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AN ENTROPY BASED APPROACH TO NONLINEAR STABILITY

Marshal L. Merriam, Ph.D.
Stanford University, 1988

Many numerical methods used in Computational Fluid Dynamics (CFD) in-
corporate an artificial dissipation term to supress spurious oscillations and control
non-linear instabilities. The same effect can be accomplished by using upwind tech-
niques, sometimes augmented with limiters to form Total Variation Diminishing
(TVD) schemes. An analysis based on numerical satisfaction of the second law of
thermodynamics allows many such methods to be compared and improved upon.
For example, certain TVD schemes tend to “square” a smooth pulse. These can be

detected a priori by their negative entropy production rates.

A non-.inear stability proof is given for discrete scalar equations arising from a
conservation law. Solutions to such equations are bounded in the L; norm if the
second law of thermodynamics is satisfied in a global sense over a periodic domain.
It is conjectured that an analogous statement is true for discrete equations arising

from systems of conservation laws.

Stability in the L; norm is not sufficient to exclude expansion shocks, oscil-
lations, and other unphysical phenomena. Numerical experiments suggest that a
more restrictive condition, a positive entropy production rate in each cell, is both

necessary and sufficient to exclude such phenomena.

Construction of schemes which satisfy this condition is demonstrated for linear
and non-linear wave equations and for the one dimensional Euler equations. For the
linear wave equation all schemes which satisfy a cell entropy inequality are formally

TVD. The converse is not true. The scheme for the Euler equations makes use of
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a remarkable identity to avoid the usual frozen coefficient approximation. Results

are shown.

Since this form of dissipation is based on classical thermodynamics, it extends
naturally to all types of fluid dynamics problems. In particular, artificial dissipation
requirements for the Navier-Stokes equations, compressible and incompressible, may

be quantitatively assessed.

Most existing forms of dissipation (including those mentioned above), treat prob-
lems in two and three dimensions as a sequence of one dimensional operators. The
present work does not require this approximation, and therefore extends more nat-
urally to unstructured meshes. It holds promise for use with multigrid and grid

refinement methods.
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Chapter 1. Introduction

1.1 — The Importance Of Nonlinear Stability

For some time now it has been possible to obtain numerical solutions to physical
problems described by systems of conservation laws. Among these problems is heat
conduction, e.g., the determination of temperature distribution in a solid heated at
a boundary. Existing numerical solution techniques for this problem are satisfactory
in every respect. That is: they are fast, accurate, and robust. The same can not be
said of numerical solution techniques for preblems in compressible fluid mechanics
that are governed by the Navier-Stokes equations. While good comparison with

experiment can sometimes be obtained, good error estimates usually can not be.

Recent advances in Computational Fluid Dynamics (CFD) have made it possible
to obtain reasonable solutions to the Navier-Stokes equations. Such solutions are
generally sensitive to the details of the computational grid, to the time step, to the
turbulence model, to the boundary conditions, and to the details of the artificial
dissipation used. All of these are adjusted in practice to improve the agreement
between the numerical solution and a corresponding experimental measurement or
analytical result. The large number of adjustments and the lack of a good error

measure make it hard to use CFD in cases where there are no experiments.

Navier-Stokes solvers tend to lack robustness. The more complicated the solver,
the trickier it becomes to keep the computation stable and accurate. The usual
scapegoats, cited with about equal frequency, are the grid, the time step, the tur-
bulence model, the boundary conditions, and the artificial dissipation. In other
words, selection of the proper adjustable parameters is critical. In the absence of
theoretical guidance, a trial and error procedure is generally required to get a good

answer.
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Finally, there are questions of generality. There is considerable current interest
in Navier-Stokes solutions involving chemically reacting flows about complex ge-
ometries. Algorithms which rely on a characteristic diagonalization are unsuitable
when the characteristics are not known, real, or computable, as will surely be the
case for chemically reacting flows. Similarly, algorithms which rely on dimensional

splitting are difficult to apply to the unstructured grids being used to model complex

geometries.

Numerical methods require speed, accuracy, and robustness to be useful. Faster
computers improve the effective speed of a given method. Larger memories allow
more grid points, thereby improving accuracy. Robustness, on the other hand,
can not be achieved through improvements in computer hardware. The aim of
this work is to address the question of robustness. The approach explored here
provides a physical, quantitative explanation for artificial viscosity. The improved
understanding this requires provides insight to other aspects of CFD. For example,
the effects of time advance on stability are explored in Chapter 4 and a way of

judging grid quality is introduced in Chapter 10.
1.2 — Early Work In Computational Fluid Dynamics

The first attempts at numerical simulation of non-linear convection were not
completely successful. The solutions tended to develop numerical oscillations which
grew exponentially as the solutions progressed in time. Approximating spatial
derivatives proved to be especially troublesome; the most accurate formulae proved
to be the least stable. What was lacking at the time was a physical and mathemat-

ical understanding of the convection process.

Much of this confusion was alleviated by an early monograph [23] in which Peter
Lax detailed the theory of shock waves and sonic expansions. Among the ideas

presented were the need for an entropy condition to make the solution unique, and

2
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the use of artificial viscosity to enforce an entropy condition. Domain of dependence
ideas were introduced within the framework of characteristic theory. At the end
of the work are some simple numerical methods and proofs that they lead to an
accurate answer (in the limit of very fine grids). The ideas presented in Lax’s
monograph have been very important in the development of CFD. Their influence

is apparent in every major scheme in use today, and in the work presented here.

An early success was the work of Murman and Cole [30] on the transonic small
disturbance equations. The main advance in this work was the Murman-Cole switch
which used domain of dependence ideas, cell by cell, to choose between two approx-
imations for the streamwise derivatives. One stencil would be used in subsonic flow,
another in supersonic flow. Though limited to transonic or subsonic flow about slen-
der bodies with attached flow, this work represenied a tremendous advance over the
calculations that preceded it. To quote Robert MacCormack [25] “ The use of these
methods spread rapidly and airfoil sections were no longer designed experimentally

by cutting and filing.”

In the mid-seventies, the first solutions to the Navier-Stokes equations appeared.
Central to this advance was the work of Steger [41] and Pulliam [36] in their ARC2D
and ARC3D codes. In addition to the use of generalized coordinates (but not gen-
eralized topologies), these codes used implicit time advance and an artificial dissi-
pation based on fourth differences. They also used the Baldwin-Lomax turbulence
model [1], a simple, empirical model that replaced turbulence with an equivalent
eddy viscosity. Although suffering from oscillations near shocks and having very
poor convergence by today’s standards, these codes represented a revolutionary ad-

vance in the ability to calculate separated flows and model high Reynolds number

flows.

In the late seventies and early eighties, algorithms began to appear [34,39,42]

3
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which incorporated a characteristic decomposition of the inviscid fluxes. It was
noted that the flux Jacobian with respect to the conservative variables had real
eigenvalues and eigenvectors which were not too difficult to compute. This allowed
the use of domain of dependence ideas in the Euler equations. The algorithms which
resulted had no need for artificial dissipation of the type used in ARC2D as they
were naturally dissipative. This feature removed the need to choose the coefficient
for artificial dissipation. It also removed any control over it. In spite of the major
increase in physical understanding included in these algorithms, they continued to

exhibit minor numerical oscillations which had no physical basis.

To get rid of these annoying oscillations, researchers attacked them head on,
producing schemes which, at least for scalar equations in one dimension, were guar-
anteed not to have any wiggles. The first scheme of this type, Flux Corrected
Transport [5] demonstrated the concept. Later the concept of Total Variation
Diminishing (TVD) schemes was formalized by Harten [15] and implemented for
gasdynamics. Although Lax referred to proofs [11,32] that the desired physical so-
lution has the TVD property, it does not follow that all TVD schemes converge to
a physical solution. Indeed, schemes have been introduced [30] which satisfy the
TVD condition and yet support unphysical expansion shocks. In the rush to kill off
those annoying wiggles, some researchers have ignored the entropy inequality that

is fundamental to getting a correct solution.

In this decade, some research has been done on schemes which satisfy an entropy
inequality. Some of this work, done by Osher [33] and Tadmor [44], will be explored
in later chapters. It concerns a numerical approximation to the entropy inequality
on a cell by cell basis. From a different perspective, Hughes, Franca and Mallet [19]
have concentrated on a finite element method which guarantees global satisfaction
of the second law of thermodynamics in the steady state. The local oscillations

which still occur offer evidence of local violations of the second law, even though

4



it is globally satisfied. The thrust of the work presented here will be to satisfy the

second law of thermodynamics on a cell by cell basis.

1.3 — Thesis Organization And Summary Of Results

The goal of this research is to analyze the requirements for nen-linear stability
and produce an algorithm to show that these can be met. Chapter 2 establishes
notation and shows some important properties of PDE’s which come from conserva-
tion laws. These properties are exploited to show that solutions of scalar hyperbolic
equations in multidimensions are bounded for all time. For systems of equations,
analysis shows only that the total entropy in the domain is bounded; the question

of bounds on the solution remains open.

In Chapter 3 the non-linear stability property of the PDE is extended to the
semi-discrete difference equations. The semi-discrete analog of the second law is
derived. Chapter 3 goes on to discuss, in general terms, how to construct space
differencing schemes which satisfy a cell entropy inequality. Such schemes can be

constructed with at least second order accuracy.

In Chapter 4 the non-linear stability property of the PDE is extended to the
fully-discrete difference equations. It is shown that satisfying a semi-discrete cell
entropy inequality is sufficient to satisfy a fully discrete one; provided that implicit
Euler time advance is used. A modified Crank-Nicolson time advance for scalar

equations also has this property.

In Chapters 5 through 7, examples are given for problems that increase in com-
plexity up to the quasi-one dimensional Euler equations. These examples show how
the ideas given in Chapters 2, 3, and 4 can be applied in practice. Chapters 8 and

9 show how these new ideas relate to existing schemes.

In Chapter 10 a good deal of future work is outlined. A scheme is not very useful

5
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if it has limited applicability. On the other hand, it is not worthwhile to extend
an impractical scheme; better to clean up the simple case first. For this reason,
Chapter 10 is limited to describing in some detail how these extensions might be
made and discussing the implications of these ideas on several of the major problems
that still confront us in CFD. The author feels that these ideas constitute a powerful
new tool, making possible a whole new approach to these problems. Some obvious

approaches will be outlined. Finally, Chapter 11 provides a summary.
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Chapter 2. Stability And The Second Law

2.1 — A Physical Description Of Entropy

The Euler equations for gas dynamics in one dimension have a well defined
conservation form and do not allow heat transfer. They also have no viscous terms.

In one dimension the Euler equations can be written

9+ .f,z =0 (2.1.1)
where
P pu
g=|pu| and f=]|pu?+p (2.1.2)
e (e + p)u

The quantities p and u represent the local mass density and the local velocity
respectively. The quantity e represents the total energy density. The total energy

can be expressed as the sum of the thermal and kinetic energies of the gas.

e = peyT + %pu2 (2.1.3)

The variable T represents the local temperature and cy represents the heat capacity
at constant volume. For a thermally and calorically perfect gas, p = pRT. This
equation of state, and the relations v = %g and R = cp — cy, allow derivation of an

expression for pressure.

p=(y—1)(e— %puz) (2.1.4)

Equations (2.1.1) are formally correct only as long as the derivatives are defined.

The corresponding integral equations are more lenient. These are

7



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

t+At
/ q[t + At]dv —/ q[t] dv +/ f-ndAdr=0 (2.1.5)
\4 \ 4 t v

where n represents the outward facing unit normal to the surface 9V (in one dimen-
sion the surface integral reduces to a difference). To derive (2.1.1) from (2.1.5), the
divergence theorem is used to convert the surface integrals into volume integrals.
The limit is then taken as the space time control volume becomes infinitesimally
small. At this limit, the integrand must vanish if the integral vanishes. Such a step
is valid only in the absence of a discontinuity. Because of this caveat, the use of

(2.1.1) is prone to difficulties when applied to flows with discontinuities.

Equation (2.1.5) represents three separate conservation laws, one for each com-
ponent of g. The first equation corresponds to conservation of mass, the second
corresponds to conservation of momentum, and the third equation is a statement

of the first law of thermodynamics.

/;,e[t + At]dv — ‘/;, e[t]dv + /:erj{w (e+p)u-ndAdr =0 (2.1.6)

The conserved quantity in (2.1.6) is the total energy, the sum of the internal
energy density (pcyT) and the kinetic energy density (1pu?) integrated over any
control volume. These two energy forms are not (and should not be) individually

conserved; the first law allows arbitrary transfers of energy between them.

A fluid which is solely governed by the conservation laws in (2.1.5) can display
very unusual behavior. For example, it can transfer all of its internal energy to
kinetic energy. The result is a very fast, very cold jet of air. This Carnot air
conditioner is allowed under conservation of mass, momentum and energy, yet is

never observed in practice. To explain this discrepancy requires introducing the

8
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second law of thermodynamics. Under the second law, certain transfers between

internal energy and kinetic energy are not possible.

Three independent variables are required to describe the fluid of (2.1.5). A
fundamental result of thermodynamics suggests that such a gas has two reversible
work modes [37]. These are known for the one dimensional Euler equations. If
work is expended to increase fluid kinetic energy at constant pressure and temper-
ature, it can be completely recovered by decelerating the flow. This is called an
isentropic acceleration and deceleration. If work is expended to compress the fluid
isentropically at constant velocity (raising its temperature in the process), it can
be completely recovered in a subsequent expansion (which lowers the temperature).
Through these processes, the kinetic energy and internal energy (temperature) can
be independently and reversibly varied. Other reversible state changes are a com-
bination of these two processes. For example the work required for an isentropic
compression can be provided by an isentropic deceleration. Similarly, the work

required for an isentropic acceleration can be provided by an isentropic expansion.

In addition to reversible state changes, there are irreversible ones. For example
heat transfer across a finite temperature difference is irreversible as is viscous mo-
mentum transfer. Although not explicitly included in (2.1.5), these mechanisms are
significant within the profile of shocks, the main source of irreversibility in the Euler
equations. The word irreversible implies that certain state changes (like transferring
heat against a temperature gradient) are not possible; they are never observed in
the laboratory on macroscopic scales. The Carnot air-conditioner described above

requires the use of state changes that are impossible in this sense.

The second law of thermodynamics provides a way of discriminating between
the possible state changes and the impossible. It can be written in a form similar

to (2.1.5)



t+At ] t4+At
/ /P.dvdrs/S[t+At]dv—/S[t]dv+/ F-ndddr >0
t v v \ 4 t 8v
(2.1.7)

In this equation P, represents the rate of production of entropy per unit volume,
S is the entropy per unit volume, and F is the entropy flux per unit area. For
reversible processes, P, = 0. For irreversible processes P, > 0. Processes for which

f’, < 0 are never observed.

The quantities S and F depend on the fluid being studied and on the idealiza-
tions being applied. For the Euler equations in the absence of heat transfer, these

are

S = ps (2.1.8)
F = pus (2.1.9)
where s is the non-dimensional specific entropy.

From Reynolds [38], comes the expression for the entropy difference between an

arbitrary state, ¢' and a reference state g, for a perfect gas.

' '
2 7% =g (—1’—/2"—) (2.1.10)

cy (p'/po)
Equation (2.1.10) suggests non-dimensional forms for entropy, density and pressure.

Using these gives

s =log (ﬂ) (2.1.11)

p"l
which is used throughout this work. The second law (2.1.7) is not limited to the

Euler equations or to an ideal gas. It applies to all of continuum mechanics.

10
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2.2 — A Mathematical Description Of Entropy

In addition to the physical view of entropy given above, there is a well developed
mathematical theory of entropy (due to Lax [22] and Krushkov [21]) given in the
monograph previously mentioned [23]. This theory, now well known, holds that any

entropy pair (S,F) must have two properties.

Syqq <0 (2:2.1)

Fyq = S;qf:q (2.2.2)

where S is the the entropy per unit volume and F is the entropy flux.

The quantities which appear in (2.2.1) and (2.2.2) are defined as follows

[ 9%S 8*s ) %S [ 0fi Ofi 0f1
0¢10q1 091 0¢; 0q10¢» 8q1 Ogo 0qn
S ) 0%S 0f 8f2  0f2

Sq = | 02001 89:00; = 89:0¢n | and f,= | O Oa dg..

%S &S S Ofn Ofn  Ofa
| 3¢,0q1  0¢,.0q; . 0¢n 04y | L 0q1  Og; 0gx |
(2.2.3)
as as a8 oF oF oF
S = | — P ... _— = | — - . _
’q aql N aqz , , 6qn } and F,q [ aql ) aqz 3 ? aqn
(2.2.4)

The convexity condition (2.2.1) forces irreversible processes to run iu ihe correct
direction and produce entropy. A consequence of the compatability condition (2.2.2)
is that reversible processes do not produce entropy. The following two examples

illustrate these effects for the Euler equations.

11
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It is well known that if a quantity of fluid is placed in an isolated box, the
equilibrium condition will be the one for which entropy is a maximum. This occurs
when all of the fluid is at the same state. This state, g, is simply the constant state

with the correct total mass, momentum and energy for the box.

1
= VAqdv (2.2.5)

It is the nature of isolated boxes that there is no flux through their boundaries. This,
combined with the conservation law (2.1.5), is sufficient to guarantee that g doesn’t
change with time. The state transition from ¢(x) to g is physically irreversible so
the entropy contained within the volume should increase. This property follows
mathematically if the convexity condition is met, as can be shown by using Taylor’s

theorem with remainder as follows.

G C 1 E1) -
§=5+84a-9+5(a-0 S5~ (2:2.6)

Here the quantity g is used to define § = S(g) and S,y = S,4(g). The term S,
is evaluated at some unspecified state, ¢**, which makes (2.2.6) an equality. The

existence of such a state is guaranteed by the intermediate value theorem.

Both sides of (2.2.6) can be integrated over a control volume (which encloses the

box) to give

~ _ 1
/S’dv:/ de—{-S,q/ (q—q)dv—l—E/ (q—@)TS,;;(q—ﬁ)dv (2.2.7)
v v v v

The second term on the right hand side vanishes by the definition of g.

12
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/ Sdv = / Sdv+ / (a—-D)TS3(a-7) dv (2.2.8)
Vv \ 4 \4

The integrand of the last term is a proper quadratic form since S,;; is a negative
definite matrix. This implies that the last term is non-positive. In this way, con-
vexity is used to show that the maximum entropy occurs when the equality holds,

i.e., when ¢ = g over the entire cell.

The compatability condition (2.2.2) addresses reversible processes. The Euler
equations (2.1.5) do not contain terms for heat transfer, viscosity or any other
dissipation mechanism. As long as the solution is smooth, the flow processes are
reversible and no entropy production should occur. Such a statement follows math-
ematically if the compatability condition is met. This is shown by first multiplying

(2.1.1) on the left by S,q.

S9qq,t + S,qf,:: =0 (2.‘}’..9)

In smooth regions (where the derivatives are finite) the chain rule can be applied

as follows

S’}t + Syqf,qq,z =0 (2.2.10)

At this point we assume that (2.2.2) holds and make the substitution.

S+ Fpgg,2=0 (2.2.11)

Using the chain rule one more time leads to

13
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Sy +Fp =0 (2.2.12)

which is the differential statement of conservation of entropy. This shows that if
(2.2.2) holds and if the solution is smooth, then entropy will be conserved and
P, = 0. Such a statement is known to be true for the Euler equations[45], in which

entropy production is non-zero only at discontinuities.

The definitions of § and F are not always unique. For example Harten [14]
showed a family of entropy pairs for the Euler equations. Furthermore, (again from
Lax [23]) if ¢ contains more than two independent variables, (2.2.2) represents a
system of partial differential equations that is overdetermined and may have no
solution. Fortunately, for the specific case of the Navier-Stokes equations in three

dimensions, Mallet [26] showed that S and F exist and are essentially unique.

2.3 — A Relationship Between Mathematical And Physical Entropy

At this point, a question arises: Does the mathematical entropy described in
Section 2.2 correspond to the physical entropy described in Section 2.17 At least for
some important cases, the answer is yes. For the one-dimensional Euler equations,

q and f are defined as in (2.1.2)

P pu
qg=|pu f = puz +p (231)
e (e +p)u

As mentioned in Section 2.1, the entropy pair (S, F') suggested by thermodynamics

is

S = ps (2.3.2)

14
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F = pus (2.3.3)

where

s = log (—”—) (2.3.4)

p‘Y
Given these definitions for ¢, f, S and F, it is possible to check the physical
entropy and entropy flux against the mathematical constraints (2.2.1) and (2.2.2).
The first check is whether S,y < 0. The derivatives are easily carried out using the
symbolic algebra program MACSYMA; the matrix is

u“ 2 3
(v=1\? Ea (-17% — e
Spq = — ( = ) s e (2.3.5)

pud—e —pu p

The determinant of 5,4, is also easily computed by MACSYMA and is
—~1)4
|Ssqql = Rtk = ) (2.3.6)

which indicates that §,,, is non-singular, at least for p > 0. Furthermore there

exists, for the Euler equations, a matrix Y-? such that

Sg = (Y )T(¥") (23.7)

This implies that S,,, is negative semi-definite. Since (2.3.6) rules out the singular
case, S,qq is, in fact, negative definite, demonstrating that (2.2.1) is satisfied when

S is given by (2.3.2).

The matrices Y and Y-? are given below. For convenience, the speed of sound

c= ZE'P-' has been introduced.

15
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B B2 B2
Y = | Biu Ba2(u - c) Ba(u + ¢) (2.3.8)

Biw’ B(% —uc+ (,,CT’lj) Ba(% +uc+ (?,c_%j)
2¢?—(y—1)u? 2(y-Du  =2(y-1)

yi= (L et 4 ue - (2.3.9)
202 262 B2 Ba Ba e
(-1)¥?  uc  —(y=1utec (r-1)

28

2 Ba Ba
=[P =,/ 3.
ﬁl—\/;, B2 1/27(7_1) (2.3.10)

Identity (2.3.7) has been verified by construction using MACSYMA. This identity

is a new result. It is discussed further in Chapter 7.

The second requirement on the mathematical entropy is the existence of an

entropy flux F such that

Fpy = S,fn (2.3.11)

Such an entropy flux is given by (2.3.3). This is easily verified with MACSYMA.

For reference the individual terms are given here.

_ | (=1)pu? (v—1)pu? (v—-1)pu
F, = [ Y 2pp —yu, -4 pp , ! P ] (2.3.12)
Suy=[s—(y+1)+zte, L=l Lol ] (2.3.13)
0 . 1 0
frg = =3’ —(y-3u  (y-1) (2.3.14)

2
(r-Dpd- 2 X iyl g

Since satisfaction of both requirements has been verified, (2.3.2) and {2.3.3)
define a valid entropy pair for the Euler equations in the mathematical sense. It is
well known that this entropy pair also describes the physical entropy density and

entropy flux [26].

16
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This example, and those of the previous section provide indications that the
mathematical and physical entropy statements are compatible; if one is true then
the other is true. Such a conclusion is not new; these examples are included for the

benefit of readers unfamiliar with this somewhat esoteric sub ject.

2.4 — The Sign Convention For Entropy

When entropy was first explored from a physical point of view by Carnot and
others, the entropy statement was viewed almost theologically. The entropy of the
universe is increasing; everything goes towards chaos. Given this point of view it
seems natural that entropy production should be a positive quantity. For scalar
conservation laws with a single dependent variable u, § = —u2. The second law

requires that this increase with time for any closed system.

By contrast, the first mathematical treatments of conservation laws were con-
cerned with bounds on the solution. The natural statement of such bounds for
scalar conservation laws is that u? is conserved or decreases with time. This seemed
more natural than an equivalent statement about —u%. When the concept of en-
tropy was later introduced, consistency of notation demanded that entropy should
decrease with time. As a consequence, many papers on the subject consider math-
ematical entropy to be a decreasing quantity, positive entropy production rates to

be impossible and S,¢q to be positive definite.

This difference in sign convention is pointed out to help the interested reader
avoid confusion when reviewing the literature on this subject. There is no substan-
tive difference between the two points of view. As a purely arbitrary choice, this

work adheres to the physical convention.

17
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2.5 — Non-Linear Stability

Non-linear stability is the holy grail of numerical analysis. Always sought, oc-
casionally sighted, this goal has eluded researchers for many years. In this study, a
promising approach is examined in some detail. Some of the ideas in this approach
are due to Dutt [10] who several years ago offered a stability proof sub ject to certain
questionable assumptions which will be pointed out along the way. What follows is
a greatly simplified and shortened version of his proof, following the same general
outline. Though a complete proof still eludes us, the goal seems much closer than

it was.

The basic idea is to first show that the total entropy in the domain is bounded.
This can be done by showing that it steadily increases and that it can not increase

above a certain level. The next step is to show that if the entropy is bounded, the

solution is bounded in a certain norm.

CONJECTURE.

Over some domain which encloses volzme Q and is enclosed by a surface 000

Given:
f f-ndAd=0 (2.5.1)
M0
t
/ qt]dV — / q[0]dV + / f-ndddr =20 (2.5.2)
0 0 0 Jeon
f F.-ndAd=0 (2.5.3)
a0
t
/ S[f)dv — / S[o]av +/}{ F-ndAdr >0 (2.5.4)
Q a 0J80
and defining
18
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a =g [ aav (255)

There exists a value ¢* which can be determined from the initial conditions q[0]

such that

0<-3 [ (-9 Sada-0av < [ s@o) - S(alepav < | staiop - statohyav
(2.5.6)

Notice that —2 [ (¢ — 'q)T.S',;q(q —q)dV is a norm, since S,7, is negative defi-

nite. It is in this norm that the solution remains bounded.

REASONING:

Combining the conservation law (2.5.2) with the periodicity constraint (2.5.1)

gives the relation

/(; glf] dv = /n ql0] dV (2.5.7)

which says that the total amount of ¢ in the domain is a constant over time. Dividing

by the domain volume and applying definition (2.5.5) to both sides gives

q(t] = 0] (2.5.8)

which is to say that g is also a constant over time. This being the case, the argument

can be dropped and g[t] can be expressed simply as g.

At this point an earlier result (2.2.8) can be invoked using the entire domain as

the control volume.

19
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C 1 — L L] —_
/,, Sl av = j{, Sdv + 3 /n (@-)TS2(a—)dV 2.5.9)

As before § = S(g). Also, the quadratic term is negative at each point in the

domain so

fnS‘dvz/nS[t] dv (2.5.10)

Combining (2.5.4) with (2.5.3) implies that

/ S[t]dv > / S[0]dv (2.5.11)
11} Q

which implies that the total amount of entropy in the domain is a non-decreasing

function of time. Combining (2.5.11) with (2.5.10) gives

Sdv > [ S[t]dV > | S[0]dV (2.5.12)
fysavz [ sz [

so the total entropy in the domain is bounded for all time. Note that both bounds
can be computed from the initial conditions. Subtracting the upper bound from

each term and multiplying by —1 gives

/ (§ - S[0))dV > / (§-S[t)dv >0 (2.5.13)
Q a

In Dutt’s proof, this is an intermediate result. There is a significant difference
however in that he uses a particular value of g which does not depend solely on the
initial conditions. Rather, he limits his proof to the Navier-Stokes equations and

assumes bounds on the density and temperature for all time. This results in a less
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precise bound and, more importantly, assumes of good deal of what he is trying to

prove.

This concludes the first portion of the proof. Equation (2.5.13) guarantees a
bound on [, (§ — S[t])dV. The second portion of the proof deals with the stability

implications of this statement.

Since the first portion of the proof dealt with domain integrated quantities, a

suitable stability definition is

llg()Il < «llq(0)I] (2.5.14)

for 0 <t < T. Any norm can be used, including the L, norm. It is assumed that
the scheme integrates up to a fixed time T > t5. It would be nice if x was near

unity instead of some large value, but this is not required.

The middle term of (2.5.13) can be calculated using (2.5.9).

- = 1 —_ *r —_
[@=swav> [(E-smav=-3 [@-Ts5a-9 20 @515

Notice that —1 [ (¢ — ﬁ)TS,;;(q —g)dV is almost a suitable norm. It is always

positive, since the integrand is a proper quadratic form and S,;; is negative definite.

The problem is that ¢** is not determined. Furthermore it is different for each

control volume.

These problems can be overcome if a single ¢* exists such that

1 0 -— 1 _— » —_
-3 [a-omsne-navz -} [(-9"Sie-Dw =0 @s
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where S,. = S,54(¢°). The state ¢* must not be a function of time. Therefore it
must depend only on the initial conditions. If such a state can be found, then a

suitable norm is

1 - —
lgll? = ~3 /n (4 -2)7 Sipglq—7)dV (2.5.17)

Such a norm is bounded for all time by the relation

[@-soyavz [(G-stav=-3 [ @-2"s56@-Dav > P 20
(2.5.18)

It is not obvious how to find ¢* in general, which is why this is a conjecture and
not a theorem. Some comments are in order, however. First, (2.2.6) is exact. A

similar statement which is only approximately true is

S(g) ~ 5 = Sula ~7) + (D Sraela - 7) (2:5.19)

This comes from using a truncated Taylor series instead of Taylor’s theorem with
remainder so S,; ~ 8,44, with the approximation improving steadily as g[t] ap-
proaches §. This suggests that § might meet the requirements for ¢*. It can be

determined from the initial conditions and

1

-3 [0 5wl v 20 (2:5.20)

The remaining requirement, (2.5.16), may be true, but is not easily proved in gen-

eral.

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A second comment is that —S,27 is positive definite. The evaluation state ¢**
varies over the time and space domains of the problem. Presumably there is then
some minimum value of §,77. (This is tacitly assumed by Dutt in his proof.) The
value of ¢ at which this occurs could then be used for ¢*. Such a value of ¢* meets
the requirements of (2.5.16) but is not a function of the initial conditions. Such an a
posteriori norm has no predictive value. This is because it may assign a very small
weight to a mode which is growing exponentially while assigning larger weights to

modes which decay. While such a norm may decay for a time, it will eventually

grow without bound.

In summary then, this work differs from Dutt’s in everything but the general
outline. It removes some unnecessary assumptions and an unjustified one. It re-
places general bounds with specific ones. Most important, the analysis is more
generally applicable and easier to follow than the pioneering work of Dutt. An un-
fortunate effect of all this progress is the downgrading of the result from a proof to

a conjecture, a consequence of removing the assumption that ¢* exists in general.

Scalar Equations

There is considerable work in the literature concerning scalar PDE’s of the form

Uy + frz =0 (2.5.21)

where u is traditionally used in place of ¢ in this context. It is easy to construct a

valid entropy pair for such equations. The entropy

S(u) = —u? (2.5.22)

This certainly meets the convexity requirement since
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Sy = —2<0 (2.5.23)

Finally the compatability constraint

Fiu=Sufw (2.5.24)

can be used to define F, if f(u) is differentiable. The quantities S,, and f,, can be

constructed, multiplied, and integrated to give F(u).

The importance of this rather obvious result is that the above conjecture be-
comes a theorem for scalar equations. This follows because S,,, is a constant,

independent of the evaluation point. The result is that for scalars

/n (5 - S[O)dV > [(a- D2 > 0 (2.5.25)

In fact, using (2.5.22) and (2.5.12) gives

g7 > @Iz > lla(0)IIz (2.5.26)

Using the L; norm and « = 1, (2.5.14) holds. Thus, the second law is sufficient for
L, stability of all scalar hyperbolic PDE’s. This result holds for multidimensional

periodic domains and is probably extendable to unbounded domains as well.

Euler Equations

In the case of the Euler equations in one dimension, the conjecture has an

interesting interpretation. Recall from Section 2.3 that for these equations
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Swq = —(Y1)T(Y") (2.5.27)

If the conjecture is true, g* exists and one can construct new variables of the form

g=Yq (2.5.28)

where the matrix Y-! is always evaluated at ¢*. The average values, g, can also be

subjected to this transformation. If ¢* exists the result can be written

[ 8-siav>gia=ali >0 (25.29)

Thus, the second law is sufficient for L, stability of the one dimensional Euler

equations in the transformed variables, provided that the conjecture holds.

The author has made some effort to establish the existence of ¢* in this case. In

particular, an attempt was made to show that

Sy =S >0 (2.5.30)

which would guarantee the inequality (2.5.16). This required bounds on ¢** and
ultimately, bounds on q. Thus the attempt failed due to circular reasoning. The
conjecture that q is bounded holds only if ¢ can be shown to be bounded by some
independent means. It seems likely that (2.5.16) will have to be shown in an integral

sense and not in a pointwise sense if this conjecture is to be upgraded to a proof.

In the remainder of this work the conjecture (2.5.6) is assumed to hold. This
means that the satisfaction of a global entropy inequality implies non-linear stability.
The satisfaction of a cell-by-cell entropy inequality is certainly sufficient to satisfy

a global inequality as well.
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Chapter 3. The Semi-Discrete Case

The previous chapter discussed conditions for L2 bounds on the solution of
systems of hyperbolic conservation laws. These conditions and the equations them-
selves assume an arbitrary distribution of ¢ over the domain. Such a distribution
requires an infinite amount of information to express, a feature that is not con-
ducive to computational solution techniques. To avoid such a problem, this chapter
will derive equations which are discrete in space but continuous in time. These are
called the semi-discrete equations. Later, it will discuss a semi-discrete form of the
second law and show that the conjecture of the previous chapter is not affected by
the semi-discrete approximation. Finally, it will explore ways to construct numer-
ical schemes which satisfy the semi-discrete equations while meeting semi-discrete

constraints.

3.1 — Deriving The Semi-Discrete Equations

As a first step, assume that the domain of interest is tessellated into a finite
number of control volumes, each of which have a finite size. These can be identified
by a single index j. Furthermore the surface bounding the j** volume is denoted

oV;.

The integral equation describing such a volume is

t+At
/ q[t+At]dv—/ q[t]dv+/ f-ndAddr =90 (3.1.1)
v, . ¢ 8V;

{ Vi
Because each control volume has a finite extent, no singularities can occur in the

limit as At — 0. Proceeding to this limit and dividing by At,

i/ gdv + f-ndd=0 (3.1.2)
dt Jy; o
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The time indexes have been dropped because (3.1.2) holds at each time. At this

point, the equations can be simplified by a definition.

1 ~
g; = Vi /V qgdv =7; (3.1.3)

J

In one dimension there is a particularly simple numbering in which adjacent

cells have adjacent numbers as shown in Figure 3.1.

J* Control Volume
r A N
-— t -+ } —
X1 X1 X; ) Xiv1

Fig. 3.1 A one dimensional domain

The surface integrals in one dimension are easily computed. Let the surface
separating the jt® cell and the j + 1t cell be denoted j + %, so that OV; is composed
of the two points Tj1 and T Finally, let f = f-1, where i is the unit vector in
the = direction. This allows the surface integrals to be carried out in closed form.

For example

f fndd=fi1 —f;_1 (3.1.4)
8v;

In summary, the integral equations in one dimension reduce to

vi(gj)se + fivr —fj-1 =0 (3.1.5)

Here the comma notation has been used to indicate differentiation. Traditionally
the volume is divided out. In one dimension it seems a little silly to keep calling it

a volume so v; = Az;. This results in the semi-discrete form of (3.1.1).
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fig ~hims (3.1.6)

(gj)e + T

This equation is exact, as written. Using it requires computing f; 1 and f,_ 1.
Assuming this is possible, the result of a time integration is a collection of values
g; at some future time. Usually what is needed is g(z) instead, so some assumption

needs to be made about the distribution of g within each volume.

Consider integration of (3.1.6) over a time sufficiently small that g; is essentially
constant. Then it is important to be sure that reconstruction of g(z) from g; is
done in such a way that entropy is not destroyed. From this point of view the safest

assumption is the piecewise constant distribution of Godunov.

9(z) =q; w1 <z<=zj (3.1.7)

As shown by (2.2.6), this distribution provides the maximum entropy in each cell,

consistent with the known values of g;.

Starting with (2.1.7), a semi-discrete version of the second law can be con-

structed as well. This is

2 >0 3.1.8
A:L‘j - ( )

(P); = (8j)e +

The cell average entropy density, S;, is defined

1

j

Sj—‘_—.‘

/ S(q)dv (3.1.9)
Vi

<

Because of the assumed piecewise constant distribution of ¢,
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S; = 5(3;) = S(g5) (3.1.10)

and the chain rule is applicable. In particular

(81); = (S))i(gre); (3.1.11)

Substituting this into (3.1.8), using (3.1.6) to eliminate (g,);, and multiplying

through by Az; gives

Az;(P,); = —(Syq)i(fiss — fi—1) + (Fjpz — Fj_1) 20 (3.1.12)

This semi-discrete form of the second law has no time derivatives and can be
computed from data at a single time level. The question of computing such quan-
tities as fj+‘zl‘ and Fj+% must now be addressed. Reviewing their origin (3.1.4), it

follows that

fj+% = f(qJ'+%) (3.1.13)
Fj+% = F(qj+%) (3.1.14)

where G+ 1 is the state which exists on the boundary between cells 7 and j + 1.
In virtually all of the work which follows, gj+1 is approximated from ¢; and ¢;;.

Definitions (3.1.13) and (3.1.14) are then used to compute f;,1 and Fj, 1.

The definition of fj+% and Fj+% from a common value of Qjt152s in (3.1.13) and
(3.1.14), differs from the usual practice. Usually fj+% is formed directly from f(g;)
and f(g;+1) without ever computing Qi1 The quantity Fj+% is approximated in

some similar fashion. The author feels that the independent approximation of F} 1
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and f;, 1 does not do justice to the second law. Such an approach generates values
of F;, 1 which can be grossly inaccurate in the neighborhood of shocks, where F
is discontinuous. This can result in local anomalies such as oscillations. However,
because of the global cancellation of entropy fluxes, stability is not affected by such
errors. Support for this point of view is provided in Chapter 9, with a discussion of

Tadmor’s scheme.

It may seem that the piecewise constant assumption (3.1.7) precludes a unique
value of ¢, 1. This can be resolved by relaxing it sliglitly, in the immediate vicinity

of 1, to make g(z) continuous. The modified assumption would be

Wz) =7 zj_ite<z < Ty« (3.1.15)

where € << Az;, small enough that the integrals are not affected and the chain rule
still holds.

Because ¢(z) is continuous, any analysis valid for the integral equations is also
valid for the semi-discrete equations as well. Due to the piecewise constant as-
sumption, the domain integrals can easily be carried out cell by cell as sums. The

conjecture is repeated here in the semi-discrete form.

CONJECTURE.

Given

fovr =11 (3.1.16)
J
Z(‘Ij),t + o1 —f1 =0 (3.1.17)
i=1
30
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J
Z(Sj),t + FJ.{.% - F% >0 (3.1.19)

i=1
J
] q:Az;
3= ———-—Z’;‘ 4% (3.1.20)
j=1 AzJ
There exists a value ¢* which can be determined from q such that
J J
0< Y (g5 — ;) Suglei —=T;) < D S(2) — S(g5) (3.1.21)

=1 j=l

The terms having to do with initial conditions have been omitted here to avoid
cluttering the notation. Otherwise there is no problem with including them. The

constraint (3.1.19) can be satisfied with the cellwise condition

(P,); =0 (3.1.22)

where (P,); was defined in (3.1.12).

The major change, in going from the integral form to the semi-discrete form
of the equations, is the piecewise constant assumption (3.1.7). This means that
g(z) is constrained to be piecewise constant for all time. This does not affect the
conservation laws or the second law of thermodynamics. Stability does not seem to
be affected either, since the stability conjecture of the previous chapter continues
to hold. There is, however, one major area where this constraint plays a role. That

area is accuracy.

3.2 — Accuracy In The Fine Mesh Limit

So far, the claim has been made that schemes which are conservative and satisfy

the second law will be non-linearly stable. In spite of this desirable property, such
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schemes are not useful unless they converge to the correct solution. One scheme

which does not, is

Gt =g} (3.2.1)

This scheme conserves everything and ¢;*° = ¢;°. Unfortunately, ¢;* is generally

incorrect.

At a minimum, schemes must be consistent in the sense of Lax if they are to

converge to the correct solution. That is, if a numerical flux function, k, is defined

such that

fj+; = h(gj-1,95:9j+1,9j+2) (3.2.2)

then the consistency condition is

h(a,9,9,9) = f(q) (3.2.3)

i.e., if the solution is a constant, the computed flux should have no error. This

amounts to accuracy in the lowest order Taylor series sense.

Consider schemes of the form

fivs = f(g541) (3.2.4)
where
+1 = 45+ 1(95,95+1) (3.2.5)
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Consistency for such schemes immediately follows if

%+31(09) =49 (3.2.6)

This condition will be used in most of the work that follows.

The question of accuracy remains. Traditionally, this question has been ap-
proached from the point of view of a Taylor series. To simplify the analysis, consider

the scalar case. For example, (3.2.6) becomes

uj+%(u,u) =u (3.2.7)

This work uses interpolations of the form

1
Uiry = U+ 56501 (ujn — 1) (3.2.8)

where ¢;, 1 is an adjustable parameter; typically 0 < ¢;, 1 < 2. Interpolations

such as (3.2.8) are used to form derivative approximations such as

Az(u,z)j ~ uj+% - ‘U,j_% (32.9)

The expression for u;_1 is a simple index shift of (3.2.8). Substituting into (3.2.9)

gives

1
Az(u,z); & [uj + 5541 (U4 — Uj)]
(3.2.10)

- [“j—l + %%-;(uj - uj—:)]
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Assuming a constant Az, and expanding the terms uj+1 and zj_; about z; gives

the formula

Uj+s —¥j-1 1 ]
__J._ﬁ_Az_J__?_:(u,,)j 1+§(¢j+% —¢j—§)
Az [ 1 ]
B (a)s (1= 2(as + 653
g (ee)i |17 50053 +95-y) (3.2.12)
Az? [ 1 ]
+"_6—(un:zz)j 1+ §(¢J+% - d)j—%)
+O(A23)

At first glance, consistency appears to require that ¢j+% =¢;_ 1- By induction,
this implies a constant value of ¢. By the same line of reasoning, second order
accuracy seems to require that the second term vanish, which happens if ¢; +1+

¢J-_% = 2. Thus ¢ = 1, the symmetric case, appears to be the only choice.

Fortunately, appearances can be deceiving. Less restrictive conditions for second

order accuracy can be written

$ir1 — b;-1 = O(Lz?) (3.2.12)

1— 3 ($i4y +5-3) = O(82) (3.2.13)

This point of view allows a much broader class of second order accurate schemes to

be considered. For example, consider the choice

bip1 =7 = ———— (3.2.14)

It may be verified that
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$ipr =r1; =1- MA: + 0(Az?) (3.2.15)
: (52);

$j-1=rj-1=1- %%Az + 0(Az?) (3.2.16)

although r; # rj_;. By inspection, this scheme meets conditions (3.2.12) and
(3.2.13) and is therefore second order accurate. This may be independently con-
firmed by substitution of (3.2.14) into (3.2.10). Dividing through by Az yields the
well known approximation

i+i —%i-3 1 |3

1
As B |3 T Rmitguin

= (u,2); + O(Az?)

(3.2.17)

Conditions (3.2.12) and (3.2.13) allow some freedom in the selection of ¢, 1
and ¢;_ 1. This freedom will be exploited in succeeding chapters to produce second

order accurate schemes which satisfy the second law.

3.3 — Optimal Accuracy — Non-Linear Programming

Any time the term optimal is used, it must be carefully defined. Section 3.1
defines a cell entropy inequality (3.1.22) which is sufficient to guarantee non-linear
stability, at least for scalars. Equation (3.2.6) identifies a further constraint (consis-
tency) which is required for convergence to the correct solution. Finally, Equation
(3.2.8) provides the freedom to achieve second order accuracy in spite of these con-

straints. An optimally accurate scheme is defined here as the one which

(1) has the smallest possible entropy production rate.
(2) satisfies (3.1.22) and (3.2.6).

When ¢ is a scalar, the selection of n independent values (g;, 1 ) is sufficient

to determine a scheme. For optimal accuracy, these n unknowns must minimize a
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non-linear functional while satisfying 2n — 1 coupled, nonlinear constraints. This is
known as a nonlinear programming problem. Such problems are thought to be NP

complete which is to say, they are completely intractable for any reasonable value

of n.

Due to recent developments, the linear programming problem (linear functionals
and constraints) is no longer NP complete. Solutions for n up to 1000 are now
feasible. This is still not sufficient for our purpose in more than one dimension,

even if the non-linearity could be accommodated.

To make the problem more tractable, (while waiting for further advances in
solution of the non-linear programming problem) strict optimality can be given up

in exchange for uncoupling the constraints. The following section demonstrates how

this might be done.

3.4 — First Order Accurate Schemes

The first challenge in this non-linear optimization problem is to show that the
constraints can be met. This section will prove that they always can be, at least in

the scalar case.

One constraint is the semi-discrete cell entropy inequality. This constraint is
non-linear and is applied at each control volume. Consider here the semi-discrete

form of the second law in one dimension.

F... —F. .

Jj+ J—3

—2— - 31 >0 3.4.1
Azj - ( )

Wl

(Sj),t +

This was originally derived in Section 3.1. There it was also shown (3.1.12) that an

equivalent statement is
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_“(qu)j(fj+§ - fj—-;-) + (F:H-% - Fj-—%) >0 (3.4.2)

Equation (3.4.2) is algebraically identical to

[~(8.0) i3 = 1)+ Fpag = B)] + [-(Silh = ) + (s = F_3)] 20
(3.4.3)

The left hand side is an expression for the total rate of entropy production in
the cell, (P,);. The terms in brackets define the right and left half cell entropy
production rates, (P;"); and (P;);. The dependent variables here are Qi+ (which
defines f;, 1 and F; 1) and g;_1 (which defines f;_1 and Fj+%). As written, (P});
depends only on g¢;, 1 and (P ); depends only on -1 This suggests replacing

(3.4.3) with the more restrictive constraints

(P}); >0 and (P]); >0 (3.4.4)

Adoption of (3.4.4) allows ¢., 1 to be selected independently of ¢;_1. This decou-
jt3 173

pling of the constraints makes solution feasible.

Constraints (3.4.4) imply that gj+3 must be chosen to simultaneously satisfy

the following two inequalities

(PF);20 and (P )j4120 (3.4.5)

since (3.4.4) must be satisfied both at point j and point j + 1. Is this always
possibie? For scalars, the answer is yes. For systems, the answer is not known in

general. The argument follows.
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Begin with an initial guess for ¢, 1, 8 simple average of ¢;1; and g;. This
allows (P;); and (P, )j4+1 to be evaluated. If either of these is negative (the usual
case), then ¢, s will need to be adjusted. Say that (P,+ ); is negative. Then an
appropriate change to g; +1 is along the gradient, %%%. The differentiation is

easily carried out

8(P});
99511

= (Fra)j+1 = (50q)i(fra)is1 (3.4.6)

Using the compatibility condition (F,q = S,qf,q) this can be rewritten

%}?& = {(S’Q)J'-i--;— - (S’Q)J'}(f’q)j+% (3.4.7)
9+1

Adjusting ¢;, 1 in this direction will increase (P}); as planned but the same adjust-
ment may decrease (P;);4+1. This can be prevented if gj+1 is restricted to values

for which

(m) . (a_@;_)_) >0 (3.4.8)

0g;+ 1 09541

It is instructive to carry out the differentiation and the dot product using (3.4.7).

AW
9941 9941 (3.4.9)

= {(S’q)j+§ - (S’q)j}(f,q)ﬁ%(f)q)j+§{(s’q)j+l - (Saq)j+§}

Using Taylor’s theorem with remainder

(Ssg)irs = (510)i = (941 = 5)Sgq (3.4.10)
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(for some ¢*) which allows (3.4.9) to be written as

a Pj- y a P‘_ y . P
“‘(‘—‘)l : —(—‘)Jil‘ ='('1j+1 - qj)S1qq(f"1)j+3 (faq)j+lsrqq (qJ‘+1 - qj+l)
Bqﬁ,% an_*_% 32 3 2 2

(3.4.11)

If ¢ is a scalar quantity, then §,;, and §,;7 are negative scalars (from convexity).

Furthermore, (f,q);+ 1 is a scalar. It follows that condition (3.4.8) is satisfied for

scalar ¢, if and only if

(gj+1 — ‘1j+§)(¢1,-+% -gq;)>0 (3.4.12)

In words, this says that %1 must lie between ¢; and g;4;. Within this range,

any adjustment to g;, 1 which increases (P;t); will not decrease (P;);+1-

As long as %(qﬂii does not change sign, gj+1 can be adjusted all the way to
i+

g; at which value (P;}); = 0 by inspection. If (P; )41 is negative, gj4+1 can be

adjusted to gj+1. In either case (3.4.1) will be satisfied.

Under what conditions can %(_lﬂi_ (and g%&——)iﬂ) change sign? Substituting
95+3 9+4

3.4.12 into 3.4.9 gives

a(P;);

.d

99;41

= (gj41 — 9)509(Fra)j42 (3.4.13)

Because of convexity, S,

yqq 1S @ negative constant. Because of (3.4.12), %+1 — 95

has the same sign as ¢j+1 — g;. Only (_f,q)]-+% can change sign on the interval. If
this happens, there will be a value of gj+1 on the interval, at which (f,, )j+% = 0.
If this represents a local maximum (sonic point), both (P;}); and (P;");4; will be
positive there. If it represents a local minimum (shock), g¢;, 1 will be adjusted away

from it, to the appropriate endpoint value.
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As a kind of side effect, the consistency constraints have been satisfied. Notice
that (3.4.12) is sufficient to satisfy (3.2.6), which itself is sufficient for consistency

in the sense of Lax.

A typical first order upwind scheme might use the formula

G+1 =45 + %(1 = sign((f1g); + (Fra)i+1))(g5+1 — ¢5) (3.4.14)

everywhere. The only change proposed here is the treatment of sonic points. At

these points the formula

qj+% = qgonjc (3-4-15)

is used, where gyonic is the value at which (P}); (and (P, );4+1) reaches a maximum.

The scheme described by (3.4.14) and (3.4.15) is first order accurate in the limit
of mesh refinement. The value ¢ referred to in Section 3.2 will always be 0 or 2
(except at sonic points), independent of the value of . To achieve second order
accuracy, the scheme must be modified in such a way that ¢ — 1 as » — 1. The

next section will show how this can be done.

3.5 — Second Order Accuracy

In the previous section, an expression for the semi-discrete cell entropy inequality

was derived. This is restated

(P); = (P7); +(PH); >0 (3.5.1)

The quantities (P;"); and (P;}); were defined shortly after (3.4.3). In Section 3.4

the constraint (3.5.1) was satisfied term by term. This is not necessary.
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Begin as before by choosing, as an initial guess for g;, 1,3 simple average of g¢;
and gj4+1. When this is done, trial values of (P;); and (P;'); can be computed for
each control volume. For illustration, suppose that (P;"); = 10 and (P;t); = —9.
The first order scheme in Section 3.4 would adjust ¢, 1 until ¢;, 1 =qj in order to
assure that (P;t); > 0. The resulting entropy production for the cell, (P,);, would

then be at least 10. In fact, no adjustment is necessary. Using the trial values,

(P,); = 1 which meets (3.5.1).

On the other hand, suppose that (P;*); = —11 instead of —9. This would have
no effect on the first order scheme of the previous section. The second order scheme
would find it sufficient to adjust ¢, 1 very slightly, so that (P;f); = —10 instead of

the trial value of —11. With this change, (P,); = 0, which satisfies (3.5.1).

In both of these cases, satisfying (3.5.1) as a whole instead of term by term results
in an order of magnitude reduction of the cell entropy production rate (dissipation).
As the grid is refined, the trial values of (P;); and (P;f); come closer and closer
to satisfying (3.5.1). The needed adjustments get smaller and smaller. In the limit
as the mesh is refined, the adjustments become vanishingly small, and g; +1 =

1(gj + gj+1)- In this limit the scheme becomes second order accurate.

Finally, suppose that (P} ); = —10 and (f’,“ ); = 0. In this case, g;4+1 must be
adjusted until (P;t); = 0. In this case (which generally occurs at extrema) the large
change in g4+1 can not be avoided. The scheme reverts to first order accuracy at a
such points. Generally the number of extrema in the solution is small and does not

increase with the number of mesh points.

A convincing demonstration of second order accuracy requires a Taylor series ex-
pansion (without remainder this time) of (P,); about the point j. This immediately

leads (after dropping the constant terms) to
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(Pa)j ~(Fyq — Swf’q)(‘Ij-i-; —gj) + (Frg — S’qf,q)(qg'-% - g;)
1
+§(‘1j+% - 45)" (Fraq — Siafrea)(i+1 — 95) (3.5.2)

1
‘5(9,'—; - Qj)T(quq - Saqﬂqq)(?j-; -g;)20

where everything is evaluated at point j unless otherwise noted. The first two terms
vanish because of the compatability condition, F,; = S,;f,q. Using this relation
allows the second two terms to be simplified by expanding F,q,. The simpler form

is

(Pc)j ~ (qj+% - qi)T(S’qqfaq)(qH% —-g;)— (qj—g - qi)T(quqfw)(qJ‘—% -g;) =0
(3.5.3)

Using (3.2.8), the unknown values of gj4+1 can be replaced with unknown values

of ¢, 3 and ¢;_ 1. After multiplying by 4 this gives

(P.); ~gi+1 = 45)T (Saa fra)ins*(g541 — 04)—

(5-1 = 45)7 (Sraafra)(2 = $j-1)*(gj-1 — ¢;) 2 0

(3.5.4)

Using (3.2.11), the quantity (gj—1 — g;j) can be replaced with r;(g;j4+1 — ¢;). Col-

lecting terms (valid for scalars) gives

(Pa)j ~ (QJ'-H - qj)Zquqfaq(¢j+%2 - rj2(2 - ¢j——;-)2) >0 (3.5.5)

The initial guesses for 9i+1,95-1 correspond to ¢j+% = d’j—% = 1. As the mesh
is refined, r; — 1. As this limit is approached, the values of ¢ will require less and

less correction from the initial guess. Their final values will approach one. This is
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the condition given in Section 3.2 for second order accuracy in the limit of mesh

refinement.

In most solutions, there will be some regions where the second derivative cannot
be neglected and r will not approach 1, no matter how much the mesh is refined.
Typically these include discontinuities and, in some cases, extrema. At such places,

a Taylor series shows first order accuracy.

The second order scheme differs from the first order scheme in that (3.5.1) is
satisfied as a whole instead of term by term. Shocks and sonic points are not
affected. For the present, the scalar case can be considered complete. Chapters 5
and 6 give examples and results for some common scalar test problems. In Chapter

7, the formal extension to the Euler equations will be given.
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Chapter 4. The Effect of Time Advance Schemes
On Entropy Production Rates

In discussing the effects of a finite time step it may help to recall a similar
problem for the incompressible Navier-Stokes equations. When these were first
being solved, there was considerable difficulty with stability. Using spatial differ-
ence schemes with very high order spatial accuracy does not help. One solution
to the stability dilemma is to construct schemes which satisfy a global inequality
for kinetic energy. Except for the effect of boundary conditions, kinetic energy de-
creases steadily. Experience with incompressible Navier-Stokes solvers is instructive
because kinetic energy is almost a formal entropy for these equations. Generally,
such analysis is semi-discrete; i.e., it is done under the assumption that the time
advance is analytic. This has seemed to work fairly well, even though time advance

is generally not analytic.

Now the difference between a semi-discrete scheme (continuous in time) and
certain fully discrete schemes (discrete in time) can be formally analyzed. In par-
ticular, the entropy production rates can be bounded on a cell by cell basis for both
explicit Euler and implicit Euler time advance. For scalar equations, a modified

form of Crank-Nicolson can also be analyzed.

4.1 — The Fully-Discrete Case

In the previous chapter, the integral equations were given on a volume by volume

basis.

4

t+At
/ q[t+At]dv—/ q[t]dv+/ f-ndAddr=0 (4.1.1)
v, » e Jay

To simplify notation, time is indexed by a superscript so that
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gF =gilt] ¢t =gt +Af (4.1.2)

Using the definitions (3.1.3) and (3.1.4), (4.1.1) becomes

H'At(f'+l - f‘—l)
Gt - g + / —’—MJ’— dr =0 (4.1.3)

t

which is the fully discrete analog of (3.1.6). Like (3.1.6) it is exact. All that remains
is to integrate the fluxes over the time interval. Since the entropy flux will also have
to be integrated, a simple strategy is to assume that g;, 1 remains constant over

the entire time interval. For example, explicit Euler time advance is equivalent to

qj+%[*r] = q;.‘+% forall nAt<7<(n+1)At (4.1.4)

and implicit Euler is equivalent to

qj+%[-r] = q;‘:%l for all nAt<7<(n+1)At (4.1.5)

With the addition of definitions like

Ty = falys) (4.1.6)

the fully discrete form of the equations becomes, for explicit Euler

n n At n n
gt g +Z?j( Ty fy)=0 (4.1.7)

Using a similar derivation, the fully discrete form of the second law becomes
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At
n+1 n n n
S-S 5 iy —F2p) 20 (4.1.8)

Equations (4.1.7) and (4.1.8) will be used in the next section to show that
schemes using explicit Euler time advance have a lower (perhaps negative) entropy
production rate than the same scheme with analytic time advance. This is true,

cell-by-cell, for any positive value of At.

4.2 — Explicit Euler Time Advance

This section explores the irreversibility of explicit Euler time advance. The en-
tropy production due to time advance can be separated from the entropy production

due to space differencing. This is shown in the following theorem.

THEOREM.

Given a fully discrete scheme using explicit Euler time advance

fzt 1")“1 1

AR IR/ ACAL BB S 2.
(¢} q7) + A, 0 (4.2.1)
Then
(P.)TF < (Py); (4.2.2)
where
. g+l _gn  F7T, - F",
(P)7% =2 R A (4.2.3)
J At Az;
and
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+'i J_'
(P )J = (S’t)J AQBJ
_fr, Fr,—Fr,
= —(5,)7 Ty 1y PN ik S b 424
( 79) A:z:J A.’EJ ( )

Proor:

Even though (4.2.4) is semi-discrete, g(z) must be specified. Here, g(z) at time
level n has been selected. The quantities SJ'.H'] and ST are related through Taylor’s

theorem with remainder:

St =87 +(Se)7 (g7 —a) + 5 ( ) S - qf (4.2.5)

where n < ¢ < n + 1. Equation (4.2.5) is exact, however the value of £ is not known.

The right hand side of (4.2.5) may then be substituted for S7¥* in (4.2.3) to give

> 1 n neon 1 n n n n
(Po)fE=‘5t<(5j +(S)F (g — af) + 55 - f) TSt - g )—Sj>

+ Fj‘*‘; a FJn“‘
A.’CJ'

(4.2.6)

n+1

Furthermore Equation (4.2.1) can be used for the value of (¢7"" — ¢7'). This gives

ff"l——ff"_}_ F _Fn_—
(PJ)EE { (Sﬂ;} J+2A I3 + J+2 173
2!]' y

n+1 7}) n+l

Syso(a; ™ —a}) (4.2.7)

2At 2ni\G
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The quantity in braces can be replaced with the semi-discrete entropy production

rate through (4.2.4) to yield

. . 1, ., T . .
(P)FE = (P); + 5 (6% — a7) Sa(gf ™ — o (4.2.8)

Since S,4q is a negative definite matrix (by convexity), the second term of (4.2.8)
is a proper quadratic form and cannot be positive. Thus, the fully discrete entropy
production rate (P,)JEE must be equal to or less than the semi-discrete entropy

production (P,);.

What does this say about explicit Euler as a time advance scheme? For problems
which naturally create entropy (such as the heat equation), it may be a reasonable
scheme. Since (q;’.‘+l — q7) is roughly proportional to At, the quadratic term is first

order in time. This agrees with existing analysis that explicit Euler is first order

accurate.

Stability depends on the relative size of the (presumably positive) semi-discrete
entropy production rate, (P,)j, and the (generally negative) quadratic term. For
small enough time steps, (P,); dominates, and the fully discrete entropy production
rate is positive ((P,)fE > 0). For very large time steps the opposite occurs. Thus
the entropy approach demonstrates that explicit Euler is conditionally stable for
dissipative systems. As a steady state is approached, (q;-‘+l — g}') vanishes and

the entropy production rate is entirely determined by the space differencing, as

expected.

Convection problems are the main concern in this work. Provided that the

derivatives exist, such problems can be expressed as

gt+ fr2=0 (4.2.9)
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If ¢(z,t) is smooth enough to allow use of the chain rule, it can easily be shown

that P, = 0, analytically. This was shown in Section 2.2.

The more accurate a space differencing scheme becomes, the closer it comes to
this analytic limit. An ideal space differencing scheme, one with no error, has no
semi-discrete entropy production, except at shocks. For such a scheme, explicit
Euler is not stable for any positive time step At. The usual fix is to add artificial
spatial dissipation, which modifies the equations. The resulting solutions can be
surprisingly good for transient problems, if the spatial dissipation (an error) ap-
proximately cancels the temporal dissipation (an error of opposite sign). The first
order upwind scheme, for example, produces no error for the wave equation if At =
cAz (where c is the local wave speed). This strategy of canceling errors is difficult
in practice (for all but the simplest problems) because c is not constant in space or
time and because there may be more than one characteristic speed. Furthermore it
doesn’t work at steady state or at very small time steps because the time advance

errors vanish, while the spatial errors which they are supposed to cancel, remain.

4.3 — Implicit Euler Time Advance

This section explores the irreversibility of implicit Euler time advance. The en-
tropy production due to time advance can be separated from the entropy production
due to space differencing, just as for explicit Euler. This is shown in the following

theorem:

THEOREM.

Given some fully discrete scheme using implicit Euler time advance

n+l _ gn+l

ntl _ n it3 )73
(¢; q;) + At Az, 0 (4.3.1)
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Then

(Pl).{E 2 (Pa).‘i

where
+1 Frdl — Fril
(B,)IE = o I e A2 B
A At A:I:J'
and
n+1 _ Fn+l
DY, — +1 i+3 i-1
(Bo); = (Sn)77" + 2A=!=j 2
nt+l _ gn+l n+l _ Fn+l
/3 A:Bj A:BJ'
PRroor:

(4.3.2)

(4.3.3)

(4.3.4)

Even though (4.3.4) is semi-discrete, g(z) must be specified. Here, g(z) at time

level n +1 has been selected. The quantities S;-”’l and ST are related through

Taylor’s theorem with remainder:

5} = 5P = (5,7 NG ~ af) + (g7 - aF) Sig(df T - 6f)

(4.3.5)

where n < 7 < n+ 1. Equation (4.3.5) is exact, however the value of 7 is not

known. The right hand side of (4.3.5) may now be substituted for SJ'."*’1 in (4.3.3)

to give
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(P) (Sn+1 (S;_z+l (S,q)"'"'l( n+1 q;‘)

+ ("+l —q7)7 8,1 (g0 - q}‘)))

Fn+l Fn+l

it} i3
+ Az, (4.3.6)

Furthermore Equation (4.3.1) can be used for the value of (¢j*" — ¢7). This gives

fn+ 1 fﬂ+1 F'n.+l Fn+l

IE _ ) _ n+13t3 i—3 i+ i3
(P’)J - (S'NZ)J Azj + A:Bj
+ (gt — ) S e — ) (43.7)

The quantity in braces can be replaced with the semi-discrete entropy production

rate through (4.3.4) to yield

’ ; 1 n n n n
(PG)_{E = (PJ)J 2At (QJ + q] ) ,qq(q +1 qJ ) (4.3.8)

Since S,4q is a negative definite matrix (by convexity), the second term of 4.3.9 is
a proper quadratic form. Thus, the fully discrete entropy production rate (P, )_{E

must be equal to or greater than the semi-discrete entropy production (Ps )i-

What does this say about implicit Euler as a time advance scheme? Since
(q"+1 — g7') is roughly proportional to At, the quadratic term is first order in time.
This agrees with existing analysis that implicit Euler is first order accurate. In this

regard implicit Euler is very similar to explicit Euler.

In the area of stability, though, the two schemes are very different. Stability

depends only on constructing a space difference scheme for which (P,); > 0. It
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then follows that (P,):E > 0 also, independent of the time step. Thus the entropy
approach demonstrates that implicit Euler is unconditionally stable in a non-linear
sense for convective or dissipative systems. The catch is that this wonderful property
only follows if the scheme is carried out exactly. For most problems, this implies
solving coupled systems of non-linear equations, an expensive process. Solution of
these systems is possible if the time step is small enough to allow linearization in
g, however. Thus, while implicit Euler offers unconditional stability, this advantage
is fully realized only in linear problems. For non-linear problems, some time step
restriction may result from linearization errors. This restriction relaxes as a steady
n+1

solution is approached. Furthermore, at steady state, (g7

—qn i
; g}) vanishes and

the entropy production rate is entirely determined by the space differencing, as

expected.

4.4 — A Second Order Accurate Time Advance Scheme

It is interesting to note the similarity in the analysis of explicit Euler and implicit
Euler time advance. Implicit Euler is essentially the same as explicit Euler with
a negative time step. The errors incurred (comparing (4.3.8) with (4.2.8)) are
of the same form, but of opposite sign. This suggests that it might be possible,
by combining the two methods, to construct a time advance having no temporal
dissipation. In particular, if a half step of implicit Euler is followed by a step of

explicit Euler, the temporal dissipation might be partially or completely eliminated.

THEOREM.

Given some fully discrete scheme; a time advance of the form

n+-;- _ fn+%
Ttz Tims 0 (4.4.1)
Az;

(77" —qf) + At
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which is composed of a half step of implicit Euler (t < 7 < t+ %—t ) followed by a
half step of explicit Euler (t + 4§t <7 < t+ At),

Then

(PN = (B); + g5 (a7 = a7) (5,8 — S} = a]) (4.4.2)

8At

where the precise evaluation states of S,sq and S,7, are not known. Equation (4.4.2)

uses the definitions

Sn+1 _ Sn Fn+% — Fn+-5

MCN — it+3 i-3
()} o+ Az (4.4.3)
and
n+-§ _ Fﬂ-{»—%—
. _ nt+i i—3
(B; = (8,05 + T
n+3 n+i ntl n+
1f+ _f~+xz F 12"F- 12
- _ ntz J—3 it3 J=3
= —(5); As, T A (4.4.4)
PRrooOF:

Here, ¢(z) at time level n + 1 has been selected for the semi-discrete terms. The

quantities S}‘H and ST are related, through Taylor’s theorem with remainder to

n41
S,
n +1 n+l, n+} 1 n+i n
87 =871 (897 (g - af) + 5(g5 —q,) Sa(grtd — )
(4.4.5)
n n+i +1 0 g +3y 1 i
SHH = §TT L (8T (P - ) ’)+§(<I}‘“—q }) S,Eq( gt - ‘1"1( ?) )
4.4.6
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where n < 7 < n+3 < ¢ < n+1. Substituting (4.4.5) and (4.4.6) into (4.4.3)

gives

(P )MC’N Alt ((S"+'§ +(S’q)ﬂ+'§( n+1 _ """‘%)
+5 (q'“f1 g Sg@t - gth)
n+1 n+ 1 'n-+-2 n
=(8;77 = (8" (g 'Jj) (4.4.7)
1, at
+ ‘2‘(9_,' "qJ) S’qq _qJ ))>

n4 1 n4 2
A
+ J 2 J 2
Az;

Collecting terms gives

1 nt3 on n 1 n n.+ n n+%
BaFoN = (S - @)+ 3@ - ) St - )

- —( A —q,) AR O —q?))

+1 +
FJT;; ~ FJ."_%
+ Az, (4.4.8)

7

(M

The key observation at this point is that

+3 n+i
. _f- 1

n n+ nt1 Atf+l -1 1, . n
(@ - g ) = (T - qp) = S =@ ) (449)
7

Furthermore Equation (4.4.1) can be used for the value of (q"“ —q7}). This gives

"+'5 _ n+j n+i  pnti
(P,YMON = ! _(§ )"+1f fi-s " Fiod —Fiy
+ (q;+l ) (S’qq ’qq)(qn+l q;n)
Sat (4.4.10)
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The quantity in braces can be replaced with the semi-discrete entropy production

rate through (4.4.4) to yield

1

n n T n n
s -4 (S:q = Supe)@fH = a}) (4.4.11)

(B)ON = (P); +

which is the claimed result.

¢ and S,7

'5q »0q are both negative definite, the sign of their difference is

Although S
indeterminate. Although they are evaluated at states which may be different, both
are, in a Taylor series sense, evaluated close to q;+% . Their difference is of order

At. This accounts for the second order accuracy in time that this scheme enjoys

under conventional analysis techniques.

The behavior of this time advance scheme for scalars is quite remarkable. As

previously noted, S,Sq = 8,7, = —2 in this case. Equation (4.4.11) indicates that
(P,);W CN — (P,);; the scheme provides no temporal dissipation at all. This is true
cell by cell. Thus, the discrete time advance is as good as an analytic time advance.

This follows regardless of the time step.

Since half the scheme is implicit Euler, it is reasonable to expect that the lin-
earization problems of implicit Euler will carry over. Indeed they do. The scheme
is, however, no more difficult to implement than implicit Euler. Given that one can

1
solve for q;+ * using implicit Euler, the equivalent higher order scheme is

Gt =gl +2(¢;" 7 - qf) (4.4.12)

This follows directly from (4.4.9). Many codes in use today use the so called

“delta” form. Equation (4.4.12) shows that, simply by doubling the correction (a
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sort of overrelaxation), it is possible to achieve second order accuracy in time. This

fact is apparently known, but seldom used.

There is a connection between this scheme and the more common Crank-Nicolson,
time advance. Crank-Nicolson consists of a half step of explicit Euler, followed by
a half step of implicit Euler. Though the scheme shown here reverses the two,
a sequence of Crank-Nicolson steps preceded by a half step of implicit Euler and
succeeded by a half step of explicit Euler will yield exactly the same result as the

scheme suggested here.

Traditionally one includes, for generality, the so called 6 schemes in a analysis of
this sort. These are variants where one advances in time by §At using implicit Euler
and then advances (1 — §)At using explicit Euler. Values of # = 0, 1,1 correspond
to explicit Euler, modified Crank Nicolson, and implicit Euler. These are the only

values ever used in practice. Suffice to say that the analysis shown in this section

is easily extendable to other values of 6.

4.5 — Practical Considerations for Implicit Schemes

In linear problems, it is possible to implement implicit schemes with style and
grace, retaining rigor and exactitude. On the other hand, most problems of interest
are non-linear. What can be done in these cases? Usually all that can be done is to
locally linearize and take small time steps. This section will address the question

of how to maintain the entropy inequality while doing this.

Implementing implicit Euler time advance (Equation 4.3.1) requires evaluation

of terms such as f;‘:ll In general, this is very difficult. What is easy to evaluate is
2

?+l' If the two fluxes are not too different, it is reasonable to use a Taylor series in
3
place of the unknown quantity. Supposing, for illustration, that f;‘+ 1= f(ar,q%1)s

then a natural approximation is
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of; of;
ntl o, fn lj+3 ntl _ it 3 nt1 n
fJ+l fJ.}-l + aq ( ) + qJ+ (QJ-{-I q.}-{v-l) (4‘5‘1)

This approximation makes implicit methods possible. It reduces a coupled set of
non-linear algebraic equations to a coupled set of linear algebraic equations. Such

systems are easy to solve, expecially in one dimension. Typically a tridiagonal or

pentadiagonal matrix needs to be solved.

How appropriate is this approximation? If (q“'H ") and (q_7 e q;‘ﬂ) are
“small enough”, then it is an excellent approximation. Their size is, of course,
directly related to the time step At. By controlling At we can make them “small
enough”. How small is that? Small enough that the discrete entropy production

rate (e.g., Equation 4.3.8) remains positive.

Another problem appears. Even for a very small (finite) time step, there are
linearization errors in the approximation (4.5.1). This introduces errors, even in
an a posteriori calculation of the entropy production rate. These uncertainties

jeopardize the conclusions of Section 4.3 (and Section 2.5).

The most straightforward solution is to iterate within each time step to exactly
solve the non-linear algebraic equations. This is expensive however and may not be

robust due to certain roundoff difficulties.

A cheaper plan is an implicit-explicit scheme of the following type. First perform

an approximate implicit step to get an approximation to ¢!

A(G—q")=6:f (4.5.2)

where A is the matrix implicit in (4.5.1) and 8, f is a vector of flux differences. The

vector § is approximately (exactly for linear problems) equal to ¢g"*1. Equation

(4.5.2) allows solution for § at all gridpoints by standard linear algebra techniques.
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Second, compute the fluxes for this approximate solution.

fivy = f(d+3) (4.5.3)
The quantities ;. 1 are computed from ¢; and §;4, using whatever semi-discrete
scheme is chosen.

Finally, use these fluxes explicitly to compute ¢g"+1.

n VAN 2
‘Ij+l =gq; + _A;(fj+% - fj—%) (4.5.4)

This allows an a posteriori check on the entropy inequality everywhere.

S(g;*) - S(q7) + % (F(é,-+;) - F(éj—%)) >0 (4.5.5)

If it fails anywhere, the time step is too large. With this test, one can be sure
that approximation (4.5.1) is “good enough”, at least in the sense that stability will
be preserved. A similar strategy can be performed for the second order accurate

scheme of Section 4.4 through the implementation shown in Equation (4.4.12).
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Chapter 5. Linear Scalar Equations

5.1 — A Suitable Entropy For The Wave Equation

This chapter will consider solution of the ordinary scalar wave equation in one
dimension. Despite its simplicity, this equation provides a good illustration of the
principles involved. It is a reasonable model for a contact discontinuity, since in

both cases the characteristics are parallel.

For this and other scalar equations the variable u will be used instead of ¢, mostly
because these equations are usually written that way. The scalar wave equation in

one dimension is

Uy +cu,, =0 (5.1.1)

where the constant c is the wave speed. The exact solution is a translation of
the initial conditions with speed ¢. The boundary conditions are considered to
be periodic. The exact solution has no dissipation; it conserves entropy. Numeri-
cal schemes satisfying the second law will usually produce some (hopefully small)

amount of entropy. This results in smearing of the initial conditions.

The results of Chapter 4 leave only the task of finding a spatial differencing
scheme which satisfies the semi-discrete entropy inequality. Using such a scheme

with Modified Crank-Nicolson or Implicit Euler time advance produces a scheme

satisfying the fully discrete entropy inequality.

Consider first the semi-discrete approximation.

w4 D75 g (5.1.2)
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For this equation f = cu. Since ¢ is constant (5.1.2) reduces to

[~

Uyt + AZ

('uj+1 —'U,J-_%) =0 (513)

The idea here is to pick u 1 in such a way as to satisfy a cell entropy inequality.
Before that can be done an entropy has to be defined. In Section 2.5 it was shown
that § = —u? is a suitable entropy for scalar equations such as this. The convexity

condition is easily verified.

Suu=~2<0 (5.1.4)

A corresponding entropy flux can be obtained by direct integration of the com-

patibility condition

Fm - Syuf,u (515)

The right hand side evaluates to —2cu which is easily integrated to find the entropy

flux F. A suitable entropy pair then, is

S = -u? and F = —cu? (5.1.6)

This choice allows a semi-discrete entropy inequality to be formulated. Substi-
tuting S,y for S,,, cu for f and —cu? for F, the semi-discrete entropy inequality

(3.1.12) is, after multiplication by Az,

Az(P,); = 2euj(ujp s ~u;_y) - c((ujﬁ)2 - (u,._%)z) >0 (5.1.7)
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Remarkably, this expression factors neatly into a difference of two squares.

Az(P,); = —¢ [(uj+% —u;)’ — (u; - uj—;)z] =0 (5.1.8)

This expression for the semi-discrete entropy production rate is exact. All that

remains is to choose u; 1 and u;_3 in such a way that (5.1.8) is satisfied.

5.2 — A First Order Scheme

Construction of first order accurate schemes which satisfy a cell entropy inequal-
ity was discussed in Section 3.4. The general idea is to eliminate negative terms
from the entropy production rate. This is easily accomplished in this case. For

positive values of ¢, the choice

U1 = Uj (5.2.1)

will leave only the positive term, c(u; ——uj,%)z, in (5.1.8). If ¢ happens to be

negative, the definition uj_1 = uj should be used instead, leaving the positive term

2 . . . . .
—c(uj41 —u;)". Since cis a constant, never changing sign, there can be no conflicts
2

requiring up1 to equal both u; and uj4;.

The total entropy production rate for this scheme can easily be calculated. The

entropy production for the jt* cell is

Az(P,); = c(uj — Uj_1 ) (5.2.2)

2

for ¢ > 0. By definition (5.2.1) uj_1 =wuj_ in this case so

Az(P,); = c(uj —uj_1)? (5.2.3)
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Thus the total entropy production is the sum of the squares of the differences
between gridpoints, a result which holds even on irregular meshes. Since total
entropy production should be zero, a reasonable measure of error can be obtained
by summing Az(P,); over the mesh. This measure of the total error will always
be a positive quantity for non-trivial initial conditions. Assume for now that an
“optimum” mesh has somehow been chosen, one in which each of the terms (5.2.3)
is of equal magnitude. This minimizes the total entropy produced for a fixed number
of cells. The effect of doubling the number of cells will be to double the number
of such terms, while reducing their individual magnitudes by a factor of four. The
net effect is to cut the entropy production in half. For this problem, the entropy
production rate is inversely proportional to the number of gridpoints, other things

being equal. This is characteristic of a first order accurate scheme.

This is a first order upwind scheme. It is well known in the literature and is
highly dissipative unless an entropy destroying time advance scheme is used. For
the special case of explicit Euler time advance with time step At = %, the errors
in the time advance scheme precisely cancel the errors in the space differencing
scheme and no entropy is produced. At larger values of the time step, the time
differencing errors dominate and a net destruction of entropy results. The scheme

is then unstable.

5.3 A Second Order Scheme

Construction of second order accurate schemes which satisfy a cell entropy in-
equality was discussed in Section 3.5. In this section the wave equation is used to
illustrate the technique. The semi-discrete formula for entropy production (5.1.8)

is restated for convenience.

Az(P,); = c(u; — uj_%)z - c(uH% —u;)? >0 (5.3.1)
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Assume ¢ > 0. A useful strategy is to reduce the magnitude of the negative
(second) term. If nothing is known about the magnitude of the first term, then
the second term has to be reduced to zero to assure satisfaction of (5.3.1). That
strategy leads to the first order upwind scheme explored in the previous section. To

improve on it, consider schemes in which

luj —uja| (5.3.2)

This convention establishes a (usually) non-zero lower bound on the magnitude
of the first term in (5.3.1). The magnitude of the second term need only be reduced

to 3|u; — wj_1|. Given the constraint (5.3.2), Equation (5.3.1) reduces to

1
ujp1 —u | < Eluj — Uj-1 (5.3.3)

The second order accurate linear approximation

1
Ujpl = E(uj-m + u;) (5.3.4)

may satisfy (5.3.3). If it doesn’t, a different second order approximation can be

used instead

= -uj — ~Uj_1 (5.3.5)

The two formula are equivalent if (uj41 — u;) = (; — vj—1). This can be summa-

rized as follows
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1 .
i + S - ) N R R
Yi+; T 1
u;+ =

2

U; —Us5-1 .
L7 (uj41 —uj) otherwise

Ujt1 — Uj
(5.3.6)
As in the first order scheme, no conflicts arise. If |u5+% —uj| is reduced,

lwjp1 — uj+%| will increase, allowing (5.3.2) to be satisfied at gridpoint j + 1.

The commonly used MINMOD limiter differs from (5.3.6) in its use of the first
order formula u;, 1 = u; at extrema. At extrema, (5.3.6) behaves slightly better
than the MINMOD limiter. The first reference to (5.3.6) is in an earlier publication

by the author [28].

As in the first order scheme, the total rate of entropy production can be com-
puted. This computation requires understanding the switch given in (5.3.6). If
Ujp1 = 3(uj + uj41), the first branch, the scheme is exactly central differencing.
The second branch evaluates to Ujpr = %uj — %uj_l except at extrema. This

corresponds to a second order upwind scheme of Warming and Beam.

u(x)

I ’ i} ' o v

Fig. 5.1 A smooth pulse

Consider the special case where u(z) is the smooth pulse shown in Figure 5.1.
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In regions I and III, a second order upwind scheme is used. In these instances, the

quantity (u;, 1— uj), which appears in the entropy production rate, is given by

(ujp1 —u3) = %(u:’ — uj-1) (5.3.7)

and the quantity (u; — uj_1 ), which also contributes to the entropy production is

given by

1
(uj—u;_1) = -2-(211.,- —3uj_1 + uj_2) (5.3.8)

When the entropy production is computed according to (5.3.1), using formulas

(5.3.7) and (5.3.8), the result factors neatly

Az(P,); = E(Su,- — 4wy +ujoo)(uj_z — 2uj_q +u;) (5.3.9)

The first factor is a first derivative formula (except for the Az) and the second
factor is a second derivative formula (without the Az?). In fact a Taylor series

shows (dividing out the Az)

(B,); = gu,,u,quz +0(Az®) (5.3.10)

In regions II and IV, a second order central difference scheme is used. In these
regions, the quantity (uj+% — uj), which appears in the entropy production rate, is

given by

(ujps —u5) = S(ujrr —uj) (5.3.11)
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and the quantity (u; —u;_ 1 ), which also appears is given by

1
(uj —uj-1) = 5(u5 —uj-1) (5.3.12)
When the entropy production is computed according to (5.3.1), using formulas

(5.3.11) and (5.3.12), the result again factors neatly

. c
Az(P,); = =7 (ujr = wj-1)(wjm1 — 205 + uj41) (5.3.13)

The first factor is a first derivative formula (except for the Az) and the second
factor is a second derivative formula (without the Az?). In fact a Taylor series

expansion shows

(P,); = —gu,,mu,,:,gA:c2 + 0(Az?) (5.3.14)

In Equations (5.3.10) and (5.3.14) u,. and u,z, are evaluated at point j, for
which the entropy production is being calculated. Notice that, in both cases, the
entropy production rate declines a5 ihe square of the mesh size. This implies second

order spatial accuracy.

Notice that (5.3.10) and (5.3.14) are identical except for sign (and higher order
terms). This is because the product u,zu,z, is positive in regions I and III while it
is negative in regions II and IV. Thus the entropy production rate (P,); is positive

in either case. Incidentally, Equations (5.3.9) and (5.3.13) both evaluate exactly to

zero for linear data. This is another test for second order accuracy.

The remaining cases to consider are the transitions. There are three different

kinds. Between regions I and II or between regions III and IV, (uj+% — uj) is given
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by (5.3.11) while (u; —uj_%) is given by (5.3.8). The product, (u,;u,zz), goes
through zero here because u,,, goes through zero. The entropy production rate

factors to

AZL‘(P_,)J' = (Uj+1 - u] - 31Lj_1 + Uj_g)(—uj+1 + 3uJ - 31Lj_1 +Uj_2) (5315)

The first factor is a first derivative formula while the second factor is a third

derivative formula. The Taylor series expansion shows

(P,); = —%cu,zu,mmﬁ +0(Az?) (5.3.16)

This shows that such transitions (inflection points) produce entropy at a lower rate

than the basic scheme.

Between regions II and III, u(z) reaches a maximum and u,, = 0. The com-
putation of ujy1 Mmay involve either branch of (5.3.6), depending on the relative

magnitudes of the intervals on either side of the peak.

If the interval to the left of the peak is larger in magnitude than the interval to
the right of the peak, the transition point will be the first point to the right of the
peak. At the transition point (j), Uji1 is computed by the usual upwind forinula
(5.3.5) and (uj+% — uj) is given by (5.3.7). On the other hand, u;_; is computed

by the symmetric formula

1 od
Uj_1 = é(uj +uj-1) (5.3.17)

and (u; ~ u;_1) is given by (5.3.12). Notice that (uj+% —uj) = (u; — w1 ). Con-

1
2

sequently, no entropy is produced by such transitions.
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If the interval to the left of the peak is smaller in magnitude than the interval to
the right of the peak, the transition point will be the peak itself. At the transition
point (j), Ujp1 is computed by the second branch of (5.3.6). The absolute value

sign is needed in this case and Ujyl is given by

1
‘U,j,*_% = E(u] + uj—]) (5.3.18)
A simple manipulation gives
1
(ujp1 —u5) = —5(%’ —uj-1) (5.3.19)

On the other hand, uj_1 is computed by the symmetric formula (5.3.17) and,
(uj — uj_%), is given by (5.3.12). Notice that (uj+% —uj) = —(uj — u;_1). Since
these differences are squared in (5.3.1), no entropy is produced by these transitions

either.

To summarize, the scheme defined by (5.3.6) is second order accurate from the
point of view of entropy production rate errors. There is no entropy production at
extrema (a property not shared by the standard MINMOD limiter). More impor-
tantly, the entropy production rate for this scheme is non-negative on a cell by cell

basis.

5.4 An Explicit Scheme Which Satisfies A Cell Entropy Inequality

If the first order upwind differencing scheme of Section 5.2 is advanced in time
using explicit Euler time advance, the result satisfies the fully discrete entropy
inequality for the wave equation provided v = %‘; < 1. This well known result can

be shown by direct substitution. The semi-discrete scheme is just
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(w)s + o (w5 —ujm) = 0 (5.4.1)

This leads to the fully discrete scheme, which, after multiplying by At is

u;}+1 —ul 4 v(ul —ul,y) =0 (5.4.2)

The fully discrete entropy inequality is

) sgntl _gn FM, —F",
g | J Jt3 J”3 4
(Ps); AT - (5.4.3)
Substituting the definitions (5.1.6) gives
AYE); = — (W) — @3] - v [(u2)? = (a2, )?] (5.4.4)

The only part of (5.4.4) that is not directly computable is (u?“)z and this can be

found by solving (5.4.2) for u?“ and substituting. When this is done the expression

for entropy production rate reduces to

At(P,); = v(1 - v)(ul —ul_,)’ (5.4.5)

This is a positive quantity only if 0 < v < 1. This corresponds to the von Neumann

stability range of the scheme.

It is possible to produce a more accurate scheme if a more restrictive time step
range can be accepted. In general the production of entropy in a single step for the

wave equation using explicit Euler time advance is given by
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At(P,); =v [—(u;.'_*_% —u})? + (uf - u?_%)z] - vz(u;‘+% - u;‘_%)z (5.4.6)
which is derived from (4.2.8) and (5.1.8). The right hand side must be positive to
satisfy the second law. The last term makes this difficult, especially if v is large.

Equation (5.4.6) can be restated as

Amghzy@;—u;%f(R+1ﬂa—uy—Ra+un (5.4.7)
where
u? , —u?
R=-t:1 7 (5.4.8)
uj - u}._l

Assuming v > 0 (the case where v < 0 is a trivial extension), it is clear by

inspection of (5.4.7) that (P,); > 0 when

1—-v
1+v

~1<R< (5.4.9)

The two inequalities are satisfied within the shaded region of Figure 5.2 below.

Notice that for CFL numbers (v) greater than one, only negative values of the
ratio can be admitted. If «} = u},, then consistency suggests that u;.‘+% = ul.
Referring to (5.4.8) this implies that R = 0. Thus, it is not generally possible to

construct schemes having only negative values of R.

At a CFL number of 1, the (5.4.9) reduces to Ujpl = Uj, which is described
above. For CFL numbers less than or equal to one, it is possible to construct

consistent schemes which satisfy a cell entropy inequality. Since explicit Euler
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Fig. 5.2 Only schemes in the shaded region satisfy a cell
entropy inequality.

-

destroys entropy, the second order scheme (5.3.6) described in Section 5.3 must be

modified to produce more entropy. This can be done as follows:

1 .
uj + —2—(1 —v)(uj1 — uj) if w1 —uj| < luj —ujoy
U, 1 =
itz 1 U; — Uj;_1 )
u; + =(1 —v) |[-2—2""| (u;+1 — u;) otherwise
it 2( ) Uit1 — U (uj+1 i) er

(5.4.7)

The modified scheme which results will not be second order accurate unless At
is of the same order as Az?. In that case (1 — v) is essentially equal to one and the
scheme reverts to one previously analyzed (5.3.6). Unfortunately, such a time step
restriction is generally too severe. Nevertheless, (5.4.7) is much more accurate than

(5.2.1) for any stable value of v.

For transient problems such as this, the spatial and time discretizations are

inseparably coupled. Any entropy produced by either will stay until it convects
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through an outflow boundary or until the calculation stops. It can never be removed

by a scheme which satisfies a cell entropy inequality.

5.5 A Stable TVD Scheme Which Violates The Cell Entropy Condi-

tion

To construct a scheme and analyze it for compliance with the second law re-
quires two things, a time advance scheme and a space differencing scheme. Space
differencing schemes can be expressed as algorithms for computing Uiy Many

such schemes can be characterized by the formula

1

This requires an algorithm for computing ¢j+%. Usually ¢j+% is constrained
to fall between 0 and 2, which is equivalent to constraining ujp1 to lie between
u; and uj41. The first order upwind scheme described above can be characterized
by the formula qb3~+% = 0, while central differencing is characterized (for the wave
equation) by ¢j+§ = 1. Somewhat more subtle is the description of a second order

upwind scheme for which

¢ _ Uj; —UuUj-1
ity T .
T M1 T Y

The right hand side is often shortened to r;. This suggests that more complicated
schemes might be represented as a plot of d)H% (r;). Several schemes which can be

characterized in this way are plotted in Figure 5.3 below.

A simple scheme which is stable but violates the entropy condition is
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Fig. 5.3 Many common difference schemes can be defined in
terms of ¢(r) .

The corresponding semi-discrete scheme is spatially second order accurate. When
used with explicit Euler time advance, (5.5.3) is not only stable (conditionally), but
TVD [28]. There it was also shown analytically that the scheme violates entropy.

The next section will show results obtained with this scheme.

5.6 Results

This section shows the results of computational experiments made with schemes
described above. Two initial waveforms were used. One was the square pulse of unit
height and a width of 1C gridpoints. The other was a single period of a sine wave
with the same amplitude and width. To compare schemes with different stability

limits, and to stay away from the perfect shift that occurs for some schemes when
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v = 1, all schemes were implemented with v = % The results are shown after 50

steps. During that time the pulse has propagated 25 gridpoints.

The first scheme shown is the entropy violating scheme of Section 5.5, defined by
(5.5.3). Remember that this scheme is spatially second order accurate, conservative,
stable, and TVD. What can possibly go wrong? In Figure 5.4 we see that it does

an excellent job of convecting a square wave.

LEGEND
Analyuc
2 g éb Compurd
< P
3006000+ 4+

Fig. 5.4 This scheme satisfies a TVD condition but does not
satisfy a cell entropy inequality. Both pulses have traveled 2.5
pulse widths. Notice the tendency to produce a square wave
from smooth initial data.

There is no noticeable amplitude loss, and the shape is virtually unchanged.

The area under the pulse is conserved.

The right half of Figure 5.4 shows why the square wave is captured so accurately.
Many initial pulses will eventually become square waves. This behavior reflects the
decreasing entropy (increasing L norm) within the domain. Because of the TVD
condition, the L; norm is bounded. This apparent contradiction is resolved only
when u(z) is piecewise constant as it is for the square pulse. Such solutions have zero
entropy production. The square pulse minimizes the total entropy in the domain,

subject to the conservation law and the TVD constraint.
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The second scheme is the simple first order upwind scheme, (5.2.1). This scheme
is first order accurate in space and time, conservative, and satisfies a cell entropy
inequality. In Figure 5.5 we see a substantial loss of amplitude and smearing of

sharp corners that this scheme is famous for.

q 4
< ©

¢ ©
<® ©
g ©

¢¢. P P P
LA B A A B f F I T T8 T T TTY LR B B B A |

Fig. 5.5 These results are from a standard first order upwind
scheme which uses explicit Euler time advance. This scheme
satisfies a cell entropy inequality.

The third scheme shown (5.4.7) also satisfies a cell entropy inequality. It is
slightly less dissipative than the first order upwind scheme, but remains first order
accurate in time due to explicit Euler time advance. This scheme is very similar to
the limited Lax-Wendroff schemes seen in early TVD papers[15]. Only the limiter is
changed slightly as previously noted. In Figure 5.6 we see that this scheme is a big
improvement over the previous one, at least for this equation. This improvement
reflects the fact that the entropy produced by the spatial differencing approximately
cancels the entropy destroyed by the temporal differencing. This strategy is much

less effective in systems that do not have a single, constant, wave speed.

A scheme which is second order accurate in space (5.3.6) was discussed in Section
5.3. This scheme satisfies a semi-discrete entropy inequality. Advancing in time

using implicit Euler time advance preserves this inequality. Since this is a linear
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Fig. 5.8 This scheme is significantly more accurate than the
standard first order upwind scheme. It uses explicit Euler time
advance and satisfies a cell entropy inequality. The accuracy
improvement comes from a partial cancellation between space
differencing and time differencing errors.
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Fig. 5.7 This scheme is second order accurate in space. First
order accurate, implicit Euler time advance is used. The time
advance errors dominate.

problem and since the limiter is piecewise differentiable, there is little difficulty in

implementing this scheme. The results for this scheme are shown in Figure 5.7.

The results are disappointing. The errors from the time advance dominate the
calculation. The total entropy produced is not too different from that produced by
a first order upwind scheme. For problems with a steady state, the time advance
errors would eventually disappear, leaving a second order accurate solution at steady

state.
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To improve the time accuracy, a modified Crank Nicolson time advance may be
used. This was described in Chapter 4. Such a scheme eliminates the temporal

dissipation in this case. The improvement can clearly be seen in Figure 5.8.

000, LEGEND
00, o Saries
< o
o 2o
o o
o o
Lol <
< <
2% ) SN FOUEETEETEE FEEL .- 7Y

Fig. 5.8 This scheme uses a modified Crank-Nicolson time
advance to achieve second order time accuracy. Spatial differ-
encing is the same as for Figure 5.7.

A single number describing the accuracy of all the schemes is total entropy
produced during the time of integration. This is easily computed, it is just the
sum of u? over all gridpoints for the initial condition less the equivalent sum after
50 steps. For this simple problem, the correct answer is exactly zero. A table

summarizing these results is given below

Figure Square Pulse Sine Pulse
5.4 0.48 -1.87
5.5 3.90 1.98
5.6 2.21 0.44
5.7 5.40 2.26
5.8 2.83 0.86

Table 5.1 Entropy Production For Various Schemes

The clear winner is the first order scheme of Figure 5.6. Such a scheme is

unsuited for problems having a steady state, since the time step affects the computed

7
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solution to such problems. Furthermore, the time step is limited to a CFL number

of 1 in any event.

The Crank-Nicolson scheme of Figure 5.8 has no such problems. It is formally
second order accurate in space and time. The spatial accuracy is independent of
the time step, which is limited only by the nonlinearity of the problem (see Section
4.5). Most importantly, it satisfies a cell entropy inequality. In the next chapter,

this scheme will be adapted to non-linear problems.
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Chapter 8. Nonlinear Scalar Equations

8.1 — A Suitable Entropy For Burgers’ Equation

This chapter is concerned with the solution of nonlinear scalar equations of the

form

u7t+f7z =0 (6.1.1)

where f is any non-linear, continuous function of . In particular, Burgers’ equation

1
Uy + E(uz),, =0 (612)

will be explored. As previously shown, a suitable entropy function for any scalar

equation is

§ = —u? (6.1.3)

This satisfies the convexity condition.

Spuu = —2<0 (6.1.4)

For Burgers’ equation, f = %u2. The compatability condition

F)u - S,uf,u (615)

determines the corresponding entropy flux function F. This is

79

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



=24 (6.1.6)

as may be verified by substitution. Thus, a suitable entropy pair for Burgers’

equation is given by Equations (6.1.3) and (6.1.6).

8.2 — A First Order Scheme

Construction of first order schemes which satisfy the second law was discussed

in Section 3.4. In this section such a scheme is constructed for Burgers’ equation.

In Chapter 4 it was shown that satisfaction of the semi-discrete entropy inequal-
ity implies satisfaction of the fully discrete inequality when certain time advance

schemes are used. The semi-discrete form of (6.1.1) is

At fj+1 —fj._%) (6.2.1)

u,i+E( 3

where fj+% = f(uH%). The choice of Ujpl is subject to the constraint that the

second law is satisfied in each cell. An expression for this constraint was derived in

Section 3.4:

Azj(B); = [~(Sw)ifiay — Fi) + (Fyy = )]
+ [—(S,u)j(fj — fi—1) +(F5 ~ F~_1)] >0 (6.2.2)

2 2

where Fj 1 = Fujy1 ). The terms in brackets define the right and left half cell
entropy production rates, Az;(P;}); and Az;(P;); respectively. Using these defi-

nitions (6.2.2) can be written as
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Az; [(B)); +(B7);] 2 0 (6.2.3)

The algorithm proposed in Section 3.4 is to choose u;, 1 in such a way that

(P;); and (P;); are individually positive. This requires that

(PF); 20and (P} )j41 20 (6.2.4)

It is not immediately obvious that a value of u;, 1 exists which satisfies this re-

quirement. The choices of u 1 may be parameterized in general by the formula

1
Ujry = U+ 50541 (i1 — ) (6.2.5)

where the parameter ¢j+% takes on values between 0 and 2 as Ujya takes on values
between u; and uj4;. If 0 < ¢j+% <2, and Ujp1 is chosen according to Equation

(6.2.5) the following inequality holds.

(wjirr — vjpa)(vjpr —uj) 20 (6.2.6)

This inequality is equivalent to (3.4.12) and allows the use of inequality (3.4.8) and
Equation (3.4.7).

Sometimes a single example is more illuminating than a page of algebra. In
Figure 6.1, the values of Az;(P;t); and Az;+1(P; )41 are plotted as functions of
. _ . — 1
¢j+% for a strong compression, u; =1 and uj4+; = 3.
When ¢;,1 =0, u;,1 = u; and (P;}); = 0 by inspection of Equation (6.2.2).
Similarly, when ¢j+% =2, Ujpl = Ujpa and (P,—)j+1 = 0. Figure 6.1 confirms this
behavior for a particular case.
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Fig. 6.1 Effect of the interpolation parameter ¢ on semi-
discrete cell entropy production rates for Burgers’ equation
during a strong compression.

Also in Figure 6.1, it is clear that, for any value of ¢j+% in the range plotted, the
slopes of the two curves have the same sign. This is a trivial extension of inequality
(3.4.12). Inequality (3.4.8) shows that the product of the two slopes will be positive
if and only if (6.2.6) holds. This feature will be exploited more heavily in the next

section.

In addition to having the same sign at a given value of ¢j+% the two curves have
no extrema on the interval if ¥; and u;4+; have the same sign. Extending (3.4.6)

through the chain rule and simplifying gives the formula

B(P;); 1
A%T‘J = =5 - u;) Bip1ti41 (6.2.7)
J+3
which is valid for only Burgers’ equation. The identity S,,, = ~2 was used in the
simplification. Equation (6.2.7) shows that, throughout the range of ¢;, 1 shown,

the slope of both curves is opposite in sign to the value of Ujp1. In this case Uit 1

is positive throughout the interval so both curves have negative slopes everywhere.
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As long as uj and uj;; have the same sign, the choice

¢j+% =1 — sign(u;) (6.2.8)

will always satisfy the inequalities of (6.2.4). These, in turn guarantee a cell entropy
inequality.

If u; and uj4; have opposite signs, the two curves will contain extrema. In

Figure 6.2, for example, u; = —1 and u;4+; = 1.
S

=
O
=
Q
3
e
S
&
e
u
2
B
=

m - . .

-1.5 : : :

1 { 1

0 S 1 1.5 2

¢j+%
Fig. 6.2 During a sonic expansion, both cells experience a

maximum entropy production rate when u;. 1+ = 0. In this
case that occurs when ¢j+% =1. :

Notice that, despite the extrema, the two curves have slopes of the same sign for
any given value of ¢j+%. This implies that the extrema will be at the same point
on the two curves. This is a case where neither of the endpoints satisfy (6.2.4). One
point which will is the extremum; ¢j+% = 1 in this case. For sonic points such as

this, the extremum occurs when

(fru)j+y =0 (6.2.9)
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It is only at sonic points such as this that the first order scheme given here
differs from the usual first order upwind scheme. Incidentally, these are called sonic
points by analogy to the one dimensional Euler equations. They are identified by a

change in sign of the wave speed in a region where the characteristics diverge.

For Burgers’ equation, (6.2.9) is equivalent to u,, 1 = 0. Often, it is easier to
24 q q J+3

implement the formula

2u;
biv1 = =t (6.2.10)

because it specifies ¢;, 1 instead of u;; 1. Substituting (6.2.10) into (6.2.5) yields

In Figure 6.2 which depicts a sonic point, the two curves contain maxima. In

the case of a shock, the extrema are minima. Figure 6.3 depicts such a case, with

u; =1and uj4; = —.45.

1.5
5 1 : : .
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¢j+%

Fig. 6.3 A rapid compression through a moving shock.

The minimum for both curves is at ¢, 1N 1.4. Because they each have a single
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extremum, both curves will reach their maximum values at one of the endpoints.

One choice which always satisfies (6.2.4) is

- %t uin
¢j+% =1—sign ( 5 ) (6.2.11)

This evaluates to one of the endpoints, ¢, 1= 0 for this example. In cases where
the shock is nearly stationary, roundoff error may cause the wrong endpoint to be
selected. Fortunately, in such cases, either endpoint will satisfy (6.2.4), so this is

not a problem.

In summary, a first order scheme which satisfies a cell entropy inequality is

defined by
—T:'?—T, sonic points (u; <0 < uj41)
$ie1 =4 1- sign(ﬁl%‘f’—*—‘) shocks (u; > 0> uj41) (6.2.12)
1 — sign(u;) elsewhere (ujuj;1 > 0)

The resulting scheme is exactly equivalent to a standard first order upwind
scheme except at shocks and sonic points. It is precisely at these points that entropy
production is important. In the case of sonic points, entropy must not be destroyed
in a numerical expansion shock. In the case of shocks, entropy must be produced as
required by physics. Any numerical scheme without these properties will generate

qualitatively incorrect solutions.

6.3 — A Second Order Scheme

The scheme devised in Section 6.2 is consistent and stable, but only first order

accurate. Substantially more entropy is produced than is required by the physics.

85



This section explores a variation which is second order accurate. The technique was

outlined in Chapter 3 and demonstrated in Chapter 5 on the linear wave equation.

A scheme which is consistent and second order accurate is

¢j+% =1 (6.3.1)

This is not quite the same as central differencing because f(u) is non-linear. Al-
though this scheme does not (in general) satisfy a cell entropy inequality, it may be
possible to construct a scheme which does, in such a way as to approach (6.3.1) in
the limit as the grid is refined. Such a scheme would be second order accurate in

this limit.

The cell entropy inequality for the j*® cell is given by

(P); = (PF)i +(Pr); 20 (6.3.2)

Where the first order scheme of Section 6.2 required that these terms be individually
positive, the second order scheme requires only that their sum be positive in each

cell.

The entropy production rate for the scheme defined by (6.3.1) might be written

(P); = (P); + (P7); (6.3.3)

where (P;"); is the value of (P;"); which corresponds to Ujpy = 3(uj4+1 +u;j). The

entropy production rate (P,); might be positive or negative, depending on the data.

Now consider schemes for which
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(P}); > (PF); and  (B]); > (Pr); (6.3.4)

Under this convention the inequality

(BH); + (B7);i = (B + (Pr); (6.3.5)

holds. If the right hand side is positive, the left hand side is also positive and
the entropy inequality (6.3.2) is satisfied. This is helpful since the right hand side
of (6.3.5) has only a single free parameter, ¢;,1, which determines u;,: (and

ultimately (P;});). Unfortunately, satisfaction of (6.3.5) may not be possible; for

example if u; = u;j4; and (P;); < 0. This necessitates modifying (6.3.4) as follows

(P}); > min (—(P:),-,o) (6.3.6)

(By); > min (~(B:F);,0) (6.3.7)

In the last section it was shown that ¢j+% can always be chosen in such a way as
to make (P;); and (P;");4+1 non-negative. This is sufficient to show that relations
(6.3.6) and (6.3.7) can always be satisfied. In combination with (6.3.4), these are

sufficient to satisfy a cell entropy inequality.

Since both (6.3.6) and (6.3.7) must be satisfied for each cell, the choice of ¢;, 1

must satisfy an additional inequality which is just (6.3.7) shifted by one index

(By)j+a 2 min (—(B)j41,0) (6.3.8)

This is illustrated graphically in Figure 6.4. As in Figure 6.1, v; = 1, and

ujp1 = 0.5. Since (P, );+1 > 0, condition (6.3.8) will automatically be satisfied.

87



The horizontal chaindashed line indicates the value of —(P;");. This value depends
on uj and uj—; (uj—3 = 1.25 in this case) and is solution dependent. From the
figure, one can see that a value of ¢, 1R 0.75 would be chosen. This satisfies the

inequalities (6.3.4), (6.3.6), and (6.3.8) and thus meets the cell entropy inequality

for the jt® cell. If the value of —(P;); were lower (perhaps -0.1), a value of ¢, 1 =1

would suffice. This is a much less dissipative method than the first order scheme of

Section 6.2. That scheme would have chosen the value ¢, 1= 0.
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Fig. 6.4 Lowering the value of ¢ to 0.75 guarantees a positive
value of (P,);. The value of (P,);+; is also increased slightly,
a side effect of the technique.

6.4 — Practical Considerations

The scheme described in Section 6.3 requires computing the intersection point
between a horizontal line and a curve. This was done graphically in Figure 6.4;
in practice a modified Newton’s method can be used. There is also an elegant

approximation that works well for Burgers’ equation.

The Newton’s method approach uses the expression for Az;( P;t); which s, from
(6.2.2)
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Az;(PF); = —(Sw)i(fisy — fi) + (Fpy — Fj) (6.4.1)

Using the expressions given in Section 6.1 for u;, 1 this becomes, for Burgers’

equation
. 1 1 2 2
Az;(P}); = 2u; (Euﬁ%’ - -2-u,-’) + (~§u,-+%3 + §u,-“) (6.4.2)
This expression factors
: g 2
A:cj(P:')j = —(uj_*_% - u_,-) (Uj + g(u_,-_,.% - uj)) (6.4.3)

Equation (6.2.5) expresses u; 1 in terms of uj+1 and ¢;, 1. This allows computa-

tion of the gradient which is required for Newton’s method.

a(P;);

Az; 0¢j+%

2

1
= —§(uj+1 - ui)2¢j+%uj+l (6.4.4)

This expression for the gradient has three zeroes which must be guarded if Newton’s
method is to be reliable. In the first case, if uj43 — u; = 0, the choice of ¢j+% is
arbitrary and has no effect on the choice of u;, 1 In the second case, ¢, 1= 0,
which can occur during strong compressions or shocks. The third case, u; +1 = 0,

occurs at sonic points and shocks. The value of ¢j+% at which this occurs is

L (6.4.5)
Uit = Uj

i+

(S

In the first case, the choice ¢, 1= 1 is made. In the second and third cases, the

change suggested by one step of Newton’s method is limited to 90% of the distance
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to the nearest extrema. Finally, the magnitude of the change is limited to keep

¢..1 between 0 and 2, in case the initial guess is very close to an extremum.
Jj+3

In practice, this works quite well and converges in about four iterations to six

decimal places. It works equally well for (P;"); for which the expression is

Az;(P]); = (u,- —uj_%)z(u,- - g(u,- —uj_%)) (6.4.6)

and for which the gradient is

.a(i)a_)j _l
’ 06,1 T2

Az (uj —uj-1)*(2 - $;-1 )u,-_% (6.4.7)

At sonic points, it is possible that both (P,'" ); and (P; ); are negative. This can
result in the null stencil, fj+% = f~__% = fj = 0, which implies (u,;); = 0. This
only occurs if the sonic point happens to lie on a gridpoint, in which case (u,¢); is

supposed to be zero.

At shocks (P;F);-; and (P;"); may both be negative. This results in two different
solutions for ¢J-_% . The value farthest from 1 is selected naturally by Newton’s

method.

An approximation is often made to be computationally efficient. Referring to
Equation (6.4.3), if %(uH% — u;) is small compared to uj, it can be neglected. In

that case (6.4.3) reduces to

. 1
Az;i(Pl); =~ —5 %5+ 1ttt - u;)? (6.4.8)

Equation (6.4.8) can be solved with only a square root, but even this can be avoided.

If (P;"); is approximated in the same way as (P;}); , the result is
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Azi(B7); = us(5(2 — b-g)(us — j-2)) (649)

Summing (6.4.8) and (6.4.9) gives an approximation for the entropy production

rate. It is this approximate entropy production rate which can efficiently be made

positive. Evaluating (6.4.9) at ¢._ 1 =1gives an approximation for (P;”);.

- 1
Az;(Py); ~ Euj(uj —uj)? (6.4.10)

Using these approximations, it is easy to satisfy the sufficient condition (6.3.5).

With very little algebra it can be expressed (for u; > 0) as

Py

H

< <___“J' B )2 (6.4.11)

Uj41 — U

The right hand side is just the easily computed r;Z. An equivalent expression is

bir1 < il (6.4.12)

The convention (6.3.3) requires that ¢;,1 <1 when u; and uj4; are both posi-
tive. So in this case, a sufficient constraint for satisfying the approximate entropy

inequality is

b4 < min(1, |r;]) (6.4.13)

It is worth noting that this limiter is identical to the limiter used for the wave

equation. In fact the approximation used amounts to assuming a constant wave

speed between u;_ L and u; 1. This is essentially the same approximation (but not

quite the same limiter) that is used in TVD schemes.

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Expression (6.4.10) is only valid if u; and u;; are positive. If both are negative,

the equations are different but the steps are the same. The limiter in this case turns

out to be,

1

Tj

) (6.4.14)

This expression can also be derived by reversing the coordinate system (so that u;

¢j+% > max (1, (2—

and uj4; are positive) and then using (6.4.12) directly.

The approximation that uj+; — u; is small compared to u; is especially bad at
shocks where the former is large and the latter is small. For this reason the first

order scheme is used at shocks.

6.5 — Results

If the approximation of a locally constant wave speed is made, this scheme
becomes formally total variation diminishing. In the numerical experiments which
follow, the locally constant wave speed approximation (6.4.13) is used. To check
the approximation, ¢, 1 is also computed without the approximation by using
Newton’s method. The two values of ¢, 1 are compared. Where appropriate, the

effect of any discrepancy on the solution is noted.

The initial condition chosen here is a two period sine wave of unit amplitude.
This problem contains sonic points and develops shocks. Given that the domain
is of length 4w, the shocks will first occur at time ¢t = 1, rapidly strengthening
until time ¢ = 7. At the shock, the exact solution is double valued. After ¢ = 7,
the shocks diminish steadily in amplitude while the solution maintains its double

sawtooth shape. The steady state solution is u = 0.

In Figure 6.5 the initial condition is plotted. The open diamonds represent the

computed solution, while the solid line represents the exact solution. The boundary
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conditions are Dirichlet, but periodic boundary conditions would give the same

results in this case.

©  Computed

1 1
0 20 40 60 80 100
Gridpoint Number

Fig. 6.5 Burgers’ equation will sharpen this initial condition
into a two period sawtooth wave as time passes.

Figure 6.6 gives the initial plots of ¢(z). In this case, the solid line represents
the values computed with Newton’s method (labeled as exact) and the diamonds

represent the values computed with (6.4.13) and (6.4.14) (labeled as approximate).

Notice that in regions where (u?),, > 0, the approximate limiter is just ¢j+% =1
which approximates central differences. In compression regions, some dissipation
is added, proportionately more as the compression becomes stronger. Here the
method approximates the Warming-Beam second order upwind scheme. In a sense,
the scheme simply switches between a second order upwind scheme and a central

difference scheme.

When |u;| is much larger than |(uj+1 — u;)|, (6.4.8) and (6.4.9) are good ap-
proximations for (P;); and (P;);. In these regions, (6.4.13) (v > 0) and (6.4.14)
(u < 0) yield nearly the same value of ¢j+% as the much more costly Newton's

method.
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Fig. 6.6 The value ¢ = 1 corresponds to a symmetric interpo-
lation. Other values indicate various degrees of upwind bias.
Two different ways of computing ¢ are compared here for the
initial condition.
This is not true however, when u; is near zero. Referring to Figure 6.6, there

is significant disagreement between the two methods in small regions around sonic

points and “shocks”. These regions become smaller as the mesh is refined.

At z = m and =z = 37 where u changes sign, the exact ¢ is continuous while the
approximate ¢ is obviously discontinuous. At z = 2, the sonic point, the reverse

occurs. The approximate ¢ is continuous while the exact ¢ is discontinuous.

The difference between the exact and approximate values for ¢ can be explained
entirely by the non-linear variation of wave speed across each cell. Consider a case

in which u(z) is linear and positive. The exact entropy condition (6.2.2) reduces to

2
| = (wjpr —uy) fuy + 3(%i4g —45)| 20

i=3
(6.5.1)

If (uj+% —u;) = (uj — uj_1) (i.e., no dissipation), then satisfaction of the in-

equality depends on the signs of (u; — uj_%) and (uj+% — uj). Around the sonic
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point, both are positive, requiring some adjustment of ¢ to make the magnitudes dif-
ferent. On the other hand, when both are negative, the effect is beneficial, allowing

the dissipation to be turned off altogether.

The constant wave speed approximation obscures this effect. With the approx-

imation, the entropy condition reduces to

(uj — uj_%)z — (41 - u;)* >0 (6.5.2)

Satisfaction of this inequality depends only on the magnitudes of the two terms
and not on their signs. Around a sonic point, both terms have approximately the
same magnitude so ¢ is adjusted very little, if at all. Around a shock, the first order

scheme is used.

In Figure 6.7, the semi-discrete cell entropy production for each cell is given.
The symbols show the values for the approximate ¢ while the solid line shows the
values obtained from the exact ¢. These values are independent of the time step.
There is very little entropy production initially since there is no shock. What little

there is, is numerical and should be eliminated if possible.

The solid line has no negative values, as planned. This shows that a cell entropy
inequality can be satisfied in principle. The symbols, on the other hand show
negative values near the sonic point, and near the boundaries (which are essentially
sonic points). They also show a relatively large amount of entropy production in
the cells at z = 7 and z = 2 where the first order method is applied. The accuracy
penalty exacted by the approximation is apparent throughout the entire compressive

region.

In carrying out the time integration, the scheme
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Fig. 6.7 Initial semi-discrete cell entropy production rates.
Notice the negative values near the sonic points.

At +1 n+l
w™t =y A—z(f;%’ - £;7%) (6.5.2)

is ideal for scalars. As explained in Section 4.4, the fully discrete entropy production
of this scheme is the same as the semi-discrete entropy production, independent of
time step. The scheme is very difficult to implement exactly due to linearization

errors. As explained in Section 4.5, the following variant is much more practical

nt+l n 1 At - *
W= - g me ey ) 653
nt1 n At n+% TL+-;- ( oJs )
v Ev e Ui ~Ay)

The fluxes fJ?+ , and fJ.‘_ , are computed with some suitable linearization so as
2 2

1 1 af:

to approximate f]": 2 and f;+,‘. Computing derivatives such as ——B’q—+_i requires
3 -3 2

i 5943 i . "

derivatives such as —5—=. This is where Equations (6.4.12) and (6.4.14) exhibit

a tremendous computational advantage. The approximate definition of ¢;, 1 is

piecewise linear and derivatives can be obtained analytically. By contrast, if ¢;, 1

is computed with Newton’s method, numerical differentiation is needed. For this

96

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



reason, the approximate ¢ values are used to advance in time. The maximum CFL

number used will be 0.5.

In Figure 6.8 the solution is plotted at time ¢ =~ 1.005. The sharpening of the
solution into a shock is quite apparent. There are no oscillations anywhere and
the computed solution is tracking the exact solution quite well. There is a slight
loss in amplitude at the peak values, perhaps due to the excess dissipation in the

compressive regions.

Exact
¢ Computed

1 |
0 20 40 60 80 100
Gridpoint Number

Fig. 6.8 Onset of the shock

In Figure 6.9 the values of ¢ are shown at the time of Figure 6.8. Clearly the
compressive region has shrunk and become more intense, while the expansion region
now occupies most of the domain. Notice how the solid line has begun to respond
(symmetrically) to the shock. Furthermore, the approximate ¢ is becoming more
symmetzic as it responds to what it perceives as a very strong compression next to
a shock. In fact, there is no way to distinguish between a strong compression and

a shock on a finite mesh.

In Figure 6.10 the semi-discrete entropy production is shown. Notice the larger

values of entropy production that have begun to appear at the shock (the scale has
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Fig. 6.9 Dissipation at shock onset

changed by three orders of magnitude). Also notice the way in which the dissipation
has followed the solution so that essentially all of the dissipation is at the shock

as required by the physics. Finally, the entropy production rate is higher than it

should be.
)
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Fig. 6.10 With the appearance of the shock comes signifi-
cant entropy production within the shock cells. For example,
compare scales with Figure 6.7.

At t = 7 the peak of the sine wave has travelled exactly 12.5 gridpoints and
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the peak shock strength occurs. The computed solution is shown in Figure 6.11.
The computed solution is very smooth and tracks the exact solution except at the

shocks. There is again a slight loss of amplitude.

1_ ............... ‘_,.. : E - 2000 Exact
. P P ¢ Computed

R OY b
= :
-5 A e 2T
1] SR v
1 i :i I
0 20 40 60 80 100
Gridpoint Number

Fig. 6.11 This is as strong as the shock gets. After this it
slowly decays to zero.

In Figure 6.12, the compressive regions have shrunk to a two cell interval in
the neighborhood of the shock. The remainder of the domain contains expansion
regions. Notice that ¢j+% = 1 except at the shock. This corresponds to the analytic

solution in that all of the dissipation occurs at the shock.

The peak shock strength can be computed analytically. The total entropy pro-
duced in the cell containing the shock at this time is exactly 3. The numerical shock
strength (represented by the diamonds) is about 1.21, a significant error. This is
due to numerical dissipation inherent in the method. Entropy production rates
away from the shock are less than 10~° in magnitude, though, as previously noted,

some of them are negative.

Interestingly, the computed shock strength does not decay quite as fast as the

exact shock strength. Indeed, the numerical shocks eventually become stronger
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Fig. 6.12 Essentially all of the dissipation introduced by the
numerical method is at the shock. This corresponds to the

physical situation.
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Fig. 6.13 The analytic solution reaches a peak entropy pro-
duction rate of 1.33 . The shortfall indicates accumulated error.

than the exact ones. Perhaps this is due to the entropy violations observed early in
the calculation. These influences would not be felt at the shock until about ¢t = =
which is about what is observed. Note that the entropy production errors at sonic
points do not jeopardize the stability of the computation. Since the total entropy

produced in the domain is positive, the stability proof of Chapter 2 applies and the
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solution remains bounded.

It is now reasonable to review the costs and benefits of the locally constant wave
speed approximation. This approximation results in a scheme that is more dissi-
pative than it needs to be during transient compressions, though the effect is not
severe. It also results in minor violations of the second law in the neighborhood of
sonic points. These errors can contaminate the solution elsewhere but the effect is
small. On the other hand, the computational convenience of such an approxima-
tion is very significant. The expense of using Newton’s method to compute ¢, 1
is quadrupled by the requirement of using numerical linearizations. In sum, the
practical advantages of the approximation more than make up for its theoretical

shortcomings.

The time advance scheme used provides at least an a posterior: evaluation of the
fully discrete entropy production. In this way the importance of the linearization
errors can be glimpsed. In Figures 6.14 and 6.15 the solid line represents the fully
discrete entropy production, that is the total entropy produced in a given cell over
the time step divided by the size of the time step. The symbols represent the semi-
discrete entropy production halfway through the first step. Figure 6.14 corresponds
to a CFL number of 2. Notice that the fully discrete inequality corresponds very
well with the semi-discrete scheme. This shows that the linearization errors are not
too important at this time increment. At smaller time steps the situation improves

further. At a CFL number of -;- there is no discernable difference.

On the other hand, Figure 6.15 corresponds to a CFL number of 5 which is
distinctly unstable. The fully-discrete entropy production rates are significantly
different than the semi-discrete values. Some violations of the second law are ap-
parent even in the first step. This indicates large errors due to linearization in time.

If (6.5.2) could somehow be implemented exactly, instead of in a linearized sense,
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Fig. 6.14 At CFL = 2, the semi-discrete entropy production
rates are in good agreement with the fully discrete rates. This
indicates that the time linearization errors are small.
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Fig. 6.15 At CFL = 5, the semi-discrete entropy production
rates are no longer in agreement with the fully discrete rates.
Negative entropy production rates are evident in several cells.
This indicates that the time linearization errors are significant.
To reduce them requires a smaller time step or iteration within
a time step.

the scheme would be unconditionally stable.
Burgers’ equation provides a good forum for testing approximations and imple-
menting schemes. In this chapter, the problems of shocks and sonic points have
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been explored and the approximation of constant wave speed has been investigated.
The effect of a finite time step in the presence of linearization errors has also been
investigated. Most importantly, it has been shown that a semi-discrete cell entropy

inequality can be systematically satisfied, at least for the scalar case.

In the next chapter these ideas will be extended to systems of equations. This
will introduce several additional complications, among them: multiple wave speeds,
definition of ¢ and linearization difficulties. The fundamental principles remain
unchanged. Satisfaction of a fully discrete cell entropy inequality (plus consistency
and conservation) guarantees a stable and accurate solution. No other paradigm

can promise this.

103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Chapter 7. — One Dimensional Gasdynamics

7.1 — The One Dimensional Euler Equations

This chapter is concerned with the numerical solution of the one dimensional
Euler equations. These were introduced in Chapter 2. For convenience, selected

portions will be repeated here.

In one dimension the Euler equations can be written

gt + fra =10 (7.1.1)
where
p pu
g=|pu| and f=|pu?+p (7.1.2)
e (e+p)u

The quantities p and u represent the local mass density and the local velocity,
respectively. The quantity e represents the total energy density. An expression for

the pressure p is

p=(1-1)e - zpv?) (7.1.3)

A suitable entropy pair for inviscid, one dimensional gas dynamics is

S = ps (7.1.4)
F = pus (7.1.5)
where
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5= log(—p%) (7.1.6)

As shown in Section 2.3, this pair agrees with the physical viewpoint and satis-
fies the convexity and compatability conditions. When the problem is made more
complicated by the addition of viscosity, heat conduction, and three dimensional do-
mains, the entropy does not change at all and the entropy flux changes only slightly.
Although this chapter (and indeed, this entire work) does not proceed beyond the
simple case of 1-D inviscid flow, there is little conceptual difficulty in doing so. This

is discussed further in Chapter 10.

7.2 — Entropy Variables

The main difference between Equations (7.1.1) and Equation (6.1.1) is that g is
a vector and u is a scalar. This introduces a number of ambiguities which need to
be discussed. The first issue to be decided is the choice of independent variables.

A common choice is the conservative variables.

p
¢= |pu (7.2.1)
e
These are called the conservative variables because domain integrals of them are

conserved physically (except for boundary conditions). They facilitate construction

of schemes which conserve mass momentum and energy numerically.

Other variables are equally valid. For example, primitive variables are often
used because of the ease with which they can be measured experimentally. These

are

(1.2.2)

Q
1l
14~ 20~ -1
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There is a one to one correspondence between the conservative variables and
the primitive variables. That is, each set can be computed from the other. If
computational expense is not an issue, any scheme which can be implemented in
one set of variables can be implemented in the other, using two conversions per

step.

The issue of conservation is independent of the choice of variables. A scheme
conserves mass, momentum and energy if the computed fluxes are the conservative

ones

pu
f=1pui+p| (7.2.3)
(e + p)u

and if these are evaluated on the control volume boundaries. These fluxes can be

evaluated with equal ease using either the conservative or the primitive variables.

From this point of view, any set of variables will do, provided there is a one to
one correspondence with the variables of (7.2.1). This is sufficient to ensure that
the conservative fluxes can be computed and conservative schemes constructed. The

issues of consistency and satisfaction of the second law remain.

In Chapter 2 the definition of consistency was given. If information at several
gridpoints is used to compute a flux, and if the values at those gridpoints are all
the same, then the computed flux must match the flux at the gridpoints. This is
a fairly easy criterion to meet. In this work, it is met by requiring that 9j+1 be

between ¢; and ¢;41.

In the case of scalars, it is clear what “between” means. The value u;, 1 is said
2

to be between u; and u;j4, if

(wjirr — w2 )(ujp1 —u;) 20 (7.2.4)
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In the case of systems, the definition is less obvious. In this chapter, ¢;; 1 is said

to be between ¢; and g4 if
D+ . 5—) .
045+ 04;+3
As shown in Section 3.4, (7.2.5) reduces to (7.2.4) in the case of scalars.

The expressions for (P;F); and (P;);41 are (as derived in Section 3.4)

Azj(j):.)i = _(Saq)j(fj+% - fi)+ (Fj+% - F;) (7.2.6)
Azja(P] )i = ~(Sig)ira(fi+1 = figg) + (Fra = Fiyy)
(7.2.7)
and the gradients used in (7.2.5) are
a(P});
Az; (,; )i = [(S’q)j+.1. - (Ssq)j] (faq)j+l (7.2.8)
9+ 3 2
A(Pr);

By B (500,00 (S0)ias] Pl (7.2.9)

%+1 2 2

Suppose that ¢;;1 = ¢j. By inspection, the two gradients have the same magni-

tude but opposite sign. Condition (7.2.5) only holds if both gradients vanish, that

is if (S,q); = (S,q)j+% = (S,q)j+1-

Remarkably, this is sufficient to imply that ¢; = 9i+i = gi+1e Let S,; define a

new set of dependent variables, v, that is, from (2.3.13)

v = S,qT = [3_(7.*_1)_*.!‘7_;12, _(y=Dpr  (v-1)p

T
P ! P ]

(7.2.10)
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Since v,y = S,¢q, and by convexity S,qq < 0, it is clear that v,; # 0. In general, this
is sufficient to ensure a one to one mapping between ¢ and v. In particular, for the
one dimensional Euler equations, v can be computed from ¢ using (7.2.10) and ¢

can be computed from v by computing u,s,p,p, and e in the following sequence:

V2
= - 7.2.11
w=-2 (r:2.11)
s=v1+7+ %uvg (7.2.12)
(r=1) |5
= 7.2.13
[vs exp(s) ( )
p=1=1r (7.2.14)
U3
4 1 2
€= ————+ —pu 7.2.15

where the so called “entropy variables”, vy, v2, and v3 are the elements of v as

shown in (7.2.10). This transformation is due to Mock [29].

To summarize, if ¢; = gj+1, and condition (7.2.5) is met, then ¢; = 9i+1 = gj+1-
It follows that f; = fj+% = fj+1. Thus (7.2.5) is sufficient to assure consistency in
the sense of Lax. Careful examination of (7.2.8) and (7.2.9) (the factors of (7.2.5))
shows that they are easily written in terms of entropy variables (see Section 7.4).
Thus, it is useful to think in terms of the entropy variables v when constructing

consistent schemes.

7.3 — A Remarkable Identity

In constructing schemes that satisfy an entropy inequality, the basic approach
for systems is to diagonalize the equations locally. This can be done without approx-
imation for the one dimensional Euler equations, mostly because of the existence of

a remarkable identity.
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Recall from Section 2.3 that the convexity condition was demonstrated for these

equations using the factorization

Sug = —(¥ )T (¥) (7.3.1)

It is well known that the flux Jacobian also has a factorization

frg = YAY™? (7.3.2)

where

A= u—c (7.3.3)
u+c

contains the eigenvalues of f,; and the columns of ¥ contains the eigenvectors of
fiq. It is well known that each eigenvector is unique only up to a multiplicative
constant. It is possible to choose these constants in such a way that (7.3.1) holds,

using the same Y as (7.3.2).

The matrices Y and Y-! are repeated here with the correct scaling. The speed

of sound, ¢ = ,/22, has been used to simplify the expressions.
P

P Ba B2
Y = ,3112 Ba(u —c) B2(u + c)
2 2 2 2
B Ba(% —uc+ iyy) Baly +uc+ 555) (7.3.4)
2¢?—(y—1)u? 2(vy—1)u —2(y~-1)
LY | (rened () (1)
-1 __ f & v—1)u ue —(y=l)u-—c v—-1
Yo = <2c2) 2~ T B Ba Ba (7.3.5)
(-12?  ue —=(y=Dute  (v-1)
2B Ba B B3
- [P =, /—f
s ¢; Ry
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The fact that B; is used twice is not surprising. The equations are expected to be

invariant to a reversal of the coordinate system, so the u + ¢ and u — ¢ waves are

scaled the same way.

The surprising thing is that (S,¢)? can be decomposed in terms of the eigen-
vectors of f,q. This is a new result. It has been verified that this is also true for the
shallow water equations in one dimension (a two by two system) [40], and of course,

for scalar equations. So far, no theoretical explanation is offered. The identity itself

was found and verified using MACSYMA.

There are some interesting corollaries. It will be necessary in the next section to
deal with the flux Jacobian with respect to v, the entropy variables. This is related

to the usual flux Jacobian and its eigensystem as follows:

Fra = frvvq chain rule (7.3.6)

= frvSsaq definition of v (7.3.7)

YAY? = —f(Y"HT(Y!) (7.3.1) and (7.3.2) (7.3.8)
frw=-YAYT from (7.3.8) (7.3.9)

Equation (7.3.9) is consistent with the well known symmetry of f,,.

The term S,y f,q also appears from time to time. Using (7.3.1) and (7.3.2)

immediately gives

Syaafrg = (Y 1)TA(Y™) (7.3.10)

which is also a symmetric form.

110

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In summary, identity (7.3.1) provides a new tool with which to study hyperbolic
systems of equations in the context of the second law. In the next section it allows

the equations to be diagonalized without approximation.

7.4 — A Second Order Scheme

For this problem, construction of a first order accurate scheme which satisfies a
semi-discrete cell entropy inequality is nearly as difficult as constructing a second
order accurate scheme with this property. For this reason, the first order scheme is

left to the interested reader.

In this section, a second order accurate scheme is described, which also satisfies
a semi-discrete cell entropy inequality. The method presented here is analogous to
the one for Burgers’ equation, but with additional complications. The primary em-
phasis in Chapter 6 was on suitable approximations to make the computation more
practical. In this chapter, the emphasis is on rigorously satisfying the semi-discrete
entropy inequality, without regard for the practical aspects. The use of implicit
Euler time advance allows the semi-discrete entropy inequality to be extended to a

fully discrete one as explained in Section 4.3.
Recall that the consistency condition is

(ﬂu) . (99_)_) >0 (1.4.1)

0g;+3 99;+ 3

The gradients, previously given in terms of ¢ ((7.2.8) and (7.2.9)), can be restated

as
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B(PH); 9T
Az; aq_,-+% = [‘Uj+§ v:] (f’q)j+%. (7.4.2)
4 Pc— j T
Azj+1—(aq'311+l = [vj+1 - j+%] (f,q)j+% (7.4.3)
T3

Consistency only requires that (7.4.1) hold when g; = gj+1. However, other aspects
of the scheme require (7.4.1) to hold more generally. By inspection of (7.4.2) and
(7.4.3), a special case occurs when v, 1 is chosen to be the arithmetic mean, 7 =

2(vj + vj4+1). This choice has the property that

A(P);

) 3(15._ )i+1
" 0g;.3

Az
0941

= Azjyy (7.4.4)

which certainly satisfies (7.4.1). Of course § = ¢(7) also does.

Given that g is defined in terms of v, it seems reasonable to define the gradients
in terms of v as well. The algebra for this requires the compatability condition in

terms of entropy variables. This is derived as follows:

Syfrg = frq compatibility condition (7.4.5)
Syaf199w = Frg@sw (7.4.6)
Syqfw = Fyy chain rule (7.4.7)

Recall that (P;'); and (P;");+1 are given by (7.2.6) and (7.2.7). Differentiating

these with respect to Vigd gives

A(P);

Az AT o (8,) i (fra)ses + (Fro s (7.48)
avj+% 2 2
a(P;);
A$j+1 —(—av—)iﬂ = (S,q)j+1(fw)j+§ — (F,v )J+% (7-49)
i+1
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Now applying the compatability condition in entropy variables (7.4.7) gives

B(P});

Az
i
0vj44

A"v'j+1‘aip;—)j-i.'l‘ = (Saq)j+l(fw)j+% - (s’q)j+%(fw)j+%

av‘+l

JTa
Collecting terms gives

a(P));
Az; Do 1
it3

L)

i}
Azj Ov
j+

JT3

= —(8,)i(fro)j+1 + (Srg)j4+3(Fro)jus

= [(.S',q)j+_;. “‘(S’q)j] (fw)j‘*'%

—-——'i-—*-—]— = [(S,q)j+1 - (Ssq)j-}-%] (fw)j.*_%

Finally, using the definition of v (7.2.10), gives

A(PF); )
Aicj a(v.+3-7 =(‘UJ'+% —vj) (fw)j.*.%
JT3
(P;);
Az"“_('a;:)ii = (vj+1 = v541)" (Fiw)jry
IT3
Aga.in, if 'UJ+% — 15,
A(Py); aPr);
zja( ); =Azj+,_(a_ﬂ

(7.4.10)

(7.4.11)

(7.4.12)

(7.4.13)

(7.4.14)

(7.4.15)

(7.4.16)

which is analogous to (7.4.4). It is, however, important to explore the behavior of

these gradients away from v, 1 =17 Identity (7.3.9) is very helpful in this regard.

frw

=-YAYT
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Recall that A and Y are the eigenvalues and eigenvectors of f,q (not f,,!) Using
this identity, Equations (7.4.14) and (7.4.15) may be rewritten

a(P}); T T

OB (v, —v;)TYAY 7.4.1

5y tt = ~(usey ~ )Y (1418)

Az; Ha_(g)ﬂ = —(v31 —vj43)TYAYT (7.4.19)
i+

where both Y and A are evaluated at g(v;4 1 ). Bringing Y inside the parenthesis

gives

D+,
Az; 63(5_ 2 _ —~(YTvj41 - YTv;) AYT (7.4.20)
it
ij-{.-lz(él%—:‘zi_-*-l’ = —(Yij+] - YT‘UJ-_*_%)TAYT (7421)
it3

1t is convenient to define characteristic variables.

5 =YToT (7.4.22)

where Y7 is always evaluated at the still unknown state, q(v;4 1 )- For example,
(7.4.22) implies ¥; = YTv;T even though YT is evaluated at Viy1- With this

definition (7.4.20) and (7.4.21) may be rewritten as

D+
Az; %(f i (5, 41— 5;)TAYT (7.4.23)
it3
A(P;); ; _
A:cj+1%)itl- = —(Vj41 — vj+%)TAYT (7.4.24)
it}
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Now, using the chain rule, the left hand side can be rewritten in terms of gradients

with respect to the characteristic variables.

2 6(P+)J J+l
] 6vJ+1 BvJ_,_l

(P ).H-l .1+l
31)]+_;_ 61)]_',%

- ~ \T
= ~(T41 — ;) AYT

Azjiy

_ _ T
= —(Bj41 —Tj41) AYT

(7.4.25)

(7.4.26)

Definition (7.4.22) can be used to carry out the differentiation and show that

3 — YT
0vjy1
This leads to the expressions
A(P}); - - \T
Az; A 1’ YT = —(3;43 —5;) AYT
AZSJ' la(P )J+1 —(6]'-{-1 _ 1-)-+_1_)TAYT
a‘l)]+ 1 J 2

Both sides are right multiplied by (Y T)? leaving the expression

a(P;) . - \T
Az; 35j+.; = —(U;41 — ;) A
8(P; )i+ .
Azjiy Bo0r (Bj41 —Tj32) A

(7.4.27)

(7.4.28)

(7.4.29)

(7.4.30)

(7.4.31)

Notice that the gradients are now defined with respect to 7 instead of v. The

unknown quantity ;, 1 is now interpolated from the endpoints using the formula

(analogous to (6.2.5))
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- | - -
Viti =7; + §¢j+.;.D(vj+1 —95) (7.4.32)

where the notation ¢, 1 D indicates a diagonal matrix whose entries are the entries
of the three component vector ¢, 1 These components, ¢; ,¢2 , and ¢3 vary in
value between zero and two. Consistency immediately follows if o, 1 is chosen

using (7.4.32). Using (7.4.32), Equations (7.4.30) and (7.4.31) can be rewritten as

B(P;); 1

~ - \T
Az; 89,1 —5(Bi+1 = ;) $ir1CA (7.4.33)
3
0 P; . 1. )
Azj'f'l—(—v_—-.}—;{h?- = —E(vj_*.] — UJ)T(ZI - ¢J+_;_D)A (7‘4.34)
IT3

When ¢j+_;_D = I, the two gradients are equal. As in the scalar version of this
scheme, ¢, 1 may be perturbed from this value to increase the entropy production
rate, (P,); or (P,);+1. If a given change in an entropy production rate is required,
the smallest possible change (in the sense of Euclidean length) in ¢;, 1 is desired.
Such changes occur along the gradients of entropy production with respect to ¢;, 1.

These can be computed as follows: first note that (7.4.32) may be written

- -1 = \D
Uiy = 05+ 5 (0541 = 55) "bj4y (7.4.35)
This implies that
8.1 1
Jt3 ~ - \D
1= (341 — B 7.4.36
a¢j+% 2(”J+l v;) ( )

The chain rule implies that
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apa 61:,. aﬁji‘-}

= 9% (7.4.37
Objry 004y 0dji1 )

Using (7.4.33) or (7.4.34) for the first factor and (7.4.36) for the second yields

S(PH); 1, i ) )
Az; é)( . ki = (i1 = %) 6541 PA(@i1 — 75)° (7.4.38)
¢J+%
A(P;); 1. i ) )
Azj'*‘l ( 3 )J+1 - —-(vj—{-l _ ‘UJ)T(2I _ ¢j+lD)A('Uj+1 _ ‘UJ)D
Oss * ’ (7.4.39)

The right side of (7.4.38) is a three component row vector, the first component of
which is —-%(5,41 - 1'5_,-)?461/\1. Consistency requires 0 < ¢; < 2. The only factor
which can be negative is A1, one of the local wave speeds and the first component of
A. This implies that ¢; may have to be reduced in magnitude if A; > 0, or increased
if \; < 0. Thus the concept of upwind differencing is recovered from the second
law, for systems of equations. No approximations were needed for this result. Note
that this result does not constitute a scheme; although the gradients are exact, they

only give a direction and an approximate magnitude for perturbations to a given

vector ¢ 1.
2

The matrix ¢j+%D must have the same sign as 21 — ¢j+%D, term by term,
since the entries are constrained to lie between 0 and 2. Since A is evaluated at

gj+1 = q(vj+% ), both gradients must both have the same sign, term by term.

All this information on how the entropy production rate depends on ¢j+% , 18
needed to construct a second order accurate, consistent scheme which satisfies a cell

entropy inequality. A semi-discrete expression for the entropy production rate is

Az;(P,); = Azi(P}); + Azi(P]); (7.4.40)
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The initial guess for g¢;, 1 will be called g. It is constructed by computing %,
the arithmetic mean of v; and v;41, and then reconstructing ¢(%) using (7.2.11)

through (7.2.15). This corresponds to ¢;, 1= 1. Using g;4 1= it is possible to

construct (P;t); and (P;"); by using (7.2.6) and (7.2.7). Summing these gives

(P.); = (P); + (P7); (7.4.41)

As in Chapter 6, a scheme which obeys the constraints

(P#); > min (—(P.- ),-,0) (7.4.42)

(By); > min (-(B);,0) (7.4.43)

is second order accurate. The only remaining difficulty is the selection of ¢; . 1 which

satisfies these constraints.

For a particular cell, the value of (P;f); required to satisfy (7.4.42) may be

greater than (P;);. The difference is defined as

A(B}); = max (—(B7);,(PD);) - (B); (7.4.49)

Using (7.4.38) and an assumption of linearity, the change in ¢j+% can be com-

puted.

A(P});

8 7/, L = D+ . 4.
86y, O0ra =R (7.4.45)

It is well known that smallest changes in ¢;, 1 (in the sense of length) occur

when A¢;, 1 is chosen along the gradient. That is
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A(PH);

7.4.46
& (7.4.46)

Adjy =

where a is a scalar quantity. When this choice is substituted into (7.4.45) the result

1s

.. O,
Adjrs = A(PF)— 3 (7.4.47)

This value is used to compute a new value of ¢, 1. From ¢, 1,a new value of
¥;41 is computed using Equation (7.4.13). A new value of v, 1is computed using
(7.4.22). The value of v;, 1 is then used to compute a new value of ¢; 1 using
(7.2.11) through (7.2.15). Recall that the matrix Y~! is given in Chapter 2 and is

evaluated at 41

There will also be a change in (P, )j;1 when g+ is updated. This change

can be estimated using (7.4.39). It has already been shown that the two gradients

ABF); 4 B )i

0¢;+ 4 0¢;+ 3

conclude that their dot product is positive, their included angle less than 90 degrees.
>+ .

Thus, since the change in ¢;, 1 is along —6—(-&-2'1, it has a positive component along

0%+ 1

. This implies an increase in (P, )j+1. By implication, since the same

have the same sign, term by term. Consequently we can

(P, )j+1
0941 .
procedure is carried out at each cell, (P, ); can be expected not to decrease.

Due to the convexity of the entropy function, the actual change in (P;}) ; will be
less than the linear approximation would suggest. Exceptions occur when roundoff
error becomes significant. Since the change falls short of what is needed, iteration
is required. The function (Pj’ ); is reevaluated, new gradients are computed and

the definition of ¥ changes. A subtlety is that ¢, 1 changes too, a consequence of
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the changing definition of ©. Iteration is continued until Ag;, ! is less than some

tolerance.

7.5 — The Effect of Area Ratio and Metric Terms

In the quasi-1D Euler equations (which describe flow through a nozzle), the effect
of varying cross sectional area appears through a source term in the momentum
equation. This corresponds to a pressure acting normal to the nozzle surface. In
addition, the area ratio scales the usual fluxes in a manner analogous to metric
terms in two-dimensional problems. In this section, the effect of the source term on

the cross sectional area is investigated.

A typical differencing scheme for solving the quasi-1D Euler equations is

(g:2); + % [{(af)j+% - (af)j—%} —h; {aj+% - aj_%}] =0 (7.5.1)

where (af);; 1= a541 fi+ 1. The quantity e, 1 is the cross-sectional area of the
nozzle at z;, 1 The quantity V; is the volume of the j'! cell, typically V; =

aj(:z:j+% - :t:]-__%). The vector h is given by

0
P (7.5.2)
0

=
i

which is the source term for these equations. Notice that the details of how f;, 1 is
computed are not given; the scheme is unspecified except for conservation and the

treatment of the metric terms.

The entropy inequality which corresponds to (7.5.1) is

(5. + - [(@F)jeg - (@F);_y] 20 (7.53)
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Using the chain rule on the first term gives

(Sig)i(ane)i + % [(aF),-+; - (aF),-_%] >0 (7.5.4)

The factor (g,:); can be replaced using Equation (7.5.1) to give (after multiplying

through by the volume)

(5.3 [{(@f)jas = @Niey } ~hi {ajes — a3 }] + [@F)seg — (@F);y] 2 0
(7.5.5)

At this point it helps to note the following useful identity which may be verified
by construction (perhaps using MACSYMA).

S,h =S, f — F (7.5.6)

This may be applied directly to Equation (7.5.5) to yield

[(Sw)ifi — Fj) (aj+; - “j—%)
Sy (@50 = @Dsog) + (@Fsay = @Py-g) 20

Applying the definitions of af and aF and grouping terms gives the final form.

aj41 [“(S,q)j(fj+% — fi)+ (Fjyy — F3)

|
+aj-4 [—(s,.,)j(f,- — fi—)) +(Fi - F,-_%)] >0 (7.5.8)
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This form is independent of how the fluxes are computed and how the cell
volume is computed. The source term does not appear. This agrees with classical

thermodynamics; the source term is a pure force and therefore does not contribute

to the entropy production rate.

7.6 — Results And Discussion

For the test problem, a converging, diverging nozzle geometry was used. The

geometry is described by the formula

o(z) = 0.8 % [1 + (a: - g)z] (7.6.1)

Where L is the length of the nozzle; in this case L = 1. The geometry is shown in

Figure 7.1.
1.0
(@) '5 ————— o———
=
&
S 0] e
)
g0 _
-1.01
0 2 4 6 8 1.0

X
Fig. 7.1 Nozzle geometry used for a test case. The conditions

used had subsonic inflow and outflow with a supersonic region
between z = 0.5 and z = 0.8.

The particular case chosen has a steady solution with subsonic inflow and out-
flow. The flow is supersonic between the throat (z = 0.5) and a shock which is

located at z = 0.8.

122

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LE6 . —
b : -l
< ] E o"—'— E !
=R eeeerereeas RO W versoc SRR i,
g : VN S
8 Vo -
E ¥
S 0.E+0] >
E .
2 :
a -5.E-7- ....-: ..........
g - :
&3 ¢ max((P,);,0)
-1E-6 r
0 2
X
Fig. 7.2 Semi-discrete entropy production rates for the exact
solution. The solid line comes from using v;, 1 =7, The
chaindash line comes from modifying v;, 1 to satisfy a cell
entropy inequality.

The first test was to verify that the semi-discrete scheme described in Section
7.4 worked correctly. The steady state exact solution was used to test the scheme.

The effectiveness of the gradient following technique can be seen in Figure 7.2.

The solid line represents (P,) j» which uses linear averages of the entropy variables
to compute g;, 1. This results in a negative entropy production rate over much
of the domain. In order to use the stability conjecture of Chapter 2, a positive
entropy production rate for each cell was sought. The diamonds represent the
minimum entropy production rate guaranteed by constraints (7.4.42) and (7.4.43).
The dashed line, which represents (P,);, shows what was actually achieved when

(7.4.42) and (7.4.43) were met.

The quantity ¢,;, computed by the semi-discrete scheme, found its largest values
at the sonic point (z = 0.6) and at the shock (z = 0.8). The entropy production
rate at the shock was four orders of magnitude higher than any other point in the
domain. This is to be expected from the physics. The near zero entropy production
rate at the sonic point is an artifact of the method; at sonic points, the constraints

(7.4.20) and (7.4.21) translate to (P;t); = (P;); = (P,); = 0.
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In Chapter 4, the question of time advance was explored. It was pointed out
for example that explicit Euler is not a suitable time advance scheme for convective
problems such as this one. The fully-discrete entropy production rate for this scheme
will fall short of the semi-discrete entropy production rate by an amount that is
proportional to the change in the solution. This in turn is proportional to the time
step. This conclusion was tested numerically, again using the exact solution for
test data. In Figure 7.3, the difference between the semi-discrete and fully discrete
production rates is shown for various values of the time step. Notice that the loss
in entropy production rate is considerably greater than the rate itself (Figure 7.2),
especially around the sonic point. This would imply negative entropy production
rates for the fully discrete scheme. The almost perfect proportionality of the curves
(note the log scale) indicates that the uncertainty in the evaluation time of S,
(4.2.8) makes little difference. It might as well have been evaluated at ¢™. The

flattening of the curves at very low values is due to roundoff errors.

(P),- (P)F

Fig. 7.3 Explicit Euler time advance destroys entropy. As
Chapter 4 pointed out, the amount is roughly proportional to
At.

In this work, implicit Euler was employed. In contrast to explicit Euler, it has the

property that the fully-discrete entropy production rate will always be greater than
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the semi-discrete entropy production rate. In principle this implies unconditional,
non-linear stability. For example, in Figure 7.4, the entropy production due to
time advance is shown as a function of the time step. The entropy production
rate increases as the time step increases but not proportionately. This is due to
differences in the evaluation state of S,q4 (4.3.8). This state is approximately ¢"+?,

which is different for each of the curves.

®)F- (P,),

Fig. 7.4 Implicit Euler time advance creates entropy. This
effect is especially pronounced at larger time steps.

In practice, there are several implementation difficulties, not all of which were
discussed in Section 4.6. One difficulty is that to obtain all the benefits of an
implicit scheme requires solution of a system of algebraic equations that become
increasingly non-linear at larger values of At. Essentially this requires evaluation of
the fluxes at a future time. Since any value of At can be used, this is equivalent to
knowing the time dependent solution in advance. Such knowledge is not generally
available; indeed it would obviate the need for numerical methods. As far as non-
linear stability is concerned, implicit methods are restricted to time steps sufficiently
small that linear approximations in ¢ are valid. For example, the smallest time steps
used in Figure 7.4 were constrained by roundoff error, while the largest time steps

1

were limited by the ability to converge the iterative process by which ¢"*! was
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obtained.

In practice terms involving g™*?! are linearized about the current solution using

a Taylor series. For example

n n afj'f";- n n
i =fy + Z ~oq @ +1—q7) (7.4.7)

3

The sum is taken over each unknown in the whole mesh, but many of the terms
vanish. For this scheme, fj+% depends only on gj_1,¢j,4j+1,¢j+2. Since analytical
expressions for the derivatives were difficult to obtain (to say the least), it was
decided to evaluate the derivatives in (7.4.7) numerically by perturbing g slightly
and measuring the the changes in f which result. This requires twelve additional

evaluations of g;, 1 per step (the number of variables per node times the width of

the stencil).

Once the derivatives are computed, a standard penta-diagonal matrix solver is
used to advance in time. This gives an approximate value for ¢"*!. For computing
Figure 7.4, this process was iterated until a very accurate value of ¢"*? was obtained.
On the other hand, for the main computation, the modification discussed in Section
4.5 was used to allow an accurate measure of the fully discrete entropy production

rate. The modification has no effect at all when f is a linear function of ¢.

It was noted with dismay that linearization in time has a disastrous effect on
stability. For small time steps, the linearization is a good approximation to the
non-linear reality and the predicted behavior occurs. For Courant numbers greater
than one, however, the linearization errors may be sufficient to cause local violations
of the second law. These errors were largest during transients, especially those with
moving shocks. As convergence approached it became possible to take slightly larger

time steps. With exact updates, in principle, there is no linearization error and no
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time step limitation.

The last test consisted of starting with a fairly arbitrary initial condition and
allowing it to evolve in time to reach a steady state. The initial condition chosen was
obtained by linear interpolation of the conserved variables between the endpoints.
A constant time step of 0.05 was used, roughly equivalent to a CFL number of %

The initial entropy production rate distribution is shown in Figure 7.5.

- b \E : e el
1031 . (P‘)j ...... E .......... : :

Entropy Production Rate

Fig. 7.5 Initial entropy production rate. The initial conditions
are a simple linear interpolation of the boundary conditions.

The solid line shows the fully discrete entropy production rate. Notice that
it is greater than the semi-discrete entropy production rate (represented by the
diamonds) at each gridpoint. The difference is proportional to the change in ¢ in
the first time step. There is a slight glitch in the semi-discrete entropy production
rate at z = 0.8, the eventual location of the shock. This glitch does not reflect
numerical prescience, but rather a very slight metric discontinuity, an artifact of the
mesh generation scheme (the mesh was almost equally spaced, but one point was
placed at the shock location). This tiny glitch doesn’t appear in the fully discrete
entropy production rate; it is swamped by the temporal dissipation (note the three

order of magnitude difference in the two rates). Similar glitches at the boundaries
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are simply initial transients. To avoid roundoff problems, a small amount of entropy

is intentionally produced in each cell. This leads to an artificial floor of 10°1° on

the entropy production rate.

The exact solution was used to specify the conservative variables at inflow and

outflow. This formally overspecifies the boundary conditions, so minor glitches at

the boundaries can be expected.

The initial condition was advanced to a non-dimensional time of 25, at which
time the solution appeared to be converged. The plot of density is shown in Figure
7.6. The exact solution is shown as a solid line, and the computed solution is
shown as the diamonds. Also plotted are the values of g;, 1 from which the flux is

computed (vertical ticks). Notice that none of these appear “in” the shock.

-----------------------------

.7-1 ......................
Cell Centers : :
61- ExactSolution |.i. .. ... ... 0 ®e.eeediienninind.d
. | Cell Boundaries | : :
5 ' ' ' .
0 2 4 6 8 1.0

Fig. 7.6 Final Density Distribution

Although the energy appears much the same as the density (and for that reason
isn’t shown here) the momentum looks substantially different. It is shown in Figure

7.7. Notice the substantial oscillation in the computed solution around the shock
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Fig. 7.7 Final Momentum Distribution. The computed solu-
tion matches the exact solution well on cell boundaries, where
fluxes are balanced. It matches less well at cell centers, espe-
cially at the shock. Even though an interpolation is monotone
in the entropy variables, it may not be monotone in the con-
servative variables.

location. Although the computed solution oscillates, the values of ¢; 1 are very

close to the exact solution.

This brings up an interesting question concerning uniqueness of the solution.
The solution is considered converged when it stops changing, i.e. when the fluxes
reach their exact values. It seems likely that more than one solution is capable of

interpolating the same values of ¢; 1. Thus, there may be more than one solution.

The interpolation is limited by the consistency condition, which is applied to a
particular set of characteristic variables. Enforcing an interval boundedness condi-
tion in these variables does not imply such a condition in other variables, due to
the non-linearity of the transformation. The solution shown in Figure 7.7 is a case
in point; there is an interval immediately to the left of z = 0.8 for which (pua)H%

does not fall between (pua); and (pua)jti.

Other researchers [2, 3] have suggested that one can not expect interval bound-
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edness in momentum at a shock on a finite mesh. The uncertainty in the shock
location (it is only known to be somewhere in the interval) permits the computed
state within the shock to vary within some limits. Its steady state value is a function
of the initial conditions. The interval bounded quantities are p, u, and p. Under
these conditions, interval boundedness for momentum occurs only in the degenerate
case where the shock is reduced to a single interval. Ultimately, the problem stems
from the approximation that g; is equal to the cell average. All schemes which
use this approximation (including Godunov’s scheme and others) generate a similar

glitch in the solution.

Entropy Production Rate

Fig. 7.8 Final Entropy Production Rate. Notice the strong
peak at the shock (z = 0.8), as required by physics. The dip at
the sonic point (z = 0.5) is an artifact of the numerical scheme.
The low amplitude oscillations at the left boundary may be
due to the overspecified boundary conditions. The agreement
between semi-discrete and fully-discrete values indicates very
small changes in q.

The final entropy production rate is shown in Figure 7.8. Notice that the semi-
discrete and fully discrete production rates correspond, as they must at convergence.
Notice the four order of magnitude spike in entropy production rate which occurs
at the shock (z = 0.8). The analytic solution shows a Dirac spike at this location,

accounting for all the entropy produced in the domain. There is no oscillation in
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the computed entropy production rate near the shock to correspond with the ob-
served oscillation in momentum. This is because steady state entropy production
rates depend only on g;, 1 values (the tiks in Figure 7.7) which exhibit no such
oscillations. Another feature of interest is a dramatic dip in entropy production
around the sonic point (z = 0.5), where the constraints (7.4.20) and (7.4.21) eval-
uate to (P;}); = (P;); = 0. Finally, some ringing in the entropy production rate
is apparent at the inflow boundary. This is probably due to a slight inconsistency
in the boundary conditions, which are overspecified. There is no apparent effect on

the solution from this ringing.

Overall then, it appears that satisfaction of a cell entropy inequality is sufficient
to produce a stable scheme. Such a scheme has very little dissipation. On the bad
side, it evidently isn’t sufficient to avoid the unphysical oscillations in momentum

and it has a severe time step limitation.

Despite its practical limitations, this scheme is interesting for its theoretical
properties. Its computation of actual values for g;, 1 is shared only by Godunov’s
scheme, a first order explicit scheme. The second law allows difficulties with grid
spacing or time step to be pinpointed. This approach also provides insight to grid

embedding, multigrid, and other interpolation related problems.
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Chapter 8. — The TVD Connection

8.1 — Introduction

This chapter reviews the basic concept of Total Variation Diminishing (TVD)
schemes. Where applicable, it explores the connections between the TVD approach
and the satisfaction of a cell entropy inequality. Many of the TVD ideas shown here

are due to Harten [15]. They are also found in an excellent survey paper by Sweby

[43).

Harten observed that existing schemes for solving convection problems were
unsatisfactory with regard to dissipation. One choice was monotone schemes [6].
These schemes are guaranteed not to produce any new extrema. This property is
useful in preventing negative densities for example, in computations involving very
strong shocks. Unfortunately, all linear monotone schemes are at best first order

accurate spatially [12].

The other major choice consisted of adding constant coefficient dissipative terms
to the PDE’s as suggested by Lax [23]. Since these are not part of the original
equations, the coefficient is made as small as possible. Straightforward symmetric
differencing of the dissipative terms leads to stable schemes with second order ac-
curacy. An unfortunate side effect is the introduction of new extrema, oscillations,

especially in the neighborhood of shocks.

Thus algorithm designers were faced with a choice between first order meth-
ods which are robust, and higher order methods which aren’t. In either case, the

dissipation is linear, easy to apply, and easy to analyze using Fourier analysis.

A number of ad hoc methods emerged to make the dissipation coefficients de-

pendent on the local solution. For example, Jameson suggested that the dissipation
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should consist of a linear second difference term multiplied by a term which depends
on the second difference of pressure [20]. This “sensed” the presence of shocks and
locally increased the dissipation there to remove oscillations. Pulliam [35] showed

a qualitative similarity between this approach and upwind differencing.

Another approach was taken by Boris and Book in their Flux Corrected Trans-
port (FCT) approach [5]. A second order accurate scheme was used to compute
fluxes between cells. Where these would result in new extrema, a first order, mono-
tone flux was also computed and an interpolation between the two was used. The

interpolation was chosen in such a way as to eliminate the undesirable new extrema.

This strategy was formalized by Harten in his Total Variation Diminishing
(TVD) schemes [15]. Harten abandoned the requirement of monotonicity in or-
der to achieve second order accuracy. Instead he substituted the requirement that
the Total Variation (TV) of the solution must not increase with time. The concept
of total variation is formally and unambiguously defined only for scalar equations

in one space dimension. Given a solution vector u defined on J gridpoints, TV is

defined as

J
TV(u) = Z lujrr — u; (8.1.1)

A TVD scheme is one in which this quantity can be relied on not to grow in
time. Generally, periodic boundary conditions are assumed in the analysis. Very
recently there has been some work on finite domain TVD schemes [4], but this is

not discussed here.

Harten explained how to construct schemes which are TVD. In particular, if the

difference scheme chosen can be expressed in the form
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ut? = uf — C;_s(u} — uf_4) + Djy 1 (viyy — uf) (8.1.2)

where C;_ 1 and D, 1 are data dependent scalar coeflicients, and if

03 20
Djyy 20
Cj-}-% +Dj+% <1 (813)

then the scheme is TVD. The proof of this assertion is subtle but short. It is given
in Appendix A in some detail. Conditions (8.1.3) are sufficient, but not necessary;

there may be TVD schemes which do not meet these conditions.

The concept of TVD schemes has been extended to implicit methods, through
the use of additional conditions. It extends to multidimensions on regular grids
through the use of operator splitting. Finally it extends to certain systems of
equations through the use of eigensystem decomposition. A reasonable summary

can be found in the work of Yee [47].

The goal of the TVD approach is to produce solutions which are aesthetically
pleasing. This is not necessarily the same as solutions that are correct (See Figure

5.4). The second law of thermodynamics provides a way to tell the two apart.

8.2 — Scalar Wave Equation

This section explores the application of TVD ideas to the scalar wave equation.

It also spells out the relationship between the TVD conditions and the requirements
for a cell entropy inequality.
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Consider the scalar wave equation:

Uy +cu,; =0, ¢>0 (8.2.1)

This is typically approximated by a central difference with a dissipation term

1, . 1

The parameter a;, 1 is a dissipation coefficient which may or may not vary from
point to point. As written, Equation (8.2.2) describes a conservative scheme which

is consistent as long as a is less than unity and stable when a is positive. The

. .., — cAt
parameter v is the CFL number: v = <5°.

At this point, (8.2.2) must be manipulated to look more like (8.1.2) so that the
TVD conditions can be applied. The notation is simplified if v}, ; and u}_; are

expressed in terms of differences.

Au;_y =u} —uf (8.2.3)

With these definitions (8.2.2) becomes
SR SN SN A : A A 8.2.4
ul —uj—iv( uip1 + uj_%)+§u(aj+% Ujp1 — s uj_%) (8.2.4)

By combining terms, this becomes
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n n 1 1
wt =uf — 51/(1 —ajy1)Auj s — Eu(l +oy_1)Au;_s (8.2.5)

Sweby [43] defines ¢, 1=1—aj,. With this definition, (8.2.5) becomes

n n 1 1
'lLJ. +1 = ‘u,j - §V¢j+%AUj+% - 51’(2 - d)_,_%)AuJ_% (8.2.6)

By inspection, the only constant value of ¢ which fits the TVD conditions (8.1.2)

is ¢ = 0. This results in the familiar first order upwind scheme. There is, however

Au,
an elegant trick which improves accuracy. Sweby defines the quantity r; = Au"* ,
i+
and eliminates Au;, 1 from the equation.
3
. 1(%i+s
uj+1=u;-‘—u[l+§( Jrj —d)j_%)] Auj_1 (8.2.7)
which also has the the form of (8.1.2). The scheme is TVD if
1 ¢j+l
0<v|l4+-{—2 —¢. 1 <1 2.
S RTC P
This is equivalent, for positive v to
Pi+1 21 —-v)
-2< v ¢J_% < ” (8.2.9)
Forv < -12-, this becomes
$i+1
-2< - ¢>J-_% <2 (8.2.10)

This can be separated further into the inequalities
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0<g;41 <2 (8.2.11)

<2 (8.2.12)

These inequalities require that ¢, 1= 0if r; < 0. For r; > 0, the inequalities
are plotted in Figure 8.1. So long as ¢;, 1 (r;) lies within the shaded region, both
inequalities will hold and the scheme will enjoy the TVD property. To achieve
second order accuracy in the limit as Az — 0 requires only that ¢;, 1 (1) =1 and
that ¢, 1 be a continuous function of r;. (Several second order accurate schemes

are shown in Figure 5.3)

Fig. 8.1 Schemes in the shaded region satisfy the TVD con-
ditions (8.1.3). See Figure 5.3 for some typical schemes.

There is a connection between TVD ideas and the entropy analysis discussed
in previous sections. For the wave equation the connection is known precisely. In
Chapter 5, the semi-discrete entropy analysis was shown for this problem (Equation
(5.1.8)). What is needed here is a fully discrete analysis using explicit Euler time

advance. This is derived in Section 5.4 (5.4.6) and is restated here.
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AY(P,)FE = v [—(u'.‘ g —ul)? + (] - u'.'_%)z] —vi(ufy —ul ) (8213)

If v is positive (the case where v is negativeis a trivial extension) then a sufficient
condition for positive entropy production rates is (5.4.9), plotted in Figure 5.2. This

is restated here for convenience.

u? , —u? _
IRPris BIRCAPY el (8.2.14)
up—u? . T 14w
2
It remains to define Ujp1 and uj_1. An elegant choice is (6.2.5)
1
Ujpy = Ui+ 5054 18U (8.2.15)

and an analogous definition for u 1. With these definitions and the definition of

j_

r; previously given, inequalities (8.2.14) simplify to

1< ¢j+§/7'j < 1—-v

8.2.16

These inequalities (for v = % are plotted as the shaded region of Figure 8.2.
From previous analysis, the region between the two parallel lines satisfies inequalities
which meet the TVD conditions (8.2.10). The area to the right of ¢ = 2 is generally
excluded on consistency grounds. Thus the cell entropy inequality is more restrictive

than the TVD conditions in this case. Schemes which are consistent and satisfy the

second law are TVD schemes. The converse is not true.
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-2

Fig. 8.2 Schemes between the parallel lines satisfy the TVD
constraints. Schemes in the shaded region satisfy a cell entropy
inequality. Schemes where ¢, 1> 2 are generally not used.

Thus the entropy inequality is more restrictive than the TVD
constraints.

8.3 — Burgers’ Equation

In this section, a TVD scheme is derived for Burgers’ equation. A non-standard
approach is used to facilitate comparison with the scheme derived in Section 6.3. A

more standard approach will be demonstrated in the next section.

Consider a generic conservative scheme for solving Burgers’ equation.

n At n
'lLJ +1 _ uJ — Z—- J+1 fJ—'%) (8.3.1)

For Burgers’ equation, this reduces to

J lAt [(

wl ) = (a7 y) ] (8.3.2)
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Factoring the difference of two squares gives

u;}+1 =u1——A—;§(u1+%+u 1)(uj+1—uj_l) (8-3-3)

This looks like the wave equation except that the wave speed is

1
¢ = 5("';-;% +uj_1) (8.3.4)
Defining v; = 52%‘- gives
it = o} - v,'(u;.'+% - u;.‘_%) (8.3.5)

As before, the definitions of u;.‘+, and u;.‘ , are
Fl —2

n n 1

uipy = U5 T 58511854 (8.3.6)
n n 1

uiy =i - 5245 1)Au; g (8.3.7)

With these definitions (8.3.5) becomes
nt1 gL, A ! (2 A 8.3.8
Uy =uy - 5V1¢j+% Ui+l — 5”1( —¢;-1)Au;_s (8.3.8)

which is virtually the same as (8.2.5) except for the definition of v;. Thus the

analysis of the previous section applies. If v; is positive the scheme is TVD if

_ gy < 20om) (8.3.9)
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Recall that in Section 6.4, (u;, 1- u;) was assumed to be much less than u;
(leading to (6.4.8)). Here, as there, that assumption results in the approximation
that v; =~ uj%. Under this approximation, the scheme defined in Section 6.3 is
identical to the TVD scheme just derived. Thus the connection between schemes
which diminish total variation and those which produce entropy depends on the
approximation of locally constant wave speed. Section 6.5 discusses the merits and

drawbacks of such an approximation.

8.4 — Roe’s Approach

There is another elegant way of deriving TVD schemes for Burgers’ equation.
This approach, due to Roe, has the advantage of avoiding the approximation for
vj. More importantly it is easily (though not rigorously) extended to systems of

PDE’s.

The approach taken by Roe is to use the intermediate value theorem to compute

fj+% . That is

fimn—f;= (f,u)j+;(uj+1 - uj) (8.4.1)

where (f,u);;1 is evaluated at some value of u between u;j; and u;. The interme-
diate value theorem guarantees that such a point exists. In particular, for Burgers’

equation, it is the linear average of u; and u;4,.

Substituting the definition of f(u), the left hand side of (8.4.1) factors.

1

5 [(30) = )] = 3w +25)(wi41 = ;) (8.4.2)

Equation (8.4.1) holds iff (f,u)j+% = 3(uj41 + uj). Since f,, = v, (f,u)j+% should

be evaluated at the linear average of u; and uj4;.
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All of this can be incorporated into a TVD scheme as follows. Consider a central

difference scheme with dissipation added, analogous to (8.2.2).

1At
uit = u} — 5 =(ff — i)

At
t Az [(f,u Jirraip1Buzys — (fru )j-;aj-gAuj—%]

(8.4.3)
Manipulating the central difference term gives
uitl =af - 57z [(ffe1 = 1) + ] = f71)]
At
+ = (f,u )j+%aj+.1_ Auj-{—% - (f,u )j—laj_%Auj_%
Az [ ’ ’ ] (8.4.4)
Applying (8.4.1) directly, gives
n . 1At
uj+1 = ‘u,j - Q‘K; [(f,u )j+-;-Auj+-;- + (fm )j—%AuJ-_%]
At
+ Az [(f,u )j+%aj+.;_Auj+% - (f,u )j—%aj—%Auj—é]
(8.4.5)

At this point the definition v, %(f,u )j+% is introduced. Collecting terms

1
3

gives.

u7}+l

. 1 1
j = 'U.j - (aj_*_% + E)V-_%AUJ-_% +(a]+% - §)Vj+—;-Auj+% (8.4.6)

Finally, the substitution is made to express a in terms of ¢ as for the wave equation
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1
‘ll.;."+1 = 'u,;l' —_ 5(2 - d:j_%)v-_%Auj_% - _¢j+%uj+i Au_,_,,_;_ (8.4.7)

At this point an appropriate definition of r; is

V.__ i1
R ikl (8.4.8)

This can be used to eliminate v;, 1 Au;, 1 from (8.4.7), leading to

ntl _ o 1($i+3
uptl =u? - Vj-1 [1 + - ( d —¢j_%)] Auj_1 (8.4.9)

2 T;

Provided that v;_ 1 and v;, 1 are both positive, this is in the same form as
(8.2.7), from which a TVD scheme was constructed. A similar expression holds if
both Vi_1 and Vjy1 are negative. At shocks and sonic points (r; < 0) it is common
to drop to first order accuracy (i.e. ¢ = 0). Unlike the scheme of Section 8.3, it is

possible to evaluate v;, 1 exactly, without iteration.

The difference between Burgers’ equation and the linear wave equation is the
treatment of the non-constant wave speed. Not surprisingly, this is also one of the
main differences between the various TVD and entropy producing schemes discussed

so far. The other is the way that sign changes in the wave speed are handled.

8.5 — One Dimensional Gasdynamics, Roe’s Identity

In the previous section, the intermediate value theorem was used to factor a
flux difference into an intermediate wave speed times a difference in the dependent
variables. This approach generalizes to systems of equations as well. That is, there

may exist a value of 41 such that
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fi+r = fi = (Fra)j+ 3 (gi+1 — 95) (8.5.1)

where (f,q);+ 1 means fyq evaluated at g;, 1. As shown by Harten et. al. [18],
such a value exists if an entropy pair (S, F) exists. Still, it may not be easy to
find. Fortunately Roe has provided us with g;, 1 for the Euler equations [39]. Its

components are computed as follows:

_ Pi+1y/Pi t Pj/Pi+1
p]+l - - - (8-5-2)
2 VPi t \/Pi+1

wirs = VP T Ui Pia (8.5.3)
T B+ R

h.., = Mt/Pithi P (8.5.4)
R AR

where,

e (- 1)(“j+§ )?
a 2

s ]
il
< |7

(8.5.5)

Naturally PULL = PipiUjpl, and the final component, €1 is computed using

(8.5.5).

The discovery of this identity allows the construction of a TVD scheme for
systems in an elegant way. First the scheme is written as a central difference scheme

with dissipation to be added later.

n . Ot n NP
qj‘” =qF - E(f}‘ﬂ — fI-1) + dissipation (8.5.6)
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Next the flux difference is replaced with two differences

At o o
Gt =g - ~ [(ffa — 7))+ (f} — f1-1)] + dissipation (8.5.7)

Roe’s identity is used to replace the flux differences.

n n At n n n n e
gt = ¢}~ Az [(.f:q )i+ 2(9541 — 47) + (frg)j-2(q5 — Qj—l)} +dissipation (8.5.8)

1 are matrices in this case. They can be
3

The quantities (f,q )j+% and (f,q);-

replaced by the usual eigensystem decomposition

At
1 = . -1
it =q7 - A Z(Yj+§AJ’+%Y i+1(gf41 — 47)

+ Yj_%Aj_%Y'lj_l(q;-‘ — g;;) + dissipation (8.5.9)

At this point, if all the eigensystems were the same, (i.e., Yj+% = Yj_% =Y;)
then the equation would formally diagonalize into three non-linear, scalar wave
equations which could be treated just like Burgers’ equation. In fact, this is not
the case. This leads to an arbitrary choice in the pseudo-diagonalization of the
equations. Roe’s choice is to treat the quantity Y-! +1 (q;‘H — q;‘) as a difference

in a new variable §. The equivalent equation is

n n At ~ ~ ~ =
(Q7t)j+] = (Qvt)j - E(Aj+%(‘1j+.; - 4;)+ A'-%(‘Ij - ‘Ij—%)) (8.5.10)

The TVD techniques described in Sections 8.3 and 8.4 can then be used to find
4+ 1 and QJ-_%. These are then multiplied by Y, 1 and Y;_ 1 respectively to recover

JT‘+% and f;‘_% . Finally ¢ is advanced in time using
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n n At n n
q; = 9 — E( i+ f,-_%) (8.5.11)

Other, similar schemes are possible. All require ignoring the difference between
eigenvectors at nearby points. While numerical schemes for Burgers’ equation al-
lowed some ambiguity in the speed of convection, schemes for the Euler equations

aren’t even clear on precisely what is being convected.

The fundamental problem goes deeper than approximation inaccuracies. The
TVD property doesn’t hold for systems because of the interactions between the
different eigenvectors. This is true for the PDE as well as for the numerical schemes

discussed here.

8.6 — Summary of the TVD Approach

There are some similarities between the TVD approach and the entropy ap-
proach of the first seven chapters. For the linear wave equation, Section 8.2 showed
that certain TVD schemes also satisfy a cell entropy inequality. The PDE in fact
possesses both properties. On the other hand, in Section 5.5 it was shown that at
least one TVD scheme does not satisfy even a global entropy inequality, leading
to unsatisfactory results. Overall it would appear that the second law of thermo-
dynamics is the fundamental property and that the TVD property is simply an

important side effect.

For Burgers’ equation, Sections 8.3 and 8.4 showed that it is possible to construct
schemes which rigorously satisfy the TVD conditions. In Section 6.3 a scheme
was constructed which rigorously satisfied the cell entropy inequality, though this
requires iteration at each cell and is very expensive. It is not clear whether such
a scheme is rigorously TVD. It is clear from Figure 6.7 that the particular TVD

scheme used in Section 6.5 does not always satisfy a cell entropy inequality. This
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results in a shock that is slightly too strong at certain times, but the solution is
otherwise quite satisfactory. Without the exact solution to compare with, the error
would not have been detected. The main ambiguity in non-linear scalar equations
of this type is the computation of a local wave speed and the variation of this wave
speed over the cell. Indeed, it was shown that the assumption of a cellwise constant

wave speed leads to the entropy errors just described.

For one-dimensional gasdynamics, it is not possible to construct consistent
schemes which formally diminish total variation. This is because the physical prob-
lem does not have the TVD property. Many schemes have been constructed using
TVD ideas by ignoring the interaction between the eigenvectors. These schemes
appear to give excellent results, especially for reasonable (M < 5) Mach numbers,
in spite of the approximations in their derivation. For hypersonic mach numbers
(M > 5) the approximation of locally constant eigenstructure can become so bad

that serious accuracy and convergence problems develop [3].

Although this section only deals with explicit TVD schemes, there has been
considerable work done on implicit TVD schemes by Yee et. al. [48]. Such schemes
produce results which are independent of the time step. Although the linearization
is only an approximation to the gradient, it does allow larger time steps than the

equivalent explicit method.

A further modification avoids the need to explicitly calculate the eigenvectors
at each grid point. This is a considerable savings in computational work at the
expense of slightly more dissipation. Known as symmetric TVD, it was originally

proposed by Davis [8], and developed further by Yee, and others [46].

In two or three dimensions, the concept of total variation is not uniquely de-
fined. Under one definition, the L; norm of the solution should diminish. It has

been shown [13] that schemes which diminish this norm in more than one dimen-
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sion can not be more than first order accurate in space. The usual fix is to split
dimensionally, applying a one dimensional TVD operator along each of the coordi-
nate directions. Such schemes are second order accurate, but are not formally TVD
in multi-dimensions, even for scalars. Furthermore, they are not easily applied to

unstructured, finite element style grids.

In problems with viscosity, heat transfer, or chemistry, there is no formal eigen-
vector decomposition as there is for the Euler equations. This makes it difficult to
diagonalize the equations (even approximately) and apply the TVD property. The
usual attack is to treat the inviscid convection terms separately and apply the TVD
operator to them. The other terms are differenced in a symmetric stencil of suitable
accuracy. The argument goes that such terms are inherently dissipative and hence

can be relied upon not to create wiggles.

The problem of extending the cell entropy inequality ideas to multi-dimensions,
unstructured grids, and more complete equation sets will be addressed in Chapter

10. There it will be shown that the second law extends nicely to all these cases.
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Chapter 9 — Various Other Schemes

9.1 — Flux-Based Schemes

With the exception of the previous chapter, all schemes discussed so far have
been variable based schemes; i.e., schemes in which the numerical flux is determined

by first computing the state of the independent variables at the midpoint. That is

fiv1 = f(9j+%) (9.1.1)

This approach allows the computation of an entropy flux, F;, 1 that is consistent
with the conservative flux, f;, 1. With the exception of Godunov’s scheme and its

variants, there are no well known schemes which use a flux of this type.

It is more common to construct a numerical flux as a combination of the fluxes

computed at the gridpoints. That is

fivs = Mfi41: £5) (9.1.2)

A typical example is f;, 1 = 3(fj + fj+1), the central difference flux. Such schemes

are referred to here as flux based schemes.

Flux based schemes are difficult to analyze from the point of view of a cell
entropy inequality. This is because the entropy flux F is not a function of f. At a
steady shock, for example, the conservative fluxes are constant through the shock,

while the entropy flux jumps discontinuously.

Because F' is not a function of f, it is difficult to compute F;, 1, which is needed
to compute the entropy production rate for the cell. If entropy is considered at all,

the usual approach is to independently approximate F. Although the global entropy
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Fig. 9.1 The volume integral behaves as though ¢(z) is piece-
wise constant over each control volume. Yet, the surface inte-

grals are well defined.

production rate is unaffected by such an approximation, individual cells may have

considerable errors. Such an approach is discussed in Section 9.3.

There is another way to analyze the entropy production of flux based schemes, a
way which involves changing the quadrature rules by which f;, 1 is computed. Re-
call from Chapter 3 that the underlying integral equations for a convection problem

are

/ gt dv + f-ndA=0 (9.1.3)
v av

Up to this point, one dimensional problems have been treated as though the state
were piecewise constant in each cell. In order to treat ¢ as a continuous function, a
profile has been introduced between cells (see Figure 9.1). This profile is assumed

to be sufficiently narrow that the volume integral is unaffected, that is

./‘.,q,t dv = (q,t)jAz (914)

The surface integral however, is affected. The details of the profile determine the
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Fig. 9.2 In this view of a quasi-one dimensional problem,
¢(z,y) is piecewise constant over a siighily different area than
the control volume. The thin, solid, curved lines are contours
of gq. The surface integrals (carried out on the dotted lines)
must be evaluated in two parts.

value of ¢;, 1 the state on the cell boundary. The surface integral is then evaluated

as

§ 5omda=flagg)- fg;-y) (9.1.5)
8V

It is often helpful to view one dimensional processes as a limit of two dimensional
processes. For example, consider the convection in a two dimensional pipe of unit
cross section (Figure 9.2). If ¢ = ¢(z), ¢,y = 0, then a one dimensional flow is
described. Now, instead of allowing a profile to connect the states between cells,
suppose the requirement that g,;, = 0 is relaxed. Let the state be constant along a
slightly different coordinate line, 7, i.e., g, = 0. This is shown as the thin solid line
in Figure 9.2. Assume that this line is sufficiently close to the cell boundary that

the volume integral remains unaffected and can be evaluated as before.

The surface integral contains one term for each cell face, as before.

f'ndA:.fj+% —fj_% (9.1.6)
8v

In9.1.5, f,, 1 Was evaluated easily since g;, 1 Wasa constant along the cell face.
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The situation shown in Figure 9.2 is different, requiring the integration along each

cell face to be done in two parts.

fivr = % [(2 ~ ¢;+1)f(g;) + ¢j+;f(qJ'+x)]

=3 [@= 850305 + €53 i) (9.7

The parameter ¢;, 1 depends on the geometrical details shown in Figure 9.2,
details which are adjustable. The flux f;, 1 varies linearly between f; and f;4,; as

b+ 1 goes from 0 to 2. When ¢, 1= 1, central differencing is recovered.

The advantage of the physical point of view shown in Figure 9.2 is that the
entropy flux can now be computed. It is integrated along the same path as the

other fluxes, resulting in the expression

F,. [(2 — ¢i+1)F; + ¢j+%Fj+l] (9.1.8)

J

DO =

1
2

where Fji; = F(gj+1) etc.. This allows the cell entropy production rate to be

computed. It is sometimes possible to select ¢, 1 in such a way that this ( P, )i = 0.

For an example, consider the wave equation again. What is the entropy pro-
duction rate, given this new definition of F? (Since f = cu in this case, the new
definition of f has no effect.) Following the same derivation path as before (Section

5.1), the semi-discrete entropy production rate is.

Az(P,); = —¢ [¢j+§(u1’+l —u;)? — (2 ¢ )(uj — ":'—1)2] 20  (9.1.9)

As before, the substitution r; = -:‘;l:—:‘_l—;—‘ is helpful. For positive wave speeds this
t} J

leads to
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Variable Based
——<. Flux Based

-2 2

r;
Fig. 9.3 Both limiters are second order accurate. Both satisfy
an entropy inequality. The variable based limiter has about

half the dissipation of the flux based limiter.

¢j+.;.
rj2 <2- ¢J_% (9.1.10)
which is satisfied if
¢;y1 = min(r;?,1) (9.1.11)

3

For comparison the the equivalent expression for the variable based scheme is

¢j+% = min(lrjl,l) (9.1.12)

These two limiters are plotted in Figure 9.3. Both limiters are asymptotically
second order accurate because both are continuous through the point (1,1) on the
graph. However, the flux based limiter is about twice as dissipative as the variable

based limiter.

For the wave equation with ¢ =1, f;, 1= U Thus every flux based scheme

scheme can be viewed as a variable based scheme and vice versa. Both limiters are
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stable and give satisfactory results. Thus, the difference between the two is purely

one of analysis.

Another problem comes up when flux based schemes are extended to systems of
equations. The picture shown in Figure 9.2 allows only one interpolation parameter
at each cell. This is too restrictive to guarantee positive entropy production rates
at sonic points. Numerical experiments revealed significant problems at such points

in the form of oscillations, glitches and instabilities.

Flux based schemes as defined in this section are an interesting dead end. To
make any further progress, it is necessary to somehow remove the restriction of
having only one interpolation parameter per cell. While this is possible conceptually,

rigorous analysis is difficult.

9.2 — Flux Splitting and the Second Law

An interesting connection exists between flux splitting and the second law of
thermodynamics. It involves a Taylor series approximation and is therefore inexact.

Nevertheless, some significant insights are possible.

Formally, flux splitting only applies to certain purely hyperbolic systems of equa-

tions such as the Euler equations. These are written in the usual way

g, + f’z =0 (921)

The semi-discrete equations can be written

g + Klg(f,ur% ~f;-1)=0 (9.2.2)

The general idea behind flux splitting is to use the homogeneous property (f; =

(f1q)i@j) or Roe’s identity (8.5.1), and the known eigensystem of f,, (7.3.2), to

154

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.













































































































































