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A B S T R A C T

The objective of this work is to expand the domain of applicability of the k-e 
model to  include the effects of pressure gradient and curvature on two-dimensional 

attached boundary layers. This work is motivated by the need for accurate tu r­
bulence models for engineering applications. It is part of a broader project tha t 
employs the zonal modeling strategy to develop fast and accurate models.

We start with the standard k-e model as a base model, and use it to com­
pute boundary layers for which reliable data is available. The results show tha t 
the standard model falls short of predicting these flows accurately. Following the 
zonal modeling strategy, we assume that the failure can be overcome by changes 
to the model parameters, and postulate tha t they should be functions of relevant 
non-dimensional flow parameters. Two governing parameters arise from the cases 

studied: one represents the effects of the pressure gradient imposed on the bound­
ary layer; the other represents the effect of the surface curvature. The predictions 
of the modified k-e model are in excellent agreement with the data.
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NOMENCLATURE

a model constant
b model constant
c model constant
eh error with a mesh size h
h mesh size
k turbulent kinectic energy 

per unit mass
k+ k / u l
n surface coordinate -  normal 

direction
n + uTn /v
TZi first grid point
r radius of curvature of a 

streamline
s surface coordinate -  stream- 

wise direction
S0 computational origin

Si first station of computation
u mean velocity component -  

streamwise direction
u' turbulent velocity compo­

nent -  streamwise direction
—u'v' Reynolds stress
u+ u /u T

UT tJ tw/ p

V mean velocity component -  
normal direction

v' turbulent velocity compo­
nent -  normal direction

v+ v /u T
vw blowing/suction velocity

p pressure

Pt (v/pu^)dp /ds
X cartesian coordinate
y cartesian coordinate

nb number of blocks
I  mixing-length
a  surface angle
8 boundary layer thickness
8* displacement thickness
80 reference boundary layer

thickness 
8t shear thickness
8{j Kronecker delta tensor
899 boundary layer thickness
8s initial step size
e dissipation of k
e+ ev /u \
£ truncation error
7/ transformed coordinate -

normal direction 
Tfn metric coefficient of the

transformation of coordi­
nates

t]s metric coefficient of the
transformation of coordi­
nates

Tju location of u-nodes along rj
t)q location of v-nodes along 77

*?99 (£99 — D„)I{D — Ds)
0 momentum thickness
•d (v /u l)(d u r/d s )
k von Karman constant, 0.41
A time-scale for recover}' from

curvature 
v  kinematic viscosity
vt turbulent kinematic viscos­

ity
v* v + vt

xi

I
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t transformed coordinate - coefficient of the zonal k-e
streamwise direction model

fn metric coefficient of the On constant of the standard k-e
transformation of coordi­ model
nates c . coefficient of the zonal k-e

6 metric coefficient of the model
transformation of coordi­ c ; constant of the standard k-e
nates model

p density c* constant in formula for $

<?k coefficient of the zonal k-e 
model

D outer boundary of the outer 
domain

constant of the standard k-e 
model

Da inner boundary of the outer 
domain

coefficient of the zonal k-e D t utDs/ u

model H shape factor, 6* /6
< constant of the standard k-e N number of grid nodes

model
at for boundary layers P9

R
pressure gradient 
radius of curvature of the

r
j. shear stress 

t / t w
surfaceT

R x y x-y component of the Rey­
C total shear stress (laminar nolds stress tensor

-F turbulent) Sns shear rate
shear stress at the surface u velocity component
1 — n /R streamwise direction
total change of the direction Ue streamwise freestream ve­
of the freestream locity
coefficient of the e-equation U " reference freestream veloc­

^Ki coefficient of the ^-equation ity
coefficient of the momen­ UpW streamwise potential veloc­
tum equation ity at the surface

coefficient of the momen­ UpWo reference potential velocity
tum  equation at the surface

C “log-law” constant, 5.0 V velocity component -  nor­
mal direction

Cy skin friction coefficient /~t
<?£1 coefficient of the zonal k-e

c continuity PDE
 ̂j

model D block-vector for storage of

constant of the standard k-e the main block-diagonal of

model J
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D; j th block of D
E e-PDE
K fc-PDE
L block-vector for storage of 

the lower block-diagonal of 
J

Li j th block of L
M momentum PDE
R block-vector for storage of 

the right-hand side of the 
matricial equation

Rj j th block of R
Ri Richardson number, 

(u /r ) / ( d u /d n )

u block-vector for storage of 
the upper block-diagonal of 
J

Ui j ih block of U
X block-vector for storage of 

the solution of the matricial 
equation

Xi j th block of X
J block-Jacobian
c continuity FDE

[ V n m ] , element of D
€ e-FDEuu a block of J
[kTnmJ,* an element of JK k-FDE
[^nm] j element of L
M momentum FDE
Q vector of cell equations

Qk set of equations for the kth 
cell

[Qm]k mth equation of the kih cell

[Unm]3 element of U
V vector of cell variables

Vi group of variables for the j th
cell

[Vn], nth variable of the j th cell
F production of k
F + P v j u \
r* diffusivity of k
r£ diffusivity of e
AV residue of V

distance between u-nodes
A?7g distance between v-nodes
A* mesh size along £
0 normalized time variable
$ J211 udn
n computational domain
Slin inner domain
flou< outer domain
**out transformed outer domain

A b b re v ia tio n s

APG adverse pressure gradient
CFD computational fluid dynam­

ics
CN Crank-Nicolson
FDE finite-difference equation
FPG favorable pressure gradient
FTS full-turbulent simulation
HOT higher order terms
IM integral method
LES large-eddy simulation
MPG mixed pressure gradient
NS Navier-Stokes
ODE ordinary differential equa­

tion
OPM one-point method
PDE partial differential equation
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RANS Reynolds average Navier-
Stokes

TPM two-point method
ZPG zero pressure gradient
2D two-dimensional
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Chapter 1 

Introduction

In Chapter 1 we present the concept of zonal modeling. First, we intro­
duce the background o f turbulence modeling against which zonal model­
ing was developed. Then, we elaborate on some aspects o f zonal model­
ing, and delineate guidelines fo r  our research on zonal models. Finally, 
we explain the details o f the base model.

1
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1 Introduction 2

1.1 Turbulence M odeling

The performance of many engineering systems is determined by the flow of fluids 
contained in the  system. The prediction of fluid flows pervades design activities 
including selection of configuration, evaluation of components, development of de­
vices, determination of sensitivity of performance to  off-design conditions, identifi­
cation of potential problems, etc. The simulation of flows by computers can be a 
useful tool in all these activities.

The benefits of Computational Fluid Dynamics (CFD) must be weighed against 
its costs. There are costs associated with the size of computer memory needed 
and the time it takes to run a program. The running time of a  simulation can 
be im portant when designs require numerous runs. The computer program (code) 
must be fast enough to warrant its use. Other requirements, which depend on the 
specific application, are the accuracy of the output and the amount of detail to be 

computed.
The development of codes for flow simulation is not a easy task. Among other 

problems facing the code developer, most flows of importance are turbulent. The 
term  ‘turbulence’ refers to a  class of related fluid dynamics phenomena exhibiting 
a variety of behaviors and structures. The complexity of turbulence is reflected by 
the equations of fluid motion. Turbulence has been, for over a century, a challenging 
subject of research.

The Navier-Stokes ( n s ) equations are the best available model for predicting 
the flow of Newtonian fluids — a class that covers the overwhelming majority of 
practical cases. However, these are non-linear partial differential equations, and 
analytical solutions are known for only a handful of laminar flows. M atters are 
further complicated by the chaotic time-dependent nature of turbulent flows. W ith 
the capacity and power of present computers, direct solution of the NS equations 
is unjustifiable, or downright impossible, for all but a few rather simple flows; 
even solving the Reynolds average Navier-Stokes (RANS) equations for flows with a 
steady average may be beyond a cost-benefit ratio affordable in engineering practice. 
The engineer, designer or code developer, has to resort to the various approximate 
methods tha t have been developed to predict turbulent flows.

R ep ro d u ced  with p erm issio n  o f  th e  cop yrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



1 Introduction 3

These methods have been classified according to  the following categories, or 
levels of computation (Kline 1981):

1. C o rre la tio n s . These are well-established functional relations among flow pa­
rameters — in algebraic or graphical form, explicit or implicit — determined 
from experiments or one of the computation methods described here. Corre­
lations are excellent engineering tools, because they are easy to use, permit 
rapid calculation, and allow one to  grasp the relationship among the vari­
ables involved at a glance. Each correlation usually applies only to a specific 
geometric configuration and may require the compilation of a considerable 
amount of reliable data. A correlation provides almost no details about the 
flow, and has a scope limited to the range for which it was established; i.e., 
usually it will not extrapolate to other flows.

2. In te g ra l m e th o d s  (iM s). These were developed mainly for the computation 
of thin shear layers before the advent of computers, and were later extended 
to some internal flows. The NS equations are reduced to ordinary differential 
equations (ODEs) by integration over one or more coordinates. The resulting 
ODEs may be exact, but they are not closed and cannot be solved without 
introducing approximate relations among the integral variables. An empirical 
expression for the velocity profile, or correlations among the integral variables 

are required to close the set of equations. An IM provides more details about 
the flow than a correlation and is more flexible. The differential equations 
allow the treatm ent of a range of flow cases, and the empirical relations em­
ployed are usually of a more general nature than those used in correlations. 
However, IMs are limited to rather simple geometries and by the range of 
validity of the empirical relations employed.

3. O n e -p o in t m e th o d s  (o p m s ). These were developed to take advantage of 
the increasing power of computers. OPMs pursue generality by employing 
partial differential equations (PD Es) derived by Reynolds averaging the NS 

equations. Indeed, OPMs can be applied, in principle, to any geometry, thanks 
to their formulation in terms of PDEs. In these methods, all flow variables are 

decomposed into mean and fluctuating parts; e.g., the velocity component 
in the x-direction is represented as U =  u +  u ' , where u and u' are the

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



1 Introduction 4

mean and fluctuating parts, respectively. The NS equations are Reynolds- 
averaged to avoid the need to  compute the turbulent fluctuations of the flow 
field. The resulting PDEs — known as the Reynolds-averaged Navier-Stokes 

(RANS) equations — describe the “mean” flow. The RANS equations require 
less computational capability than the complete NS equations while retaining 
most of the NS equations fundamental character. However, some physical 
information is necessarily lost in the process of averaging. Due to the non- 
linearity of the NS equations, terms tha t represent the interaction between the 
mean and turbulent components of the flow arise in the averaging process. 
These terms, or “virtual stresses” , comprise the Reynolds stress tensor, and 
represent the average momentum transported by the turbulent fluctuations. 
For example, the xy-component of the tensor is Rry =  —u 'v ' , where u' and v' 
are the turbulent velocity fluctuations in the x- and y-direction, respectively. 
Approximations tha t allow estimation of the Reynolds stresses are needed to  
close the set of equations. OPMs include the following closure schemes:

3.1 Mixing-length models. The concept of eddy viscosity was proposed by 

Boussinesq (1877) as a model of the Reynolds stresses. He derived this 
model using an analogy to Newton’s model for the viscous shear stress. 
It postulates a linear relation between the Reynolds stresses and the 
mean strain rate of the flow; a “turbulent” or “eddy” viscosity (vt) is the 

proportionality parameter. The validity of such an assumption is ques­
tionable, and must be substantiated by experiments. Even though Bou- 
ssinesq’s concept is very simple, it has proven quite useful. Dimensional 

analysis suggests tha t the eddy viscosity is proportional to the product 
of velocity and length scales of the mean flow. The mixing-length model 
employs empirical algebraic formulas tha t prescribe the values of these 
quantities. The degree of generality achieved by the model depends on 
the range of validity of these formulas. The mixing-length model is cred­
ited to Prandtl (1925) and is based on a physical concept that is easy 
to grasp: the length scale in the eddy viscosity formula is the “size” of 
the turbulent eddies. These eddies vary in size throughout the flow field, 
and the size distribution varies from flow to flow. It has been possi­
ble to express these distributions generally enough that they apply to a
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1 Introduction 5

reasonably wide range of flows, including boundary layers and free-shear 
layers. The mixing-length model is simple and fast; it has found great 
success in aerodynamic applications for which the flow is adequately de­
scribed as a composite of an inviscid potential region and a  turbulent 
boundary layer.

3.2 One-equation models. It is difficult to extend the mixing-length model to 
complex flows — three-dimensional flows, flows with separation and reat­
tachment, etc. The difficulty is traced to the lack of universality of the 
formulas for the distribution of velocity and length scales. The next logi­
cal step is to seek differential equations to describe the evolution of these 
quantities. One-equation models use a  transport equation to  determine 
the velocity scale, but still prescribe the length scale. This is not a  great 
improvement on the mixing-length method because the inadequacies of 
the modeling of the length scale are retained. Two-equation models 
address this problem and quickly supplanted one-equation models.

3.3 Two-equation models. Two-equation models retain the concept of eddy- 
viscosity and use transport equations for evaluation of both velocity and 
length scales. The k-e model will be reviewed here as an example; other 
two-equation models have been proposed. The velocity scale is related 
to k, the turbulence kinetic energy, and the length scale to both k and e, 
the rate of dissipation of turbulent kinetic energy. PDEs for k and e can 
be derived from the NS equations. The use of PDEs guarantees that the 
model can be applied to complex geometries; whether it can accurately 
describe the flow remains to be determined. The derived equations are 
exact but once again there is a closure problem because they contain 
high-order moments of the turbulence fluctuations. Approximations are 
introduced by modeling the “problem” terms. Each of the modeled terms 
in the k-e equations has a model coefficient that must be determined em­
pirically. These coefficients were assumed to be constants in the initial 
versions of the k-e model; one of these versions will henceforth be refered 
to as the standard k-e model. Experience shows tha t the predictions 
of the standard k-e model are not accurate enough for many engineer­
ing purposes, although they are not far off the mark. W ith a little
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1 Introduction 6

modification of the model coefficients, it may be possible to simulate a 
wide range of flows with acceptable accuracy. Such modifications should 
be based on results for flows for which accurate data is available — a 
process we refer to as tuning or calibration. One should be careful about 

accepting results for flows outside the calibration range.

3.4 Algebraic stress models. These models are offshoots of the Reynolds 
stress models described below. Rodi (1976) proposed a scheme in which 
the PDEs for the Reynolds stresses are reduced to a system of algebraic 
equations at each point of the flow. The equations for k and e are re­
tained. Therefore, the algebraic model is faster and cheaper to use than 
the Reynolds stress model and only slightly more expensive than the k-e 
model. In practice, it seems to perform as well as two-equation models 
but no better. However, algebraic stress models are still m aturing and 
improved versions may be available in the future.

3.5 Reynolds stress models. Reynolds stress models avoid use of the eddy 
viscosity concept. They compute all the components of the Reynolds 
stress tensor directly from PDEs derived from the NS equations. Again, 
one encounters term s dependent on the turbulence fluctuations that need 
to be modeled in order to achieve closure. Construction of these models 
is a demanding task because the terms requiring modeling are tensors, 
there are more model constants to evaluate, it is hard to compile the 
data needed, and computations using the model are expensive. Their 
development has been slow; Reynolds stress models have been applied 
to relatively few engineering flows. They are the most complex models 
used with OPMs. Their effectiveness relative to simpler models is yet to 
be proven and their future is uncertain.

4. T w o-po in t m e th o d s  (TPM s). These methods are based on the Fourier- 
transformed Navier-Stokes equations. They have, so far, been applied only to 
homogeneous flows. Application of these methods for inhomogeneous flows 
leads to difficult and expensive computations. It is not clear whether they 

will prove practical for flows in complex geometries. Nevertheless, they are
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1 Introduction 7

the subject of intense academic research, as they are helpful in the study of 
turbulence phenomena.

5. L arge-eddy  s im u la tio n  ( l e s ). This method calculates the large-scale struc­
tures of turbulence explicitly, while modeling the small-scale structures. It is 
three-dimensional and time-dependent, and provides considerable information 
about the flow. This makes it a valuable tool for investigating both the physics 
of turbulence and the models used to represent it. Its application is currently 
limited to simple flows and relatively low Reynolds numbers. At present, it is 
too expensive for engineering use because it requires the capacity and power 
of supercomputers.

6 . F u ll- tu rb u len ce  s im u la tio n  ( f t s ). In this approach, one solves the full time 
dependent NS equations numerically. The set of flows tha t can be treated in 
this way is small at present. FTS requires even more computer memory and 
time than LES; consequently it is more expensive. It is employed as a research 
tool to investigate phenomena related to the small scales of turbulence, spe­
cially to evaluate the subgrid models for LES. Because of its accuracy, FTS 

supplements laboratory experiments in some areas of research.

The methods above are listed in order of increasing level of computational re­
quirement. The methods at higher levels are more fundamental, in the sense that 
fewer approximations are made to the NS equations. They should be more gen­
eral; i.e., the range of flows to which they can be applied is potentially broader. 
However, numerical solution for higher-level methods requires more computational 
work. Because the high-level methods compute more details about the flow, they 
also require more detailed initial and boundary condition information — often these 
are not known accurately. It should be kept in mind tha t, for a particular flow, 
a lower-level method may be more accurate than a higher-level one due to better 
tuning.

It may be improper to compare these methods too generally. Engineering is a 
m atter of trade-offs between competing factors; when selecting a method, the c f d  

user will certainly make compromises, pondering the costs and benefits for the job 
at hand. Therefore, it is advantageous to count on an arsenal of methods of varying 
degrees of accuracy, speed, cost, and detail of output.
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1 Introduction 8

All methods are in use today, as each is suited to a specific job. LES and FTS are, 
at present, employed mainly as research tools, while well-established correlations 
are used in engineering design when fast and accurate results can be obtained for 
flows within the limited scope of validity of the correlation.

Between these extremes lie the one-point methods. At the moment, OPMs seem 
to offer a  good trade-off between accuracy, speed, flexibility and computational 
expense for many high-technology applications; consequently, a lot of effort has 
been invested in developing turbulence models for one-point methods. None of 
these models have, so far, been proved irrefutably superior to their competitors 
over a  wide range of flow problems.

Consider the results of the 1980-81 AFOSR-HTTM-Stanford Conference on 
Complex Turbulent Flows. A recognizable pattern emerged that can be described 
as follows:

Statement 1 -  No single turbulence model presented was accurate over the 
entire range of cases to which it was applied.

Statement 2 -  One model would fare better than another in some cases, and 
poorer in other cases.

Statement 3 -  Nearly all flows were accurately modeled by at least some 
method.

Statement 4 -  Higher-level models didn’t always perform better than lower- 
level models.

Many of these models consist of a fixed set of fundamental and closure equations 

with a  fixed set of model coefficients (the model constants) — for example, the 
standard k-e model. The model constants were usually tuned to fit the data for 
some flows. Often, each constant was determined from a different class of flows — 
such as boundary layers, free-shear layers, etc. The values obtained were used in the 
simulation of all flows. Such models are sometimes referred to as “universal” models, 
because it is implicitly assumed tha t the constants are universal. This terminology 

is probably inappropriate, since their failure to accurately simulate some flows (ref. 
statement 1 ) refutes their claim to universality. We shall refer to these models 
as invariant models. The term  ‘invariant’ is a reminder of the fact that in these
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1 Introduction 9

models, the equations and coefficients are independent of the flow. At this point we 
wish to introduce another concept — contamination. ‘Contamination’ refers to the 
loss of accuracy in predicting one class of flows caused by a model constant being 
determined by a different class of flows.

The cycle of investigation of invariant models typically begins with enthusiasm 
as a newly suggested model meets with initial success, and ends when the model 
is discarded after failing for more difficult problems. The search for another model 
is initiated and the cycle may be repeated. For the researcher seeking a universal 
model, the situation is frustrating.

If we accept the fact tha t the NS equations contain all the physics of turbulence, 
then any simpler invariant model has little chance of achieving universality. As 
discussed before, some physical information is always lost when approximations are 
made to  the NS equations, and the closure problem is a recurrent one. Experience 
shows th a t the lost information is important. Turbulence models are, in our view, 
sophisticated engineering correlations with limited breath, a limitation that is a 
consequence o f the empiricism built into them. Since the constants of an invariant 
model are tailored to specific flows, the model reflects the physics of the flows on 
which it is based; it is not surprising tha t an invariant model does a  good job of 
predicting these flows while failing for others (ref. statement 2). Also, we would 
expect the model to  work well for flows tha t share the physics of the flows used for 
tuning the model. When the physics is different, there is no guarantee of success.

It may be impossible to find a universal invariant closure model because tu r­
bulence displays different physical structures in each flow, and even among regions 
of a single flow field. On the other hand, experience shows that it is feasible to 
construct models tha t adequately simulate a particular region of a flow field, or a 

class of flows (ref. statement 3).
Kline (1981) suggested an alternate strategy for turbulence modeling — zonal 

modeling. In the zonal modeling approach, turbulence models are tied to the physics 
of individual flow zones; other zones are not allowed to contaminate the model. The 
zonal models are then employed in the simulation of complex flow fields; i.e., fields 

composed of multiple zones. The zonal methodology is discussed in detail in the 
next section.
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Applied to mid-level methods, zonal modeling may allow us to achieve a broad 

domain of applicability without loss of accuracy, a t reasonable computer time and 
cost, thus providing the user with cost-effective tools for the simulation of complex 
flows.

Zonal modeling was used to extend the domain of the k-e model to encompass 
homogeneous flows and free shear layers (Tzuoo 1986). Zonal models for the k-e 
equations were employed to compute the flow past a  backward facing step (Avva 
1988).

The objective of the present work is to  extend the domain of the k-e model to 
include boundary layers subjected to pressure gradients, and to boundary layers 
over curved surfaces, using the zonal approach.

- § -
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1.2 The Zonal Approach

A flow zone is a distinct region of a flow field that can be identified by specific 
physical characteristics. A list of some flow zones is given in Table 1 . A flow field 
may be decomposed into zones; for example, the zones in the flow in a  diffuser are 
shown in Figure 1 .1 .

TABLE 1
Flow zones in 2D incompressible flows*

1 . Inviscid zone
2 . Laminar boundary layer
3. Laminar-turbulent transition
4. Attached turbulent boundary layer
5. Detaching zone
6 . Reattaching zone
7. Free shear layer*

Plane jets, wakes and mixing layers
Axisymmetric jets, wakes and co-flowing jets

8 . Recirculation zone
9. Wall jets
* Adapted from Kline, 1981.
* Zone redefined by Tzuoo, 1986.

Past experience indicates that it is difficult to construct a single invariant closure 
model capable of simulating all zones of a complex flow, such as the diffuser flow. 
Progress along this path has been very slow. The zonal methodology acknowledges 
the trade-off between range of application and accuracy inherent in turbulence 
modeling and proposes that models ought to be zone-dependent.

This point deserves emphasis; the models must be tied to the local characteristics 

of the zone, not to the flow as a whole. A flow  depends on the configuration 
— geometry plus initial and boundary conditions — and is a composite of many 
zones. Developing ad hoc models on a flow by flow basis would be bad practice, 
for the process would probably not close. Firstly, such a procedure would not 
necessarily connect the model to the physics, so little would be learned about the 

latter. Secondly, it would be risky to apply such a model to flows very different from 
the one used in establishing the model constants. Thirdly, the number of possible 
flow configurations of engineering interest is limitless. The number of flow zones, 
on the other hand, is large but finite.
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A zonal model can be very accurate because it is tailored to fit the data  for 
the zone, and contamination is avoided because the model uses only physical in­
formation relevant to the zone under consideration. Zonal modeling requires data 
for individual zones, consequently, it may suggest experiments on specific zones; 
which are almost certainly easier to carry out than experiments on complex flows. 
Interaction between experiment and model for a specific zone can illuminate both 
the turbulence structure in the zone and the formulation of the model. We believe 
th a t this approach will provide accurate models and advance knowledge faster than 
the search for an universal closure model. Even before the investigation of all zones 
is exhausted, we will be able to compute many flows of interest with the models 
already developed.

When a flow field is decomposed into zones, there exist regions between the 
zones in which transition from one type of structure to another takes place; these 
regions are named readjustment zones. Zones may be connected in “series” or in 

“parallel”, according to whether the fluid moves from one zone to the other, or the 
flow is parallel to the zonal interface. An example of the first kind is a  boundary 
layer leaving a  surface at separation and becoming a free shear layer. An example of 
the second kind is the interface between a boundary layer and a potential flow. The 
modeling of the readjustment region must reflect the change in physics. Pragmatism 
suggests that we first try the simplest model for these readjustment regions. Also, 
to  minimize the difficulty of blending the turbulence models, we should utilize the 
same formulation for the models in each zone; e.g., the models could all be based 
on the two-equation k-e model. To obtain maximum advantage, this base model 
should be selected from among the better existing models.

Thus, zonal models can be perceived as modifications of the base model, and 
the zonal methodology as a process that expands the domain of applicability of the 
base model. The use of a base model implies invariance of the form of the equations. 
This invariance can simplify the programming of a computer code for a complex 
flow. In the case of the zonal k-e model, the governing equations are invariant while 
the model coefficients are allowed to vary from zone to zone. In the readjustment 
regions the model coefficients may be changed in one of the following ways:

(i) discontinuously;

(ii) by parametric variation;
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(Hi) through linear blending;

(iv) through a first-order lag equation.

The definition of a zone must be subject to testing. We begin with an archetyp­
ical zone; i.e, a physical region of a flow with a well-defined set of characteristics 
th a t is identifiable and distinct in different flow fields — e.g., the boundary layer. 
As the work progresses the initial choice may need to be changed. The zone may 
be broken into two or more regions, each with a different model so th a t the zonal 
definition is narrowed. The zonal definition may be broadened if a model works not 
only for the region intended, but for other regions as well (Tzuoo 1986). Once a 
model tha t accurately simulates a zone is found, it may be employed in the compu­
tation of any flow in which that zone occurs. The usefulness of a zonal model rests 
on the zone being a building block.

The physical characteristics of a zone may depend on a number of factors — 
e.g., pressure gradient, curvature, blowing/suction, roughness, compressibility, etc.; 
the model should reflect this. To achieve some degree of generality, sound practice 
suggests tha t the relationship between model and cause be expressed via functions 
of non-dimensional parameters; some well-known flow parameters are the Reynolds 
number, Mach number, and Richardson number. The governing param eters may 
be local or global in nature.

The determination of the relevant governing parameters, the form of the function 
relationship, the modification to the base model, are parts of a process in which 
concepts are tested and changed as one learns more about the physics of a zone 
and the ability of the model to represent them. The tools used in this investiga­

tion include semi-empirical analysis, physical insight, sensitivity analysis, numerical 
experimentation, and existing knowledge and experience. As experiments are the 
primary basis of our understanding of turbulence phenomena, reliable data  are the 
most im portant guide in the development of zonal models.

To recapitulate, the construction of zonal models will follow these guidelines:

*  ACCURACY -  Each model should represent the zone it is designed for with 
sufficient accuracy. Acceptable accuracy may vary with application.

*  SIMPLICITY -  The base model should be modified only as necessary.
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*  INDEPENDENCE -  The model is altered only in the considered zone. This 
avoids the problem of contamination.

*  CLOSE CONNECTION TO PHYSICS -  The model should reflect the dependence 
of the flow on its governing parameters.

*  CONTROLLED NUMERICAL ERROR -  The uncertainty due to numerical errors 
must be considerably less than the experimental uncertainty so tha t the model 
can be accurately evaluated against the data.

*  CONTROLLED EXPERIMENTAL ERROR -  The uncertainty due to experimental 

error must be estimated, and adequacy of the data to represent the flow must 
be assessed.

The methodology of zonal modeling can be summarized as follows:

Step 1 -  Select a base model.

Step 2 -  Compute the flow with the base model. In the case of a single 
zone flow this is enough. In the case of a multiple zone field one should also 
run a simulation tha t includes previously established zonal models that are 
applicable.

Step 3 -  Compare the results with the data; identify unacceptable disagree­
ments and propose explanations.

Step 4 ~ Modify the base model in accordance with the zonal modeling guide­
lines set forth above.

Step 5 -  In the case of a multiple zone field, patch the zonal models together; 
treat the readjustment zones.

Step 6 -  Compute the flow with the proposed model; iterate back to Step 3 
until satisfied with results.

Finally, it should be noted tha t the zonal approach is not totally new. Prandtl 

introduced a zonal approach that is still employed in aircraft design and many other 
applications. Zonal modeling has been successfully applied to integral methods to 
solve diffuser flows. Even in complex turbulent elliptic flows, it is a common practice
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to use wall functions for the region next to a solid surface and an invariant model 
for the rest of the field — a practice tha t is implicitly “zonal” .

The base model adopted for the present work, the standard k~t model, is de­
scribed in the next section.
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F L O W  Z O N E S

16

A: Potential Flow
B: A ttached Boundary Layer
C: D etachm ent
D: Recirculation
E: F ree-S hear Layer
F: R eattachm ent
G: Recovery Boundary Layer

F ig u re  1 . 1  -  Flow zones in a diffuser.
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1.3 The Standard k - e  M odel

The k-e model is a two-equation turbulence closure model for the RANS equations:

d x i  f l d x j  d x i  \  d x i  ' 1)

The k-e model employs the Boussinesq eddy viscosity concept to model the 
Reynolds stress tensor:

(I;+te)-!**>■ (L2)
where is the Kronecker delta tensor and vt is the eddy viscosity. In the k-e model 
the  turbulence velocity scale is proportional to 1/ k ,  where k is the turbulence kinetic 
energy per unit mass, and the turbulence length scale is proportional to fc3/2/e, 
where e is the rate of dissipation of k. Consequently the eddy viscosity is modeled 
as

vt = c £  (1.3)

where is a model coefficient. The governing equations for k and e are (Rodi, 
1980):

S * ! 1 =  » ( • ! « )  +  , _ „  (i.4)
OX i  OXi  \ O k O X i J

^  M)

These are transport equations; the term on the left-hand side represents the 
convective transport of the scalar quantity (k or e); the terms on the right-hand 
side represent, from left to right, diffusion, production and dissipation of the scalar
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quantity (k or e). The production of turbulence kinetic energy, JP, is given by

F  =  (1.6)

Physically, JP is the work done by the Reynolds stress on the mean flow; it transfers 
energy from the mean component of the flow to the turbulence; here it appears as 
a source term , in the equation for the  kinetic energy of the mean flow, it appears 
as a sink term.

Equations 1.1-1.5 have five coefficients viz., CM, C£,, C£2, cr ,̂ cr£. The values 
recommended for the original invariant model (Launder and Spalding 1974) are 
given in Table 2, which also lists the flows used for fixing these values. The invariant 
k-e model based on this set of constants will be referred to as the standard k-e model.

TABLE 2
Standard values of the k-e model coefficients
Model

Coefficient
Standard

Value
Flow used for fixing 
the standard value

0.09 Equilibrium shear layer
1.44 Boundary layer

1.92 Homogeneous flow
1 .0 Free shear flow

< 1.3 Free shear flow

Complete universality of the constants given in Table 2 cannot and should not 
be expected. Experience has shown th a t some of the coefficients require different 
values even in fairly simple flows. Furthermore, the standard values were established 
on the basis of a variety of flows — a practice tha t introduced contamination, ren­
dering the standard k-e model somewhat inaccurate for all those flows (Tzuoo 1986, 

and present work). The determination of the standard values is now summarized:

C* In nominally two-dimensional shear layers tha t are in local equilibrium, pro­
duction and dissipation of turbulence kinetic energy are essentially equal. 
Equations 1.1, 1.2 and 1.5 can then be combined to yield C^ =  (—u 'v '/k )2.
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Measurements show th a t (—u 'v '/k )  «  0.3 in many two-dimensional shear 
flows, so tha t C * =  0.09.

C* In homogeneous grid turbulence, the diffusion and production terms are zero. 
Equations 1.4 and 1.5 reduce to a set of ODEs:

dk
Udx ~  C

4  -  - Gdx £2 k

(1.7)

( 1.8)

in which is the only coefficient of significance. The rate of decay of turbu­
lence energy computed by FTS and measured indicates that: 1.8 <  C£2 < 2.0. 
The value 1.92 was selected for C£*.

crj!,<7* These coefficients were assumed to be close to unity, and they were tuned by 
computer optimization of simulations of free shear flows.

C* Approaching the near-wall region of boundary layers, the velocity profile is 
logarithmic, JP is approximately equal to e, and the convection term  is neg­
ligible. For developed boundary layers without mean pressure gradient, the 
following relation can be derived from Equations 1.4 and 1.5:

^ - ^ = - 4 =  (1.9)

where k is the von Karman constant, equal to 0.41. Substituting the values 
from Table 2 into Equation 1.9 yields C* =  1.49. B etter results are obtained 
with C* =  1.44.

In the present study, zonal models are developed for boundary layers with pres­
sure gradients and boundary layers along curved surfaces. The standard k-e model 
is adopted as a base model because it predicts some of these flows reasonably well. 
It is also faster and cheaper than the Reynolds stress model, and more flexible than 
the mixing length model.
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The model for pressure gradients is presented in Chapter 3; the model for curva­
ture is presented in Chapter 4. In order to develop these models a code is required 
to compute boundary layer flows. The numerical method implemented in this code 
is described in Chapter 2 .

★ ★ ★
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Chapter 2 

Num erical M ethod

In Chapter 2 we describe the mathematical aspects o f our work. First, 
we introduce the governing equations, the computational domain, and 
the finite-difference equations. Details of the finite-difference formu­
lation can be found in Appendix A. Then, we delineate the method of 
solution employed, and discuss some of its features.

21
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2 Numerical Method

2.1 Governing Equations

2 2

Since only boundary layers are to be considered, the governing equations will be 
written in a surface oriented coordinate system, where u is the mean velocity com­
ponent in the tangential direction s, and v is the mean velocity component in the 
normal direction n  (Figure 2.1). The non-dimensional curvature coefficient is

=  (2-1)

where the radius of curvature of the surface, R, is expressed in term s of the rate of 
change of the surface angle a  (Figure 2.2):

, , ( < 0 , convex

5 -  £  = °' Sat <2'2>I > 0 , concave

The desired equations result from applying the well-established boundary layer 
approximations ( u »  v ,  streamwise diffusion is negligible, etc.) to the RANS 

equations for the mean-steady two-dimensional incompressible turbulent flow along 
a curved surface. The equations are the continuity equation

<2-3>

and the s- and n-momentum equations

_

J r

. 1 ^  +  I J L
p d s  <f>dn\ p

1 dp 
p d n

(2.4)

(2.5)
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The shear stress r *5 is expressed as

y  =  vSn. +  ( - ^ V )  (2.6)

where the shear rate Sn3 is given by

The Reynolds stress —u'v' will be modeled according to Boussinesq’s eddy- 
viscosity concept (Boussinesq 1877, Prandtl 1925, Schlichting 1951),

- u 'v '  =  vtS ns (2.8)

with the turbulent diffusivity ut modeled as (Chou 1945, Harlow and Nakayama 
1967, Rodi 1980):

V, =  (2.9)

The standard k-e model equations (§1.3) required to compute the turbulent 
kinetic energy, k, and the turbulent dissipation, e, take the following form:

£ (« < )  +

s ( w | + “ «)

P e
k

(2 . 10 )

( 2 .1 1 )
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The diffusivities of k and e are modeled as

lit =  v + 2 -  (2.12)

r£ = v + (2.13)

where c* and <t£ are the turbulent Prandtl numbers for k and e, respectively. The 
production of k is given by:

P  =  — u V 5 n3 (2.14)

The model coefficients C ^  C£l, C£2, cr* and a t will be determined by the zonal 

modeling approach. In the standard k-t model the values are (§1.3):

c : CC2 <
.09 1.44 1.92 1 .0 1.3

The next section introduces the computational scheme employed to solve these 
equations. The boundary and initial conditions are described in §2.5.
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2.2 Com putational Dom ain

The turbulent attached boundary layer can be described by a  layered structure 

th a t is best illustrated by a semi-log plot of the streamwise velocity profile and the 
shear stress (Figure 2.3). The eddy viscosity varies across the boundary layer — in 
the outer layer (also called the “wake” , or far-wall region) the turbulent viscosity 
vt is much larger than the molecular viscosity v\ in the inner layer (also called 
the near-wall region) the turbulent viscosity is damped by the presence of the wall 
(Figure 2.4). Consequently, in the outer layer, the Reynolds stress dominates the 
total shear stress, while the viscous stress becomes more im portant as the wall is 
approached. The outer layer occupies most of the boundary layer; the inner layer 
is very thin. Although their structures are distinct, the layers must match in an 
overlap region known as the log-region because the velocity profile is logarithmic 
there. A typical distribution of the mixing-length (Figure 2.4) also shows layers 
w ith different characteristics. The standard k-e model has proven unsuitable for 
both near- and far-wall regions (Rodi 1980). It is clear tha t we need to  divide the 
boundary layer into at least two zones; the inner and outer layers.

For many engineering applications, boundary layers are adequately simulated by 
solving the governing equations for the outer layer and using wall-functions to treat 
the inner layer. Therefore, priority is given to the improvement of the performance 

of the k-e model for the outer layer. The use of wall-functions is a well-established 
practice; nevertheless, it is im portant to test its validity. We discuss the validity 
of this procedure as we present the data available for the flows studied (Chapters 
3 and 4). The wall-functions are presented in §2.5. The benefits of employing 
wall-functions are two-fold: (1) contamination is prevented because the search for 
a model for the outer layer is decoupled from the inner layer model; (2) a fine grid 
is n o t needed to resolve the velocity gradients in the thin near-wall region.

In order to implement the k-e model in the outer layer, the computational do­
main (Figure 2.5) is defined as

flout :=  { (a, n) || s > s0 , D ,(s ) <  n < D (s ) } (2.15)

where s 0 is the location of the computational origin along the surface and D(s)
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and Da(s) are the outer and inner boundaries of the domain, which are set by the 
following criteria:

• Da(s) is within the logarithmic region of the boundary layer.

• D (s) is always greater than the boundary layer thickness <599(5 ).

The expressions used to compute Da(s) and D (s) (satisfying the above criteria) 
are:

/> .(.) =  ^  (2.16)

where D f  =  50, and

D (s) = Da(s) +  ^  Ds{s) (2.17)
V99

where 7/99 ss 0.75.
The next sections describe the method of solution of the governing equations 

for the computational domain.
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P O T E N T I A L
S O O M D A K y  L A y E R FLOW
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Shear Stress Profile

F ig u re  2 .3  -  Typical boundary layer profile.
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Eddy-viseosity Profile
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F ig u re  2.4 -  Typical eddy-viscosity profile.
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2.3 Finite-Difference Equations

As explained in the previous sections, the governing equations are solved in an outer 
domain whose width varies with distance downstream (§2.2). A transformation is 
applied to the independent variables s and n to make finite differencing simpler. 
In particular, the boundaries of the computational domain are constant in the 
transformed domain (Figure 2.6):

f C t  • •={(£, 7 m > 0 , 0 < j / < l }  (2.18)

The transformation is defined by:

f  =  s - s 0 (2.19)

n -  D.,
D - D 3

(2 .20 )

and the metric coefficients of the transformation are:

”  ds

di_
dn

=  1

=  0

dr)

drt

D
1 ( d D  dDs

T - ^  + 11 -  >?)d( di

D - D .

(2 .21 )

(2 .22)

(2.23)

(2.24)
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The PDEs (C, M, K, E) in transformed coordinates are:

32

„  du du , dv v ,
0  : a t * * # , * * - * " * " 0  <2 ' 2 5 >

du _ t du , u , 2 d (  .d u

where

M : u d£ + A Mldr) A M2r  0 (2.26)

K : uf (  + AK' f v ~ ( r ‘ | ) - # F  ■-■£)= ■0 <2-27>

d t . . d t  , 2 d (  d e \  P e  e2

Ud i  +  A ei dr] ^  dr, \ T‘ dr,)  ^ ° C1 k ° ‘2 k ) "  °  (2>28)

V* =  V + Vt (2.29)

AUi ~  VoU +  T]n((J>V + (2.30)

Tk
A k1 =  r]au +  r)n((f>v + — ) (2.31)

r
^E, =  r],u +  T]n(<j>V +  -Jj) (2.32)

d vm vm
A m,  = (2.33)

P 1 ( dp 4 . „ ° P\ (2.34)

m . du u
(2.35)
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The Crank-Nicolson method ( c n )  is used to solve these PDEs because they are 
parabolic. This method is unconditionally stable and second order accurate when 
applied to the linear diffusion equation (Ferziger 1981). A non-uniform staggered 
grid is overlayed on the transformed domain (Figure 2.7). The finite-difference 
equations (FDEs) tha t result from the CN method retain the parabolic character of 
the original PDEs; i.e., the variables at station £,+i =  £,• +  A£; depend only on the 
variables at station £,-. The flow field is computed starting at the initial station 
£ =  0 — where data is given — and proceeding step by step in the ^-direction. In 
general, the step size, A£, is not constant.

The step size may be defined by the user or selected by the program according 
to the criterion that the estimated change of the boundary layer thickness between 
stations is less than 0.15. In both cases the program will enforce the following 
condition: 0.15 < A £ < 5.

In making the step from £,■ to £t+1, with N  grid nodes in the 77-direction (including 
the boundaries) there are 4 x (N  — 2) unknown variables,

Vj =  ^i+lj) ^t'+lj) 1 j = 2 , N —l (2.36)

Application of the CN differencing scheme yields a system of 4 x (N  — 2) n o n ­

lin e a r algebraic equations. These are given in detail in Appendix A; here they are 
represented as

Ck(Vj) =  0 (2.37)

Mk(Vj ) =  0 (2.38)

**(Vi) =  0 (2.39)

ft(V i) =  0 (2.40)

where k = 2 , N - i  and j = fc-i ,k,k+i. The continuity, momentum, k -  and e-equa- 
tions in finite difference form (given in Appendix A) for the k-th cell are represented 
by Ck, M k , fCk and £*, respectively.
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Boundary conditions are required a t the inner boundary for u,+i i, tt»+u, fc;+i 1, 
e,+1 1 , and at the outer boundary for &,+i n , e,+i pj. The next section deals
with the method of solution of this system.
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s,ri

I
<•*)

out

F ig u re  2.6 -  Transformed domain.
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«»y+i

w»+* j - lV i j - l

“ t+ iy + i  -  Vuj+i

«<+1 /

Ar?uj 

w » + iy -i —  —

»?u>

V known unknown
u , k , e • 0

V o

F ig u re  2.7 -  Finite-differencing stencil.
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2.4 M ethod of Solution

A vector form of the Newton-Raphson method (Ferziger 1981) is employed to solve 
Equations 2.37-2.40. Consider Q(V) a  vector function of V, such that

Qk = (Ck, M k,fCk,£ k) (2.41)

where V is the vector of the node variables defined in §2.3. Then Equations 2.37- 
2.40 may be represented by

C(V) =  0 (2.42)

The root-finding algorithm is as follows. The Jacobian matrix (Figure 2.8) is
defined by

J=[Jn»U = (2.43)

m =  l , 4  ; n  =  l , 4  ; it =  2, ( N - l )  ; j  =  2 , ( N - l )

Q(V) is expanded in a Taylor series around V*, an approximation to the solution, 
and the first order terms are retained, yielding

Q(V)«Q(r) + J * - (V -V * )  (2.44)

where J* is the Jacobian evaluated at V*. Setting the right-hand-side of 
Equation 2.44 to zero yields an equation for V

V =  V  +  (JT‘ • (-Q*) (2.45)

whose solution should be closer to the exact solution than the original estimate V*.
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The Newton-Raphson method starts with a guessed solution, V^0). Successive 
values are then computed with the following iterative formula, based on Equation 

2.45,

V(i+D =  V(i) +  (j( i))"1 . (-Q W ) (2.46)
'---------- V ---------- '

A V ( i )

until convergence is achieved; i.e., when AV^1) =  y (1+1) — y  W approaches zero (in 
practice, a small value is selected as the criteria for convergence). This method 
converges very rapidly if the initial estimate is close enough to the exact solution. 
For the boundary layer equations, the initial guess is the converged solution at the 
preceding station.

This method requires solving the lin e a r  system of equations

J  • AV =  —Q (2.47)

The system matrix J ,  given in detail in Appendix A, has a block-tri-diagonal 
structure (Figure 2.9); i.e., the only blocks that are not null, are those for which 
j = k- 1  ; k ; *+i because Qk =  Q*(Vjt_i, Vk, Vjt+i) as expected from the differencing 
stencil (Figure 2.7). Consequently, calculation of the residue at each step is quite 
fast because one can use a specialized solver, such as BLKTRI (Appendix C), that 
takes advantage of the structure of J .

The method outlined in this section is employed by subroutine NEWRAP to 
compute the flow variables, V, at station £t+1 given their values at The latter 

are also the initial guess for the algorithm. NEWRAP calls subroutine JACOB to 
evaluate the matrix, J , and the right-hand-side vector, — Q; subroutine BLKTRI to 
solve Equation 2.47 for the residue, AV; and subroutine CONVRG to apply Equation 
2.46 and control the iterations. Generally two iterations are enough.
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The Jacobian Block-matrix

f 33

J  = \ Jnm] >*

\ J n m ]

A Jacobian Block and Its Elements

1 ck
2 M k

3 K k

4 £k

[V»L

1 2 3 4

v i + h ‘ * i + l 3 fc»+l 3 €» + l 3

S L S L S L S L
&v dv dk d i

dM dM S2L dM
dv dv dk d t

SJL SJL SJL SJL
dv dv dk dt

S L S L S L S L
dv dv dk d t

F ig u re  2.8 -  Jacobian matrix.
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Block-tridiagonal Structure

(

J  =

|0 |> |t<l»

• • •
• • •

• •

|U]>

• • •

P l * - i

A

The Diagonal Blocks and Their Elements

[f l]y

1 ^ 1 /
lower — diagonal

l H - - i

main — diagonal

in-
upper — diagonal

[V]y+i
/

V u k e V u k €
s /

V V it €

c 0 0 O o 0 0 0 o o 0 o o
M 0 0 O o 0 0 0 o o 0 0 0
K 0 0 0 o 0 0 0 0 o 0 0 o
t ® 0 o 0 0 0 o 0 o 0

0  non-iero value 
O  »«ro value

Figure 2.9 -  Tridiagonal structure of the Jacobian.
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2.5 Initial and Boundary Conditions

Initial Conditions. The profiles at s0 are set as follows:

• the profile for u is obtained by fitting the data with a “log+wake” function 
(Coles, 1968);

• the profile for k is obtained from the relation k = —u'v'/  y j c where the 
mixing-length model of Andersen, Moffat and Kays (1975) is employed to 
calculate —u'v'\

• the profile for t  is obtained from the relation e =  —u'v' du /dn .

These profiles are used as input to an iterative procedure that generates profiles 
a t Si =  s0 +  6s , suggested by Afshari (1988) and modified by the author. Here, 
6s is a small fraction of the boundary layer thickness. The profiles a t Si are then 

employed as initial conditions to the solver of the system of equations 2.37-2.40 
(§2.3). The iterative procedure is as follows:

1. set begin-station to s0;

2. set final-station to  Si;

3. solve governing equations from begin-station to final-station in one step; i.e., 
find profiles a t sa;

4. estimate profiles a t mid-station =  | ( begin-station -f final-station) by interpo­
lation;

5. set begin-station profiles to mid-station profiles;

6. iterate 3-5 until profiles at si converge.
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Boundary Conditions. The values of the variables at the grid points on the inner 
boundary of the computational domain are obtained with the aid of wall-functions:

u ,+11 since D+ =  50 the ‘log-law’ is used to establish u,+i x,

u«+u =  K].-+i Q  In (M .+ in ,+ n /i /)  +  c j  (2.48)

where k =  0.41 and C  =  5.0;

the continuity equation is applied to a control volume bounded by the wall, 
the inner boundary of the computational domain, and the normals to the 
surface a t S{ and s,+i, yielding

V : , L

u.+ ii =  t;wdi.+ i  + u i+i x
dni d&
ds

1
HNi ds '•+|

(2.49)

where uwau =  0 (no blowing/suction), u t+i  j =  | ( u fl +u,+i x) and $  =  /0ni u dn. 
A profile of the type u+ =  f ( n +) (Whitfield, 1978) is used to evaluate $ , 
yielding

$  =  v { n t ( u t  ) +  C$)
K

(2.50)

h+1 1

where C$ =  —57.2;

the relation —u'v 'f k =  yields

w+ii = (2.51)

where =  0.09;
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et + 1 1 assuming that c w IP one obtains

ei+”  =  (2-52) /cn,+i i

where k =  0.41.

It is clear from the above expressions that the value of [uT]»+i is needed for the 
determination of the boundary conditions. [uT].+i is obtained by solving

Ui+i2 -  [«t].-+i ln([uT]i+1n,-+i 2/^ )  +  C j = 0 (2.53)

where u t+12 is the value of u at nt+12 computed by the  boundary layer solver.
This method leads to an iterative procedure because the solver requires bound­

ary conditions that, as pointed out, depend on the value of [uT],+i.
The value of the variables at the outer boundary of the computational domain

are determined as follows:

•  u,+i n  is the value of the freestream velocity obtained from the data by inter­
polation;

•  jv is set to zero;

•  ti+iN is set to zero.
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2.6 Pressure Gradient and Curvature

Pressure Gradient. The following expression, valid in the freestream, is used to 

determine the pressure gradient:

1 | p  =  (2 M)
p os ds

where Ue(s) is the freestream velocity interpolated from the data.
The boundary conditions described in § 2.5 are modified by the pressure 

gradient:

... [“ ?]<+1 f i  , »<+U l 5 P \  /„
-  7 ^ l 1 + R ! ^ j  ( 2 ' 5 5 )

« « ,  =  +  (2.56)
Kn.+n \  [u‘]i+i p d s /

Curvature. The curvature of the surface, 1 /R ,  is obtained from the data.

- § -
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2.7 Error Estim ation

The magnitude of the numerical error is estimated with the aid of a numerical de­
vice known as Richardson extrapolation (Ferziger 1981, Caruso 1985). Richardson’s 
method is based on Taylor series expansion of the numerical solution around the ex­
act solution. Generally, if grid sizes hx and hy are used to calculate the approximate 
solution Uhxhy with a second order accurate method, one has

Uhxhy{x,y) = U(x ,y )  + h2y Fhy{x,y) + h2x Fhx{x,y) + HOT (2.57)

where U(x,y)  is the exact solution and HOT is shorthand for higher order terms. 
For a grid with twice the mesh size in the y-direction, the solution is

Uhx2hy{x,y) = U(x ,y )  + 4h2y Fhll(x ,y )  +  h2x Fhx{x, y) +  h o t '  (2.58)

The error due to differencing in the y-direction is estimated by subtracting 
Equation 2.58 from Equation 2.57 and rearranging the result:

ehy = h2y Fhy{x ,y ) »  U^ ~ U^  (2.59)

The /^-component of the error can be evaluated in a similar manner.
In the code, the solution at each step was iterated to a relative error of 10-4 . 

The grid and step sizes were changed so tha t the error introduced at each step is 
less than .1%. The error in the profiles at the last station is estimated to be less 
than 1%.

★ * *
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Chapter 3 

Boundary Layers Subjected to  
Streamwise Pressure Gradient

In Chapter 3 we present a modified k-e model which accurately predicts 
the behavior of boundary layers subjected to pressure gradients. In §3.1 
we discuss the selection o f our database. Following that we examine the 
deviations o f the base model predictions in order to identify the model 
coefficients that need to be modified. Finally, we describe our proposed 
zonal model.

46
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3.1 Adequacy o f  the Experim ental D ata

The data for boundary layers subjected to either favorable or adverse pressure gra­

dients was extracted from the database compiled for the 1968 AFOSR-IFP-Stanford 
Conference on Computation of Turbulent Boundary Layers. A large collection of 
experimental data on boundary layer flows was reviewed by the conference’s orga­
nizing committee and a number were selected as benchmarks against which various 
integral and differential methods could be tested. Among the attached boundary 
layers, most of the cases chosen were nominally two-dimensional and incompressible 
(Table 3).

TABLE 3
Database for Pressure Gradient Flows

I.D. S ource

Zero P re ssu re  G rad ien t (ZPG)
1400 Wieghardt

F a v o ra b le  P re ssu re  G rad ien t (FPG )
1300
2700
2800

Ludwieg- Tillmann
Herring-Norbury
Herring-Norbury

A dverse P re ssu re  G rad ien t (a p g )
1100
1200
2200
2500
4500
4800

Ludwieg- T  illmann 
Ludwieg- Tillmann 
Clauser 
Bradshaw
Schubauer-Spangenberg
Schubauer-Spangenberg

M ixed P re ssu re  G rad ien t (m p g )
2100 Schubauer-Klebanoff

The results of computer calculations of these flows done with the standard k-e 
model are shown in Figures 3.1-3.11. The standard model does reasonably well in 
computing the zero pressure gradient (z p g ) and favorable pressure gradient ( f p g ) 

cases, but rather poorly for the adverse pressure gradient (a p g ) cases. This last 
observation requires further discussion as it demonstrates a problem faced by mod­
elers: adequacy of the data.
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Final validation of a model requires comparison with experimental data. The 
evaluation of the quality of a model is made more difficult, if not impossible, by 
errors not inherent in the model, for example, numerical and experimental errors. It 
is essential to identify and remove these errors insofar as possible. Numerical errors 
must be minimized; a method for estimating them is discussed in §2.7. As for exper­
imental errors, the data must be carefully evaluated and only data which is deemed 
reliable should be used; even then, experimental uncertainties must be assessed. It 
is futile to engage in turbulence modeling without an adequate experimental base.

To be useful in modeling, the data must satisfy criteria regarding the uncertainty 
of the measured quantities. It is also im portant to carefully examine the conditions 
under which the measurements were made. The conditions of the experiment must 
closely approximate the assumptions made in the mathematical model used in the 
simulation of a flow. If undesirable or uncontrolled effects are too large in the 
experiment, the data  should not be used as a basis for construction of a model. The 
physical assumptions that underlie the governing equations in the present study are:

• the mean flow is steady and two-dimensional, i.e., spanwise uniformity is 
guaranteed and there is no crossflow;

•  the flow is incompressible, i.e., it is well below sonic speed and internal heat 
generation due to  friction and deceleration can be ignored;

• the flow is isothermal or fluid properties variation with tem perature may be 
ignored;

• only one phase is present and there are no chemical reactions;
• the boundary layer remains attached;

• streamwise diffusion is negligible;
• streamline divergence or convergence is negligible.

Some of these conditions are easily verified, while others require careful scrutiny. 
The most questionable feature in most experiments is the two-dimensionality of the 
flows. A good check on the two-dimensionality of the flows is provided by the 
momentum integral equation

M  _ ° 1  lo + m e d U '  „ n
Ts -  T  - <2 + H)v . i r  (3J)
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where 9 is the momentum thickness, Cj  the skin friction coefficient, Ue the freestream 
velocity, s the streamwise coordinate, and H  the shape factor (H  = 6’ /6 , and <5* 
is the displacement thickness). Using the experimental data  to compute the right- 
hand side, Equation 3.1 is integrated numerically, and the result, the momentum 
thickness 02d, is compared with the reported value of 0. This procedure provides a 
reliable check of the consistency of the data.

The results of this procedure are shown in Figures 3.12-3.18. For some cases the 
experimental data becomes inconsistent with the two-dimensional momentum inte­

gral equation at some streamwise location. Three-dimensionality is the suspected 
cause of the problem, but the data do not provide enough information to prove that 
this is the case. In order to avoid large uncertainties beyond the point at which 
two-dimensionality breaks down, only data from the region upstream of that point 
will be used for model testing.

The use of wall functions (§2.5) is justified for all cases studied. Figures 3.19- 
3.29 show tha t the velocity profile is logarithmic in the inner section of the outer 
layer; i.e., as n+ —> 50

u+ =  — In n+ -f C (3.2)
/c

with k  =  .41 and C  =  5. Calculations with SUBLAYER (Appendix C) yield this 
same behavior, but the “log-law” — Equation 3.2 — was implemented in our code 
because it is faster and cheaper to evaluate.
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F ig u re  3.1 -  Standard k - t  model results for Wieghardt 1400 (ZPG).
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F ig u re  3 .2  -  Standard k-e model results for Ludwieg-Tillmann 1300 (FPG).
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F ig u re  3.3 -  Standard k-e model results for Herring-Norbury 2700 (FPG).
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Figure 3.5 -  Standard k-e  model results for Ludwieg-Tillmann 1100 (APG).
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3.2 Zero Pressure Gradient

Predictions of zero pressure gradient boundary layers obtained with the standard k -  

e model are fairly good. The standard model does a  reasonable job in predicting ZPG 

and FPG flows but falls a bit short in predicting the APG cases. This performance 
validates the choice of the standard k-e  model as the base model for the zonal 
approach.

Previous experience in modeling free shear flows zonally with modified k - e  mod­
els (Tzuoo, 1986) suggests tha t simulation of the APG cases may be improved by 
making the model coefficients functions of relevant flow parameters. However, we 
should first examine the ZPG case in some detail.

The skin friction coefficient Cj is well predicted in the ZPG case (Figure 3.1), but 
the growth of the boundary layer is slightly overpredicted (Figure 3.1). Inspection 

of the velocity profile and mixing length I  (Figure 3.30) reveals that the model 
does a  better job in the logarithmic region (where I  —* kn) than in the wake. 
Approaching the inner region

k2
vt =  C p— > uTnn  (3.3)

producing the classic “log-law”. In the wake-region, the standard k -e  model yields 
a maximum value of i/t that is 10% larger than the value measured by Anderson 
et al (1975). This produces more diffusion of momentum and causes the boundary 
layer to grow faster. If the data is to be fit more accurately, the model must be 
modified.

Determining which model coefficient to correct is not a simple m atter. It requires 
reexamination of the derivation of the standard values, literature search, physical 
insight, sensitivity analysis, and numerical experimentation. The choice should be 
one which requires minimal alterations and is as simple as possible (Occam’s razor). 
Agreement with experimental data is the ultim ate test.

For the ZPG boundary layer, the deficiency of the standard model can be over­
come by changing the coefficient <r£; this alone is sufficient to produce satisfactory 
simulation of the ZPG case. crt is the Prandtl number for the dissipation; i.e, the
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ratio of momentum diffusivity to dissipation diffusivity. The standard value of cr£ 
was optimized to  fit a set of free shear flows (Rodi 1980, Launder and Spalding 1974, 
Launder, Morse and Rodi 1972). Tzuoo et al (1986) confirmed that the standard 
value works well for a large class of free shear flows. However, there are no grounds 
to  support the use of the value of <re obtained from free shear flows in boundary 
layers. Following the zonal modeling philosophy, cr£ will be treated as a zonal co­
efficient and will be allowed to have a different value in boundary layer flows. The 
other standard coefficients seem to be satisfactory for ZPG boundary layer flows.

As noted in §1.3 (Table 2), the determination of the standard values of C^ and 
C£, are based on ZPG boundary layer data. The ratio —u 'v '/k  and the distribution 
of the mixing-length in the log-region are used in choosing the model coefficients. 
For this reason, the values of and CCl should not be modified without over­
whelming evidence of the need to do so. The value of C£2 was derived from the 
decay of homogeneous grid turbulence but it seems to work rather well in many 
flows including the boundary layers studied here. Therefore the value of CC2 shall 
also be maintained until there is strong evidence of need for modification. The 
coefficient 0 * appears in the ^-equation, and as tha t equation is more firmly based 
than the e-equation, modifications of the la tter should be preferred to modifications 
of the ^-equation. It is postulated th a t CM, C(1, C£2 and cr* are constant across the 
boundary layer, independent of the flow parameters and equal to their standard 
values (this needs to be validated a posteriori). Finally, numerical experimentation 
showed tha t a value of <r£ close to 1.0 produces better results than the standard 
<7* =  1.3. The criterion used to select the value of ot is given below.

Assuming tha t <r£ is constant across the boundary layer one obtains (Appendix B):

K 2a = ----------------- - (3 4 )

where k — .41 is the von Karman constant. Substituting the standard values
C * =  .09, C* =  1.44 and C ’2 =  1.92 yields a£ =  1.167. The value adopted for the
boundary layer is

N bl =  1-16 (3.5)
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which is approximately 10% smaller than the standard value. If ot is changed 
to the value given by Equation 3.5, the kinematic eddy viscosity is reduced, in the 
wake-region, to a value comparable to  those measured experimentally (Figure 3.30). 
Predictions made with the modified model (Figure 3.31) are good enough tha t no 
other modifications are necessary.
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3.3 Favorable Pressure Gradient

The results of computations of the FPG flows with the standard k-e model and the 
modified model introduced in §3.2 are shown against the data in Figure 3.32-3.34. 
Since both models perform well and the differences are minimal, we are justified in 
adopting the modified model in order to unify the ZPG (§3.2) and FPG flows, and 
simplify the coding of complex flows. This choice is strengthened by the fact that 
the same value of crt will be used in the APG cases (§3.4).
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3.4 A dverse Pressure Gradient

The results of computations of the APG boundary layers made with the standard 
k-e  model are plotted against the data in Figures 3.5-3.11. The response of the 
velocity profile to pressure gradients seems to be closely simulated by the standard 
model except in the near-wall region where the largest velocity gradients occur. The 
skin friction coefficient is consistently overestimated.

The ability to compute the flow near the wall is im portant in many applications. 
In external flows, the skin friction is needed for evaluation of the drag on immersed 
bodies (wings, hulls, blades etc.). In internal flows, the skin friction is needed for 
evaluation of head loss, pressure drop, and pumping power. Accurate computation 
of the near-wall region is also a necessary, though not sufficient, condition for the 
accurate prediction of heat transfer in both external and internal flows. Also impor­
tan t is the ability to predict separation; the inability of the standard k-e  model to 
predict separation accurately has long been regarded as one of its major flaws. To 
predict separation, a model must be capable of accurately simulating the response 
of the near-wall flow to pressure gradients.

Figure 3.35 shows tha t in the near-wall region, the kinematic eddy viscosity vt 
predicted by the standard k-e  model is greater than uTnn. This causes an error in 
predicting the slope in the logarithmic region and Cj. Numerical experimentation 
suggests th a t modification of CCl can remove the deviations of the model from 
the data. Increasing C£, increases the production of dissipation and lowers the 
turbulence kinetic energy k. This, in turn, reduces the eddy viscosity because vt 
is proportional to k2/e. Therefore, a zonal model may be based on modification 

of C£l.

As in the ZPG case, we shall, if possible, restrict the zonal model to the modifica­
tion of only one coefficient. The value of ot selected for the ZPG case will be retained 
for consistency, i.e., so tha t the ZPG model is retrieved when dp/ds  is zero. There 
is no evidence to support a  change in CM; the arguments tha t lead to its standard 
value are independent of pressure gradient (Bradshaw 1967). The standard values 
of C£2 and <7* will also be retained.

The model must be formulated in terms of non-dimensional flow parameters if 
it is to have generality. In this case, this means tha t CCi must be expressed as
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a function of the non-dimensional pressure gradient. In the near-wall region, the 
proper scaling of the variables leads to the following non-dimensionalization of the 
pressure gradient — representing the ratio of the pressure force to the shear force:

Analysis of the logarithmic region in the inner domain, similar to the one per­
formed for the ZPG case, will be used to guide the modeling of Cci. Using the 

equations derived in Appendix B, and assuming a logarithmic velocity profile and 
a  small pressure gradient, the following relation is obtained (the details are given 
in Appendix B):

=  <3-7>

For cases with very small adverse pressure gradients this relation works well, but 
it breaks down when the pressure gradient increases. It appears that there needs to 

be a limit on the value of Cc,. Equation 3.7 allows values th a t are much too large. 
Furthermore, the ratio P /e  does not deviate much from unity in the logarithmic 
region. We will therefore construct an empirical algebraic expression to  represent 
the effect of p+ on Cci. This function must be bounded as p+ —* oo; its upper limit 
is determined by cases with large For p+ =  0 the ZPG case must be recovered; 
i.e. in this limit, Ce, =  C *. In fact, the limiting behavior of this function as p+ —► 0 
should match tha t of Equation 3.7, an even more stringent condition. Setting P /e  
to  unity, and replacing F(p+) by an empirical function f(P g)  in Equation 3.7, 
one gets

c . M )  = ~ - n p r  f t f )  (3.8)

The ZPG value of C£, will be retrieved as long as /(0 )  =  1. So, Cti(0) =  1.44. It 
was found empirically that, for large pressure gradients, good results are obtained
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with Ctl (oo) =  1.55. Equation 3.8 may be rewritten as

1 -  f(v +)
=  C .,(0 )  +  (C .,(o o )  -  C « ,(0 ))  J - r ^ y  (3 .9)

For p+ —> 0, Equation 3.7 can be expanded in a Taylor series,

c m ) =  c . . ( °) + (3. io)

The linear approximation to  Ctl yields good results for small p+ when the value of 
C'j (0) is 80. To obtain a simple function that has the desired limits, an exponential 
function was chosen for / (p+):

Krt)  =  (3 .11)

Other choices might do equally well. Given the constraints, one obtains

a = 1 (3.12)

. _  C '(0 )
(C „ (o o ) -C .,(0 ) )  (3’ 3)

so tha t the final expression for C£J is

C£l(p+) =  1.44 +  0.11(1 -  e-727p®) (3.14)

Calculations of APG boundary layers performed with this formula produced very 
good results. Plots of these results are shown against the data in Figures 3.36-3.42.

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



3 Pressure Gradient

TABLE 4 
Zonal Model for Boundary Layers 

Subjected to  Streamwise Pressure Gradient

Outer Layer

C> = .09

C c M )  =
f 1.44 
\  1.44

c £2 = 1.92

(jk = 1.

N bl = 1.16

+  0.11(1- e " 727̂ ) ,  i f p + > 0 ;
, otherwise.
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Chapter 4 

Boundary Layers Along  
Curved Surfaces

In Chapter 4 we present a modified k-e model which simulates the effect 
of surface curvature on turbulent boundary layers. In §4-1 we discuss 
the conclusions o f some experiments. Following that we examine the 
deviations o f the base model predictions from the data. Finally, we 
describe our proposed zonal model.
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4.1 Curvature Effects

Curvature strongly affects turbulence. Early experimental work (W attendorf 1935, 
Schmidbauer 1936, Wilcken 1967) demonstrated tha t for even small values of 6 /R  

boundary layer hydrodynamics are greatly affected; a case with S /R  = 0.1 is 
considered strong curvature. Kreith (1955) suggested that the effect of curvature is 
a function of u /r , where r is the local radius of curvature. In boundary layers, the 
component of the velocity normal to the surface, v , is much smaller than the parallel 
component, u, and the radius of curvature is approximately r «  <f>R. Comparing 
the boundary layer equations for flat and curved surfaces, the term u/<f>R appears 
as an “extra” strain that adds to the shear du /d n :

_ d u  u
ns dn <f>R  ̂ ^

The extra term is n egative  for convex surfaces and positive  for concave surfaces. 
The ratio of the strains is a measure of the relative contribution of curvature to the 
to tal strain, and it is refered to as the curvature Richardson number,

Ri

u
J R
du
dn

(4.2)

A similar parameter was used by Bradshaw (1969) to model the effect of weak 
curvature in a mixing-length model. The Richardson number varies across the 
boundary layer — it is zero at the wall, very small in the inner layer and in­
creases in the outer layer (Figure 4.1). The effect of curvature is strongest in 
the outer layer; near the wall the velocity profile still follows the log-law (Gillis 
1980) and the classical mixing-length distribution I  =  nn holds. In the inner 
layer, order of magnitude arguments lead to the same results as for plane surfaces 

(for cases in which 6 /R  <  0.1), and similarity with respect to the wall variables 
(u+ , n +) is expected (Barlow 1988). The use of wall-functions is fully warranted 
(Figures 4.2-4.7).
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In the outer region of a convex boundary layer there is a strong decrease in the 
turbulence kinetic energy and the Reynolds shear stress —u'v1 relative to the flat 
plate case. The mixing-length is also much smaller than its flat plate value. The 
thickness of the layer derived from the Reynolds stress profile (6T) is smaller than 
the thickness of the boundary layer (<5), defined in terms of the velocity profile (Gillis 
1980). The skin friction drops in the convex region and the velocity profile has a 
positive waket. The principal effect of convex curvature seems to be supression 

of turbulence, mainly the destruction of the large eddies in the outer layer; both 
the turbulence intensity and length scales are reduced. Once the length scales are 
reduced, they regrow very slowly after the end of the curved section of the surface.

Contrary to convexity, concavity enhances turbulence mixing. Centrifugal insta­
bility drives high-momentum fluid from the outer layer towards the wall, creating 
large eddy structures (Barlow 1988) and augmenting — u 'v '. The skin friction in­
creases in the concave region and the velocity profile develops a negative wake. The 
instability also leads to  secondary flow, causing concave boundary layers to tend 
toward three-dimensionality.

The standard k-e model does not have an adequate response to  curvature; e.g., 
it underpredicts the effects of curvature on the velocity profile. In order to expand 
the domain of applicability of the k-e model to include boundary layers along curved 
surfaces, we postulate tha t the model coefficients may be functions of the Richardson 
number.

The zonal model was tested with the convex curvature data of Gillis, Johnston, 
Kays and Moffat (1980), of So and Mellor (1973), and of Ellis and Joubert (1974), 
and with the concave curvature data of Barlow and Johnston (1988), and of Ellis 
and Joubert (1974). The results are shown in the following sections.

The experimental data of Gillis et al was obtained from a very carefully con­
trolled experiment, which was designed to remove the influence of longitudinal pres­
sure gradients. The experimental layout used by most experimenters before Gillis 
was a duct of constant width containing a bend. This configuration leads to sub­
stantial streamwise acceleration and deceleration along the convex wall. Since a

t W ake  — deviation of the velocity profile from the log-law in the outer layer. The wake is said 
to be positive or negative when the profile is, respectively, above or below the log-law.
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streamwise pressure gradient affects turbulence as strongly as curvature (Chapter 
3), it would raise uncertainties as to which effects are observed. In Gillis’s appa­
ratus — a wind tunnel with a rectangular duct of variable width — the pressure 

gradient on the convex wall of the duct was minimized by the shape of the opposite 
wall. The aspect ratio (width/height) of the channel was 3:1, which is small for 
this kind of study. Gillis had an arrangement of splitter plates and slots to skim 
the sidewall boundary layer upstream of the test section. This produced a very 
thin boundary layer on the sidewalls of the curved section, and prevented problems 
caused by secondary flow. Nevertheless, Gillis reported tha t secondary flow could 
not be completely eliminated, and in some cases it was significant. Gillis data qual­
ifies as two-dimensional for most of the flow, except for the recovery region. The 
dataset # 1  with 6 /R  «  0.1 corresponds to strong curvature, and the dataset # 2  
with 6 /R  «  0.05 corresponds to weak curvature.

It is a  great challenge to elaborate and execute an experiment in which the 

concave boundary layer is kept free of secondary flow along a great extension of a 
curved duct. The work of Barlow and Johnston addressed this problem. A low speed 
water channel of variable width was used to maintain a zero pressure gradient on 
the concave test section (similarly to the strategy of Gillis). The large aspect ratio 
(width/ thickness) of the boundary layer of 14:1 guaranteed the absence of pressure- 

driven cross flow. The flow was relatively free of spanwise non-uniformities, and 
was kept nearly two-dimensional, specially closer to the wall, justifying the use of 
a 2-D code to simulate the flow. 6 /R  varies from 0 to 0.1.
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TABLE 5 
Database for Curvature Flows

I.D. S ource

Convex C u rv a tu re
G01
G02
SMI
EJ1

Gillis et al 
Gillis et al 
So-Mellor 
Ellis- Joubert

C oncave C u rv a tu re
BJ1
EJ2

Barlow-Johnston 
Ellis-Joubert
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4.2 Convex Curvature

The extra terms tha t appear in the equations due to curvature do not account for 
the effects observed in the experiments (Bradshaw, 1973). The expressions for the 
strain rate, Reynolds stress and ^-production rate are

=  (1 +  Ri) | |  (4.3)

  c h i
-u'v' =  (1 -f Ri) ut —  (4.4)

du 2
P  =  (1 +  R i ) ^ t ( ^ )  (4.5)

Indeed, results display a mild trend in the right direction: the Richardson number 
is negative for convex curvature, so P  is reduced, which causes k to decrease, 
decreasing vu and causing —u'v' to diminish. Nevertheless, these changes are not 
strong enough to predict the observed results. Turbulence is much more sensitive 
to curvature than these equations predict. Bradshaw (1973) pointed out tha t this 
behavior is typical of turbulence — small extra strains may produce large effects.

A study of the sensitivity of the model to  its coefficients suggests tha t the 
model predictions may be improved by modification of the e-equation. Changes in 
the dissipation rate can result in strong changes in the turbulence kinetic energy; 
changes in e also change the turbulence length scale, since

ifc3/2
^ o c —  (4.6)

This approach has been followed by other researchers with profitable results (Laun­
der 1977, Hanjalic 1980, Avva 1988).

Hanjalic et al suggested th a t the production of dissipation be expressed

^  instead of C*t l P ^  (4.7)
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These expressions are identical on plane surfaces, but the first expression displays 
more sensitivity to curvature and gives the right trend for curved surfaces. Avva 
used the first expression in modeling the effect of streamline curvature in the flow 
past a backward facing step, and, as it is a good idea to keep the zonal models 

as compatible as possible, it will be retained here. However, this modification 
still is not enough to bring the model into agreement with experimental data. 
It is speculated tha t Ct2 should be made a function of the Richardson number 
(Equation 4.2).

If CC2 is diminished, the rate of dissipation is increased, destroying kinetic energy
and leading to smaller values of — u 'v ' . At the same time the length scales decrease.
This corresponds to the physics observed by Gillis et al fairly well. Launder, Priddin
and Sharma (1977) proposed a model in which the destruction of dissipation is a 
, . , k2 u dur  . . . . . . . .  , .
function of — — . This formulation is similar to making C ,, a function of the

e2 r2 on 
Richardson number.

During a sensitivity study of the e-equation, it was noted that the results were 
improved by decreasing <?£2, which is in agreement with our hypothesis. How­
ever, the result was not completely satisfactory because was constant across 
the boundary layer. Ct2 should vary in the direction normal to the wall, because 

curvature effects are more pronounced away from the wall. Near the wall, curvature 
effects are negligible, and the flow structure becomes similar to tha t of a flow over 
a flat wall. This is expected from the variation of the magnitude of the Richardson 
number (Figure 4.1). In conclusion, Ct2 should be a function of the Richardson 
number.

At first, a linear variation was tested. The result was better for the region 
just above the inner layer, but the values obtained for Cl2 were too small near the 
edge of the boundary layer; suggesting tha t it was necessary to limit the minimum 
value of Ct2. A piecewise linear variation was tried next, with satisfactory results. 
Finally, we opted for a continuous function th a t approximates the piecewise function 
(Figure 4.8) — note tha t Ri <  0, for convex curvature:

C„(Ri) = c;, -  (C‘ -  C„)( 1 -  ««•“ ) (4.8)
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where Cc* =  1.92 is the standard flat-plate value (Table 2), CC2 «  1 is the lower 
limit found empirically, and c is obtained from

(4'9)

where C '2(0) =  5.52 is the derivative at Ri =  0, which is equal to  the slope of the 
linear function. W ith these values Equation 4.8 becomes

C£2 =  1.92 — .92 (1. — e6'Ri) (4.10)

The outcome of the simulations using Equations 4.7 and 4.10 is very good for 
all the cases tested as shown in Figures 4.9-4.12. These cases cover the range 

0 < S /R  < 0.1, which includes plane surfaces, weak and strong convex curvature.
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F ig u re  4.8 -  Piecewise linear and exponential models.
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F ig u re  4 .9 .a -  Zonal model results for Gillis 01 (convex): 
velocity profiles (linear-plot); ip «  40°, 65°, 80°.
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4.3 Concave Curvature

A model similar to the one used for convex curvature was implemented reflecting 
the difference between concavity and convexity (Figure 4.13):

Ct2 =  1.92 +  .5 8 (1 .-  e -6Ri) (4.11)

For concave boundary layers Ri >  0, and Ct2 is increased by Equation 4.11, aug­
menting the turbulence kinectic energy as discussed in §4.1. The results of the 
computation of the time-averaged velocity profiles are shown in Figures 4.14-4.15. 
The results are good enough tha t no more complexity needs to be introduced into 
the model.

TABLE 6  
Zonal Model for Boundary Layers 

Along Curved Surfaces

Outer Layer

=  .09 Cei =  1.44 ok =  1 . [ff{]BL =  1.16

C„(Ri) = CJ + (C„ -  C-)(1 -  e-6""!)

C ’2 =  1.92 (flat plate)

n  _  /  1 -0 ) f°r Ri < 0  (convex);
12 1 2.5, for Ri >  0 (concave).

- § -
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4.4 Curvature Recovery

Along the flat surface downstream of a curved segment, the boundary layer slowly 
returns toward a state which has the characteristics of a boundary layer on a flat 
plate. As observed by Gillis, the mixing length in the outer part of the boundary 
layer, which was strongly reduced by the effect of the wall curvature, gradually 
returns to the flat plate value t  =  0.085<5. The results of computations for this 
recovery zone with the standard and zonal models are shown in Figure 4.16.a — 
the recovery rate is overpredicted

In Gillis’s experiments, the recovery zone lies between two zones tha t are already 
well-modeled by the zonal k-e model — the “curvature zone” and the “plane” zone. 
The only difference between the models for the two zones lies in the value of C£2; 
in the curved region, C£2 =  /(R i), while, in the fully developed plane state, Ri =  0 
and C'£2 =  C£* . Intuitively, we are lead to introduce a readjustm ent of C£2 tha t 
mirrors the physical readjustment of the turbulence structure. A growth equation 
of the type

(4-12)

might suffice. 0  is a time variable properly normalized, or, more conveniently, 
related to the streamwise position and some velocity scale.

The question arises of whether such a readjustment should be employed at the 
plane-curve transition as well. The empirical evidence is tha t turbulence responds 
quite abruptly to the “extra” strain imposed by the wall curvature, so tha t the 
explicit algebraic formulation C£2 (Ri) works well for the plane-curve transition (in 
zonal terminology, the readjustment is very rapid). Nonetheless, the plane-curve 
transition could be treated with an equation similar to Equation 4.12 (generally, 
any arrangement of curvature could be treated this way):

(4.13)
dC^
dQ

a  C£2 (Ri) -  C£2

dCt2
dQ
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where (Ri) is the local “equilibrium” value. In the curve-plane transition, Equa­
tion 4.12 is retrieved because Ri =  0 and Cej(0) =  C{' .  It is clear, though, tha t the 
coefficient of proportionality should be very large when curvature is imposed (C£2 

is quickly driven to C ^ R i ) ) and much smaller when curvature is removed. At this 
point, there seems to be no need for the complexity introduced by Equation 4.13 
when dealing with plane-curve transition.

Concerning the curve-plane readjustment, we need to determine the coefficient 
of proportionality in Equation 4.12. This can be done by matching the rate of 
recovery of Cj given by the experimental data of Gillis. A simple model based on 
Equation 4.12 was used. Assuming that dQ scales on ds/U e and representing the 
coefficient of proportionality by 1 /A, Equation 4.12 yields

(414)

The results obtained with this model are shown in Figure 4.16.b; agreement 
with the data is very good for \U l / v  « 4 x  106. However, we must stress, the 
secondary flow present in these experiments, and the short recovery region in the 
first experiment prevent us from drawing a reliable conclusion. W ithout more data 
we cannot establish whether A is invariant or a function of some boundary layer

param eter at the start of the readjustment, or a function of — . New experiments
ds

could be carefully designed to minimize three-dimensional effects; also, the recovery 
section would have to be longer to capture the full spatial range of redevelopment 
of the boundary layer. The main concern of the experiment would be the sensitiv­
ity of the recovery rate to upstream conditions — boundary layer thickness, eddy 
size, etc.

Although not conclusive, the present results are encouraging; they show the 
feasibility of our approach, and the flexibility and power of zonal modeling.

+ *  *
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F ig u re  4 .16 .a  -  Results for curved-flat transition 
without a recovery model.
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F igu re  4 .16 .b  -  Results for curved-flat transition 
with a recovery model.
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Chapter 5 

Conclusion

In Chapter 5 we present a summary o f our results and offer some 
recommendations for future work.

156
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5.1 Summary

Two-dimensional turbulent attached boundary layers were computed with the Stan­
dard k-e model. Deficiencies were found in the prediction of the flow. Zonal models 
were developed for boundary layers on plane surfaces, subjected to zero , p o sitiv e  
and n eg a tiv e  variable pressure gradient, and for boundary layers on convex  and 
concave curved surfaces with zero streamwise pressure gradient. Two governing 
parameters were delineated for each zone: one, p+, represents the effect of the 
pressure gradient, the other, the Richardson number (Ri), represents the effect of 
surface curvature. The k-e coefficients were treated as functions of these governing 
parameters (Table 7). Computations done with these zonal models showed superior 
accuracy over the range of the parameters studied.

This study indicates that zonal modeling is a good strategy to expand the domain 
o f applicability o f the k-e model, providing accurate predictions fo r  engineering flows.

TABLE 7
______ Zonal Model for Wall Shear Layers_______
Outer Layer — Pressure Gradient and Curvature

C„ =  .09 ok = 1. [at)BL =  1.16

C M )  =

C£2 (Ri) =

f 1.44 +  0.11(1- e  727p»), for p+ > 0; _  n\
1 1.44, for p j  <  0. (R l- 0)

1.92 -  .92(1 -  e+6Ri),
1.92 +  .58(1 -  e-6Ri),

for Ri <  0; 
for Ri >  0. fat = °)

£
_  v  ( 1  dp\ 

v% \p d s J
and  Ri = <j>R

du
dn
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TABLE 8
C ases S tu d ie d

P re s su re  G ra d ie n t F low s

Zero P ressu re  G rad ien t (z p g )
1 Wieghardt 14 00

F av o rab le  P re ssu re  G rad ien t (FPG )
2 Ludwieg-Tillmann 1300
3 Herring-Norbury 2700
4 Herring-Norbury 2800
A dverse P ressu re  G rad ien t (APG)
5 Ludwieg-Tillmann 1100
6 Ludwieg-Tillmann 1200
7 Clauser 2200
8 Bradshaw 2500
9 Schubauer-Spangenberg 4500

10 Schubauer-Spangenberg 4800
M ixed P ressu re  G rad ien t (MPG)

11 Schubauer-Klebanoff 2100

C u rv a tu re  F low s

C onvex C u rv a tu re
12 Gillis et al 1
13 Gillis et al 2
14 So-Mellor
15 Ellis-Joubert 1

C oncave C u rv a tu re
16 Ellis-Joubert 2
17 Barlow-Johnston
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5.2 Recom m endations for Future Work

According to the strategy outlined earlier, this phase of the zonal modeling project 
involves the development of models for simple flows such as, free shear layers (Tzuoo 
1986), boundary layers, etc. These flows will be used as building blocks for more 
complex flows. The pressure gradient model developed in the present work was 
incorporated in the simulation of the flow past a backward facing step by Avva 
(1988), with good results.

More work is needed to develop other building blocks, and even for boundary 
layers, the task is far from finished. We suggest tha t efforts should be concentrated 
on curved surfaces with positive and negative pressure gradient, and axisymmetric 
surfaces. The k-e model should be extended to  handle other factors — such as 
injection and suction, roughness, compressibility, heat transfer, etc. A k-e model 
for the inner layer should also be investigated. The current approach, with wall- 
functions, is more economical for many practical applications, but is limited to flows 
that obey the “log-law”. The mixing-length model used by SUBLAYER and STAN5 is 
more general than the “log-law” while more economical than solving the continuity, 
momentum and k-e PDEs for the inner layer with a  fine grid. However, using the 
mixing-length model for the inner region and the k-e model for the outer region 

requires a rather involved algorithm. An extension of the k-e model for the inner 
layer can now be sought without fear of contamination by the outer layer model, 
as long as one uses the models developed by the present work. A good starting 
point are the low-Reynolds number models described by Patel, Rodi and Scheuerer 
(1985), and Chapman and Kuhn (1985).

Experiments are the basis of our understanding of turbulence phenomena, they 
are crucial to  the development of zonal models and readjustments. The continuation 
of this project will require experiments specificaly tailored to the zones under study.

We need to tackle more flow fields composed of multiple zones, extenal and 
internal flows, in order to develop techniques for patching zones. In some cases we 
may find it necessary to employ composite grids to handle complex geometries.

As the utool-box” of zonal models evolves we will be able to write application 
oriented codes of increasing versatility. The design of these codes will depend on 
their objective and other constraints (one of which is the programmer himself).
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Some codes may be problem specific, some may be more flexible, while others may 
be multi-purpose. An universal code does not seem feasible for the near future. An 
efficient approach for design is to combine an expert user — an experienced designer 
— with a software package containing a  good user-interface, and fast and accurate 
grid generation and fast and accurate solver. A multi-purpose package may draw 
from a library of proven modules developed to  handle specific classes of problems.
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Finite-Difference Formulation

161
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A .l  Finite-D ifference Formulas

P re lim in a ry . The finite-difFerence formulas employed in discretizing the govern­
ing equations are presented here together with an estimation of the order of the 
truncation error for each approximation.

These formulas are based on the application of the Taylor series expansion of a 
function f ( x )  about x 0 =  (x lo, . . .  ,x no); viz.:

00 1 f)m f
/(* i„ , +  A x , , . . . , ^ )  = / ( ® 0) +  £  —  —  ( ^ . ( A x , ) " 1 (A .l)

m = l  m .  UXj

In the expressions that follow, the index ‘o’ refers to the point where the approx­
imation is sought, while the indexes *+’ and ’ refer to the neighboring points. hs 
is the size of the interval where the point is located, and h+ and h_ are the distances 
of the point to its neighbors (Figure A .l). / ,  f ,  . . .  are the values of the function 
f ( x )  and its derivatives, while F ,F ;, F " , . . .  are their respective approximations.

x+O

Figure A .l  — Notation.
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T w o P o in t F orm ulas. The following formulas use information from the neigh­
boring points only.

The two point interpolation formula and its truncation error e are

_ ft+ /~ +  />-/+ 
h+ + h .

rtt rut
e =  h+h_ -f -7 -  h+h^(h+ — /i_) -+•... 

2  0

(A.2)

(A.3)

One can show that < \h 2 , and that \h+h-(h+ — /i_)| < -^h*. Thus, the two 
point interpolation formula is second order accurate; i.e., the error is proportional 
to h2s. For the midpoint of the interval, h+ =  /i_ =  h , /2, and one obtains

F0 = /+  +  f -

e =
f"
^ h 2 +

(A.4)

(A.5)

The two point first derivative formula and its truncation error are

F'„ =

e =

U-f-
-f- /i_

f" h+hl + h„hl
A h

hml

(A.6 )

(A.7)

h?

where h2 is a weighted mean of h \  and h2_ ; consequently, h2 < h2 . Generally, 

|AA| < hs , and one cannot ascertain which of the two leading truncation terms is 
the largest, and what is the order of the truncation error, except for the trivial case 
when the point of interest is the midpoint, for which A h = 0  , and the second order
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central difference formula is retrieved:

F» =  ( A ' 8 )

fill
e =  Ĵ h 2a + . . .  (A.9)

When h+ =  0 or h-  =  0 , the backward or forward Euler formulas are recovered, 
respectively, and the truncation error is first order accurate. In our case, the range 
of A h is so small as to  guarantee that \Ah\ < c h 2a , and the truncation error will be 
second order accurate irrespective of which leading term  is the largest.

T h re e  P o in t F orm ulas. The following formulas use information from all three 
points.

The three point first derivative formula and its truncation error are

1 f o  f — . 1 f +  f o  
h +  A  +  h -  ~ L -- - - - - -

=  — V+»- (A -l0)
tut

£ =  h+h- +  . . .  (A.11)

The truncation error is second order accurate. Note tha t the central difference 
formula A .8  is a particular case of A.10.

The three point second derivative formula and its truncation error are

U - f o  f o - f -

F" = (A.12)

e =
rttt
J_c
3

/ r  h + h i + h _ h i  
12(h+ - h - ) + ^  ~t : : + : - + ,

A/i
hjf -(- h.

(A.13)

h?
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For the midpoint of the interval, the familiar second order accurate expression is 
recovered:

* U - 2  /„ +  /_
(h3/  2 ) 2 1 ;

f/ftf
e =  + (A .15)

In our case the ratio h+/h_  =  1 +  7  is very close to  one. It follows tha t A h = 

h3 7 / ( 2  +  7 ) ; furthermore, if, for N  grid points, h3 ~  0(1 / N ) , then A h  will be of 
order h23 when 7  ~  0 ( 2 / N),  and formula A. 12 will be second order accurate.

N o n lin e a r  F orm ulas. Formulas A.16 and A.18, below, apply to  the product of 
two functions f ( x)g(x)  at the midpoint of the interval, and are also second order 
accurate.

(FG). =  } + 3 +  +  f ~ S  (A .16)

£ = j ( f s ) :  + -  (A.17)

(FO). =  (A. 18)

£ = j ( f X  + f!s,) + --- (A.19)

These are easily generalized to deal with multiple products f] f i (x ) =  

f i ( x ) f 2( x ) . . . f n(x):

<n r ). =  |  ( n  / a++ n  )  ( a . 2 0 )

( n / < ) ” + -  (A.2 1 )
h] If.  A"

£ =  t
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(nr)„ -  n(:1= 1 \

fi+ +  /,•_

f  fiU) fnf) +
1=1 W=1 f i o

(A.22) 

(A.23)

Formula A.24 is used for the product f ( x , y ) g ( x , y ) in the two-dimensional stag­
gered grid shown below in Figure A.2.

(F G )e = f x +  +  /g - 9y+  +  gy_ 
2 2

£ =  z ( f 09':hl + f “g0 hl) +

(A.24) 

(A.25)

y+

y-

Figure A .2 — Staggered grid.

The next formulas apply to the diffusion terms — of the form (g — that 
appear in the governing equations:

U - f o  f o - f -

(gfo ;  =
h+ h _

(A.26)
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e =  ^  ( 3 W X  +  S J ! ’) + |  ( ( J / T  + (« /" ') ; )  +  .•• (A.27)

+9o f+ ~  fo 9o + 9 -  f o -  / -

<G r'>° -  — — - V .  / a— — —  <A-28)

£ = ^ ( 3 ( s / X  + s X  + 3s:7') +

^  « j / r + ( « n + 3  w r y . ) + -  (a.29)

Formula A.26 is used when the diffusivity g is computed at the nodes f j + l N  
while formula A.28 is used when the diffusivity is computed at the nodes ‘o, + , —’ 
(Figure A.3).

X - Xq

- © -

X _ L
2

X+

C+L2

Figure A .3 — Diffusivity nodes.

Concluding, all the finite-difference formulas above are second order accurate. 
The finite-difference equations developed with these formulas are presented in the 
next section.
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A .2 Finite-Difference Equations

L ay -o u t o f nodes. The stencil used to  discretize the PDEs was presented in § 2.3 
and is repeated here for convenience (Figure A.4). The grid is non-uniform in £ and 
Tj. The nodes for u ,  k, and e are coincident, while the node for v  is staggered with 
respect to  those. The grid is built by dividing the 77-interval {0,1 } into N  — 1 cells.
For the i-th  step, the coordinates of the faces of the j- th  cell are 6 , £1+1, and
rjGj'i and the face dimensions are

Aj7Gj =  VGj -  VQj-i (A-30)

Afc =  6 +1 - 6  (A.31)

The nodes for v are placed in the center of the 77-faces, and the nodes for u, k, and 
e are placed in the center of the 6 faces. The index assignment is better understood 
by examining Figure A.4. The locations of the u-k-e nodes are given by

T)U} =  ^  (77c, +»7G>-i) (A.32)

and the intervals between these nodes are

A»?u> =  Vuj — Vuj-i (A.33)

The PDEs are discretized around the center of each cell (©). Derivatives are 
w ritten in finite-difference forms (§ A.l) derived from Taylor series expanded around 
© =  ( 6  +  A 6 /2 , T7„y). Variables needed at © are evaluated analitically or by linear 
interpolation in terms of the values at the faces of the cell. In the system of equations 
tha t follows, the unknown variables are boxed for clarity.
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u ij+ 1

VGj —

At/g, 

fG ;-i —

Uii

Uij- 1

U.'+l j

?«>+»

A^u,U>+1

Vu3

Ar?U;

ft ft+i

Aft

known unknown
it, k , e • 0

V o

Figure A.4 — Finite-difFerencing stencil.
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E q u a tio n s . The FDEs (C, M , fC, S) below  w ere  d ev e lo p ed  fro m  th e  PDEs (C, M, 
K, E) p re se n te d  in  § 2.3.

becom es

C :

Continuity equation

du du , dv v
5 f + , - a ;  +  ^ - a r : R  =  0

(A.34)

C  : DUDXI +  DETADS • DUDETA +  PHI • DETADN • DVDETA

— CR • v =  0 (A.35)

w h ere , fo r  th e  j- th  cell,

DUDXI =

DETADS =

u i+lj u tj

A &

D a
-1 (  ( d D \
- D se +  (1  ~ V u } )

dDs_
dx

DUDETA — -  [ C\{ | Uj+i j +1 +  Uij+i ) +

c2( 1+  Uij ) -

PHI =  

DETADN =

DVDETA =

C3( | ui+l j - 1 | +  U, j_  1 ) ]

=  1 -  R q1( D$9 +  Vu}{D& -  Ds@) )

Dm — D.

A t/Gj

(A.36) 

(A.37)

(A.38) 

(A.39) 

(A.40)

(A.41)

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



A - Finite-Difference

CR =  R~l

1 ,,    ,,
v  =  Vi+$’ +  )

171

(A.42)

(A.43)

a n d  th e  coefficients in  DUEDETA are

c e n tra l u p w in d  J. u p w in d  f

Cl
1 Alfo,. i

0
h s A t/Ui+1 A t?u,+)

C3 H® a C : 0
A??u,

C2 C3 “ Cl

HS =  A t j u . +  A t7u>+1

Momentum equation

du du
M : u ~  + AK, r v a  U  i  2 d  f  . d u  l  n  A

A il ' R - ^ ¥ n  ( I / ^ l  +  p ’ =  0
(A.44)

becomes

M  : U -DUDXI +  A M l -  DUDETA -  AM2 • CR • U

-  PHI • DETADN2 • UDIFF +  PGRAD =  0 (A.45)

w ith

A M l =  DETADS • U +  DETADN • (  PHI • V +  CR • NUS )  (A.46)

AM2 =  V +  DETADN • DNUSDETA -  PHI • CR • NUS (A.47)

w h ere , fo r th e  j- ih  cell,

u  — 2 ^  u ' + 1 i  +  u ' i  ) (A.48)
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UDIFF -  2 [ Ui+H+k lu»>1i+11 +  vij+i u '}+1 ) "

h i  v ’+i j_ 1 Uj+i i-1 +  1 U, j_! )

NUS

DNUSDETA

PGRAD

=  Va

^1  K-u-4 + î+§) -  ("*+1 j-i + vh-\)
= a®

(A.49) 

(A.50) 

(A.51) 

(A.52)

^i^r+i ,+i +  h v '+1 • i +  h v ' ; i
-  , J -i. !±li- L . — 1̂ ^  (A.53)

6 i _ h s (A-54)

k-equation

K :  u l% + A k i 1̂  ~  { Tkd i i )  - < ^ p - e ) =  0 (A-55)

becomes

AC : U • DKDXI +  A K 1 • DKDETA -  PHI • DETADN2 • KDIFF

-  PHI • ( PRODK -  E )  =  0 (A.56)
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with

A K l =  DETADS • U +  DETADN • (  PHI • V +  CR • GK ) 

PRODK =  NUT • (  DETADN • DUDETA +  PHI • CR • U ) 2

173

(A.57) 

(A.58)

where, for the j- th  cell,

DKDXI =

DKDETA = I he c>+i j+i +  kij+i ) +

*-2 ( ki+1 j  "I" kij )

KDIFF =  - U i f T f c  .

^2( , w

ci+i j+i +  k ' j + l ) ~

ki+ij +  r/t.u, k j ) +

E “ 5(
GK =  r * ffi

NUT =  vt9

M  r ^ 1,--J ^ + i J - i l + r fc.,_  ̂ k i j ^  ) ] 

( ei+ij +  e,- j )

(A.59)

(A.60)

(A.61)

(A.62) 

(A.63) 

(A.64)

^ rfci+i i+i  +  ^ \ + i , i  ^ T k  +  b3V k ,p   +1̂+2_ p    U+J *̂”5
1 fci+i u. — i » A A . “  L (A.65)
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e-equation

E :
de de 2 d  /_  de

U d£ + A e> dq ~  ( r ' ^ -<j>(CClP ' - C l2e ) -  = 0 (A.66)

b ecom es

5  : U • DEDXI + A E l  • DEDETA - P H I -  DETADN2 • EDIFF

-  PHI • (  CEl • PRODE -  CE2 • E ) • E/K =  0 (A.67)

w ith

A E l =  DETADS • U +  DETADN • (  PHI • V +  CR • GE )  (A.68)

(PRODE =  NUT • DETADN • DUDETA ); (A.69)

where, for the j- th  cell,

DEDXI =

DEDETA =

ei+lj e:'j

A 6

2 [ Cl( e»+ij+i +  ei j +1 ) +

c2( p i+ l j l  +  eij  ) —

EDIFF =

c3( e.-+ij-i +  e«j- i ) ]

2 [ r ' i+1 i+j l£»+U+il+ r ti, ^  e«i+i )

M r£t+1 ̂  icj+ij + rC|. w tij) +

(A.70)

(A.71)

(A.72)
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K

GE

C El

CE2

k + lj + ka )

= r,£e
= ct«i®

=  a £2P

(A.73) 

(A.74) 

(A.75) 

(A.76)

t|+lu
M Y  , 4- M Y  i  M e .  -4.1 +  M e  i<+i]+2______ ■ + ! p _ ij-f_f______ ■ j - ;

L > 1 £■ u> — 1 (A.77)

N o tes . The indexes j+ i and j - i  refer to locations in the midpoint of the in­
tervals {rjUj ,rjU}+1} and ,Tju}}, respectively. In general, these locations do not
coincide with ^  and 77g>_i •

R ep ro d u ced  with p erm issio n  o f  th e  cop yrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



A - Finite-Difference 176

A .3 Jacobian

P re lim in a ry . The Jacobian, J ,  of the vector function Q(V) was defined in § 2.4 
-  Equation 2.43. Its structure was shown in Figures 2.8 and 2.9. The elements of
J  are presented here. Because of its block-tridiagonal structure, m atrix J  may be
represented by the array triad  L-D-U; where L, D and U are block-vectors; i . e . ,  

D =  [Dnm\ . , ditto for L and U. The triad is employed to save computer memory 
space for storage of the elements of J . The lower-diagonal is stored as L, the main- 
diagonal as D, and the upper-diagonal as U; accordingly:

[ £ n m ] j  =  [c7 n m ]j_ i j  ( A . 7 8 )

[ V n m \ 3 =  [ . ( A. 79)  

K m ] ,  =  [*7n m ]j + l j  ( A . 8 0 )

j  =  2 .N -1

[Q rri\k

I

1 Ck

2 M k

3 K k

4 £ k

[ U

1 2 3 4

u i + l j k t +1 j £i + l j

§c dC ac dC
dv du dk dt

9 M d M d M d M
dv du dk de
die §K 9/C dK
dv du dk de
d£ d£ d t dS
dv du dk de

=  [ J n

Figure A .5 — The Jacobian block and its elements.
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E lem en ts  o f  th e  Jaco b ia n . The elements of J  are defined in terms of the deriva­
tives of the FDEs (C, M , fC, £) — Equations A.35, A.45, A.56, A.66 — with respect 
to  the unknowns (Figure A.5).

Continuity equation

r r  i dC< P H I-D E T A D N  CR , A x[4.1, =  = -------^ -------T  (A.81)

1 BCi , PHI • DETADN CR

lV u]- =  S t  =  +  — -------------- T  (A'82)

W i t  =  = °  (A-83)

P H  =  =  -  2 ■ c, ■ DETADS (A.84)

p h  =  i j  =  s j : + r Cz' DETADS <A-85)

W i  =  5 § r  =  + J  ■ Cl • DETADS (A.86)

P H  =  1 ^ 7 = “ (A.87)

P H  =  S f  = 0  (A.88)

W i  =  S &  = °  (A.89)Sj+1

P H  =  = o  (A.90)

P H  =  i f  = °  (A.91)

l « 4  =  sjrfr = °  (A.92)
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Momentum equation

1 1
M ] y  =  =  £  • DUDETA • PHI • DETADN -  ^ • CR • U (A .93)

1 1
[ M i  =  "aTf =  J  ' DUDETA • PHI • DETADN -  -  • CR • U (A .94)

M i  =  = 0  (A .95)

M y  =  |  -C3 - A M I -  |  - 63 -PHI -DETADN2 (A.96)

r<T"> 1 9M,- ^ i+ l j  . 1  - 1
M i  =  flSf =  +  j  ' c2 ' AM 1 +  -  • DUDETA • DETADS

-  |  • AM2 • CR +  ^  • b2 • U-+1 w • PHI • DETADN2 (A.97) 

M i  =  =  +  ^  ' ci ' A M l v ’+ij+i • PHI • DETADN2 (A.98)

M >  =  =  0 (A .99)

[F>23]j =  =  o (A . 100)

W j  =  =  0 (A .101)

M i  =  =  0 (A . 102)

M i  =  ^  = 0  (A .103)

= 0 (A . 104)
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k-equation

aje 1
[£ 3l]> =  =  2 ' DKDETA • PHI • DETADN (A.105)

=  I  • DKDETA • PHI • DETADN (A.106)2

M i  = £ % = < >  (A.107)

=  9 ^ 7  =  +  PHI • NUT • C 3  • DETADN • (  DUDETA • DETADN +
PHI >

(A .108)

1 1
[£>32], =  DKDXI +  ^  • DKDETA • DETADS -  PHI • NUT

I  . CR /  CR • U \
C 2  • DETADN +   • DUDETA • DETADN + ----------  )

v PHI ' ' PHI 1

(A .109)

r? / i 3/C,' /  CR. * U \
[M32]_, =  9 ^ 7  =  -  PHI • NUT • Ci • DETADN • DUDETA • DETADN +  ■ J

(A .110)

SK. 1 1
[£ 33L =  ajtjfr = _  2 ' C3 ' A K 1 _ 9 • 63 - r j t . + i j _£ -PH I-D E T A D N 2 ( A . I l l )

P s s ] , =  = 2 ^  +  5 , p 2 ' A K l  +  ^ - & 2 - r * i+1«,- PHI -DETADN2 ( A .112)

W ,  =  ^ 7  =  +  \  • Cl • A K l -  ]- ■ bi • I Y +1>+1 • PHI • DETADN2 (A .113)

[£34]., — 977^7 — 0 (A .114)

P H  =  (A .115)

W j  ~  S 7 = 0  (A .116)cj+i
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e-equation

[£«]> =  S ^ 7  =  £ •  DEDETA • PHI • DETADN (A.117)

[ M i  =  !§■ =  \  • DEDETA • PHI • DETADN (A.118)

M ,  =  ^ 7  = 0  (A.119)

M l  =  ^ f r  =  +  P H I - C E l  NUT • C3 • DUDETA • DETADN2 (A.120)

8£ 1 1 
[D u], -  =  r  • DEDXI +  -  • DEDETA • DETADS

 ̂ J
E o

-  PHI • C E l --------NUT ■ C2 • DUDETA • DETADN (A .121)
K

A /•
[W42],- =  a7~j7 = - PHI ■ C El NUT • Cl • DUDETA • DETADN2 ( A .122)

W ,  =  Hfc- = 0  (A.123)

[®«]j =  S j  =  ^ ■ PHI - ( C E l ■ PRODE -  CE2 * E ) ■ ~  (A.124)

W i  =  w t  = °  (A .125)

M i  =  97^7 =  -  ^  • C3 • A E l  -  ^  • 63 • IY +j ^  • PHI • DETADN2 (A. 126)

M i  =  M f =  |  • c2 • A E l  + |  • b2 ■ T(i+lw ■ PHI • DETADN2

1 _ PRODE _ E
- - • P H I - C E l  h PHI • CE2 • — (A .127)

2 K K

M l  =  a7^7 =  + ^ • c i - A E l - i - 6 1 - r £.+ i j + i - PHI - DETADN2 (A.128)

R ep ro d u ced  with p erm issio n  o f  th e  cop yrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



A  - Finite-Difference 181

N o tes . In the Standard k-e model PRODE =  PRODK (given by Equation A.58). 
Consequently, [£42];, [£’42]̂  and [2/42], become:

[ £ 42 ] ,  =  +  PHI • C E l ------NUT • C 3  ■ DETADN • ( DUDETA • DETADN + ------ —  )
3 K  V PHI '

(A .129)

r__ , 1  1 E
£ * 4 2  , =  X • DEDXI +  -  • DEDETA • DETADS -  PHI • C E l  NUT •

3 2 2 K
/  CR \  /  CR • U \

C2 • DETADN +  ~  J ' (  DUDETA • DETADN +  ■■■—  J (A. 130)

[ ^ 42], =  ~  PHI • C E l  NUT • Ci • DETADN • ( DUDETA • DETADN +  )
J K V PHI '

(A .131)

*  ★ *
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P re lim in a ry . Dimensionless variables in the inner layer (Kays, 1966) are formed 
using the friction velocity ur =  \Jrw/p  as the proper velocity scale (where rw is the 
shear stress at the surface):

u+ =
u

n + =
Ur n

r+  =
r

UT V Tw

v+ =
V

v t  = n (—u V )+ =
—u'v

o
7

UT V UT

k + =
k

U2 n  = I*
V

P + =
P i > 
u%

e+ =
eu
u\ " +

 

II r \
V

II 1 dp 
p ds

(B .l)

Under the assumption tha t u+, k+ and e+ are functions of n + only, the conti­
nuity, momentum, k- and e- equations (§ 2.1 -  Equations 2.3, 2.4, 2.10 and 2.11) 
become:

<£i>+ =  u* — "d u+n+ (B.2)

d u+2 +  ( v% -  <f>v+ R i) ^  =  -p +  +  <j> - ^ - (  (j>2T+ ) (B.3)

+  .  ^ _ W ^ )  +  ^ _ e+) ,b .4)

(B.5)

where d =  V
u* ds

Further, with u+ =  0 (no blowing/suction), (f> — 1 and Ri =  0 (exact for flat 

surfaces, and a reasonable approximation in the inner layer for curved surfaces), and 
neglecting the streamwise convection (the first term  in the last three equations),
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one obtains:

t  = l + p j n + (B.6)

d dk+
(B.7)dn+ dn+

(B.S)

T h e  L og-reg ion . In the log-region, where the inner and outer layers merge, 
i/( >■ i/, consequently Equation 2.6 (§ 2.1) becomes

r + »  ( - u V ) + (B.9)

and from Equation B.6 it follows that

(-S V )+  =  1 +  p+n+ (B.10)

Bradshaw (1967) pointed out that (—u 'v ')/k  =  y fc l ,  independently of the pressure 
gradient, therefore Equation B.10 yields

This relation is one of the inner boundary conditions of the computational domain 
(Equations 2.51 and 2.55).

Further, Equations 2.14 and 2.8 can be combined to give

. (—uV)"*"2
p + = *— y —  (B.i2)

Vt
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In the log-region, i/t+ =  ku+, and Equation B.12 becomes

p +  = ( ± ± j £ r £ l
KXl+  ( B .1 3 )

Now, substituting T* =  u f  l c k and Equation B .ll into Equation B.7, one ob­
tains

e+ =  P +  +  — H— P +  ( B .14)
O k s fC * 9

or

B ut the last term in Equation B.15 is much smaller than 1, so that one may use 
e+ «  JP+ . This relation is another one of the inner boundary conditions of the 
computational domain (Equations 2.52 and 2.56).

Finally, from Equation B.8, with r+  =  v? / cr£, and the previous results, it follows 
tha t

C - C  —  K2 +  rB 16x

which is the relationship used to guide the modeling of the adverse pressure gradient 
cases.

★ ★ ★
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C .l BLK TRI

P re lim in a ry . BLKTRI is the  algorithm used to solve the matricial Equation 2.47 
(§ 2.4) — J  • AV =  —Q  —  taking advantage of the block-tridiagonal structure of 
J .  As explained in A.3, the lower, main and upper diagonal blocks of J  are stored 
in three 4 x 4 x n b  block-vectors, namely, L, D and U; where nb is the Number of 
Blocks, (from § 2.3, nb = JV — 2). The right-hand-side of the equation is stored 
in R, and the solution in X — both are 4xnb vector-vectors. The system can be 
represented as follows:

f D2 U2 

L 3 D 3  U 3  

L4 D4

\

A lg o rith m . The first step is the forward elimination of the lower diagonal:

do j = 2 , ( N -2  )

Rj = Dj-1 * Rj
Uj = D r1 * U,

fy+i s Rj+i " Lj+i * Rj (C.2)
Dj+i = ^j+i ” Lj+i * Uj

end do

R * - l  = * R v -1

This step transform the system C.l into the system C.3, shown below (where I 
is the unit matrix):

\ (  X2 ^ /  R2 \
X3 r 3

u4 X4 = R4

L/V- 2  D;v- 2  U7V- 2 Xat-2 Rn -2

(C .l)
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( I  U'
I v 3

I U'

\
Utv-2

I )

( x 2 \ (  R'2 ^
X3 R3
x 4 — R4

X.W-2 RJv-2
'X jv-i /  ̂R /v - i j

(C.3)

The second step is the backward substitution tha t yields the solution of the 
system:

X n - i = R n -i 

do j = ( N -2  ) , 2 , -1 

Xj = Rj -  Uj * Xj+1

end do

(C.4)

N o tes . All previous operations are matricial or vectorial. The multiplication of 
R and U by the inverse of D is actually implemented through a Gauss elimination 
on D, which is done at once for both R and U.

- §
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C.2 SUBLAYER

P re lim in a ry . SUBLAYER is an alternative to the use of wall-functions. It computes 
the velocity profile in the inner layer using a  mixing-length correlation presented 
by Kays et al (1975). Again, we make use of the wall-variables (Equation B .l) and 
arrive at

(C.5)

A lg o rith m . Equation 2.6 is rewritten as

=  ( i + ^ )
du+
dn+

with

du+
dn+

(C.6)

(C.7)

leading to

du+ 2 t+
—   --------  (C.8)
dn+  l  +  v/ l + 4 £ + 2 |r+ |

where r + is given by Equation C.5. Equation C.8 is a non-linear first order ODE 

for u+ , and may be integrated with the aid of a 4-th order Runge-Kutta algorithm 
(Ferziger 1981).

The Prandtl mixing-length modified by the Van Driest damping function is 
employed in the above equation:

t  =  «n+ (1 -  e~n*/A* ) (C.9)
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where, k  =  .41 (Von Karman) and A + is a  function of and (Figure C .l) given 
below:

A + = ----------?------   ?----- r- (C.10)
1 +  ai h 4  +  a2 Pa

1 +  a3 v+

a l w+w
7.1 > 0
9.0 < 0

a 2 a 3 P$
2.90 0 > 0
4.25 10. < 0

Some results are shown in Figure C.2. The log-law (Equation 3.2) is obtained as 
n+ =  50 is approached (ln(50) =  3.91). Other eddy-viscosity correlations could be 
implemented (W hite 1974). As pointed out in § 5.2, SUBLAYER could be extended 
to compute the k+ and e+ profiles in the inner layer.
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A+ =  f (  P g +  , Vw+ )
Koy» *  M sTfot

5 0

* 0  -

SU CT

- 0  01
3 0  -

0  0 32 0  -

BLOW

ADV. PG

■10 -8 - 6 - 2 0 2 6 84- 4

P g +  ( 1 0 ' —3 )

Figure C .l -  Inner layer param eter A +.
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30

38  '

34 -

22 -
20 -

lN(n *  ) /  b *  c

t i< n  +  )  /  fc +  C

10 -

9 72-3 1

ln (n + )

Figure C.S.a -  SUBLAYER results: W ieghardt 1401, 1404, 1416 (upward); 
+  data, □ computed, — log-law.

R ep ro d u ced  with p erm issio n  o f  th e  cop yrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



C - Algorithms 1 93

30
26 -
26 -

24 -
22  -

20  -

16 -

l*r(n«4. )  /  h ♦  C

—3

L N (n*  ) /  b *> c

10  -

6 -

—3 a 5 71

ln (n + )

Figure C.2.b -  SUBLAYER results: Ludwieg-Tillmann 1301, 1304, 1307
(upward); +  data, □ computed, — log-law.
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30

W ( n +  ) /  k C

-3

*4

LN(r  +  ) / » * C

10 -

s 7 f31-1

ln (n + )

Figurt C.2.c -  SUBLAYER results: Ludwieg-Tillmann 1101, 1103, 1106
(upward); +  data, □ computed, — log-law.
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30
2e -

23 -
20  -

10  -

u<n ♦ ) /  » + c

LN(n+ ) /  * + c

iN(n+ ) /  fc ♦ c

no -

5-3 7 t-1 1

ln(r?+ )

Figure C.S.d -  SUBLAYER results: Ludwieg-Tillmann 1201, 1203, 1206 
(upward); -f data, □ computed, — log-law.
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