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Nomenclature

A+ = sublayer thickness parameter in Van Driest's Law

c = wall wave celerity

€10 C20 C3 = constants used in turbulent kinetic energy closure model
c,, C

4* 75

= turbulence dissipation, see Eqn. (4.10)

= periodic component of turbulence dissipation, see Eqn.
(5.12)

complex amplitude of §5‘ , see Eqn. (5.31)

= 9/3y ; untransformed coordinate system

T ° & w@

= 3/9y* ; transformed coordinate system

E = eddy viscosity function for mean channel flow: E = \)T/cl

F = wall wave frequency: F = 27mw . Also blowing function

f,g = arbitrary quantities of interest

?,'g = time averaged values of f and g

E, § = periodic components of f and g

f, g = complex amplitude of f and g, see Eqn. (2.2 )

£', g' = background random fluctuations of f and g

<f> , <g> = phase avergged value of f and g , see Eqn. (2.5);
<f> = £ + £

L = turbulence length scale defined by Eqn. (4.12e)

L = turbulence length scale of mean channel flow

212, 223 = separation between adjacent pressure taps, see Fig. 3.3

@ = turbulence production; @ = _Rijsij

¢ = periodic component of turbulence production, see Eqn.

R (5.11) .

¢ = complex amplitude of ®

P = gtatlc pressure

P = static pressure of unperturbed channel flow

P = periodic component of static pressure

P = complex amplitude of p

q2 = turbulent kinetic energy; q2 5 GIEI

Qi = turbulent kinetic energy for unperturbed channel flow

q

= perlodic component of turbulent kinetic energy

ix



complex amplitude of q2

turbulent kinetic energy in wall coordinates q2+ = q2/(u_l_)2
negative of the Reynolds stress; Tyy = uius

negative of the Reynolds stress for the unperturbed
channel flow

periodic component of Yyg s fij = <uiu5> - ;IG;
cross correlation function of 7 and p , see Eqn. (3.1)
complex amplitude of Rnp(T) , see Eqn.(3.11)
autocorrelation function of 7

complex amplitude of Rhﬂ(T>

Reynolds number based on Uo and §

strain rate of the unperturbed channel flow, see
Eqn. (4.4)

oscillating strain rate, see Eqn. (5.5b)
time in untransformed coordinate system
time in transformed coordinate system
period for averaging

velocity component in the 1 direction

velocity components in the x, y, and z directions,
respectively

mean components of the unperturbed channel flow in the
X, ¥, and z direction, respectively

periodic components of velocity components in the
X, ¥, and z directions, respectively

background random fluctuation of u, v, and w

complex amplitudes of u, v, and w

mean centerline velocity of unperturbed channel flow
shear velocity; u, = w/D

x direction velocity component in wall coordinates;
ut = u/uT

directions in untransformed coordinate system
(x, v, 2) = (x, x,, %3)
directions in the transformed coordinate system

normalized x, coordinate; y+ = yuT/v

wall wave wavenumber; a = 2m/)
channel half width
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eddy viscosity function

periodic component of €

complex amplitude of €

travelling wall disturbance wave

amplitude of travelling wall wave, see Eqn. (2.1)
phase of wall wave relative to arbitrary zero
Karman constant

wall wave wavelength

molecular viscosity

kinematic viscosity

eddy kinematic viscosity

density

wall shear stress

pressure phase relative to wall wave
also stream function
also solution vector, see Sec. (5.5)

circular frequency of wall wave, rad./sec.



Chapter I

Introduction

1.1 Background and Motivation

Turbulent flows are by nature strongly time dependent; the flow
field looks different at each instant. Due to this complex time de-
pendence, statistical constructs relying on time averages have been
used since the day of Osborne Reynolds to make tractablekthe analysis
and description of turbulent flows having meaning only in statistically
steady flows having a time invariant mean.

This requirement for time invariance of the mean eliminates from
analytical consideration many flows of practical importance having an
imposed "global" fluctuation. Some examples of such flows include
unsteady boundary layers, pulsating pipe flow, the generation of ocean
waves by wind, internal waves in stratified fluids, and fluid movement
in the manifolds of internal combustion engines. In such flows new con-
cepts are needed because of the imposed global unsteadiness, which is
quite distinct from the turbulence.

This study treats the problem of turbulent flows with imposed
external unsteadiness for a class of problems in which this unsteadiness
assumes the particularly simple form of an imposed travelling wave of
known frequency and wavelength. For conditions with such a precisely
defined global time dependence, the difficulties created by the lack of
statistical steadiness can be circumvented by the introduction of yet
another type of average, the 'phase" average. Once more complicated
averaging techniques are invoked, much of the arsenal of hydrodynamic
stability theory can bebrought to bear. As a result, the ability to com-
pute turbulent flows can be extended to at least some cases in which the
imposed global unsteadiness has a well defined periodic form.

The particular geometry considered in this investigation consisted
of a fully developed, nearly two dimensional channel flow in which one
boundary was mechanically articulated in the form of a sinusoidal
travelling wave of small amplitude. A schematic of the geometry con-

sidered is shown in Fig. 2.1, Perlodically varying pressures were



-measured on the stationary wall of the channel and the results were com-
pared with periodic wall pressures calculated from linearized distur-
bance theory. The comparisons between the measured and calculated
pressures were used to guide the selection of satisfactory methods for
analyzing flows of this type.

The periodic pressures were calculated using perturbation equations.
These equations describe the deviations from two dimensional channel
flow which are generated by the waving wall. By restricting to considera-
tion small wall wave amplitudes, all perturbations were considered
to be small, and linearized forms of the perturbation equations were
solved.

In the solution of these eQuations, several fundamental analytical
issues were required to be resolved by comparison of calculations and
measurement. Paramount among these was the determination of the proper
modelling of the perturbation Reynolds stresses. These perturbation
Reynolds stresses represent the oscillation of the mean Reynolds stress
occurring as a result of the passage of the travelling wave. These
unknown terms appear in the perturbation equations and must be specified
in some manner in order to permit solution of the equations. A second
analytical issue to be resolved involved the treatment of the boundary
condition at the waving wall. One of at least two approaches had to be
chosen. Resolution of these two questions in the formulation of the
perturbation problem is essential to the further development of analytical

methods for periodic turbulent flows.

1.2 Previous work

The analytical techniques used in this investigation were inspired
by several papers related to the generation of ocean waves by the shear
flow in the wind boundary layer. Foremost among these sources were
papers by Miles (1957, 1959) in which the methodology of calculation
of periodic pressures by means of perturbation equations was developed.
Miles also pointed to the existence of the perturbation Reynolds stresses
and acknowledged their possible significance to calculated pressures.

In his 1957 paper he ignored both viscous stresses and Reynolds stresses,



and calculated the disturbance velocity field in an inviscid shear flow
over a wavy boundary. In his 1959 paper his earlier analysis was modified
to include viscous stress effects, but perturbation Reynolds stresses
were still discarded. The results of both these analyses predicted
sea-wave growth rates in rough agreement with crude oceanographic
measurements avallable at the time. This indicated that at least the
order of magnitude of the perturbation pressure could be calculated by
omitting the perturbation Reynolds stresses. Miles' papers also
identified the possible problems involved in the treatment of the
boundary conditions at the wave surface and attempted to bypass these
problems through a coordinate transformation.

In 1959, Benjamin presented an analysis which, like Miles', ignored
the perturbation Reynolds stresses and treated the wavy surface boundary
condition through use of a transformed coordinate system. In Benjamin's
_ paper, the use of the transformed coordinate system as a means of ob-
taining a wavy surface boundary condition was much more explicit than
in Miles' analysis. As a result, Benjamin brought into clear focus
the possibility of the use of a coordiﬁate transformation. Like Miles,
Benjamin achieved results in rough agreement with oceanographic data.

More recently, Davis (1970, 1972) has added to the analytical
investigation of this problem. Like Miles and Benjamin, Davis considered
the air-sea problem. 1In contrast, Davis treated the wavy boundary
condition by Taylor series expansion of that condition about the mean
position of the wave. Davis did not use a coordinate transformation.
Furthermore, Davis considered several nonzero perturbation Reynolds
stress models including an eddy viscosity model, a turbulent kinetic
energy model, and a viscoelastic model with "memory". Comparisons of
the predictions of these more complicated perturbation Reynolds stress
models with the laboratory water-wave data of -Stewart (1970) showed
better agreement between calculation and result than did the quasilaminar
models of Miles and Benjamin, which ignored the perturbation Reynolds
stresses. Davis' work indicated that inclusion of some nonzero Reynolds
stress model was essential to proper calculation of at least some

periodic turbulent flows.



By the timevthe present study began, the laboratory and oceano-
graphic measurements of flow over a moving wavy surface had produced
unclear results concerning the necessity of including models of the
perturbation Reynolds stresses in the calculations. On the one hand,
the laboratory results of Zagustin, Hsu, Street, and Perry (1966),
Shemden and Hsu (1966), and Yu and Hsu (1971) all indicated that the
inviscid (1957) and quasilaminar (1959) calculations of Miles resulted
in adequate predictions of perturbation pressures. On the other hand,
Miles himself, on the basis of improved oceanographic data, conjectured
in his 1967 paper that inclusion of some nonzero model for perturbation
Reynolds stresses was necessary to improve the predictions, even at
high Reynolds numbers. (One argument for this is that the Reynolds
number based on eddy viscosity is really never large in turbulent flows.)

Kendall (1970) performed an experiment similar to the present one,
but for boundary layer flow. He also found it necessary to include
Reynolds stress modifications in his predictions to obtain agreement
with his data. More perplexing was the failure of Saeger and Reynolds
(1971) to obtain agreement between measured and calculated perturbation
pressures for a quite reasonable eddy viscosity Reynolds stress closure
model. By contrast, Hussain and Reynolds (1970) achieved good agreement
between this model and the behavior of turbulent Tollmein~Schlichting
waves in a straight-wall channel at a Reynolds number identical to
that of Saeger and Reynolds.

- As a result, at the start of this investigation, both the nature of
the proper model for the perturbation Reynolds stress and the nature of
the most satisfactory method of handling the waving wall boundary con-
ditions were profoundly unclear. It was hoped the improved wall
pressure measurements and model calculations would serve to resolve
these analytical uncertainties.

The study described in this report is a continuation of investiga-
tions carried out in the Mechanical Engineering Department at Stanford
since 1967. The derivation of the particular form of the perturbation
equations used can be traced back to the study of A.K.M.F. Hussain.

The waving wall apparatus was constructed by J. C. Saeger. Their



previous reports (Hussain (1970), Saeger (1971)) should be consulted
for more detailed description of some of the analytical methods used

and for detailed description of the waving wall apparatus.

1.3 Objectives of the Study

This investigation has two main objectives:

1. The acquisition of a reliable set of perturbation pressure
data in a very well controlled periodic turbulent flow field
over a waving boundary.

2. The comparison of the measured pressures to predictions
from analytical models as a means to select the best
analytical treatment.

Due to the fact that the moving wavy wall is solid and mechanically
driven, the travelling wave boundary can be very precisely controlled
which is not the situation in experiments over water waves.

The present study is a combined experimental and analytical inves-
tigation. By comparison pf the measured and calculated perturbation
pressures, it is desired to determine absuitable perturbation Reynolds

stress model and a suitable waving boundary condition treatment.



Chapter II

Theoretical Background

2.1 Idealization of Geometry Considered

The geometry to be analyzed and experimentally approximated con-
sists of a two-dimensional channel flow having one wall convoluted into
a travelling sinusoidal wave. The geometry is depicted in Figure (2.1).

The function ﬁ(x,t) describes the displacement of the wall from

its average position. T(x,t) is given by:

]

N(x,t) fi cos(ocxl - wt) (2.1)

%-[ﬁ ei(axl - wt) + conj. ]

where
= wave number = 27/) (2.2)
= circular frequency = 27F

= 2n/T (2.3)

This deflection is defined as the wave. This wave generates changes
in the various flow quantities from those occurring in a two dimensional
channel flow. These changes from a 2-D channel flow are called per-
turbations and are the quantities of interest in this study. Note that
N is positive when the channel width is reduced by the wave.

2.2 Time and Phase Averages

Since the discussion of turbulent flows is usually conducted en-
tirely in terms of statistical quantities, the definitions of those
quantities must be completely unambiguous. In traditional discussions
of turbulence the time average is employed exclusively. If f 1is some
quantity of interest, then the time average of f ; denoted by 3 , 1s
defined by:

T
T = 1-1m-%—f £(x,t) dt (2.4)

T =+ o o)



This definition implies that such a limit exists and can be

approached in practice for some finite T , independent of the exact
T used.

In periodic flows such as the one considered here, where there
exists an external "clock," the "phase average' is a useful concept.
If f 1is a quantity of interest, the phase average, denoted by <t> ,
1s defined by:

N
1
<E(et)> = lim ¥ D £(x,t + o) (2.5)
N> n=1

where T is the period of the reference clock. Note that <f> 1is
the average at a given point in the phase of the clock. The overbar
(f) is now used to denote the limit of the average over an integer
number of clock cycles as this number approaches infinity.
Using these two averages, it is possible to decompose a signal
into three different components such that again for any arbitrary

quantity f
£(x,t) = E(x) + £(x,t) + £'(x,t) (2.6)

This is to say that any signal can be thought of as having a time
independent ''mean' component fkg) , a periodic component E(E}t)
somehow related to the external 'clock," and a random fluctuation
£'(x,t) unrelated to the clock. If the decomposition described in
Eqn. (2.6) is assumed, then Eqns. (2.4), (2.5), and (2.6) can be manip-

ulated to develop the following relations:

<f> = 0 F =0 o= 0 (2.7a,b,c)
fg = fz <fp> = f<g> <fg> = f<g> (2.8a,b,c)
<> = ¥ <f> = f fg' = <fg'> = 0 (2.9a,b,c)

In the remainder of this study, the periodic component of the

quantity £ is of primary interest as it is this component that



describes the interaction between the mean channel flow and the tur-

bulence structure.

2.3 Decomposition of Governing Equations

The continuity and the momentum equations govern the fluid behavior
in this flow. If all quantities are normalized on the mean channel
centerline velocity Uo and the mean channel half width O , and 1if
constant density, viscosity, and Newtonian behavior are assumed, the

governing equations are:

i _
"a—;; = (0 (2.10)
2

Bui . Bui i ;ﬁl N 1 9 i (2.11)

dt uj ox, X Re 0x 0x,

h| i *57

where

Re = Uod/v (2.12)

As previously discussed in Section (2.2), any quantity of interest

can be decomposed into three components. In particular,

u, = u, +u, +u (2.13)

e -

p = p+p+p' (2.14)

Furthermore, by appropriate substitution of (2.13) and (2.14) into the
governing Eqns. (2.10) and (2.11) , and the formal application of

the averaging operations described in Eqns. (2.7), (2.8), and (2.9),

the governing equations can be decomposed into three sets of equations.
Each set of equations determines the behavior of one of the f » £, or

£ quantities. The mean field is described by the mean field equations:

5=
r‘xi = 0 (2.15)
1
— 9.
du - 9 u
T—tf - _3p .1 i _ 3
ujaxj - 9%y * Re ijaxj ax [y uj) + (u j)] (2.16)



The perturbation field, the field of primary interest, is described
by the perturbation equations (Hussain and Reynolds (1970)).

53
~—= = 0 (2.17)
*1
3 % 33 . 325
I p gt + i = - op , L L
ot j3xj jaxj Bxi Re ijaxj
+ 2 (4,49, - u,u,) - 2 (<u'u!> - u'lu! (2.18)
IR A o M A 1Y .

= (4,4, - 4,u,)
ox, - i i
5 3 h|
is quadratic in the perturbation quantities. Thus this term will be
discarded in a linear analysis of the perturbations.

The ubiquitous closure problem appears in this problem in the term

(<uiu5> - uiug = Eij (2.19)

The Eij can be thought of as the oscillating components of the (nega-
tive of the) Reynolds stresses. In order to solve the perturbation
equations the ?ij must be related to the mean quantities and the
perturbation quantities by a turbulence closure model. Alternatively,
one could derive dynamical equations for the Eij from the Navier-Stokes
equations, but these would have to be closed by a turbulence model of
"higher order".

We note that having discarded the non-linear term and used Eqn.
(2.19), Eqn. (2.18) will be a homogeneous linear system in the perturba-
tion quantities Gi » P and Eij . In a parallel flow, such as the
present channel, the coefficients in this equation will depend only
upon the cross-stream direction. This will provide important simplifica~-
tions.

To explore the possibility of "higher order" closure, one would start

with the equations for the background turbulence, (Hussain and Reynolds (1970)),

9



5%, = O (2.20)
Xy
1] X 1 1 - ~
3ui Y 3ui . Ju .\ U'Sui .\ u'aui
t jox, jaxj jaxj j'axj
3
2
97u!
- -ap' 1 i d Cove v
T Tk TRe B, 0x; %, (<ujus> - ujug (2.21)

2.4 Linearized Travelling Wave Equations

Due to the parallel nature of the unperturbed flow field (a two
dimensional channel flow) and the simple assumed form of the perturba-
tion wave, the linearized partial differential equations governing the
perturbation field can be reduced to ordinary differential equations.

The parallel nature of the unperturbed flow field causes

Gi = (U(y), 0, 0) . Additionally, the direction components x; are
denoted by X = x and X =y . The travelling wave form of the
perturbation wave 1| constrains all the perturbation quantities to

have the form of two dimensional travelling waves:
F(x,y,t) = £ = |£(3)| cosax - wt + ) (2.22a)
or alternatively
E(x,y,t) = %-[E(y) e + conj.] (2.22b)
The complex form is preferred for ease in analysis and computation.
The wavenumber and wall wavespeed respectively denoted in Eqn.
(2.22) by o and w are defined by
a = 2m/A and . w = 27F
where A is the wall wavelength and F is the wall wave frequency in

cycles per second. This form of assumed disturbance is substituted

into linearized forms of (2.17) and (2.18). The resulting differential

10



equations contain derivatives only with respect to . Derivatives

with respect to y are denoted by g%'= 5%;-5 D . Additionally, the
wavespeed ¢ is denoted by c¢ = w/a .
The continuity equation is
iocd + D¥ = O (2.23)
The x momentum equation is
ia(U-c) & + (DU) § = -iap + —=(’-a’) & - iof , - DE
Re 11 12
(2.24)
and the y momentum equation is
1a(U-c)¥ = -Dp + —(D°-a®)¢ - iaf , - DE (2.25)
Re 12 22

By cross differentiation of (2.24) and (2.25) and subtraction of
the resultant equations, p can be eliminated and a fourth order equa-
tion produced:

a[(U-¢) (0%-a?) - D2Ul% = - i—(nz—azﬂo

I 2 o) ~ 2 2 o)
+ io D(rll—rzz) + o(D™+a )r12 (2.26)
It should be noted that for fij = 0 this becomes the Orr-Sommerfeld
equation encountered in hydrodynamic stability theory.
Once (2.26) has been solved, ¢ is known and (2.25) can be used to

calculate P ,

o — __l_ ~ A __i___ 3—2 A
P = 1o [(U-c)DV - (DU)T + aRe(D a D)V

-iaf ; - Df ] (2.27)

12

The magnitude and phase of P with respect to the wave can then be

calculated from P .

11



The procedure of cross differentiation and reduction to an Orr-
Sommerfeld equation, the procedure followed by both Hussain and Saeger,
is not the only way of solving Eqns. (2.23), (2.24), and (2.25). The
equations can be left in their more primitive form and solved directly
by numerical methods. This latter approach was followed in this study.
In fact, depending on the treatment of the boundary conditions, direct

solution of (2.23), (2.24) , and (2.25) may be necessary.

2.5 Boundary Conditions

The solution of (2.26) or, alternatively, the solution of (2.23),
(2.24), and (2.25) constitutes a two point boundary value problem. In
order to effect a solution, boundéry conditions must be determined both
at the stationary wall and at the waving wall.

Since the fluid at the stationary wall does not slip relative to

that wall, 0 =v =0 . From this and the continuity equation (2.23)
g =0 (2.28)

A @ stationary
implies =0 wall (2.29)
D¢ = 0 (2.30)

The no slip conditions also apply at the moving wall. Due to the
movement of the wall, however, application of the no slip condition
presents the undesirable prospect of a time dependent boundary condition.
This problem can be solved either:

1. By transformation of the boundary conditions to some undis-
turbed mean position of the moving wall or,

2. By transformation of the entire problem to a time dependent
coordinate system such that, in the transformed coordinate
system, both walls are stationary. The coordinate transforma-
tion technique will be discussed in some detail in Chapter V.

The boundary condition approach was employed by Saeger. In this

approach a Taylor series expansion is used:

12



u = u| o+ %5 A+ 0md) (2.31a)
y=n y=0 y y=0

v N %§ A+ 0n) | (2.31b)
y=n y=0 y=0

At the moving wall, the fluid sticks to the wall, which we assume moves
with a u that is O(nz) so that

i = 0 @y =1 (2.32a)
. B .
3 o ey =i (2.32b)

These relations can then be substituted into Eqn. (2.31)

u . =0 = a + %3 n o+ 0<n2)
y:ﬂn yao ygo

i = A G’ + %% A+ 0n?)
y=n y=0 y=0

These equations are then linearized to produce,

0 = q + DU(0)A
y=0

M = v

ot y=0

Finally, substitution of the travelling wave assumption into the linearized

equation produces the boundary conditions,

= -DU(O0)A (2.33)
@ y=0
= —-iwff = dach (2.34)

>

<D

By application of the continuity Eqn. (2.23) to boundary condition (2.33)
the result is derived that
DV = 10DU(O)A @ y=0 (2.35)
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2.6 Summary of the Mathematical Problem

The mathematical problem to be solved consists of the Orr-Sommerfeld
Eqn. (2.26) and the boundary conditions on ¢ , Eqns. (2.28), (2.30),
(2.34), and (2.35) . As can be seen, this is a fourth order ordinary
differential equation and a two point boundary value problem in ¢ .
The fluctuating Reynolds stresses fij must also be specified in some
manner. Finally, once ¥ has been found from the Orr-Sommerfeld equation,
P can be found from Eqn. (2.27), assuming an fij specification. The
P quantities are to be compared with the measured perturbation pressures
described in Chapter III.

The specified form of the fij constitutes the closure problem.
The relations used for fij constitute the interaction between the
turbulence structure and the periodic quantity fluctuations. A commonly

used model employed by Miles (1957, 1959) and Benjamin (1959) ignores
..

1]
of the travelling wave do not influence the turbulence structure.

- This "quasilaminar" model says essentially that the fluctuations

It is greatly desired to use several closure models in Eqns. (2.26)
and (2.27) in order to predict perturbation pressures and to compare
these predicted pressures to the measured pressures described in Chapter
III. By comparing predicted and measured pressures, it is hoped to
evaluate the proper closure models required for the fluctuating Reynolds
stresses, fij . Papers by Miles (1965), Stewart (1970), and Davis (1970)
indicate that a closure model for the fij must be used. It is desired
to determine if quasilaminar models are inadequate and if the travelling
wave affects the turbulence structure. Measurement of flat wall per-

turbation is intended to be a definitive measurement of the role of
£ .

1]
the waving wall boundary condition should be employed using the boundary
condition transfer method of Eqns. (2.28), (2.30), (2.34), and (2.35) or

- As previously mentioned, it is also desired to determine whether

using the coordinate transformation method discussed in Chapter V.
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Chapter III

Experimental Methods and Results

Summarized in this chapter are the experimental apparatus, the data
reduction techniques, and the experimental results. As previously dis-
cussed, the physical apparatus was designed as an approximate realiza-
tion of the geometry shown in Fig. (2.1).

In this study, the magnitude and phase of the perturbation pressure
at the flat wall were the measured quantities of primary interest. 1In
order to obtain reliable and repeatable measurements, substantial signal
processing and data reduction were required.

The signal processing techniques were applied both to laminar and
turbulent channel flows, each having a travelling wave imposed on one
wall. The perturbation pressures induced by the travelling wall wave
were measured for different wall wave speeds. The correlation between
the wall wave speed and the induced perturbation pressure on the flat
wall was the measured quantity of interest. Furthermore, it is this

correlation whose magnitude and phase is predicted in Chapter V.

3.1 General Description

Since the experimental apparatus used in this study was conceived,
designed, constructed, and tested by J. C. Saeger, the reader interested
in the physical details of the apparatus should consult his report
(Saeger (1971)). The device was designed as a physical realization of
the geometry shown in Fig. (2.1). As such, the apparatus is a closed
loop channel having a high aspect ratio test section in order to approxi-
mate two dimensionality in the flow. The lower wall is fixed and the
upper wall mechanically articulated.

The waving wall water channel is best understood by reference to
Figs. (3.1) and (3.2). The fluid is pumped by a 2 horsepower centri-
fugal pump (8) through a coiled tube heat exchanger (6) and down a
3 inch polyvinyl chloride pipe. The fluid then passes through a cali-
brated flow measuring orifice (4) and through a series of phenolic

hexcell flow straighteners (3) into an upstream calming reservoir (1).
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The flow then enters the two dimensional channel through a two dimensional
nozzle with a contraction ratio of 12 to 1 (5) and proceeds down this
channel to a downstream calming reservoir (9). The flow finally returns
to the centrifugal pump (8) to close the loop.

The upper wall is constructed of 1/8" acrylic plastic, transversely
stiffened by plastic stiffening members as shown in Fig. (3.2). Each
stiffening member rests on two eccentric cams, each rotating on a cam-
shaft, (2) in Fig. (3.1), driven by an electric motor. The phases of
the cams on each camshaft are progressively staggered to cause travelling
deflection waves to be imposed on the upper wall as the camshafts are
rotated. Also attached to the camshafts are two "tuning reservoirs"

(7), the function of which will be described in Section (3.6).

The camshafts are driven by a 2 horsepower electric motor through a
vee belt drive. The motor, a constant speed 3450 rpm motor, has a four
stepped pulley attached to its shaft, and the wave speed is selected by
running a belt between one of the motor pulleys.and a pulley on a jack-
shaft connecting the two camshafts. The polarity of the driving motor
can be reversed electrically, thereby alternating the direction the motor
turns. The choice of the motor rotation direction determines the
direction of the wall wave travel. Thus, by choice of the belt reduc-
tion ratio and the direction of the motor turning, the wall wave speed
is determined. In order to obtain data at lower wall wave speeds than
those achieved by Saeger using this vee belt drive, a jackshaft was
added to the drive train. When the jackshaft was incorporated into the
train, much larger motor speed reduction ratios were obtained, resulting

in slower running wall waves.

3.2 Some Overall Dimensions and Operating Ranges

The wavy channel section is some 9 feet long, the upstream two-thirds
serving as a flow development region, and the last 3 feet serving as the
test section. The test section has nominal cross-sectional dimensions of
19.75 inches by l-inch, and the transverse stiffeners are mounted at
3.25 inch intervals. In the current investigation, the cams were adjusted

such that the wavelength of the travelling waves was 19.5 inches. For
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this wavelength, there were six cam contact points per wavelength. The
waves had a nominal double amplitude of 0.125 inches (crest to trough),
a value fixed by the eccentricity of the cams.

Due to thermal bowing of the flexible wall, the double amplitude
of the center of the moving wall was as much as 0.140 inches, depending
on the temperature. In order to prevent.excessive wall double amplitude,
fluid temperatures were limited to approximately 80°F.

The frequency of the apparatus as presently constructed is limited
by mechanical vibration to the range of 0-2 Hz.

The circulating pump has a capacity to drive the fluid in the test
section at a maximum speed of about 3 feet per second. With water this
gives a maximum Reynolds number of about 13,000. By the use of bypass
valving, as low a velocity as is desired can be obtained in the test
section; however, in order to maintain a sufficiently large periodic
pressure signal, a minimum velocity of about 0.5 feet per second was
used. By institution of this lower velocity and a glycerine-water

mixture a Reynolds number in the order of 600 was obtainable.

3.3 Modification of Apparatus from Saeger's Configuration

Although the apparatus used in this study is essentially identical
to that reported by Saeger, two modifications were made.

First, the downstream end of the test section was extensively
modified. 1In Saeger's experiments, the downstream end of the test
section terminated in a small turning header in which the flow was
turned and collected into a 3 inch diameter polyvinyl chloride pipe.
This turning header was replaced by a large rectangular downstream
calming reservoir, 21 inches x 30 inches x 30 inches, as shown in
Fig. (3.3). Furthermore, this reservoir contains an array of plastic
screening woven back and forth in a "W" pattern. This reservoir and
screen array was placed on the downstream end of the reservoir in an
attempt to absorb pressure waves and prevent their reflection back into
the test section (see Section (3.6)).

The second major modification made to the apparatus concerns the

placement and mounting of the pressure transducer (see Section (3.7))
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attached to the stationary wall. 1In Saeger's experiments this trans-
ducer was rigidly mounted in a single pressure tap in the stationary
wall. This single tap was replaced with a three pressure-tap manifold
arrangement shown in Fig. (3.4). This manifold and valving arrangement
permits measurement of the pressure on the stationary wall at any of
three positions in the streamwise direction, a capability crucial to
the data reduction system described in Section (3.7). The three taps
were arranged linearly with the upstream tap 6 1/4" from the center tap
and the downstream tap 6 3/4" from the center tap. A linear frequency
response analysis performed on the pressure tap-manifold-transducer
system indicated a natural frequency of the entire pressure measurement
system in the neighborhood of 28 Hz (see Appendix I). Since all measure-
ments were performed at a wall wave frequency less than 2 Hz, it was
calculated that the manifold system would introduce negligible magnitude
or phase distortion of the periodic pressure signal. Although higher
frequency components of the pressure signal would be distorted by the
manifold frequency response, these components were systematically

suppressed by cross correlation.

3.4 Measurement Systems

The measurement systems used in this investigation are virtually
identical to those used by Saeger and are schematically diagrammed in
Fig. (3.5). For completeness, they will be summarized briefly.

3.4.1 Mean Flow Velocity Measurement System

The mean flow velocity was measured by use of a sharp edged orifice
and Meriam differential manometer. A manometer fluid of specific gravity
of 1.75 was used in the manometer. By measurement of the pressure drop
across the calibrated orifice, the total flow rate was known. From this
and the measured cross sectional area at the test section, the mean flow
velocity was known. The channel centerline velocity was determined by
multiplication of the measured mean flow velocity by an analytically
determined constant. The constant was calculated from a two dimensional
channel flow model. The effects of the end wall channel boundary layers

were ignored due to the high aspect ratio of the channel.

18



3.4.2 Moving Wall Position Measuring System

The inétantaneous position of a reference point on the moving
wall was measured by use of a battery-powered linear potentiometer
used as a voltage divider. The periodic signal thus generated was low
pass filtered through a specially constructed amplifier and then further
amplified and displayed on a Tektronix 565 dual beam oscilloscope.

3.4.3 Fluctuating Pressure Signal Measuring System

The fluctuating pressure was measured by a Statham PM283TC pressure
transducer of diaphragm and strain guage type attached to the manifold
(Fig. 3.4), allowing a choice of one of three pressure taps. The trans-
ducer was excited by a Hewlett-Packard Model 6213a constant voltage power
supply. The output from the transducer was also low pass filtered in
an amplifier of special construction. The signal was then further

amplified and displayed on the Tektronix 565 dual beam osscilloscope.

3.5 Cross Correlation

In order to enhance the signal-to-noise ratio of the perturbation
pressure signal, the technique of cross correlation was employed. Cross
correlation is a technique, conceptually similar to phase averaging, in
which a signal of a certain, known frequency is extracted from its
background (see Fig. 3.6). 1In this experiment, the signal from the
pressure transducer was, after aﬁplification and low band pass filtering,
cross correlated against the signal from the wall position sensing
potentiometer. Since the wall at any point oscillated at a known
frequency, the wall position signal provided a "clock;" the frequency
of the wall was the frequency at which pressure information was to be
extracted from its background.

The definition of the operation carried out in the cross correlation

is:
lim 1 T
I‘.]p(”f) = T > T cr/‘ n(t) p(t-1) dt (3.1)

Here Rﬂp is the cross correlation coefficient and T is a known time

delay. (See Fig. 3.7.) If #H is a sinsusoidal signal, as it is in
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this experiment, and p 1is a signal containing a sinusoidal component
at the same frequency as 7 (in addition to noise), Rnp will itself

be a sinusoid of period Ty = L

= . Furthermore, R will be a cosine,
F np

phase shifted such that

R_ (1) = C cos (2nFr -9

np( ) ( )

where @ is the phase angle between 7 and the sinusoidal component
of p . These relations can be easily verified by substitution of
iwt + conj) ; w = 2°F

A cos(wt) = Ae
%[ﬁ ei(mt+¢)

[

fo
1]
N

B cos(wt+h) = + conj.]

d
Il

into the definition of the cross correlation coefficient. The results of
performing this substitution into the definition of the cross correla-

tion are,
R (1)

1 le~ dwt ~ —-iwt
= lim = {-—EA e + A* e ]-
np T+°°T0/ﬂ'2

-1 (w(t-1)+p) ] } it

%‘[ﬁ JWE-DH) | oy

The results of expanding the expression are,

. . 4} .
Rnp(T) = lim AB elﬂ o WT e2ﬂnt dat
T + OJ

3
o
LS
=
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The results of the limiting process can be noted

T
lim - & fetzwtdt = 0
T+wl g

.T
lim & fdt = 1
T+w ! g

When these limits are employed,

Rnp(T) = %{Kg* eiaﬂT_m) + conj.]

This expression is the complex equivalent of the expression,

Rnp(T)

C cost~-@)

]

C cos(2nFr-9)

As can be seen, the cross correlation of two sinusoids is itself a
sinusoid. Thus, cross correlation provides a convenient means of de-
termining the amplitude and phase of the sinusoidal component of a
signal buried in noise. Cross correlation rejects the distracting noise
in the pressure signal and enables accurate phase and magnitude determina-
tion.

In this experiment, cross correlation was performed by a Hewlett-
Packard 3721A correlator. This instrument accepts two analog signals,
cross correlates them and displays the resulting cross correlation
function on a cathode ray tube where the magnitude and phase shift can
be read. 1In order to calculate the cross correlation, the instrument
performs the operation defined in (3.1) except that the integral is

replaced by a sum. Thus the HP 3721A digitally performs the operation

N
Rﬂp(T) = %]- ‘Zl (ti) p(ti-T) (3.2)
i=

where N is a large number in excess of 1000 in this experiment.
Thus cross correlation is a signal to noise enhancement technique

automatically performed by a HP 3721A. Cross correlation makes possible
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the isolation of the periodic component of the pressure signal. As
shown in Fig. 3.8 the smoothness and sinusoidal nature of the cross
correlation coefficients produced by the HP 3721A indicates the effect-
iveness of the noise suppression in the pressure signal produced by cross
correlation. Comparison of the smoothly sinusoidal cross correlation
traces shown in Fig. 3.8 to the irregular turbulent pressure trace
represented in Fig. 3.7 indicates the effectiveness with which cross
correlation rejects the irregular components of the turbulent pressure

trace.

3.6 Existence of Extraneous Signals

Even with the noise suppression provided by cross correlation,
extraneous periodic pressure signals remain to obscure the perturbation
pressures.

Since the waving plexiglass wall must be anchored at both the
upstream and downstream ends, the volume of fluid contained in the two
dimensional channel is not constant throughout the cycle of the wall.
Volume in the channel is periodically created and destroyed at each end
as the wall oscillates. The fluid displaced by the periodic channel
volume variation is periodically driven into the upstream flow nozzle
and into the downstream calming reservoir. Since both the upstream
nozzle and the downstream calming reservoir have free surfaces, the
fluid levels in these chambers oscillate periodically due to the non-
conservation of volume at the channel ends. This nonconservation of
volume creates two extraneous components to the pressure signal. One
component is a "surging" component, produced by fluid surging into and
out of the channel in response to the periodic changes in channel volume.
Additionally, a "sloshing” component of the pressure signal is created
by the longitudinal oscillation of the fluid in the two dimensional
section of the channel. The fluid in the channel oscillates back and
forth as a rigid column. This longitudinal oscillation is again induced
by the periodic nonconservation of volume at each end of the channel.

Together, the "surging" and "sloshing" components effectively obscure

the "travelling wave'" component of the periodic pressure which is
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desired. Furthermore, cross correlation cannot suppress these extraneous
signals since they occur at a frequency identical to that of the per-
turbation pressure of interest,

These extraneous pressure signals proved exasperatingly persistent
and defiant of all attempts at elimination. A primary reason was that
the periodic nonconservation of volume in the channel provided the driving
force to an oscillator driven near resonance. The plexiglass upper wall
and the fluid inside the channel acted as a spring mass system, the fluid
in the channel playing the part of the mass, and the elasticity of the
plexiglass constituting the spring. The natural frequency of this
oscillation was measured by determining the autocorrelation (cross
correlation of a signal with itself) of the pressure signal after the
channel had been impulsively excited by striking the stationary upper
wall. The measured natural frequency was 0.823 Hz. Since this fell
in the operating range of the apparatus 0 < F < 2 Hz, resonance of the
apparatus occurred in the approximate center of the operating wall fre-
quency range.

The initial attempt at elimination of these extraneous pressure
signals consisted of careful adjustment of the tuning reservoirs (see
Fig. 3.1) in the lower wall. These reservoirs consist of thin plexi-
glass plates connected through a cam and rocker arm mechanism to the
common camshaft, As the camshaft rotates, the rocker arm mechanism
deflects the plexiglass plates to periodically create and destroy volume
in the channel. Tt was hoped that by careful adjustment of the phase
and amplitude of the cams driving the tuning reservoir, it would be
possible to compenéate for the periodic creation and destruction of
channel volume by the moving upper wall. However, it was found to be
impossible to compensate exactly for the periodic volume changes. As
a result, the extraneous pressure signals could be reduced, but not
eliminated by judicious adjustment of the tuning reservoirs.

A further attempt was made to reduce the amplitude of the extran-
eous ''surging" and "sioshing" pressure signals through modification of
the downstream end of the channel. A large (21" x 30" x 30") plexiglass

calming reservoir was added to the downstream end of the channel, and
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the reservoir filled with a plastic screen baffle arranged in the form
of a W with the points oriented upstream. This modification was made
with the intent of absorbing pressure pulses emanating from the channel
into the calming reservoir and preventing their reflection back into
the channel. Unfortunately, as perturbation pressure measurements
taken before and after the addition of the downstream calming reservoir
showed, the addition of this reservoir had no appreciable effect in
eliminating the extraneous periodic pressure signals.

At this point it was decided that apparatus modification was an
unpromising remedy for the elimination of the extraneous pressure

signals, and a modified experimental technique was adopted.

3.7 Elimination of Extraneous Pressure Signals

Upon abandonment of apparatus modification as a means of eliminating
the obscuring pressure signals, it was decided to separate the signals
analytically in the data reduction program. The strategy of doing this
invoked the fact that each of the periodic pressure signal components
has a characteristic dependence upon streamwise position in the channel.
Thus by measurement of the pressure at three distinct pressure taps,
each located at a different longitudinal position in the channel, the
“surging," "sloshing,” and "travelling wave' components of the periodic
pressure signal could be isolated. The pressure signal from each of
three pressure taps could be cross correlated with the wali position
signal measured at a common point. The resulting three cross correlations,
examples of which are shown in Fig. 3.8, could then be linearly combined
to calculate separately the '"surging," 'sloshing," and "travelling wave'
components of the periodic pressure signal.

In order to perform the pressure measurement at three separate
streamwise positions in the channel, the single pressure tap and trans-
ducer arrangement was replaced by a manifold arrangement discussed in
Section (3.3) and schematically shown in Fig. 3.4. By means of opening
and closing valves, it was possible to measure pressure at any of three

pressure taps using a common pressure transducer.

24



The proper linear combination of cross correlation coefficients to
separate the "surging," "sloshing," and "travelling wave" components
was easily determined by assumption of a proper form of each component
and formal evaluation of the cross correlation operator using these

forms. 1If

Pi denotes the periodic pressure component measured at

pressure tap 1

PSi denotes the "surging" component of the measured pressure
at tap i
PGi denotes the "sloshing" component at i
PHi denotes the "travelling wave" component at i (the
desired perturbation pressure)
Then
P, = P + Bg; * Py, (3.3)

Furthermore P_., P.., and P.. can be assumed to be of the form
Si Gi Hi

Po, = IPSI cos(wt+ﬂs)

_ %_ [i)\s ooiut lgg o108 (3.4)
PGi = ,PG' xicos(wt+¢G)

= %‘[?G X, eIUE ﬁé X, eiwt] (3.5)
Pui = IPHI cos(axi - wt + ¢H)

= 3 By TN e mixgun), (3.6)

where X, is the position in the channel relative to some arbitrary
fixed reference point, as shown in Fig. 4.4. Note that PS has no

channel position dependence, for PS represents a uniform periodic

pressure surge throughout the entire channel. The term P represents

G
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a periodic pressure component having a constant pressure gradient as
would be produced by a column of fluid oscillating as a rigid body.
PH is the travelling wave form that is desired to be measured.

While the assumed mathematical form of the "surging' and "sloshing"
components agree with their heuristic descriptions, not too much emphasis

should be attached to this. The important thing is that (PS+P repre-

sents the most genmeral linear streamwise position dependence relation for
the extraneous pressure signal. Linearization of the assumed streamwise
dependence of the extraneous signals is consistent with the linear
analysis performed elsewhere throughout this study.

Thus the total periodic pressure signal is:

5 _ 11 5 -iwt .
Pi = 3 PS e + conj.
~ -iwt .
+PG x5 e + conj.
+§ el(axi_wt) + conj. (3.7)

H

Additionally, the wall position signal is of a periodic form. If this
signal is denoted by

e B4
]

lﬁl cos(axj—mt) (no phase shift by definition)

Llaxg-wt) | oy o-i(0xj-wt), (3.8)

I
N j

[ne

xj is the location of the point at which 1 is measured relative to
the same reference used for the pressures. (See Fig. 3.9.) These
definitions can now be substituted into Eqn. (3.1) to calculate the
forms of the cross correlation coefficients.

When this operation is performed the results are:

- [ 1y
. +ﬁ*i;s e—l(lXj e]w’l'

/\*A ~-10x 4

in PG x5 e 3
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+ %_ ﬁAﬁ e—ia(xi—Xj)
-+ﬁ§§ eiax? ;iwr
+ﬁ§é . elOth
or
< . = Rx . oMUT i=1 (3.9a)
H A*in i i=2 (3.9b)
TReq e i=3 (3.9¢)

A

Thus three equations exist involving the three unknown quantities PH ,
PS , and PG . It should be noted that PH s PS , and PG are all com— -
plex quantities as are Rﬁiﬁ 3 1 =1,2,3 . As such, both magnitude
and phase information is containéd in these complex quantities.

The ﬁﬁiﬁ 3 1 =1,2,3 can be read from the cross correlations
produced from the HP 3721A digital correlator. From the sinusoidal

cross correlation plots of the form:

- 1
(RPiﬁ)correlator 2 |A] cos (ury) (3.10)
A and VY may be measured. From these measured parameters ﬁ?-ﬁ
i
can be determined since:
B = Breal * LR3 %) imaginary (3.11)
where >
Ry W real = —lalo 5 (3.12)
in 1+ tan"y
> —1al”
(Rﬁ-ﬁ)imaginary = tany 2 (3.13)
* 1+ tan'y :

Furthermore since the reference position for X; 3 i1 =1,2,3 and xj
is arbitrary, xj may be set to zero. Likewise for the manifold used
in these experiments, the wall position sensor was mounted directly

over the middle pressure tap. Thus, xj =x, = 0. 1f
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L = X, - X the distance between taps 1 and 2

1 ?

L = X3 "X the distance between taps 2 and 3

as shown in Fig. 3.9, Eqns. (3.9), (3.10) and {3.11) may be solved

simultaneously for §H’ §S’ and ﬁG .
The results of this solution are:

~

A ) 223(Rf>lﬁ B Rﬁzﬁ) + le(Rﬁjﬁ - Rﬁzﬁ)
. (3.14)
B AT [y emi®12 _ 1y 4+ g (o923 - 1)
[“23 , 12
0 R~ o+ g R~ - - -1io%y 1oko3y R~
o , |F23%i e T Rase thae ) B
P =
S |nl _ -i0f12 iolp3
| Ry Fhyg) - (Ryge + 2y )
(3.15)
- —1019:_1_2 - Lo B~ _ 10«123 . A _ pa
) (e l)(RP o RP ﬁ) (e l)(RP o RP ﬁ)
ﬁ - 3 2 1 2
¢ Ll b @223 -1y 4 o e i%12 _ g
| 12 23

(3.16)

la)

PH is the perturbation pressure and is the quantity of original interest.
The magnitude and phase of PH can be found by a rectangular to polar
conversion.

Equations (3.14), (3.15), and (3.16) were programmed along with
other elements of a data reduction program in FORTRAN, and the results
of the experimental measurements reduced on an IBM 360/67 computer.

A listing of a version of this program for laminar flow appears in
Appendix III, and a listing of that for turbulent flow in Appendix IV.

A sample of the output appears in Fig. 3.10. Included in the data
reduction was an analysis of the uncertainties in the measured perturba-
tion pressures, based on a Kline-McClintock type of root mean square
addition of component uncertainties. (Kline and McClintock (1953).)

A description of the uncertaintity analysis appears in Appendix II along
with documentation of the estimated uncertainties in the primary input

variables. The results of the measurements of the perturbation pressures
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for both laminar and turbulent flows appear in Chapter III, along with
their estimated uncertainties.

Two tests to determine the adequacy of the technique of separation
of the three components of the periodic pressure signal PH, PG, and PS
were performed. First, the apparatus was operated with the tuning
reservoirs both connected and disconnected under otherwise identical
conditions. The adjustment of the tuning reservoirs was expected to
affect strongly the 'surging" and "sloshing' components of pressure but
not the "travelling wave" component, since Py » the perturbation pres-
sure, i1s determined by the dynamics of the flow over the waving wall
and not by the channel end conditions. Precisely this behavior was
observed in the data reduced by the previously discussed scheme. Dis-
connecting the tuning reservoirs produced a drastic change in PS and
PG » but the travelling wave pressure, within the uncertainty limits,
remained unchanged. Additionally, a set of perturbation pressures
was measured for a laminar flow, and the results compared to laminar
theory. Due to the excellent agreement between laminar measurement
and theory further verification of the adequacy of the data reduction

techniques was gained.

3.8 Zexo Wavespeed Measurements

In order to check further the adequacy of the moving wall measure-
ments and in order to compare results to those obtained by other inves-
tigators studying flows over stationary corrugated boundaries, measure-
ments of the perturbation pressures were made for the case of zero
wavespeed. Since for a zero wavespeed case the reference 'clock" needed
for cross correlation is stopped, a different data reduction technique
was used.

For a stationary wall, the long time averaged pressure may be

represented as

P = A+ Bx + C cos(y-p) (3.17)
Where: A = channel pressure level
B = mean pressure gradient
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C = amplitude of pressure oscillation induced by wall
corrugation
@ = phase shift of pressure oscillation relative to the wave
Yy = ox - 0
6 = phase of the wall wave relative to an arbitrary zero
As can be seen, C 1is the magnitude of the perturbation pressure and
#® is its phase.

In order to measure C and @ for a stationary wall a HP 2401C
integrating digital voltmeter was used. The flow in the channel was
started, the wall wave set to a known € , and one of the pressure taps
in the manifold was opened, therby setting x . The integrating digital
voltmeter then was used to measure the average pressure integrated
over a 30 second span. This procedure was repeated for each pressure
tap and for some twelve values of @ equally spaced 30 degrees apart.
As a result, 36 mean pressure measurements were made.

A least squares curve fitting routine, a listing of which appears
in Appendix V, was then used to determine the values of A, B, C, and P
which best fit the measured pressure values to the form of Eqn. (4.17).

This zero speed measuring technique was repeated twice for both
laminar and turbulent flows, and the results are reported along with
the moving wall measurements. The results of the zero wavespeed
measurements were in very close agreement with the moving wall measure-~
ments interpolated across the zeroc wavespeed line, thus giving further
confidence in the adequacy of both the moving wall and the fixed wall

data reduction techniques.

3.9 Results for Laminar Flow

Using the data reduction techniques described in Section (3.7) and
(3.8), measurements of the perturbation pressures were made for a laminar‘
channel flow. The data reduction techniques of Section (3.7) were used
for both upstream running wali waves (c/Uo < 0) and downstream running
waves (c/Uo > 0) , while the stationary wall pressure measuring
techniques described in Section (3.8) were used for waves with zero

wavespeeds.

30



In order to obtain a laminar channel flow, the channel Reynolds
number, Re = Uod/v » was adjusted to approximately 550. According
to Karnitz, Potter, and Smith (1974), for a high channel inlet turbulent
disturbance intensity, transition to a turbulent channel flow could
occur at a channel Reynolds number, Re = Umeana/v as low as 2500.
In order to prevent this possibility, Ubé/v was held far below such
a critical level.

Since § had been fixed by the overall channel dimension, the
Reynolds number could be manipulated primarily by control over U0 and
V . Furthermore, since the perturbation pressure was expected to have
a quadratic dependence on U0 » the flow velocity could not be excessively
reduced while still retaining a measureable perturbation pressure. As
a result, Reynolds number reduction from the apparatus design point of
13,000 to the laminar flow value of 550 was accomplished primarily through
the increase of kinematic viscosity.

In order to achieve this viscosity, a mixture of glycerine and
water consisting of about 70% glycerine and 30% water was used. At the
nominal operating temperature of 70°F this mixture had a specific g;avity
of about 1.18 and an absolute viscosity of about 23 cp (compared to ‘
"1 cp for water), resulting in an increase in kinematic viscosity of a
factor of about 20 over that of water. This kinematic viscosity increase
was sufficient to reduce the Reynolds number to about 550 without de-
creasing Ub

Since the actual viscosity of glycerine and water mixtures is a
strong function of both temperature and concentration, these variables
were monitored during the experimental runs. The mixture temperature
was measured periodically and glycerine concentration was determined
through the measurement of specific gravity. Specific gravity was, in
turn, measured by a precision floating hydrometer. The corresponding
mixture concentration was determined by reference to tabulated glycerol
concentration versus density tables. (Bosart and Snoddy (1928).) By
reference to tables by Sheeley (1932) absolute viscosity was determined

as a function of the known temperature and concentration.
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In addition to determination of the channel Reynolds number, direct
visual determination of the laminarity of the flow was obtained. A
small amount of pure glycerine was injected through a port in the upper
wall while flow existed in the channel. Due to the transparency in the
upper plexiglass wall and due to the difference in index of refraction
between the 100% glycerine injected and the 70% mixture in the channel,
the injected glycerine could be seen. Since the 100% injected glycerine
had a greater density than the surrounding channel, it produced a column
that descended toward the flat wall. The flow in the channel distorted
the 100% glycerine column, thereby rendering visible the velocity profile.
For all laminar flow cases run, the smooth, parabolic velocity profile
characteristic of a laminar channel flow was observed. In test cases at
higher Reynolds number, the turbulent nature of the flow could be observed
quite clearly by the irregular breakup of the injected glycerine column.
Measurements of the perturbation pressures for laminar flow were made
over the entire operating range of the apparatus. This involved non-
dimensional wavespeeds (c/Uo) from -1.376 to +1.385 . These wave-
speeds were controlled by varying the speed and direction of the motor
driving the camshafts, thus changing w . Attempts were made to keep
the channel Reynolds number at a constant value of 550, although due
to temperature difference affecting the viscosity of the glycerine-water
mixture, the Reynolds number for the experimental cases varied from 486
to 703. The wavenumber and wall wave amplitude were fixed by the
eccentricity and phase settings of the wall driving cams. Thus for all
cases the nondimensional wavenumber o = 2n§/X was 0.1785 + .00Z and
the nondimensional wave amplitude n = ([i|/8) was .125 + .005 .

The variations in o and n were due primarily to dimensional instabili-
ties of the plexiglass upper wall affecting the mean gap between the fixed
and moving walls (26)

The experimental results evaluated by methods described in Section
(3.7) are shown in Figs. 3.11 and 3.12 along with their estimated un-
certainties. Since the perturbation pressure magnitudes are expected
from linear theory to be linearly proportional to the nondimensional wall
wave amplitude, the measured pressure magnitudes have been linearly

rescaled to correspond to a common value of n .
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2L - (2L [(lﬁlm RIS ]
—pUb rescaled -on measured common measured

2 2
(3.18)

The common valué of n used was 0.1242 » the arithmetic mean of the
nondimensional wall wave amplitudes measured in the experimental runs.
The rescaling of the perturbation pressure magnitude was done in order
to eliminate the perturbation pressure variation caused by temperature
induced fluctuations in the wall wave amplitudes.

As can be seen, the magnitude of the perturbation pressures is much
larger for upstream running waves than for downstream running waves.
In fact, the pressure data can be roughly approximated by an upward
opening parabola having its vertex at the point c/U n_1|PI/(—pU )=0
As will be shown in Section (5.1), this is a result of the fact that

.

the perturbation pressure magnitude is dominated by inviscid effects.
The perturbation pressure phase shows a mean constant value approaching
180° for upstream running waves. For downstream running waves, a strong
shift down to about 75° is evidenced at c/Uo = 0.4 .,

While data for downstream running waves was takgn for c/UB as
great as 1.385, the data for c/Uo > 0.4 1is largely useless, particu-
larly the phase data, due to experimental uncertainties. These under-
tainties become large because of the obscuring effects of the "surging"
and "sloshing" periodic components. The extraneous "surging" and
"sloshing" components increase nonotonically with increasing w . On
the other hand, the perturbation'pressure, the "travelling wave" component
becomes very small for c/Ub > 0.4 . As a result, the extraneous
pressure signals have magnitudes 20-40 times that of the perturbation
preséures for rapidly downstream running wave. With this small a periodic
"signal to noise" ratio, accurate determination of the perturbation
pressure 1s very difficult and the uncertainty in the measurement is
large.

Predictions of‘;he perturbation pressures for laminar flow were

made by numerical solution of the Orr-Sommerfeld system (2.26), (2.27)

33



(2.28), (2.30), (2.34), and (2.35) . Additional predictions yielding
indistinguishable results were made using Eqns. (2.26, (2.27) and the
transformed coordinate system discussed in Chapter V. In this solution,
the parabolic velocity profile of a laminar flow was used and the per-

turbation Reynolds stressas were set to zero. Numerical solution

T
was carried out using the progiim TURBS developed by W. C. Reynolds and
J. C. Saeger. A listing of TURB5 appears in Saeger and Reynolds (1971).
The results of this prediction are shown in Figs. 3.11 and 3.12. As can
be seen, the agreement between prediction and experiment is excellent
for the region c¢/U, < 0.4 , for which the uncertainties in the data

are relatively small.

The excellent agreement between the experimental results and
theoretical resuits greatly increases the confidence in the correctness
of each. Furthermore , the experimentally determined perturbation
pressures for laminar flow provide benchmarks against which to compare
the perturbation pressures for turbulent flow in the hope of ascertaining

the effects of turbulence.

3.10 Turbulent Flow Measurement and Results

In order to investigate the effects of turbulence on the perturbation
pressures, measurements similar to those made in the laminar channel
flow were repeated for a turbulent channel flow. Extensive documentation
of the characteristics of the mean turbulent flow produced by the waving
wall channel, both with a flat upper wall and with a corrugated upper
wall, may be found in Saeger's report. Figure 3,13 shows his composite
u+ - y+ plot of the velocity profile measured from the stationary wall.
Figure 3.14 shows his shear velocity-Reynolds number comparisons, and
Figs. 3.15 and 3.16 show his stationary corrugated wall pressure and
velocity profile characteristics. As can be seen from these figures,
the mean profile characteristics of the waving wall channel are typical
of a turbulent channel flow.

The working fluid for the turbulent measurements was water. With
this fluid, perturbation pressure measurements were made for the same
value of o = .1785 4+ .002 and n = .125 + .005 used in the laminar
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measurements. It should be noted that this 1s an extremely low wave
having a wavelength to amplitude ratio M\/8 = 281. Agaln a traverse of
the c/Uo range of the apparatus was completed. Perturbation pressures
were measured for c/Uo in the range: -1.115 5_c/U6 <+1.115 . 1In
precisely the same manner as for the laminar flow measurements, the per-
turbation pressure magnitudes were rescaled to a wall wave amplitude
corresponding to n = ,1242.

In order to achieve this wide range of wavespeeds, it was necessary
to operate at two different Reynolds numbers. The original perturbation
pressures measured were measured using a UB of about 3 ft/sec. With
water and a § of about 0.5 inch the resultant Reynolds number was about
13000. However, since the wall wave frequency was limited by considerations
‘of vibration and increased "surging" and "sloshing," extraneous pressure
components to about 1.5 Hz, this Ub resulted in a nondimensional wave-
speed limited to the range =-.710 < c/Ub < +.710. In order to increase
the wavespeed range, it was necessary to reduce Ué to about 1.7 ft/sec.
When this was done a wavespeed range -~1.115 < c/Ub < +1.115 was obtained,
but the Reynolds number fell to about 7800. While this Reynolds number
was somewhat lower than ideally hoped, the possibility of residual
transition effects being present, it was felt that the desirability of
extending the wavespeed range warranted the possible distortion of the
mean profile. Additionally, changing the mean flow velocity enabled the
acquisition of data points intermediate to those obtained at the higher

Uﬁ - Since the camshaft speed was controlled by changing pulleys and
belts connected to the driving motor, continuous control of the wave
frequency, and hence of dimensional wavespeed, ¢ , was not possible.
By varying Us s new values of C/UQ could be obtained.

The results of the turbulent flow measurements are summarized in
Figs. 3.17 and 3.18. As can be seen, the general nature of these data
is similar to that for laminar flow. The pressure phase, however, shows
striking departure from the phase behavior of the laminar flow. Both
turbulent and laminar flows show close to 180° phase shifts for upstream
running waves, but the laminar perturbed flow shows a phase shift much

closer to zero in the range 0.0 < c/UB < 0.4 . Whereas the phase shift
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for the laminar flow has dropped to 75° by c/Uo = 0.4 , the perturbation

pressure phase of the turbulent flow has dropped only to about 150° by the

same c/Uo . Somehow, the turbulence acts to hold the phase shift to 180°.
Prediction of this phase shift in the 0.0 < c/UO < 0.4 range is

the most crucial test of the turbulence model to be used. It would be

desirable, as for the laminar data, to compare experimental and theoretical

results for c/Uo > 0.4 . However, here as in the laminar case, the large

extraneous ''surging' and "sloshing" periodic pressure components obscure

the perturbation pressure signal to such a degree that the measurement

is virtually worthless. The difficulty in measuring the perturbation

pressure for c/Uo > 0.4 arises from a signal-to-noise ratio problem.

In order to obtain c/Ub values larger than 0.4 , the wall must be

run at a high frequency. This large wall frequency generates large

"surging" and "sloshing"

extraneous signal components. Furthermore, as
can be seen from Figs. 3.11, 3.12, 3.17, and 3.18 the perturbation
pressure magnitude becomes quite small for wall wavespeeds in the range
c/UO > 0.4 . Thus accurate measurement of the '"travelling wave' per-
turbation pressure becomes very difficult for c/U6 > 0.4 . In this
range the '"travelling wave' component desired to be measured becomes
quite small in relation to the extraneous 'surging" and "sloshing"
pressure components.

Several things appear quite pronounced about the laminar and tur-
bulent perturbation pressure data. First, the perturbation magnitude
curves for laminar flow shown in Fig. 3.11 and for turbulent flow shown
in Fig. 3.17 appear quite similar. The existence of turbulence in the
channel flow appears to have only a small effect on the magnitude of the
perturbation pressure. It is suspected that the magnitude of the per-
turbation pressure is determined primarily by inviscid effects (see
Section (5.1)). The phase angle between the perturbation pressure and
the wall lies close to 180° for upstream travelling waves in both a
laminar flow and a turbulent flow as shown in Figs. 3.12 and 3.18,
regspectively. Again, turbulence phase effects appear not to be important
for upstream running waves. Finally, however, the laminar and turbulence

results have marked phase differences for downstream running waves. The
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interaction between turbulence and the perturbation pressures is crucial
for downstream running waves. Thus, the prediction methods described

in Chapter V have as one of their prime objectives the prediction of
the phase angle between the perturbation pressure and the wall wave.

The phase angles between the perturbation pressures and the downstream

running waves appear to be the most crucial parameter measured.
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Chapter IV

Mean Flow Modelling

The excellent agreement between prediction and measurement obtained
for the laminar flow cases indicates the adequacy of the formulation
of the perturbation equations described in Chapter II. However, in
order to obtain similar predictions for turbulent flows, closure rela-

‘tilons for ¥ must be developed. Since it is desired to generate

ij
these fij closure relations by formalized application of linearized
perturbation techniques to an appropriate unperturbed flow, the mean
turbulent channel flow must, itself, be modelled. This mean flow

modelling is the subject of this chapter.

4.1 Background of Mean Flow Modelling

A truly massive amount of effort has gone into the modelling of
mean turbulent flows. Virtually all modelling attempts employing dif-
ferential equations start by solving the time averaged Navier-Stokes

equations and the continuity equation. For a fluid of constant density

these are:
— —_ -
Sui _ Bui ) 1 3% d uy aRij
e T 9%, - T p ox VR dx, 9x (4.1)
k| i 3773 ]
du
3 = 0 (4.2)
X

The differences in modelling techniques arise from the treatment of the

Reynolds stress term Rij = uiug
The oldest closure models for R are attributable to Prandtl in

1]
1925 and Von Karman in 1930. In these models the turbulent analog of

molecular viscous stress is assumed and

2
Ryy = (a /3)5ij - vy 8y, (4.3)
where — -
3 ou
S,. = strain rate = L — 4 i 4.4)
ij 2 xj Sxi
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vT = eddy viscosity
Eddy viscosity distributions are then algebraically specified either
directly or through the introduction of a "mixing length:"

2
Vo = L \’zsmnsmn (4.5)

where the mixing length is a specified function of position in the flow.

A mean velocity field closure scheme of the type described in Eqn.
(4.3) and (4.4) was used for the mean velocity calculations by both
Hussain and Saeger, where the eddy viscosity was algebraically specified
according to the Cess expression (see Reynolds and Tiederman, (1966)
and also Cess (1958)).

The poor agreement between the perturbation pressures calculated
using this method and the measured values (see Section (5.2)) prompted
a search for a more sophisticated closure scheme for this study. The
scheme chosen was a turbulent kinetic energy scheme of a type first
proposed by Prandtl in 1945. In this type of scheme eddy viscosity is
prescribed as a function of turbulent kinetic energy and a length scale

where:

2
T vT(q »L)

<
]

(4.7)

[
i

[]

2 o
q uy

Near a wall, modifications must be made to the Vv, relation, as will be

T
discussed. The turbulent kinetic energy q2/2 is itself computed from

a differential equation derived by multiplication of the u£ component

1

of the instantaneous momentum equation by u] and ensemble averaging.

i
The result of this process is:
2 2 2 2
L1 WL WY JPY - SRR
3t j 9x, 9%, 9%
3 i3
_.___!‘.'l' [ )
ij (2 19193 +plug 6ij/p) (4.8)
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where

P= Ry Sy (4.9)
is the "turbulence production".
Bui Bui
b= v = 3n (4.10)
5 .

is the "isotropic dissipation" (see Reynolds, (1970)), and Rij is
defined by Eqn. (4.3). The length scale £ is again algebraically
specified and in addition, one needs a closure relation for the dissipa-

tion.

oJ= &, 2, v) (4.11)

Turbulent kinetic energy models have been used by a number of
investigators including Glushko (1965), Bradshaw (1967), and Wolfshtein
(1970). The method of Wolfshtein is most closely related to the model
used in this study. It employs the low turbulence Reynolds number
corrections to Vip and o found necessary in these calculations to
extend the results all the way to the wall. Additionally, as is dis-
cussed in Section (4.3), Wolfshtein's model uses similar model constants
to those used in this study. The overall similarities between this
model and Wolfshtein's are considerable.

More recently, D. B. Spalding's group at Imperial College (of
which Wolfshtein was a member) has emphasized more complicated turbulence
models containing an additional differential equation for the dissipation
(Launder and Spalding (1972)). Such an approach is exemplified by
Launder (1973). While more complicated closure schemes such as this
are of great interest and possibly of great utility, they have not been
used in the present study prior to the determination of the adequacy of
simple turbulent kinetic energy equation models. One of the prime motiva-
tions of turbulence modelling in this study is the determination of the
adequacy of simple turbulent kinetic energy models applied to the waving

wall channel problem.
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4.2 Turbulent Kinetic Energy Model Used

In the calculation of the mean velocity profiles a turbulent kinetic
energy model was used. In this model, the momentum Eqn. (4.1), the
continuity Eqn. (4.2), and the turbulent kinetic energy Eqn. (4.8) were
used. In addition to these differential equations, the additional closure

assumptions were introduced:

_ 2
Ry = (a°/3) 8,4 = 2v; S, (4.12a)
vp = cp ab(l - e‘c3qy/\)) (4.12b)
o - ca(q?’/ﬁ) (1 +cg v/(a) (4.12¢)

a l | ] ) t 1
- ij [2 u1uiuj TPy 613/p]
3 3q”
= o [(CZ/CI) V1 ox. j‘ (4.12d)
and
% = AS[L - (1-y/8)™ (4.12e)

The length scale specification Eqn. (4.12e) was chosen to be a
smooth, continuous function reducing to the approximate linear form
2 = Andy very near the wall, and having a zero slope and a value
of £ = A8 at the centerline. The equation fairs smoothly between the
inner and outer forms. A smooth relation having the linear inner
asymptotic form was chosen to express the concept that near the wall, the
"eddy'" sizes characterized by & , are linearly inhibited by the presence
of the wall. Furthermore, near the centerline, the eddy sizes reach a
maximum constant characteristic of the channel denoted by £ = AS
Additionally, since the channel centerline is a line of symmetry, it is
necessary that the slope of the £ equation be zero at the centerline.
The general form of Eqn. (4.12e) meets all these criteria.

The particular values of A and n chosen after considerable

3 . These values were chosen

experimentation were A = 4/30 and n

for two reasons. First, the value of A = 4/30 was chosen in order to
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adjust optimally the value of £ at the centerline. With this centerline
% value (%/8 = 4/30) the model solutions discussed in Sections (4.2)
through (4.5) calculated eddy viscosity (vT) profiles which agreed

as closely as possible with eddy viscosity profiles measured by Hussain
(1970) in an equivalent turbulent channel flow (see Fig. 4.3). Second,
once A was determined in order to adjust the centerline £ value, the
inner asymptotic form of Egn. (4.12e), /8 = An(y/8) determined the

value of n . As discussed later in Section (4.2), it was desired that
2/8 = K(y/8) in the near wall region, where K is the Von Karman con-

stant. In order for
/8 = K(y/8) = An(y/8)

it can be seen that An = K . With an assumed value of K = 0.4 and
A=4/30 , n must equal 3 . A graph of Eqn. (4.12e), with A = 4/30
and n = 3 , appears in Fig. 4.1.

In order to calculate the two dimensional turbulent channel flow
required for solution of the perturbation equations, this model was
specialized to a two dimensional channel flow. The equations resulting

from this specialization are:

Du _ 4 _ _1dP_ 4 du
-0 - 1,4 [w +cpe) dy] (4.13)
l’—‘ﬁ-o~20’ 20+ L [y + )5‘—‘43 (4.14)
Dt N - dy [ ¢ dy :
£ = q(l - e S3Y/Vy (4.15a)
Vp = ¢q€ (4.15b)
i} du) (du
P - -—cle(dy)(dy) (4.16)
O = o, [¢/2]A + e/ () (4.17)
2= {4/30}8 [1 - (1-y/86)3] (4.18)
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Reasons for the choice of the particular turbulence model used are
most easily seen in reference to the channel flow specialization embodied
in Eqns. (4.13) through (4.18).

In the x momentum Eqn. (4.13) the quantity vT = cE . The eddy
viscosity is € times some yet to be determined constant. The quantity

€ is in turn defined by Eqn. (4.15) which consists of two terms, an

outer expression and a wall damping factor. The outer expression,

vT/v

clql/v = c¢. Re (4.19)

"where

ReT

qh/v (4.20)

states simply that the eddy viscosity is proportional to a turbulence
Reynoids number, This assumption, identical to that proposed by Prandtl
in 1945 is merely an attempt to assert that the same large eddies re-
sponsible for turbulent mixing are also those containing the bulk of the
turbulent kinetic energy.

Near the wall, however, the large eddies are inhibited by the wall
presence and the eddy viscosity has been observed to vanish. For this
reason the wall damping factor (1 - e—c3qy/v) has been added. At
y = 0 , the wall, this factor has a value of zero. Furthermore, for

y<<6

<
i

c;94(c4qy/V) (4.21)
c1¢q qZRy/v
For the length scale relation used,

£ = 0.4y

= Ky (K = Karman constant)

when y << 8. Additionally, near the wall, it has been observed that

q vy . Under these circumstances \)T‘xy4 . This quartic dependence
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of the eddy viscosity near the wall implies that, at the wall, not only
the eddy viscosity, but also its first three derivatives are zero.
Equation (4.15) represents a near wall assumption completely con-
sistent with the Van Driest damping frequently employed as a near wall
modification to mixing length models (see Kays (1971)). 1In the two

dimensional form of these models, eddy viscosity, vT » is defined by:

®»

o g2 |3u
VT = £ 3y (4.22)
YL A
p Aty
L = Kyll -e (4.23)
Again for y << § ; T
poe Koo 2 (4.24)
A v
u

. . . . 4
Since in the laminar sublayer is a constant, VTmy for the

Van Driest damping equation just as it is for the eddy viscosity damping
equation (4.15) herein used. Thus, the eddy viscosity damping factor
can be considered to play the same role that the Van Driest damping
factor plays in mixing length models. One advantage of the formulation
herein used over the Van Driest damping factor lies in the replacement
of A+ by q2 in the exponential. As shown in Kays (1971), the A+ s
which must be externally specified is a very strong function of both
pressure gradient and transpiration rate. Hopefully, replacement of
the strongly varying function, A+ » by >q2 » which evolves as part
of the model from Eqn. (4.14), results in the elimination of the diffi-
cult to specify A+ relation. As a result, the possibility for increased
model generality exists. The thickness of the laminar syblayer can vary
depending on the turbulent kinetic energy profile generated.

Comparison of Eqn. (4.13) and the two dimensional form of Eqn. (4.8)
indicate that the pressure velocity term and the triple velocity correlation

term have been modelled in a gradient diffusion manner.

d 1 0 3q°
“a (P T o) - i () wam
J 3 J
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A possible shortcoming of this gradient diffusion modelling is its
complete disregard of the large eddy structure. However, due to per-—
plexity over proper inclusion of large eddy structure information and
due to the significant mathematical simplification achieved by a diffusion
model, gradient diffusion modelling is used for these higher order
correlations.

Difficulty exists over the proper modelling of the dissipation.
As with the eddy viscosity, separate expressions for near wall and
far wall behavior exist and must be incorporated in a single, smoothly
faired expression. Inclusion of the experimental observation that,
remote from the wall, dissipation is controlled only by the large eddy
parameters such that JU = aDqu, 2) , coupled with dimensional analysis,
produces the result first found by Kolmogorov in 1942 that oD'¢q3/l.
This outer layer behavior is incorporated in the leading dissipation factor
of Eqn. (4.17), c4q3/£ . On the other hand, very near the wall, the
size of the eddies is inhibited, and the eddies are of such a size that
viscosity can be a dissipative agent for the largest eddies. Under such
conditions viscosity is a factor and o= oa(\),qz, £) . Application of
dimensional analysis to this condition produces the result that aazaqzllz .

These outer and inner dissipation expressions are faired by Eqn. (4.17)
3
o - ¢, 4 /z(l + cg v/(qz)) (4.17)

which becomes the Kolmogorov expression in regions remote from the wall
and goes to Py qz/jz,2 near the wall.

As discussed in Section (4.3), the dissipation at the wall is a
nonzero constant. As further developed, in order for the viscous wall
dissipation expression,ac(c:\)qzll2 to be a nonzero constant at the wall,
it is necessary that f«y near the wall . For this reason, the
Van Driest damping expression Eqn. (4.23) was not used in this turbulence
model due to the fact that the Van Driest equation implies that QG:yz
near the wall (see Eqn. (4.24)). By contrast, Eqn. (4.18) was used to

specify the length scale to obtain the desired &=y near wall relatiom.
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The primary purpose of the damping factor (1 -e )
in the Van Driest expression used by many investigators is the near
wall suppression of & . The £ is suppressed in order to make the
eddy viscosity,

2

vT = £

i

Sy (4.22)

very small in the sublayer, so that the viscous sublayer is a laminar
sublayer. Since near wall dissipation modelling considerations pro-
hibited the use of the Van Driest expression to suppress the near wall
length scale, the eddy viscosity, VT = cle » was damped through

suppression of ¢ in the expression
€ = qf (1 - e S3W/Vy (4.15)

In effect, the exponential near wall damping factor was removed from
the length scale specification and transferred directly into the eddy
viscosity specification. As a result, the small eddy viscosity char-
acteristic of the viscous sublayer was retained while the proper sub-
layer modelling of the dissipation was achieved.

In this model, great effort has been expended in the derivation of
a scheme applicable throughout the entire channel flow, including the
near wall region. This practice differs markedly from that of many
investigators (Kays (1971), Kearney (1971), Launder (1971)) who employ
some analytically derived expression in the near wall region and
numerically solve model equations only in the regions remote from the
wall. As a result only outer expressions for VT and o are required.
As appealing as this technique is, it was not utilizable in this study.
In the solution of the perturbation equations to be discussed in Chapter
V, the most important zone is the critical layer at which the wave and
fluid speeds are equal. In a turbulent layer however, this point occurs
very close to the wall, at a point where the outer expressions are no
longer applicable. Thus, in order to treat properly the critical layer,

a mean flow model that is valid all the way to the wall must be used.
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Recently, some investigators, most notably the group under
D. B. Spalding, have strongly urged that the dissipation, o , be
calculated according to its own differential equation. This approach
can be considered a solution of a differential equation for the length
scale, dquB/ﬂ,. Such an approach was considered in this study but
discarded in favor of algebraic specification of £ . This step was
deemed prudent both because of the limited range of geometries to be
considered, only channel flow, and due to the desire to proceed system-

atically upward in the hierarchy of closure schemes.

4.3 Determination of Model Constants

The preceding turbulent channel flow model contains five free con-
stants. As will be seen, the values of several of these constants can
be closely estimated, and others can be precisely determined. In order
to determine the values of the constants, several known characteristics
of turbulent channel flows are desired to be applied. Among these
characteristics are that in the logarithmic section of the layer, the
slope of the mean velocity profile in semilogarithmic wall coordinates
is 1/K , and that production and dissipation are approximately equal.
Additionally, it is desired to invoke the fact that the dissipation at
the wall is a nonzero finite value. The constants used in the model
should reflect these facts and should also reflect experimentally
measured A+ values and q2 profiles.

The fact that the dissipation at the wall is a finite nonzero value

may be used to determine a relation for ¢ At the wall, it is known

5 -
that the dissipation is of the form

AN AN
& = v[(—éi-) +<—-‘—“——) ] = const. # O (4.25)
y ax

Additionally at the wall, several simplifications of the turbulence

model occur

e = 0 (4.26a)
P = o lim (4.26b)
oI = ¢ cvg’/i? y >0 (4.26c)
g = Xy (4.26d)
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From Eqns. (4.25), (4.26c), and (4.26d), it can be seen that in the

turbulence model

lim - (VC4C /Kz)(qz/yz) = const. # O (4.26e)
5
y>0
In order for this to be true it follows that near the wall
q *vy (4.26f)

When Eqns. (4.26a), (4.26b), (4.26c), and (4.26d) are substituted into
the channel flow turbulent kinetic energy Eqn. (4.14), the result is

2 2
0 = -2\)(c4c5/K2)(q2/y2) +\)-°-‘~i‘2L 4.27)
dy

This can be seen to be an equidimensional equation of the form

Q" - 2a(Q/y%) = o0
where

— 2 » —
A = c4c5/K ; Q = ¢

If a solution of the form Q = ym is assumed the algebraic equation

results
m(m-1) ym“2 - 2Aym'—2 = 0

or

2A = m(m-1)
As was shown in Eqn. (4.26f), m = 2 . As a result

A = c,e /R? = 1
475
This is equivalent to
2
cg = K /c4 (4.28)

Given the Karman constant, K , and ¢ is precisely given by (4.28).
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The constant c, can also be estimated by some simple arguments.
' +
In wall-region coordinates, where u. = ?¥-, u+ = u/uT , and y = yuT/v y
a good approximation of the turbulent velocity profile away from the

viscous sublayer is

W= 2inyt4ss ~ (4.29)
+
= @y (4.30)
dy

For a channel flow (4.13) can be integrated (in 4+ coordinates) to produce:

aw' - ysh (4.31)
+ + )
dy (1 + ¢ € )

In the log region, 50 < y+ < 200, where Eqn. (4.19) holds, this relation

becomes approximately:

du_ = 9/eh (4.32)
+ 1
dy
where €+ = q+l+ ' (4.33a)
+ +
q = qfu (4.33b)
v o= gu /v (4.33¢)
Equating (4.30) and (4.32)
+
+ + +
du+ = &y = 1/(cqa &) = 1/(c;qa Ky)
dy .
This produces the relation:
c, = 1/q" (4.34)

From Laufer's data, in the logarithmic region extending from

30 2 y' 2 300

5.0 < ¢72 < 8.0

An effective value of q+2 = 6.5 occurring at y+ ~ 100 produces
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c; = 0.39 (4.35)

This value was used in all calculations.

In a similar fashion, an estimate for ¢, can be generated. Again
from experimental data, it is known (Laufer (1951)) that in the log region,
production and dissipation approximately balance each other, diffusion

being quite small. If production and dissipation are formally equated,

: +
Eqn (4.33a) is used for et and Eqn. (4.30) is used for QEI ,
dy
+, + + + +
1@t [1/65h] [arh] = e arast
Solving for <,
_ +2 3

¢, = cl/q = ¢ (4.36)
With the previously determined value of ¢y = 0.39:

¢, = c,° = 0.0593 (4.37)

4 1 ’ :

Similarly with the ¢, of Eqn. (4.37), Eqn. (4.28) can be used with

4

a K of 0.4 to find c5

o = Kz/c4 = 2.697 (4.38)

5

An estimate of yet another constant, cq » can be determined by
noting the similarity of the eddy viscosity damping factor and the
Van Driest damping. In plus coordinates the eddy viscosity damping
factor is (1 -~ e—C3q+y+) while the Van Driest damping factor is
1 - e-y+/A+) For these two damping factors to play‘the same role,
clearly,

¢, = 1/(q'ah (4.39)

Extensive investigation by Kays (1971) and his coworkers have shown

A+ = 26 for the flat plate boundary layer. Also, from Laufer's data,

q+2 =~ 8 for 20 % y+ < 40 , the region strongly affected by the eddy
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viscosity damping term. This suggests

ey = 1/(qtahy = 1/(/B 26 = 0.014 (4.40)

Thus of the original five constants only one remains, the

c
2 b
turbulent diffusivity of turbulent kinetic energy, for which no estimated
value exists. Parametric exploration using values of this constant from

one half to two times the value of ¢y showed very little sensitivity

of results to the particular value of ¢ chosen. As a result,

2

c = 0.39 was chosen in the belief that the turbulent diffusivity

= c
1 2
for turbulent kinetic energy should be approximately equal to the
turbulent diffusivity for momentum.

In summary, the model constants used in the calculations of the

mean channel flow are:

e, = 1/a" = 0.39
c2 = Cl = 0.39
¢, = 1/(¢tah) = o.014
5 (4.41)

e, = ¢ = 0.0593

_ 2 N
e, = Kle, = 2.697
K = 0.4

As previously mentioned, this model is quite similar to that used
by Wolfshtein (1969). The constants as well as the model formulation
are quite similar. When Wolfshtein's nomenclature is transformed to

the nomenclature of this study, his constants are

¢, = 0.39
¢, = 0.25
¢y = 0.0113
e, = 0.0588
cg = 2,134
K = 0.4
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The primary difference in the constants used in the two models lies in
the fact that Wolfshtein used different eddy diffusivity for momentum
and turbulent kinetic energy represented by ¢ and ¢

1 2
Also, somewhat different expressions were used to fair between the vis-

respectively.

cous wall layer and outer layer expressions for eddy viscosity and
dissipation. Aside from these variances, the spirit of the model used
in this study and Wolfshtein's model were quite similar, surprisingly

50 due to their independent derivations.

4.4 Numerical Solution of the Mean Model Equations

The set of Eqns. (4.13) to (4.18) was solved numerically using
the model constants (4.41). Equation (4.13), the x momentum equation

was firit integrated once analytically to produce the algebraic relation
du_
dy* |
all equations were normalized in plus coordinates. As a result of the

for shown in Eqn. (4.31). For the purposes of numerical solution,
analytical integration of the x momentum equation, a first order
equation in u+ and a second order equation in q+2 remained to be
solved. Equations (4.15) through (4.18) constituted algebraic side
conditions. As a result, the set of mean equations for the channel flow
constituted a third order system of ordinary differential equations in

u+ and q2+

In order to solve this third order system, three initial conditions
were required. The avoidance of a singularity in the dissipation at

the wall required that q+2 negr the wall behave quadratically. As a
+

result at y =0 |, q+§ = §§¢ = 0 . The third initial condition,
+2
equivalent to setting gag;z at the wall was generated by arbitrary

assignment of the value of the dissipation. From Eqn (4.27) with

cg = K2/c4 it can be seen that at the wall:

2 +2
dq -
< +2> h Z[J]Wall (4.42)
dy wall

In a two dimensional channel flow, since there is no time or x
dependence, all energy transferred from the mean flow to the turbulence

must, in turn, be dissipated from the turbulence, in order to avoid a
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constantly growing or decaying level of turbulence. In terms of the

model variables

y=§

/(Wwd) dy = 0 (4.43)
y=0

The condition of bilateral symmetry in a channel flow required
integration to be performed only from the wall to the centerline. As

a result the centerline symmetry conditions of g§-= %%7 = 0 had to
be met. If Eqns. (4.13) and (4.14) are formally integrated once and the
global momentum analysis result, %% = —TW/G , substituted into the

integrated form of (4.13), the results are:

du _ du (1 - y/8)
dy v <dy>y=0 (v + cle) (4.44)
y
2 (0_6) dy'
__de - 0 (4.45)
y (v + cze)
As can be seen, Eqn. (4.44) guarantees that %% = 0 at the centerline

y = § . Furthermore if the condition of Eqn. (4.43) is satisfied, Eqn.

(4.45) guarantees likewise that %%7 = 0 at the channel centerline.
The criterion of Eqn. (4.43) was used to adjust the assumed value

of the dissipation at the wall. After integration of the equation from

the wall to the centerline,

y=48
(P-) dy
y=0 f

was evaluated and its departure from zero used to correct the estimate
of the wall value of the dissipation. This iterative procedure continued

until a sufficiently small value of
y=§
(F -e0) dy
y=0
was achieved.
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Due to the singular nature of the equations near the wall, the inte-
grated value of (P -of) was extremely sensitive to the assigned wall
value of the dissipation. As a result, the shooting routine was programmed
in double precision FORTRAN. A special mesh was used for the mean profile
calculations. One hundred and sixty one‘grid points, including the
channel wall and the channel centerline, were placed in the region from
the wall to the centerline, and the values of all the mean profile
parameters were calculated at each of the grid points. The wall was
denoted as point number 1 and the centerline point as number 161. The
calculation proceeded outward from the wall to the centerline on each
iteration. The distance between adjacent grid points increased in a
stepwise manner from the wall to the centerline of the channel. As a
result the spacing between each of the first 21 points closest to the
wall was equal. Likewise, the spacing between each of points 21 through
41 was equal, but double that of the spacing between each of the first
21 points. In a similar manner, the spacing between adjacent grid points
doubled at points number 41, 61, 81, 101, 121, and 141. As a result,
the two grid points nearest the centerline were 128 times as far apart
as were the two grid points nearest the wall. Points were closely spaced
near the wall in order to calculate rapid wall layer profile variation.

After numerical solution in plus coordinates was completed, the
u, q2, and € profiles and their first two derivatives were calculated,
renormalized in channel coordinates, (velocities normalized on channel
centerline velocity and lengths normalized on channel half width), and
punched on cards for use by the perturbation programs described in
Chapter V. A listing of these profiles and the program used to generate
them appears in Appendix VI.

4.5 Results of Mean Model Calculations

The results of the mean model calculations are summarized in Figs.
4.2 and 4.3 where they are compared to the experimental results of
Hussain (1970) and Laufer (1951). All model calculations were carried
out at a channel Reynolds number, Re = U66/v , of 13958.7 and a

6+ of: 640.6912 . It can be easily shown that for a channel flow:
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(6/¢ou %)) £ = ~(6¥/re)? (4.46)

Thus the equivalent nondimensional mean pressure gradient of the model
calculations was, [§/(pU02)] %5 = -0,002107. By comparison, the data of
Hussain was taken at Re = 13,800 and [6/(9_1102) £ = -0.002061, while
Laufer's data had Re = 12,300 [5/(pU02)] % = -0.00180 . As can be
seen, the model calculation used closely reproduces the flow conditions
of both Hussain's and Laufer's experiments.

As can be seen from Fig. 4.2 the velocity profile calculated by
the model exhibits excellent agreement with Hussain's measured profile.
It is especially impressive that this agreement extends well into the
y+_§ 5 laminar sublayer region. Agreement of the turbulent kinetic
energy profile with Laufer's data is not quite as impressive. While the
outer regions (y+ > 100) are predicted fairly well, the model appears
unable to generate a peak in q+2 near y+ of 25 as large as indicated
by Laufer's 1951 data. Since y+ of 25 represents a y/§ = .05 , quite
close to the wall, some of this discrepancy may be attributable to the
data, especially considering the hot wire equipment available in 1951.
Thus, for a channel flow in the Reynolds number range of interest to
this study, the turbulent kinetic energy model described in Eqns. (4.13)
through (4.18) appears to do an excellent job of predicting the mean
velocity profiles and an adequate job of predicting turbulent kinetic
energy profiles.

A more sensitive test of the ability of the model to predict velocity
profiles is afforded by Fig. 4.3. As can be seen by Eqn. (4.31) once the
eddy viscosity profiles have been determined, the %% profile has been
uniquely determined, which, in turn, completely specifies the velocity pro-
file. Thus an eddy viscosity profile serves as a more sensitive representa-
tion of the velocity profile. 1In Fig. 4.3, eddy viscosity profiles measured

by Hussain, are compared to the profiles calculated by the model. As
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can be seen, the agreement is good but not perfect. The currently used
model appears to slightly overpredict the eddy viscosity in the region
y/§ = 0.4 and slightly underpredict near the channel centerline.

On the whole, the mean turbulent kinetic energy model appears
entirely adequate to predict channel flow profiles for use by the per-
turbation equation discussed in Chapter V. In order to test the sensi-
tivity of the perturbation equation results to the mean velocity profiles
used, several sets of mean profiles were generated (by using different
model constants) and used as inputs to the perturbation programs. For
mean velocity profiles differing from each other in the order of 5%, the
corresponding perturbation pressures calculated also differed in the order
of 5% . Thus, since the solutions of the perturbation equations appear
not to be wildly sensitive to the particular mean profile used, the mean

model described in this chapter appears to be entirely adequate.

4.6 Application of Model to Channel Flow with Crossflow

While the primary purpose of developing a mean flow turbulence
model was the generation of channel flow velocity, eddy viscosity,
and turbulent kinetic energy profiles for use in the perturbation equations,
one further test of the mean flow model was carried out. The geometry
considered was, again, a two dimensional channel flow. However, in this
flow, fluid was injected uniformly through one of the walls, and sucked
uniformly, at the same rate, through the other wall. The results is a
turbulent channel flow, a schematic of which appears in Fig. 4.4, having
a uniform crossflow velocity.

The channel flow turbulence model was tested with wall blowing and
sucking in an attempt to simulate the effect of fluid displacement
caused by the moving wall in the perturbed channel flow. In the channel
with the waving wall, the movement of the wall causes fluid to be "blown"
or "sucked" across the line of mean position of the moving wall. As a
result, a channel flow with an undulating wall can be thought of as a
channel flow with a sinusoidal travelling wave blowing and sucking distri-
bution. While testing of a flow with such a complicated blowing and

sucking distribution is quite difficult, calculation of a uniform
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crossflow is much easier and constitutes a simple test of the turbulence
model to the injection or removal of fluid through the channel walls.

The same model used previously was applied with the exception that
the addition of an additional term to the x momentum and turbulent

kinetic energy equation was required. The equations are:

_ du 1dP 4 du
residual = 0 = .de 5 dx + iy [(v + cle) dy ] (4.47)
dg* d dq?
residual = 0 = -v33- 4 2P- 28+ = [(\) + ¢,€) —-g-—]
dy dy 2 dy

(4.48)

where v =(v>wall’ the injection velocity throughout the flow.

These two equations, along with (4.15) through (4.18) were solved
for several different wall fluid injection rates. These equations were
solved by a different technique than that discussed in Section (4.4).
In the technique used here, initial estimates of the velocity and turbulent
kinetic energy profiles were assumed and this information was substituted
into Eqns. (4.47) and (4.48). The nonzero residual resulting in each of
the equations was then used to improve the estimates of the velocity and
turbulent kinetic energy profiles. This procedure was repeated iteratively
until the residuals were reduced to an acceptable level. The results are
summarized and compared with flat plate boundary layer skin friction data
reported by Kays (1971) in Figs. 4.5 and 4.6. As can be seen from Fig. 4.5,
the model does a very good job of predicting the wall shear stress aug-
mentation caused by wall sucking and the shear stress diminution produced
by blowing. Additionally, in a qualitative sense, the model predicts the
increase in turbulent kinetic energy levels experimentally observed to
be caused by sucking. The trends are in the right direction. Figure 4.6
compares the model calculations to boundary layer data taken by Julien
(1969) having a mild favorable pressure gradient. Since the nondimen-
sional pressure gradient , k = -v/Ui , 18 '0.57 x lO—6 for Julien's
data and .167 x 10“6 for the model calculation, Julien's data has a

somewhat more strongly favorable pressure gradient than the case calculated.
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The blowing fraction, F = vﬁall/ub > 1s quite comparable being .002
for Julien's data and .0019 for the model calculation. (A positive
F implies blowing while a negative F implies sucking.) As can be
seen, the model does a good job of predicting velocity profiles except
near the channel centerline where the difference between a channel
flow and a boundary layer flow is important.

The region near the wall was the zone of primary interest in com-
parison between the channel flow results calculated and the experimental
results measured by Kays and Julien, since the wall region is in the
closest proximity to wall blowing or sucking. Furthermore, since the
wall layers of a channel flow and a boundary layer with comparablé imposed
pressure gradient have similar structure (see Kays,(1971)), the measured
wall layer results in a boundary layer were felt to be comparable to the
calculated results for a channel flow. As a result, experimental boundary
layer near wall results with blowing and sucking were compared with
equivalent computed channel flow results.

In consequence of the success of these comparisons, further confi-
dence in the efficacy of the mean flow model in calculating a slightly
more difficult flow was gained. Whiie the range of geometries considered
to date is entirely too small to judge the general merit of this turbulent
kinetic energy model, it appears to be quite successful in predicting
the mean channel flow necessary to solve the perturbation equations.
Further application of the model to a wider class of geometries would

be instructive and possibly quite productive.
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Chapter V

Predicted Perturbation Pressures for Turbulent Flow

In order to accomplish the second aim of this project, the testing
of various closure hypotheses and boundary condition treatments applied
to the perturbed channel flow, it is necessary to solve the equations
described in Chapter II using the mean profiles and model described in
Chapter IV. These calculated results must then be compared to the ex-
perimental values described in Chapter III. The comparison between the
calculated and measured stationary wall perturbation pressures consti-
tutes the test of the periodic turbulent flow computations.

In order to test both the modelling of Eij and the treatment of
the waving wall boundary condition, several steps will be described
in this chapter. First, as a preliminary and parenthetical demonstra-
tion of the importance of inviscid effects, an elementary analysis will
be employed in Section (5.1). Then, in Section (5.2) quasilaminar and
eddy viscosity analyses using the boundary condition transfer techniques
of Egn. (2.28) through (2.35) will be described. -These computations
will test the adequacy of the technique of boundary condition transfer.
In the succeeding Sections, (5.3) through (5.6), the mean channel flow turbu-
lent kinetic energy model derived in Chapter IV will be perturbed, cast
in a transformed coordinate system, and solved. This solution will
enable the estimation of the effects of both the coordinate transforma-
tion and the more complicated §ij closure scheme. Finally, in Section
(5.7), eddy viscosity and quasilaminar ;ij models solved in the
transformed coordinate system will be described. The contrast between
these calculations and the eddy viscosity and quasilaminar models of
Section (5.2) will serve to show clearly the effect of moving wall
boundary condition treatment. Likewise, contrasting the results of
the turbulent kinetic energy, eddy viscosity, and quasilaminar calcula-

tions will demonstrate the effects of the fij model used.
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5.1 Global Inviscid Analysis

Before formal solution of the equations described in Chapter II
was carried out, a totally inviscid analysis was performed to estimate
the relative importance of inertial and turbulence effects. In order
to perform this analysis, slug flow profiles for both mean and per-
turbation quantities were assumed and perturbation pressure was assumed

to be a function only of x and time.

U = constant (5.1a)

a = |ﬁ| cos(0x - wt + @) (5.1b)

p = |B| cos(ox - we + M) | (5.1c)
where |G] and Iﬁ‘ were not functions of y . Again the decomposition

of the flow into mean and perturbation quantities was tried.

u = U+u (5.2a)

-~

p = P+op (5.2b)

When these assumptions were inserted into a time dependent form of

the Bernouli equation,
J/i—‘ dx + p l- zZ . + 1 u2 (5.3)
e, Pp 72PN '

and global conservation of mass satisfied, the resulting expression for

the perturbation pressure was

- ~ 2
ifILE. = %- (1 - %) cos(ax = wt + 180°) (5.4a)
2PV

Since for the slug flow profile, U = Ub it can be seen that for this

2
c (5.4b)
o]

(5.4c)

inviscid model:
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Figure 5.1 shows these results compared to the turbulent flow
perturbation pressure measurements. As can be seen, the magnitude of
the perturbation pressure is predicted quite well by this inviscid
analysis. The phase prediction, on the other hand, is simply 180° for
all wavespeeds. The data shows this prediction to be inadequate, es-
pecially for downstream running waves.

As a result of this almost trivially simple analysis, it can be
seen that the stationary wall perturbation pressures are strongly
dominated by inviscid effects, especially for upstream running waves.
The magnitude of the pressure appears to be inertially dominated for
all wavespeeds, and only the phase shifts occurring in downstream running
waves appear strongly influenced by viscous or turbulence effects. This
appearance of inertial dominance is further reinforced by the fact that
the laminar flow results shown in Figs. 3.11 and 3.12 show very much
the same trends.

As a result of this analysis it is apparent that the validation
or rejection of any turbulence modelling scheme will rest crucially
on its ability to predict phase shifts occurring in the 0.0 < ﬁL < 0.4

v 0
range. Only there do turbulence effects appear to be important.

5.2 The Untransformed Eddy Viscosity and Quasilaminar Closure Schemes

In an attempt to include turbulence effects into the calculation
of the perturbation pressures, the Orr-Sommerfeld system of Eqns. (2.26)
and (2.27) was first solved numerically using the FORTRAN program TURB5
developed by W. C. Reynolds and J. C.‘Saeger. This attempt constituted
a slightly modified repeat of Saeger's calculations. The boundary
conditions Eqns. (2.28) through (2.35) were used. In order to calculate
the unknown terms fll , le , and f22 an eddy viscosity closure scheme
was used.

In an eddy viscosity closure model, the mean Reynolds stress is
defined by the equations

- (q2/3)<sij“— 2, S, (4.3)

R,
ij J
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du, du,
) (4.4)

_ 1 ( 1,0
Sij T2 \ox, + ox
] i

discussed in Section (4.1). In an eddy viscosity model, the turbulent
. . 2 .

kinetic energy, ¢ , term is assumed to be zero. In order to generate

the perturbation Reynolds stress,

~

r.. = <ulu!> - ulu! (2.18)
ij ij i’j
Equations (4.3) and (4.4) are formally perturbed. To do this perturba-

tion, the decomposition, R,, = , 1s substituted into

R,. +T,.

ij ij ij

Eqn. (4.3). If the resulting equation is phase averaged and time
averaged and the time averaged equation subtracted from the phase
averaged equation, an expression for ;ij results. The resulting

perturbation Reynolds stress in this model is,

~

rij = ~2vT Sij (5.5a)
i L[99,

The eddy viscosity, vT , used is the same eddy viscosity appearing
in the mean channel flow model discussed in Chapter IV. The travelling
wave decomposition Eqn. (2.22b) can be used to reduce Eqn. (5.5) to
ordinary differential equations suitable for substitution into the
Orr-Sommerfeld Eqn. (2.26). The results of this decomposition process

are:

£, = 2v, DY (5.6a)

yy = =2v, DV (5.6b)

£, = -2v, @ +ahe (5.6¢)
The eddy viscosity VT was calculated as vT = clE where E

was determined by the mean field calculations described in Chapter IV.
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It should be emphasized that the same eddy viscosity distribution
calculated in the mean model of Chapter IV was used in Eqn. (5.6).
The use of this vT implies that the eddy viscosity in this model
has no periodic component. As a result there is no perturbation eddy
viscosity, a model feature tantamount to assuming that the passage of

the wave does not affect Vv the eddy viscosity.

>

This method of perturbztion pressure determination will be denoted
the Untransformed Eddy Viscosity Model to distinguish it from the
Transformed Eddy Viscosity Model which employs an eddy viscosity closure
in conjunction with the coordinate transformation described in Section
(5.4).

The results of the untransformed Eddy Viscosity Model are summarized
in Figs. 5.3 and 5.4. As can be seen, the agreement with the turbulent
flow data is surprisingly poor. The pressure magnitudes are substantially
overpredicted for downstream running waves, while the value of the phase
shift is consistently too small. This very poor agreement was a source
of considerable perplexity since this Untransformed Eddy Viscosity
Model is the turbulent analog of the Orr-Sommerfeld solving system
that worked so successfully for laminar flow. (See Section (3.9) and
Figs. 3.11 and 3.12.) Apparently the specification of eddy viscosity
from the mean field calculations or boundary condition transfer treat-
ment of the waving wall boundary condition are, somehow, inadequate
techniques.

In order to determine the effect of the perturbation Reynolds
stress model described in Eqn. (5.6) on the calculated perturbation
pressures, a quasilaminar model was used. In such a quasilaminar
model, the perturbation Reynolds stresses, ;ij , Wwere set to zero,

a practice following that of Miles (1959) and Benjamin (1959). Zero
;ij implies that the passage of the wave does not affect the turbulence
structure.

In this quasilaminar calculation, TURB5 was used. As a result, a
turbulent mean velocity profile was specified as input data, and the

waving wall boundary condition was treated by boundary condition transfer.

The perturbation Reynolds stresses, modelled in TURB5S by Eqn. (5.6)
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were set to zero by specification of a zero eddy viscosity, VT . As
a result, the numerical details in calculations using Untransformed Eddy
Viscosity and Untransformed Quasilaminar models were identical.

- As can be seen in Figs. 5.3 and 5.4 the perturbation pressure mag-
nitudes calculated using the Untransformed Quasilaminar model were
virtually identical to those calculated using the Untransformed Eddy
Viscosity model. Similarly, the Untransformed Quasilaminar Model pre-
dicted phases only slightly.larger than did the Untransformed model.
This similarity of results indicates that for a boundary condition
transfer of the waving wall boundary condition, the specification of a
nonzero model for the §ij makes very little difference in the cal;ulated
perturbation pressure. Neither Quasilaminar nor Eddy Viscosity models
did an adequate job of predicting measured perturbation pressures. The
failure of either of these methods to predict pressures suggests either

that a more complicated Eij modelling scheme is required or coordinate

transformation must be used to handle the waving wall boundary condition.

5.3 Perturbation Equations for the Turbulent Kinetic Energy Closure Model

The turbulent kinetic energy channel flow model discussed in Chapter
IV was perturbed and used to determine the effectiveness of a more
sophisticated Reynolds stress closure model in the calculation of the
perturbation pressures. Additionally, a coordinate transformation dis-
cussed in Section (5.4) was used to treat the moving wall boundary
condition. Before application of the coordinate transformation, it was
necessary to determine the perturbation equations for the turbulence
model of Chapter IV.

The turbulent kinetic energy model of Chapter IV can be summarized
by the momentum and continuity Eqns. (4.1) and (4.2) respectively, and
the turbulent kinetic energy Eqn. (4.8). Also included in the model were
the closure assumptions (4.12) and the definition of production (4.9).
The perturbation equations for this model were found in a method analogous
to that discussed in Chapter II. All quantities were considered to con-
sist of a mean and a perturbation component, £ = T+f . This assumption

was inserted into the equations of the model and the resulting equations,
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both phaseiand time averaged according to Eqmns. (2.4) and (2.5). Sub-
traction of the time averaged equations from the corresponding phase
averaged equations produced the perturbation equations to be solved to
determine perturbation pressures.

In the two dimensional channel flow being perturbed, V , and
the x derivatives of U, ¢ and Q2 , are everywhere zero. Also, as
in Chapter II, all equations are normalized on Uo and ¢ and only
terms linear in the perturbation quantities are retained. Under such
conditions, the two dimensional forms of the perturbation continuity and
momentum equations can be found by perturbation of Eqn. (4.1) and (4.2)

and can be expressed as follows:

Continuity Equation

du , ov

=t oy = 0 (5.7)
X Momentum
80 L gdu, ;U _ 3
5t L 0x v dy ox
1 /%, 2%\ T ¥p
TRl 2 2) v TS (5.8)
9x ay v
y Momentum
~ ~ ~ 2~ 2~ or or
N,y . _»p, L 8v+3v)_ 12 “"22 (5.9)
at 9x dy Re ax2 ayzr 9x ay

Similarly, the perturbation turbulent kinetic energy equation can
be found by formal perturbation of Eqn. (4.8). When the gradient
diffusion modelling assumption of Eqn. (4.12d) 1s used to replace the

pressure velocity and triple correlation terms in Eqn. (4.8) the resulting

perturbation turbulent kinetic energy equation is,

65



~2 ~2 2 v v 2~2 2.2
aq og aQ~ _ 1 (3 )
TR v 2 2 + - |+ 5
X 9
2-2 2.2
+ c,E é_ﬂ_ + c,€ L
2 2 2
ox dy
2.2 ~ 2 ~2
53 38 3Q 3E 3§
+ CZE ayz + ¢, 5y By + ¢, 3y By (5.10)
- >
The terms & , P , &, Ell R 512 , and 522 can be found from the

closure assumption of Eqn. (4.12a), (4.12b), and (4.12c) and the defini-

tion of production, Eqn. (4.9). The quantity v_ can be found from Eqn.

T

(4.12b) by noting that Vp = ¢iE . When the previously described method

of perturbation equation determination is applied to these closure

assumptions, the results are found to be:
“- 2 ~ ~
- ~ [3U ou \ (3U av \ (9U
P = c,& (—ay) + 2¢,E [(—By ) (—ay) + (—Bx) (_By )] (5.11)

*
If for the moment we assume L is fixed ,

o [~ c,c
5o [1e20553] ¢
L ReL
g = [T E 41 peryec3Re®| 2 (5.13)
2 Q2 2 73
Then,
. l-2 e
r, = 34 ZC]_E = (5.14)
T, = clE <3y + Bx) c € (By> (5.15)
~ 1~2 av
Ty = 34 - 2c, E 3y (5.16)

*
We will assume L = L(y*) ; see Eqn. (5.30b).
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In marked contrast to the eddy viscosity model of Section (5.2),
€ and therefore vT = cle » 18 allowed to have a perturbation. Whereas
the eddy viscosity used in the eddy viscosity model was totally determined
by the mean field calculation of Chapter IV, the eddy viscosity of this
model has the perturbation QT = cl§ . This 1s tantamount to saying that
the passage of the wave affects Vv, . Inspection of Eqn. (5.13) shows

that € = Aaz where A 1is a funczion only of mean field parameters.
Because of this form of Eqn. (5.13), it can be seen that one benefit of
calculating a perturbation turbulent kinetic energy, 52 » lies in its
utilization in calculating a perturbation eddy viscosity. Perturbation
turbulent kinetic energy provides a mechanism for calculating a wave
related component of eddy viscosity.

Another noteworthy feature of this model is the fact that the
length scale, % , defined by Eqn. (4.12e) is considered fixed in the
transformed coordinate system. Hence, the perturbation 2 in the analysis
is imbedded in the coordinate transformation discussed in Section (5.4).

Thus Eqns. (5.7) through (5.10) constitute four equations in the
four unknowns 4, vV, p, and az .« Additionally, Eqns. (5.11) through
(4.16) constitute auxiliary conditions and closure assumption to be
inserted into the four simultaneous differential equations. This system

describes the periodic perturbation to the turbulent kinetic energy model

of channel flow described in Chapter IV.

5.4 Transformation of Coordinates

In order to determine the effect of waving wall boundary condition
treatment, a transformation of coordinates was used in the turbulent
kinetic energy model. This transformation was used for two reasons.
First, it was desired to use a boundary condition treatment method
contrasting with that used in the Untransformed Eddy Viscosity and
Untransformed Quasilaminar Calculations described in Section (5.2).
Second, as will be discussed, the previously used boundary condition
transfer method generated a singularity in the perturbation dissipation,

J;, at 'y =0 . A new technique was required to avoid this singularity.

As a result, use of coordinate transformation in the turbulent kinetic
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energy perturbation equations was both a test of the effect of boundary
condition treatment and an analytical necessity.

The particular coordinate transformation employed was of the form,

t* = t (5.17a)
x* = x (5.17b)
y* = y - f(x,t) £(y) (5.17¢)
£(y) = sinh[0(2-y)] (5.17d)
sinh[a(2-n(x,t)) ] '

If g 4is any quantity of interest g(x, y, t) is mapped into
g(x*, y*, t¥*).

The transformation has both similarities and differences to the
one used by Benjamin (1959). Benjamin transforms both the x and y
coordinates in order to obtain a curvilinear system while the transforma-
tion above modifies only the y coordinate. In both cases the y* lines
are perturbed streamlines for uniform inviscid flow over a stationary
wavy wall. However, Benjamin was calculating in a semi-infinite domain
while here the domain is bounded by the flat upper wall; hence the
hyperbolic function.

This transformation has several desirable features, one being that
both the flat and the waving walls do not move relative to the transformed

coordinate system:

@ y = f(x,t) (the wavy wall)
_ = ~ sinh [a(2-A (x,t))]
y* = n(x,t) - n(x’t) Sinh Lu’(z__ﬁ(x’t))-l
= N(x,t) - N(x,t)(1) = 0
y = n(x,t) > y* = 0
also
@ y = 2 (the flat wall)

sinh [0(2-2)]
sinh [0.(2-1(x,t))]

2 - ﬁ(X,t)

«
*
it

2 - A(x,t) (0)
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As can be seen, any f(y) that has the property f(n) = 1 and
£(2) = 0 would transform the walls this way. Equation (5.17d) was
chosen because, with such a choice, lines of constant y* are lines
of constant stream function in an inviscid flow between one stationary
corrugated wall and a flat wall. This property is appealing. Additionally,
for y << § , near the moving wall, y* denotes the distance from the

instantaneous position of the moving wall. Lines of constant y* at a

given instant are as shown in Fig. 5.2,
The fact that this coordinate transformation maps the walls such

that

y = n(x,t) > y* = 0

enables the transformation to be used as a method of waving wall boundary
condition treatment. Once the perturbation equations of Section (5.3)
have been transformed into the (x*, y*, t*) system and the travelling
wave assumption has been introduced, the domain of interest extends from

y* =0 to y*= 2. Since the y* = 0 line moves identically with the

waving wall, no boundary condition transfer of the type discussed in
Chapter II is required to fix boundary conditions at a line of constant
coordinate. ‘

The (x*, y*, t*) system of transformed coordinates is not station-
ary in inertial space. Unlike lines of constant y , lines of constant
y* oscillate in a travelling wave fashion. As a result, when differential
equations are transformed into this noninertial coordinate system inhomo-
geneous terms are added. In order to transform these equations into the
(x*, y*, t*) frame, the derivatives of all quantities of interest with
respect to x, y, and t must be found in the transformed (x*, y*, t*)
system. This transformation of derivatives can be performed simply by

use of the chain rule. For example,
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dg _ dg dt* + dg ox* + dg oy*
at* 9t Jdx* ot dy* ot

Equation (5.17) can be used to evaluate %i; . dxx , and o_y*
When this chain rule and decomposition, g = G + g , are applied

to the first and second derivatives with respect to x and y and to

the first derivative with respect to t of an arbitrary quantity of

interest, g , the results are,

38 _ 26 . 9% _ . Ofi 3¢
3t~ ek T oex L 5p dyw (5.18a)
Q& = —-Q—G__ + __a_.é_ - _a.ﬁ ..a__G..
ox 9x*  ox* ox dy* (5.18b)
35 _ 3G, 9E _ ~oy 3G
3y 3y + By nf By (5.18c)
2 2 2. L2 2.
og _ 296G + g 2f on 9°G P 3 n 3G (5.18b)
* .
ox Bx*2 Bx*z ox dxdy axz 9y
_a_z.g. = 32G + _af_é_ - Zﬁf' aZG - ﬁf" _§9_
1y 2 dy2 oy oy dy* (5.18e)
2% _ %, 9% o, 0c _afi, 8% _ .., 3%
X oy dx*dy* = Ox*3y*  Ox oy* ox By*z n ox*gy*
(5.18f)

In these results only terms to O0(7) have been retained. G , a mean

quantity, is of 0(l) while g , a perturbation quantity, is of O0(f).
Once the coordinate transformed form of the derivatives of g have

been found, the travelling wave assumption may be introduced. If g

is assumed to have the travelling wave form,

g = '% [@(y) ei(ax—wt) + conj.]

the incorporation of both the travelling wave assumption and the transforma

tion of coordinates may be summarized according to the O0(fi) equations:
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(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

-g—%— = -]é'- [(—iac@(y*) + ioccﬁ’f(y*)'D*C(y*))
Koyt * '
ei(oax we) + conj ]
dg A ,
-é-}% = 3 [(iug(y*) - 1ofj+ £ (y*) < D*G(y*)
i * %
el(o‘x e + conj ]
2 1 ~
_g.;s; = 7 [(D*g(y*) - f'ﬁ'D*G(y*))
(it %
ei(mx )+ conj ]
35 1 2 2
——-%. = —2- [(—-a og(y*) e ﬁa foD‘kG(y*)
ox
%yt &
ei(OLx we*) + conj ]
82~ 1 2 2
58 - 2 [(FBs0m- 2neoeorm - fe"-pro(y)
ay
Kt %
ei(O"x we ) + conj ]
2’5 1 2
_5{3% = 3 [(ioc'D*'g‘(y*) - 10f'"A*D*G(y*) -~ 1affj+D* G(y*))
F gk
ei(ax we*) + conj ]
The preceding transformation equations which should be emphasized, are
the O0(f) equations. Furthermore,
3
% —°_
D By *
2
D*Z 9 5
dy*
[] ﬁ - af iy
f dy By* + 0(n)
2 2
£ d°f - 3f2+0(ﬁ)
dy ay*
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When the transformation Eqns. (5.19) through (5.24) are applied to

the perturbation equation set discussed in Section (5.3), the following

equations in the (x*, y*, t*) coordinate system result:

Continuity Equation:
iad + D*¢ = daf+f-D*U

x Momentum Equation:

ia(U-c) 4 + D*U*$ + iap - (%e— + clE)(D*2 - az)ﬁ

+ l-iaaz - c 'D"‘2

oA ePDAR e DNAA - Dk *£
3 1 U-E cl D*E*D#%y ¢y D*U D*E

- i0c,D*E*¥ = f [ia(U—c) feD*U ~ 2f'cl'D*E'D*U
— _l_ . te *2 1
(Re + clE) 2£'<D UJ

y Momentum Equation:
~ A 1 2 2.4
i0(U-c)¥ + D*p - (EE + clE)(D* -0V

- iocDXU-E + % p*§° - 2¢, *D*E+D?

= fj [—iaclf D*E D*U]
Turbulent Kinetic Energy Equation:

10(U-c)§” + D*Q*+9 - 2¢, (DxV) %8 - e, *E-DXU-DAG

S 1 2 20 A2
= 41 c,OE*D*U-{+2 S “('f{é' + czE) (D*“-0“) §

- .D*zqz.g -c D*QZ.D*g - CZD*E°D*a2

€2 2

= f [m(u—c) £op*Q° - 4cl“E-f"(D*U)2 - 2f'c2°D*E'D*Q2

- (L 1.px202
(5 + ¢, BE) 2f D*Q]

Definition of £

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)



where

B = .]..'_ _E.. + l c ReLy*e—c3Rer* (5.303-)
2 2 2 73
Q
and 4 .Xf 3
L o= 358 (1 - X ) (5.30b)
and the definition of
o c,Q c,c. .
D = (—3——%—+ 42)“2 (5.31)
ReL

In these equations, all capital letters refer to quantities computed
from the mean field calculations described in Chapter IV. It should be
noted that in this model the L needed in the calculation of B has been
assumed a function of y* , the functional relationship being the same
as used in Eqn. (4.12e) with y being replaced by y* . Thus, & = Ky
will be retained naturally near both walls in this model.

The set of Eqms. (5.25) through (5.28) constitutes a set of four
ordinary differential equations (continuity, x momentum, y momentum,
and turbulent kinetic energy) in the four variables $, &, ¢, and g .
These equations, while linear, have non-constant coefficients determined
by the mean profiles. All of these equations except the continuity
equation are of second order. As a result, six boundary conditions are
required.

Three boundary conditions at the flat wall can be determined from
the no slip condition applied at that wall. Since all fluid velocities

at the stationary wall are zero,
U = v = §° = 0 @ stationary wall

In terms of the hat quantities this implies that,

&8 = 0 @ y* = 2 (5.32a)
v =0 @ y* = 2 (5.32b)
62 = 0 @ ykx = 2 (5.32¢)



In a similar manner, the fluid velocity at the moving wall is the
same as the wall velocity. Since the waving wall has no x component

of velocity

a = 0 @ waving wall
therefore i =0 @ y+t=0 (5.32d)
Since all background turbulence velocity components disappear at a solid
wall

Q2 = az = 0 @ waving wall
therefore 2
a = 0 @ y* = (5.323)

Finally, the y direction movement of the waving wall introduces a
nonzero ¥ component at that boundary. Since the fluid at the waving

wall moves with the boundary,

<

]
o
¥

Application of the coordinate transformation and travelling wave assump-

tion summarized in Eqn. (5.19) produces the result,

§ - [(—iuc-ﬁ(y*) ¥ iucﬁ-f(y*»w«ﬁ(y*)) et (VD 4 cony |

[T

@ waving wall

Since fi 1s a constant and not a function of y* , and since there is

no n , only the perturbation fi , the inhomogeneous term vanishes and

the equation reduces to
¢ = -iocfi @ y*=20 (5.321)
Known values of @ , ¥ , and 62 at both the waving and flat walls

constitute the six required boundary conditions for the turbulent kinetic

energy model in the transformed coordinate system.
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The process of coordinate transformation can be seen to be more
than an analytical convenience. For the Turbulent Kinetic Energy Model

it is an analytical necessity. This is true because of the dissipation

term:
~ c,Q c,c
g = (—3— —%—+ 4;)62 ' (5.31)
Rel”
At the fixed and the moving wall, L =0 . Hence, unless 62 is zero,

the term is singular there. While Q2 and 62 are in fact zero at both
walls in the y* system they are nonzero in the untransformed y system.
The Taylor series boundary condition transfer described in Section (2.5)
produces a nonzero 62 at the mean moving wall position y=20.
Additionally, a transformed coordinate model has a distinctively
different physical meaning from a model without coordinate transformation.
The transformed coordinate y* 1s a measure of the distance of a point

from the instantaneous wall position while the untransformed coordinate

y 1s a measure of the distance of a point from the mean wall position.
Since an untransformed model specifies mean profiles as a function of y
while a transformed model specifies mean profiles as a function of vk,
the transformed coordinate model implies that the value of a mean quantity,
such as E or Q2 1s constant along lines of constant y* . Such an
assumption seems vastly more physically realistic than the untransformed
coordinate assumption that lines of constant E and Q2 are fixed in

space.

5.5 Solution of the Transformed Turbulent Kinetic Energy Equation

The Transformed Turbulent Kinetic Energy Perturbation Equations,
(5.25) through (5.31), were solved numerically by use of PERTUB, a FORTRAN
program developed by W. C. Reynolds and Lee Norris. PERTUB employs
a shooting technique in which solutions to the differential equations
are started at each wall and patched at a selected interior point.

Equations (5.25) through (5.31) constitute an inhomogeneous sixth
order system consisting of three second order equations. As a result,

four solutions, three homogeneous and one particular solution with due
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regard to the boundary conditions, must be generated outward from each
of the channel walls. These solutions are combined linearly to generate
one final solution.

The particular solution vector, here denoted by wp » is generated
by inclusion of the inhomogeneous wall boundary condition Eqn. (5.32f)
and the inhomogeneous terms appearing on the right hand sides of Eqns. (5.25)-
(5.28). 1In addition, the three homogeneous solution vectors, here denoted
by wl s wz , and ¢3 , were generated using zero right hand sides to Eqns.
(5.25)-(5.28) and assuming the homogeneous boundary conditions at the wall,

& = 9 = §° = o.

The complete solution vector, Y = (4, ¥, P, 62) is then formed by

linear superposition of the four solutions,
VY = wp + Clwl + czwz + c3w3

This final solution also satisfies the inhomogeneous boundary condition
Eqn. (5.32f) and the inhomogeneous Eqns. (5.25) through (5.28). The
constants, C1s Cos and cy are chosen to match the two solutions from
the two sides at the interior matching point.

The three distinct homogeneous solution vectors, wl , wz , and
wB » are generated by three distinct assignments of boundary conditions.
Since the system to be solved constitutes a sixth order set of equations,
six boundary conditions must be specified at the wall of origin of each
solution. The assignments of boundary condition used for the homo-

geneous solutions is summarized below:

Solution | @ ' P 62 D*{ D*Qz
wl 0 0 1 0 0 0
wZ 0 0 0 0 0 1
v, o lofofo |11
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This assignment of boundary conditions was used for homogeneous solutions
generated both from the flat wall and from the waving wall. While the
choice of these boundary values of 4 , ¢ , and g is dictated by the
boundary condition of Eqms. (5.32), the boundary values chosen for § ,
D*Q , and D*az in wl s wz and w3 are arbitrary.

In a similar manner, the boundary conditions used in the particular

solution vector wp were:

Solution 4 \G ) 52 D*{ D*az
wp flat wall 0 0 0 0 010
wp wavy wall 0 |-iacfi| 0 0 0 0

In contrast to the procedure described in Chapter II, Eqms. (5.25)
through (5.27) were not combined into an Orr-Sommerfeld Eqn. (2.26).
Instead, (5.25) through (5.28) were solved numerically as a system of
four simultaneous second order equations. The inhomogeneous nature of
these equations made this approach much simpler than reduction to and
solution of an inhomogeneous Orr-Sommerfeld type of system. In order
to treat Eqn. (5.25) through (5.28) as a system of four second order
‘equations, the continuity equation (5.25) had to be differentiated once
analytically to make it second order. The resulting form of the continuity

equation used in the calculation was, -

10D*G + DA% = iaf [f'-D*U + f-D*ZG:l (5.33)

Due to the nearly singular nature of the equations at high Reynolds
numbers, great care must be exercised to maintain the linear independence
of the solutions. 1In such singular systems, at least one of the solutions
grows very rapidly and contaminates the well behaved solutions, thereby
destroying linear independence. To avoid this contamination, linear
independence was maintained by the technique of Kaplan Filtering (Kaplan
(1964), also Bechtov and Criminale (1967)), similar to that used by
Hussain and Reynolds (1970) and Lee and Reynolds (1970).

77



In Kaplan filtering, the contamination of the well behaved solutions
by the rapidly growing solutions is prevented by judicious linear super-
position of the Y's at each grid point in their generation. In order
to perform this superposition, it is necessary to identify a "filter
function" (or functions). This filter function is a relatively simple
equation which is known to be an approximate differential equation for
the well-behaved solution. The U's are combined such that at the
current grid point (and only the current grid point) the combination of
the y's satisfies the filter function. This combination of Y's is
known as a filtered solution. ‘

In PERTUB, a sixth order set of equations was solved. This system
has two rapidly growing solutions, and this required a complicated two-
level filtering scheme. The super-rapidly growing solution, here w3 s
first had to be filtered from the rapidly growing solution, wz . Once
this was accomplished, the two growing solutions were filtered from the
well behaved homogeneous solution, wl , and from the particular solution,

wp . In order to filter VY_ from wz , a version of the turbulent kinetic

energy Eqn. (5.28) that negiected all diffusion terms was used as a filter
function. Likewise, in order to filter wz and ¢3 from wl and wp s
the inviscid Orr-Sommerfeld equation was used as first suggested by
Kaplan. PERTUB does this at each point, but does not correct the backward
points until the calculation has reached the patching point. For details
of the two level filtering scheme see Appendix VII. It should also be
noted that straightforward alternate approaches to maintaining the linear
independence of solutions exist. For a description of such an approach
see Davey (1973).

The solutions were numerically generated by a fourth order marching
technique described by Lee and Reynolds (1967). After the four independent
solutions were produced on each side, linear combinations were taken. 1In

forming these linear combinations, the six constants (c , and ¢

1’ 2 3
on each side) were chosen such that, at the patching point, the values

~ ~ /\2 LA A2 . g
of 4, ¥, §°, p, D*(, and D*G~ were continuous. Under such conditions

the mass conservation Eqn. (5.25) insures that D*¢ will be continuous.
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Likewise the momentum and turbulent energy Eqns. (5.26) through (5.28)
insure the continuity of D*zﬁ, D*ZG, D*Zaz » and D*5 across the patch
point.

Several tests were performed to evaluate the validity of PERTUB.
First, in order to test the correctness of the filtering scheme, a
hypothetical low Reynolds number case was run both with and without
filtering in the program. Filtering 1is unnecessary for low Reynolds
number calculations; agreement between these results verified the
filtering scheme. Second, high Reynolds number cases were run in which
differing interior points ranging from a point at the "critical layer
to the channel centerline, were chosen as the patching point. The choice
of patching point had no effect whatsoever on the results, which gives
confidence that the solutions are true solutions not contaminated by
numerical truncation. After this determination of insensitivity to
patching point, the centerline of the channel was used as the patching
point in all production runs. Third a laminar flow version of PERTUB
was checked against results of TURB5 (Saeger (1971)), a well tested
and documented Orr-Sommerfeld equation solving program that utilized
boundary condition transfer. The flat wall perturbation pressures
predicted by PERTUB and TURB5 were identical. Finally, a version of
PERTUB, modified to use boundary condition transfer rather than coordinate
transformation and modified to decouple the turbulent kinetic energy from
the momentum equations, was tested against the Orr-Sommerfeld solver,
TURB5, for a turbulent flow case. Again, the results were identical.

As a result of these extensive tests, considerable confidence in the
validity of PERTUB was obtained. For more detailed information on the
structure of PERTUB, see Appendix VII.

5.6 Results of the Perturbation Calculations

The magnitudes and phases of the flat wall perturbation pressures
calculated by the Transformed Turbulent Kinetic Energy Model described
in Section (5.4) are shown in Figs. 5.3 and 5.4. As can be seen, this
model predicts perturbation pressure magnitudes and phases in much closer

agreement with the data than does the Untransformed Eddy Viscosity Model.
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Close examination will show that the pressure magnitude still lies very
slightly above the measured values and pressure phase lies slightly below
the measured value. The improvement over the Untransformed Eddy Viscosity
Model is, however, quite dramatic.

Sample 4, Vv , and 62 magnitude and phase profiles are presented
for the nondimensional wavespeeds of -0.5 and +0.4 in Figs. 5.5 through
5.8. These plots appear in the y* coordinate system. As can be seen,
and would be expected, the IGI profile peaks near the moving wall and
decreases monotonically toward the stationary wall. The !GI and IQZ[
also show this tendency. Somewhat perplexing however, is the fact that
both these quantities have another peak near the statiomary wall. This
behavior will be discussed in Section (5.8).

Sample computer output for the nondimensional wavespeeds of -0.5
and +0.4 is shown in Figs. 5.9 and 5.10. Reference to these figures
shows that both the magnitude and phase profiles of the perturbation
pressures are quite flat. The perturbation pressure is remarkably con-
stant across the channel for these wall wavenumbers. This is further
justification for interpretation of the flat wall pressure measurements
as valid for the moving wall.

Figure 5.11 shows streamlines of the phase averaged flow near the
moving wall. The wave in this figure is moving downstream with a speed
c:/Uo = 0.4 . Furthermore, the streamlines are shown as seen by an
observer moving downstream at the same velocity. As a result the wave
appears statiomary.

These streamlines in the moving coordinate system were easily
calculated. First the phase averaged velocity <u> was calculated from

the characteristic of the phase average,

<f> = f + f
and the travelling wave assumption,

£ = |£] cos(ax - wt + @) (2.22a)
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Combining these equations,
<w> = U+ |G| cos(ax - wt + @) (5.33)

where |ﬁ| and @ are known from the perturbation solution. The
calculation was performed parametrically for a number of angular positions
relative to the crest of the wave ox - wt =0 . To change into the
coordinate system moving with the wave, fhe wavespeed ¢ was subtracted
from all the phase averaged values of u . Finally to compute the stream
function value, the integrated definition of the stream function in the

travelling coordinates

y
b = - f -y (5.34)
y moving wall

was integrated numerically at fixed x using a second-order scheme.
Of primary interest is the fact that near the trough of the wave
on the downwind side, @ = 165°, a small recirculating zone or "cat's eye'
appears. To an observer surfing on the wave, a small separation bubble
appears on the downwind side. The existence of this "cat's eye' is
qualitatively very interesting since it helps explain the stronger
dependence of the perturbation pressure on turbulence and viscous effects
in a downstream moving wave than in an upstream running wave. As shown
by Miles (1958) fluid trapped in a recirculating zone must be strongly
affected by viscous (and thus also eddy viscoéity) effects no matter
how high the Reynolds number. For flows with recirculating zones, non-
inertial effects remain important even at high Reynolds numbers. Upstream
running waves, however, lack the viscosity affected cat's eyes. These
cat's eyes are also strongly reminicent of Jeffreys' (Jeffreys (1925)),
theory of separation downstream of the crest and resulting "sheltering
coefficient." The cats eyes can be viewed as a very small separation zone.
A further comparison with the measured data occurs in Fig. 5.12.
For the case of the stationary corrugated wall, phase averaged velocity
profiles, <u> = U+ u , are shown. Figure 5.12 for the calculated flow
corresponds to Flg. 3.16 for the measured flow. As can be seen, the

predicted profiles closely resemble the measured velocity profiles,
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5.7 The Transformed Eddy Viscosity Model and Transformed Quasilaminar
Models

In order to ascertain the relative importance of the introduction
of a turbulent kinetic energy equation and the use of a coordinate
transformation, a degenerate form of the Transformed Turbulent Kinetic
Energy Model was constructed. In this model, the turbulent kinetic energy
Egn. (5.28), was discarded. Additionally, the eddy viscosity was de-
termined solely from the mean field and not allowed a perturbation as
in the Turbulent Kinetic Energy Model. As a result Eqns. (5.14), (5.15),
and (5.16) were modified to

~ _ ou

r;; = —2clE = (5.35a)
- _ Ju , ov

r, = —clE (5§-+ 5;) (5.35b)
r = =~2¢.E Ei (5.35¢c)
22 17 9y ’

It should be emphasized again that in this model E is determined from
the mean channel flow calculation described in Chapter IV and that clE s
the eddy viscosity, is specified as a function of the transformed
coordinate y* , E = E(y*) . Then, as in the turbulent kinetic energy
model, lines of y* are lines of constant eddy viscosity. Unlike the
turbulent kinetic energy model, a perturbation € on the mean eddy
viscosity E 1s not allowed.

The coordinate transformation was retained, so Eqns. (5.19) through
(5.24) were applied to the continuity Eqn. (5.7), the x and ¥y
momentum Eqns. (5.8) and (5.9) and the Reynolds stress closure Eqn. (5.35).

The resulting system to be solved in the y* system was:

i0d + D*¢ = 1aAf-D*U (5.25)
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X Momentum:
N ’”~ . ~ l 2 el
i0(U - c)U+D*UV + iap - (ﬁg + clE)(D* - a2)a
- aNE - DAT o
ch*E D*u ioccl D*E v
= f [ia(U - ¢) f*D*U - 2f'9fD*E'D*U
- (& + e E) 2f'-D*2u] (5.36)
Re 1

y Momentum:

2

ia(U - ¢)¥ + D*p - (I%; + ¢ E) (D*2 - af)V

- 2¢,D*E*DV = f [—iac f‘D*E’D*U] (5.37)

1 1

This model was exactly the model used by Saeger, except that this
model, the Transformed Eddy Viscosity Model, was cast in the transformed
y* coordinate system rather than the untransformed y coordinate system.
The Transformed Eddy Viscosity Model said that E = E(y*) and U = U(y*)
while the Untransformed Eddy Viscosity Model used in Section (5.2) and
used by Saeger said E = E(y) and U = U(y) . The boundary conditions
used were those of Section (5.4) relative to @ and ¢ s Eqns. (5.32a),
(5.32b), (5.32d), and (5.32f).

The Transformed Eddy Viscosity Model was solved numerically by
EDYVIS, a modified version of PERTUB. A number of simplifications
were made, the most notable being the elimination of the dual level
filtering. Since the Transformed Eddy Viscosity Model system, like its
untransformed counterpart is a fourth order system, there can be only one
growing solution. As a result only one level of filtering is required.
The numerical marching techniques and the patching were as described in
Section (5.5). A listing of EDYVIS appears in Appendix VIII.

The Transformed Eddy Viscosity Model was startlingly successful.

It predicted perturbation pressure magnitudes and phases in better agree-

ment with the experimental data than did the Untransformed Eddy Viscosity
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Model. More surprising, it even did a better job of predicting pressures
than the Turbulent Kinetic Energy Model did. The results of these pressure
predictions are shown in Figs. 5.3 and 5.4. When the profiles of 4 and
V¥ as functions of y* are compared to the corresponding profiles for

the Turbulent Kinetic Energy Model, a comparison made in Figs. 5.5 through
5.8 it can be seen that the trends are quite similar. The primary differ-
ence seems to be that the flat wall peak in the magnitude of { is not so
pronounced for the Transformed Eddy Viscosity Model as it is for the
Turbulent Kinetic Energy Model. Figures 5.13 and 5.14, sample output
sheets from EDYVIS, show that the perturbation pressure for the Trans-
formed Turbulent Kinetic Energy Model. Additionally, the phase averaged
streamline plot for the Transformed Eddy Viscosity Model, Fig. 5.15,

is virtualiy identical to the corresponding plot for the Turbulent Kinetic
Energy Model, Fig. 5.11. Just as was presented in Fig. 5.12 for the
Turbulent Kinetic Energy Model, phase averaged velocity profiles for
various phases of the wall are presented for the Transformed Eddy Vis-
cosity Model for in Fig. 5.16. Again as can be seen, the predicted
velocity profiles appear similar to the measured profiles presented in
Fig. 3.16.

In summary, the Transformed Eddy Viscosity Model predicts very much
the same trends as the Turbulent Kinetic Energy Model and in addition
agrees better with the measured pressure data.

In the four models discussed so far, comparison of calculated and
measured perturbation pressures indicates that the treatment of the
waving wall boundary condition is much more critical to agreement with
data than is the modelling of the perturbation Reynolds stresses. Both
models using the coordinate transformation, the Turbulent Kinetic Energy
Model and the Transformed Eddy Viscosity Model predicted pressures in
much closer agreement with data than did the two models of Section (5.2),
the Untransformed Eddy Viscosity Model and the Untransformed Quasilaminar
Model.

In order to determine the relative importance of the waving wall
boundary condition treatment and the perturbation Reynolds stress

modelling, a Transformed Quasilaminar Model was constructed. To do this
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the program EDYVIS used for the Transformed Eddy Viscosity Model was run
with ihe mean eddy viscosity, vT = clE » Set to zero. The same mean
velocity profile U(y*) wused in the Turbulent Kinetic Energy Model and
the Transformed Eddy Viscosity Model was used for this Untransformed
Eddy Viscosity Model. Since the perturbation Reynolds stresses were
calculated according to Eqn. (5.35) in EDYVIS, a zero E profile is
tantamount to total neglect of the Eij » an assumption consistent with
that of Miles (1959) and Benjamin (1959). The coordinate transformation
of EDYVIS was, of course, retained.

As can be seen from Figs. 5.3 and 5.4, the perturbation calculation
made with the Untransformed Quasilaminar Model are virtually identical
to those made with the Transformed Eddy Viscosity Model. Once coordinate
transformation is employed, total neglect of the perturbation Reynolds
stresses does no harm. This result conclusively demonstrates that, at
least for perturbation pressure calculation, the use of coordinate trans-
formation to handle the waving wall boundary condition is of paramount
importance.

As can be seen from Figs. 5.17 and 5.18, output sheets from the
Transformed Quasilaminar program, and Fig. 5.19, the phase averaged
streamline plot, neglect of the ?ij terms does affect perturbation
velocities somewhat. Apparently, § and ¢ are more sensitive to fij
modelling than is § . :

Of particular note is the fact that the center of the cat's eye in
the phase averaged streamline plot for this Quasilaminar model occurs
at 0 = ax - wt of about 75° opposed to its position of about 165° for
the Turbulent Kinetic Energy and Transformed Eddy Viscosity calculations.
This difference in cat's éye position is particularly interesting con-
sidering Lighthill's (1962) inviscid analysis demonstrating that the
cat's eye should occur at ax - gt of 0° » the crest of the wave.

The Unstransformed Quasilaminar Model represents an intermediate case
where viscous effects are stronger than in an inviscid model, but weaker
than in an eddy viscosity model. As a result, as viscous effects increase,

the cat's eye moves from the crest of the wave and down the front face
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toward the trough. The modelling of the viscous effects clearly affects

the position of the cat's eye.

5.8 Discussion of the Perturbation Equation Solutions

The successes of the Transformed Eddy Viscosity Model and the Trans-
formed Quasilaminar Model show clearly that the coordinate transformation
is crucial in the calculation of perturbation pressures in the waving wall
channel. The effect of allowing a perturbation in the eddy viscosity
and solving for that perturbation using a turbulent kinetic energy equation
is distinctly secondary. As discussed in Section (5.4), the physical
significance of the coordinate transformation is that it allows the mean
eddy viscosity and turbulent kinetic energy profiles to wave up and down
in the region near the moving wall as the wall itself moves up and down.

This is an eminently sensible and desirable feature to build into
the model. In the near wall regions, the time scales characteristic of
the turbulence are much shorter than the period of the wall. As a result,
the near wall (and far wall for that matter) turbulence is always able
to relax to an equilibrium condition with respect to the instantaneous
wall position. Thus, to the turbulence, the waving wall appears as a
succession of quasi-steady stationary corrugated walls. Under such
conditions, the relevant parameter determining the local mean eddy vis-
cosity and turbulent kinetic energy is the instantaneous distance of
that point from the wall, not the distance of that point from the mean
position of the wall. Phrased in the nomenclature of Chapter V, E and
Q2 are properly functions of y* not of y .

These results strongly emphasize that the approaches of Miles
(1957, 1959) and Benjamin (1959) in ignoring the perturbation Reynolds
stresses and utilizing some sort of coordinate transformation to handle
the waving wall boundary condition were quite the proper approaches. In
marked contrast, the sophistication of Davis' 1970 and 1972 perturbation
Reynolds stress models was nullified by his use of boundary condition
transfer rather than coordinate transformation. Proper treatment of

the waving wall boundary condition is crucial.
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In the laminar flow case, none of this boundary condition treatment
mattered much since there was not eddy viscosity and only molecular
viscosity acting uniformly throughout the flow was present. Since the
molecular viscosity is not a function of position, it makes as much
sense to prescribe V as a function of y as of y* ; it is a function
of neither. As a result, the Untransformed Eddy Viscosity Model worked
perfectly adequately. There was no need to permit profiles to wave up
and down.

A different way of looking at the error introduced in the turbulent
flow calculations by the omission of the coordinate transformation can
be seen by closer inspection of Eqns. (2.31). In these equations, a

Taylor Series expansion in powers of 1| was performed about the y=20

position.
du 1 Bzu 2
- = 4 n + = =— n + . 2.31
u y=n u‘y=0 ay =0 n 2 ay2 ( a)
y y=0
V! = V' + v n + 1 ___azv ﬁz + (2.31b)

The second and all higher order terms were truncated in the assumption
that they were small in relation to the O0(f) term. In the laminar flow

case having a parabolic mean profile, this was true. In the turbulent 2
9 u
T s
3y2

profile, however, the strong velocity profile curvature near the wall,
caused the second and higher order terms in the Taylor series to be
important in the boundary condition transfer. As a result, the simple,
linear, boundary condition transfer to the moving wall mean position
was inadequate for a turbulent flow. However, a linearized analysis in
the wavy coordinate system is quite adequate.

While the success of the Transformed Eddy Viscosity and Transformed
Quasilaminar models can be easily explained, the somewhat disappointing
results of the more sophisticated and supposedly better Turbulent Kinetic
Energy Model are somewhat more difficult to comprehend. While the
differences are small, the Turbulent Kinetic Energy Model clearly did a
slightly inferior job of predicting the measured perturbation magnitudes

and phases.
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A probable reason for the disappointing results of the Turbulent
Kinetic Energy Model may be in the omission of nonlinear terms. As
reference to the sample outputs of PERTUB, Figs. 5.9 and 5.10, will
indicate, the calculated perturbation kinetic energy magnitudes are
everywhere at least 1/3 the corresponding mean turbulent kinetic energies.
In the wall regions, the perturbations are very nearly as large as the
local mean values. This is wvery alarming, for the perturbation analysis
assumes that higher order terms are negligible. No such problems appear
in the perturbation velocity since |%| is everywhere small and
|ﬁ! << U . Thus, it may well be that a linear model is adequate for
solutions of the momentum and continuity perturbation equations, but
that nonlinearities become important when a turbulent kinetic energy
equation is added. If this is so, a very crucial blow has been dealt
to this type of calculation using more complicated closure schemes.
Solution of the linearized perturbation equations is in itself difficult.
The inclusion of nonlinear effects could well make the task Herculean.

A final source of puzzlement in the interpretation of the perturba-
tion equation results lies in the existence of sharp peaks in the
magnitudes of U and @2 near the stationary wall. Since the entire
perturbation system is driven by the moving wall, no clear mechanism
is apparent for the generation of peaks in perturbation profiles near
the flat wall. The perturbation pressure is in fact the agent generating
these peaks.

The near flat wall effect of the perturbation pressure on the
perturbation velocity profile can be most easily seen by reference to
the mean x momentum equation, in the eddy viscosity model. For a

general two dimensional flow, this model is

2 2
du Ju du aP 1 0°u , 9'u
AUt vEs = - 2=+ (= + c,€) (————+———)
ot 9x ay 9x Re 1 ax2 ay2
9E du 9€ {ou , dv
+2Cl$c“3_§+cl-3_};(8y+ ax) (5.38)

Near the flat wall, the v values are quite small, implying that a

Couette flow model where v 1s everywhere zero is valid. Furthermore
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since the flow is only slowly time varying, %5 =0 . 1In this reglon of

high shear, inertial effects are expected to be small and x derivatives
are of less importance than y derivatives. Under these restrictive
assumptions the equation reduces to:

1 u

oP ]
-—-+ClE)-—~2—+

= JE du
ox Re
oy

cl 3}"- 5y (5.39)

This equation states simply that in the flat wall layer, the shear
stresses and pressure forces are in balance.

In the eddy viscosity model, € and its derivatives are assumed

a priori. More importantly, %% is imposed on the wall wall layer by the
core flow. The equation has the form:
d2u du
£, ;;5 + £,(y) iy T ¢

For different realizations of the flow, corregsponding to different wall
_1gdp
T p dx
various values. This varying value of the near wall velocity caused

positions, ¢ » has different values. As a result u s has

by slowly changing pressure gradient is the perturbation velocity u .
The preceding explanation constitutes a highly heuristic and

qualitative explanation of the flat wall perturbation velocity peak.

The perturbation pressure which, as shown in Section (5.1), is a largely

inviscid phenomenon, is imposed on the flat wall wall layer where it

affects the shear stress disﬁributions. Much the same thing happens in

the turbulent kinetic equation, where the coupling to the x momentum

equation provides the imposed driving force. As a result, the flat wall

peaks in U and 62 are generated.
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Chapter VI

Summary and Recommendations

The overall objectives of this investigation were largely accomplished.
First, a comprehensive and reliable set of perturbation pressure measure-
ments was acquired. Through apparatus modification and more sophisticated
data reduction techniques, the extraneous periodic signals that marred
previous measurement attempts with this apparatus were removed. Further-
more, laminar flow measurements were made. The excellent agreement between
the laminar flow measurements and laminar flow perturbation calculations
served to verify both the data reduction techniques and the analytical
background of the perturbation calculations.

Second, and possibly of more importance, this study shed much more
light on the analytical dilemmas posed by the papers of Miles, Benjamin,
and Davis. The coordinate transformation approach to waving wall boundary
condition treatment, similar to that used by Benjamin (1959), produced
markedly better agreement between calculated and measured perturbation
pressures than did the boundary condition transfer of Davis (1970) and
Saeger (1971). Furthermore, calculated perturbation pressures were quite
insensitive to the perturbation Reynolds stress modelling used. Turbulent
Kinetic Energy, Eddy Viscosity, and Quasilaminar models produced about
equally good results when used in a transformed coordinate system. Thus,
at least for perturbation pressure calculation in channel flows of moderate
Reynolds number, the use of coordinate transformation seems crucial and
the choice of Reynolds stress model is irrelevant. This study indicates
that the Quasilaminar, transformed coordinate models of Miles and Benjamin
are entirely adequate for the very long waves herein studied. It should
be emphasized that for shorter, steeper waves, proper modelling of the
perturbation Reynolds stresses may be much more important.

‘While the choice of perturbation Reynolds stress model seems to make
very little difference in the perturbation pressure, some differences in
the perturbation velocities are apparent with different perturbation
Reynolds stress models. In order to determine the relative worth of the

Quasilaminar, Eddy Viscosity, and Turbulent Kinetic Energy models,
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measurement of quantities other than perturbation pressure should be
carried out. The inviscid dominance of perturbation pressures makes this
quantity somewhat awkwardly suited to turbulence model testing. Work

by Acharya and Reynolds in which perturbation Reynolds stresses are being
measured directly in a turbulent Poiseulle flow should ald greatly in
determining the merit of the appiication of the Turbulent Kinetic Energy
Model to a periodic flow.

Additionally, perturbation velocities should be measured directly
over a waving wall using hot wire anemometry techniques. These directly
measured velocities could serve as a more sensitive test of closure
models. Work of precisely this type is currently being conducted in
the Civil Engineering Department at Stanford. The experimental difficul-
ties in following the wave with the sensor make such measurements extremely
difficult.

Finally, measurement of perturbation quantities in controlled flows
with much higher Reynolds numbers than encountered in this study should
be carried out. As Miles inferred in his 1967 paper, oceanographic data
may indicate increased perturbation Reynolds stress importance at such
high Reynolds numbers. More controlled measurements at these Reynolds
numbers to clarify this possibility would be greatly desired.

In summary, however, at the laboratory scale of this experiment,
and for the long, low, waves studied the analytical techniques of Miles
(1959) and Benjamin (1959) appear entirely adequate to explain the

measured perturbation pressures.
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CALdULATIDN OF PHASE AVEPAGED STREAM FUNCTION
STREAM FUNCTICN SVALUATED IN COORDINATE SYSTEM MOVING WITH WAVE
STREAM FUNCTION CALCULATED BY INTEGRATION OF PHASE AVERAGED (U(Y)-C)

A

800
700
900

950
999

SECOND ORDER POLYNOMIAL FIT IS USED AND THE RESULTS FOPMALLY INTEGRATED
IF{1.FQ.1) PSI=0,0

IF(1.EQe2) PSI==0.5%(UMCLUMC 1)k (YCD~YML)
1F(1.E0.1.0R. 1.EQ0.2) GO TO 800

DY1=YDOD~-YM]

DY2=YM1-YM2

DY12=DY1%DY1

DY22=DY2%DY2

SDY=YOD-YM2

SDY2=SDY*SDY

DEN1=DY2%SDY

DYFN=2.0%DY1%DY2+0DY22 ]
CDY1=UMC~ ( {UMC*DYFN-UMC1%SDY2+UMC2%DY12}/(2,0%DEN1}}
COY2=(UMC*DY2-UMC 1% SDY+UMC2%DY1 ) /(3 .0%DENL)
PSI=PSI-COY1I*DY1-CDY2#DY12

CONTINUE

WRITE (64700) T,YDD,Y(1),UPH,VPH,UMC, PSI
FORMAT {1H ,13,1PEl4.695E14.6)

CONTINUE

THETA=THE TA+TPI /T ANGLE

CONTINUE

CONTINUE

NORMAL END 70O SUBROUTINE

RETURN
EMD

(€ e s s steoteae st s s o e ok sk ek shofe st e e ook sl o s ke o e ot ook o sl oo e ke s e s sk e sk ook sk ok ke oo e s ok e sl e ke s e ook

SURRQUTINE POLARIF,FOUT)

POLAR FINDS THE POLAR REPRESENTATION OF A COMPLEX NUMBEP
THE PHASE IS RETURNED IN DEGRFES

COMPLEX F,FOUT,CMPLX
REAL IMF
CONV=57.29578

FIMD THE MAGNITUDE OF F

FM=CABS(F)

FIND FIRST QUADRANT VALUFE OF ANGLE

REF=REAL(F)
TMF=ATMAG (F)
IF(REF.EQ40.0) ARG=0.,0
IFIREF.EN.0.0) GO TO 10
ARG=ABS(IMF/REF}

10 FPHI=CONV*ATAN(ARG)

PLACING OF ANGLE IN PROPER QUADRANT

TF(REFoLT «0.0.ANDoIMF.GF o040} FPHI=1804,0-FPHI
TF(REF.LT.0.0.AND. IMF.LT 001 FPHI=180.0+FPHI
TF(REF.GT «0.0AND.IMF.LT.0.0)} FPHI=360.0-FPHI
IF{REF.EQe0.0.AND.IMF.GT0.0% FPHI=90.0
IF(REFeE0a0e00ANDL IMFalT20a0) FPHI=270.0
TF(REF.EQ.0.0.AND.IMF,EQ.0.0) FPHI=10000.

CONVERSION TO COMPLEX QUTPUT

FOUT=CMPLX{FM,FPHI)
RETURN :
END ‘
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