J)=X(\J\J,d)‘XI(d\J)*X(vJJ*‘l, J)
Y(JJ,d)=Y(JJ,J)=X1(JJ)*Y(JJ+1,4d)
CONTINUE
RETURN
END
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